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DILATORS AND THE REVERSE MATHEMATICS ZOO

ANTON FREUND

ABSTRACT. A predilator is a particularly uniform transformation of linear or-
ders. We have a dilator when the transformation preserves well-foundedness.
Over the theory ACAq from reverse mathematics, any H%—formula is equivalent
to the statement that some predilator is a dilator. We show how this complete-
ness result breaks down without arithmetical comprehension: over RCAg + PA,
the statements from a large part of the reverse mathematics zoo are not equi-
valent to some predilator being a dilator.

1. INTRODUCTION

Consider the transformation of a linear order « into the order 2% on terms
g0tn=1 4220 with  a(0)<...<a(n—1)in aq,

which are compared lexicographically (with a(n — 1) taking precedence). Any
embedding f : &« — B of linear orders induces an obvious embedding 2/ : 2 — 27
(where f acts on the exponents), which means that we have a functor on the
category of linear orders and embeddings. Let us note that f < g implies 2/ < 29
when functions are compared pointwise. Each term o = 2¢("=1) 4 4 22(0) ¢ 9«
depends only on a finite subset supp, (o) = {a(0),...,a(n — 1)} of a. Formally,
this corresponds to the fact that all embeddings f : a« — § validate

{T €28 |suppﬁ(r) C rng(f)} C rng (2f) ,
where rng(g) denotes the range or image of a function g. The converse inclusion is
entailed by the naturality property

suppy 0 2/ = [f]<* o supp,,,

where we write [f]<“(a) = rng(f | a) for finite a C .

The functorial extension and support functions turn « — 2% into a predilator
in the sense of J.-Y. Girard [I8]. In Section [2 we will recall the general definition
of predilators and some fundamental properties. For the time being, we note that
each predilator D involves a transformation oo — D(a) of linear orders. We only
consider countable o and always assume that this makes D(a) countable as well.
The transformation « — D(«) is then computable relative to a certain subset of N,
which we also denote by D. If this subset is computable, we speak of a computable
predilator. When we say that a theory proves a statement about a computable pre-
dilator, we assume that the latter is given via some program index. Let us note
that the coding of predilators by subsets of N makes crucial use of functoriality and
the support functions from above, so that the latter are well-motivated.
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A predilator D is a dilator if D(«) is a well-order whenever the same holds for a.
In reverse mathematics (see [40]), the weak base theory RCA( proves that the func-
torial extension of o — 2% is a predilator. On the other hand, the statement that
this predilator is a dilator is equivalent to arithmetical comprehension over RCAy,
as shown by Girard [20] and J. Hirst [25]. The literature now contains many equi-
valences between natural dilators and important IT3-principles above ACAy, such as
infinite iterations of the Turing jump [31], arithmetical transfinite recursion [37] (ori-
ginally an unpublished result of H. Friedman), w-models of arithmetical transfinite
recursion [34], w-models of bar induction [36], and w-models of IT}-comprehension
without [35] and with [42] bar induction. Since one can quantify over predilators
via their codes, one can also consider transformations of higher order, which map
dilators to well-orders or again to dilators. This has led to equivalences with the
II}-principles of IT3-comprehension [, 8} 16, 43] and I} -transfinite recursion [10}15].

Girard has shown that the notion of dilator is IT3-complete. The published proof
by D. Normann (see [2I, Annex 8.E]) uses the Kleene-Brouwer order and is readily
formalized in ACAg. This provides some explanation for the results in the previous
paragraph, though the equivalences with specific natural dilators require substantial
work in each case. Below ACAg, the author knows of no proper Ili-statement that
has been characterized by a dilator. The aim of the present paper is to give a
systematic explanation for this observation. In particular, we want to understand
why research on dilators — which has found successful applications in the reverse
mathematics of better-quasi-orders [I3] — has little overlap with investigations into
principles from the reverse mathematics zoo (see [6]), such as Ramsey’s theorem
for pairs (denoted RT3; see [5, 32, 139]). To avoid misunderstanding, we stress that
proof-theoretic methods and the analysis of well-orders have played a crucial role
in the analysis of RT3 (see [28] and the many references discussed there).

We now explain our results in some detail. The following principle will play a
central role.

Definition 1.1. By slow transfinite I13-induction (II3-TI*) we mean the statement
that I19-induction along « holds for any linear order a such that 2% is well-founded.

For comparison, the usual principle of transfinite I13-induction asserts that we
have I19-induction along o whenever the latter is a well order. It is equivalent to
arithmetical comprehension over RCAg, as shown by Hirst [26]. Let us agree on the
following notation for entailment on a cone of w-models.

Definition 1.2. In the context of second-order arithmetic, we write
T ':w @(Xl, e ,Xn)

if there is a Y C N such that M E ¢(Xy,...,X,,) holds for every w-model M E T
with X1,...,X,,Y € M (where the set parameters of ¢ are precisely X1, ..., X,,).

Many unprovability arguments via computability theory yield w-countermodels.
We will later use the following.

Proposition 1.3 (C. Jockusch [27]). We have RCAq ¥, RT3.

The next proposition is established in Section [ Crucial ideas in the proof are
due to F. Pakhomov and J. Aguilera (cf. the paragraph after Lemma []).

Proposition 1.4. We have WKL ¥, TI3-TI*.
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The following dichotomy principle for dilators, which will be proved in Section [3]
is at the center of our approach. We note that the last part of the claim (that the
disjunction is exclusive) follows from the previous proposition. This relies on the
fact that RCAg F,, ¢ and RCAy F,, ¢ — % imply RCAqg F,, 1, since any two cones
of w-models intersect on a cone.

Theorem 1.5. For any dilator D, we have
RCA Fo “D is a dilator”  or  RCA Fy, “D is a dilator” — TI3-TI*
but not both.

