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UPPER BOUNDS OF PRIME DIVISORS OF FRIEND OF 10

SOURAV MANDAL AND SAGAR MANDAL

ABSTRACT. In this paper we propose necessary upper bounds for second, third and fourth
smallest prime divisors of friend of 10 based on the number of distinct prime divisors of it.

1. INTRODUCTION

For any positive integer n, I(n) = o(n)

= = is called the abundancy index of n where o(n) is sum
of divisors of n. A positive integer n is said to be a friendly number if there exist a positive
integer m other than n having same abundancy index as n i.e., I(n) = I(m) and in that case we
say m is a friend of n. If n has no friends then we say n is a solitary number. 10 is the smallest
positive integer whose classification in terms of solitary and friendly is unknown. J. Ward [6]
proved that if 10 has a friend then it is an odd square having at least six distinct prime divisors
with 5 being the least one and there exists a prime divisor congruent to 1 modulo 3. In [§] it
has been proven that the friendly number of 10 necessarily has at least seven distinct prime
divisors and has two primes p and ¢ not necessarily distinct such that p =1 (mod 6) and ¢ = 1
(mod 10), also it has prime divisor r such that 2a + 1 = 0 (mod f) where f is the least odd
positive integer greater than 1 satisfying 5/ = 1 (mod r), provided 5% || n , a € Z*(where n
is the friendly number of 10). In this paper we prove the following,

Theorem 1.1. Let n be a friend of 10 and g2 be the second smallest prime divisor of n. Then

necessarily
< < 5 iog (175727) + oglog (17477 }.

Theorem 1.2. Let n be a friend of 10 and q3 be the third smallest prime divisor of n. Then
necessarily

11 < 0 < 125 g (250 ) 4 togtog (125521 ) .

Theorem 1.3. Let n be a friend of 10 and q4 be the fourth smallest prime divisor of n. Then
necessarily

13 < a1 < P20 fiog (1250707 4 tognog (1220207 1.

Where w(n) € ZT is the number of distinct prime divisors of n and [.] is the ceiling function.
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2. PRELIMINARIES

In this section, we note some elementary properties of the abundancy index and some of
useful properties of ceiling function.

Properties of Abundancy Index :
1. I(n) is weakly multiplicative.
2. Let a,n be two positive integers and a > 1. Then I(an) > I(n).
3. Let p1, p2, P3s.-ry Dm be m distinct primes and aq, a9, as ,..., a,, are positive integers
then
T a;i+1 1

; m ?i _ m a; ’L_]>: %7
(Ep ) };11(;]) S pit(pi—1)

4. If pq,....,pm are distinct primes, ¢i,...,qn are distinct primes such that p; < ¢; for all
1<i<m. If ty,ts,...,t,, are positive integers then

/()= (1)

5. If n=[[i~, p{, then I(n) < [T, -2

i=1 p;—1°

Properties of Ceiling Function [.] :
Forn € Z* and z € R
i [x+n]=[z]+n
ii. [z] —|z|=1ifzxgZ"
iii. [#] —|z]=0ifzeZ"
iv. {z} =z — |z]

where |.] is floor function and {.} is fractional part function.

3. PROOFS OF THE MAIN THEOREMS

Proposition 3.1. Let a function v : (1,00) — R be defined by ¢(x) = %5 then ¢ is a strictly
decreasing function of x in (1,00).

Proof. Let 9 : (1,00) — R be defined by ¥(r) = —%5. Since () is a rational function and
x # 1, ¢(z) is differentiable. Therefore

-1
W' () = CENE <0; forall x e (1,00)
This proves that ¢ is a strictly decreasing function of z in (1, c0). |
Proposition 3.2. Let a function 0 : [a,00) — R be defined by Q(z) = 22=% (a,b,c,d,a € ZT)

such that bc > ad,o > % then Q is a strictly increasing function of x in [a, 00).

