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The conventional continuous quantum heat engines rely on incoherent heat transfer with the baths and, thus,
have limited capability to outperform their classical counterparts. In this work, we introduce distinct continuous
quantum heat engines that utilize coherent heat transfer with baths, yielding significant quantum enhancement
in performance. These continuous engines, termed as coherent engines, consist of one qutrit system and two
photonic baths and enable coherent heat transfer via two-photon transitions involving three-body interactions
between the system and hot and cold baths. The closest quantum incoherent analogs are those that only al-
low incoherent heat transfer between the qutrit and the baths via one-photon transitions relying on two-body
interactions between the system and hot or cold baths. We demonstrate that coherent engines deliver much
higher power output and a much lower signal-to-noise ratio in power, where the latter signifies the reliability
of an engine, compared to incoherent engines. Coherent engines manifest more non-classical features than
incoherent engines because they violate the classical thermodynamic uncertainty relation by a greater amount
and for a wider range of parameters. Importantly, coherent engines can operate close to or at the fundamental
lower limit on reliability given by the quantum version of the thermodynamic uncertainty relation, making them
highly reliable. These genuine enhancements in performance by hundreds of folds over incoherent engines and
the saturation of the quantum limit by coherent engines are directly attributed to its capacity to harness higher
energetic coherence which is, again, a consequence of coherent heat transfer. The experimental feasibility of
the coherent engines and the improved understanding of how quantum properties may enhance performance are

expected to have significant implications in emerging quantum-enabled technologies.

I. INTRODUCTION

Quantum heat engines — microscopic thermal devices de-
signed to convert heat into quantum mechanical work — have
become one of the focal points of research considering the
current quantum industrial revolution [1, 2]. This leads to
studying thermodynamics in the microscopic and quantum
regime, both from foundational and applied aspects [1, 3—
22]. The earliest model of a quantum heat engine was pro-
posed by Scovil and Schulz-DuBois (SSD), which is com-
posed of a qutrit interacting with two thermal baths [23].
Later, it was re-investigated in a full quantum setting using
open quantum system dynamics [24-27]. In the last decades,
many other models of quantum heat engines have been pro-
posed; see Refs. [1, 27-29] for a comprehensive overview
of historical and recent advancements. Optomechanical sys-
tems [30], nitrogen-vacancy centers in diamond [31], trapped
ions [32, 33], nuclear magnetic resonance (NMR) [34], and
superconducting circuits [35] have emerged as versatile ex-
perimental platforms to realize quantum heat engines, bring-
ing these theoretical concepts into practical realizations.

The conventional continuous quantum heat engines oper-
ate in a steady-state regime, by interacting continuously with
hot and cold baths [1, 27-29]. These engines, in general, de-
liver low power with high fluctuation [27, 36-39]. As a result,
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the reliability, i.e., the ratio between the variance and average
of power (or relative fluctuation in power), of these engines
is considerably compromised. Recent studies focus on im-
proving the performance of quantum heat engines, aiming for
more power with higher reliability (less relative fluctuation in
power), by harnessing energetic coherence. It has been ob-
served that continuous quantum thermal devices, when ener-
getic coherence is present, may enhance power [40, 41] and
efficiency [42, 43], suppress fluctuation in power [37, 39].
and may lead to violation of classical thermodynamic trade-
off relations (classical thermodynamic uncertainty relation
(cTUR) [44] and power-efficiency-constancy trade-off rela-
tion [45]) [37-39, 46-53]. These violations indicate that these
engines can operate in the quantum regime. However, it
does not necessarily imply that quantum engines are operating
close to their optimal capacity in terms of reliability. Ideally,
one would expect negligible relative fluctuation in power from
an ideal continuous engine. However, relative fluctuation can-
not be suppressed to zero due to the existence of a finite lower
bound on it determined by the quantum thermodynamic un-
certainty relation (QTUR) [54]. This lower bound represents
a fundamental quantum limit, which is derived from the cele-
brated quantum Cramér-Rao bound [55], and is closely related
to the so-called quantum speed limits [54, 56].

The characteristic feature of traditional continuous quan-
tum heat engines is that they utilize incoherent heat transfers
between the working system and the baths. It implies that
the transitions induced in the working system by the hot and
cold baths are independent (or uncorrelated), rendering them
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highly stochastic in nature. This feature constitutes one of the
reasons for these engines to have limited ability to outperform
their classical counterparts. Therefore, we are required to re-
duce the stochastic nature of the transitions in the working
system induced by the baths to overcome these limitations.
The natural question is, thus, how to employ an operationally
distinct heat transfer mechanism, rather than the incoherent
one, in continuous heat engines that inherently involve less
stochastic transitions and lead to significant enhancement in
performance.

In this article, we affirmatively address the above question
by introducing the concept of a coherent heat transfer mech-
anism in continuous heat engines in which the baths induce
correlated (or mutually dependent) transitions in the working
system, and, as a result, the stochastic nature of transition de-
creases. The continuous engines operating with this mech-
anism are termed coherent quantum heat engines (CQHEs).
These engines can be physically realized by considering a
qutrit coherently interacting with hot and cold baths through
two-photon transitions (Raman interaction, i.e., three-body in-
teractions between system and baths) in the presence of pe-
riodic driving by an external field. The analogous incoher-
ent quantum heat engines (IQHEs) are the standard SSD en-
gines [24-27], where a qutrit interacts incoherently (indepen-
dently, through one-photon transitions) with the hot and cold
baths. For the same set of qutrit and bath parameters, the
CQHE:s deliver much higher power and much lower relative
fluctuation in power compared to IQHEs. In fact, the per-
formance of CQHEs can be enhanced by hundreds of folds
of that of IQHEs. This enhancement is directly attributed to
the presence of a much higher amount of energetic coherence
in CQHESs, which is a consequence of coherent heat transfer.
Moreover, for the same reason, the CQHEs not only exhibit
a more profound violation of cTUR and power-efficiency-
constancy trade-off relations compared to IQHEs but also can
suppress relative fluctuation in power to the quantum limit im-
posed by qTUR. Hence, CQHEs manifest genuine quantum
enhancement over IQHEs and classical engines.

The rest of the article is organized as follows. In section II,
we introduce the generic models of continuous quantum co-
herent and incoherent engines involving coherent and incoher-
ent heat transfers, respectively. We demonstrate the genuine
quantum enhancements in performances by coherent engines
over incoherent engines in section III. Finally, our results are
summarized in section I'V.

II. CONTINUOUS COHERENT QUANTUM HEAT
ENGINES

A continuous heat engine consists of a working system
that weakly interacts with two heat baths at different tem-
peratures while, at the same time, being periodically driven
by an external field. The simplest model for such an en-
gine utilizes a qutrit system interacting with two baths, widely
studied in literature [23-29]. Explicitly, a qutrit with Hamil-
tonian Hy = w;[2X2] + (w, — w)|1X1] is coupled to two
thermal (photon) baths with respective inverse temperatures

B and Bj,, where w, > w. and B, > B;. In addition, the
qutrit is driven by an external field following the Hamiltonian
Hy(t) = a(e™™ [1X0] + €' [0X1]). The condition Swy, < Bew,
needs to be ensured for this device to operate as a heat en-
gine (see Ref. [27] and Appendix B). We assume 7 = kg = 1
throughout this work. The total Hamiltonian of the qutrit-
baths composite is

H = Hg(f) + Hp, + Hp,_ + H?BhB(.’

where Hs(1) = Hg + Hqu(1) is the total Hamlltoman of the
qutrit, Hp, = Sk Qe ak G and Hp, = S Qe Cak, Ay . are
the Hamiltonians of the hot and cold (photon) baths W1th mode
frequencies €5 and €y . respectively, and H s,p, Tepresents
the interaction between the qutrit and the baths.

Below, we consider two qualitatively different models of
continuous heat engines that differ in the interaction between
the qutrit and the baths, i.e., Hx 5,5, 1N particular, our goal is
to compare the performances of engines with an interaction
Hamiltonian (Hg s, that only allows ‘incoherent’ energy
transfer with the performances of engines with an interaction
Hamiltonian (Hg B ) that enables ‘coherent’ energy transfer
between the baths and the qutrit.