The following can also be seen as a conservativity result over w-models (cf. the
classical result of L. Harrington, e. g., in Corollary IX.2.6 of [40]), but we feel that
the given formulation as a dichotomy result is more faithful to the constructive
content of our argument. An entirely different proof of the corollary (which does
not involve Proposition[.4lor Theorem [[15]) had previously been given by P. Uftring.

Corollary 1.6. For any dilator D, we have
RCAy B, “D is a dilator” or WKLy E, “D is a dilator”.

Proof. If the disjunction was false, we could invoke the previous theorem to conclude
that we have WKL F,, TI3-T1*, against Proposition [[4l O

So far, we have not been able to strengthen Proposition [[.4] by including RTS.
Nevertheless, a somewhat indirect approach will yield the following (see Section [)),
which can be seen as the main result of our paper.

Theorem 1.7. Consider any sentence ¢ of second-order arithmetic such that we
have WKLo + RTS +PAF ¢ and RCAy ¥, ¢. For any computable dilator D, we get

RCAg + PA ¥ © < “D is a dilator”.

We point out that the theorem becomes somewhat trivial when one omits PA,
since all but the most simple dilators rely on X3-induction (cf. Proposition 2.2 of [17]
and Lemma B8 below). The theorem clearly applies to a wide range of principles
from the reverse mathematics zoo. We only state the following instance.

Corollary 1.8. For any computable dilator D, we have
RCAq + PA ¥ RT% < “D s a dilator”.

Proof. In view of Proposition (due to Jockusch), we can apply the previous
theorem with RT3 at the place of ¢. g

Let us mention a result of L. Kolodziejczyk and K. Yokoyama, which says that
WKLy + RT% is conservative over RCA for certain statements about primitive re-
cursive transformations of well-orders below w* (see [28], Corollary 3.4]). This result
is not quite comparable with ours, which concerns transformations of arbitrary or-
dinals rather than standard notation systems. The proof by Kolodziejczyk and
Yokoyama involves new combinatorial results about RT3, while we combine known
results about Ramsey’s theorem with a new dichotomy result for dilators.

It is natural to ask whether our Theorem [[L7l makes essential use of the specific
uniformity properties of dilators or whether it follows from more general results
about the reverse mathematics zoo. Being a dilator is a V!3'II3-property (where
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V! and 3! refer to set quantifiers). It is known that no statement of this com-
plexity can be equivalent to the cohesive principle, due to a conservation result of
D. Hirschfeldt and R. Shore (see [24, Corollary 2.21]). However, there is still a wide
range of principles from the zoo (such as RT3) for which Theorem 7 does not
follow from results about quantifier complexity. On a somewhat different note, one
may wonder how our results depend on the fact that dilators act on linear rather
than partial orders (recall that the II3-completeness proof for dilators involves the
Kleene-Brouwer order). We have no definite answer, though at least the dichotomy
in Theorem seems to rely on the specific uniformity properties of dilators and
not on linearity alone. Our paper gives rise to several open questions, which are
presented at the end of Sections [3] and [l

Acknowledgements. The author is very grateful for generous and important in-
put from colleagues. Patrick Uftring had previously proved Corollary[L.6l by entirely
different methods. He asked if there are any non-trivial dilators between RCAq
and ACAq, which inspired this paper. The crucial ideas for the proof of Proposi-
tion[[4 in Section [ are due to Fedor Pakhomov and Juan Aguilera. A hint by Lev
Beklemishev was important for the proof of Proposition [£.3] Leszek Kotodziejezyk
and Keita Yokoyama provided information and advice on Ramsey’s theorem for
pairs and the reverse mathematics zoo.

2. PRELIMINARIES

In this section, we recall the definition of and some fundamental results about
dilators. While all mathematical content is due to Girard (see [18] and the intro-
ductory [19]), we have adapted the presentation to our current aims.

Whenever we speak of a linear order, we assume that its underlying set is a
subset of N, i.e., that we have a representation in second-order arithmetic. Let LO
be the category with the linear orders as objects and the embeddings as morphisms.
We define Nat as the full subcategory with objects n = {0,...,n — 1} for n € N
(ordered as usual). For order embeddings f,g: X — Y, we write f < g to express
that f(z) < g(z) holds for all x € X. A functor D : Nat — LO is called monotone if
f < g implies D(f) < D(g). By [[]<“ we denote the finite powerset functor on the
category of sets, i.e., we have [X]|<* = {a C X | a finite} for any set X while [f]<¥
for a function f is defined as in the introduction. We will omit forgetful functors
from orders to their underlying sets, and subsets of orders are tacitly considered
with the induced order. An example for the following can be found at the very
beginning of the present paper.

Definition 2.1. A (coded) predilator consists of a monotone functor D : Nat — LO
and a natural transformation supp : D = [-|<¥ such that the support condition

{r € D(n)[supp, (1) < rng(f)} € mg(D(f))
is satisfied for any morphism f : m — n of Nat.

As noted in the introduction, the converse of the support condition is automatic
by naturality, which says precisely that we have the equality in

supp,, (D(f)(0)) = [f]=* (supp,, (o)) € rng(f).

We have defined predilators with domain Nat rather than LO in order to ensure
that D and supp can be represented by subsets of N (see [9, Definition 2.4] for
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an explicit representation). Let us now explain how an extension to LO can be
constructed. The idea is that any linear order arises as the direct limit (i.e., the
union) of its finite suborders, which are isomophic to objects of Nat. To make this
explicit, we write en, : |a|] — a for the increasing enumeration of a finite order a
with |a| elements. Each embedding f : a — b of finite orders yields a unique
morphism |f] : |a] — |b] with enp o |f| = f oen,.