Proof. Let Q : [, 00) — R be defined by Q(z) = 2=b (a,b,¢,d, o € Z*) where be > ad, o > .

cr—d

Since (z) is a rational function and z # %, Q(x) is differentiable. Therefore
bc — ad
(cx — d)?

This proves that Q is a strictly increasing function of z in [«, 00). O

QV(z) = >0; forall z € [a,0)
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Remark 3.3. If p, is the n'" prime number then p, > n for each n € Z*. Using Proposition

we can say that bn < o for eachn € Z7T.

Lemma 3.4. ([I]) prn is n'" prime number then
prn < n(logn + loglogn)
forn > 6.
3.1. Proof of Theorem Let n = 52% [o<icom) ¢?“(q1 = 5) be a friend of 10, where

5 < g2 < q3... < qu(n) are prime numbers and 2a; are positive integers. Now we will show that

7w(n) 1th

g2 must be strictly less than Prrsmmy, where p[mw] is the | prime number. Which will
3

immediately prove this theorem by Lemma If possible suppose that g2 > Prrstmy- Then
by Property |(4)| and Property [(5) - )| we have

5 Prremyy; o
I(TL) S I<52a1 H p2(;z}(n) ‘ )< e H 3 - =
2<i<w(n) 1Hi-2 4 2<i<w(n) Proemyy; o~ 1

Using Remark

I(n)<2 11

2<i<w(n) [

(“WW+442 _ 5[ +w(n) -2
Tw(n) —I +i— 4 |'7w(n)—| 1

Now we will show that for any w(n) € ZT we have

Tw(n)
+ -2 10
[P0 4 ) 2 _

Using Property [, we obtain
] L wn) -2 [2wn) + 2P +wln) -2 3w(n) -2+ [0
]

3
[T~ 1 [2w(n) + <5

Now, either 3 | w(n) or 31 w(n) therefore considering two cases :

If 3t w(n) then @ ¢ 77" therefore Using Property [ii| and Property [iv| we get
3w(n) — 2+ [27] Bw(n) —2+14 20 (@)
2w(n )*lJr[w(n)} 2w(n)71+1+@f{@}

10w(n) — 3 — 3{@}
T Tu(n) - 340

Since
1< 3{% w(n )} <2
We obtain
(1) 10w(n) — 5 < 10w(n) — 3 — 3{@} < 10w(n) — 4
and

(2) Tw(n) — 2 < Tw(n) — 3{#} <Tw(n) -1
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Using [1] and [2] we finally have

3w(n) — 24 [ _ 10w(n) —4

3
2w(n) —1+ [@] T Tw(n) -2

Now define f : [1,00) — R by f(t) = %=1, Then f is strictly increasing function of t in [1, 00)
by Proposition Since lim;_, f(t) = % we have f(t) < % for all t € [1,00). In particular

for t = w(n) we have

Which immediately implies that

<] 3u(n) -2+ 10w(n) — 6
2w(n) — 1+ [£)] a 2w(n) — 1+ @ - Tw(n) -3
)

Now define g : [1,00) — R by g(t 1705__36. Then g is strictly increasing function of t in [1, c0)

by Proposition Since lim;—,o0 g(t) = % we have g(t) < 22 for all ¢ € [1,00). In particular
for t = w(n) we have

10w(n) —6 10

Tw(n) — 3 <7

which immediately implies that

(5 +w(n) =2 10
|—7w(n)~| ~1 7

3

Therefore for any w(n) € Z* we have

[ 4 w(n) 2 10

< —
(B T
Which shows that
51 fwm)—2 25 9
I L3 22
(n)<4 (7%(701_1 <14<5

Therefore for ¢, > Ppretny, 7 can not be a friend of 10. Hence necessarily g2 < Pprem and
3 3
this proves the theorem.

