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Non-reciprocal systems exhibit diverse dynamical phases whose character depends on the type
and degree of non-reciprocity. In this study, we theoretically investigate dynamical structures in
a mixture of non-reciprocally aligning polar active particles with repulsion, focusing on the per-
formance on (and connection between) different levels of description. Linear stability analyses of
the associated continuum model predict a profound influence of non-reciprocity, leading to phase
separation, (anti-)flocking and asymmetric clustering behavior. On the microscopic level, particle
simulations confirm the emergence of these dynamical phases and allow for a more in-depth in-
vestigation of (microscopic) properties, including orientational correlations and susceptibilities. In
particular, our findings demonstrate that certain dynamical properties, like a chase-and-run behav-
ior in the asymmetrical clustering phase, are overlooked in mean-field continuum theory, making
microscopic simulations an indispensable tool for studying the effects of non-reciprocal alignment
couplings.

I. INTRODUCTION

Active matter systems are intrinsically out of equi-
librium. Depending on the couplings between particles,
these systems exhibit intriguing non-equilibrium transi-
tions [1–3] as well as pattern formation such as mesoscale
turbulence [4, 5]. Two paradigmatic transitions in active
matter are motility-induced phase separation (MIPS)
and flocking. MIPS emerges when the self-propulsion
speed of particles depends on the local particle density,
such that particles are slowed down in crowded situations
and finally trapped [3, 6–10]. This happens, e.g., for
steric repulsion or quorum sensing. As shown in a multi-
tude of experiments [11, 12] and simulations [7, 8, 13], the
result of this trapping is phase separation into a dense
state characterized by large clusters and a dilute state
of essentially isolated particles. While MIPS can occur
already in “scalar” active matter without orientational
couplings, flocking requires the coupling of velocities of
different particles, as it is common in “polar” active mat-
ter. In particular, velocity alignment of neighboring par-
ticles leads to the coherent “flocking” motion character-
ized by long-range polar order, as observed in the Vicsek
model and its variants [2, 14–17], as well as in models of
oppositely directed flocking (anti-flocking) [18–20].

The phase behavior becomes more complex in models
involving both, translational and orientational couplings.
It has been shown, e.g., that polar alignment of parti-
cles can stabilize the emergence of MIPS [10, 21, 22] but
also leads to interrupted (arrested) phase separation into
smaller-sized clusters at long times [23, 24]. Not surpris-
ingly, the interplay of positional and orientational cou-
plings becomes even more delicate in chiral active mat-
ter [25, 26], systems with non-separable (e.g., dipolar)
interactions [27] or mixtures [19, 28].

The present paper addresses polar, repulsive active sys-
tems with an additional ingredient of complexity, that is,
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non-reciprocity.
Non-reciprocal couplings break the action-reaction

symmetry and find applications in various real systems
far from equilibrium [19, 29–36]. Examples include bio-
logically motivated modeling of animal behavior [37, 38]
and agents with vision cones [32, 39–41], predator-prey
systems [42–45], multi-component bacterial suspensions
[46, 47], quorum sensing [48, 49], and phoretic inter-
actions of colloids [50–52]. Generally, non-reciprocity
can occur when interactions are mediated by a non-
equilibrium environment as, for instance, in odd solids
[53, 54] or by hydrodynamic interactions [55–57].
Over the last years, it has been established that non-

reciprocity can have drastic effects on the observed col-
lective dynamics, including the spontaneous formation
of traveling states in diffusive systems with conserved
scalar fields [29, 30], or the emergence of chiral motion
in (anti-)aligning polar systems [31] via so-called excep-
tional points. Further field theoretical studies [48, 58–61]
as well as particle simulations [48, 60, 62, 63] have elu-
cidated the emergence of a variety of dynamical phases
depending on the precise non-reciprocal interactions be-
tween particles. Yet, so far, non-reciprocity has been
studied rather separately in systems with either purely
translational (i.e., position-dependent) or purely orienta-
tional (polar) interactions.
Motivated by this gap, we have recently studied a mini-

mal (two-component) model combing non-trivial density
dynamics (induced by repulsive interactions) and non-
reciprocal alignment couplings [28]. Using a mean-field
stability analysis and particle simulations, we have un-
raveled a new phenomenon induced by non-reciprocity,
namely, asymmetric clustering in a system with fully
symmetric translational interactions.
While [28] primarily addresses the clustering behavior

from a mean-field perspective and an analysis of density
fluctuations, we here provide a comprehensive particle-
based characterization of dynamical and structural prop-
erties of all the emerging non-equilibrium phases, includ-
ing aspects of orientational ordering. By performing a
systematic particle-based analysis we aim at exploring
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the validity, but also the limits, of our mean-field con-
tinuum description [1, 35]. For specific non-reciprocal
models of active matter, exact coarse-grained equations
have already been derived, which can accurately predict
the transition to collective motion [61]. However, such an
exact coarse-graining is impossible for the present model,
which includes non-linear (repulsive) interactions. Thus,
a particle-based investigation is indispensable for an over-
all understanding of the collective dynamics. Indeed,
while our mean-field approach turns out to predict the
main features, certain dynamical properties, like chase-
and-run behavior, are overlooked.

The paper is organized as follows. In Sec. II, we start
with an introduction to the (microscopic) model. Our
methods of analysis are introduced in Sec. III. In Sec. IV
we present our results for the full non-equilibrium phase
behavior from particle simulations and linear stability
analyses. In Sec. V, we show how characteristics of dif-
ferent dynamical phases are reflected by pair correla-
tion functions, which are subsequently used for a sys-
tematic fluctuation analysis in terms of structure factors
in Sec. VI. We close with a discussion of our results in
Sec. VII. The paper includes several appendices address-
ing primarily the continuum model and its relation to
the particle-based model as well as the mean-field linear
stability analysis.

II. MODEL

A. Microscopic model

We consider a two-dimensional system of disk-shaped
active particles comprising two species a = A,B. The
binary mixture contains N = NA +NB particles, which
are located at positions rα (with α = ia = 1, ..., Na) and
move like active Brownian particles (ABP) [64] with ad-
ditional torque due to orientational couplings. The parti-
cles are confined to a box of size L×L (subject to periodic
boundary conditions). They self-propel with velocity v0
in the direction given by pα(t) = (cos θα, sin θα)

T, where
θα is the polar angle. The dynamics are governed by the
set of the overdamped Langevin equations (LE)

ṙα(t) = v0 pα(t) + µr

∑
β ̸=α

F α
rep(rα, rβ) + ξα(t) (1a)

θ̇α(t) = µθ

∑
β ̸=α

T α
al (rα, rβ , θα, θβ) + ηα(t), (1b)

where the sums over particles β = jb = 1, ..., Nb couple
the dynamics of particle α to the positions and orienta-
tions of all other particles of both species, b = A,B.

The translational LE (1a) involves the repulsive force
F α
rep = −

∑
β ̸=α ∇αU(rαβ) between hard disks, derived

from the Weeks-Chandler-Andersen (WCA) potential

[65]

U(rαβ) =

{
4ϵ

[
(σ/rαβ)

12 − (σ/rαβ)
6 + 1

4

]
, if rαβ < rc

0, else,

(2)

where rαβ = |rαβ | = |rα−rβ |. The characteristic energy
scale of the potential is given by ϵ. The cut-off distance
is rc = 21/6 σ with particle diameter σ that we take as
characteristic length scale, ℓ = σ. Note that the steric
interactions are the same for all types of particles.
The rotational LE (1b) contains the torque

T α
al (rα, rβ , θα, θβ) = kab sin(θβ − θα)Θ(Rθ − rαβ) (3)

of strength kab, where the constants kab can be positive
or negative. Further, Θ(Rθ − rαβ) is the step function
with Θ(Rθ − rαβ) = 1, if rαβ < Rθ, and zero other-
wise. From Eq. (3) it follows that particles of species a
tend to orient parallel (align) or anti-parallel (anti-align)
with neighboring particles (within radius Rθ) of species
b when kab > 0 or kab < 0, respectively. For reciprocal
couplings defined by the choice kab = kba, particles of
species a align (or anti-align) with particles of species b
in the same way as particles of species b with particles of
species a. Here, we specifically allow for non-reciprocal
orientational couplings, where kab ̸= kba. Note that these
orientational couplings are separable, i.e. independent of
the spatial configuration (unlike, e.g., hydrodynamic or
dipolar interactions).
As seen from LEs (1), both the positions and ori-

entations of the particles are subject to thermal noise,
modeled as Gaussian white noise processes ξα(t) and
ηα(t) of zero mean and variances ⟨ξα,k(t)ξβ,l(t′)⟩ =
2 ξ δαβ δkl δ(t − t′) and ⟨ηα(t)ηβ(t′)⟩ = 2 η δαβ δ(t − t′),
respectively. The (Brownian) time a (passive) particle
needs to travel over its own distance is τ = σ2/ξ, which
we take as characteristic time scale. The mobilities are
assumed to fulfill the Einstein relation and are connected
to thermal noise via µr = β ξ and µθ = β η, where
β−1 = kB T is the thermal energy with Boltzmann’s con-
stant kB and temperature T .

To study the emerging dynamical structures in our sys-
tem, we perform numerical Brownian Dynamics (BD)
simulations of the LEs (1). To this end, we introduce
the following dimensionless parameters: the average area
fractions Φa of species a,

Φa =
Na π ℓ2

4L2
= ρa0

π ℓ2

4
, (4)

with (number) density ρa0 = Na/L
2, the reduced orienta-

tional coupling parameter,

gab = kab µθ τ, (5)

and the Péclet number,

Pe =
v0 τ

ℓ
, (6)

which quantifies the persistence of the motion of parti-
cles. We perform simulations at a fixed combined average
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area fraction Φ = 0.4, where ΦA = ΦB = 0.2, and Péclet
number Pe = 40, while varying the orientational cou-
plings strengths gab. The parameters are chosen in such
a way that the non-aligning system (gab = 0) exhibits
MIPS. The BD simulations are performed with N = 5000
particles, with equal particle numbers NA = NB = 2500
of both species. The repulsive strength is chosen to be
ϵ∗ = ϵ kB T = 100, where the thermal energy is set to be
the energy unit (kB T = 1). The translational and ro-
tational diffusion constants are then given by ξ = 1 ℓ2/τ
and η = 3 · 2−1/3/τ , respectively. The cut-off distance
for the torque is chosen to be Rθ = 2 ℓ. The simula-
tions are performed by initializing the system in a ran-
dom configuration. We then integrate the equations of
motions using an Euler-Mayurama algorithm [66], and
let the system evolve into a non-equilibrium steady state
before measuring quantities for phase characterization.
Indeed, we have found saturation of the dynamics into
non-equilibrium steady state at all parameters consid-
ered. We employ a timestep of ∆t = 10−5 τ . Typical
simulations last for 120 τ .

