DISPROOF OF THE RIEMANN HYPOTHESIS

DASHENG LIU

Abstract. The Riemann Hypothesis is a conjecture that all non-trivial zeros of Riemann ¢ function
are located on the critical line in the complex plane. Hundreds of propositions in function theory
and analytic number theory rely on this hypothesis. However, the problem has been unresolved
for over a century. Here we show that at least one set of quadruplet-zeros exists outside the critical
line through expanding the infinite product of the Riemann ¢ zero function. We found that
assuming there are no zeros outside the critical line will result in a contradiction with the known
result that the reciprocal sum of all zeros of the ¢ function is a constant, thereby refuting the
Riemann Hypothesis.
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1. Introduction

It is known that the classical Riemann zeta-function {(s) is a function of a complex variable s
= o + it (o,t € R) defined by the Dirichlet series [7, 11]
1 1 1 1 1 1 1 1

= 14+ —4 4+ 4 4y Ty
((s) tetntetetetmtetet

+oo
= Zn_s, VRe(s) > 1,s € C,n € N*
(11) n=1
The zeta function after Analytic continuation to the whole complex plane, except for the simple

poles at the point s = 1, satisfies the following algebraic relationship

12 C(s) = 2°7° Lsin %Sf(l—s)C(l—s), VRe(s) # 1,5 € €

where I'(s) is the Gamma function.

In Eq.(1.2), the positions of {(s) and {(1 - s) are asymmetric. By utilizing the properties of I
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functions and letting Riemann xi-function §(s) defined by [1]

1 S
- -1 —S/QF e
13 €(s) = (s = DT NEH()
a symmetric form of the function equation can be obtained
(1.4) §(A-s5) = &(s)

From Eqgs.(1.3) and (1.4), it can be seen that the £(s) takes and only takes the non-trivial zero of
{(s) as its zero point, so £(s) is an entire function, and its zero point is the same as the non-trivial
zero of {(s).

According to the Hadamard factorization theorem, if letting G(s)(s € C) be a-order integral
function, G(0) # 0, and an(n € N*) be the zero sequence of G(s), it can be obtained an infinite

product expression
s 1(s) 1/sY\
- + — J— + e + — I
a, 2 \ay P \ an

G(s) = smeP® H (1 - i) exp
an
n=1

where p = |a], m is the multiplicity of the zero point of G(s) at s =0, P(s) is a polynomial of degree

(1.5)

J

not higher than p, and anis sorted in non-descending order of its modulus. &(s) is a first-order
integral function with infinitely many zeros p. Further derivation can expand &(s) into the

Hadamard product representation [10] of

(1.6) &) =<0 ]] (1 - f) . VseC

P

where £(0) = 1/2 and TU, represents taking the product of all zeros p.
The Riemann Hypothesis [12] claims that all none-trivial zero of {(s) lie on the critical line

Re(s) = 1/2 which can be express as the following proposition.

Proposition 1.1. (Riemann Hypothesis)The real part of each non-trivial zero of { function lies in
the critical line s = % , Which is equivalent to the statement that if let p € C be the non-trivial zero
of { function, then it should have the form of

1
— —4it, VieR
(1.7) po=gth .

For over a century since the proposal of the Riemann Hypothesis, despite multiple
explorations[4, 8, 14, 2, 6, 5, 15, 9, 3], it has not yet been resolved. From the above description,
it can be seen that the non-trivial zeros of the {(s) are equivalent to all zeros of the £(s). Therefore,
this paper aims to present a proof for Riemann hypothesis through inquiring into in-depth the
infinite product of the &(s) with respect to zeros, attempting to obtain further useful information
about the zeros outside the critical line.

The paper is organized as follows: Section 2 provides some definitions and theorems to
prepare for hypothesis proof. Section 3 deduces the infinite product of &(s) and obtains its
equivalent expression formula. In section 4, we present a proof refuting the Riemann Hypothesis.
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2. Preparation of proof

This section provides some definitions and theorems to prepare for the proof.

Definition 2.1. Define p € C be a non-trivial zero of the function {(s).
1

1 1
= = ‘ R. —Z= -
2.1) p 2+6+zﬁ, Ve, 5 € R, 2<5<2.