Incoherent Quantum Heat Engines (IQHEs) — We start with
an engine that operates via incoherent energy transfers be-
tween the constituents. Most of the traditional (continuous)
quantum heat engines utilize incoherent energy transfers [24—
26] with the interaction Hamiltonian

Hip, = 81 ) (@nb} +al,bi) + ge Y (aw bf +a, be),
k k'
(1)

where by, = |0X2| and b, = |1X2| are the ladder operator acting
on the qutrit space. The coefficients g, and g, are the interac-
tion strength with the hot and cold baths, respectively. The in-
teraction drives incoherent energy (heat) transfer in the sense
that the energy exchange between the states |0) and |2) with
the hot bath is independent of the energy exchange between
the states |1) and |2) with the cold bath. For |gj|,|g.] < 1,
the local dynamics of the qutrit is expressed by the Lindblad
master equation [24-26, 57]

p=ilp, Hs()] + Du(p) + De(p), 2

where p is the density matrix representing the state of the
qutrit. The dissipators Dy(p) and D.(p) represent dissipative
dynamics due to the interactions with the hot and cold baths
and are given by (for x = h, ¢):

D.(p) = yx(ny + 1)(bopbl — {blby, p}/2)
+ 7y (blpb, — {bbl, p}/2),

where the anti-commutator {Y, Z} = YZ+ZY, the coefficient y*
is the Weiskopf-Wigner decay constant, and n, = 1/(ef“<—1)
is the average number of photons in the bath with frequency
wy. The appearance of two dissipators, D,(p) and D, (p), in
the master equation (2) reflects that the heat exchange with the
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FIG. 1. Schematics of incoherent and coherent heat engines. The
engine is constituted by a three-level quantum system (qutrit), which
weakly interacts with hot and cold baths with the inverse tempera-
tures 3, and S.. In incoherent heat engine, the energy (heat) transfer
takes place via (independent) single photon transitions, i.e., energy
levels |0) and |2) interact with the hot bath and levels |1) and |2) inter-
act with the cold bath, governed by the interaction Hamiltonian (1).
Solid (red and blue) arrows indicate these independent or incoherent
energy transfers. In coherent heat engines, the energy transfer takes
place via two-photon transitions, where effectively energy levels |0)
and |1) participate in the process, and absorption of a photon from
the hot bath is associated with the release of a photon top the cold
bath and vice versa. This coherent heat transfer is governed by the
interaction Hamiltonian (4) and indicated here by the dotted (green)
arrow. The wavy arrow (solid-green) between |0) and |1) indicates
the external driving utilizing which the work is extracted. See text
for more details.

hot bath is independent (or uncorrelated) of the heat exchange
with the cold baths. Thus, the heat exchanges between the
baths are incoherent.

To quantify the power, heat currents, and other relevant
quantities of IQHEs, we move to a rotating frame using a
transformation Bz = ¢’ Be~"', where B is an arbitrary oper-
ator and [Hy, H] = 0 [22, 26]. This transformation eliminates
the time dependence of Hs(f) and reduces it to Hg — H + Hyp,
where Hyg = a(]1X0] + |0X1]). The dissipators remain un-
changed in the rotating frame, and the dynamics leads to a
steady state oy with o; = 0 (see Appendix A). Now the av-
erage power (P;) and the average heat currents (.J 7) are given
by

(Pry = =i Tr([Hs, Harlop), and (J}) = Te(Dy(o)Hs). (3)

Note, (P;) < 0 for a heat engine, and the heat-to-work
conversion efficiency is n; = —(PI)/(J'f‘) > 0. Other im-
portant quantities, such as fluctuation in power (AP;) and
fluctuation in heat currents (AJ}), where power and heat
currents are considered as random variables, are computed
using full counting statistics of the steady state dynamics. See
Appendix D for more details.

Coherent Quantum Heat Engines (CQHEs) — We consider
an alternative engine that involves energy transfer between the
baths and the qutrit via a two-photon process, driven by an

interaction Hamiltonian [58-60]

. o
HSp . =80 ) (asa), bl +al av cbie), )
kK’

where b;,, = |0X1| and gy is the coupling strength. Here, the
energy transfer between the baths and the system is coherent
in the sense that any photon absorbed from the hot bath is
associated with a release of a photon to the cold bath and the
excitation |0) — |1), and vice versa. For |go| < 1, the local
dynamics of the qutrit reduces to

p=ilp, Hg())] + Dc(p) ®)

for a qutrit state p, where the only dissipator in the Lindblad
master equation is given by,

Die(p) = ¥1(buepb], = (b] bre, p}/2)
+¥2(b] pbye — {buch] ., p}/2),

with y; = yon.(ny + 1), y2 = yonp(n, + 1), and vy, is Weiskopf-
Wigner decay constant. The derivation of the above Lindblad
master equation is outlined in Appendix B. The dissipator Dj,
involves the parameters of both hot and cold baths and induces
dissipation utilizing the levels |0) and |1). The level |2) is never
“engaged” in the process. Due to the coherent nature of the in-
teraction, the energy (heat) transfer between the baths and the
qutrit is less random (i.e., involves less stochastic transitions)
due to correlated heat transfer than that of the engines with
incoherent heat transfer considered earlier.

To calculate the power, heat currents, and other relevant
quantities, we move to a rotating frame employing the trans-
formation Bg = ¢'Be~H! where B is an operator satisfying
[Hg, H] = 0, similar to the case of IQHEs. With the resultant
time-independent qutrit Hamiltonian Hy — H + H_ug, where
Hur = a(]1X0] + |0X1]), the dynamics attains a steady state in
the rotating frame. For the steady state o¢, with o¢ = 0, the
average power (Pc) is given by

(Pc) = =i Tr([Hg, Hyrloc) < 0. (6)

The average heat currents (jé) cannot be quantified directly
(like in the case of IQHEs) because there are no indepen-
dent dissipators corresponding to hot and cold baths. For that,
we employ full counting statistics of the steady state dynam-
ics (see Appendix D). This enables us to calculate the heat
currents, the fluctuations in power (APc¢), and the fluctuation
in heat currents (AJZ). With heat current from the hot bath
(J'é), we may compute the heat-to-work conversion efficiency
ne = —(Pc)/{J¢&) of CQHEs.

III. QUANTUM ENHANCEMENTS IN COHERENT
ENGINES

An evaluation of the performance of a continuous quantum
heat engine requires a comprehensive analysis of three met-
rics: (i) efficiency, which signifies how efficiently heat is be-
ing converted into work; (ii) power, which is the rate of work
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FIG. 2. Comparisons of energetic coherence and power outputs in coherent and incoherent engines. The computations are carried out
with the parameters yy = 0.01, w, = 10, w, = 5. (a) The figure on the left illustrates the variation in energetic coherence Cc = C(o¢) and
C; = C(o) for both coherent and incoherent heat engines, respectively with respect to the driving field strength «, for 8, = 0.01 and 8, = 0.8.
The expressions of energetic coherence are given Egs. (7) and (8). The traces in solid-blue and dashed-blue represent Cc and C;, respectively.
The corresponding power outputs $¢ and $;, given in Eq. (9), by coherent and incoherent engines, are presented with the solid-red and
dashed-red traces, respectively. (b) The figure of the right displays the ratio of powers Pc/P; = Cc/C; of the coherent and incoherent heat
engine, with 8, = 0.001, against @ and ... In fact, for these parameters, the ratio can be P/P; > 135. See text for more details.

output; and (iii) noise-to-signal ratio (NSR) in power, which
signifies the relative fluctuation or inverse of precision in the
power output. We compare these metrics for coherent and in-
coherent heat engines and demonstrate that the former have
substantial quantum enhancements in performance over the
latter.

Our analysis reveals that the engine performance is related
to the energetic coherence present in the steady state ox (for
X = I,C) in the rotating frame. Henceforth, a steady state
refers to the steady state in the rotating frame. The quantum
enhancements in the performance of CQHEs over the IQHEs
are the direct consequence of the fact that the energetic coher-
ence in o¢ is higher than that of o7, in general. Note that the
energetic coherence in the steady state results from a balance
between two opposing processes - the (periodic) driving that
creates coherence and the dissipation(s) that destroys coher-
ence in the qutrit. Due to coherent heat transfer, the dissipative
‘tendency’ in CQHEs is weaker compared to the dissipative
‘tendency’ in IQHEs. As a result, we observe more energetic
coherence in the former.

We start our analysis by studying the coherence in the
steady states. In what follows, we set y, = y. = yo and equal
driving strength « for fair comparisons. The energetic coher-
ence is measured using the /-1 norm of coherence [61], given
by C(ox) = Nz, 0%, where o = (ilox|j). For CQHEs
and IQHEs, agy) = agg')*, and the corresponding amount of
energetic coherence in the steady states are given by

da yo(ny — n.)
8a? + 7%(nhc + 2nnp)?’

4a ')’()(l’lh - nc)
4a*(Bnye +4) + 7(2)nl1c(nhc + 3npn.) '

Cloe) =

)

Clop) =

®)

where n,. = n;, + n.. We refer to Appendices A and B for
detailed derivation. For fixed vy, nj, and n., the energetic
coherence is a function of the driving strength @. As shown
in Fig. 2(a), the energetic coherence C(o¢) for CQHEs
are higher than the energetic coherence C(o;) of IQHEs in
general. Even for some reasonable values of system and
bath parameters, the C(o¢) becomes more than 135 times of
C(oy), i.e., C(o¢) = 135 C(oy). We also note that, for fixed
ny, ne, and 7y, there is a critical value of the driving strength
a., for which C(o¢) = C(o;). We calculate the critical
value (see Appendix C) and observe that C(o¢) < C(o) for
a < a.. However, the @, is generally very small, repre-
senting extremely weak periodic driving, except for the case
of the baths with very high temperatures, i.e., n, = n, > 1.
In all reasonable physical situations, the engines operate
with ¢ > ., which we consider for evaluating engine
performances below.