B. Continuum model

A central goal of this paper is to compare our particle-
based simulation results with predictions from a mean-
field (MF) continuum theory. The MF continuum model
is derived in Appendix A, where we follow essentially
the steps in [19]. The continuum model describes the
spatio-temporal evolution of the particle density ρa(r, t)
and polarization density wa(r, t) (a = A,B). The lat-
ter measures the overall orientation of particles at a cer-
tain position via wa/ρa. The resulting equations have
the following general form (for explicit expressions, see
Eqs. (A12)-(A14)):

∂tρ
a = −∇ · j(wa, ρa,b,∇ρa) (7a)

∂tw
a = F (wa,b, ρa,b,∇2ρa,b,∇2wa,b,∇ρa,b ∇wa,b, ...). (7b)

It is well established that simple MF equations for ac-
tive matter cannot reprodce MIPS due to the difficulty
in handling repulsive interactions [10]. We circumvent
this problem as described in Appendix A1. The choice
of parameters in the continuum model is summarized in
Appendix A 4. We also use the continuum equations as
a starting point of a MF stability analysis as described
in Appendix B.

III. METHODS OF ANALYSIS

In this section, we introduce the quantities and meth-
ods that will be used to characterize the (dynamical) be-
havior of the system on the particle level. The classifi-
cation of the observed non-equilibrium states in terms of
these target quantities is summarized in Table I.

A. Clustering behavior

Cluster formation is a well-studied phenomenon al-
ready in one-component, non-polar ABP systems. It
occurs at sufficiently high density and particle motility,
eventually leading to phase separation into dilute and
dense regions [3, 6, 9, 11, 12, 24, 67]. Also in our system,
phase separated states can emerge due to the repulsive
interactions between particles.
To determine whether the system is in a phase-

separated state, we calculate the position-resolved local
area fraction Φ(x, y). For details regarding the calcula-
tion, see Appendix D. The distribution P (Φ) exhibits a
double-peak structure when dense and dilute regions co-
exist [27, 68, 69]. Considering separately the local area
distributions of A- and B-particles gives us, in addition,
information on spatially inhomogeneous compositions.
To characterize quantitatively the clusters within the

system, we determine the largest cluster size in terms of
a time-average of the ratio of all particles in the largest
cluster, given as Nlcl = ⟨nlcl⟩t/N . We also distinguish
between clusters made of particles of any species and
clusters made of particles of only one species A or B,
see Appendix D.
The clustering behavior (as well as density distribu-

tion) is analyzed via averages in the non-equilibrium
steady state. To this end, we perform time averages be-
tween 70 and 120 τ after initialization of a disordered
state.

B. Global orientational ordering

In systems with sufficiently large alignment strengths
gab between particles, such as ‘Vicsek’-type systems, a
phase transition from an isotropic disordered state to an
oriented flocking state can occur. This flocking state is
characterized by a non-zero value of the global (scalar)
polarization, see, e.g., [70]. In our binary mixture, we
define the polarization Pa of particles belonging to species
a as

Pa(t) = |Pa(t)| =

∣∣∣∣∣ 1

Na

Na∑
ai=1

pai(t)

∣∣∣∣∣. (8)

The quantity Pcombi = |PA +PB | then measures the po-
larization of the entire system involving both species A
and B. In a perfect flocking state, where all particles
move coherently in the same direction, the polarization
order parameters Pcombi, PA and PB take the value of
unity. In the anti-flocking state, PA = PB = 1 but
Pcombi = 0. When the system is disordered, particle
orientations are uncorrelated, yielding Pcombi = PA =
PB = 0. Where appropriate, we have also studied the
polarization of particles within a single cluster.
As in equilibrium phase transitions, it is furthermore

useful to investigate the susceptibility of the (scalar) po-
larization order parameter P . Close to the flocking tran-
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Non-equilibrium phase Polarization Largest cluster size Distribution of
local area fraction

phase separation Pcombi = PA = PB = 0 (≤ 0.6) Nlcl ≈ 1 (≥ 0.3)
Nlcl,a ≈ 0 (≤ 0.1)

double peak

flocking (& phase sep.) Pcombi = PA = PB = 1 (≥ 0.6) Nlcl ≈ 1 (≥ 0.3)
Nlcl,a ≈ 0 (≤ 0.1)

double peak

anti-flocking Pcombi = 0 (≤ 0.3),
PA = PB = 1 (≥ 0.6)

Nlcl ≈ Nlcl,a ≈ 1 (≥ 0.6) double peak

disorder Pcombi = PA = PB = 0 (≤ 0.3) Nlcl ≈ Nlcl,a ≈ 0 (≤ 0.3) single peak
asymmetric clustering Pcombi ≈ Pa ≫ Pb, a ̸= b Nlcl ≈ Nlcl,a ≫ Nlcl,b,

a ̸= b

TABLE I. Characterization of the non-equilibrium phases in terms of polarization, largest cluster size, and local area fraction
in the binary mixture with NA = NB . Values in parenthesis denote the cut-off values used to characterize the emerging phases
in our particle simulations.

sition, one expects the susceptibility to peak [71]. Here,
we consider the susceptibility χcombi(Pcombi) of the whole
system as well as the single-species susceptibilities χa(Pa)
that can be calculated from the fluctuations in their re-
spective order parameters Pcombi and Pa [70–72]. Specif-
ically, we determine the susceptibilities as

χcombi(Pcombi) = N Var(Pcombi)

=
1

N

(〈∣∣∣ N∑
i=1

pi

∣∣∣ ∣∣∣ N∑
j=1

pj

∣∣∣〉−
〈∣∣∣ N∑

i=1

pi

∣∣∣〉2) (9)

and

χa(Pa) = Na Var(Pa)

=
1

Na

(〈∣∣∣ Na∑
ai=1

pai

∣∣∣ ∣∣∣ Na∑
aj=1

paj

∣∣∣〉−
〈∣∣∣ Na∑

ai=1

pai

∣∣∣〉2) (10)

where Var(P ) = ⟨P 2⟩ − ⟨P ⟩2 is the variance, and the
angular brackets denote ensemble averages.

In the present work, we further consider the suscepti-
bilities related to the polarization vector P , defined as
[73]

χcombi(Pcombi) = N Var(Pcombi)

=
1

N

( N∑
i=1

N∑
j=1

⟨pi · pj⟩ −
〈 N∑

i=1

pi

〉2)

=
1

N

N∑
i=1

N∑
j=1

⟨δpi · δpj⟩

(11)

and

χa(Pa) = Na Var(Pa)

=
1

Na

( N∑
ai=1

N∑
aj=1

⟨pai · paj ⟩ −
〈 Na∑

ai=1

pai

〉2)

=
1

Na

Na∑
ai=1

Na∑
aj=1

⟨δpai
· δpaj

⟩ .

(12)

These susceptibilities quantify correlations in the orien-
tational fluctuations of all particles, δpi = pi−Pcombi, or

of a single species, δpai = pai −Pa. For technical details
regarding the averaging, see end of Sec. III A.

C. Pair correlation function

Information on the translational structure in our active
binary mixture is captured by the pair correlation func-
tion Gab(r), which describes the distribution of distance
vectors r between pairs of particles belonging to species
a and b (assuming spatial homogeneity) [74]. In two
dimensions, the distance vector can be parametrized as
r = (r, ϕ) with r = |r| and angle ϕ = ∢(r,p) between the
relative position r and self-propulsion direction p. In pas-
sive systems, one expects Gab to depend on r alone. How-
ever, in active systems close to motility-induced phase
separation, the probability distribution depends not only
on the distance r but also on the spatial configuration
of two particles, and thus, ϕ [9, 11, 22]. This anisotropy
arises from the blocking of particles in the direction of
self-propulsion, leading to a density-dependent reduction
of self-propulsion speed as described in more detail in
Appendix A 1. Here, we define Gab(r) as [74, 75]

Gab(r) =
1

Ω

Na∑
ai=1

Nb∑
bj=1

(bj ̸=ai)

〈
δ(r − (rai − rbj ))

〉
, (13)

where Ω = Na Nb/V is the normalization and V = L2

represents the volume of the system. Gab(r) tends to
unity for r → ∞ and vanishes for r → 0 due to steric
repulsion between particles. Numerically, we determine
Gab(r, ϕ) by counting the particles found in small area
fractions of distance r +∆r and angle ϕ +∆ϕ from the
reference particle, such that we additionally normalize
with the area fraction element ∆A = r∆r∆ϕ, leading to

Gab(r, ϕ) =
1

Ωn

Na∑
ai=1

Nb∑
bj=1

(bj ̸=ai)

〈
δ(rabij − r) δ(ϕab

ij − ϕ)
〉

(14)

with Ωn = Na Nb ∆A/V . The particle distance and
relative angle are calculated as rabij = |rbj − rai

| and
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ϕab
ij = ∢(rbj − rai

,pai
).

To account, in addition, for the orientational correla-
tions of the particles, we extent the definition of the pair
distribution function Gab(r) to the correlation function
Cab(r) defined as [73]

Cab(r) =
1

Ω

Na∑
ai=1

Nb∑
bj=1

(bj ̸=ai)

〈
pai · pbj δ(r − (rai − rbj ))

〉
, (15)

where pai and pbj represent the orientation vectors of
particles i and j belonging to species a and b, respec-
tively. By definition, Cab(r) carries both, translational
and orientational information. In fully aligned systems,
where ⟨pai · pbj ⟩ = 1 ∀ i, j and a, b, the orientational
correlation function reduces to the common pair distri-
bution function Gab(r), exhibiting positive peaks at typ-
ical particle distances and approaching unity in the long-
distance limit. Conversely, in anti-aligned systems with
⟨pai

· pbj ⟩ = −1 ∀ i, j and a ̸= b, Cab(r) = −Gab(r).
Fully disordered systems with ⟨pai

·pbj ⟩ = 0 ∀ i, j and a, b
have an orientational correlation function of zero. Fi-
nally, for r → ∞, Cab(r) → Pa · Pb, that is, the product
of orientational order parameters.