Definition 2.2. Let D be a coded predilator (with associated transformation supp).
With each linear order o we associate the set

D(a) = {(O’, a) ’a € [o]<¥ and o € D(|a|) with supp, (o) = |al }

To define a linear order on D(a), we stipulate
(0,0) <(1,0) & D(|ual)(0) < D([wp])(7)

for the inclusion maps ¢, : @ < aUb and ¢p : b — aUb. When f : @ — § is an order
embedding, we define D(f) : D(a) — D(3) by D(f)(c,a) = (o, [f]<“(a)). We also
define functions supp,, : D(a) — [a]<¥ by setting supp,, (0, a) = a.

Over RCA, one can verify that D and 5app form a predilator on LO, i.e., that
they satisfy Definition 1] with LO at the place of Nat (see [9]). Conversely, any
predilator on LO is isomorphic to the extension of some coded predilator, by Girard’s
normal form theorem [18]. For A{-definable dilators on LO, the isomorphism can
be constructed in RCAq (see [11l Section 2]).

Definition 2.3. A (coded) predilator D is called a dilator if D(a) is well-founded
for every well order a.

Let us point out that our definition of dilators is equivalent to the one by Girard.
Indeed, the existence of (necessarily unique) support functions is equivalent to the
preservation of pullbacks and direct limits (see [7, Remark 2.2.2]). We also note that
Girard’s terms (o;zg,...,Zn—1;«) correspond to (o, {zq,...,Tp—1}) in our nota-
tion. Let us mention that monotonicity on morphisms is automatic when D(w®) is
well-founded (see [18] or the presentation in [I6, Lemma 5.3]).

To ensure that the order on D(X) is antisymmetric, i. e., that its elements have
unique representations, we need the condition supp), (o) = |a| from Definition 2:2]
which also features in the following.

Definition 2.4. The trace of a predilator D is given by
Tr(D) = {(o,n) |0 € D(n) and supp,, (o) = n}.

In the following result, the point is that (o,n) € Tr(D) yields (u, (o), n) € Tr(E),
as shown by Girard [18] (see [14, Lemma 2.19] for the metatheory).

Lemma 2.5 (RCAy). Given a natural transformation pu : D = E between coded pre-
dilators, we get a natural transformation i : D = E with fi, (0, a) = (pe(0), a).

To complete our basic setup, we note that each coded predilator D is isomorphic
to the restriction of D to Nat. Here the inverse isomorphism maps (o,a) € D(n) to
D(en?)(o) € D(n), where en? : |a] — n is the embedding with range a (see [I1]).
Combined with the previous considerations, we see that predilators on LO and
coded predilators may be identified on an informal level (though the paragraph
before the previous lemma shows that some care is occasionally required).
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In the rest of this section, we present some more specialized results of Girard,
which will play a central role in the present paper. With respect to the following
(originally from [I8]), we note that the equalities

supp,, (D(e;)(0)) = [e]=* (supp, (¢)) = rng(e;)
ensure that the map i — D(e;)(0) is injective.

Definition 2.6. Consider a predilator D and an element (o, n) of its trace. Let the
embeddings e; : n — 2n for i < n be given by e;(i) = 2i+1 and e;(j) = 27 for j # .
We define a permutation m = 7, : n — n by stipulating

D (ew(o)) (0’) >...>D (eﬂ(n_l)) (0’)
When a is a finite linear order with n elements, we abbreviate af = en, (7, (1)).

The idea is that an element (o, a) € D(X) can be seen as a term with constructor
symbol o and arguments en, (¢) for ¢ < |a| (see the paragraph before Definition 22)).
In view of the following, the permutation 7, determines an order of priority on the
arguments, where the importance of position 7, () decreases as i grows. In contrast
to Girard, we formulate the result for predilators (rather than just dilators) and
with a specific metatheory (cf. Theorem 3.2.4 of [I8]). The proof remains the same
despite these changes, but we present it in our notation, not least to demonstrate
the specific uniformity properties of predilators that are central to our approach.

Proposition 2.7 (RCAg). Assume that we have (o,n) € Tr(D) for a predilator D.
When « is any linear order, the order on D(a) satisfies

(0,a) < (0,b) <« thereis a j <n witha] <b] and a] = b7 for alli < j.

Proof. Consider the order w -« with elements w -z +n for z € a and n € N, which
are compared according to

w-r+n<w-2'+n << eitherz=2"andn<n orx < 2.

If we have z < 2/, we write w -z +n < w -z’ +n’. Note that we have a successor
function on w - v, which is given by (w-z+n)+1=w-z+ (n+1). Clearly, p < 7
entails p+ 1 <« 7. Consider the embedding f : @ - w -« with f(z) = w -2z + 0.
The equivalence from the proposition retains its truth value when we replace «
by w-«a and change a and b into [f]<¥(a) and [f]<“(b), respectively. For notational
convenience, we assume « itself is of the form w - 5. Write ¢; = en.(¢) and m = 7.
For j as in the proposition, the choice of f allows us to assume

aj = ar(j) < min(az(j)41,07),

where the minimum is evaluated to b7 in case we have 7(j) = n — 1. Under this
assumption, we prove the proposition by induction on the number of indices k < n
with ap > by. Note that it suffices to show the backward implication of our
equivalence, as the order on D(a) is linear. In the base case of the induction,
we have en, < eny. To get (0,a) < (o,b), it suffices to recall that predilators
are monotone on morphisms. In the induction step, we consider the minimal k
with ap > by. Write k = m(I) and note that we get j < I. Let @ be the set that
results from a when we replace af by a + 1 and ay = af by by, respectively. In
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view of ag—1 < bp—1 < br < ay and af < Min(ar(j)4+1, Ox(j)+1), We get [a| = |a| and
a? +1 ifi=j,

a; =4 b7 ife=1,

g

ar

¥ otherwise.