Power and efficiency — Now, we study power and efficiency.
The power delivered by a steady state engine has a monotonic
relation with the energetic coherence present in the steady
state, and it is given by (see Appendices A and B)

Px = KPx)| = a (wp — we) Clox), ©))

which is a non-linear function of @. As shown in Fig. 2(a), it
increases with a. The power is proportional to coherence for a
given . In fact, the ratio of the powers of CQHEs and IQHEs
becomes equal to the ratio of the energetic coherence present
in their respective steady states, i.e., Pc/P; = C(o¢)/Cloy).
Given that C(o¢) > C(o7) in general, the power of CQHEs is
higher than the power delivered by IQHEs or P¢/P; > 1. A
numerical analysis of the power ratio is presented in Fig. 2(b)
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FIG. 3. Comparisons of noise-to-signal ratios (NSRs) in coherent and incoherent engines. The parameters y, = 0.01, w;, = 10, and

w, = 5 are considered for all the figures. (a) The figure on the left displays the ratio N;/N¢ of NSRs in power (see Eq. (12)) corresponding to
incoherent and coherent heat engines against 8, and a, while 8, = 0.001. Note, N; > N signifies that the coherent engine produces less NSR
in power than the incoherent engine, and the ratio can reach up to N;/N¢ > 330. (b) The figure in the middle shows the difference between the
NSR and its lower bound for CQHEs and IQHE:s (i.e., degree of saturation of qTUR) in Eq. (12), involving NSRs and their quantum bounds
with respect to « for 8, = 0.01 and 8. = 0.8. The traces in dark-blue and light-red represent N¢ — fc and N, — f; for the coherent and incoherent
engines, respectively. The dashed-green trace corresponds to the zero value. (c) The figure on the right represents the saturation of qTUR by
CQHEs for the parameters 8, = 0.01 and 8. = 3 with a large amount of energetic coherence. Here, Cc = C(o¢) represents the energetic

coherence in the steady state of CQHEs.

with respect to the bath temperatures and the driving strength,
which displays that not only P¢/P; is greater than one, but
also the ratio may reach more than 135. Clearly, CQHEs ex-
hibit quantum enhancements over IQHEs in power.

The heat current from the hot bath is given by

(J% = a wy, Cloy), (10)

for both coherent and incoherent heat engines, and it has a
monotonic relation with energetic coherence in the steady
states. Yet again, due to energetic coherence, the heat cur-
rent in CQHEs is higher than in IQHEs. In other words,
the CQHEs have a higher capacity to draw heat from the
hot bath than the IQHEs. However, the former also pro-
duces more power than the latter. Consequently, the efficiency
nx = —<Px)/<j§'(> remains same for both the engines, i.e.,

nr=1nc=1-w:/wp (11)

Thus, CQHEs perform as good as IQHEs as far as heat-to-
work conversion efficiency is concerned. See Appendices A
and D2 for the derivations.

Noise-to-signal ratio (NSR) in power — In microscopic heat
engines, power output often fluctuates. This, in turn, delimits
the reliability or stability of the engines. The fluctuation is
usually expressed in terms of the variance of power APy, for
X =1,C. For CQHEs and IQHE:s, they are

APx = {(Px) — AX(Px)’,

where coeflicients /IZX s are functions of system and bath pa-
rameters. See Appendix D for more details.

Ideally, a good engine is expected to deliver high power out-
put and low power output fluctuations. This quality is charac-
terized by the NSR in power, i.e., the ratio between the fluc-
tuation in power APy, and the square of the average power

output {Px)?, and it is lower bounded by a quantum limit [54]
as

=£%Z
(Px)

e 12)

X

where the lower bound fy is determined by quantum dynam-
ical activity and coherent dynamical contribution. This rela-
tion is known as the quantum thermodynamic uncertainty re-
lation (qTUR), and it is derived using quantum Cramér-Rao
bound [54]. The bounds fx in Eq. (12) are different for coher-
ent and incoherent heat engines as they depend on the under-
lying Markovian dynamics. We find that the Nx depends on
the energetic coherence present in the steady states and, for
CQHEs and IQHE:s, they are (see Appendices D 1 and D 2)

_ B 3 2

Nc = @ Cloo) (1 2C(crc) ) (13)
R N PR S

N] = CL’C(O'[) (1 FpC(O']) ), (14)

respectively, where

3 2nph, + e e 402 + y(%(nic + 2npe + 3nun,)

F
! ’)/(%(nh - ne)

15)
ny —ne

From the Eqs. (13) and (14), it is seen that the NSR in both
coherent and incoherent engines can be suppressed by ac-
cessing energetic coherence in the steady state for fixed ny
and n.. We observe that the NSR for CQHEs is, in general,
much lower than that of IQHEs, which is the consequence of
C(o¢) > C(oy). As shown in Fig. 3(a), the NSR in CQHEs
can be as less as 330 times or lower than the NSR attained
in IQHEs. Clearly, CQHEs are more reliable or deliver more
precision in power than IQHEs.

The saturation of the relation (12), i.e., Nx = fx, implies
that the engine is producing the least possible NSR in power



that is given by its quantum bound. This is the best possible
operating condition one would desire from an engine. A
numerical analysis presented in Fig. 3(b) demonstrates that
the CQHEs can operate in a regime where they yield very low
NSR in power close to the quantum bound. In contrast, the
IQHE has more NSR in power, which is far from its quantum
bound. In addition, the CQHEs can saturate the qTUR by
harnessing a large amount of energetic coherence, as shown
in Fig. 3(c). Overall, the CQHEs are highly reliable and
exhibit substantial quantum enhancements over IQHEs.

Violations of cTUR — For classical heat engines, it is known
that the rate of entropy production and the noise-to-signal ratio
(NSR) in power follow a trade-off relation. This feature has
been studied in terms of classical thermodynamic uncertainty
relation (cTUR) [44], given by

Q=SN>2, (16)

where S = —B8,(J;) — B(J.) is the entropy production rate
due to steady state dynamics and N' = AP/{P)* is NSR in
power. It implies that a reduction in NSR can be achieved at
the cost of increasing the entropy production rate S, particu-
larly when the bound in (16) is saturated. This, in turn, rep-
resents more degree of irreversibility in the engine operation,
leading to a reduced heat-to-work conversion efficiency. A
similar conclusion is also drawn from another relation, known
as the power-efficiency-constancy trade-off relation [45]. In-
terestingly, it coincides with cTUR for CQHEs and IQHEs
(see Appendix E).

We have discussed earlier that, for both coherent and inco-
herent heat engines, the NSR in power can be reduced while
keeping the engine efficiency the same. This is why we wit-
ness violations of cTUR by CQHEs and IQHEs for some val-
ues of system-bath parameters, signifying that the engines can
operate in the quantum regime.

The left-hand side of relation (16) reduces to (for X = 1, C)

a7

Q = ln(w) 5

ne(ny + 1)

Here Fy = % is the Fano factor, where (Nx) = [(Px)|/(w), —
w.) is the photon current and ANy = APyx/(wj, — w.)? is
the fluctuation in photon current. The violation of cTUR
by CQHEs and IQHEs implies the violation of Q- > 2 and
Q; > 2, respectively. Interestingly, the corresponding Fano

factor can be expressed in terms of energetic coherence as

Fc=F, (1 - %C(a‘c)z), (18)
F1=Fp(]_FiC(0'1)2), (19)
p

where F, and k are given in Eq. (15). We refer to Appendix E
for the derivations. In the absence of energetic coherence, Q =
n(M)F »- In that case, the cTUR is respected because

ne(np+1)

In (Zf&ﬂ; )F » = 2[37]. On the contrary, for quantum engines,
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FIG. 4. Violations of cTUR by CQHEs and IQHEs. (a) The figure
on the left displays the range of violations of cTUR by coherent and
incoherent heat engines with respect to «, for the parameters y, =
0.01, w, = 10, w. = 5, B = 0.01, and 5. = 0.1. (b) The figure on
the right depicts the depth of violation of cTUR for the parameters
vo = 0.01, w, = 10, w, =5, By, = 0.003, and B. = 0.7. The figures
show that the CQHE violates cTUR for a wider range of parameter
a. Further, the minimum value of Q; is 1.997 while the minimum
value of Q¢ can be 1.24. See text for more details.

the violations of cTUR can necessarily be attributed to the
presence of energetic coherence in the steady states.

