
 

DISPROOF	OF	THE	RIEMANN	HYPOTHESIS 

DASHENG LIU 

Abstract. The Riemann Hypothesis is a conjecture that all non-trivial zeros of Riemann ζ	function 

are located on the critical line in the complex plane. Hundreds of propositions in function theory 

and analytic number theory rely on this hypothesis. However, the problem has been unresolved 

for over a century. Here we show that at least one set of quadruplet-zeros exists outside the critical 

line through expanding the infinite product of the Riemann ξ	 zero function. We found that 

assuming there are no zeros outside the critical line will result in a contradiction with the known 

result that the reciprocal sum of all zeros of the ξ	 function is a constant, thereby refuting the 

Riemann Hypothesis. 
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1. Introduction 

It is known that the classical Riemann zeta-function ζ(s) is a function of a complex variable s	

= σ	+ it	(σ,t	∈ R) defined by the Dirichlet series [7, 11] 

(1.1)  

The zeta function after Analytic continuation to the whole complex plane, except for the simple 

poles at the point s = 1, satisfies the following algebraic relationship 

(1.2) , 

where Γ(s) is the Gamma function. 

In Eq.(1.2), the positions of ζ(s) and ζ(1 − s) are asymmetric. By utilizing the properties of Γ  
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functions and letting Riemann xi-function ξ(s) defined by [1] 

(1.3) , 

a symmetric form of the function equation can be obtained 

(1.4) ξ(1 − s) = ξ(s). 

From Eqs.(1.3) and (1.4), it can be seen that the ξ(s) takes and only takes the non-trivial zero of 

ζ(s) as its zero point, so ξ(s) is an entire function, and its zero point is the same as the non-trivial 

zero of ζ(s). 

According to the Hadamard factorization theorem, if letting G(s)(s	∈ C) be α−order integral 

function, G(0) � 0 , and an(n	∈ N+) be the zero sequence of G(s), it can be obtained an infinite 

product expression 

(1.5) 	, 

where p	= ⌊α⌋, m	is the multiplicity of the zero point of G(s) at s	= 0 , P(s) is a polynomial of degree 

not higher than p, and an	is sorted in non-descending order of its modulus. ξ(s) is a first-order 

integral function with infinitely many zeros ρ. Further derivation can expand ξ(s) into the 

Hadamard product representation [10] of 

 

(1.6)                                                                                 , 

where ξ(0) = 1/2 and πρ	represents taking the product of all zeros ρ. 

The Riemann Hypothesis [12] claims that all none-trivial zero of ζ(s) lie on the critical line 

Re(s) = 1/2 which can be express as the following proposition. 

Proposition	1.1.	(Riemann	Hypothesis)The	real	part	of	each	non-trivial	zero	of	ζ	function	lies	in	

the	critical	line															,		which	is	equivalent	to	the	statement	that	if	let	ρ	∈ C be	the	non-trivial	zero	

of	ζ	function,	then	it	should	have	the	form	of 

(1.7) . 

For over a century since the proposal of the Riemann Hypothesis, despite multiple 

explorations[4, 8, 14, 2, 6, 5, 15, 9, 3], it has not yet been resolved. From the above description, 

it can be seen that the non-trivial zeros of the ζ(s) are equivalent to all zeros of the ξ(s). Therefore, 

this paper aims to present a proof for Riemann hypothesis through inquiring into in-depth the 

infinite product of the ξ(s) with respect to zeros, attempting to obtain further useful information 

about the zeros outside the critical line. 

The paper is organized as follows: Section 2 provides some definitions and theorems to 

prepare for hypothesis proof. Section 3 deduces the infinite product of ξ(s) and obtains its 

equivalent expression formula. In section 4, we present a proof refuting the Riemann Hypothesis. 



 DISPROOF OF THE RIEMANN HYPOTHESIS 3 

2. Preparation of proof 

This section provides some definitions and theorems to prepare for the proof. 

Definition	2.1.	Define	ρ	∈ C be	a	non-trivial	zero	of	the	function	ζ(s). 

(2.1) . 

Definition	2.2.	∃ρm,	ρk	∈ {ρ}.	Let	Ω be	defined	as 

(2.2)                                         

where	

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

Theorem	2.3.	The	zeros	of	ξ(s) are	symmetric	about	the	real	axes	and	the	critical	line	(s	= 1/2),	

respectively.	That	is,	if	ρ	∈ C is	a	zero	of	the	function	ξ(s),		ρ	, 1−ρ,	1−ρ	 are	also	its	non-trivial	zeros. 

Proof.	It is known that ζ(s) may have non-trivial zeros that are all complex zeros located within 

the critical zone (0 ≤ Re(ρ) ≤ 1). From Eq.(1.1), it is easy to know 

(2.9) 

From the analytical extension of Eq.(1.1), it can be inferred that it holds on the entire plane. It 

means if ρ	is zero, ρ		is also zero. 

Note that 0 ≤ Re(ρ) ≤ 1, ρ	≠ 0. It can be known from Eq.(1.2) that if ζ(ρ) = 0, then ζ(1 − ρ	) = 0. 

That is to say that the zeros outside the critical line must be distributed on the rectangle with 

vertices of ρ,	ρ	, 1 − ρ,	1 − ρ	 where the set of quadruplet-zeros are symmetric about the critical 

line and the real axis, respectively. 

Let   . Due to the fact that the non-trivial zeros of ζ(s) are the same as 

the zeros of ξ(s), the complex quadruplets of ρ	are all zeros of ξ(s).   
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Theorem	2.4.	Let	

	

	

	

(2.10)																																																				. 