Definition 2.2. 3pnm, pr € {p}. Let ) be defined as

(22) .Q == Q:[UQ:[UQQUQQUQ;;UQ;;,
where
1

(23) Ql - {pmlpm = 5 + Zﬁmaﬁm > Ovﬁm € [Ram € N} )
(2.4) Ql = {1—pn},

1 ‘
(2.6) QQ = {1—p},
@2.7) 2 = {m}
(2.8) Qy = {1 - ﬁk}

Theorem 2.3. The zeros of &(s) are symmetric about the real axes and the critical line (s = 1/2),
respectively. That is, if p € C is a zero of the function &(s), p, 1-p, 1-p are also its non-trivial zeros.

Proof. It is known that {(s) may have non-trivial zeros that are all complex zeros located within
the critical zone (0 < Re(p) < 1). From Eq.(1.1), it is easy to know

(2.9) C(p) = C(p)

From the analytical extension of Eq.(1.1), it can be inferred that it holds on the entire plane. It
means if p is zero, p is also zero.

Note that 0 < Re(p) < 1, p# 0. It can be known from Eq.(1.2) that if {(p) = 0, then {(1 - p) = 0.

That is to say that the zeros outside the critical line must be distributed on the rectangle with
vertices of p, p, 1 — p, 1 — p where the set of quadruplet-zeros are symmetric about the critical
line and the real axis, respectively.

Let »=7510+i8,0 € R,BER Dye to the fact that the non-trivial zeros of {(s) are the same as
the zeros of £(s), the complex quadruplets of p are all zeros of &(s).
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Theorem 2.4. Let

/\:Zl

paem (3)°+ 8%

19821952
L= Z 9 k Mk

(2.10) Paprel ((% I (Sk)2 n 5;‘3) ((% _ 5,17)2 7 [)’f)
We have 1
(2.11) Abpu = 1+§/—§log(47r),

where y is Euler-Mascheroni constant ,y = 0.57721566490.

Proof. According to Definitions 2.1 and 2.2, we expand the reciprocal sum of all zeros of the &(s)

to

>, - 20

p

B>0
- Y (ot ) S )t X (G

pm € Prm ~ Pm PLEQ2 Pk ~ Pr PLEQ3 Pk
- 5 15 )" — + :

,026221(%+1/8m %lﬁm> pkezg2(%+5k+l/8k %—(Lgflﬁk

1
+ .
pkezﬂ ( +6k_16k __5k+16k)
1 1 1

- NZ T — + ,

pgh (%)2"‘5% pkeZQQ (%+5k+15k 3+ 0k — 1B

1 1
+ — + :
%—&c—lﬁk %—5k+15k>

¥ 1 +Z< 1426 1-28 )
el (%)2 +82 G \G+a) +8 (A-0) +8
_ Z N Z 1 — 20 + 20

(2.12) e () *52 et (B +0)"+32) (=0 +52)

From Eqs.(2.10), (2.12) and the formulas [13]

(2.13) Z - =1 + 373 log(am)

it can be obtained Eq.(2.11).
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3. Derivation of the equivalent formula for infinite product of &(s)

In this section, we expand the infinite product of the Riemann & function with respect to zeros
to obtain specific expressions for the two types of zeros inside and outside the critical line.

Theorem 3.1. 3s € C,pm € Q1,px € Q2. &(s) in Eq.(1.6) is equivalent to

1 2_
() =311 (1+§+ﬁ;n>'

Pm EQI

H (1+ (82— 8)° + (82 — 5) (%—25,§+26,§)>

(i +3+8)" -

(31) PLEQ
Proof. Let

= 1+(5+'5 Vo, 8 € R —1<5<1
(3.2) =3 W VO 7Y 2,

From Theorem 2.3, it is known that if p € C is a zero point of £(s), thenp, 1 - p,1 — p are zero

points. Thus, we can expand Q function in Eq.(1.6) as follows.

R
T ) (- )
(1 1/2+<5+15) (“m)
O‘lm—W+w>G‘EEI%?E>
I (- 5) (- )
([

$>0,6>0

(3.3) (1 - m> (1 - m» |

Note that 6 = |§| while § > 0. Simplify and organize Eq.(3.3) to obtain

e

B8>0,6>0

=

B3>0,6<0

I
=
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P B>0p5:0 (%)2 + /82
[ (CoGrares (-Go)+s
550,550 (%+5)2+52 (%_6)2+52

s%2 — 5 — 20,5 52 — 54 20,5
1+ 1+
H( <%+6k>2+6z>< (%—5k)2+5i>
(3.4) 2 0(s) - R(s).