The important point we highlight here is that the CQHEs
violate ¢cTUR not only for a wider range of parameters but
also by a higher amount than IQHEs. This is, yet again, due
to the fact that C(o¢) > C(o) in general. A numerical study
is carried out to compare Q¢ and Q; and presented in Fig. 4(a)
and 4(b). We observe that Q. can have values as low as 1.24,
while the lowest value of @Q; remains very close to 1.997.
Thus, IQHEs only marginally violate the classical limit. Over-
all, the violations of cTUR for a wider range of parameters
and with a larger amount indicate that CQHEs possess more
non-classical features than IQHEs.

IV. SUMMARY

Recent studies have indicated that the performance of mi-
croscopic heat engines can be enhanced by harnessing quan-
tum mechanical features, like energetic quantum coherence.
To harness more energetic coherence, we have introduced
continuous quantum heat engines that utilize coherent energy
(heat) transfers between the working system and the baths
via two-photon transitions (Raman transitions). These coher-
ent heat engines are analogous to the traditional Scovil and
Schulz-DuBois (SSD) engines, except that the latter only al-
low incoherent heat transfers via one-photon transitions. The
analysis and results presented above clearly demonstrate that,
due to coherent heat transfers, coherent heat engines harness
much more energetic coherence in the working system than
traditional (incoherent) quantum engines. Consequently, the
power and noise-to-signal ratio in power is enhanced by hun-
dreds of folds compared to their incoherent analogs. The
noise-to-signal ratio in power has a fundamental lower bound
derived from the quantum Cramér-Rao bound, and the in-
equality is termed the quantum thermodynamic uncertainty
relation (QTUR). We have shown that coherent engines can
yield a substantially low noise-to-signal ratio in power, which
is very close to the lower bound (quantum limit). Even the
CQHE:s can saturate this quantum bound by harnessing high



energetic coherence. This suggests that saturation of qTUR
requires a high amount of coherence. Thus, coherent engines
are highly reliable. In addition, unlike incoherent engines,
coherent engines violate classical thermodynamic uncertainty
relation for a much wider range of parameters and by a much
higher amount. Altogether, the coherent engines possess more
quantum features and greatly outperform conventional quan-
tum and classical heat engines, manifesting genuine quantum
enhancements.

Two-photon Raman transitions provide a very common and
standard tool in contemporary applications of quantum op-
tics (cf. [62-65]). This paves the way for the realization
of coherent quantum heat engines on various experimental
platforms. Raman transitions have been easily demonstrated
in various experimental setups, such as superconducting cir-
cuits [66, 67], atom-optical systems [68, 69], and nitrogen-
vacancy centers in diamond [70], among others. Thus, our
present analysis and results not only improve the understand-
ing of quantum thermal devices, particularly how energetic
coherence greatly enhances engine performance, but also
open up new avenues for quantum-enabled technologies in the
near future.

An executive summary of our main results is below.

e A new model of continuous quantum heat engines is in-
troduced that enables coherent heat transfer between the
working system (qutrit) and the baths via two-photon
transitions.

o These coherent engines harness a much greater amount
of energetic coherence in the qutrit than the analogous
incoherent engines, where the latter are the traditional
SSD engines.

e The coherent engines yield much higher power and
much less signal-to-noise ratio in power compared to
incoherent engines, while the efficiency remains the
same.

e The coherent engines can operate at or very close to the
quantum limit on the noise-to-signal ratio in power im-
posed by quantum thermodynamic uncertainty relation.
Thus, the coherent engines are highly reliable.

e The improvements in performance by coherent en-
gines, exhibiting genuine quantum enhancements, are
attributed to the presence of high energetic coherence,
which is a consequence of coherent heat transfer.

e The new model of engines with coherent heat transfer
and the improved understanding of the role of quan-
tum properties in their performance are expected to find
important implications in emerging quantum-enabled
technologies.
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Appendix A: Steady state solution of incoherent quantum heat engines in rotating frame

For incoherent engines, the total Hamiltonian of the qutrit system and two photonic (bosonic) thermal baths can be written as
H =Hg + Hp, +Hg +H{y p . (A1)

where the Hamiltonian and of the qutrit system is given by
Hs = wp [2X2] + (w), — we) [TX1], (A2)

with wy, and w;, — w, being the frequencies corresponding to the energy gaps. The Hamiltonians of the photonic thermal baths
Hp, and Hp_ and the interaction H § B, &iven in the main text. The corresponding Lindblad master equation describing the local

dynamics of the qutrit is given in Eq. (2) in the main text. In a rotating frame, given by Bz = ¢if'Be~if! and any operator B and
[Hp, H] = 0, the master equation becomes

Pr = — i[Hs — H + Hyg, prl + Di(pr) + De(pr). (A3)

Without loss of generality, we consider Hg = H. Thus, the steady-state solution of the above master equation can be obtained
by solving pr = 0 (we denote the steady state by o), and it is

B 402 (e + Y + Yele + Yann + Yeyune(ny + D(yene + yanp)
4a%(y(Bne + 2) + yu(Bny + 2)) + yeynBneny + ne + np)(yene + ynny)
210%7’11("}: - nc)

10X0l

1
402y (Bne + 2) + 7By + 2)) + YeyuBneny + ne + mp)(yene + yuny) okl
21&%7}1("}1 - nc) | XOl
4a2(%(3m +2) + ypBny, + 2)) + veyrBneny + ne + np)(yene + ypng)
4% (Ve + Vi + Yene + yann + Yeynnn(ne + D(yene + yunp) 11|
4a'2(76(3nc + 2) + 7h(3nh + 2)) + 767/1(3”0”/1 +n. + nh)(YCnc + thh)
4 + C C crte +
(4a* + yeyuneny)(yene + yany) %2l (Ad)

402(%(31% +2) + yuBry + 2)) + veyn(Bneny + ne + np)(yene + yanp)

The I-1 norm of energetic coherence [61] in the steady state on the rotating frame is

(10 _ daycyn(ng — ne)

Clop =1 +107! :
402(70(3’70 + 2) + 7h(3nh + 2)) + 767]1(37161’1;, +n. + nh)(ycnc + yhnh)

(A5)

where 0'( D = (ilor] J). Now, the average power and the average heat currents in IQHEs corresponding to the hot and cold baths

are given by

(Pry = —ite([Hs, Harlop) = —ia(wy — 0 )@ = ') = —a(wy, — w,) Clo), (A6)
(JIy = Tt[Dy(on)Hs | = a wy, Cloy), (A7)
and (],C) = Tr[D(o)Hs] = —a w. C(o7), (AB)

respectively. Accordingly, the heat-to-work conversion ratio for IQHEs is

<P1> _ We

7= o (A9)

m=-

Appendix B: Derivation of Lindblad master equation for coherent quantum heat engines

In this section, we derive the Lindblad master equation for a three-level quantum system coupled with the two photonic
(bosonic) thermal baths (hot and cold baths), where the system and baths interact via two-photon transitions (Raman Interactions,
i.e., three-body interactions). Our derivation follows the standard textbook approach discussed in Refs. [57, 71]. The total
Hamiltonian of the system and two photonic thermal baths can be written as

H = Hg +Hp, + Hp + Hp, . (B1)



where suffixes & and ¢ correspond to hot and cold baths, respectively. We assume 7 = kg = 1 throughout this work. In Eq. (B1),
the system Hamiltonian Hg describes a three-level system (qutrit), given by

Hg = wy 12X2] + (@h = 0e)b} bre = wy 12X2] + (wh — w) [1X1], (B2)

where w;, and w;, — w, refers to the frequencies corresponding to the energy gaps, and b:u_ = |1){0] and by, = |0)(1]. In Eq. (B1),
the photonic baths are a collection of infinite dimensional systems whose total Hamiltonian is given as

T i
HBh + HBL. = Z Qk‘ha]'(‘hak‘h + Z Qk’,cakgcak’,c' (B3)
k K

Furthermore, in Eq. (B1), the interaction Hamiltonian between the system and the baths has the following form [58-60]

c
Hgp p =80 E (ak,hdz/,cb,ic + az’hak’,cbhc)s (B4)
g

Here, we consider system-baths coupling to be very weak, i.e., go < 1. The total Hamiltonian of the composite system
(system + baths) in the interaction picture can be written as

A() = go ) (an(Day, (Ob] (1) + al (Vi (Obye(), (BS)
k.k

where by (f) = bpee @n—wot bzc(t) = b};cei(wh"”‘)’ , ay(t) = ape”™r" and a;(t) = a;ei“’ﬂt . For convenience, we can write the above
Hamiltonian

Hi() =80, D, Ad)® Boy(0), (B6)

kk a=(12)

where A((t) = bzc(t), As(t) = bpe(t), By, 1 (1) = ak,h(t)az, () and By o(t) = az »(Map (t). In the interaction picture, the dynamics
of the composite system is given by the von Neumann equation,