3.2. Proof of Theorem Let n = 5241 [ocicwem) ¢2*(q1 = 5) be a friend of 10, where

5 < g2 < q3... < Gu(n) are prime numbers and 2a; are positive integers. Now we will show that

g3 must be strictly less than Pp1sown where Pp1sown | is the (%l(")]th
41 41

prime number. Which
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will immediately prove this theorem by Lemma If possible suppose that g3 > P1sostn -
Then by Property [(4)] and Property [(5)] we have

_— 5 7 Prisowim)qyy, 4
I(n) < I<52 17720z H p2?g0“’<")'\+i_3>< Z . 6 H [

3sigw(n) s<igu(n Priseeyyig — 1
Using Remark [3.3]
BB TERRSS e
s<icw(m [—ar o] +i=3-1 46 [%1_1

Now we will show that for any w(n) € Z* we have

"180w(n)'|+w( ) 3 g
[%1 _1 180

Using Property fi, we obtain

[E55] +wn) =3 bw(n) =3+ [2(0)]
|‘180£(n)'| -1 4w (n) 1 + |—16w(n)-‘

Now, either 41 | w(n) or 41 1 w(n) therefore considering two cases :

If 41 4 w(n) then %{L) ¢ 77 therefore using Property [iil and Property [iv| we get

Bw(n) =3+ [P Bw(n) — 2+ o5 — (9
4W(n) 1 + |'16A:111(n)‘| 4&)( ) 16w(n) . {16w(n)}
 221w(n) — 82 — 41{2%)y
180w(n) — 41{ 18y

Since
1<41{16“’( )y <40
We obtain
16w( )
(3) 221w(n) — 122 < 221w(n) — 82 — 41{ } < 221w(n) — 83
and
(@) 180w(n) — 40 < 180w (n) — 41{16“( )y < 180u(n) — 1

Using [3 and [] we finally have

221w(n) — 82 — 41 {10y _ 22lw(n) — 83
16w(n - _
180w(n) — 41{18(n)y 180w(n) — 40

Now define f : [1,00) — R by f(t) = ﬁéi:ig. Then f is strictly increasing function of t in

[1,00) by Proposition Since limy_,oc f(t) = 325 we have f(t) < 224 for all ¢ € [1,00). In
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particular for ¢ = w(n) we have
221w(n) — 83 < 221
180w(n) —40 ~ 180
Which immediately implies that

’—1800.)(71)" +w( ) 3 E

<
180w(n
(B -1 180

Now if 41 | w(n) then % € Z*. Therefore

Sw(n) — 3+ [12007] su(n) — 3+ 1990 9914(n) — 123

dw(n) — 1+ [16‘;’1(”)] C dw(n) -1+ 16“’(") ~ 180w(n) — 41

Now define g : [1,00) — R by g(t) = 22=123  Then g is strictly increasing function of t in

180¢—41
1,00) by Proposition [3.2l Since lim;_,o g(t) = 22} we have g(t 221 for all t € . In
180 180
particular for ¢ = w(n) we have
221w(n) — 123 < 221
180w(n) — 41 180
which immediately implies that
[B5 twn) —3 221
[%ﬁ(")] _1 180
Therefore for any w(n) € Z* we have
(%0 +wn) -3 221
[%ﬁ(")] _1 180
Which shows that
5 7[B%M) L) —3 1547 9
I(n)<1'6 (LW(nn_l <864<5
a1

Therefore for g3 > Ppisow(m 1, M CAN not be a friend of 10. Hence necessarily g3 < Ppasowm and
41 41
this proves the theorem.

