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We present a comprehensive Fermi-liquid description for thermoelectric transport and current
noise, applicable to multilevel quantum dots (QD) and magnetic alloys (MA) without electron-hole
or time-reversal symmetry. Our formulation for the low-energy transport is based on an Anderson
model with N discrete impurity levels, and is asymptotically exact at low energies, up to the next-
leading order terms in power expansions with respect to temperature 7" and bias voltage eV. The
expansion coefficients can be expressed in terms of the Fermi-liquid parameters, which include the
three-body correlation functions defined with respect to the equilibrium ground state in addition
to the linear susceptibilities and the occupation number N, of impurity electrons. We apply this
formulation to SU(N) symmetric QD and MA, and calculate the correlation functions for N = 4
and 6, using numerical renormalization group approach. The three-body correlations are shown to
be determined by a single parameter over a wide range of electron fillings 1 < N; < N —1 for strong
Coulomb interactions U, and they also exhibit the plateau structures due to the SU(N) Kondo
effects at integer values of N;. We find that the Lorenz number L = x/(T'o) for QD and MA,
defined as the ratio of the thermal conductivity k to the electrical conductivity o, deviates from
the universal Wiedemann-Franz value 72/(3¢?) as the temperature increases from 7' = 0, showing
the T2 dependence, the coefficient for which depends on the three-body correlations away from half
filling. Furthermore, we find that the current noise for the SU(4) quantum dots and that for SU(6)
show a pronounced difference at the quarter N;/N = 1/4 and 3/4 fillings. In particular, the linear
noise for N = 4 exhibits a flat peak while the peak for N = 6 shows a round shape, reflecting
the fact that, at these filling points, the SU(IN) Kondo effects occur for N = 0 (mod 4), whereas
the intermediate-valence fluctuations occur for N = 2 (mod 4). We also demonstrate the role of

three-body correlations on the nonlinear current noise and the other transport coefficients.

PACS numbers: 71.10.Ay, 71.27.4a, 72.15.Qm

I. INTRODUCTION

The Kondo effect is a fascinating many-body effect!:2,
taking place in dilute magnetic alloys (MA), quantum
dots (QD), and other novel quantum systems such as ul-
tracold atomic gases® and quark matters*. It was shown
in 1970’s that the low-energy properties of the Kondo sys-
tems can be described by a quantum impurity version of
the Fermi-liquid (FL) theory®?. In particular, using the
numerical renormalization group (NRG) approach!® 12,
Wilson et al demonstrated that the low-lying excited
states of the Kondo and the Anderson models exhibit
a one-to-one correspondence with the excitations of the
renormalized quasiparticles.

The quasiparticles are asymptotically free in the equi-
librium ground state, where the perturbations from the
environment or reservoirs, which may depend on exter-
nal parameters such as frequency w, temperature 7', bias
voltages eV, etc., are absent. As these perturbations
are adiabatically switched on, the quasiparticles capture
the damping rate of order w?, T2, and (eV)? through
the residual interactions between the quasiparticles, and
it significantly affects the transport properties®?:13:14,

When the electron-hole or the time-reversal symmetry is
broken by a potential or external fields, the quasiparticles
also capture the energy shift of order w?, T2, and (eV)?,
i.e., the corrections in the same order as the ones due to
damping rate. The contributions of these higher-order
energy shifts, however, had not been fully understood
until very recently.

It has recently been clarified that these higher-order
energy shifts of quasiparticles can be described exactly
in terms of the three-body correlations between impu-
rity electrons. The proof was given in two different ways,
which complement each other. One is given by Mora et al
and Filippone et al'® 18, extending Nozieres’ description®
that is based on an invariance against the “floating of
Kondo resonance on the Fermi sea”. The other is based
on the higher-order Fermi-liquid relations'®2!, which can
be derived from the Ward identities for the second deriva-
tives of the self-energy, extending Yamada-Yosida’s field-
theoretical approach®®. These proofs enabled one to ex-
press the next-leading order terms of the transport coef-
ficients in terms of three-body correlation functions, and
these formulations have been applied to the nonlinear
currents, current noise and thermocurrent through quan-



tum impurities without electron-hole or time-reversal
symmetry?2 29,

The purpose of this paper is twofold. The first one is to
extend the latest version of the FL theory for treating the
thermoelectric transport coefficients of multilevel quan-
tum dots and magnetic alloys, described by the Anderson
model with NV arbitrary impurity levels. The second one
is to demonstrate how the next-leading order terms of
various transport coefficients vary with the impurity level
e, and Coulomb interaction U. Specifically, for the sec-
ond purpose, we consider the quantum dots and magnetic
alloys having an SU(N) symmetry, and calculate the
three-body correlation functions for N = 4 and 6 using
the NRG approach. There have been a number of inten-
sive works which theoretically studied low-energy trans-
port: the nonlinear current'314:39-38 nonlinear current
noise!6:23:3943 * and thermoelectric transport!®21:44:45
However, the parameter space for the quantum impu-
rities is so huge that many parts are still left unexplored.
In this paper, we explore a whole region of the electron
fillings, 0 < N, < N, in which the occupation number
N, of electrons in the impurity levels varies continuously
across the various SU(N) Kondo and the intermediate
valence regimes.

One of the advantages of the Kondo systems real-
ized in quantum dots*¢*? is that the information about
the many-body quantum states can be probed in such
a highly tunable way, for instance, recent experiments
have succeeded to directly probe the Kondo screening
cloud®®. Furthermore, low-energy Fermi-liquid behaviors
have experimentally been confirmed for nonequilibrium
currents51’52, current noise"a?”m7 and themocurrent®®59.
Internal degrees of freedoms of quantum impurities
also bring an interesting variety to the Kondo ef-
fect. The systems having the SU(4) symmetry have
been realized, for instance, in the multiorbital semi-
conductor quantum dots and carbon nanotube (CNT)
quantum dots®®, and have intensively been investigated
theoretically!5:16:22:26:34,61-69 a5q experimentally®6:70-74,
Realization of the SU(N) Kondo effects for various N > 2
has also been proposed by several authors, using triple
quantum dots”®7% and CNT77. In this paper, we provide
a comprehensive FL view of the low-energy transport for
SU(4) and SU(6) symmetric QD and MA.

Our results reveal the fact that the three-body cor-
relations exhibit the plateau structures, caused by the
SU(N) Kondo effects occurring at integer fillings N, = 1,
2, ...N — 1. We also calculate the Lorenz number
L =k/(To) for QD and MA, defined as the ratio of the
thermal conductivity s to the electrical conductivity o,
and show how it deviates from the universal Wiedemann-
Franz value m2/(3¢?) as the temperature increases from
T = 0. Furthermore, we demonstrate that the three-
body correlations significantly affect the magnitude of
order T? term of o, the order T2 term of », and the or-
der |eV|? term of nonlinear current and current noise. At
quarter N;/N = 1/4 and three-quarters 3/4 fillings, the
SU(N) Kondo effects occur for N =0 (mod 4) while the

intermediate valence fluctuations occur for N = 2 (mod
4). We show that this dependence on (mod 4) causes a
pronounced difference appearing in the peak structures
of linear noise for N =4 and 6.

This paper is organized as follows. In Sec. II, we de-
scribe the multilevel Anderson impurity model for quan-
tum dots and magnetic alloys. Sections III and IV are
devoted to the FL descriptions for the next-leading or-
der terms of electrical and thermoelectric transport co-
efficients for quantum dots, applicable to arbitrary N
impurity-level structures. In Sec. V, the low-energy
transport formulas for the SU(N) quantum dots are de-
scribed in terms of the five FL parameters. We present
the NRG results for the three-body correlation functions
in Sec. VI. The results for nonlinear current, current
noise, and thermoelectric transport through quantum
dots are discussed in Secs. VII and VIII. Section IX
is devoted to the FL description of the three-body cor-
relations in thermoelectric transport of dilute magnetic
alloys. In Sec. X, we discuss the results for the electrical
and thermal resistivities of the SU(4) and SU(6) mag-
netic alloys. Summary is given in Sec. XI. In Appendix,
we provide details of the derivations for the transport for-
mulas and additional NRG results for the FL parameters
in the SU(N) cases for N = 2, 4, and 6, for comparison.

II. MODEL

We consider a multi-orbital Anderson impurity coupled
to two noninteracting leads on the left (L) and right (R):
H=Hq+Hc+Hr,

N
1
Hd = Z €do Ndo + 5 Z UUU’ NaeNdo > (21)
o=1 oF#o’!
N D
He = Z Z/ deecijacejg, (2.2)
j=L,Ro=1"—D
N
Hr= = 3w (Wods tdluy,) . 23)
j=L,Ro=1
Here, the level index runs over 0 = 1,2, ..., N. The inter-

electron interaction U, generally depends on ¢ and ¢’,
with the requirements U,,, = U, for o’ # o. For N =
2, it describes the usual single orbital Anderson model
for spin 1/2 fermions. The operator d}; creates an impu-
rity electron with spin ¢ in the impurity level of energy
€45, and ny, = did,. Conduction electrons in the two
lead at 7 = L and R obey the anti-commutation relation

{Cjos ci,j,g,} =0;js 055:0(€ —€’). The linear combination

of the conduction electrons, ¢, , = fPD de\/pc Cejy With
p. = 1/(2D), couples to the impurity level. The bare
level width due to the tunnel couplings is given by A =
't +Tr with I'; = wpcvj?. We consider the parameter
region where the half band-width D is much grater than



the other energy scales, D > max(Uyor, A, |€,4, |, T, |€V]).
We use a unit kz = 1 throughout this paper.

The total number of electrons occupying the impurity
levels is given by

N

Ng = Z<nda>'

o=1

(2.4)

The current conservation law, which follows from the
Heisenberg equation motion for n,,_, holds for each com-
ponent of the occupation number,

—Jp. = 0. (2.5)

Here, T .o represents the current following from the left

lead to the dot, and J, R,o the current from the dot to the
right lead:

Tiw=—ive (],d, — dvy,).,
jR,o = +ivR (@ggda - dl¢Ra) .

A series of exact relations between the dynamic correla-
tion functions and the static susceptibilities can be de-
rived from the Ward identities, which reflect the current
conservation. The Friedel sum rule and the Fermi-liquid
relations between the phase shift J,, the linear suscepti-
bilities x,,/, and the static three-body correlation func-

(2.6)

(2.7)

tions XEI]UNS play an essential role in the low-energy
Fermi-liquid transport up to next-leading order. The def-
inition of these correlation functions are summarized in
Appendix A.

III. FERMI-LIQUID DESCRIPTION FOR
NONLINEAR CURRENT NOISE OF QD

We consider the nonequilibrium steady state under a
finite bias voltage eV = urp —ugr, applied between the two
leads by setting the chemical potentials of the left and
right leads to be ur and ug, respectively. The retarded
Green’s function play a central role in the microscopic
description of the Fermi-liquid transport:

GT(w) = —i/ooodtei<w+i°*>t<{dg(t), dj,}>v, (3.1)

1
Ay (w) = — = Im Gl (w) . (3.2)
Here, (- - - )y represents a nonequilibrium steady-state av-
erage taken with the statistical density matrix, which is
constructed at finite bias voltages eV and temperatures
T, using the Keldysh formalism.!3:33:78

A. Differential conductance dJ/dV

The nonequilibrium current J through quantum dots

can be expressed in terms of the spectral function
A, (w):1333

Y [ ) - ) T, @
To(w) = %’NAU(M). (3.4)

Here, fj(w) = f(w — p;) for j = L, R, with f(w) =
[e“/T 4+ 1]~ the Fermi function. Specifically, in this pa-
per, we consider the case where the chemical potentials
are applied in a symmetric way:

pe = —pn = eV, (3.5)
choosing the Fermi level at equilibrium to be the origin
of one-particle energies Er = 0. Note that the role of
bias and tunneling asymmetries, (ur, + pr)/2 # Er and
't # I'p, has precisely been discussed in Refs. 28 and
29.