Note that, by construction, the pair distribution func-
tion as well as orientational correlation function are sym-
metric in the sense that GAB = GBA and CAB = CBA.
The effect of non-reciprocal interspecies couplings (see
Sec. II A) is expected to manifest itself in differences be-
tween the single-species correlations, such that GAA ̸=
GBB and CAA ̸= CBB [74].

D. Structure factor matrix in binary mixture

To characterize the density fluctuations close to phase
transitions in our binary mixture, we took inspiration
from established procedures developed for equilibrium
mixtures [76, 77]. Specifically, our approach involves
the computation of density fluctuations of the form
⟨δρa(r) δρb(r′)⟩, where a, b = A,B and δρa(r) = ρa(r)−
ρa0 with ρa0 as the density of the homogeneous system.
Here, we only consider instantaneous fluctuations and ne-
glect all time-dependencies. Using the definition of the
particle density in terms of sums over δ-functions, that

is, ρa(r) =
∑Na

ai=1 δ(r − rai
), one finds

⟨δρa(r) δρb(r′)⟩ = ⟨ρa(r) ρb(r′)⟩ − ρa0 ρ
b
0, (16)

where ⟨·⟩ denotes the ensemble average and ρa0 = ⟨ρa(r)⟩
in a uniform system. Further, the density correlation
⟨ρa(r) ρb(r′)⟩ is linked to the two-particle density

ρ
(2)
ab (r, r

′) =
〈 Na∑

ai=1

Nb∑
bj=1
bj ̸=ai

δ(r − rai
) δ(r′ − rbj )

〉
(17)

via [78]

⟨ρa(r) ρb(r′)⟩ = ρ
(2)
ab (r, r

′) + δab ρ
a
0 δ(r − r′). (18)

In homogeneous systems, the two-particle density de-
pends only on the difference r−r′ and is, in turn, related
to the pair correlation function Gab(r − r′) via [75]

ρ
(2)
ab (r − r′) = Gab(r − r′) ρa0 ρ

b
0. (19)

This relationship allows the calculation of density fluctu-
ations using the pair correlation function:

⟨δρa(r) δρb(r′)⟩
= ρa0 ρ

b
0 hab(r − r′) + δab ρ

a
0 δ(r − r′),

(20)

where hab(r − r′) = Gab(r − r′) − 1 denotes the total
correlation function. In Fourier space, and neglecting
angle dependencies, that is, hab(r − r′) = hab(|r − r′|),
the calculation simplifies to

1

V
⟨δρ̂a(k) δρ̂b(−k)⟩ = ρa0 ρ

b
0 ĥab(k) + δab ρ

a
0 , (21)

where Fourier transformed quantities are indicated by a
hat, ·̂ [79]. We note already here that in the present sys-
tem, the assumption of homogeneity and isotropy holds
only for short times (after starting from a random con-
figuration).
To characterize the type of phase transition related to

densities within the binary mixture, we consider two dif-
ferent type of fluctuations: fluctuations in the total den-
sity, δρ̂(k) = δρ̂A(k) + δρ̂B(k), and fluctuations in the
concentration, δĉ(k) = δρ̂A(k) − δρ̂B(k). These fluctua-
tions can be summarized in terms of the structure factor
matrix S(k), defined as

S(k) =

(
Sρρ(k) Scρ(k)
Scρ(k) Scc(k)

)
(22)

with matrix elements

Sρρ(k) =
1

V
⟨δρ̂(k) δρ̂(−k)⟩

= (ρA0 )
2 ĥAA(k) + (ρB0 )

2 ĥBB(k)

+ ρA0 + ρB0 + 2 ρA0 ρB0 ĥAB(k),

(23)

Scc(k) =
1

V
⟨δĉ(k) δĉ(−k)⟩

= (ρA0 )
2 ĥAA(k) + (ρB0 )

2 ĥBB(k)

+ ρA0 + ρB0 − 2 ρA0 ρB0 ĥAB(k),

(24)

and

Scρ(k) = Sρc(k) =
1

V
⟨δĉ(k) δρ̂(−k)⟩

= (ρA0 )
2 ĥAA(k)− (ρB0 )

2 ĥBB(k)

+ ρA0 − ρB0 .

(25)

We assume that, as in equilibrium, an instability re-
lated to a phase transition is signaled by the divergence
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FIG. 1. Stability diagram and particle simulation snapshots. The stability diagram (e) is obtained from a linear stability
analysis of the disordered base state in the continuum description. Marker points represent color-coded dynamical phases
from particle simulations, characterized as summarized in Table I. (c) Mean-field predictions (line) for angle α characterizing
asymmetric clustering. Dots are from structure factor analysis (see Fig. 8). Snapshots (a,b,d,f-i) show particle simulations
(t = 100 τ) with (a) gAB = gBA = 9, (b) gAB = gBA = 1, (d) gAB = gBA = −9, (f) gAB = −gBA = −9, (g) gAB = −gBA = 9,
(h) gAB = 6, gBA = −9, and (i) gAB = −gBA = −25. Other parameters are gAA = gBB = 3, Pe = 40, Φ = 0.4.

of fluctuations. To analyze such effects, we diagonal-
ize S(k) and inspect its eigenvalues (or their inverse)
and eigenvectors. Symmetric clustering (condensation)
is characterized by diverging fluctuations in the total
density, while a demixing phase transition is signaled
by diverging fluctuations in the concentration. Conse-
quently, the eigenvalues λ1/2(k) and corresponding (nor-

malized) eigenvectors v1/2(k) = (δρ̂(k), δĉ(k))T of ma-
trix S(k) indicate whether and what type of phase tran-
sition occurs. More specifically, when λ−1

1 (k) or λ−1
2 (k)

goes to zero, the respective eigenvector vmax indicates
whether the phase transition is predominantly symmet-
ric clustering (vmax ≈ xcon = (1, 0)T) or de-mixing
(vmax ≈ xdem = (0, 1)T). We quantify the degree of sym-
metric clustering and/or demixing in terms of the angle
α = arccos(vmax ·xcon) between the eigenvector vmax and
the vector xcon, representing symmetric clustering.

Besides symmetric clustering (α = 0) and demixing
(α = π/2), the angle α also indicates whether predom-
inantly species A or B forms clusters. In particular,
0 < α < π/2 corresponds to asymmetric clustering of
species A, while −π/2 < α < 0 corresponds to asymmet-
ric clustering of species B.
In our analysis, it turns out that the limit k → 0 is the

most relevant since λ−1
1/2 are smallest there. Therefore,

the presented results refer exclusively to this limit.
In principle, the analysis described above can also be

done for polarization fluctuations, which are closely re-
lated to the correlation function Cab(r) (see Eq. (15)).
The Fourier transformed orientational correlation is
given by

Ĉab(k) =
1

Ω

Na∑
ai=1

Nb∑
bj=1

〈∫
dr e−ik·r pai · pbj δ(r − rab

ij )

〉
,

(26)

which, at k = 0, corresponds to a spatial integral, yield-
ing

Ĉab(k = 0) =
1

Ω

Na∑
ai=1

Nb∑
bj=1

⟨pai · pbj ⟩. (27)

This expression relates the polarization fluctuations to
the susceptibilities introduced in Eq. (12) via

Ĉaa(k = 0) =
1

ρa0
(χa(Pa) +Na P

2
a ). (28)

In our calculations, we use the structure factor analysis
(and the underlying correlation functions) primarily to
characterize the short time behavior after initialization.
Specifically, we consider time-averages between 0.5 and
1 τ and between 4.5 and 5 τ .

IV. NON-EQUILIBIRUM PHASE BEHAVIOR
AND STABILITY DIAGRAM

In the present study, we focus on the behavior of
“weakly coupled” systems, where “weak” refers to the
value of intraspecies alignment gaa. These values are
chosen such that the dynamics is not dominated by flock-
ing in the entire gAB − gBA-plane. Specifically, we set
gAA = gBB = g = 3. This allows us to study the inter-
play of density and polarization dynamics (rather than
the latter alone).
We investigate the phase behavior by performing nu-

merical particle simulations and employing linear stabil-
ity analyses based on the continuum model at various
inter-species coupling strengths gAB and gBA. Details
regarding the linear stability analysis are presented in
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FIG. 2. Polarizations P and susceptibilities χ(P ) for (a,b)
gAB = gBA (reciprocal case) and (c,d) gAB = −gBA (non-
reciprocal case). Data represents time averages of particle
simulation results between 70 and 120 τ after initialization.

Appendix B. It turns out that the linear stability anal-
ysis yields accurate predictions in comparison with full
non-linear simulations of the continuum equations [19],
as shown in Appendix A 5. Our findings are summarized
in the non-equilibrium phase diagram presented in Fig. 1.

A. Reciprocal system

We start by considering the reciprocal system defined
by gAB = gBA = κ. When couplings between all species
are the same, i.e., gab = g = 3 (a, b = {A,B}), the system
reduces to an effective one-species system. Choosing this
as a starting point [white cross in Fig. 1(e)], we now
vary κ, moving along the diagonal white line in Fig. 1(e).
From particle simulations, we determine the evolution of
the polar order parameters, susceptibilities, and largest
cluster sizes as a function of the coupling strength κ. The
data are shown in Figs. 2(a,b) and 3(a).