% = —i[H (1), p()]. -

For the cases where the system and baths are initially in a product state and very weakly coupled, using Born and Markov
approximations, we obtain the following dynamical equation of the system

e D fo dT(Bup e (T, O)[Aa(), Ag(t = DO + B soire O, DDA = 7), An(D)]}, (BS)

af kk'ss’

where Baﬁ,kk’ss’ (,0) = tr(eiHBTBa,kk’eiiHBTBB,ss’pﬂh ®pﬁ() and Bﬂa,ss'kk'(o, T) = tr(Bﬂ,xs’ eiHBTBa,kk’eiiHBTpﬁh ®pﬁc)' Here Hp =
Hp, + Hp_is total free Hamiltonian of the baths. The states pg, and pg_are the thermal states of hot and cold baths at inverse
temperatures 3;, and B.. The above dynamical equation in the frequency domain can be written as

dp(t) * i t ~ * —iw ~
% = -8 Z [ j; dtBio sy (1,007 b, , bucp(t)] + j; dtBo1 ko sy (1, 0)e ™ [bye, b} H(1)]
kk’ss’

00

" f At Broirss (0, D) T [HO] . bye] + f dtBo sy (0, D) [B(Dbye, 1], (B9)
0 0

where wp. = wp — w.. The bath correlation functions can be simplified as

Zf drBi(r, 00" = Zf (@O, (D 00,0 = Y (@) + Do Q) f dre” s,
0 0 ’ ’ 0

kk’ss’ kk’ss’ kk’

0 . 0 .
> f drBoi (1, 0" = 3" (my () + Dt n(Que ) f dre/ O e one)T
kkrss' 0 Kk’ 0

0 . 0 .
> f drB1o(0, T)e T = 3" (e Qi) + D o( Q) f dre/ BT,
kik'ss' 0 7 0

0 . 0 .
D f drBoi (1,00 = 3 (mi () + D (e ) f dre~ BT,
kk'ss' 0 7% 0

0o
. _ / 1
z f dTej:l(Akk/,/w Whe)T = E ﬂ'é(Akk',hc - whc) + lp(m)’
kkrss' 0 Kk K-he he
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where Ay e = Qn — Qr . Here we have used the relations (a;,ap/) = np0pp, (apa;,> = (n, + )6,y and (apa,) =
(a;a;) = 0 to simplify the bath correlation functions. To further simplify these functions, now we also convert 3, >, =

fooo fooo dQdQ'D(Q)D(Q"), where D(Q) is the photon density of states, i.e. the number of photon modes in a small frequency
interval [Q, Q + dQ]. Ignoring the principal value part for the moment, we then obtain

Z f (nh(Qk,h)y nc(Qk’,c)) f dTeii(AkA’.hr*wlw)T
ok 0

=n fo dQ,D(€2) fo dQ:D(Q) f (np(&p), ne(€2c)) 6 (2 = Q) — (wh — W), (B10)

where f is a function of n,(€ ;) and n.(Qy ). The double integral on the right-hand side is correlated. To match it with the
incoherent quantum heat engines case, we enforce the resonance condition (. = w,) and (€, = wj). As a consequence, the
expression reduces to

3 £, 1) fo dresiu s — o fo d9,D() fo Q. D(Q) f(1( ), 1 ( Q)R- —0,), (BL1)

kk'

and finally to

D P, ne( @) f dre* ST = 7 f (g (), ne(@e)) D) D(wp)- (B12)
0

k.k'

After substituting the expression of simplified bath correlation functions in Eq. (B9), we obtain the Lindblad master equation

dp(t P | . _ 1 ~
% = (bhcﬁ(nb,,c - E{b};bhe,p(m) +v2 (bch(l)bhc - E{bhcbZC,P(l)}),

where yi = yone(ny + 1), 2 = yoru(ne + 1), yo = 2g5mD(we)D(wy,) is Weiskopf-Wigner decay constant, and n, = 1/(ef< — 1)
is average boson number of the bath *x’ with inverse temperature 8, (x = h,c). The Lindblad master equation derived above is
in the interaction picture. It can be expressed in Schrodinger’s Picture as

dp(t) _ . 1 1
L = -ilHs p(0] + 7, (bhcpu)b,tc = 5By be, p(t)}) +72 (b,ﬁcpmbhc - E{bhcb,‘;c,pm}).
This dynamics leads to a steady state pg;, i.€., 055 = 0, given by

Pss = — L OX0] + — 22— J1X1[. (B13)

D) 1 +72)
For the steady state, the ratio of populations of exited state |1) and ground state |0) is given as

(11)

()
p(sgo) = 72 = o Brwn—Pewe) — E—W(wh—wc)’ (B14)
pss M1

where p(ff) = (ilosslj)- To have an engine operation by utilizing two-photon transitions, we need population inversion, i.e.,

(1)
/% > 1. For this, the required condition is S,w;, — B.w. < 0. This also implies nj, > n,.

55

1. Steady state solution of coherent quantum heat engines in rotating frame

With an external periodic driving on the qutrit Hy(f) = a(e ™|1)(0] + €!|0)(1]), the Lindblad master equation describing the
dynamics of a coherent quantum heat engine becomes

p =—ilHs + Hy(1), p] + Dic(p), (B15)
where the master equation involves single dissipator D.(p), given by
o1 ; 1 ¥
Die(p) = y1(brep(D)D),. — E{blwbhc,p(t)}) +¥2(by, p(t)bpe — E{bhcb,Lc,p(t)}). (B16)
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We can transform the above Lindblad master equation to the rotating frame using the transformation Bg = ¢ Be~if! where B

is an arbitrary operator and [Hs, H] = 0, as follows:
pr = — i[Hs — H + Hyg, prl + Dic(pr), (B17)

where Hp corresponds the driving Hamiltonian H,(¢) in rotating frame. Without loss of generality, we consider Hg = H.
A steady-state solution of the above master equation can be obtained by solving pg = 0 (we denote the steady state by o¢),
which yields

4o + + 2i - 2i - 40 + +
o = @ i Y11 72;) 0X0| + 2!@(71 ¥2) 01| - zta(% ¥2) 1101+ @ i 21 72;) 1. (B18)
8a? + (y1 + v2) 8a? + (y1 +v2) 8a? + (y1 +v2) 8a? + (y1 +v2)
The I-1 norm of coherence [61] of the steady state in CQHEs can be expressed as
4yoa(ny — nc)
Cloe) = [0+ 1089 = , B19
(@e)=loc I +loc™l 8a? + y5(2npne + ny + ne)? (B19)
where Ugj) = (ilo/]j). The average power is directly related to energetic coherence as
(Pc) = ~iu([Hs, Higloe) = ~ia(wy — w)(0¢ " = 0¢”) = ~a(@; = o) Coc). (B20)

The dynamics due to heat transfer with the baths is governed by single dissipator Dy, unlike in IQHEs discussed in Ap-
pendix A, and it takes into account the contributions from hot and cold baths together. Because of that, we cannot directly
calculate the heat currents from the hot and cold baths with the dissipator. We overcome this limitation by employing the full
counting statistics (FCS) of the steady-state dynamics in the rotating frame (see Appendix D).

Appendix C: Comparison of energetic coherences in coherent and incoherent heat engines

The energetic coherence in the steady state of the qutrit is non-linearly dependent on the driving parameter « for both coherent
and incoherent heat engines. It is, in general, higher in the coherent heat engines compared to the incoherent ones. However,
for some values of «, the energetic coherence in the coherent heat engines can be lower than the incoherent ones. The driving
parameter has a critical value, given by a.,, below which the energetic coherence is higher for incoherent heat engines. We
determine the a,, by solving the condition

Cloc) = Cloy), (ChH

and it is

(ny + n)(y + ne + 3nyne) — va(ne + ny + 2neny)?
Ter = Y0 . (C2)

8—-40@mn, +n.)+4)

The C(o¢) > C(oy) for @ > a,, and C(o¢) < C(oy) for @ < a.. Note that we need to satisfy the condition n;, > n, for the
continuous device to operate as a heat engine. However, for reasonable values of the parameters ny, n., and yy, the critical value
a.r remains very small, corresponding to a very weak external driving. Fig. 5 illustrates how a., varies with respect to inverse
temperatures of the baths. In the exceptional cases where the baths are extremely hot, i.e., n;, = n. > 1, the @, becomes very
high. Nevertheless, considering the usual experimental situations, the engines operate with @ > «,,, and the coherent engines
yield more energetic coherence in their steady state than the incoherent engines.