The nonlinear current J can be expanded in the Fermi
liquid regime up to terms of the next-leading order, us-
ing the low-energy asymptotic form the spectral function
Ay (w) which has been obtained up to terms of order w?,
(eV)?, and T? %7 as shown in Eq. (B3) in Appendix B.
In particular for symmetric junctions with I'y, = I'r and
ur = —pr = eV/2, the low-energy expansion of the dif-
ferential conductance takes the form,

dJ 2
Y % Z [sin2 0o — Cr.4 (nT)* — V.o (eV)? + - ]

(3.6)

Here, the coefficients ¢;. , and ¢y, of the next leading-
order terms can be expressed in terms of the phase shift
d,, the linear susceptibilities x,,., and the static three-

body correlation functions XLB(],/ defined in Appendix

A

A:
m? 2 2
Cro = T (XM +2 Z XM,> cos 26,
o' (#0)
sin 20,
+ <Xcroa' + Z ([3;' J’) ‘| ’ (37)
o’ (#0)
72 9
Vo =T (X ) Z XW,> cos 26,
o' (#0)
26,
+ (x!f’w £33 Xovo ) = ] (3.8)
o’ (#0)
B. Nonlinear current noise Snmse
26,27,79

We also study the current noise, defined by

S = 3 [ dt (85,(0)83,(0) + 65053, (1)) .

(3.9)

oo



Here, (5f,,(t) = j:,(t) - <f,,(0)>v represents fluctuations
of the symmetrized current:

PLjR,U + TRjL,a
I't+Tr )

Ty (3.10)
Behavior of the current noise in the low-energy Fermi-
liquid regime has been studied by several authors, tak-
ing into account the three-body correlations'®17. In the
previous work, we have derived the general formula for
current noise through the multilevel Anderson impurity

model up to terms of order |eV|? for symmetric junctions
FL = FR and W = —pRr = 6V/226’27;

2e2 N Tsin2 26
52 = SV Y [T g, @)+
o=1

(3.11)

The coefficient cg , for the next-leading order term has
been calculated téking into account all components of
the Keldysh vertex function together with the asymptotic
form of A (w); the result can be expressed in terms of

3
50., Xoo's and Xo.o./o.//, as

Z Xi‘a’

o’ (#0)

2
Cs0 = g | €08 485 X2, + (2 + 3 cos4d,)

+ 4 Z 0825, 0826,/ X2 o
o' (#0)

+3 Z Z sin 20, sin 20 X g X oo
o' (#0) o/ (#0,0')

(3] 51114(5 19

a’(;écr

IV. FERMI-LIQUID DESCRIPTION FOR
THERMOELECTRIC TRANSPORT OF QD

In this section, we discuss the thermoelectric trans-
port through quantum dots in the linear-response regime.
The linear conductance g, thermopower Sqp, and thermal
conductance Kqp of a quantum dot can be expressed in

the form?22-80-83;

dJ
av|,y_y h ZEO"’ (4.1)
_ gQD

SQD L Z QD, (4.2)
[elT s> £§

2
QD
K — i QD _ (ZU £1’U) (4 3)
QD KT - 2,0 Zg EOQE .

4

Here, ES’B for n = 0,1, and 2 is defined at eV = 0 with
respect to the thermal equilibrium, as

s [t (-24),

with 75 (w), the transmission probability defined in Eq.
(3.4). Note that thermal conductance gy, is the linear-
response coefficient of the heat current J, = kqp 07T,
flowing from the high-temperature side toward the low-
temperature side, with 67" the temperature difference be-
tween the two sides.

The thermoelectric coefficients ESB can be calculated,
substituting the low-energy asymptotic form of A, (w) in
Eq. (B3) for I'y, = T'g, into 7, (w). At low temperatures,
the component E(Cf? for n = 0, which determines g, is
given by

(4.4)

LY = sin?6, — cp, (nT)° + O(T?). (4.5)
Here, cr, is the coefficient that we have already de-

scribed in Eq. (3.7). The next component, EQ forn =1,
takes the form

A
L = T2y, (xT)? + O(T*).

3 (4.6)

Here, pl,, is the derivative of the density of states with
respect to the frequency, which can also be written in
terms of the phase shift §, and diagonal linear suscepti-
bility X4, as shown in Eq. (A6). Thus, the leading-order
term of thermopower for quantum dots is given by

SQD — _7T Z pdgf-i-O(T?))

3 26 Pas el

The thermal conductance £qp, depends on the other com-

(4.7)

ponent ESE for n = 2, the low-energy asymptotic form
of which is given by

T2
Eg? = (nT) [sin2 0y + a;‘g’? (7TT)2

3 + o).

6
Xi‘d + ? Z Xg'cr’

7 2
a?? =T lcos 20,
o' (#0)

5

sin 26, NG
- ot 000‘

Z Xacr ‘o’

o' (Fo)

] (4.8)

Therefore, the thermal conductance can be calculated up
to T3, using these results with Eq. (4.3):

2T N
KQp = g—h z_: [sin2 05
2
( Z Xo' g sin 25 U)

(sm 6)

— QD (7T } (4.9)

(4.10)

w3,

K,0 = Qg Nea
AM



Here, the arithmetic mean (AM) of the phase shifts is
defined by

(sm 6

Zsm 0y

Furthermore, the Lorenz number Lqp = rqp/(97)
can be calculated up to terms of order T2:

(4.11)

7T2 C%D 2 4
Logp = . - == (71)" + O(T")
3e (sm 5)AM
(4.12)
AP = — Z — 1) (4.13)

The Wiedemann-Franz low holds between the leading-
order terms of linear conductance g and the thermal con-
ductance kqp, namely the Lorenz number takes the uni-

versal value Lqp 1290, 2 /(3€?). The Lorenz number de-
viates from the universal value as temperature increases,
showing the T2-dependence.

V. THREE-BODY CORRELATIONS IN THE
SU(N) SYMMETRIC FERMI LIQUID

This Hamiltonian #, defined in Sec. II, has an SU(NV)
symmetry in the case at which the impurity states be-
come degenerate €;,, = ¢, for all 0 and the Coulomb
interaction is isotropic U,, = U for all o and o’.

In the atomic limit v; — 0 of the SU(N) symmetric
case, the total number of impurity electrons N, takes
an integer value M and exhibits the Coulomb-stair case
behavior as a function of ¢;. It consists of a series of
plateaus of the width U and the height Ny = M for M =
1,2, ..., N —1, emerging at —MU < £ <—-(M-1)U
around the midpoint efin}\‘} =—-(M - 7)U We will use
the following notation for the shifted impurity level &,
which includes the Hartree-Fock energy shift defined with
respect to the half filling in such a way that

fdzequ%U. (5.1)
The system has an electron-hole symmetry at §; = 0.
When the tunneling couplings are switched on, the stair-
case structure emerges for strong interactions U > A.

In the SU(N) symmetric case, the linear suscepti-
bilities have two linearly independent components, i.e.,
the diagonal one ., and the off-diagonal one x,,. for
o # o'. These two components determine the essential
properties of quasiparticles:

d— R=1- 2o

(5.2)

4XG’O’ ’ Xoo

Here, T* is a characteristic energy scale of the SU(N)
Fermi liquid, by which the T-linear specific heat of im-
purity electrons can be expressed in the form Cimp =

Nl—gQT/ T*. The Wilson ratio R corresponds to a dimen-
sionless residual interaction between quasiparticles®; we
will also use the rescaled ratio,

K= (N-1)(R-1), (5.3)

which is bounded in the range 0 < K <1

A. Charge and spin susceptibilities

The charge susceptibility is given by a linear combina-
tion of the two-body correlations,

_ 1 0%Q 1
K 7l PIP S -4
o102
1-K
S Xoo + (N = DX = - (55)

Here, Q) = —% log [Tr e‘BH] is the free energy.

We next consider the spin susceptibility for the SU(N)
symmetric case, using the notation in which the internal
degrees freedom are separated into two parts o = (m, s),
where m = 1,2,...,N/2 and s =t,/, assuming N to
be even (extension to odd N is straightforward). The
Zeeman splitting is induced by an external field b, which
couples to the impurity spin s:

(5.6)

Ed,m,T = €4 — b, ed,m”L = €4 + b.

The magnetization M of the impurity spin is given by

—Ngmy) - (5.7)

Nob - N 2 (namt
Note that €2 is an even function of b. The spin suscepti-
bility Xg =
form,

—(1/N)2 8b2 can be expressed in the following

%
YS = N Z |:X7rLT,m’T +X’m¢,7n’,L

- XmT,m’,L - Xm\L,m’T:|

1
ﬂ) Xoo — Xoo’ M 4T (1 +

where o # o’ for the last line.

B. Three-body correlation functions

Among N3 components of the three-body correlation

XE’I]@UB, only three components become linearly inde-
pendent in the SU(N) symmetric case. They can be



expressed in terms of the derivatives of the linear sus-
ceptibilities, using Egs. (C1), (C2), and (C5) given in
Appendix C:

10 N -1
[3] _ = Xoo _ (3] 5.10
Xooo N aed N XB ’ ( . )
~[3] ~_N-1 OXpe N-1 (3] 1
XU‘O‘ lo! T N aed + N B (5 )
~[3] N —-10x,, N —10x,, N—-1 p3
XUU’U” = - - XB’
N 0Oe, 2 Oe, N
(5.12)
for o # o' # " # o. Here,
B _ O (Xmtmt ~ Ximdmy
XB =
ob 2 b—0
= - X£73<]70' + Xz[rgz]f’a'/ ’ (513)

and the scale factors (N —1) and (N —1)(N —2)/2 have
been introduced for the off-diagonal three-body compo-
nents in such a way that

~13]

oo’ = (N ) X([j:i])'/o" ’ (514)
~ N —1)(N -2
X([J:'Si"o'” = ( )2( ) ([7:'3(]7’0'” . (515)

We will also use the dimensionless three-body correla-
tions, defined by

(3]

_sin2d Xooo ~  sin2) )ZE(],,U,
~ . Sin 25 55?;./0.//

21 X2,

In this work, we calculate the right-hand side of Egs.
(5.10)—(5.12) with the NRG to obtain the three-body cor-
relations for the SU(IV) case. Note that, for noninteract-
ing electrons at U = 0, only the diagonal components of
the three-body correlation ©Y and the susceptibility x2,
remain finite due to the Pauli exclusion principle,

0 —262 0 1 A

e+ A2

@I = 4€3+A27 Xoo = (518)

and T+ 220, TA[l+ (e4/A)%] /4.

C. Transport formulas for quantum dots in SU(N)
Fermi-liquid regime

We next consider the low- energy expansion of trans-
port coefficients d.J/dV, S Kqp, and the Lorenz

number Lqp. Specifically, for the junctions having the
tunneling and bias symmetries I'y, = I'r and up =

TABLE 1. Low-energy expansion of transport coefficients
through SU(N) quantum dots (QD) and magnetic alloys
(MA), described in Egs. (5.19)—(5.22) and Egs. (9.2)—(9.4).
Here, T = 1/(4x,o) is a characteristic FL energy scale.
2 V2
)" = COv (77)

S0, = 2V [4in? 5 (1~ sin®6) + Cs (5%)7 + -]

dJ _ Neé?
v = h

+

[sin?0 - Cr (5

KQp = L;TET [Sin2(5 - 2P (;T)Q—ﬁ----]

L — fep _ % |1 _ o
QD = 4T T 32 sin2§ T*
_ 1 _ 1 MA (=
oMA = Gn T o [sm 0 — C, ( ) =+ - }
1 3e? .2 MA WT
n TN T [sm 6—C, T* ]
MA
— _RMA _Cr xT
LMA - omaT 362 [1 sin2 § (T*) + ]

—ur = €V/2, these transport coefficients take following
form in the SU(N) symmetric case,

dJ  Ne2 | 7T\’ eV’
W_T Sin 6_CT<T"> _CV<T‘*> + .- 5
(5.19)
INe2|eV| | sin® 26 eV\?
QD _ -
noise — h 4 +CS <T*) + )
(5.20)
Nm2T | 7T\”
= i — oW (=
KQD ah [bln 0 —Cp (T*) + , (5.21)
w2 C(LQD 7T\*
Lo = 32 ll " sin®s (T) ' 22

The formulas for the coefficients C,, Cy,, Cg, C2P and
C?D of the next-leading order terms are summarized in
table I and table II. Each of these C’s can be decomposed
into two parts, denoted as W’s and ©’s. The W-part,
defined in the right column of table II, represents the
two-body contributions determined by K and §. The O-
part represents the three-body contributions which can
be described in terms of the dimensionless parameters
defined in Eq. (5.16).