Flocking: For κ ≳ g, the system exhibits flocking due
to strong alignment. The particles form a large mixed-
species cluster consisting of coherently moving particles,
as shown in snapshot in Fig. 1(a). The flocking behav-
ior is indicated by the large polarization order param-
eters Pcombi = PA = PB ≳ 0.8, see Fig. 2(a). The
coherent motion of almost all particles in the system
yields very small susceptibilities χ(P ) within the flock-
ing regime [Fig. 2(b)]. The cluster formation is reflected
by the large percentage of particles in the largest clus-
ter [Fig. 3(a)]. Note that, while the largest cluster size
involving all species, Nlcl, combi, is very large, the cor-

FIG. 3. Largest cluster sizes and distributions of lo-
cal area fraction for reciprocal and non-reciprocal systems.
Largest cluster sizes are shown for (a) gAB = gBA and (c)
gAB = −gBA, calculated as time averages of particle simu-
lation results between 70 and 120 τ after initialization. The
shaded areas depict the standard deviation of largest cluster
sizes within these simulation times. The distributions of the
position-resolved local area fraction for (b) gAB = gBA = 9.0
and (d) gAB = −gBA = 9.0 represent the time average be-
tween 98 and 100 τ after initialization.

responding species-resolved values are very small. This
expresses the mixed-species character of the cluster. The
distributions of local area fraction are shown in Fig. 3(b)
and support this observation. The double-peak struc-
ture of the distribution of combined local area fraction
of all particles clearly indicates the coexistence of a clus-
tered high-density region (Φcombi,cl. ≈ 0.7) and a dilute

low-density region (Φdilute ≈ 0). Considering only A-
or B-particles, the distribution still has two peaks but
the second (wider) peak has its maximum at ΦA/B,cl. ≈
0.3 ≪ Φcombi,cl..

Phase separation: Reducing κ such that |κ| < g, we
enter a regime of weak alignment (κ > 0) or weak anti-
alignment (κ < 0) between the two species. The global
polar order vanishes since, overall, the alignment cou-
plings become too weak to overcome rotational noise.
The system now exhibits pure phase separation, as shown
in the snapshot in Fig. 1(b). The decrease of polariza-
tion Pcombi as compared to the flocking regime [Fig. 2(a)]
is accompanied by a peak in the susceptibility χ(P )
of the (scalar) polar order parameter [Fig. 2(b)], indi-
cating a flocking transition at κ ≈ 0. At the same
time, also the clustering behavior starts to change from
mixed-species clusters (where Nlcl,a ≪ Nlcl,combi) to
more demixed, single-species clusters [where Nlcl,a ≲
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Nlcl,combi, Fig. 3(a)]. Notably, the particle simulations
reveal only a single peak of χ(P ) at κ ≈ 0, suggesting
that there is only one orientational transition between the
flocking and the anti-flocking regime. This does not quite
match the mean-field continuum theory, predicting two
flocking transitions, separated by an unpolarized regime,
namely, the anti-flocking transition at κ ≈ −3 and the
flocking transition at κ ≈ 3. We note in this context that
there are other examples in the literature [23, 80], where
flocking transitions in particle simulations take place at
lower coupling strengths than those predicted in the asso-
ciated continuum models. One reason could be an under-
estimation of the “effective” couplings in the continuum
model when considering a small interaction radius.

Anti-flocking: Further reduction of κ leads to strong
inter-species anti-alignment with κ ≲ −g. Here, parti-
cles of the same species each form flocks, while flocks
of different species move in opposite directions. The
anti-parallel orientated flocks consist of single-species
clusters, resembling a demixed state, as shown in the
snapshot in Fig. 1(d). Accordingly, the polarization Pa

of either species (a = A,B) approaches unity, while
the polarization Pcombi of the entire system approaches
zero [Fig. 2(a)]. The demixing of particle species is re-
flected by the largest cluster size with Nlcl,a approaching
Nlcl,combi [Fig. 3(a)]. Notably, the standard deviation of
the largest cluster size within the anti-flocking regime is
relatively large compared to the largest cluster size it-
self. Accordingly, visual inspection of simulation videos
(see movies in [28]) suggests that single-species clusters
in the anti-flocking regime are not very robust, but con-
stantly break up and re-form. This has implications on
the global polarization in the system: since a large per-
centage of particles is quite often not part of the largest
cluster, ordered regions cannot build up as successfully
as in the flocking regime. Therefore, fluctuations of the
polarization order parameter are larger. As a result, the
susceptibility χ(P ) in the anti-flocking regime is some-
what larger than in the flocking regime [Fig. 2(b)].

B. Non-reciprocal system

We now explore what happens when we deviate from
the reciprocal line, that is, gAB and gBA are considered
as mutually independent parameters.

Of particular interest are non-reciprocal situations
where particles of different species have competing goals.
These so-called antagonistic couplings are character-
ized by different signs of gAB and gBA, such that
gAB gBA < 0. We focus on the case gAB = δ = −gBA,
corresponding to the diagonal inclined to the right in
Fig. 1(e). From the continuum description, we deter-
mine the linear stability of the disordered state, see the
non-equilibrium phase diagram in Fig. 1. From particle
simulations, we determine the evolution of the polar or-
der parameters, susceptibilities, and largest cluster sizes
as a function of the coupling strength δ. The results are

FIG. 4. Snapshots illustrating the chase-and-run behavior of
asymmetric clusters for gAB = 6, gBA = −9 at two different
times (a) t = 89 τ and (b) t = 91 τ . The black arrow indicates
the average orientation within the largest A-cluster. Other
parameters are gAA = gBB = 3, Pe = 40, Φ = 0.4.

shown in Figs. 2(c,d) and 3(c).
Asymmetric clustering: For |δ| ≲ 20, the symmetric

phase separation of the reciprocal system transforms into
an asymmetric clustering state, consisting of clusters of
only a single species. The characteristic feature of this
state is that, depending on the sign of δ, only clusters
of species A [snapshot in Fig. 1(g)] or B [snapshot in
Fig. 1(f)] form, independent of initial conditions. This
phenomenon is predicted by both, particle simulations
and linear stability analyses. Intriguingly, the asymmet-
rical density dynamics arises from non-reciprocal orien-
tational couplings between the species whereas all steric
interactions are still fully symmetric [28]. Also, we re-
call that in our model, orientational couplings between
particles are isotropic, i.e., they only depend on the dis-
tance, not on the spatial configuration. The microscopic
origin of the asymmetric clustering is elucidated in [28]
and shortly illustrated in Appendix C. This phenomenon
is also reflected by the largest single-species cluster sizes
with Nlcl,A ≫ (≪)Nlcl,B for δ > (<)0 [Fig. 3(c)]. The
corresponding distributions of local area fractions are
shown in Fig. 3(d) for δ = 9. The combined-species
distribution of local area fraction has no distinct double-
peak structure (as in the reciprocal case), but is almost
flat. This indicates a coexistence of clustered and loosely
accumulated particles. The single-species distributions
indeed reflect the partial demixing (i.e., cluster forma-
tion) of A-particles (double-peak in P (Φ)), while most
B-particles are in a less dense configurations (single-
peak). Importantly, while the linear stability analysis
can predict the emergence of asymmetric clustering, the
dynamics of it can only be studied on the particle level.
Indeed, particle simulations at these parameters reveal
“run-and-catch” scenarios, otherwise known from scalar
non-reciprocal systems [1, 30, 50, 62, 63]. The single-
species clusters are strongly polarized with polarization
≳ 0.7. The polarized single-species clusters “chase” less
dense mixed-species accumulations, as shown in snap-
shots in Fig. 4. The single-species cluster polarization
is reflected in the global polarization PA(B) > PB(A)

for δ > (<)0 [Fig. 2(c)]. We note that the polariza-
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FIG. 5. The (scaled) largest cluster size considering (a) all
particles, (b) only species A. Black lines indicate flocking
transition lines from mean-field continuum predictions.

tion of the single-species clusters is unexpected from the
continuum analysis, which only predicts the asymmetric
clustering itself. Therefore, also the peaks in the sus-
ceptibilities χ(P ) at δ ≈ 0 [Fig. 2(b)], commonly indi-
cating a non-equilibrium transition to a flocking state,
are only observed in the particle level approach. The
single-species susceptibility χa(Pa) clearly reflects strong
fluctuations of polarization in the asymmetric clustering
regime, which might arise from the fact that not all a-
particles are part of the asymmetric a-clusters.

Parameter-dependency of asymmetric clusters: When
we deviate from the fully anti-symmetric case (gAB =
−gBA), the linear stability analysis still predicts asym-
metric clustering for a broad range of intermediate an-
tagonistic couplings, see Fig. 1. Moreover, this method
also predicts the degree of asymmetric clustering, quanti-
fied by the angle α (solid line in Fig. 1(c), Appendix B).
A(B)-clustering is the most pronounced for α = (−)45◦.
Yet, we note that the degree ofA(B)-clustering is not uni-
form. In particular, towards the flocking transition line,
the degree of single-species clustering decreases. This
means, for example, that A-clustering is predicted to be
more pronounced for gAB = 6, gBA = −9 [α = 43◦, snap-
shot in Fig. 1(h)] than for gAB = 9, gBA = −6 [α = 39◦,
snapshot in Fig. 1(g)]. From particle simulations, we cal-
culate the largest cluster sizes Nlcl,combi and Nlcl,A for
the whole gAB − gBA-plane. The results are shown in
Fig. 5. We find that Nlcl reflects the trends predicted
by the linear stability analysis: within the asymmetrical
clustering regimes, Nlcl,combi is larger close to the anti-
flocking than flocking regime [Fig. 5(a)]. This can be
explained through microscopic considerations outlined in
Appendix C. The comparison with Nlcl,A [Fig. 5(b)] con-
firms previous observations: the system exhibits mixed-
species clustering in the flocking regime, demixing in the
anti-flocking regime, and asymmetrical clustering (whose
degree depends on the specific values of gAB , gBA) in the
antagonistic coupling regime.

Disorder: Finally, for very strong, fully antisymmetric
antagonistic couplings (|δ| ≳ 20), the clustering behav-
ior is suppressed and the homogeneous disordered state
emerges [snapshot in Fig. 1(i)].

FIG. 6. Positional and orientational pair correlation func-
tions for (a,b) gAB = gBA = 9, (c,d) gAB = gBA = −9, and
(e,f) gAB = −gBA = 9. The intraspecies alignment strength is
gAA = gBB = 3. The correlation functions represent time av-
erages between 0.5 and 1 τ after initialization.

V. TRANSLATIONAL AND ORIENTATIONAL
CORRELATIONS

To further explore the microscopic structure we now
discuss positional and orientational pair correlation func-
tions as defined in Eqs. (13) and (15). We focus on the
emergence of correlations after initialization from a dis-
ordered state and, thus, on short times. For simplicity,
we here neglect the angle-dependency of the pair corre-
lation function and consider directly the angle-averages
Gab(r) = ⟨Gab(r, ϕ)⟩ϕ and Cab(r) = ⟨Cab(r, ϕ)⟩ϕ. Results
are shown in Fig. 6.