	

We	have 

(2.11)                                                                																								, 

where	γ	is	Euler-Mascheroni	constant	,γ	≈ 0.57721566490. 

Proof.	According to Definitions 2.1 and 2.2, we expand the reciprocal sum of all zeros of the ξ(s) 

to 

(2.12)  

From Eqs.(2.10), (2.12) and the formulas [13] 

(2.13)   , 

it can be obtained Eq.(2.11). 
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3. Derivation of the equivalent formula for infinite product of ξ(s) 

In this section, we expand the infinite product of the Riemann ξ	function with respect to zeros 

to obtain specific expressions for the two types of zeros inside and outside the critical line. 

Theorem	3.1.	∃s	∈ C,ρm	∈ Ω1,ρk	∈ Ω2.	ξ(s) in	Eq.(1.6)	is	equivalent	to 

(3.1) . 

Proof.	Let 

(3.2) . 

From Theorem 2.3, it is known that if ρ	∈ C is a zero point of ξ(s), then ρ	, 1 − ρ,1 − ρ	 are zero 

points. Thus, we can expand Q function in Eq.(1.6) as follows. 

(3.3)  

Note that δ	= |δ| while δ	>	0. Simplify and organize Eq.(3.3) to obtain 
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(3.4)     ≜ Q(s) · R(s). 

Q(s) is equivalent to 

(3.5) 	. 

Meanwhile, R(s) in Eq.(3.3) can be rewritten as 

 

 

(3.6) 

Equations (1.6),(3.4) yields Eq.(3.1).  

Lemma	3.2.	If	s	∈ C is	not	zero	of	ξ(s),	ρm,	ρk	∈ {ρ},	we	have 

(3.7) , 

where 
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(3.8) 

(3.9)                                                                                                                                                       

(3.10) 

Proof.		While s	≠ ρm, and s	≠ ρk, we can take the natural logarithm of Eq.(3.1) to obtain 

(3.11) 	. 

Substituting Eqs.(3.8)-(3.10) into Eq.(3.11) yields Eq.(3.7). 

  

4. Proof of Riemann hypothesis 

Our main result is the following theorem. 

Theorem	4.1.	At	least	one	set	of	quadruplet-zeros	exists	outside	the	critical	line.	That	is	equivalent	

to	say	that	Riemann	Hypothesis	(Proposition	1.1)	does	not	hold. 

Proof.	Assume there are no any zeros of the ξ(s) outside the Critical line (s	= 1/2). Based on this 

premise, one of the zero set Ω2 related with ρ	of the ξ(s) is regarded as an empty set. Therefore, 

Eq.(3.7) in Lemma 3.2 can be simplified as 

 

(4.1) 																																																																							. 

If let N(T)(T	∈ R) be the numbers of the zeros in the region of 0 ≤ Re(ρ) ≤ 1,0 ≤ Im(ρ) ≤ T, we 

have 

(4.2) 																																																														. 

From Eq.(4.2), we know that there are no zeros if T	≤ 2π, that is Im(ρ) = βm	>	2π. 

  

(4.3) 																																																														. 

Let 

(4.4) 																																																																			. 
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Then, 

(4.5) 																																													. 

According to the Taylor series of 

(4.6)  

we obtain 

 

 

(4.7) 																																																																																		. 

 

Note that the log function of Eq.(4.7) is absolutely convergent. Substituting Eq.(4.7) into (4.1) 

yields 

 

 

 

 

 

 

 

 

 

(4.8) 																																																																																																									. 

From Eqs.(2.10), (3.8), (4.1) and (4.8), we obtain 

(4.9) 	. 

Here, define 

(4.10) ψ(z) = log(2ξ(s)). 

Equations (4.4), (4.9) and (4.10) yield 

 

(4.11) 																																																																														, 
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And 

 

(4.12) 																																																																																								. 

Adding the left and right sides of Eqs.(4.11) and (4.12) separately yields 

 

(4.13) 

Note that  0 and adjust the left and right order of Eq.(4.13) to obtain 

(4.14)  

Moreover, from the definition of Eq.(4.4) regarding z, it can be obtained a solution for s	with 

respect to z. 

(4.15) 	 . 

According to Eqs.(4.10) and (4.15), we rewrite Eq.(4.14) as 

 

                                      

(4.16) 																																																																																																																																									. 

 

On the other hand, since 0 <	λmz	<	1 while z	>	0, from Eq.(4.11), it can be obtained 

 

 

(4.17)  
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If let z	= z1 = 1/4, from Eqs.(4.15), (4.10) and (1.3), then we obtain 

(4.18) 

and 

(4.19)  

Substitute Eqs.(4.18) and (4.19) into Eq.(4.16) to obtain 

(4.20)  

Furthermore, if let s	= 1.005, then, using Eq.(4.4), it is obtained z2 = 0.005025. Here, according to 

Theorem 2.4 and µ	= 0, we know that 

(4.21) , 

Substituting z2 into Eq.(4.17) and using Eq.(4.21) yield 

(4.22)  

It is obvious that Eq.(4.22) contradicts Eq.(4.20), which results in the sum of the reciprocal 

moduli to the fourth power of all zeros of the ξ(s) being unable to take a value. This means the 
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assumption that there are no zeros outside the critical line is incorrect which is equivalent to 

that the function of log(ξ(s)) in Eq.(3.7) must have the complete form containing ρ	∈ Ω1 and ρ	∈ 

Ω2. Therefore, we conclude that the zero set Ω2 cannot be an empty set which proves that 

Riemann Hypothesis (Proposition 1.1) is not valid. 

 This completes the proof. 
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