These transport formulas in the SU(N) Fermi-liquid
regime clarify the fact that the next leading-order terms
for the symmetric tunnel junctions are completely deter-
mined by five parameters: §, T* K Oy, and O The
three-body correlations can experlmentally be deduced
through the measurements of coefficients C’s. The other
three-body component ©y;, defined with respect to three
different levels, couples to the tunnel and bias asymme-
tries, i.e., 'y # I'r and py # —pg, and contributes to
the nonlinear current?®2%. The behavior of C’s depend
significantly on the electron filling N, of the impurity
levels. For instance, in the noninteracting case at U = 0,



TABLE II. Coefficients C’s for the next-leading order terms of SU(N

) quantum dots and magnetic alloys (MA), summarized

in I. In these formulas, W’s represent the contributions determined by the phase shift § and the rescaled Wilson ratio
K= (N —1)(R—1). Three-body correlations enter through ©; = '“;‘ 26 X[“;]"’ and 61 = % %

Cr = = [Wy + 6, + 6y Wr = = [14 355 | cos2s

Cy :Q—Z[W‘,—f—@l—l—i’)én] Wy, E—[l—&—f\fil}cos%

Cs =I5 [Ws C0825{@1+3é11}:| Ws = cos45+[4+5c0s45+%(1*00545)( 2)] K21

CO = T (WP 1 6,4 56, ] A TRTPS Y S

c — = (WP 4+ 166,] = C2P —Cr WP = 10 — 6 cos 26 — % cos 26

CS/IA = T; [Wg,\IA + O —I—GH] Wg,\m = 2+4cos2f — 2 —1 cos20 = 4c0525+WT

oMA — 72 [WMA 1o+ %én] WMA = 3241lcos2s %1\5 cos28 = 32 cos®§+ WP

CMA = 240[W - 16@1} = C’i,vIAfC}QVIA WMA = 72276cos25+NL cos20 = 724C08257W8D

these coefficients vary with the level position €, as shown
in Fig. 1.

In the rest of this paper, we will demonstrate the be-
havior of the next leading order terms of the transport
coefficients for N = 4 and 6. To this end, we calculate
the correlation functions 4, x,,,,, and )(,[;31](,203 with the
NRG approach?®:#5 specifically using Egs. (5.10)-(5.13)
for the three-body correlations. We have reported the
NRG results for the coefficient Cj, in the previous paper
for studying the role of bias and tunneling asymmetries
on the nonlinear terms of dJ/dV at T = 0.2% In this pa-
per, we provide a comprehensive view on the three-body
Fermi-liquid effect, through a systematic analysis of the
next-leading order terms Cg, Cp, and CYP for quantum
dots, and through the related coefficients for magnetic
alloys, Cg/[A, and CMA described in Sec. IX.

D. Numerical renormalization group approach

We have carried out NRG calculations, dividing the N
conduction channels into N/2 pairs and using the SU(2)

=0
w

C's for QD at U

-2 0 2
€4lA

—4 4

FIG. 1. Coefficients Cy,, Cr, Cg, and C8P for noninteracting
U = 0 quantum dots plotted vs ¢ .

spin and U(1) charge symmetries for each of the pairs,

ie. Hk%:l {SU(2) ® U(1)}, symmetries. The discretiza-
tion parameter A and the number of retained low-lying
excited states Niune are chosen such that (A, Niyunc) =
(6,10000) for N = 4, and (20,30000) for N = 6.

In particular, for N = 6, we have exploited the method
of Stadler et al.®¢ The truncation procedure is introduced
at each of the steps (k =1, 2, ..., N/2) after adding the
states constructed with one of the channel pairs, using
Olivera’s Z-trick®” choosing different Z values for each
of the N/2 steps: Z,, = 1/2+4k/N for the k-th pair. This
method significantly reduces the numerical cost to calcu-
late the low-lying energy state, and enables us to deduce
the Fermi-liquid parameters for the N = 6 Anderson im-
purity model.

VI. THREE-BODY CORRELATIONS IN THE

SU(4) & SU(6) ANDERSON IMPURITY

We have reported part of the NRG results for the two-
body and three-body correlation functions in the previ-
ous paupelr,29 for interaction strengths up to U/(wA) =
5.0. In order to quickly grasp the underlying physics
derived from quasiparticle properties in the SU(4) and
SU(6) cases, we provide a brief review of the key
characteristics of the two-body correlation functions in
Appendix D, extending the interaction range up to
U/(mA) = 6.0. Additionally, we also present the NRG
results for the renormalized resonance-level position €,
which has not been examined previously.

In this section, we consider the behavior of charge
and spin susceptibilities defined in Egs. (5.5) and (5.9).
In particular, we focus on the derivatives 0% /0¢,; and
OXg/0€,, which can also be expressed in terms of the
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FIG. 2. Inverse energy scale 1/T™, charge susceptibility Yo
and spin X g susceptibilities are plotted vs &; (= ¢, +U/2) for
N = 4 and 6. Here, 4T* (= 1/X0s), and Ty = T*|5 o
Interaction strengths are chosen such that, for N - 4,
U/(mA) = 2/3(%), 1(¥), 2(¢), 3(W), 4(A), 5(e), and 6(x),
at which Ty /(rA) = 0.20, 0.18, 0.13, 0.092, 0.063, 0.041, and
0.026, respectively. For N = 6, U/(wA) = 2/5(x), 1(V¥), 2(¢),
3(MW), 4(A), 5(e), and 6(x), at which Tk /(rA) = 0.22, 0.19,
0.15, 0.13, 0.10, 0.085, and 0.068, respectively.

three-body correlation functions:

% N N

aXC’ =X, + 3%, + 2% (6.1)
€d

IXs _ 3, N=3 _p 2

S (6.2)

86(1 = Xooo T N -1 N-—1 Xoo'o! -
The NRG results reveal the fact that the derivatives in
the left-hand side are suppressed in the strong-coupling
region €, S (N —1)U/2 for large U. It means that the
linear combinations of the three-body correlations in left-
hand side of Egs. (6.1) and (6.2) approach zero and the

number of independent components of X!f’l]gzog is reduced,
as demonstrated below.

A. Charge and spin susceptibilities: X~ & Xg

One of the most fundamental quantities which play a
central role in the low-energy physics of quantum im-
purities is the characteristic energy scale T* = 1/(4x,, ),
defined in Eq. (5.2) as an inverse of the diagonal suscepti-
bility Nx,, = X+ (N —1)xg. We will use, in the follow-
ing discussions, the Kondo temperature Ty = T
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FIG. 3. (4T*)0X/0¢€q, (AT*)*0Xs/0€q, and (4T*)2xL are
plotted vs &; for N = 4 and 6. Interaction strengths are
chosen such that, for N = 4, U/(wA) = 2/3(%), 1(V), 2(),
3(W), 4(A), 5(e), 6(x). For N =6, U/(wA) = 2/5(%), 1(V¥),
2(4), 3(W), 4(A), 5(e), 6(x%).

defined as the value of T at the electron-hole symmetric
point §; = 0.

The NRG results for 1/7* in the SU(4) and SU(6) cases
are plotted vs &, in Figs. 2(a) and 2(b), respectively, by
multiplying them by T%. We see that 1/T* has N —
1 local maxima for strong interactions, at integer-filling
points, ie., {; ~ 0,%U, ..., (N — 2)U/2, reflecting the
oscillatory behavior of the wave function renormalization
factor z (= p,, /X ) described in Appendix D. At |, >
(N — 1)U/2, the energy scale T* approaches the non-

interacting value, T /T* Leal>(N-D0/2, A?/€2, as the
electron filling of the impurity levels approaches N, ~ 0
or N.

The charge susceptibilities for N = 4 and 6 are plotted
in Figs. 2(c) and 2(d), using T* as a normalization fac-
tor, i.e., 4T"Yo =1 — K from Eq. (5.5). Therefore, the
normalized value 47%X. is determined by the rescaled

Wilson ratio K, described in Appendix D. As U in-
creases, 41X decreases in a wide region of the impu-
rity level |£,] S (N — 1)U/2, where the impurity levels
are partially filled 1 S N; < N — 1. In this filling range,
the charge susceptibility is significantly suppressed by the

Coulomb repulsion, and it vanishes 47%Y, —2725 0 in

the strong interaction limit. Outside this region, i.e., at
|€41 > (N — 1)U/2, the charge susceptibility approaches

the noninteracting value 47, m 1 as the filling



of the impurity levels approaches INV; ~ 0 or N.

Figures 2(e) and 2(f) show the spin susceptibilities for
N = 4 and 6, which are normalized with the same scaling
factor, i.e., 4T*Yg = 1+ K/(N — 1) [see Eq. (5.9)]. As
the interaction U increases, 417"y increases from the
non-interacting value 1. In the strong interaction limit,
it approaches the value 4T*x¢ — N/(N —1), i.e., 4/3 for
N =4 and 6/5 for N = 6, and exhibits a wide plateau
structure in the strong-coupling region |¢,| < (N-1)U/2.
At |§,] > (N — 1)U/2, where the occupation number
approaches N, ~ 0 or N, the spin susceptibility also

1.

approaches the noninteracting value 47y g [£a] 700

B. Derivative of X and Xg with respect to ¢,

The three-body correlation functions can be obtained
from the derivatives of x, ,, with respect to €¢; and b,
using Egs. (5.10)-(5.12). In particular, 0x,,,,/0¢; can
be rewritten in terms of the derivatives of the charge and
spin susceptibilities, as

aXO’O‘ _ 1 aYc N -1 aYS
dey, N O, + N e’ (6.3)
ox,,, N—-10%. N —10xs
N -1 97 — — 6.4
( ) Oe, N O¢, N 0O, > (64)

for o # o’. Figures 3(a) and 3(b) show the NRG results
for O /0¢, for N = 4 and 6, respectively. Similarly, the
derivative of the spin susceptibility 0y g/0¢, for N = 4
and 6 are plotted in Figs. 3 (¢) and 3(d). Note that
in these figures, the derivatives have been multiplied by
a factor of (47%)% to make them dimensionless. These
derivatives are significantly suppressed in the strong-
coupling region |§,;| < (N — 1)U/2 for large U. More
specifically, |0x/0¢,| < |0xg/0ey| < 1/(4T*)%: the
derivative of spin susceptibility becomes much smaller
than 1/(47*)? while it is still larger than the derivative
of charge susceptibility. Therefore, both dx,»/0¢,; and
OXoo'/O€, are suppressed in a wide range of electron fill-
ings 1 SN; SN —1 for large U.

We next consider X[g], defined in Eq. (5.13) as a deriva-
tive of a linear combination of the two different diagonal
susceptibilities with respective to the magnetic fields b.
Figures 3(e) and 3(f) show (4T*)2X[g] for N = 4 and
6, respectively. We see that (4T*)2X[§] exhibits a stair-
case structure with a flat plateau emerging around the
integer filling points {; = 0, £U, £2U, ..., (N —2)U/2
for large U. The magnitude | X[g]| becomes much larger
than the derivative of the charge and spin susceptibilities,
|0X/0¢,| and |0xg/0¢,|. Therefore, X[gl dominates the
terms in the right-hand side of Eqgs. (5.10)—(5.12) in the
strong-coupling region [£;| < (N —1)U/2, and the three
independent components of three-body correlations ap-
proach one another in such a way that

B ~ _ < ~[3] N—-1 3

Xooo = ~ Xoo'o! = Xoglo? = _T XB - (65)

U/(rA)=6
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FIG. 4. Dimensionless three-body corrections O;(H) |,

—(:)H(O), and éIH(O) are plotted vs &, for interaction
strengths U/(7A) = 2/3 (a), 2/5 (b), 2 (c,d), and 6 (e,f).

This means that the three-body correlations are de-
scribed by a single parameter x[é’} in a wide filling range

1SNy, SN —1 for large U.

C. Three-body correlations for N =4 and 6

We have calculated the three-body correlation func-
tions XE’[]W, XE’(]T,U, and )?E’c],,g,, for o # o’ # o' # o, us-
ing Egs. (5.10)—(5.12). Figure 4 shows the dimensionless
three-body correlations Oy, én and ém, defined in Eqgs.
(5.16) and (5.17). The left and right panels describe the
NRG results in the SU(4) and SU(6) cases, respectively,
and three deferent interaction strengths (from weak to
strong) are chosen for the top, middle, and bottom pan-
els.