Appendix D: Full Counting Statistics

Full Counting Statistics (FCS) provides an analytical approach to determine the statistics of the quantity of interests M, such
as power, currents corresponding to each bath, and their fluctuations in an open quantum system dynamics [72]. This approach
incorporates counting fields into the master equation. Suppose p(y, f) represents the solution of the dressed Lindblad master
equation. In that case, we define the moment-generating function M(y, ¢) and the cumulant-generating function ¥ (y,?) as
follows:

My, t) = tr{p(y, )}, and F(x,?) = In M(y, 1). (D1)
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FIG. 5. The figure depicts the variation of the critical value of the driving parameter against the inverse temperature of the cold bath. Here we
consider yy = 0.01, w, = 10, w. =5, and B, = 0.001.

Sometimes, a description in terms of cumulants is more convenient. The advantage lies in the fact that the dominant eigenvalue
of the Liouvillian usually determines the long-time evolution of the cumulant-generating function:

Clx,n) =~ A0, (D2)

where A(y)is the eigenvalue of L(y) = L(y, 0) with the largest real part (uniqueness assumed) and it vanishes when y = 0.
In the long-time limit, the cumulants of the quantity of interest M in the steady state can be obtained using the following
formula:

d
(M) = (—) (D3)
d(ix)
The first and second cumulants correspond to the mean and variance of the quantity of interest M, respectively:
)= (70| and av = oy = (2] 2 (D4)
d(iy) d(ix)

A direct computation of A(y) is not stralghtforward. To analytically determine the mean and variance from the derivatives, we
follow the method outlined in Refs. [37, 52, 73, 74]. Consider the characteristic polynomial of L(x)

D @ik =0, (D3)
n
where the terms a,, are functions of y. Derivatives of a, are defined as
. d .d
a, = laanl)(:o, and @] = (la)"anlxzo. (D6)

With a little analysis, we can express mean and variance as (for more details, see appendices of Refs. [37, 52, 74]):

’ "

(M) = _a_o, and AM = (a 24, )(M) 2 (M>2 (D7)
ay a

0
Note that the above expressions of mean and variance hold for all systems with Lindblad dynamics with a unique steady state.

1. Counting field statistics for coherent quantum heat engines

Here, we re-derive the Lindblad master equation of coherent heat engine by introducing counting fields, which will help us
to evaluate current and power statistics [72]. The total Hamiltonian for the system and the baths (in the presence of driving) is
given as

H = Hg + Hy(t) + Hp, + Hp_ + HS 5 . (D8)
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where H,(t) represents the external driving field acting on the three-level system and the rest of the Hamiltonians defined in
the previous section. Here, we are considering a situation where the two baths continuously interact with the system, and the
interaction between the system and the baths is weak. We choose the initial state as a product state, i.e., p(0) = ps(0) ® pp, where
PB = pp, ® pp, and the baths are prepared in thermal states with respective Hamiltonians Hp,, Hp, and inverse temperatures S
and 3., respectively. To measure the observables are the Hamiltonians Hp, and Hp, and to get the corresponding probability
distributions of their measurement, we introduce counting field y; (j = &, ¢) to each bath. We introduce x = {y4, x.} to denote
collectively both the counting variables. The modified density matrix p(y, ) of composite system is given as

P, 1) = Uy, Dp(0)U(=x; 1), (D9)
with
Uy, t) = e_i(XhHB/7+)(rHBL)/2U(t)ei(/\/!1HBh+X(HBC)/2 and U(_X’ f) = ei(/\/hHB/7+XzHBL»)/ZUT(t)e_i(/\/hHBh‘*'XcHBc)/z

being the counting field-dressed evolution operator. Here U(¢) is the unitary evolution operator generated by the total Hamilto-
nian H. The time evolution of modified density matrix p(y, ¢) is given by following master equation

d,
POD — it e, Dptoes ) — pla DH(x. D), (D10)

where, H(y, t) = e~ "0iHs, txeHs)/2 g pitantls, +x-Hr)/2 Tn the interaction picture, one gets (the operators are labeled by tilde)

plx. 1) = Ugp(x, DU, (D11)

where Uj is the unitary operator generated by the Hamiltonian Hy(f) = Hs(¢) + Hp. Here we have denoted Hg (f) = Hg + H,(t)
and Hp = Hp, + Hp, . In the interaction picture, the dressed total Hamiltonian is given by

Hi(x,1) = UoHsp0r DUY = Y Aa(t) ® Bagae (v, 1) and Hi(—x, 1) = UpHsp(x, DUy = > Aa(0) ® Bajiw(~x,0),  (DI12)
a,kk’ a,kk’

where By (x,1) = B!, (xn. 1) ® BS,,(xc, 1) and B"’s are bath operators corresponding to hot (cold) bath. In the interaction
picture, the evolution equation can be written as

dp(y, . y ) )
pg )] = —i[H;(x,)p(x, 1) — p(x, OH(—x, D)]. DI13)

Next, considering the weak coupling assumption and performing the standard Born-Markov approximation, we arrive at the
following master equation

dpS (X’ t) —

o —J; drTrg[H (v, ) H (x, t — T)ps (x. s — Hi(x, Dps (x. DpsHi(—x, t — T)

— Hi(x.t = D)ps (x> DpsHI(—x, 1) + ps (v, DpsH(—x. t — DH (—x. D], (D14)
where we have used Trg[H;(x, ) pgl = 0, and pp = Pg, ® pp.. After simplification, the above equation can be written as

d~ b 0 ~
% = _g(2) f(; dr Z (Aa(t)Aﬁ(t - 7)Ps(x, 1) Tr[B(y,kk’(X7 I)B,B,ss’(Xa [ T)pB]
apkk’ss’
— Ag(D)ps (¢, DAR(t = ) Tr| Baae (- Dp5Bp.sw (—x. 1 = 7))
— Ag(t = T)ps (o DA(D) Tr| Baae (- 1 = D)psBp.sy (—x. 1)

+ps (0> DAa(t = TVAR(D) Tr| ppBasae (X, = T)Bg s (=1, 1)])
After further simplifying the bath correlation function, we obtain

dps 0. 1) _

=8 fo dr )" " (Aa(AR( = D)ps (¢, 1) ] Basae (1B s (0)p5 ] = Aa(0)ps (x> DAt = ) tr] By s (=21, T) B it 0)ps

af kk'ss’
= Ag(t = D)ps O, DAR() t B s (=2, D)Ba e (0)p5 ] + Bs (¢, Aat = TYAR(E) tr| Ba pie (—7) B s (0)p5 ).
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Using the explicit form of system and bath operators A(f) = bzc(t), Ax(t) = bpc(t), B 1(t) = ak,h(t)a,t,’c(t), By 2(t) =

a ,(Dag (1), bue(t) = b @@ bl (1) = b @0 q,(1) = aye" and aj(t) = aje’, and solving the bath correla-
tion function and converting sums into integrals as considered in the previous section B, we get the following dressed Lindblad
master equation in Schrodinger picture as

g (X’ t) : i(wnxn—Wexe T 1o —i(wpXh—we, T 1 T
’”T = —i[Hs + Hy(t). p] + y1 ("X by p(t)b} = ~{b} bpe, p(D)}) + ya(e "= XIp! p(t)bye — ~{bueb).. p(1))),

2 2
(D15)
where v, = yon.(n, + 1), 2 = yonu(ne + 1), yo = 2g°nD(w.)D(wy,) is Weiskopf-Wigner decay constant, and n, = 1/(ef“x — 1) is
the average photon number in the bath with inverse temperature 3,. In the rotating frame, the above master equation reduces to
dp(x, 1)
dt

. (WX h—WeXe —(WpXh—WeXe 1
= —i[Har, p] + 1 (X by p()b) = ~{b} bpe, p(D)}) + o (e s wm)b,Lp(t)bhc—E{bhcb,ic,p(m), (D16)

1
2
and the corresponding full Liouvillian super-operator with counting fields is

¥ —ia i v zefimwrxpwc)
. Y1 Y2 .
—ia -4 -z 0 i
L(XI’HXC): i 20 2 N7 —ia . (D17)
. 2 2
Y =X ewe) ia —ia Y5

For calculating power statistics, we set x;, = x. = y. Following the previous discussion in this section, we can determine the
polynomial factors with respective derivatives

1
ay = 22%(y1 +yy) + Z()’l +72),

ar = 5 (1607 + 501 + 727
ay = (1 =) +y2)(wh — wo),
ay = —a*(y1 +y2) (wh — w. ),
and a} = 207 (y1 = y2) (@) — w.).
The expression for the average (mean) and variance of power are given by

40/2(71 - 72) 3

Pey= ——1 "2 _(w), —w,.), and AP¢c = F,((P¢) — —————(P¢)’ - W), D18
(Pe) = Gt (3 3 @~ @0 and APe = Fy(Pe) = 5 5o (P — w0) (D18)
where F), = 2””:“1% Similarly, we can determine the average and variance of heat current corresponding to a bath with

inverse temperature 3, by setting y, = y and y, = 0 in the Liouvillian super-operator. The average heat currents from the hot
and cold baths are