We thus have @ < b7 and @ = b7 for i < j, as well as @] < min(@r(j)41,b7). Due
to the induction hypothesis, it is thus enough to prove the first inequality in

(0,a) < (0,a) < (0,b).
We will show that the open inequality follows from af < @] and af > @] with j <1
when we have af = a7 for all i ¢ {j,1}. Much as above, we may assume that z <y
implies x < y for x,y € a Ua. We then get an embedding g : 2n — « by setting

ag for i = j, aj for i = j,
g(2m(i)) = < af for i =, g2m(i)+1) =< af for i =1,
a? =ay fori¢ {j,1}, a? +1 fori ¢ {j,1}.

For the embeddings e; : n — 2n from Definition 2.6 we obtain

[goex]™ (=7, [goen]™ () =a.

Given that D(g) is an embedding, the open claim is thus equivalent to

(o fer] = ) < (o entn] ™ () -

In view of Definition (also consider the isomorphism D(2n) = D(2n) from the
paragraph after Lemma 2.3, this inequality amounts to D(e;y)(0) < D(ex;))(0).
The latter holds because of j < [, by the characterization of 7 in Definition 2.6l [

In the rest of this section, we deal with comparisons between terms (o, a) and (7, b)
that rely on different trace elements.

Definition 2.8. Consider a predilator D as well as two distinct elements (o, m)
and (7,n) of its trace. We define P7 as the largest P < min(m,n) with

(i) <1 (j) © w(i) <7 (4) for all i,j < P.

A number p < P7 is called secure (relative to o and 7) if D(f)(0) < D(g)(7) has
the same truth value for all embeddings f : m — m +n and g : n — m + n such
that we have f(7,(7)) = g(7- (7)) for all ¢ < p.

The following is somewhat stronger than Proposition 6.4.1 of [18] (where the
truth value of D(f)(0) < D(g)(7) can also depend on the values f (7, (7)) for i < p).
Except for the first paragraph, our proof follows the one by Girard.

Lemma 2.9 (RCAy). In the previous definition, P] is secure.

Proof. Consider f,g as in the definition and assume that f’, ¢' satisfy the same
condition. For sufficiently large N, we find embeddings h,h’ : m +n — N such
that ho f(m(i)) = h' o f'(7,(i)) holds for all i < P = P7. Since D(h) and D(h')
are embeddings, we may replace f,g and f’, g’ by ho f,hogand h'o f',h/ og’. To
simplify notation, we omit h, h’ and assume f(n, (7)) = f'(n, (7)) for i < P.

If we have P = m < n, we get f = g o with «(n,(7)) = 7,(¢), where ¢ is an
embedding by the defining property of PZ. It follows that D(f)(c) < D(g)(r) is
equivalent to D(¢)(o) = 7, which is clearly independent of f and g. A symmetric
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argument covers the case where we have P] = n < m. Let us now assume that we
have P = P < min(m,n). Here the maximality of P yields a j < P with

Wﬂ(j) <7TU(P) and 7T7.(j) >7TT(P)
or otherwise 7, (j) > 7, (P) and () < 7 (P). Since the two cases are symmetric,

we assume that the former applies. Note that we cannot have D(f)(o) = D(g)(7),
since this would entail

[f]=(m) = [f]=* o supp,,,(0) = supp,,,,,, © D(f)(o) = [g]~*(n),
so that we would get f = g and then o = 7. By symmetry (exchange f, g with f/, ¢’),
we may thus assume that we have D(f)(0) < D(g)(7). The above yields

9(m-(P)) < g(m7(4)) = f(7(7)) < f(7e(P)),
which remains true when f and g are replaced by f’ and ¢’, respectively. We can
now find embeddings h, ' : m+mn — N (not the same as above) such that all i < P
validate ho f(7m,(i)) = h' o f(7,(i)) and we have

W og(m(P)) < hog'(m;(P)) < ho f'(ms(P)) <h' o f(ms(P)).
Note that the middle inequality and the one between the first and the last term are

consistent due to the previous observation. To see that, e. g., the first inequality is
consistent with the choice of values h o f(7, (7)) for i < P, we note

f(ro(i) <g(mr(P)) & m(i) <7 (P) &  f(mo(i)) <g'(mr(P)),
where the second equivalence relies on the above assumption f(7, (7)) = f'(75(4)).
The latter also yields ho f'(7(i)) = h' o f(7(7)). Together with the inequality at
position 7, (P), we obtain D(ho f')(c) < D(h' o f)(o) via Proposition [Z7] (observe
al = ho f' for a = rng(h o f') and employ the isomorphism D(N) = D(N) from
the paragraph after Lemma 2.5]). In the same way, we get the last inequality in

D(ho (o) < D(W o f)(o) < D(h o g)(1) < D(hog')(7).
Since D(h) is an embedding, we can finally conclude D(f")(c) < D(g¢’')(7). O
Note that the following is well-defined due to the previous lemma.

Definition 2.10. In the setting of Definition 2.8 we let pZ be the minimal number
that is secure. To choose €7, € {—1,+1}, we declare that we have €] = +1 when
D(f)(0) < D(g)(r) holds for some (and hence for all) embeddings f : m — m +n
and g : m — m +n with f(7, (7)) = g(7(3)) for i < pT.

The following combines Proposition 6.4.2 and Theorem 6.4.5 of [I§].

Theorem 2.11 (RCAy). Consider a predilator D and two distinct elements (o, m)
and (T,m) of its trace. For any linear order o and all finite subsets a,b C o with
la| = m and |b| = n, the order on D(«) satisfies

there is j < pg with af < b} and af = b for alli < j,

(0,a) < (1,b) < {

or we have af = b] for all i < p] and €] = +1.