All components of the three-body correlation functions
vanish ©; = O, = ©; = 0 at the electron-hole symmet-
ric point at {; = 0, and evolve as ¢, deviates from this
point. Among the three independent components, the
intra-level component ©; has the largest magnitude, and
exhibits the plateau structures for large U at integer fill-
ing points N, ~ 1,2, ..., N —1. The other components,
én and ém, involve inter-level correlations and evolve
as the Coulomb interaction U increases. In particular,
the correlation between the three different levels Oy be-
comes the weakest. In the limit of |,;| — oo, the diagonal
component ©; approaches the noninteracting value while



the other two vanish:

|€4|—00 |€q]—00

o 0.

(6.6)

Figures 4(e) and 4(f) clearly demonstrate the relation
Eq. (6.5), which holds at |£;| < (N — 1)U/2 for large U:

O ~ -0y ~ O . (6.7)

It means that all the three-body components are deter-
mined by a single parameter X[gl in the strong-coupling
region for large U, as mentioned. The dimensionless
three-body functions clearly exhibit the plateau struc-
ture around the integer filling points {; = 0, £U, £2U,

..y £(N =2)U/2, where the SU(N) Kondo effect occurs.

These structures reflect the behavior of X[B3], described in
Figs. 3(e) and 3(f), and evolve as the interaction strength
U increases. We see, in Figs. 4(e) and 4(f), that the
plateaus appear much clearer for N = 4 than for N = 6,
for the same interaction strength U/(7A) = 6.0.

We will examine, in the proceeding sections, how these
three-body correlation functions affect the next-leading
order terms of the transport coefficients in the low-energy
Fermi-liquid regime away from half filling.

VII. NONLINEAR CURRENT NOISE OF
SU(4) & SU(6) QUANTUM DOTS

In this section, we discuss the nonlinear terms of the
steady current J and the current noise Sr%li)se, specifically
the terms of order (eV)?, for symmetric junctions with
', =Ty and p;, = —pup = €V/2. In order to give
a comprehensive view on the low-bias behavior of these
terms, we start our discussions with a brief review of the
previous results for the coefficient C,, of the nonlinear
conductance,? extending slightly the interaction range
up to U/(rA) = 6.0. We will then discuss the results for

Cg, i.e., the order [eV|? term of nonlinear noise.

A. Cy: order (eV)? term of dJ/dV

The leading-order term of the conductance, at T' = 0,
is determined by the transmission probability sin® 4, i.e.,
the first term in the right hand-side of Eq. (5.19). It
exhibits the well-known Kondo plateaus, which develop
in the strong-coupling region, as shown in Figs. 14(b) and
15(b) in Appendix D.

The next-leading order term Cy, of the nonlinear con-
ductance can be decomposed into the two-body part Wy,
defined in table II, and the three-body part ©,,, as

2

™
Cvza(

These coefficients Cy,, Wy, and ©y, are plotted vs &; in

Figs. 5(a)-5(f) for N = 4 and 6.
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FIG. 5. ¢, dependence of Cy, = (7%/64)(Wy, +0y,), two-body
part Wy, and three-body part O = O; + 3 (:)H. Left panels:
N =4, for U/(rA) = 2/3(x), 1(V), 2(4), 3(W), 4(4), 5(e),
6(x). Right panels: N = 6, for U/(7A) = 2/5(x), 1(V), 2(4),
3(M), 4(a), 5(e), 6(x).

The two-body part Wy, dominates the next-leading or-
der term near the electron-hole symmetric point §; = 0,
where 6 = 7/2 and the three-body part ©,, vanishes:

£4=0 5%2 £,=0
—

Wy I+ — Oy 0. (72

Therefore, in the strong interaction limit, the peak at

¢, = 0 reaches (64/72)C,, La=08U7e0, 8/3 and 2 for
N = 4 and 6, respectively. Note that the rescaled Wilson
ratio approaches K ~ 1 in a wide region of |{,;| < (N —
1)U/2 for large U. Outside this region, the two-body and
three-body parts of C, approach to the noninteracting
values,

|€4]—o00 |€ 4] —o0

Wy -1, o, -2, (7.3)

[€q]—00 [€q]—00

since cos 20 1, K 0, and the three-body
contributions approach the values given in Eq. (6.6).
The SU(N) Kondo effect occurs in the strong-coupling
region |€,;| S (N—1)U/2 at the integer filling points. The
plateau structure evolves as U increases, especially in the
three-body part ©y,, as seen in Figs. 5(e) and 5(f). In the
strong-coupling region, it can be expressed in the form
©y ~ —20; due to Eq. (6.7). The two body part Wy,
shown in Figs. 5(c¢) and 5(d) for U/(7A) < 6.0, does not
exhibit a clear plateau other than the one appearing near
half filling. For N = 4, this is because the factor cos 24
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FIG. 6. Linear part, sin®§ (1 —sin®§), of the noise S&o . In-
teraction strengths are chosen for (a) N =4 to be U/(7A) =
2/3(x), 1(V), 2(#), 3(W), 4(A), 5(e), 6(x). For (b) N = 6,

U/(mA) =2/5(%), 1(¥), 2(¢), 3(W), 4(A), 5(e), 6(x).

for Wy, vanishes at § = 7/4 and 37 /4, i.e., at the quarter
and three-quarters filling points. As a sum of Wy, and
Oy, the coefficient C, exhibits a wide and rather flat
structure in the region of |£,| < (N —1)U/2 for large U,
seen in Figs. 5(a) and 5(b). There also emerge some weak
local maxima in this flat structure at the integer filling
points {; = 0, £U, £2U, ..., £(N—-2)U/2. In particular,
the peak is most pronounced at £, ~ +(N —2)U/2, where
N;~1lor N —1.

SQp

B. Linear and order |¢V | nonlinear parts of oise

We next consider the current noise SSO?SE, the low-
energy asymptotic form of which is given in Eq. (5.20)
and table II. The leading-order term, sin®§ (1 —sin® §) =
(1 — cos40)/8, corresponds to the linear-response noise,
the NRG results for which are shown as a function of &,
in Figs. 6(a) and 6(b), for N = 4 and 6, respectively. The
linear noise is maximized at the points where the phase
shift reaches § = m/4 and 37 /4. Tt occurs at the integer
filling points N; = 1 and 3 for N = 4, at which the SU(4)
Kondo effect makes the peaks wide and flat. In contrast,
for N = 6, the peak emerges at the half-integer filling
points N; = 3/2 and 9/2. More generally, the peak of
the linear noise forms a flat plateau structure for N =0
(mod 4), whereas the peak becomes round for N = 2
(mod 4) due to the fluctuations occurring between two
adjacent integer filling states. For large U, the quarter
and three-quarters fillings occur near |{,;|/U ~ N/4, at
which the ground state is highly correlated for multilevel
systems of N > 4. In contrast, these fillings occur at
&, ~ £U/2 for SU(2) quantum dots, where the electron
correlation becomes less important due to the valence
fluctuations (see Appendix E).

The coefficient Cy for the order |eV|* term of current
noise SSO]?SE can also be decomposed into the two-body
Wy and three-body ©4 parts, as shown in table II:

2

CS:@(

Ws +0g), ©g=—(0; +30r) cos 20.
(7.4)

The behavior of three-body part © 4 can be deduced from
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FIG. 7. £, dependence of Cg = (72/192)(Wg+0Og), two-body
part Wy, and three-body part ©g = —(61—1—3 én) cos 29. Left
panels: N =4, for U/(wA) = 2/3(x), 1(V), 2(4), 3(W), 4(a),
5(e), 6(x). Right panels: N = 6, for U/(wA) = 2/5(%), 1(V¥),
2(4), 3(M), 4(A), 5(e), 6(x).

the one for dJ/dV, ie., © = O; + 30y shown in Figs.
5(e) and 5(f), multiplying them by a factor of “— cos 26”
which induces the modulations. One of the most distinc-
tive features of C'y, compared to the other coefficients C’s
listed in table II, is that it depends upon the higher har-
monics cos4d and sin4é with respect to the phase shift,
which enter through not only through Wg but ©5: note

that ©; and ©y; defined in Eq. (5.16) is proportional to
the factor sin2d. As ¢, varies, these higher harmonics
evolve continuously in the range 0 < 46 < 4, simulta-
neously with the electron filling 0 < NV; < N. Figures
7(a)-7(f) show results for Cy, Wy, and Og for N = 4
and 6.

There are two valleys in each curve for Cg, shown in
Figs. 7(a) and 7(b), at the valence fluctuation regions
4 ~ £(V —1)U/2 for large U. These valleys rise all
around as U increases. In particular, for N = 4, the
value of Cg at the bottom becomes positive for large
interactions U/(wA) 2 5, whereas for N = 6 the bot-
tom value remains still negative for the largest interac-
tion U/(mA) = 6 examined here.

Near the electron-hole symmetric point {; = 0, where
§d = m/2 and N, = N/2, the two-body part W domi-
nates the nonlinear noise Cg since the three-body corre-
lations disappear around this point:

£,=0 9K? €4=0
T

WS 1+N_17 @S

0. (7.5)



In particular, in the limit of U — oo, the rescaled
Wilson ratio approaches the saturation value K — 1.
Hence, the coefficient for the order |eV|> term reaches

(192/7*)Cy a0EUZX  for N = 4, and it reaches
14/5 for N = 6: the height of this ridge decreases as N
increases.

In contrast, in the opposite limit |,;| — oo, the two-
body and the three-body parts approach the noninter-
acting values

|€q|—o00 |€4]—00

Wy 1,  ©4 1% (7.6)
since cos20 — 1, K — 0, and ©; — —2 in this limit.
Therefore, both Wy and ©g4 give comparable contribu-
tions to Cg in the region |{,;| 2 (IV — 1)U/2, where the
impurity levels are almost empty N, ~ 0 or fully occu-
pied N; ~ N. In particular, we see in Figs. 7(c) and
7(d) that the two-body part approaches the saturation
value Wy — 1 already at |§;] ~ (N — 1)U/2 for large
interactions U/(wA) 2 3.

In the strong-coupling region |£,;| < (N — 1)U/2 for

large U, the behavior of two-body part Wy is determined
by the higher-harmonic cos44§ term, as

1 ) 1 13
~ = —_— “—=——-1 4
Wy 2<3+N1) + 2(]\71 )cos d,

(7.7)

since the Wilson ratio is locked at K ~ 1.0 in this re-
gion. We can see in Figs. 7(c) and 7(d) that the two-
body part Wy has local minima at quarter and three-
quarters filling points, which occur at § = 7/4 and 37/4,
or [£,|/U ~ N/4 for large U. At these local minima,
Wy take a positive value for N > 4, as it can be de-
duced from Eq. (7.7). This is in contrast to the SU(2)
case where the local minima of Wy take a negative value,
as shown in Appendix E. In the strong-coupling region
1€,] S (N —1)U/2, the three-body part takes the follow-
ing form, for large U,
(3]

Xooo

Og ~ 2, sin 44, (7.8)
due to the property described in Eq. (6.7). Equation (7.8)
clearly shows that the three-body part vanishes, ©4 = 0,
at quarter § = /4 and three-quarters 6 = 3x/4 fillings.
Therefore, at these filling points, © ¢ does not exhibit the
plateau structures for N = 4 in Fig. 7(e), in contrast to
Oy, which clearly exhibits the plateau structures as seen
in Fig. 5(e). In contrast, for N = 6, ©4 shows the clear
plateau structures in Fig. 7(f) at the fillings of N, = 2
and 4. The three-body parts ©4 for both N = 4 and
6 also have pronounced local minima near the valence
fluctuation regions &, ~ +(N — 1)U/2, which cause the
valley structure appearing in C'y. Similar valley structure
also emerges in Cg for N = 2, as shown in Appendix E.
However, it stems from the two-body correlations W,
instead of Og, in the SU(2) case.
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VIII. THERMOELECTRIC TRANSPORT OF

SU(4) & SU(6) QUANTUM DOTS

We next consider the order 72 term of the linear con-
ductance g = dJ/dV|EV:0 and the order T term of ther-
mal conductance g, of SU(IV) quantum dots.

A. Cyp: order T? term of dJ/dV

The coefficient C. for the order T? conductance, de-
fined in table II, also consists of two-body part W, and
three-body part ©:

2

7T ~
E( GTE@I+@II'

In particular, the three-body part ©, is solely deter-
mined by the derivatives of the charge and spin suscepti-

bilities, given in Egs. (6.1) and (6.2), and does not depend

on x[é’]:

(47%)* [ IXo
N Oe,

OXg | sin26

Or = Oe, 27

+(N-1)

(8.2)

This is a quite distinct characteristics of Cyp from the
next-leading order terms of the other transport coeffi-
cients. Figures 8(a)-8(f) show the NRG results for Cr,
W, and O, obtained for the SU(4) and SU(6) symmet-
ric cases.