3.3. Proof of Theorem Let n = 524 [o<icom) ¢?“(q1 = 5) be a friend of 10, where
5 < g2 < q3... < qu(n) are prime numbers and 2a; are positive integers. Now we will show that

g4 must be strictly less than P so0sn where p(agow(n)-l is the (M]th

prime number. Which
will immediately prove this theorem by Lemma If possible suppose that g4 > Prasowin) |-

Then by Property |(4)| and Property |(5) - )| we have

—_

1 Prasvwimy;_4
-1

5
. 2a;
I(n) S I 52(11720.2 112(13 H P (;Qow(n)~|+i74 < 1 . 1 o
4<i<w(n) 4<i<w(n) Fr22%M4ia

(=2
o
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Using Remark

Iny<2. 0.1 H [P +i-d
176710, L ey

4<i

11 (%‘”}”)1 +w(n)—4

10 390w
10 -1

5T
4 6

Now we will show that for any w(n) € Z* we have

[309()] 4 y(n) —4 437
390w(n) < 390
(=1 -1

Using Property [i we obtain

(22000 1 w(n) — 4 9w(n) — 4 + 1)
(390:.17(71)] 1 - 8&)( ) 1+ [140.1 n)w

Now, either 47 | w(n) or 47 { w(n) therefore considering two cases :

If 47 t w(n) then % ¢ 77t therefore using Property [iil and Property [iv| we get

9w( ) 44+ |'14w(n)‘| _ 9w( )_ 34 14w(n) {14w(n)}
8w( ) — 1+ |'14w(n)‘| 8w( ) 14w(n {14w(n)}
~ 43Tw(n) — 141 — 47 14w(n)}

390w(n) — 47{12m)y

Since
1< 47{14w( )y <16
We obtain
l4w( )
(5) 437w (n) — 187 < 437w (n) — 141 — 47{ } < 437w(n) — 142
and
(6) 390w (n) — 46 < 390w (n) — 47{ 14‘“( )} < 390w(n) — 1

Using [f] and [6] we finally have

437w(n) — 141 — 47{ 2y _ 437w(n) — 142
390w(n) — 47{2my 7 390w(n) — 46

Now define f : [1,00) = R by f(t) = 43397()tt:14462. Then f is strictly increasing function of t in

[1,00) by Proposition Since limy_,oc f(t) = ot we have f(t) < 53¢ for all ¢ € [1,00). In
particular for t = w(n) we have

437w(n) — 142 _ 437
390w(n) —46 390
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Which immediately implies that

(3900.)(71)1 +OJ( ) 4 @

<
(%ﬂ(")} -1 390

Now if 47 | w(n) then % € Z*. Therefore

dw(n) — 4+ M) gw(n) — 4+ 20 4370(n) — 188
8uw(n) — 1+ [Heln] ™~ 8y(n) — 1+ 14‘”(") 390w(n) — 47

Now define g : [1,00) — R by g(t) = 43=188  Then g is strictly increasing function of t in

[1,00) by Proposition Since lim;—, g(t) = 43¢ we have g(t) < 3¢ for all t € [1,00). In
particular for ¢ = w(n) we have

437w(n) — 188 < 437
390w(n) — 47 390
Which immediately implies that
(5] +wln) =4 _ 437
390w(n
[%] 1 390

Therefore for any w(n) € ZT we have

(5] +wln) —4_ 437
[%ﬂ(")] 1 390

‘Which shows that

57 11 (2% fwn)—4 33649 9
47610 [0l g 18720 ~ 5

I(n) <

Therefore for g4, > Ppa90win) |, I can not be a friend of 10. Hence necessarily g4 < Ppasow(n) and
47 47
this proves the theorem.

4. CONCLUSION

We use an elementary approach to obtain bounds for the second, third and fourth smallest
prime divisors of the friendly number of 10 although we are unable to produce upper bounds
for other prime divisors based on the number of distinct prime divisors of it. Moreover we
highly believe that the largest prime divisor of friend of 10 has no upper bounds. However 10
is not the only number whose status is unknown; in fact the status of 14, 15, 20 and many
others are active topics for Research. It may be proving whether 10 has a friend or not is as
much as difficult as finding an odd perfect number. Computer search shows that if 10 has a
friend then its smallest friend will be at least 103°.
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