Proof. First note that we have p7 = p7 and €7 = —¢]. So if the right side of
the desired equivalence fails, it holds with (o,a) and (7,b) interchanged. For this
reason, it suffices to establish the backward implication. To get (o,a) < (7,b), we

aim at D(|tg])(0) < D(|tp|)(7) in the notation from Definition We note

engup © |t | (76 (1)) = tq 0 eng (7 (i) = af .
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If the lower line on the right side of our equivalence applies, we can conclude that
all i < p7 validate |to|(m5 (7)) = |tp](77(3)). Thus D(|te])(0) < D(Jus|)(7) follows
from €7 = +1 (compose |i,| and [¢p| with any embedding of |a Ub| into m + n). In
the remaining case, we have a j < pl with

el (M (1)) < [eol(mr () and ol (m (0)) = |ep| (- () for all i < j.

Since j < pl is not secure, there are embeddings f: m - m+nandg:n —-m+n
with D(f)(0) < D(g)(7) and f(n,(i)) = g(w-(3)) for all i < j. When N € N is
sufficiently large, we can find embeddings h : [aUb| — N and A’ : m+n — N such
that we have h o |to|(m (1)) = b’ o f(7e (7)) for i < j as well as

holea|(mo(4)) <o f(mo(j)) and o g(m-(f)) < holwl(m(4)).

Let us point out that these two inequalities are consistent with each other since we
have |iq|(75(5)) < |w| (7 (5)), which is forced in case we have f(7,(j)) < g(7-(5)).
For i < j we have

ltal (16 (1)) < ltal(m6 (7)) & mo(i)<mo(4) & f(me(i)) < f(me(4)),
f(me(1) <g(m(3)) & m@)<mG) < |ul(m(i) <l|wl(r(5)),

while 7, (i) < 7,(j) and 7, (i) < 7(j) are equivalent due to 4, j < p7 < PT. This
ensures that all four terms from the two inequalities above fit in the same gap
between values ho |iq|(7 (1)) = b’ o f(7(i)). As in the previous proof, we can now
employ Proposition 217 to get

D(holwl)(e) < D(W o f)(e) < D(W o g)(T) < D(ho |w])(7).
This yields D(|tq|)(0) < D(Jes])(7) and then (o,a) < (7,b). O

Let us conclude this section with the following result, which will be needed later
(see the proof of Theorem 6.4.6 and Remark 6.4.7 in [18§]).

Lemma 2.12 (RCAg). Let (p, k), (o,m) and (1,n) be three distinct elements from
the trace of a predilator D. We have pj, > min(p7,p7).

Proof. We consider an arbitrary p < min(pg, p?) and show that it cannot be secure
relative to p and 7, which forces pj, > p. Note that all i, j < p validate

(1) <m(j) & 7.(i) <7 (j) & 7w (i) <7 (4).

For suitable N € N, we can thus define embeddings f, f': k - N and g,¢' : n — N
as well as h : m — N such that

f(mp(i)) = fl(ﬂ'p(i)) = (7, (1)) = g7, (i) = g’ (7 (7))
holds for all i < p while we have
f(mo(p)) < h(mo(p)) < g(m-(p)) and  f'(my(p)) > h(ms(p)) > g'(7-(p)).

We can now apply the previous theorem (modulo the isomorphism D(N) = D(N)
from the paragraph after Lemma [25]) in order to get

D(f)(p) < D(h)() < D(g)(r) and D(f')(p) > D(h)(c) > D(g')(7).

As promised, this shows that p is not secure for p and 7. O
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3. A DICHOTOMY RESULT FOR DILATORS

In the present section, we prove the main part of Theorem from the intro-
duction, namely that at least one of the alternatives from this theorem must hold
for any dilator.

The following construction will take centre stage. Let us agree to write I(o) for
the length of a finite sequence o.

Definition 3.1. Consider a linear order L = (N, <r). For each n € N, we define 7’
as the permutation of n = {0,...,n — 1} that is determined by

Th(@) <nTh(j) e i<pi

For a sequence o = (c(0),...,0(l(c) — 1)), we shall abbreviate ol = U(Wll(’g) (2)).
Given a linear order a, we now set

Dr(a) = {{zo,...,xpn_1) @ € a with o < ... < xp_1}.
To define a binary relation < on D, («), we stipulate that all 0,7 € D () validate
either there is j < min(I(o), (7)) with
o<1 & of <7 inaand ol =7} fori <j,
or we have l(0) < I(1) and of = 7F for i < (o).
For any order embedding f : & — 8, we define D1(f) : Dp(a) — Dr(53) by setting
Dr(f)({xo, -, 2n-1)) = (f(x0), -, f(wn-1))-
Finally, we declare that supp,, : D (a) — [@]<% is given by
supp,, ({zo, - .-, Tn-1)) = {x0y .-, Tn-1}
for any linear order a.

Let us note that Dy, depends not only on the order type of L but also on a given
enumeration, i.e., on the representation of L as an order with underlying set N.
The following is straightforward to verify.

Lemma 3.2 (RCAg). For any linear order L = (N, <r,), the data from the previous
definition constitutes a predilator Dy,.

In the permuted lexicographic order on Dy (), the 71 (i)-th smallest argument
becomes less important as 7 grows. This leads to the following familiar case.

Example 3.3. If <; is >y (so that L has the order type of the negative integers),
then Dy, coincides with the dilator o — 2% that was discussed in the introduction.

The next proposition is not needed for any of our main results, but it answers
an obvious question. Also, the proof of the forward direction involves an idea that
will later reappear in a somewhat more complicated setting.

Proposition 3.4 (ACAy). The predilator Dy, is a dilator precisely when the linear
order L = (N, <) is ill-founded.