We see in Figs. 8(e) and 8(f) that the three-body
contribution almost vanishes, ©, ~ 0.0, in the wide
strong-coupling region £, < (N — 1)U/2, in which
the occupation number varies with £, in the range of
1 S N; SN -1 This is because the magnitudes of
the derivatives Ox/0¢,; and 0Xg/0¢,, appearing in the
right-hand side of Eq. (8.2), are significantly suppressed
by the Coulomb repulsion in this region, as demonstrated
in Figs. 3(a)-3(d).

Therefore, the two-body part W, dominates C in the
strong-coupling region |§,;| < (N — 1)U/2, and it takes
the following form for large U,

2
WTZ |:1+JV—1:| <2Sin26—1), @Tﬁo, (83)
as the rescaled Wilson ratio reaches the saturation value
K — 1. Hence, the plateau structure of C, is determined
by the sin?§ term of W in Eq. (8.3). In particular, the
plateau around the half filling point |£,;| S U/2 reaches

U—oo

the height of (48/7%)Cp —— 5/3 and 7/5 for N = 4
and 6, respectively, since 0 ~ m/2 in this region. The
order T2 conductance, Cy, vanishes at |¢,|/U ~ N/4,
more specifically at the quarter and the three-quarter
fillings where the phase shift reaches 6 = /4 or 3w/4.
The zero points of C; emerge at integer fillings in the
case of N =0 (mod 4) at which the SU(NN) Kondo effect
is occurring, whereas for N = 2 (mod 4) the zeros emerge
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6(x). Right panels: N =6, for U/(wA) = 2/5(x), 1(¥), 2(4),
3(M), 4(A), 5(e), 6(x).

at half-integer filings in between the two adjacent Kondo
states. This explains the reason why the SU(4) Kondo
state at quarter filling exhibits universal T/T*-scaling
behavior, which shows the (T//T*)* dependence at low
temperatures instead of the (7//T*)? dependence®.

In the valence fluctuation and empty (or fully-
occupied) orbital regimes, which spread over the regions
of |¢,] 2 (N —1)U/2, the tree-body part ©, becomes
comparable to the two-body part W,. Both of these
parts approach the noninteracting values in the limit of
€4 — o0

|€q|—00 |€q]—00
e

Wy -1, O, —2, (8.4)

B. C%P: order T? term of KQD

The coefficient C2P for the order T2 term of the ther-
mal conductance kqp can also be decomposed into two

parts, W,?D and @SD, as shown in table II:
e

CP = = (WP +e2v),

5 ~
<0 0P = o, + 57O

(8.5)

In contrast to ©, of the conductance given in Eq. (8.2),
the three-body part 2P of the thermal conductance de-
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FIG. 9. £; dependence of CQP = (772 /80) (WP +02P), two-
body part WP, and three-body part ©%P = G)I—i—%én. Left
panels: N =4, for U/(wA) = 2/3(x), 1(V), 2(4), 3(W), 4(a),
5(e), 6(x). Right panels: N = 6, for U/(7A) = 2/5(%), 1(V¥),
2(4), 3(W), 4(4), 5(e), 6(x).

pends on x[é’] as well as Ox/0¢; and OXg/0e;. The

contribution of X[B3] enters through y'5, and %E},, de-
[3]

scribed in in Egs. (5.10) and (5.11). This component XBB
yields the plateau structure in ©9P, which reflects the
staircase behavior seen in Figs. 3(e) and 3(f). Figure 9
shows the NRG results for C@P, WP and ©XP in the
SU(4) and SU(6) cases.

Near half filling in the region of |§,| < U/2, the two-
body part WP dominates CQP as the three-body part
O2P disappears near half filling £, = 0, i.e., § = 7/2:

o’

612
(N —1)"

wap =0 g 02 == o (8.6)

In particular, in the strong interaction limit U — oo,
and the coefficient C2P for N = 4 and 6 approach the

values of [80/(772)]C2P La=0& U700, 9/7 and 41/35,
respectively.

The rescaled Wilson ratio takes the values very close
to the satulation value K — 1 for large U in the strong-
coupling region of [£,| < (N —1)U/2, as desribed in Ap-
pendix D. Similarly, in this region, the three-body cor-
relations show the property described in Eq. (6.7), and
thus WQP and ©%P take the form

1 18
QD il - in2g —
W~ o [10+(11+N_1>(2sm5 1)],
16
o ~ 51 Or- (8.7)

Therefore, the plateau structure of WP is determined
by the sin § term appearing in the right-hand side while
the structure of O reflects the behavior of ©; shown
in Fig. 4(e) and 4(f). The coefficient CRP changes sign
in the strong-coupling region at two points of £;, which
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FIG. 10. Order T? term C3° =
Lqp is plotted vs &;. Left panel: N = 4, for U/(7A) =
2/3(x), 1(V¥), 2(4), 3(W), 4(A), 5(e), 6(x). Right panel: N =
6, for U/(x2A) = 2/5(x), 1(¥), 2(#), 3(W), 4(a), 5(s), 6(x).

CSP — C of Lorenz number

are incommensurate with the occupation number N, in

contrast to C that changes sign at 1/4 and 3/4 fillings.
In the opposite limit |£,;| — oo, both the two-body and

three-body parts approach the noninteracting values,

|€4|—00 B 1

QP S e S, o (s
C. CSD: order T? term of Lgp

The Lorenz number Lqp = kqp/(gT) for quantum
dots is defined as the ratio of the thermal conductance
kqp/T to the electrical conductance g. It takes the
universal Wiedemann-Franz value at zero temperature:

Lqop =90, 72/(3e?). However, as the temperature rises,
it deviates from the universal value, showing the T2 de-
pendence described in tables I and II. The coefficient for
the order T2 term is given by C'SD = CQP -, as a dif-
ference between the next leading order terms of rqp /T
and g.

Figure 10(a) and 10(b) show the NRG results for C(LQD
in the SU(4) and SU(6) cases, respectively. Near half
filling |£,;| < U/2, the coefficient C(LQD is determined by
the two-body part WgD as the three-body part @%D =
16 ©; vanishes at £; = 0, as seen in Fig. 4(e) and 4(f):

2 772
QD £,=0 T 9 K
oo 2, 30< +N_1> > 0. (8.9)

=0&U
It takes a positive value and reaches C’QD Ed—oo>

0,767--- for N =4, and 0.723 - -- for N = 6, in the limit
0fU—>oowherel~(—>1.

In the strong-coupling region |§,;| < (N—1)U/2, the co-
efficient CgD exhibits the plateau structures for large U,
reflecting the corresponding structures of C. and C2P.
The coefficient C?D changes sign at the points where the
order T terms of kqp, /T and g coincide, i.e., CcP = (O

In the other regions at [£;| 2 (N — 1)U/2, the im-
purity levels approach the empty N; ~ 0 or fully oc-
cupied N; ~ N states. In particular, in the limit of

14

|£4] = o0, both the two-body and three-body parts ap-

[€4]|—00

proach the noninteracting values, WSD 4 and
160, 1517 39 and thus

QD l€4l—00 77T

c;ym —— = —1.151--- <O0. (8.10)
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IX. FERMI-LIQUID DESCRIPTION FOR
SU(N) SYMMETRIC MAGNETIC ALLOYS

We have discussed, in the previous sections, low-energy
transport properties of the SU(N) quantum dots, by ex-
tending the Fermi-liquid description to the next-leading
order terms which contribute to the transport at finite
temperatures, or at finite bias voltages. Our formulation
is applicable to a wide class of the Kondo systems other
than quantum dots, particularly to dilute magnetic al-
loys (MA) composed of 3d, 4f, or 5f electrons?. In this
and the next sections, we apply this formulation to dilute
magnetic alloys away from half filling, taking into account
exactly the order w? and T2 energy shifts of quasiparti-
cles that enter through the real part of the self-energy
37 (w) for the Anderson impurity, given in Appendix B.

The thermoelectric transport coeflicients of magnetic
alloys in the linear-response regime can be derived from
the function L)% for n =0, 1, and 2, defined by**

[~ w" of (w)
E%’? _/_Oo dw TAA, (w) (_ Ow ) '

Here, the inverse spectral function 1/A,(w) in the inte-
grand represents the relaxation time of conduction elec-
trons, which depends on T as well as w. The low-
temperature expansion of LM2 can be deduced from the
exact low-energy asymptotlc of 1/A,(w), given in Ap-
pendix B. We have presented the expansion formulas for
the standard N = 2 Anderson impurity model in a pre-
vious paper?'. In this work, we extend the formulation
for multi-level impurities, in a general form without as-
suming the SU(N) symmetry. Details of the derivation
are given in Appendix F.

(9.1)

We consider in the following behavior of the next-
leading order terms of electrical conductivity oy, and
thermal conductivity ky;, of magnetic alloys in the
SU(N) symmetric case, where €4, = €4 for all o, and
U,or = U for all 0 and ¢’. In this case, the formulas
given in Appendix F are simplified, and as a result the
electrical resistivity oy;4 = 1/0y4, the thermal resistiv-
ity 1/kppa, and the Lorenz number Lyia = kya/(0ya T)



can be expressed in the form,

1 T\?
.2 MA
= . 6 —C e, (9.2
OMA o lsm ) <T*> + (9.2)
1 2 T\?
= 236 e sin® § — CMA (W) + )
KMA m2 oyt T T+
(9.3)
72 CMA 7T\ ?
Lya = =— |1 - =L 9.4
MA 3e2 [ sin? ¢ <T*) + (94)

Here, opfit is the unitary-limit value of electrical con-

ductivity. The explicit expressions of the dimensionless
coefficients CS/IA, CMA " and C’%/IA are listed in table II.
These coefficients C’s for magnetic alloys can also be de-
composed into the two-body W part and the three-body
O part, as those for quantum dots. Note that the follow-
ing relations hold between the coefficients for magnetic
alloys and quantum dots:

2

C’g/IA = % cos? 6 + O, (9.5)
2

CcMA — Lim cos? 6 4+ CQP (9.6)

o LY JeL 9.7

T = cos T (9.7)

10

In particular, the cos? § term appearing in the right-hand
side vanishes at half filling, i.e., 6 = /2, and in this
case the coefficients for magnetic alloys in the left-hand
side coincide with their quantum-dot counterparts in the
right-hand side, except for signs of CMA and CSD. The
behavior of these coefficients for magnetic alloys also re-
flect the properties of low-lying energy states and signif-
icantly depend on the occupation number N, and the
interaction strength U.

X. THERMOELECTRIC TRANSPORT OF
SU(4) & SU(6) MAGNETIC ALLOYS

We consider here the next-leading order terms of the
electrical resistivity gy and thermal resistivity 1/ky4 of
SU(N) symmetric magnetic alloys for N = 4 and 6. For
comparison, we also provide the NRG results for these
transport coefficients for the SU(2) case in Appendix E,
and the analytic expressions of C’s for noninteracting
magnetic alloys in Appendix G.

A. Cg“: order 7?2 term of OMA

The coefficient CS/IA for the order T2 resistivity, is de-
fined in table II. It consists of two-body part W;VIA and

15

three-body part @1;“:

2
™ ~
Cot =5 W +65%), 6" =0+ 6n.

(10.1)

Note that @g/IA = O, i.e., the three-body part for the
T? resistivity of magnetic alloys is identical to the one
for the T? conductance of quantum dots. Therefore,
@g/IA does not depend on x[é’] and is determined by the
derivative of the charge and spin susceptibilities through
Eq. (8.2). Figures 11(a)-11(d) show the NRG results for
C’g/IA, WMA = and @g/IA for both the SU(4) and SU(6)
symmetric cases.

The coefficient CEAA is positive and is less sensitive
to the impurity level position £; as compared to the
quantum-dot counterpart C shown in Fig. 8. This dif-
ference is caused by the first term, (72/12)cos?d, ap-
pearing in the right-hand side of Eq. (9.5). In partic-
ular, in the noninteracting case, it becomes a constant,
(48/7r2)Cg/IA =0, 1, independent of the level position,
as all effects due to €, are absorbed into the characteristic
energy T* for U = 0 (see Appendix G). Therefore, it is
the strong electron correlation that makes C’g/IA, shown in
Figs. 11(a) and 11(b), deviates from the constant value.