In case of strong reciprocal alignment (g = 3, κ = 9),
the system exhibits a phase-separated flocking state (see
Sec. IV). Here, the short-time pair correlation functions
Gab(r) have pronounced first peaks at about one parti-
cle diameter, followed by smaller double peaks around
r/σ ≈ 2 [Fig. 6(a)]. The latter feature is characteristic
of a clustering of particles in locally hexagonal arrange-
ments. At large distances, the Gab(r) tends to unity,
as expected. Noticeably, in this reciprocal case with
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κ > g, the two intraspecies correlations are the same,
GAA = GBB , while the inter-species correlations differ,
GAB > GAA. The reason is that alignment promotes
clustering [21], such that species a is more likely to be sur-
rounded by species b ̸= a than by the same species. This
reflects the mixed-species clustering. For the depicted
small particle distances, the corresponding orientational
correlation functions Cab(r) show very similar features as
Gab(r) [Fig. 6(b)], indicating the parallel orientation of
close-by particles in the flocking case. At large distances,
Cab(r) tends to zero (not shown). This is due to the short
times considered, where orientational correlations do not
yet span over the entire system.

We now consider strong reciprocal anti-alignment
(g = 3, κ = −9), where the system exhibits a
demixed anti-flocking state (see Sec. IV). The pro-
nounced peaks in Gab(r) indicate again a clustering of
particles [Fig. 6(c)]. However, contrary to the flock-
ing case, the anti-alignment between particles of differ-
ent species results in GAB < GAA = GBB , reflecting
the demixing. The corresponding orientational correla-
tion functions [Fig. 6(d)] support the observation that
particles of the same species are aligned (Caa ≈ Gaa,
a = A,B), whereas particles of different species are anti-
aligned (CAB ≈ −GAB). At large distances, the short-
time orientational correlations vanish.

Finally, in case of non-reciprocal (anti-)alignment (δ =
9), the pair correlation functions exhibit a distinctive fea-
ture: the intraspecies correlations are no longer the same,
i.e., GAA ̸= GBB [Fig. 6(e)]. Further, while Gab(r) still
exhibits a pronounced first peak, the peaks at larger dis-
tances disappear. This indicates that the system is, over-
all, in a more disordered state compared to the cases dis-
cussed before. The asymmetry GAA > GBB in the first
peak is related to the asymmetric cluster growth observed
in longer particle simulations. Indeed, for the present
parameters, particles of species A start clustering, while
B-particles only form loose accumulations. Finally, the
orientational correlations [Fig. 6(f)] express the enhanced
alignment of species A as compared to B (CAA > CBB),
while there are essentially no correlations between parti-
cles of different species (CAB ≈ 0).

To summarize this paragraph, we have seen that pair
correlation functions, that are calculated shortly after the
initialization of the simulation, can successfully predict
the emerging clustering and local (anti-)alignment. In
particular, these functions reveal the asymmetry of dy-
namical structures when non-reciprocal interactions are
at play. This type of information is clearly not available
in the simpler MF continuum approach.

VI. STRUCTURE FACTOR ANALYSIS

Given the detailed structural description provided by
the correlation functions (Sec. V), it seems plausible to
use these quantities as an input for a systematic fluctu-
ation analysis. To this end, as outlined in Sec. IIID, we

FIG. 7. Elements of the structure factor matrix [Eq. (22)] for
(a) gAB = gBA, (b) gAB = −gBA, (c) gAB = −9, and (d)
gAB = 9. The intraspecies coupling is gAA = gBB = 3. The
matrix elements are calculated as a time average between 4.5
and 5 τ after initialization.

calculate the two-dimensional matrix S(k) of structure
factors, i.e., density fluctuations, at k = 0. The calcu-
lations of S(k) are done at short times. Examples for
the elements of S(k) as a function of the orientational
coupling parameters are shown in Fig. 7. We then ex-
tract the (inverse) eigenvalues λ−1

1/2 and related angles α

from the eigenvectors to obtain a prediction for the type
of phase separation. Data are shown in Fig. 8. In ad-
dition to density fluctuations involved in S(k), we also
consider long-wavelength polarization fluctuations that
are measured by the susceptibilities χ(P ), see Sec. IIID.
Corresponding results (obtained at long times) are shown
in Fig. 9.
We first consider the reciprocal line (gAB = gBA = κ).

The mean-field linear stability analysis predicts, depend-
ing on κ, anti-flocking, phase separation without flock-
ing, and flocking (Sec. IV). The fluctuation analysis
reveals that within the anti-flocking regime (κ < 0),
concentration fluctuations (i.e., Scc) dominate, whereas
in the flocking regime (κ > 0), density fluctuations
(i.e., Sρρ) become prominent [Fig. 7(a)]. Mixed density-
concentration fluctuations Sρc are around zero for all κ.
Consistent with these finding, the eigenvalue and eigen-
vector analysis predicts an instability (λ−1

1 ≈ 0) and the
transition from a demixing (α ≈ ±π/2) towards a sym-
metric clustering instability (α ≈ 0) at κ ≈ 0 [Fig. 8(a)].
Considering now polarization fluctuations, we find that
the species-independent susceptibility χcombi(Pcombi) of
all particles is very small in the anti-flocking state (where
Pcombi ≈ 0) and increases in the flocking state (where
Pcombi ≲ 1), as shown in Fig. 9(a). The increased value
in the flocking regime indicates that, although almost all
particles are aligned, fluctuations (probably) transver-
sal to the flocking direction are quite strong. In fact,



11

such transversal fluctuations are also present in the anti-
flocking regime as seen from the single-species suscepti-
bilities χa(Pa). Importantly, since χcombi(Pcombi) is large
throughout the flocking regime, we do not see a distinct
peak at the flocking transition (κ ≈ 0), in contrast to
the clear peak of χ(P ) in Fig. 2(b). Here, a more de-
tailed investigation of the impact of noise averages would
be interesting, however, the calculations are very time-
consuming. We thus felt that this issue is beyond the
scope of the present work.

We now consider the case of fully anti-symmetric non-
reciprocal couplings, i.e., gAB = −gBA = δ. Here, we
find Sρρ > Scc for all δ [Fig. 7(b)]. Furthermore, mixed
density-concentration fluctuations Sρc are non-zero and
change sign at the same time as δ changes sign. The in-
verse eigenvalues in the non-reciprocal case are non-zero
for all finite values of δ [Fig. 8(b)], expressing the fact that
all density fluctuations are large, but not divergent (as
it occurs in the reciprocal case). The eigenvector angle
of α ≈ −(+)π/4 indicates asymmetric B-(A-)clustering
for δ < (>)0, consistent with our previous observations.
We also find that the susceptibility χcombi(Pcombi) has
two peaks at δ ≈ ±1, accompanied by the single-species
susceptibilities χA(B)(PA(B)) at δ ≈ −(+)1. This indi-
cates that even in the regime of weak asymmetric cluster-
ing of species a, small polarized b-clusters (b ̸= a) form.
Yet, the polarization direction of these b-clusters under-
lies heavy fluctuations.

Setting gBA = −9 and increasing gAB from the same
value, we move along an horizontal line in the stability di-
agram Fig. 1(e) from the anti-flocking to the asymmetric
A-clustering phase. Along this way, pure concentration
fluctuations, Scc, dominate [Fig. 7(c)]. Further, mixed
fluctuations, Sρc, become non-negative for small |gAB |.
Correspondingly, the eigenvalues and -vectors indicate a
transition from a demixed state (related to anti-flocking),
to asymmetric A-clustering [Fig. 8(c)].

As a final example, we consider gBA = 9. Here,
pure density fluctuations are found to dominate for all
gAB [Fig. 7(d)]. The transition from the asymmetric
B-clustering to a symmetric phase separation seen in
Fig. 1(e) is reproduced by the eigenvalues and -vectors
[Fig. 8(d)]. Noticeably, the non-zero (negative) mixed
fluctuations, Sρc, which accompany the asymmetric clus-
tering transition, are significantly less pronounced than
in the gBA = −9 case [Fig. 7(c)]. This reflects the de-
pendency of asymmetric clustering (and related cluster
sizes, Fig. 5) not only on the sign of gAB and gBA, but
also on their ratio.

In this section, we have shown that a systematic analy-
sis of long-wavelength fluctuations yields a reliable route
towards state transformations in agreement with the
preceding particle-level analysis and MF results (where
available). The fluctuations analysis additionally pro-
vides detailed information on the clustering behavior and
corresponding cluster polarization. As such, the pre-
dictions are more detailed than those from MF (as ex-
pected).

FIG. 8. Eigenvalues of the structure factor matrix (eq. (22))
for (a) gAB = gBA = κ, (b) gAB = −gBA = δ, (c)
gAB = −9, and (d) gAB = 9. The intraspecies coupling is
gAA = gBB = 3. The matrix elements are calculated as a
time average between 4.5 and 5 τ after initialization.

FIG. 9. Susceptibility χ(P ) for (a) gAB = gBA = κ and (b)
gAB = −gBA = δ. Data represents time averages between 70
and 120 τ after initialization.

In fact, in some cases, we find quantitative agreement
when comparing fluctuation and MF stability analysis.
In Fig. 1(c), we have plotted the phase separation angle
α as a function of δ. It is seen that both methods con-
sistently predict a gradual transition from asymmetric
B-clustering to symmetric clustering and, finally, asym-
metric A-clustering.
This very good agreement is indeed not obvious.

Within the MF linear stability analysis, clustering is de-
tected at finite wavelength (k > 0), in contrast to polar-
ization instabilities ((anti-)flocking) that occur at k = 0
[19]. In turn, our analysis of density fluctuations, which
is based on short-time correlation functions, pertains to
k = 0. By this we monitor long-range correlations of fluc-
tuations (rather than instabilities of k = 0-related mean
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values in MF).

VII. SUMMARY AND CONCLUSIONS

In this paper, we investigated dynamical structures
and pattern formation in a binary mixture of mutu-
ally repelling and non-reciprocally aligning particles us-
ing methods on different scales. While our mean-field
hydrodynamic description already identifies instabilities
and emerging large-scale patterns [28], our primary focus
in the present paper was to describe and understand the
emerging translational and orientational structures from
a microscopic (particle-based) perspective.