Q(s) is equivalent to

oo < IR 1L+ 5)

2
(3.5) ety (3) B e

Meanwhile, R(s) in Eq.(3.3) can be rewritten as

R = 1 ((8—(%+5k))2+ﬁ§x (s—(;—ak)fﬂa,g)

(5+0)" + 5 (5= 0)" + 5%

PLESL

52— 5 — 20,5 s? — 5+ 20,8

= It
PrED: (3+0) + 53 (3—0k) + 87

_ H (1 N (52— )" + (s — s) (2 —262 + 2;’3%))

(}1 + 07 + 55)2 — &2

(3.6)

PLESL
Equations (1.6),(3.4) yields Eq.(3.1).

Lemma 3.2. If s € C is not zero of &(s), pm, pk € {p}, we have

log&(s) = —log2+ Z log (14 A, (s° — 5))
pPmEN
+ Z log (1 + i (8% = s) + v (87 —3)2)
(3.7) PLEQ2 ,

where
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1
(3.8) Am = 17— YAn€RmEN,
Z+ﬁm
1982 +2p2
(3.9) o= 2 — kak -, Yk €REEN
(1 +0r+67) — o
(3.10) v, = 1 Vv, € Rk € N

2 )
(7 +0%+50) —
Proof. While s #+ pm, and s # pk, we can take the natural logarithm of Eq.(3.1) to obtain

logé(s) = —log2+ Z log(l—l— S2_S>.

1 2
pPmEN 4 - ﬁm

> log (1 G 5) + (5% —5) (3 — 200 + 25@)
(3.11) pects (4 +02+82)" - o2 ,

Substituting Egs.(3.8)-(3.10) into Eq.(3.11) yields Eq.(3.7).

4. Proof of Riemann hypothesis

Our main result is the following theorem.

Theorem 4.1. At least one set of quadruplet-zeros exists outside the critical line. That is equivalent

to say that Riemann Hypothesis (Proposition 1.1) does not hold.

Proof. Assume there are no any zeros of the £(s) outside the Critical line (s = 1/2). Based on this
premise, one of the zero set Q2 related with p of the £(s) is regarded as an empty set. Therefore,

Eq.(3.7) in Lemma 3.2 can be simplified as

(4.1) log(2£(s)) = Z log (1+ Ay (s* — 9)) .

pPmE

If let N(T)(T € R) be the numbers of the zeros in the region of 0 < Re(p) < 1,0 < Im(p) < T, we

have
T T T
17\,7 = _— f— — — o
(4.2) (T) o log 5 o + O (logT).

From Eq.(4.2), we know that there are no zeros if T < 2m, that is Im(p) = fm > 2.

0< N\, = L < ! !
(4.3) T8, L4 (n)? Ar?

Let
(4.4) z=5—5, Vze (—4n*,0)U (0,47%),z €R .
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Then,
(4.5) Am (32 — s) = A\n2 > —1,
According to the Taylor series of
2 3 n
log(l+z) = x—%+%—---+(—1)n+l%+---
+00

= ) (-)"™= z>-lneN,
(4‘6) n=1
we obtain 2 (g2

log (1 + A (82 — 9)) = A\ (sz — 9) UC (82_ )
A (52 —s) 0 (g2 — )

(4.7) + m(sg S) _ m(54 S) +..- .