The three-body part almost vanishes, @2“ ~ 0, for
large U in the strong-coupling region |{,| S (N —1)U/2,
as mentioned for O, in Eq. (8.2). This is caused by the
fact that the magnitudes of the derivatives, 09X /0¢, and
OXg/0¢€,, are significantly suppressed by the Coulomb
repulsion in the wide range of electron filling 1 < N, <
N — 1, as demonstrated in Figs. 3(a)-3(d). Therefore,
in this region [£,| < (N — 1)U/2, the coefficient C}™
is determined solely by the two-body part W;V[A, which
takes the form

R P C (1—2sin*6)| >0
¢ T 48 N -1 ’
(10.2)

as the rescaled Wilson ratio is saturated to K ~ 1.
Hence, the plateaus emerging around the integer fill-
ing points 6/m = 1, 2, ..., N — 1, reflect the struc-
tures of the Kondo ridge occurring for the transmis-
sion probability sin?§, seen in Figs. 14(b) and 15(b)
in Appendix D. Among these plateaus, the one at
half filling, where § = m/2, takes the smallest value:

(48/m?)CHA La=0&Ures, 5/3 and 7/5 for N =4 and 6,
respectively. As £, moves away from half filling, the coef-
ficient CSAA increases in the region of |¢,| < (N —1)U/2.
Equation (10.2) also indicates that the plateau becomes
highest at the electron fillings of N; ~ 1 and N — 1:

(48/m2)eMa TN, 9 and 23/10 for N = 4 and
6, respectively. The NRG results for C’g/IA, shown in
Figs. 11(a) and 11(b), clearly demonstrate these behav-
iors, which are quite different form the behaviors of C7
of quantum dots. Equation (10.2) also shows that, in the
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4(A), 5(e), 6(x). Right panels: N =6, for U/(wA) = 2/5(%),
1(v), 2(¢), 3(W), 4(A), 5(e), 6(x).

SU(2) symmetric case where N = 2, the coefficient Cg/IA
takes the maximum value at half filling, as demonstrated
also in Appendix E.

In contrast, at |£,;| 2 (N —1)U/2, the occupation num-
ber approaches the empty N, ~ 0 or the fully occupied
N, ~ N states as the impurity level moves further away
from the Fermi level. In this region, both the two-body
WéVIA and three-body @glA parts give comparable contri-

butions to CS/IA, and approach the noninteracting values:

s Lz g gya Bl o g0 )

|€4]—o00

and thus (48/7%)CH™4 1.

B. CM2: order T° term of rya

We next consider the order T® term of thermal con-
ductivity xapa of the SU(N) symmetric magnetic alloys.
The coefficient CMA | defined in tables I and II, consists
of two-body WMA and three-body OM4 parts:

7.‘.2

CMA _
® 64

5 ~
(Wt +6%), 6 =6+ 6y

(10.4)

Note that O©MA = OQP i.e., the three-body part for CMA
of magnetic alloys is identical to the one for the T ther-
mal conductance of quantum dots. The NRG results for
these coefficients CMA WMA = and OMA are shown in
Figs. 12(a)-12(d) for N =4 and 6.

The coefficient CMA for magnetic alloys is less sensitive
to &, as compared to C9P for for quantum dots. This
difference is causes by the contribution of the first term,

$qlU

FIG. 12. &, dependence of CM* = (772/80)(WMA + @MA)]
two-body part WM#, and three-body part OMA = ©,+ %én.
Left panels: N = 4, for U/(mA) = 2/3(%), 1(V), 2(¢), 3(W),
4(A), 5(e), 6(x). Right panels: N =6, for U/(7A) = 2/5(x%),
1(v), 2(#), 3(W), 4(A), 5(e), 6(x).

(117%/60) cos? §, in the right-hand side of Eq. (9.6). The
coefficient CM4 is positive and has a broad peak at £, =
0, the height of which is determined by the two-body
contribution WM4 as three-body part OMA vanishes in
the electron-hole symmetric case:

6K2
(N —-1)’

wMA £a=0 g eMA =0 o (10.5)

In the limit of U — oo, it reaches the maximum possi-

ble value [80/(772)]CMA La=0& T, 9/7 and 41/35 for
N =4 and 6, respectively.

In the strong-coupling region |{,;| < (N — 1)U/2, the
coefficient CMA takes the following form for large U,

7.‘.2
~

CYA ~
"7 240

18
{324— (11 — Nl) cos26 + 16 @I}
(10.6)

This is because, in this region, the rescaled Wilson ratio
is almost saturated K ~ 1 (see Appendix D) and the
three-body part is parameterized by a single component,
OMA ~ % ©1, due to the property described in Eq. (6.7).
The plateau structures of CMA | appearing in Figs. 12(a)
and 12(b) around the integer filling points N; =1, 2, ...,
N — 1, are determined by both the cos2d term in WMA
and the plateaus occurring in OMA seen in Figs. 12(c)
and 12(d).

In contrast, at |§,| = (N — 1)U/2, the electron fill-
ing approaches the empty N, =~ 0 or the fully occupied
N, ~ N states as the impurity level goes very far away
from the half filled point. Therefore, the order 7% ther-
mal conductivity for magnetic alloys also approaches the
noninteracting value in this limit:

|€4] =00 43

A ealzoc, 43

=, MA &l 5 g



|€4|—00
—_—

and thus [80/(772)] CMA 1/21.

C. C%/[A: order T2 term of Lua

The Lorenz number Lya = kyya/(oya T) for mag-
netic alloys is defined as the ration of the thermal con-
ductivity k. /T to electrical conductivity oy, . It takes

the universal Wiedemann-Franz value at zero tempera-

ture: Lya ——2 72/(3e?). However, it deviates from

this value as the temperature increases, showing the 772
dependence described in Eq. (9.4). The precise expan-
sion formula for the coefficient CM* for the order 772
term is shown in table II. It is given by the difference
Oyt = O™ — CM™ between the order T? term of the
resistivities 1/oy 5 and T'/ky,, defined by Egs. (9.2) and
(9.4). The coefficient CM* for magnetic alloys and the
quantum-dot counterpart CSM are related to each other
through Eq. (9.7): these two coefficients tend to have
opposite signs. In Appendix G, we have also provide an
analytic formula for CM4 in the noninteraction case, for
comparison.

The NRG results for CMA are shown in Figs. 13(a)
and 13(b) for N = 4 and 6, respectively. Near half filling
1€,] S U/2, the coefficient CM4 is determined by the two-
body part Wg/IA as the three-body part, given by —160y,

vanishes at £; = 0:
72 K?
— 2 .
30( +N—1> <0

This coefficient takes the greatest possible negative value,
oMA SZ0EUZ0 o 267 for N =4, and —0.723 -
for N = 6, in the limit of U — oo where K — 1.

In the strong-coupling region |{,;| S (N — 1)U/2, the
CMA also exhibits the plateau structures around the inte-
ger filling points £,/U =0, £1, ..., (N —2)/2 for large
U, reflecting the structures that appear for both Cg/IA
and CMA . In particular, the plateaus at N, ~ % +1 fill-
ings, seen in Figs. 13(a) and 13(b) for U/(wA) = 3, take
a negative value for both N =4 and N = 6, whereas the
other plateaus become positive for N = 6 as the electrical
resistivity dominates, i.e., Ci,VIA > OMA,

As the impurity level goes far away from the Fermi level
in the region |{,| 2 (N — 1)U/2, the occupation number
approaches N, ~ 0 or N, ~ N. In the limit of || — oo,
the two-body and three-body parts take the noninteract-

ing values, WMA 1417 9 anq —160, 127, 39
and the coefficient C’%AA converges to the positive value,

oAt (10.8)

2
oMA Lsalzoe T g 464 S 0.

i (10.9)
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FIG. 13.

Order T? term CM4
number Lya is plotted vs &g;.
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XI. SUMMARY

We have presented a comprehensive Fermi-liquid de-
scription for nonlinear current and thermoelectric trans-
port through quantum dots and magnetic alloys, which
is asymptotically exact at low energies up to the next-
leading order terms. Our formulation is based on the
multilevel Anderson model and is applicable to arbitrary
impurity-level structures ¢, for o = 1, 2, , N, in-
cluding the spin degrees of freedom. The coefficients for
the next-leading order terms have been shown to be ex-
pressed in terms of a set of the correlation functions de-
fined with respect to the equilibrium ground state: the
phase shift d,, the static susceptibilities x,, ,,, and the

three-body correlations XE'I]M,JS which emerge when the
system does not have both the electron-hole and time-
reversal symmetries.

Extending Yamada-Yosida’s field theoretical approach,
we have obtained the formulas for the differential conduc-
tance dI/dV, current noise SI?ONE and thermal conduc-
tance Kqgp of quantum dots, and also the electrical resis-
tivity oy;4 and thermal conductivity sy, of dilute mag-
netic alloys. In the SU(NN) symmetric case, these trans-
port coefficients take simplified forms, as listed in tables
I and II, and the three-body correlations can be deduced
from the derivatives of the susceptibilities: Ox/0e,,
0% /0¢,, and x5 through Eqs. (5.10)(5.13).

We have also calculated the correlation functions for
the SU(4) and SU(6) cases, using the NRG approach over
a whole region of impurity-electron fillings NN,;, which in-
cludes the Kondo and the valence-fluctuation regimes.
In the SU(N) case, the three-body correlations have
three linearly independent components that approach
each other closely as the Coulomb interaction U in-
creases: X<[7c]m ~ —(N— )XE’LU, ~ wx[ﬂ,a,, for
o # 0’ # 0" # o, in awide filling range 1 S N; SN —1.
This is caused by the suppression of the derlvatlves of
the charge and spin susceptibilities, occurring at large
U: |0Xo/0¢4| < (T*)7% and |0xg/0¢,| < (T*)~2, with

*=1/(4x,,) the characteristic energy scale of SU(NV)
Fermi liquid. This property of three-body correlations is
also related to a similar property of linear susceptibili-



ties, Xy = —(N —1)x, ./, which reflects the suppression
of charge fluctuations, X~ =~ 0, occurring at large U.

The coefficients C’s for the next-leading order terms
can be decomposed into the two-body part W’s and the
three-body part ©’s, as listed in table II. The NRG re-
sults show that the three-body part ©y, of the coefficient
C,, for the order (eV')? term of dI /dV exhibits the Kondo
plateau structures at integer filling points N, =1, 2, ...,
N —1 for large U. These plateaus of Oy, complement the
two body part Wy, that decreases away from half filling
to form a wide ridge structure in Cy,, which spreads over
the region of 1 SN, SN —1.

The linear-response term of current noise SSO]?SC is
maximized at quarter filling N,/N = 1/4 and three-
quarters 3/4 filling, and the peaks exhibit flat structures
for N = 4, while they are round for N = 6. This dif-
ference is caused by the fact that, at these fillings, the
SU(N) Kondo effects occur for N = 0 (mod 4), while
the intermediate valence fluctuations occur for N = 2
(mod 4). The coefficient Cy for the order |eV|? nonlin-

ear term of SSO?SQ has a peak at half filling, which evolves
into a plateau as U increases. As the impurity level &,
deviates from the half filling point, Cg decreases rapidly
for N = 4, whereas it varies more modestly for N = 6.
This is mainly due to the higher-harmonic “sin44” de-
pendence of the three-body part ©g, which vanishes at
the quarter and three-quarters filling points. As |£,| in-
creases further, © ¢ has a pronounced negative minimum
in the valence fluctuation regions at §;, ~ £(N — 1)U/2
for both N = 4 and 6, which yield the valley structures
appearing in C'g. This is in marked contrast to the SU(2)
case, where the valley structure emerging in Cyg is caused
by the two-body contributions Wy, instead of Og.