Proof. We begin with the backward direction, which is a variation on the well-known
fact that « — 2% preserves well orders. Assume « is a well order while oq, 01, ... is
an infinitely descending sequence in Dy («). We write oy, = (0,(0), ..., 0,(l(n)—1))
and put o)y ; = oy, (wlL(n) (1)) for i < I(n), where ﬂ'lL(n) is given as in Definition B.Il We
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inductively find indices I(j) such that n > I(j) implies [(n) > j and o}, = UIL(j)Z.
for all ¢ < j. Indeed, if the latter holds, we must have I(n) > j and aﬁ)j > a£+1)j
for n > I(j), since the o, descend. Hence the sequence I(j) < n +— J,LLJ- in the well

order ov must become constant for n above some I(j 4+ 1). We now show that
: L
N3J =01,

is an embedding of L = (N, <) into a. Assume that we have j <p k and that I is
bigger than both I(j + 1) and I(k + 1). In view of Definition 31l we get

UIL(j+1),j = UIL.,j = UI(WlL(J) (7)) < UI(WzL(I) (k) = UIL,k = UIL(k-',-l),k'
Given that « is a well order, it follows that L cannot be ill-founded.
For the forward direction, we assume that L is well-founded. We want to show
that the infinitely descending sequence
(1) > (0,2) > (0,1,3) > ...

in the lexicographic order embeds into Dy, (2- L), which will thus be ill-founded (see
the proof of Proposition 2.7 for a definition of product orders). Since 2 - L is a well
order, this will mean that Dy cannot be a dilator. We define o, : n+1— w - L by

{2~i+0 for ¢ < n,

L () —
Un(WnJrl(z))_ 2.14+1 fori=n.

Since WthLl (i) < wﬁﬂ(j) amounts to ¢ <y, j, the functions o,, are strictly increasing.
We can thus view them as elements (o, (0),...,0,(n)) of Dr(2- L). We have

Ont1 (7T£+2(n)) =w-n+0<w-n+1l=o0, (7T£+1(n))
as well as o,,41(72 (i) = on(7k,1(i)) for all i < n. This yields 6,41 < 0y, SO

that we indeed get a descending sequence in Dy . ([l

The following definition and result indicate that the dilators Dy, are relevant for
a dichotomy result such as Theorem [[.Il As preparation for the definition, we note
that 1 4+ « has elements 0 and 1 4+ z for x € o, with 0 < 14+ 2 < 1+ y for x < y.
To turn a — F(a) := w - (1 + «) into a dilator, we set

E(f)w-0+n)=w-0+n, E(f)w-(1+z)+n)=w-(1+ f(z))+n,
suppZ(w -0+ n) =0, supp?(w - (1 +z) +n) = {z}.

When D is another predilator with support functions supp?, the usual composition
of functors yields a predilator D o E with supp,, : D o E(a) — [a]<%¥ given by

supp,, (o) = J {Suppf (p) ‘ p € SUPDPE(a)(0) } :

More precisely, this explains the composition of predilators on LO (cf. the paragraph
after Definition 2.2). The case of coded predilators requires some more work, since
functors from Nat to LO cannot be composed directly (see Section 2 of [14]).

Definition 3.5. A linear order L = (N, <j) is called a thread of a predilator D if
there is a natural family of embeddings Dy (a) — D(w - (1 + «)).

In order to explain the occurrence of w - (1 + «) in the definition, we note that
the support sets for Dy, can have any finite cardinality. If we had a natural family
of embeddings Dr(a) — D(«), the same would need to hold for D, which would
be quite restrictive. The choice of w - (1 + «) is motivated by the following proof.
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Theorem 3.6. For any predilator D such that D(w?) is well-founded, at least one
of the following statements must hold:

(i) We have RCAg Fy, “D is a dilator”.
(ii) The predilator D has a thread.

In Corollary .21 we will see that the alternative in the theorem is exlusive, i.e.,
that precisely one of statements (i) and (ii) holds for each eligible predilator D.

Proof. Assuming that (i) fails, we consider an w-model M E RCAy with D € M
and a linear order aw € M such that M contains no infinitely descending sequence
in o but does contain a sequence

(0(0),a(0)) > (o(1),a(1)) > ...

in the order D(«). Let us abbreviate a;,, := a(i)z(z) for u < |a(?)] (cf. Definition 2.6).
We claim that no trace element (o(4), |a(i)|) can occur infinitely often. Other-

wise, we could assume that some (o,n) € Tr(D) equals (o(i), |a(i)]) for all 4 € N.

In view of Proposition 7] we would then have an infinitely descending sequence

il—>o¢"71-a0i+...—|—o¢0~a07n,1Ea”.

This would contradict the fact that a™ is well-founded according to M, which can
be established by I13-induction on n (see, e.g., Proposition 9 of [44]). We may now
assume that all trace elements (o(4),|a(i)|) are distinct. This allows us to apply
Definition 2.8 and the considerations that follow it. Let us agree to write

Dij = pggz)) and Eij = Egg))
for i < j (cf. Definition 2.10).

We now aim to find a sequence of indices 1(0) < I(1) < ... (not necessarily in the
model M) with pye; r(;) > @ for all i < j. Let us inductively assume that we have
found a sequence I(7) = j(0) < j(1) <...in M such that k < [ implies p;) ;i) >4
and additionally @), = a;q),. for u < i. Purely for notational convenience, we
assume j(k) = I(i) + k. For an inductive construction, it suffices to derive that M
contains another sequence I(i) < I(i + 1) := j(0) < j(1) < ... such that we have
Dik),j(1) = 1+ 1 and (k)i = Qj(l),i for all k <.