To this end, we performed extensive particle simu-
lations based on the Langevin equations of the sys-
tem. Calculating order parameters, susceptibilities, and
pair correlations allowed us to characterize different non-
equilibrium phases and associated transitions, which
were then compared to the predictions of the continuum
model.

As already outlined in [28], the reciprocal system ex-
hibits symmetric (anti-)flocking and phase separating
states, while antagonistic non-reciprocal orientational
couplings induce asymmetric clustering of only one par-
ticle species. This is indeed remarkable given that the
translational interactions in our model are fully symmet-
ric (as are the dynamical parameters) and do no couple
to the orientations. The here presented particle-based
analysis shows that the emerging single-species clusters
are strongly polarized, while the full system does not fea-
ture long-range order. Further, we observe a “chase-and-
run” behavior, where the single-species clusters chase the
more loosely accumulated particles of the other species.
The asymmetry in cluster formation can be explained on
the microscopic level by the stabilization of clusters of
the stronger aligning species, while clusters of the anti-
aligning species dissolve. Interestingly, this phenomenon
is already reflected in the pair correlations shortly after
the initialization of the system. Consequently, our fluctu-
ation analysis based on density-concentration structure
factors provides a very accurate prediction of the clus-
tering phenomenon. Furthermore, we have seen that the
various (anti-)flocking transitions predicted by the mean-
field theory are accompanied by peaks of the correspond-
ing susceptibilities.

From a methodological point of view, the present study
confirms that the mean-field continuum theory does not
only predict the non-equilibrium phases seen in the Brow-
nian dynamics simulations. In fact, to some extent there
is also quantitative agreement, a prime example being
the degree of asymmetric clustering [Fig. 1(c)]. On the
other side, as expected, the particle simulations provide
additional structural and dynamical insights that surpass
the mean-field continuum description.

Our findings are relevant to various real non-
equilibrium systems, where non-reciprocity is, in fact,
quite common. An experimental realization is given

by mixture of “colloidal Quincke rollers” [55]. Quincke
rollers are insulating particles, dissolved in a conducting
fluid, which start to self-propel when an electric field is
applied [81]. Interactions between these particles com-
prise steric repulsion and (anti-)alignment torques in-
duced by hydrodynamic and electrical couplings. For col-
loidal rollers of different sizes, it has been shown that the
(anti-)alignment torques become non-reciprocal, leading
to spontaneous demixing [55]. This experiment demon-
strates the coupling between (non-reciprocal) orienta-
tional torques and demixing. Yet, while Quincke rollers
interact via (more complex) hydrodynamic and electri-
cal dipolar interactions, our model comprises much “sim-
pler”, Vicsek-like torques. Understanding the impact of
non-reciprocal orientational couplings on repulsive sys-
tems or systems with other isotropic interactions is there-
fore essential for gaining insights into the overall collec-
tive behavior of such systems.
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Appendix A: Continuum model

In this Appendix we provide information on the mean-
field like continuum model with which our particle-based
results are compared. The essential steps of the deriva-
tion of the continuum model have been described in detail
in [19]. Here, we give a brief summary.

1. Steric effects

We start with our treatment of steric effects in the con-
tinuum theory. Previous numerical [9, 22] and analytical
[9, 10, 22, 82] studies have shown that, for systems of
particles of finite size, self-propulsion introduces a force
imbalance (since there are more particles in front than
behind a reference particle). The force imbalance leads
to an effective velocity reduction depending on the den-
sity of surrounding particles. However, the mean-field
character of our continuum theory disregards the struc-
ture of pair correlations, which become anisotropic due
to activity. As a result, on the mean-field continuum
level, a constant self-propulsion speed does not repro-
duce motility-induced phase separation (MIPS) into low-
and high-density regions [6, 11, 12, 19, 24, 67].
In order to account for this characteristic phenomenon

in an interacting repulsive system, we employ an effec-
tive density-dependent velocity of the active particles
on the continuum level, rather than the constant speed
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v0 appearing in LE (1) [9, 10, 22, 23, 82–84]. Specifi-
cally, we assume that the effective velocity is given by
[9, 10, 22, 82, 84]

v = veff(ρ) = v0 − ζ ρ. (A1)

Eq. (A1) expresses the fact that particles are slowed down
in crowded situations, depending on the overall local par-
ticle density, ρ = ρ(r) =

∑
a ρ

a, and the “friction”-like
velocity-reduction parameter, ζ.
Note that the ansatz (A1) disregards the effect of align-

ment couplings on the effective velocity (which are, in
fact, non-negligible for gAB , gBA ≥ 3). As indicated by
our particle-simulations, the density-dependent decrease
is, strictly speaking, only observed for anti-alignment or
non-reciprocal couplings. Still, Eq. (A1) provides a con-
venient starting point for handling repulsive forces.

The Langevin equations from which the continuum
model is derived are therefore given by

ṙα(t) = veff(ρ)pα + ξα(t) (A2a)

θ̇α(t) = µθ

∑
β ̸=α

T α
al (rα, rβ , θα, θβ) + ηα(t) (A2b)

with the torque

T α
al (rα, rβ , θα, θβ) = kab sin(θβ −θα)Θ(Rθ−rαβ). (A3)

2. Derivation

To derive the continuum model, we closely follow the
steps presented in [19, 31, 85]. The first step is a mean-
field Fokker-Planck equation for the one-particle proba-
bility density function (PDF)

fa(r, θ, t) =
1

Na

Na∑
α

⟨δ(r − rα(t)) δ(θ − θα(t))⟩. (A4)

The resulting Fokker-Planck equation is given by

∂

∂t
fa(r, θ, t) =−∇ ·

{
fa(r, θ, t) veff(ρ)p(θ)

}
− ∂θ

{
fa(r, θ, t)µθ If (r, θ, t)

}
+ ξ∇2 fa(r, θ, t) + η ∂2

θ f
a(r, θ, t),

(A5)

where∇ and ∂θ denote derivatives in space (r) and orien-
tation angle (θ), respectively, and If (r, θ, t) denotes the
integral

If (r, θ, t)

= π R2
θ

∫ ∑
b

Nb kab sin(θ
′ − θ) f b(r, θ′, t) dθ′.

(A6)

Here, we used the mean-field approximation, which as-
sumes that the two-particle PDF f(r, r′, θ, θ′, t) is the
product of two one-particle PDFs.

To evaluate the remaining orientational integral in
Eq. (A6) and derive time-evolution equations for (ori-
entational) moments, we follow the approach outlined
in [86] and express the one-particle PDF in terms of its
Fourier expansion with respect to the angle θ, i.e.,

fa(r, θ, t) =
1

2π

n=∞∑
n=−∞

f̂a
n(r, t) e

−inθ. (A7)

The time-evolution of coefficients is given by [19]

∂tf̂
a
n

=− 1

2

[
∂z (v

eff(ρ) f̂a
n−1) + ∂z (v

eff(ρ) f̂a
n+1)

]
+

R2
θ µθ π

2

∑
b

Nb kab n
{
f̂a
n−1 f̂

b
1 − f̂a

n+1 f̂
b
−1

}
− ξ ∂z ∂z f̂

a
n − η n2 f̂a

n ,

(A8)

where ∂z = ∂x+ i ∂y and ∂z = ∂x− i ∂y [31]. The Fourier
modes can be related to moments of the one-particle PDF
fa(r, θ, t). In particular, the particle density (related to
mode n = 0) is given by

ρa(r, t) = Na f̂
a
0 (r, t) = Na

∫ π

−π

fa(r, θ, t) dθ. (A9)

Next, the polarization density (related to mode n = 1) is
defined as

wa(r, t) = Na

(
Re(f̂a

1 )

Im(f̂a
1 )

)
= Na

∫ π

−π

fa(r, θ, t)p(θ) dθ,

(A10)

describing the average orientation of particles of species
a via wa/ρa.

The time evolution (A8) of the Fourier modes f̂a
n rep-

resents a hierarchical set of equations, necessitating the
use of a consistent closure scheme. Here, we use a scaling
ansatz [86, 87], yielding

f̂a
2 = − 1

4 η

(
1

2
∂z (v

eff(ρ) f̂a
1 )

−R2
θ µθ π

∑
b

Nb kab f̂
a
1 f̂ b

1

)
.

(A11)

By applying the closure relation, the full dynamics of
the one-particle PDF is reduced to the dynamics of the
particle and polarization density.

3. Continuum equations

Using Eqs. (A8) and (A11), the evolution equation for
the density fields (A9) becomes

∂tρ
a +∇ · ja = 0 (A12)
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with flux

ja = veff(ρ)wa −Dt ∇ ρa. (A13)

The flux involves the polarization density wa, which
evolves according to

∂tw
a

=− 1

2
∇

(
veff(ρ) ρa

)
−Dr w

a +
∑
b

g′ab ρ
a wb

+Dt ∇2 wa +
veff(ρ)

16Dr
∇2

(
veff(ρ)wa

)
−

∑
b,c

g′ab g
′
ac

2Dr
wa (wb ·wc)

− z

16Dr
∇ρ ·

[
∇
(
veff(ρ)wa)−∇∗(veff(ρ)wa∗)]

+
∑
b

g′ab
8Dr

[
wb · ∇

(
veff(ρ)wa)

+wb∗ · ∇
(
veff(ρ)wa∗)− 2

{
veff(ρ)wa · ∇wb

+wb ∇ ·
(
veff(ρ)wa)− veff(ρ)wa∗ · ∇wb∗

−wb∗ ∇ ·
(
veff(ρ)wa∗)}].

(A14)

As explained in [19], the density flux ja, given in equa-
tion (A13), reflects that the motion of particles belonging
to species a in space is a result of their self-propulsion in
the direction wa. The self-propulsion velocity is not con-
stant but particles are slowed down in crowded situations
due to the density-dependent velocity veff(ρ) = Pe − z ρ
with ρ =

∑
b ρ

b. Additionally, the flux comprises transla-
tional diffusion. The evolution of the polarization density
wa, as described by equation (A14), stems from vari-
ous contributing factors. These include the tendency of
particles to swim (with increasing speed) towards low-
density regions (first term on right-hand side), the decay
of the polarization due to rotational diffusion (second
term), and the orientational coupling of particles among
all species (third term). The remaining (diffusional and
non-linear) terms contribute to the smoothing out of low-
and high-polarization regions.