We have also studied the coefficient Cj. for the order 7
term of linear conductance g = dJ/dV|,,,_, and the coef-
ficient CQP for the order T term of thermal conductance
Kqp» for SU(NV) quantum dots. The three-body part O
of Cp is determined solely by the derivatives of charge
and spin susceptibilities, i.e., O /0¢, and Oxg/de,, and
is independent of X[;]~ Therefore, © is significantly sup-
pressed and almost vanishes for strong interactions U in a
wide range of the electron filling 1 < Ng < N—1. In con-
trast, the three-body part ©SQP for thermal conductance
involves x[g] and becomes comparable to the two-body
part W,?D, except for the plateau region near half filling.
The Lorenz number Lqp = kqp/(gT) for quantum dots
takes the universal Wiedemann-Franz value 72/(3¢2) at
T = 0, and shows the 72 dependence at low tempera-
tures. The coefficient for the order T2 term of Lqp is
given by CSD = C3P — Oy, i.e., the difference between
the next-leading order terms of kg, and g. This coeffi-

cient C’(LQD also exhibits the Kondo plateau structures at
integer filling points N; =1, 2, ..., N — 1.

The three-body correlations also play a significant role
in the low-energy transport of magnetic alloys. We have
investigated the behaviors of the coefficient C’g/IA for the

order T? resistivity oy, and CM4 for the order T ther-
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mal conductivity ky,. In the SU(N) symmetric case,
the three-body parts of these coefficients become identi-
cal to the related ones for quantum dots, i.e., @g/IA =0,
and OMA = ©QP. Therefore, the difference between the
coefficients for MA and that for the QD counterparts
arises from the two-body parts, more specifically, from
the additional cos?§ terms appearing in the right-hand
side of Egs. (9.5) and (9.6). The additional cos? § terms
make the coefficients Cg/IA and CMA positive definite and
less sensitive to the impurity level position §;, compared
to the QD counterparts Cp and C2P. The coefficient
C’g/IA takes the maximum value at the electron fillings
of Ny~ 1and N —1 for N > 4, while in the SU(2)
case Cé\/IA has a single peak at half filling. The coeffi-
cient CMA = CS/IA — CMA for the order T2 term of the
Lorenz number Lyia = kyya/(oya T) for magnetic al-
loys also becomes less sensitive to the electron filling N,
compared to C’(LQD for quantum dots.

The three-body correlation functions can be deter-
mined experimentally by measuring the coefficients C’s
for the next leading order terms. These experimental
values can then be used to infer the behaviors of other
unmeasured transport coefficients.
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Appendix A: Fermi-liquid parameters
1. Linear and nonlinear static susceptibilities

The ground-state properties and the leading Fermi-
liquid corrections due to the low-lying excitations can
be described in terms of the occupation number and the
linear susceptibilities of the impurity level, derived from
the free energy Q = —(1/8) log [ Tre #H |:

N
Nao) = ’ (Al)
< ¢ > aeda
9%Q d
S E e = ). (A2
Xoo aedaaeda/ A dr <6ndo' (T) 5nda > ( )

Here, dn,, = ny, — (ny,), and thermal-equilibrium av-
erages are defined as (O) = Tr [e #* O] /Tre #*, with
B = 1/T the inverse temperature.



In addition to the linear susceptibilities, the nonlinear
ones XE’1]0203 are essential to the next-leading-order cor-
rections when the system does not have both the electron-

hole and time-reversal symmetries:

3
3] o 0°Q

_ _ 8Xo.1 g2
aedo'l 86d0’2 66d0’3 66d0’3

B B
= — / dTl/ d’TQ <T75nd01 (7'1) §nd02 (7’2) 5Tld03> . (A3)
0 0

Xcrl o203 —

Here, T is the imaginary-time ordering operator. This

correlation function has the permutation symmetry:
3 3 3 3 .
X£f1]02£73 = XLQ]UIUS = XLJCQCH = XL[T1]U302 = .-+ . Specif-

ically, in our formulation we are using the ground state
values for (ngy), Xoor and X,[fl]gw:,, determined at T = 0.

The occupation number can be related to the phase
shift through the Friedel sum rule: (ng.) L=eV=0, d,/m,
with 0, defined as the argument of the complex value
of Green’s function at w = T = eV = 0, as GL(0) =
—|GT(0)| €%+ .8 Conversely, the value of the spectral func-
tion p,, (w) at w = 0 can be expressed in terms of the
phase shift, as

.2
sin”
Pdoc = pdo’(o) - 1A

(A4)

Note that the w-dependent p, (w) is defined with respect
to the equilibrium ground state, as

Pis(w) = A (W) (A5)

with A_(w) given in Eq. (3.2).
The derivative of p, (w) also plays an important role in
the next-leading-order corrections and can be expressed

in terms of the diagonal susceptibility x,o, using Eq.
(A11), as

0 0
P = Pao (W) _ OPss _ Xoo o5

A
ow |, O¢ 4, A (46)

One of the most typical Fermi-liquid corrections due to
the many-body scatterings emerges in the T-linear spe-

cific heat Cii$a" of the impurity electrons:

2
ea _T
Cil:npt = ’Yimp T ) rYimp = ? Z Xoo + (A7)

The coefficient v;,,, can be expressed in terms of the di-
agonal components of the linear susceptibility x,, using
the Ward identities®®?, which follow from the relation-
ship between the derivative of the self-energy with respect
to w and the derivative with respect to €, ,, described
briefly in the following.

19
2. Ward identities

The local Fermi-liquid state of the quantum impurity
systems can microscopically be described using the re-
tarded Green’s function, defined in Eq. (3.1), which can
also be written in the form,

1
w— €y, + 1A — X7 (w)

Gr(w) =

(A8)

The information about the low-lying energy states can
be extracted from the equilibrium self-energy 3¢, ,(w) =
Y7 (w)|p—ev—o» by expanding it, step by step, around the
Fermi energy w = 0. The expansion up to the w-linear
terms describes the renormalized resonance state of the

form,

) I S— (A9)
w—¢€,, +iA,

Here, the renormalized parameters are defined by

€io = 2o [edg + qup, (0)] = KJ cotd, ,

~ oxr

A, =z, A, ! =1- eqia(w) . (Al0)
2y Ow we0

The wavefunction renormalization factor z, can be re-
lated to the derivative of X7,  (0) with respect to the

eq,o
impurity level €,,,, using the Ward identity:6-8-

1 ~ - x5 .(0)

Z = Xoo > Xoo! = Ogo’ + 527;; . (All)

The coefficient ¥, determines the extent to which the
susceptibility is enhanced at T = 0:

8<”d0> T—0

Al12
o (A12)

Xoo! = — pda’%a‘n’ .

It has recently been clarified that the order w? real part
of the self-energy can be expressed in terms of the the di-
agonal component of the three-body correlation function

Xr[i]w, asl821

o2 9?xr. _(0) ox.

——Re X! = °9,9 = 77 . (A13
Ouw? ¢ qu(W) w—0 86(210 86dcr ( )

Physically, this coefficient determines the energy shifts
of quasiparticles of order w?, T2 and (eV')?, which affect
the low-energy transport of the next-leading order.

Appendix B: Low-energy asymptotic form of
spectral function

The low-energy asymptotic form of the retarded self-
energy Y. (w) for multilevel Anderson impurity model has
been derived up to terms of order w?, T2, and (eV)? in
the previous works.?”2° For symmetric tunnel junctions
withT';, =T; (= A/2) and p; = —pp (= eV/2), it takes
the form,
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1 3
o) = - 55 3k [ dep e en?] 4o (B1)
2 Py 4
o' (£0)
N 1 0% 11 3
€ar +REEL(W) = Acotdy + (1 - Tpg)w + 5 m2@w? 4 - — S 3B 12 ev)? 4 x| + - (B2
2 86da’ 6 pda ,(7& ) 4

Substituting these expansion results into Eq. (A8), we obtain the asymptotic form spectral function,

2
- . 2 v 3 2
TA A, (w) = sin“6, + 3 | 508 20, ,(E# )X

oo

+ m8in 20, Xy, w + 72 | cos 26,

sin 29, (3]
77 Z Xoo'o!

3 @)+ )

o' (#0)
sin2d, .
XUO’ + 9 Z Xaa - o0 X<[73<]70 w2 + o (B3)
o' (#o)

Correspondingly, the inverse of the spectral function that determines the thermoelectric transport of magnetic alloys
takes the following form, up to terms order w? and T2 at eV =0,

1 1 1 . o sin2d, x
~ — 37 cos 20, X%m' — sin 20, XUo”o" (nT)" — ——222%
TAAG (W) TApy, 6Ap,, U%}J) %:U) Apy,
+ - (cos 26, +2) x2, — ! cos 28 E X2+ $in 20, v G2+ (B4)
Apdo- ag oo g /(# ) oo 27T [egexen °

Appendix C: Properties of x?}@% in SU(N) case

We briefly describe here some relations between the
three-body correlation functions and the derivative of the
linear susceptibilities with respect to the center of mass
coordinate of the impurity levels, e, = (1/N) > _ €,,-

The derivative of the diagonal susceptibility x,, can
be written as

Y — + =Y
e 9¢ 4o (o) YCdo’
Rl AR LN VPV PR (¢7)
where o # ¢’. Note that sz]m' = X<[7<]7 /s in the SU(N)

symmetric case. Similarly, the derivative of the off-
diagonal susceptibility x,,, for o # o’ takes the form

Npor WXy n OX yor n OX yor
e Oegy — O€yq o (2o D¢ g
#o7)
SU(N) 3 3
—> 2 ([TI]J"O” + (N 2) X[O'(]T/O'” 3 (C2)

for o # o' # 0" # 0. In the SU(2) symmetric case, Egs.
(C1) and (C2) provide enough information to determine

the two independent components x?}m and Xt[J'L]7"0" from

the two differential coefficients dx,,/d¢; and 0x, .. /0€ .

However, for N > 3, there are three independent three-

body components, i.e., XE'(]W, X([f(]T/U" and x[g], so that

oo'c!"

(

we need additional information to determine all these
components.

In order to obtain another independent relation, we
consider the derivative of the susceptibilities with respect
to the magnetic field b, which induces the level splitting
in impurity levels €, in a such way that €,,, + =¢; —b
and €, ,,, | = €;+b, with o = (m,s) form =1,2,...,N/2
and s =T, |:

N/2
aXmlsl,mrsz Z Z 86(1 m3 S3 aXmlsl maSa
ab Dy,

mz=1s3=",]

N/2 N/2

_ 3] 3]

- Z Xm181,m2827m3T + Z Xm181,m2827m3i' (03)
mg:l m3:1

From this derivative, we obtain the following relation,
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FIG. 14. Fermi-liquid parameters for the SU(4) sym-
metric Anderson model are plotted vs &;: (a) Ng, (b)
sin?§, (c) renormalization factor z, (d) K = (N — 1)(R —
1). (e) renormalized level €;, and (f) enlarged view of
€4, Interaction strengths are chosen to be U/(wrA) =
2/3(%),1(V¥),2(4),3(M),4(A),5(e),6(x). The dashed line in
(a) represents Ng in the atomic limit A — 0.

taking m; = mo (= m), as

0b 2
N/2
- -3 L[ _
5 \ Xmtmtmt = Xt mt,me |
m’=1
(3] (3]
+ Xong,mimey ~ Xmi,mi,m/¢>
N/2
b—0 [3] [3]
r Z [Xmmmr,mﬁ - XmT,mr,msi}
mg:l

_ _( (3] B )
= mtmtmt — Xmpmpmi ) -

(C4)
Here, we set the magnetic field to be zero, b = 0, in
the last two lines. This relation can also be rewritten
into the following form at b = 0, using the original label
o= (m,s), as

B _ O (Xmtmt ~ Xmgmy N [3]
XB = ob ( 2 b0 - ooo +Xo‘o’a"7
(C5)
for o’ # 0.
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FIG. 15. Fermi-liquid parameters for the SU(6) sym-
metric Anderson model are plotted vs &;: (a) Ng, (b)
sin?§, (c) renormalization factor z, (d) K = (N — 1)(R —
1). (e) renormalized level €;, and (f) enlarged view of
€5, Interaction strengths are chosen to be U/(mA) =
2/5(x),1(V),2(4),3(M),4(A),5(e),6(x). The dashed line in
(a) represents Ny in the atomic limit A — 0.

Appendix D: Two-body FL parameters for
SU(4) & SU(6) symmetric cases

We provide a quick overview of the behavior of the
renormalized parameters in the SU(4) and SU(6) cases,
which can be derived from the phase shift and the linear
susceptibilities®® 1. Our discussion here is based on the
the NRG results, plotted in Figs. 14 and 15 as functions
of the impurity level position ¢ , for several different in-
teraction strengths: from weak to strong interactions up
to U/(mA) = 6.0.