Towards a contradiction, we first assume that all J admit a j > J with pj; =4
for all k£ > j. By passing to a subsequence (which may no longer lie in M), we can
then assume that all j < k validate pj; = ¢ as well as aj, = ag, for u < i. In view
of Theorem 211, it follows that all inequalities ¢; > o, in our descending sequence
are due to €;, = —1 (recall pji = pi; and €, = —ey; from the proof of the cited
theorem). We now find sets b(j) € [w - (1 +4)]<% with |6(j)| = |a(j)| and

{bG) u<i} ={w- A+l <i},

which is possible since the gaps below and above the values w- (14 1) accommodate
any finite order. In view of Definition 28] any j < k and all u, w < i = pjj, satisfy

bGIZD < b()ID & bk)® < (k).
Together with the previous equality of sets, this yields
b(5)20) = b(k)2®)  for i < pjp.
As we have ¢, = —1, we can conclude that j < k implies (o(5),b(j)) > (o(k), b(k)),

due to Theorem 211l This contradicts the assumption that D(w?) is well-founded.
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We now know that any sufficiently large j admits a & > j with p;; > i. Hence we
can find a sequence I(i) < j(0) < j(1) < ..., this time in the model M, such that
all k € N validate pj) j(k+1) > 4. Due to Lemma 2121 we even get p;a) o) > ¢
for k < 1. As (0(j(k)),a(j(k))) decreases in k and a()., = a;(),, holds for u < i,
we can invoke Theorem 21Tl to conclude that k < [ entails a;(yy,; > a;j),;- Since a
is well-founded according to M, we can pass to a tail of our sequence on which we
have a;x),; = a;jq),; for all k <. This completes the inductive construction. Let
us note that the latter also yields as(;y,, = as(j),, for u < < j (which is relevant
for the corollary below but not for the present proof).

If we drop the assumption that the sequence i — (o(i),a(i)) lies in M, we may
instead assume that we have I(2) = 4, so that p;; > 4 holds for all ¢ < j. Let us recall
the permutations 7, ;) from Definition We define a linear order L = (N, <p)
by stipulating

k<l < WU(i)(kJ) < T (i) (Z) for ¢ > Inax{k,l},

where different ¢ agree in view of Definition 2.8 For the corollary below, we note
that k +— ag41,% yields an embedding of L into a. Indeed, we have previously
observed that ari1,s = ary holds for k < I. Given k <, [, we thus get

a1,k = ark = eNg(1) (7o (1) (k) < engn) (7o) (1) = an = ar41,
with an arbitrary I > max{k,}.

In order to establish alternative (ii) from the statement of the theorem, we first
choose embeddings g; : |a(i + 1)] = w - (1 +14) with

{9i(mo vy () [k < i} = {w- (L + 1) [1 <},
where the values g;(7,(;11)(k)) for i <k < |a(i+1)| are accommodated in the gaps
below and above the elements w-(1+1). An element p = (p(0),...,p(i—1)) € Dr(a)
can be considered as an order embedding p : ¢ — «, which induces an embedding
prw-(147) =5 w-(1+a) withp(m) =m and p(w-(1+1)+m) =w-(1+ p(l)) +m.
To satisfy (ii), we now define 1, : Dr(a) = D(w - (1 + «)) by setting

Na(p) = D(po gi)(o(i+1)).

It is straightforward to verify that this definition is natural in the sense that we
have ng o Dp(f) = D(w - (1 + f)) o 0o for any embedding f : o — B (reduce this
to the fact that we have fop = (w- (1 + f))-p). Let us note that we need only
consider finite « if we work on the level of coded dilators (cf. Lemma [Z3]).

To see that 7, is an embedding, recall the permutations 77 from Definition B.11
The definition of L ensures that 7 (k) < (1) and 7y (;41) (k) < To(i11) (1) are equi-
valent for k,1 < i. With pL = p(rl(k)) as in Definition B we get

pi <pr & Do gi(Toisn) (k) <Pogi(moqrny (D) for k,1 <.
In conjunction with
{w- (1 +ph) |k < i} = fw- (1+p()) |1 < i}
={pw-A+D) |l <i} ={pogi(moqry (k) [k <1},

this entails that we have w - (1 + p£) = Do gi(Ty(i41)(k)) for k <.

Now assume we have p < 7 in Dp(a), for p as before and 7 = (7(0),...7(j —1)).

In view of Definition B.1] we first assume that we have pl' < 7% as well as pf = 7

for k <1 < min(i, j). We get the inequality 5 o g;(74(i+1)(1)) < P o gj(7o(j4+1)(1))
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and equalities below . By Proposition [27] (if ¢ = j) or Theorem 2I1] (note that we
have 4, j < piy1,j+1), we can conclude

Na(p) = D(pogi)(o(i+1)) < D(Fog;)(o(i+1))=na(r).

Finally, we consider the case where p < 7 holds due to pF = 7 for all k < i < j.
To obtain 7, (p) < 1a(7) via Theorem 2TT] we need only show

70 gi(Ma(i+1) (1) < T 0 gj(Mo(j41) () = w - (L+ 7).
Write g; (7o (i41) (1)) = w - (1 4+ 1) +m with [ < i and possibly [ = —1. If the latter
holds, the claim is immediate. Now assume [ > 0 and write w-(1+1) = g;(74(i11)(k))
with k& <i. We get m,(;41)(k) < To(i41)(7) and hence 7,41y (k) < Ty(j41)(4). By

po gi(WU(iJrl)(k)) =w- (1 + pé) =w- (1 + T/cL)
=70 gj(To(j1) (k) <70 g;(To(j41) (1))

we get the open claim. (|

We record the following characterization of dilators, even though it is not needed
in the present paper.

Corollary 3.7. A predilator D is a dilator precisely if D(w?) is a well order and
all threads of D are ill-founded.

Proof. The forward direction is immediate by Proposition B4 To establish the
backward direction, we assume that D is no dilator. We then have a well order «
with an infinitely descending sequence i + (o (i),a(i)) in D(a). Let us consider an
w-model M F RCA( that contains D and « as well as our descending sequence. The
use of an w-model is not necessary here, but we prefer to stay close to the previous
proof. From the latter, we learn that D(w?) is ill-founded or that D has a thread L
that embeds into o and is thus well-ordered. ]

To derive Theorem [[5] we investigate the strength of the statement that Dy,
is a dilator for some order L. The following result of Uftring will be used for this
purpose. Let us recall that (1 4+ «)” denotes the order with underlying set

1+ o) ={{(x0,Y0),- s (Tn-1,Yn-1)) |To > ... > 2p_1 in v and y; € a}
and lexicographic comparisons (where smaller indices have higher priority and we
have (z;,y;) < (2,y}) if either z; = 2, and y; <y} or x; < o).
Lemma 3.8 (RCAy; see [44]). For any linear order v, the following are equivalent:
(i) Whenever « is a well order, so is (1 + a)7.