In Eq. (A14), we have introduced w∗ = (wy,−wx)
T

and ∇∗ = (∂y,−∂x)
T. The equations are non-

dimensionalized with a characteristic time scale τ and
a characteristic length scale ℓ. The particle and polar-
ization densities of species a are scaled with the aver-
age particle density ρa0 . The remaining five dimensionless
control parameters are the Péclet number Pe = v0 τ/ℓ,
z = ζ ρ0 τ/ℓ measuring the particle velocity-reduction
due to the environment, the translational diffusion co-
efficient Dt = ξ τ/ℓ2, the rotational diffusion coefficient
Dr = η τ , and g′ab = kab µθ R

2
θ π ρb0 τ/2 as relative orienta-

tional coupling parameter. Thereby, g′ab > 0 leads to an
alignment and g′ab < 0 to an anti-alignment of particles.
The five control parameters are summarized in Table II.

parameter definition description
Pe v0 τ/ℓ Péclet number
z ζ ρ0 τ/ℓ particle velocity-reduction
Dt ξ τ/ℓ2 translational diffusion
Dr η τ rotational diffusion
g′ab kab µθ R

2
θ π ρb0 τ/2 orient. coupling strength

TABLE II. The five control parameters in the non-
dimensionalized continuum description (A12) – (A14) with
characteristic time and length scales, τ and ℓ, and average
density ρ0 =

∑
a ρ

a
0 .

4. Parameter choice with respect to particle-based
model

In our continuum model, most parameters can be
directly adopted from the considered particle simula-
tion parameters. These include the Péclet number,
Pe = 40, and the rotational diffusion constant, Dr =
η τ = 3 · 2−1/3. The area fraction in particle simu-
lations, Φ = 0.4, corresponds to the number density
ρ0 = 2 ρa0 = 4/πΦ, where ρa0 = 2/πΦ. The orientational
couplings in continuum simulations (g′ab) are related to
those in the particle simulations (gab) via g′ab = 1.6 gab,
given Rθ = 2 ℓ. We consider systems with fixed weak in-
traspecies coupling strengths, gAA = gBB = 3, while the
interspecies coupling strengths gAB and gBA are chosen
independently.
However, there are two parameters that require special

attention: the velocity reduction parameter, ζ, and the
translational diffusion constant, Dt.
The parameter ζ [that arises in Eq. (A1)] is determined

by considering the pair distribution function Gab(r, θ)
[Eq. (13)] and evaluating the integral [9, 10, 22]

ζ =

∫ ∞

0

dr r [−µr U
′(r)]

∫ 2π

0

dθ cos(θ)Gab(r, θ),

(A15)
where µr is the (spatial) mobility and U ′(r) represents
the derivative of the WCA potential with respect to the
interparticle distance, r. To isolate the effect of steric re-
pulsion (that is, to exclude the effect of (anti-)alignment),
we simulate a (single-species) ABP system without ori-
entational couplings, while keeping the other parameters
the same. We obtain the non-dimensionalized velocity
reduction parameter z = ζ ρ0 τ/ℓ = 57.63 = 0.37Pe/ρa0 .
This choice places the system well within the MIPS in-
stability region for a wider range of alignment strengths
[19].
The second parameter requiring special attention is the

translational diffusion coefficient, Dt, within the contin-
uum model. Notably, Dt does not correspond to the
quantity ξ τ/ℓ2 (with ξ = 1 in our particle simulations).
In previous studies of repulsive active Brownian particles
[9, 10, 22], Dt has been related to the (constant) long-
time diffusion coefficient of the passive particle system,
which is generally lower than that of the active system.
Yet, other studies have shown that the diffusion constant
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in the continuum model needs to depend on the local den-
sity to achieve quantitative agreement with simulations
[83, 88]. Additionally, our particle-based simulations re-
veal that the diffusion constant depends significantly on
the strength and non-reciprocity of (anti-)alignment cou-
plings.

To keep the calculations treatable, we make an ad-hoc
choice of Dt = 10 in our continuum description. This
choice enables the continuum model to capture qual-
itatively the various observed behaviors of the system
at different orientational coupling strengths. Smaller or
larger values of Dt lead qualitatively to the same behav-
ior on the coarse-grained level of description. The precise
value only affects the location of the transition from the
asymmetrical clustering to the disordered state in the
gAB − gBA-plane.

5. Continuum simulations

In this study, we mainly use the MF continuum model
as a starting point for a linear stability analysis, see Ap-
pendix B. To test the validity of this analysis, we have
also performed numerical simulations of the full contin-
uum Eqs. (A12)–(A14) in two-dimensional periodic sys-
tems.

To this end, we employ a pseudo-spectral code com-
bined with an operator splitting technique, allowing us to
accurately treat the linear operator using a fourth-order
Runge Kutta time integration scheme [89]. The initial
state is chosen as a slightly perturbed disordered state
with zero polarization w(r, 0) = 0 and a constant den-
sity ρa(r, 0) = ρa0 . The two-dimensional simulation box
of size 50 × 50 is discretized into 125 × 125 grid points.
Other parameters are specified in Appendix A 4.

Snapshots of the continuum simulations corresponding
to three different inter-species coupling strengths gAB ,
gBA are shown in Fig. 10. In case of strong reciprocal
alignment with gAB = gBA = 9, the continuum simula-
tions demonstrate the formation of high-density bands
where particles of both species occupy the same space
and align in the same direction, characteristic for a flock-
ing state [Fig. 10(a)]. Conversely, for strong reciprocal
anti-alignment, particles of both species accumulate in
separate high-density regions. Within these regions, par-
ticles of the same species align and form flocks that face
the anti-parallel flock of the other species [Fig. 10(b)].
In case of non-reciprocal (anti-)alignment couplings of
strengths gAB = −gBA = 9, the continuum simulations
evolve towards a pattern of co-existing higher and lower
density regions [Fig. 10(c)]. Both species A and B accu-
mulate in roughly the same regions, without significant

emerging polarization. The density of species A is larger
than of species B, such that one may conclude that
cluster formation is increased for species A as compared
to B. Importantly, the continuum simulations of these
three scenarios yield stationary patterns, in contrast
to the dynamical phases observed in particle simulations.

Appendix B: Mean-field linear stability analysis

As a major tool to explore the overall phase behavior,
we investigate the linear stability of the disordered, uni-
form state characterized by a uniform density and zero
polarization for both species a = A,B, i.e., (ρa,wa) =
(ρa0 ,0). This can be done analytically. To this end, we
consider perturbations to the disordered state involving
all wave vectors k,

ρa′(r, t) =

∫
ρ̂a(k) eik·r+σ(k)t dk (B1a)

wa′(r, t) =

∫
ŵa(k) eik·r+σ(k)t dk. (B1b)

In this way, perturbations are expressed as plane waves
with a (complex) growth rate σ(k) and amplitudes ρ̂a(k)
and ŵa(k). Here, σ depends only on the wave number
k = |k|, because we study the stability of the isotropic
base state.

As we consider a binary mixture of species and are
interested in the collective dynamics of the species with
respect to each other, we look at perturbations in the
combined field quantities ρA+ρB (total density), ρA−ρB

(density difference), wA + wB (total polarization), and
wA −wB (polarization difference).

To this end, we insert the ansatz ρa(r, t) = ρa0 +
ρa′(r, t), wa(r, t) = wa′(r, t) into the time evolution
equations for ρA+ρB , ρA−ρB , wA+wB , and wA−wB ,
which are readily obtained from Eqs. (A12) - (A14). We
then assume ρa′ and wa′ to be small. Linearization leads
to a system of equations that is decoupled with respect
to wave number k. For each k, we arrive at an eigenvalue
equation

σ(k)v(k) = M(k) · v(k). (B2)

Here, the 6-component eigenvector v(k) = (ρ̂A+ρ̂B , ρ̂A−
ρ̂B , ŵA

x + ŵB
x , ŵA

y + ŵB
y , ŵA

x − ŵB
x , ŵA

y − ŵB
y )T contains

the possible perturbations of the particle densities and
the two components of the polarization densities. The
6× 6 matrix M(k) is given by
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FIG. 10. Continuum simulations. (a) gAB = gBA = 9. (b) gAB = gBA = −9. (c) gAB = −gBA = 9. The patterns are
stationary. Other parameters are chosen as described in Appendices A 4 and A5.

non-eq. state eigenvalues σi eigenvector v of largest real eigenvalue

disorder Re(σi(k)) ≤ 0 for all k and i = 0, ..., 6 –

flocking Re(σi(k = 0)) > 0 for any i largest entries of eigenvector in ŵA + ŵB

anti-flocking Re(σi(k = 0)) > 0 for any i largest entries of eigenvector in ŵA − ŵB

sym. clustering Re(σi(k = 0)) ≤ 0 for all i and global maxi-
mum Re(σi(kmax)) at kmax > 0 for any i

α ≈ 0

de-mixing Re(σi(k = 0)) ≤ 0 for all i and global maxi-
mum Re(σi(kmax)) at kmax > 0 for any i

α ≈ ±π/2

asym. cl. A Re(σi(k = 0)) ≤ 0 for all i and global maxi-
mum Re(σi(kmax)) at kmax > 0 for any i

0 < α < π/2

asym. cl. B Re(σi(k = 0)) ≤ 0 for all i and global maxi-
mum Re(σi(kmax)) at kmax > 0 for any i

−π/2 < α < 0

TABLE III. Characterization of non-equilibrium states in the repulsive binary mixture with non-reciprocal orientational align-
ment couplings in terms of eigenvalues and eigenvector corresponding to largest eigenvalue. The angle α = arccos(vρ · xcon)
with vρ = (ρ̂A + ρ̂B , ρ̂A − ρ̂B)T and xcon = (1, 0)T indicates the type of phase transition.