Note that the log function of Eq.(4.7) is absolutely convergent. Substituting Eq.(4.7) into (4.1)
yields

y p )\7271, (32 - 8)2
Z log (1 + A (s2 — 9)) = Z (/\m (s2 — s) B T—
PmE PmEY
)‘?n (32 B 8)3 )‘fn (82 — 8)4
+ 3 — I 4.
= (82—8) Z A — Z )\—2"'(92—9)2
m 2 D .
PmEQ pmE
A3 3 A\ 4
+ Z Im (82— )" — Z m (g2 —s) 4
(4'8) PmEQl 3 meQl 4
From Eqgs.(2.10), (3.8), (4.1) and (4.8), we obtain
) 2 /\fn 2 2
log(26(s)) = A(s°—s) — Z 5 (s> =)
PmEQ
3 4
+ Z )\—m(SQ—s):}'— Z él" ( 2—3)4+
PmE PmE
(4.9)
Here, define
(4.10) vz = log(2¢(s))

Equations (4.4), (4.9) and (4.10) yield

, 1 1., . 1
@i VR = A= 3T INEE DD IS - Y N

P1n€Ql Pnzte p1n€Ql
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And

, 2 I
(4.12) P(—z) = =dz— Z /\9 - Z 3)\fn4 — Z Z)\fnzl—l-

Pmte p”LGQI PnLte

Adding the left and right sides of Eqs.(4.11) and (4.12) separately yields

%U(Z)_‘_U(_Z) = _2(2 é)\2" Z 4)\;24“‘ Z /\f) 6 )

pmeﬂl .D'meﬂl pvnEQl
- _9 E E AQk 2k
2k
k=1 pm €
“+o0
- )\2 2:2 —9 /\2& 2k
(4.13) > A > 2 2k "™
pmEfdy k=2 pmelly

Note that Am?° >0 and adjust the left and right order of Eq.(4.13) to obtain

YN = — W) He(-2) -2 Y %Ai’f 2

pmGQl k=2 Pmeﬂl

(4.14) < —(@(2) +(—2)).

Moreover, from the definition of Eq.(4.4) regarding z, it can be obtained a solution for s with

respect to z.

. 14++/1+44z2
(4.15) B 9 ’

According to Egs.(4.10) and (4.15), we rewrite Eq.(4.14) as

SN < () (-2)

PmE N
(4.16) 1 <1Og (25 (H— Vl+4z>) 4 log (25 (H— V1—4~)>> .
z2 2 2

On the other hand, since 0 < Amz < 1 while z > 0, from Eq.(4.11), it can be obtained

R R GRS DECEED DRy

PmEQI PmEQI PmEQl

Vz € (—4n*,0) U (0,47%),z € R

(Az—1(2)), Vze (0,477
wn = A (EE))
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Iflet z=2z1=1/4, from Eqs.(4.15), (4.10) and (1.3), then we obtain

V() = log 25(”2“5»

1T 14+vV2  —14vV2 _myun [ 1+V2 142
= log 2% 5 X X . fyl“( 1 )C( ))

2 2 2
= log EW*(H\/@)/‘T M ¢ 1+v2
4 4 2
(4.18) ~ 0.005772768594321,
and
1
b=m) = log (2& (5))
B 1 1 -1 (1 1
_log(2><2><2><27r F(4)§(2))
1 1 1
= 1 B VA N -
o (i (3)<(2))
(4.19) ~ —0.005775087385386.

Substitute Eqgs.(4.18) and (4.19) into Eq.(4.16) to obtain

S0 < o W) +9(-a)

PmEN 1

= —16 x (¥(21) +¥(—21))
(4.20) ~ 3.7100657047¢ — 05.

Furthermore, if let s = 1.005, then, using Eq.(4.4), it is obtained z2= 0.005025. Here, according to

Theorem 2.4 and u = 0, we know that

v 1
A= 142 Zlog(4
(4.21) +5 5 losldm)

Substituting zz into Eq.(4.17) and using Eq.(4.21) yield
2 1+ v1+4

S s S (m ~log (25 (%)))
Z

2

pm,te
=2 (0.005025 x (142 — Liog(am)
~0.005025% © \ g 9 8T
—log (0.005025 x 7~ %9%T (0.5025) ¢ (1.005)))
(4.22) ~ 3.7102426735¢ — 05.

It is obvious that Eq.(4.22) contradicts Eq.(4.20), which results in the sum of the reciprocal

moduli to the fourth power of all zeros of the £(s) being unable to take a value. This means the
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assumption that there are no zeros outside the critical line is incorrect which is equivalent to
that the function of log(¢(s)) in Eq.(3.7) must have the complete form containing p € Q1and p €
Q2. Therefore, we conclude that the zero set ()2 cannot be an empty set which proves that

Riemann Hypothesis (Proposition 1.1) is not valid.

This completes the proof.
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