; 4, — 1) oy _ AP -7
Jhy=—222 T . and (J&)y= ——L T2, D19
R N b
respectively, and the corresponding variances in heat currents are
P 4a2(y, +7,) (640" =822 (¥ = 1077, +V3) + (v + 1)) 20)
= Wy,
‘ (802 + (v, + )7 :
o A 402y, + 7)) (640" = 8a? (¥} = 10y, 7, +%3) + (1 + 7)) 2
an = w;.
‘ (8a? + (y; + 72)2)3
With this, the heat-to-work conversion efficiency of CQHESs becomes
(Pc) We
ne=-go 1= (D22)
C n

It is important to note that IQHEs and CQHEs have the same efficiency. Further, the noise-to-signal ratio of the power of CQHEs
is

APc 1 3 Fp 3 s

Ne= B B P — W) = 1-3 : D23

c (Pc)? p(<PC> 202wy — wc)2< eNwy — w,) ch(a'c)( 2C(O'C) ) ( )

where (P¢) = —a(wy, — w.)C(o¢), and C(o¢) is I-1 norm of coherence of the steady state o¢. It is important to note that the

noise-to-signal ratio of currents, power, and photon number flux is the same for CQHE:s.
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2. Counting field statistics for Incoherent quantum heat engines

To determine the power statistics in incoherent heat engines, we again use the Full Counting Statistics (FCS) technique, which
includes counting fields in the master equation. Let y;, and y. be counting fields for the hot and cold baths, respectively. The
dressed Lindblad master equation (A3) of IQHE:s in the rotating frame becomes

. —iw, 1 iw, T 1 T
pr = — ilHag, pr] + Yi(ny + (e byopb! — E{b,ibh,pze}) + Y€ b, prby = > {bib), pr)) (D24)

. I . , . 1 4
+Yelne + 1)(e™ ¥ beprb] — 50cbe, prY) + Yene(€* beprbe — 5{bebe. pr)).

Accordinlgly, the full Liouvillian super-operator L(ys, x.) with counting fields is

—81 — & 0 0 0 gyele 0 0 0 el
0 -8 - %3 -& —ia 0 0 0 0 0 0
0 —ia “a_s_g 0 0 0 0 0 0
0 0 0 -4 - gZ—S -& 0 0 i 0 0
gye e 0 0 0 -84 —ia 0 ia 0 ,
0 0 0 0 —ia —% - g24 0 , 0 ia
0 0 0 i 0 0 “A_g_8 0 0
0 0 0 0 ia 0 0 —% - %4 —ia
g e Xnen 0 0 0 0 i 0 —i -£5

where g = yu(np + 1), g2 = v, 83 = ye(ne + 1) and g4 = y.n.. We set y, = y. = x to calculate the power statistics. Following
the previous discussion in this section, we find the polynomial factors with respective derivatives:

a = - é(%nc £y (402 + (e 47 + 2yen + Yim)(ye + i + vene + 2yam) (40> (reBne +2) + 4Gy +2)

+yeyn(3nchy + ne + np)(yene + yang))

a =-— %(4012 + (Ve + Yh + 2¥ene + Vi) (Ye + Vi + Yete + 2ym)) (v ni(ne + DQ2ne + 1 + ()2 (y4) (5n? + (ne
(2381, + 157) + 25)n; + (6n,(39n, + 19) + 1)y + n(6Tne + 18)n;) + (¥e)* (vu)*(n2(n,(238my, + 157) + 25) + n2
61,39, + 19) + 11) + n.ny(67n;, + 18) + SHZ) + yc(yh)4nh(n(.(nh(nh(82nh +113) +47) + 6) + nh(28ni + 30n,
+ 7)) + 64 (ye + yn + 2yene + 2npnp) + 40> ((ve)* Gne + 2)*(6nc + 1) + ((vo)* (yn(ne(2(91n, + 85)n;, + 85n, + 72)
+36n;, + 12) + (ve((y)*Cne(np(91ny, + 85) + 18) + n, (851, + 72) + 12) + (y)> By + 2)*(6ny, + 1) + (o) * (ynne
(ne(ne(n(82ny, + 28) + 113m, + 30) + 47ny, + 7) + 6m) + ((y) s (ny, + D2y + 1)),

2

, 1
=1 Yeyn(e = m)(@p = we)(yene + i) (40° + (e + Y+ 2yene + Ym)(ye + Yo + Yere + 2yam)

’” 1
ag =— @y ynQueny + ne + m)(@e = ) (Yene + yuny) (402 + (Ve +Yn + 2yene + yun)(Ye + Y+ Vehe + 27hnh))

2
16 ’

1
and d} =ga®yeyu(ne = m)(p = wo) (407 + (e (ne(ne +7) + 1)+ yeyn(Tnemy + Tne + Ty +2) + o0 Sy +7) + 1)

(407 + (e + i + 29ene + VW) (e + Vi + Yete + 2yum))

Utilizing these expressions, the average power and the variance in power of IQHEs become

4027/170(”/1 - nc)

(Pr)=-—— (W — we), (D25)
da (76(3’10 + 2) + ')’/1(31/1;, + 2)) + ycyh(Sncnll +ne + nh)(‘)/cnc + yhnh)
and AP; = (F(P)) — — P wh — w0, (D26)
@ (“)h - U)c)
2 npne+n2+n? . . . .
where F), = W and k = 7 (47 5+ - ‘:_‘+ L +2F,. Now, the noise-to-signal ratio of the power of IQHESs is
c o(n—ne np—ne
AP, F, k F, k 5

Ny=—=——— (P —We) = 1-—C > D27
IRTRE ((Pl) A —wr D)= = Geap\ T F, O (B2
where (P;) = —a(w);, — w.)C(o7y), and C(oy) is I-1 norm of coherence of the steady state o-;. It is important to note that the

noise-to-signal ratio of currents, power, and photon number flux is the same for IQHEs.
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Appendix E: Classical thermodynamic uncertainty relation and power-efficiency-constancy trade-off relation

Classical steady-state heat engines always exhibit trade-off relationships between relative fluctuation in output power, the
thermodynamic cost (quantified by the rate of entropy production S), and heat-to-work conversion efficiency. There are two
trade-off relations

AP

Q=S W >2, (ED)
- AP Pewn
and D = (nCor 7]) <P> (O-)h — (Uc) > 2, (Ez)

where S the rate of entropy production, n = 1 — Z)T, is the engine efficiency for both coherent and incoherent engines, and 1¢,, =
1- % is the Carnot efficiency. Note, Eq. (E1) is referred to as the classical thermodynamic uncertainty relation (cTUR) [44] and

Eq. (E2) is referred to as the power-efficiency-constancy trade-off relation [45]. The entropy production rate S for coherent and
incoherent engines can be written as (for X = C, I)

nh(nc + 1)
ne(ny + 1)

Sx = =BTy = BelJ) = ln( )(Nx> >0, (E3)
where (Nx) = [(Px)|/(wj, — w,) is the average photon number current, J;¥ and JX are average heat currents corresponding hot and
cold baths, respectively. Moreover, we can write

(E4)

(nCUV - 77) IBth =1In (nh(nc i 1))

(U-)h - wc) B nc‘(nh + 1)
To obtain above expression we have used the relation n, = 1/ (eBx — 1) for x = h, c. Using above relations, we can show that

ny(ne + 1))FX

ne(n, + 1) (ES)

QX=DX=]1‘1(

Here Fy = é‘]f,\g is known as the Fano factor of photon number current (N), where (Nx) = [(Px)|/(wy — w.) and ANy =
APy /(w, — w,)? are variance and average of photon number current for the steady state dynamics. The Eq. (ES) indicates that
in the context of CQHEs and IQHEs, both the cTUR and the power-efficiency-constancy trade-off relation coincide. By using
the expression of (Px) and APy, the Fano factors for CQHEs and IQHESs can be respectively written in terms of population and

energetic coherence as,

3 k
Fc=F, (1 - E(C(O'C))z), and F;=F, (1 — F—(C(o-,))z). (E6)
p

Appendix F: Quantum Thermodynamic Uncertainty Relation

A quantum formulation of the thermodynamic uncertainty relation was recently obtained for Markovian dynamics (described
by the Lindblad master equation) using the quantum Cramér-Rao bound. To read the steady-state version of qTUR, one reads as
follows [54]:

AP 1
=pp2f= (F1)

N TY+y

In the above bound (F1), T denotes the quantum dynamical activity, which is the average rate of transitions in the steady-state
and reads

T = Z Tr(LZLkp”), (F2)
k

where py; represent the steady state of the given system, L; and LZ represent the jump operators and its ad-joint operators,
respectively. In the above bound (F1), ¥ denotes the coherent-dynamics contribution and reads

¥ = —4(UILLL Lrlpss)) + CULrLT Lilpss)), (F3)
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where |p,)) denotes the vectorized steady-state density matrix py;, [[)) = >; [i)* ® |i) is the vectorized identity. £* denotes the
Drazin inverse of vectorized Liouvillian super operator (£ = Lg + £;) and the expression of L and £; reads as follows