M(k) =


−Dt k

2 0 −i kx v(ρ0) −i ky v(ρ0) 0 0
0 −Dt k

2 0 0 −i kx v(ρ0) −i ky v(ρ0)
− i

2 (v(ρ0)− zρ0)kx 0 C++ −Dw 0 C+− 0
− i

2 (v(ρ0)− zρ0)ky 0 0 C++ −Dw 0 C+−
0 − i

2v(ρ0)kx C−+ 0 C−− −Dw 0
0 − i

2v(ρ0)ky 0 C−+ 0 C−− −Dw

 , (B3)

where ρ0 = ρA0 + ρB0 , V = v(ρ0) − z ρa0 , Dw = Da k
2 +

Dr, and Da = v2(ρ0)/(16Dr) + Dt. The orientational
couplings are given by

C++ =
ρa
0

2 (g′AA + g′AB + g′BA + g′BB), (B4)

C+− =
ρa
0

2 (g′AA − g′AB + g′BA − g′BB), (B5)

C−+ =
ρa
0

2 (g′AA + g′AB − g′BA − g′BB), (B6)

C−− =
ρa
0

2 (g′AA − g′AB − g′BA + g′BB). (B7)

From Eq. (B2), we can derive analytical expressions for
the (complex) growth rates σ(k), which play the roles
of eigenvalues. We mainly focus on the real part of the
eigenvalues, Re(σ), which determines the actual growth
or decay of the perturbations in time. The imaginary
parts are related to oscillatory behavior (which is essen-
tially absent at the parameters studied in this work). The
disordered state becomes linearly unstable if Re(σ(k)) >
0 for any k. We monitor all six functions Re(σ(k)) and
analyze the largest value and corresponding eigenvector,
which determine the type of emerging dynamics at short
times [19].
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At k = 0, the eigenvalues read

σ1/2(k = 0) = 0 (B8a)

σ3/4/5/6(k = 0) = (gAA + gBB)
ρa0
2

−Dr (B8b)

±
√

(4 gAB gBA + (gAA − gBB)2)
(

ρa
0

2

)2
.

The first two growth rates (B8) vanish due the conser-
vation of the particle density. The other four growth
rates are related to polarization dynamics. They can
become positive for strong enough alignment and even
imaginary for antagonistic inter-species couplings (i.e.,
gAB gBA < 0).

1. Characterization of emerging states

The emerging non-equilibrium states can be charac-
terized in terms of eigenvalues and the eigenvector corre-
sponding to the largest eigenvalue.

As stated before, the real parts of the (six) eigenval-
ues, Re(σi) of M(k) [see Eq. (B3)], indicate whether the
disordered (base) state is stable or not. As soon as any
eigenvalue has a positive real part at any wave number
k, the system features instabilities. We characterize this
as introduced in our earlier work [19].

If real parts of the eigenvalues become positive at zero
wave number (k = 0), we can deduce that the corre-
sponding instabilities concern the polarization dynam-
ics, that is, the emergence of (anti-)flocking. The reason
is that the growth rate Re(σ) at k = 0 determines the
growth or decay of spatially integrated fields. The parti-
cle density is a conserved quantity, such that the density-
associated growth rates must vanish at k = 0. Hence, the
eigenvector v(k = 0) corresponding to Re(σ(k = 0)) > 0
indicates the type of flocking. If the largest entry of the
eigenvector occurs in ŵA + ŵB (or ŵA − ŵB), the lin-
ear stability analysis predicts flocking or anti-flocking,
respectively.

Instabilities at finite wavenumbers (k > 0) pertain to
the density dynamics. The eigenvector corresponding to
the largest real eigenvalue indicates the type of phase sep-
aration. To this end, we consider only the two density-
related entries of the (normalized) eigenvector v(k), that
is, vρ = (ρ̂A + ρ̂B , ρ̂A − ρ̂B)T, at small k > 0. In case
of symmetric clustering, vρ = xcon = (1, 0)T. The angle
α = arccos(vρ · xcon) between vρ and xcon is approxi-
mately 0. In case of demixing, vρ is close to (0, 1)T with
α ≈ ±π/2. Asymmetrical clustering is defined by emerg-
ing clusters consisting of mainly one of the two species.
For asymmetrical clusters of species A (B), the angle is
0 < α < π/2 (−π/2 < α < 0).
Our criteria to characterize the non-equilibrium states

are summarized in Table III. Furthermore, Fig. 11 shows
exemplary real growth rates with indicated largest entries
of eigenvectors.

Note that (anti-)flocking and (a)symmetric clustering
can occur independent of each other, or in combination.
Pure (anti-)flocking is characterized by a global maxi-
mum of the growth rate at k = 0. On the other hand,
a combination of (anti-)flocking and (a)symmetric clus-
tering features a positive growth rate at k = 0, while
the maximal growth rate occurs at a finite k > 0 [see full
phase diagram in Fig. 11(a)]. In Fig. 1, the (anti-)flocking
regions include the k > 0-instabilities of (a)symmetric
clustering.
In our system with relatively weak intraspecies align-

ment couplings (gAA = gBB = 3), the eigenvalues are real
for the vast majority of intraspecies coupling strengths.
Eigenvalues with positive real part and non-zero imagi-
nary part, would indicate oscillatory instabilities. Such
behavior is only seen at much larger intraspecies coupling
[28].

Appendix C: Asymmetric clustering behavior:
microscopic origin and implications on cluster size

To shed light on the microscopic origin of the asymmet-
ric clustering behavior caused by non-reciprocal orienta-
tional couplings, we consider the exemplary situation of
g = 3 and δ = 9. In this case, particles of species A want
to align with other A- and B-particles, while particles
of species B want to align only with other B-particles
and orient opposite to A-particles. In Fig. 12 we illus-
trate how, in this case, A-clustering is stabilized while B-
clustering is de-stabilized. The main argument has been
outlined in [28] and is briefly summarized here. Gener-
ally, when particles align and start to move coherently,
clustering of these particles is enhanced [21, 70]. Con-
sider now one of such small, coherently moving “clusters”
consisting of either three A- or B-particles upon an ap-
proaching fourth particle of either the same or different
species. When the A(B)-cluster is approached by another
A(B)-particle [case Fig. 12(a)], this particle either joins
the already coherently moving cluster or, at least, does
not significantly disturb its motion, depending on the ini-
tial configuration. When an A-cluster is approached by a
B-particle [case Fig. 12(b)], the latter re-orients into the
opposite direction of the coherent A-motion (gBA < 0),
moving away from the A-cluster. The A-cluster is not sig-
nificantly disturbed by the quickly departing B-particle.
On the other hand, when a B-cluster is approached by an
A-particle [case Fig. 12(c)], the A-particle tends to ori-
ent along the cluster’s direction (gAB > 0). At the same
time, only B-particles close to the approaching particle
(but not all B-particles) re-orient into the opposite di-
rection of the A-particle (gBA < 0). Since intraspecies
couplings are relatively weak (g < δ), this eventually
leads to diverging trajectories of the orginally clustered
B-particles and the destruction of the original cluster.
Hence, small clusters of species A are less susceptible to
disturbances, while species-B clusters easily get destruc-
ted by other A-particles.
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FIG. 11. (a) Phase diagram from MF stability analysis. (b-i) Growth rate for various parameter combinations. The phases are
determined from linear stability analyses of the disordered base state of the hydrodynamic equations (A12)-(A14). The white
crosses in (a) indicate the parameter combinations whose growth rates are plotted in (b-i). The other parameters are set to
gAA = gBB = 3, Pe = 40, Φ = 0.4.

These microscopic considerations also help us under-
stand how the largest cluster size is affected when devi-
ating from the fully anti-symmetric case (gAB = −gBA).
As shown in Fig. 5 and snapshot Fig. 1(h), cluster forma-
tion of A is even more pronounced for gAB = 6, gBA = −9
than for gAB = −gBA = −9. The reason behind is that,
for gAB = 6, A is less “distracted” by B than for gAB = 9.
At the same time, B still anti-aligns as strongly as before.
On the other hand, asymmetric A-clustering is less pro-
nounced for gAB = 9, gBA = −6, where A strongly aligns
with B-particles and easily gets distracted by them, while
B anti-aligns less strongly and does not move away as
quickly.

Appendix D: Clustering and phase separation in
particle simulations

To determine whether the system is in a phase-
separated state, we employ the position-resolved lo-
cal area fraction, whose distribution exhibits a double-
peak structure when dense and dilute regions coexist
[27, 68, 69]. The position-resolved local area fraction is
determined in two steps. First, we use Voronoi cells to
assign a local area to every particle in the system. The
particle-resolved local area fraction of particle i is given
by

Φi =
π σ2

4Ai
, (D1)

where Ai is the area of the Voronoi cell associated with
particle i. In a second step, the the particle-resolved lo-
cal area fractions are mapped onto the position-resolved
local area fraction Φ(x, y) using grid of mesh size ∆L =
L/floor(L) ≈ 1σ [90]. At grid points (x, y) within the
Voronoi cell Ai, the position-resolved local area frac-
tion is assigned to the value of the particle-resolved local

time

(a)

(b)

(c)

FIG. 12. Evolution of small “clusters” upon approaching par-
ticles of the same or different species, eventually leading to
asymmetric clustering of species A for the case g = gAA =
gBB = 3 and δ = gAB = −gBA = 9. The numerical simula-
tions are shown for the noiseless limit. Particles of species A
(B) are colored in red (blue). (a,b) Coherently moving clus-
ters of species A survive the approach of A- and B-particles.
(c) B-clusters are destabilized by approaching A-particles.

area fraction, i.e., Φ(x, y)|(x,y)∈Ai
= Φi. Also within a

non-equilibrium steady state, the local area fraction fluc-
tuates over time. We thus calculate the time average
Φ(x, y) = ⟨Φ(x, y)⟩t between 98 and 100 τ after initial-
ization.
To characterize the clusters within the system quanti-

tatively, we determine the largest cluster size. Clusters
are identified using a distance criterion, where particles
i and j are considered to be in contact if rij < rc (e.g.,
[9, 11, 69]). A cluster is defined as the set of particles that
are in contact with each other. The cluster size n repre-
sents the number of particles within the cluster. We dis-
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tinguish between clusters made of particles of any species
and cluster made of particles of one species A or B. As-
suming that, at a given time t, there are Nc(t) clusters
with respective sizes ni(t), 1 ≤ i ≤ Nc(t), the instanta-
neous largest cluster size nlcl(t) is defined as the largest

number among ni(t). The time-averaged largest cluster
size is ⟨nlcl⟩t, whereby the time average is taken between
70 and 120 τ after initialization. We define the ratio of all
particles in the largest cluster as Nlcl = ⟨nlcl⟩t/N and the
ratio of particles of species a in a pure species-A-cluster
as Nlcl,a = ⟨nlcl,a⟩t/Na.
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