The SU(N) Kondo effect occurs for strong interactions
when the impurity levels are filled by an integer number
of electrons, i.e., at the fillings of Ny =1, 2, ..., N —1.
It takes place at £, ~ 0, +£U, ..., iNz’Q U, and gives
an interesting variety in the low-energy properties. As
N increases, a greater interaction strength is required to
clearly observe the Kondo behavior. This is because the
quantum fluctuations caused by the Coulomb interaction
are suppressed for large N. In particular, the mean-field
theory becomes exact in the limit N — oo that is taken
keeping the scaled interaction U* = (N —1)U constant.”?!

Figures 14(a) and 15(a) show the occupation number
N, for N = 4 and 6, respectively. As U increases, the
Coulomb staircase structure emerges: N, varies steeply
at §, ~ +U/2, £3U/2, ..., £(N — 1)U/2. Correspond-




ingly, as U increases, the transmission probability sin? §,
shown in Figs. 14(b) and 15(b), exhibits a plateau struc-
ture that develops around £, ~ 0, £U, ..., £(N —-2)U/2.
In particular, the plateau at the half filling point {; ~ 0
reaches the unitary limit value sin® § = 1.0.

The renormalization factor z, shown in Figs. 14(c¢) and
15(c) for N = 4 and 6, exhibits a broad valley struc-
ture at |,;,| < (N —1)U/2, where 1 < Ng S N — 1.
The valley becomes deeper as U increases, and the local
minima emerge for U/(7A) 2 3.0 at the integer-filling
points, reflecting the occurrence of the SU(NN) Kondo ef-
fects. The renormalization factor also has local maxima
at intermediate valence states in between two adjacent
local minima. Note that z is significantly suppressed by
the strong electron correlations even at these local max-
ima. Figures 14(d) and 15(d) show the rescaled Wilson
ratio K = (N — 1)(R — 1). For large interactions, K
exhibits a wide flat structure at |§,;| S (VN — 1)U/2, the
height of which approaches the saturation value K~ 1.0,
especially for U/(wA) 2 3.0, reflecting the suppression of
charge fluctuations in this region of ¢,.

Figures 14(e) and 15(e) show the renormalized
resonance-level position €, = zAcotd for N = 4 and
6, respectively, as a function of ;. For strong inter-
actions, the renormalized level is almost locked at the
Fermi level, €, ~ 0.0, in the strong-coupling region
1€,] < (N —1)U/2, which corresponds to the filling range
of 1 $ Ng < N — 1. Figures 14(f) and 15(f) show an
enlarged view of €, in the vicinity of the Fermi level. We
see that €, exhibits a fine structure which reflects the
staircase behavior of the phase shift § and the oscilla-
tory behavior of the renormalization factor z. Outside
the strong-coupling region, €, approaches the bare value
€q = €q at & > (N —1)U/2, or the Hatree-Fock value
e, e+ (N—-1)U at §; < —(N —1)U/2: these asymp-
totic forms of €; are shown as the dashed lines in Figs.
14(e) and 15(e).

Appendix E: Current noise and thermoelectric
transport for SU(2) symmetric case

We have discussed the behavior of the current noise
and thermo electric transport of the SU(4) and SU(6)
Anderson model in Secs. VII, VIII, and X. For compar-
ison, here we briefly describe the corresponding results
in the SU(2) case, specifically, the current noise and the
thermoelectric transport coefficients are plotted in Figs.
16 and 17, respectively.

We can see in Fig. 16(b) that the linear noise is sup-
pressed in the strong-coupling region || < U/2 for large
U, where the transmission probability exhibits a wide
Kondo plateau in Fig. 16(a). However, the linear noise
increases and has the peaks, the width of which is of the
order of A at valence fluctuation regions near the quarter
and three-quarters filling points where the phase reaches
0 = w/4 or 3w/4. At these filling points, the coefficient
Cy for the order |eV|® nonlinear current noise has the

FIG. 16. Current noise for SU(2) symmetric quantum dots
vs &4 (a) sin®4, (b) linear noise sin?¢§ (1 — sin®4), (c)
(192/7%) Cs = Ws + O, (d) O = —(O; +3611) cos 25 (see
table II). Interaction strengths are chosen to be U/(7rA) =

¢

1(¥),2(4),3(W), 4(4),5(e).

negative minima, as seen in Fig. 16(c). We see in Fig.
16(d) that the three-body part Og of Cg, is also sup-
pressed over a wide region |{,;| < U/2. Therefore, in this
strong-coupling region, the nonlinear noise Cy is deter-
mined solely by the two-body part Wy in the SU(2) case:

W = 4R -1+ [1+5(R - 1)2] cosdd,  (El)

where R is the Wilson ratio. In particular, the dip
structures of Cg at the quarter and three-quarters fill-
ings reflect the mimina of cos4d in Wg. In contrast, at
|€,] 2 U/2, the three-body part © ¢ becomes comparable
to Wy, and contributes to Cg.

Figure 17 shows the results for the next-leading order
terms of the thermoelectric transport coefficients for the
SU(2) quantum dots (a) C and (b) C2P| and for SU(2)
magnetic alloys (c) CM and (d) CYM*. All these coef-
ficients exhibit the plateau structures due to the Kondo
effect in the strong-coupling region |{,;| < U/2 for large
U, where the phase shit is locked at § ~ x/2. In
this region, the three-body contributions, ©; and (:)H,
almost vanish (see Ref. 28 for more details), and the
height of these plateaus approach the saturation values
for U — oo, ie., (48/7%)Cp — 3, (48/x%)CYA — 3,
[80/(772)]|CP — 13/7, and [80/(7n?)|CMA — 13/7.
The coefficients C'» and C’g/IA for charge transport show a
similar behavior in the strong-coupling region. Further-
more, in this region, the coefficients for thermal conduc-
tivities, CRP and CMA | also show a similar behavior. In
contrast, at |£,;| > U/2, the coefficients Cy. and C2P for
quantum dots change sign and become negative as the
occupation number approaches N, ~ 0.0 or 2.0, whereas
the coefficients CS/IA and CMA for magnetic alloys remain
positive definite.



FIG. 17. Next-leading order terms of transport coefficients
for an SU(2) symmetric Anderson impurity: (a) (48/7%)Cy,
(b) [80/(772)]CLP, (c) (48/2%)CYA, and (b) [80/(7x2)|CHA,
defined in table II. Interaction strengths are chosen to be

U/(mA) =1(V),2(4),3(W),4(A),5(e).

Appendix F: Three-body Fermi-liquid corrections to
thermoelectric transport of magnetic alloys

In this appendix, we describe the low-energy asymp-
totic form of electrical resistivity oy;a = 1/0pa, ther-
mopower Sy;,, and thermal conductivity x,;, of mag-
netic alloys:

rar = :ﬁoW (F1)
-1, »’3

SMA |6|T Z EMA ) ( )
unit MA)2
OMA L MA (Za El,a)

Ema = 2T N EQ,U - Z £g4A : (FS)

For magnetic alloys, the response functions E%? for n =
0,1 and 2 are given by

[’MA

- [ ()

Equation (F1) defines the electrical conductivity rela-
tive to its unitary-limit value opfit. Correspondingly, the
prefactor for xy;, is defined in Such a way that the T-
linear thermal conductivity should take the form,

(F4)

2
K ™ s
. MA unit
lim = = — oA -

70 T 3e? (F5)

The asymptotic form of LMA can be calculated, using
the low-energy expansion of the inverse spectral functlon
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1/A,(w) given in Eq. (B4):

£y ! - %0 (xT)?* | + (F6)
0.0 ™ §in26, sin? 8, i ’
1 0
A =~ _Fde (77)2 F7
1,0 3 ’/TA;D?l ( ) + ) ( )
2 MA
MA (nT) 2,0 2
= 14+ : T + . (F8
%7 7 3gin?6, sin? 6, () (F8)
Here, the coefficients a}'2 and a}!2 are given by
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Z NCS

cr’(;écr

] . (F10)

We obtain the low-temperature expressions of gy;, =
1/oya, Sma and 1/kyp,, substituting Egs. (F6)—(F8)
into Eqs. (F1)—(F3):

1 ——
= o [(sm2 6)HM — cg/IA (7TT)2 4. } , (F11)

oma
MA
72> ph, T
S - oldo = ceey F12)
R S |
1 362 1 . o o 2
I — N S TN — MA (T ]
kva  m2opat T [(sm Jun — e (1) +
(F13)
Here, (sin®§) v 18 the harmonic mean (HM) of sin? 4,
defined by
—5 1
) —
sin” ¢ = ——— (F14)
( )HM % Z(T 5111%6

The coefficients cg/IA and cMA of the next leading-order

terms are given by

— 21 aply
CE/IA = {(51n2 5)HM} ~ ; bmo 5 (F15)
MA _ [ (s 211 alzwcé
= {(sm 5)HM} [N za: sin? 6,
2
2 sin 20,
_?(sm 5)HM{N Z Sl s. X (,}

(F16)



Correspondingly, the electrical conductivity and the
thermal conductivity take the following form,

umt CMA
(sm §)HM (sm (5)HM 1)
17
A 72 ot T
MA 3e? (sin2 (5)HM
MA )
1+ ) (xT) . (F18)
HM

Furthermore, the Lorenz number Lya = kma/(omaT)
can also be deduced up to terms of order T2, as

7'('2 Cll\//[A 2
3e (sm 6)HM
A = cg/IA — MA (F20)

In the limit of zero temperature, the Lorenz number takes

T—0 72
a constant value Lya —— 327, and the Wiedemann-

Franz law holds. However, 1t dev1ates as temperature
increases, showing the T2 dependence.

Appendix G: Thermoelectric transport coefficients
for noninteracting magnetic alloys

We provide here the noninteracting results for the ther-
moelectric transport coefficients of magnetic alloys. For
U = 0, the response functions L%? forn =0,1,2 can be
calculated substltutmg the exphc1t form of the spectral

function 7 A, (w) N A/[(w—eao)*+A2] into Eq. (F4):

MA - U=0 €do )? L (xT)?
v = e (%) )55 ) (G1)
=0 —2¢€4, (7T 2
Ly — % (A) : (G2)
2 2 4
Ma U=0 A €do TN\ TAT (=T
Lao 3[1+(A”(A>+15 A)

(G3)

can be deduced from these analytlc expressions for E}f

The transport coefficients, defined in Egs. (F1)—(F )
(o
In particular, in the SU(IV) symmetric case where ¢, =

€., the electrical resistivity QS)[)A for U = 0 is given by ,

0 1 T\ >
91(\/& =~ [sin2 dy — CE/IA(O) <T*> ,  (G4)
MA 0
1 2
sin? §, = oMAO) — Z_ (G5)

1+ (c,/A)2 : 18
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Here, T¢ = wA/(4sin?§,) is the characteristic energy

scale in the noninteracting case. The coefficient C’MA 0

for the T2-resistivity is given by a constant w2 /48 (=

0.205- - -) as the €,-dependence is absorbed into T .
The thermopower S(%D and thermal resistivity 1/ Hﬁg
for U = 0 are given by

() 1 272 &4

= T, G6
MA ™ el 3 €2+ A? (G6)
1 3¢2 1| ., MA(O <7rT>2
— = sin? 6, — CMAO — ,
K%\?{)A 2o umt T 0 TO
(G7)

72 1+ 20sin? §,

CMA(0) _
. 80 21

(G8)

Furthermore, the dimensionless coefficient for the order

T? term of the Lorenz number Ly is given by CMA(O) =
CEJ\AA(O) — Y™ and it takes the form,
MA 2
Cpt = 5 (1-5sin’5y) . (G9)

These results for the next-leading order terms in the
noninterating case are plotted as functions of ¢, in Fig.

18. The coefficient CMA(O) takes a Lorentzian form with

an offset value of CY*(©) Jealzroe, 72/240 (= 0.041---).
Correspondingly, CL AD has a dip at ¢; = 0, and

vanishes at the points €; = +£2A where oM A0 and

C]QVI A) give equal contributions to the Lonrez number
Lyia- As the impurity level moves further away from
the Fermi level |e;| > A, it approaches the value of

CMA©) 19220 2260 (= 0.164- ).
@ 1.0_I T l L) l T LI l L) l T |_
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FIG. 18. Coefficients C’SAA(O), CQ/IA(O), and Cg[A(O) for nonin-
teracting U = 0 magnetic alloys plotted vs € .
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