1 ‘

Ly=~il®H+ Y el TeLiL,
k

and

1 .
Li=il"®T+ D e L - (L) e D),
k

where H is the Hamiltonian of the system and 7 is the identity matrix. The vectorized Liouvillian super operator can be
written as L = ), 20 4jlx;)){(yjl, where |x;)) and |y;)) are right and left eigenvectors of vectorized Liouvillian super operator,
respectively and A, is eigen value of vectorized Liouvillian super operator. The Drazin inverse of the Liouvillian super operator
can be obtained by inverting the eigen values L% = 3 ;.o /%-'x Myl [74]. The Drazin inverse also can be calculated using
some alternative methods, for more details see Ref. [74]. Employing this definition, we derived the Drazin inverse of vectorized
Liouvillian superoperators for CQHEs and IQHE:s as

40*(y1-3y2)-v1(y1+72)* iar _ iar 40’ Byi—y)+ya(y1+y2)?
(802 +(y14+72)%)’ 8aZ+(y1+y2)? 8aZ+(y1+y2)* (8a2+(y1+722)
dia (40> +Q2y1-y2)(y1+72)) 2(4a%+(y1+72)%) 802 dia(402—(y1-2y2)(y1+72))
L= (82 +(y1+72)?) T 0B ?) (B itn)?) (8a2+(y1+72)?)’
(Ol 4ia (40’ +Q2y1-y2)(y1+72)) 8a2 2(4a’+(y1+72)%) 4ia(4a’—(y1-2y2)(y1+72))
h (8e2+(y1 +72)2)2 T +72) (82 +(y1+72)%) T +72) (82 +(y1+72)?) (8e2+(y1 +72)2)2
Y101 +72)*—40? (1 =372) _ ia iar 40?1 =3y)-r(r1+y2)*
(8a2+(y1+72)2)° Sa+(y1+72)? Sat+(yi+y2)? (8a2+(n1+7202)°
and
apr 0 0 0 a5 a6 0 aig ap
0 dary dr3 0 0 0 0 0 0
0 aszp diz 0 0 0 0 0 0
0 0 0 agy 0 0 [27%) 0 0
Li=|ass 0 0 0 ass ass 0 asg as |,
ass 0 0 0 ag ass 0 aes ae
0 0 0 ajy 0 0 ar 0 0
agg 0 0 O ags agg 0 asg as
ar 0 0 0 ags ass 0 agg ag

respectively, where
Y1 = Yone(ny + 1),
Y2 = Yona(ne + 1),

4a/2y(2)(nc +ny, +2) (ng + 6n.n;, + ni) + 7/3(nC + np)? (nf(nh +1)+ ncni + ni) + 64t (n, + nj, +2)
an = — 5 >
Y0 (4&2(3115 +3n +4) + vi(ne + np)Bneny + ne + n,,))

2ia(ne = my) (v (30200 + 1) + neBni(ny +4) +4) + myGy + 4)) + 1202 (ne + ny, +2))

—dag) =

Aol

>

2
(402(3116 +3n +4) + Vi(ne + np)Gneny + ne + nh))
4ia
40% + Y22 + ny + 2)(ne + 2ny +2)
2yo(ne + 2ny + 2)

A3 = A3z = —A74 = —Q47 =

ar = A = — B

2o 402 + 7(2)(2nc +ny +2)(ne + 2n; +2)

2y0(2n; + np + 2)

azr = a7 = — s

BT 402 + 220 4y + (e + 2y +2)

2ia(n. — ny)
die = —a1g = 5 ’
4a*(3n + 3ny, + 4) + y5(ne + nyp)Bneny, + ne + ny)
2ia(n, + 2ny, + 2)

ase = —asg

" 202G, + 3my + 4) + Y2 (1 + np)Bneny + e +my)’
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2ia(2n. + ny + 2)

Aoc = Aok = — s
P T 402G, + 3+ 4) + 12 (ne + ) Bneny + ne +ny)
40’(3n. + 3nj, + 4)
age = ey = — ,
yo(ne + ny) (4(12(3nc +3n,+4)+ y%(nc + n,)(Bneny, + ne + nh))
—4a*(3n, + 3ny, + 4) — Zyg(nc +n,)3neny, + ne + ny)
Aes = agg =

vo(ne + ny) (4(12(3nc +3n, +4) + y%(nc + n,)(Bneny + ne + nh))’

4a/27(2) (—ng + (5n. + 4)n,21 + 2(n. — 2)n.ny, + ZnZ) - yénc(nc + )2 ((nc - Dny, +n. - anl) +32a*(n. + ny)

T Y0 (4(12(311(. + 3y, + 4) + yi(ne + ny)Gneny + ne + nh))2 ’
40y} (203 + n2(5my + 4) + 2nc(my = 2y — 13 ) + 3204 (ne + my) + yima(ne + mp)*(ne@ne + 1) = (ne + D)
T Yo (40’2(3’% +3n, +4) + )/(2)(71C + ny)3neny, + ne + nh))2 ,
2ia (42 (3n2 + 3nc(Bny + 4) + 6my(ny +2) + 8) + y2 (3nd(my + 1) + 3m2Brp(ny + 2) + 2) + neny (612 + 3my, + 4) - 2n2))
e (402(37% +3n,+4) + y(z)(nc + ny)3neny + ne + nh))2 ’
4a27(2) (ng(ch +3)+ (5n. + 7)ni + (n. +2)(5n,. + HHny, + 2"131) — 16a™*(n. + ny) + Zygnc(nh + D + mp)*(ne +nj, + 1)
T Yo (4a/2(3nc +3n, +4)+ y%(nc + n,)(Bneny + ne + n;,))2 ’
40/2)/(2) (2n3 +n2(5ny, +7) + ne(ny, + 2)(Sny, + 4) + ni(Znh + 3)) —16a*(n. + ny) + 2)/g(nC + Dng(ne + np)(ne +ny + 1)
T Yo (4a2(3nc +3n, +4) + yg(nC + ny)3ncny + ne + nh))2 ,
i (4a2 (6n§ +3n.3ny +4) + 3n,(n, +4) + 8) + y(z) (6ngnh + ng (9nfl +3n;, — 2) + nenpBnp(n, +6) +4) + 3ni(nh + 2)))
T e (4&2(3nc + 3y, +4) + i (ne + np)Gneny + ne + nh))2
40293 ((Tne + 3)n2 + 10n.(ne + Dy + ne(ne(dne + 11) + 8) + 1) + 160*(ne + ny) + yinu(ne + mp)(nc(dne + ny + 5) + ny +2)
wT Y0 (40’2(3nc + 3y, +4) + y§(ne + np)Gneny + ne + nh))2 ,
402y} (nd + n2(Tny + 3) + 10nmy(n + 1) + m(n(Any + 11) + 8)) + Ygne(ne + mp)? ((ne + Syny + ne + 4n2 +2) + 1604 (ne + ny)
o Yo (402(3710 +3n, +4) + y(z)(nc + ny)3neny + ne + nh))2 ’
asy =

4a*y} (nc (nc -n2+ 4) + (5 + Dnj + 2n(ne + 3)ny + 2n; — 4nh) - y3(ne + D(ne + ny)? ((nc - Dny +n, — 2ni) + 320, + ny, +2)

s

2
Y0 (40{2(3nc +3ny, +4) + vi(ne + np)Gneny + ne + nh))
and
agy =

4027(2) (an +n2(5ny, + 1) + 2n(ny(ny, +3) = 2) +my, (nh - nﬁ + 4)) +32a*(ne +np, +2) + yg(nh + D(ne + np)*(neQne + 1) = (ne + Diny)

2
Y0 (4&2(3nc +3n, +4) + yg(nc + n,)Bneny + ne + nh))

The superoperators Lz and L; for CQHEs and IQHEs can be computed using the corresponding jump operators
\/70nL.(nh + 1)by, \/yonh(nc + l)b:w and +/yo(n, + )by, \/mb;, Vyon. + Dby, sz through a simple exercise. The
expressions of the lower bounds (fx) on the noise-to-signal ratio of power for CQHEs and IQHEs in terms of driving and bath
parameters are as follows

1 2(20% + mne(ne + Dy + 1) (3202 + 2 Q@neny + ne + ni?)

)

fc Yo(ny + ne + 2npne)(8a? + 7(2)(nh + 1+ 2mpne)?)
1 2(ny + ne + 2)(4a? + y(z)nhnc)(l6a/2 + y(z)(nh +n.)%)

fi ™ yolmy + ne) (A4 + 30y + n0)) + Y3y + ne)(my + ne + 3mine))’
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It is important to note that the noise-to-signal ratio of currents, power, and photon number flux is the same for CQHEs as well

as for IQHEs.
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