(ii) The principle of I3-induction along ~y holds.

The following will yield a connection with slow transfinite induction. Concerning
naturality, we note that any order embedding of « into 5 yields obvious embeddings
of (1 +«)7 into (1+ 5)” and of a-27 into B -27. We do not define these explicitly,
because naturality is not needed for the crucial corollary below.

Proposition 3.9 (RCAg). For arbitrary linear orders L = (N, <p) and vy, there is
a natural family of embeddings

No: (1+a)” = D (a-27),

where o ranges over all linear orders.
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Proof. Our approach is to set

Na(((Y0; @0), - -+, (=1, k1)) = (€(0), ..., e(k — 1))
for a suitable embedding e : k — «-27. For better readability, elements of the order
27 = (14 {0})" are written as 2% + ... 4 2%2-1 rather than ((dy,0),...,(6,_1,0)),
as in the introduction. Let us recall the permutations 7% from Definition Bl To

define e(rL(i)) by recursion on i, we first set

e(TE(0)) = a - 270 + ay.
Now assume that we have already defined values

e(rf () = a- o5 +a
for all j < ¢, where each o; is of the form

0; =200 4+ 4270 with §(0) <...<j(l) =3
Crucially, there is a unique
oit1 € {271} U{o; + 27| 5 <4}
such that e remains order preserving when we set
e(mi(i+1)) = - o1 + i1

If ~; is fixed for j < ¢, then ;41 is strictly increasing in 7;41. It is straightforward
to conclude that 7, is an embedding. Given that the o; do not depend on the a;,
the construction is clearly natural. O

Let us write —w for the order on the negative integers. Intuitively, the previous
proof relies on the fact that 27“ is a dense linear order, into which any L can be
embedded. While —w does not embed into v, the first components from elements
of (1+ )7 provide descending sequences that allow us to construct partial embed-
dings in a dynamical way. We note that there is some similarity with the proof
of Proposition B4 though no dynamical approximation was needed in the latter,
where we had the (contradictory) assumption that L is a well order.

Corollary 3.10 (RCA). If Dy is a dilator for some linear order L = (N, <p),
then the principle II3-TI* of slow transfinite 119-induction holds (cf. Definition[I]]).

Proof. In view of Lemma [B.8 it suffices to derive that o — (1 + «)” preserves well
orders whenever 27 is well-founded. Given that Dy, is a dilator and that « and 27
are well orders, the order Dy, (« - 27) is well-founded. By the previous proposition,
we can conclude that the same holds for (1 4+ «)7. O

We can now derive the central part of Theorem[[.5l The remaining claim, namely
that the following disjunction is exclusive, will be establish in the next section.

Theorem 3.11. For any predilator D such that D(w?) is well founded, at least
one of the following is true:

(i) We have RCAg Fy, “D is a dilator”.
(i) We have RCAq Fy, “D is a dilator” — TI3-TI*.

Proof. Assume that (i) fails. By Theorem[3.6 we get a linear order L = (N, <) and
a natural transformation n with components 7, : D (o) = D(w-(14+«)). When 7 is
considered as a transformation between coded predilators, it is a countable family of
countable order embeddings, which we assume to be coded into a single subset of N.
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In order to establish (ii), we now consider an w-model M F RCAy+ “D is a dilator”
that contains L and n (in addition to D). The statement that 7 is a natural trans-
formation between coded predilators is arithmetical and hence available inside M
(cf. the proof of Theorem[LH]). In view of Lemmal[Z3] we get M E “Dy, is a dilator”.
The previous corollary allows us to conclude. (I

The reader may wonder if Proposition [3.9] and Corollary leave room for
improvement. In particular, it is natural to ask whether 2% can be embedded into
an order like Dy (w - (1 + «)) for arbitrary L. By a result that was mentioned in
the introduction, this would allow us to replace II9-TI* by ACAq in Theorem [B.11
We only have the following partial answer. Let us note that the rest of this section
does not affect any other part of this paper and may thus be skipped. At the end
of the section, we formulate an open question.

Proposition 3.12 (RCAg). Assume that L = (N,<r) is a scattered linear order
of finite Hausdorff rank r, i. e., that we have an embedding h : L — Z". Then there
is a natural family of embeddings 1q : 2* — Dp(a - (w- (e +1))").
Proof. We intend to set
No (27° + ... +2971) = (0(0),...,0(n — 1))
for a strictly increasing function o : n — « - (w - (a + 1))” with values of the form
o (ms (7)) = - h(j) + oy,

To make 7, an embedding, it is enough to ensure that h(j) € (w- (a+1))" depends
only on ayg,...,aj—1 (i.e., not on aj,...,ap—1 and not on n).

The function o will be strictly increasing if i <z, j implies h(i) < h(j). In order
to achieve the latter, we rely on the idea that finite descending sequences in « allow

for a dynamic approximation of Z" by (w - (aw 4+ 1))" (cf. the paragraph after the
proof of Proposition [3.9). Write the values of the given embedding h : L — Z" as

h(j) = <q3,---,q3§71>-
For each j € N we pick an N; > j with qi > —Nj for all k < r. Given any q € Z,
we define j(q) = min{j| ¢ > —N;} < |q|. Writing o_1 = a, we then put
q=w-ajq-1+ Njq +4¢ for ¢ € Z with j(q) < n.
As we have j(qi) < j by construction, we may consider the function
h:n— (w-(a+1)" with h(j) = <q_é,...,qf;71>.

Now ¢ +— @ is strictly increasing. To see this, note that p < ¢ implies j(p) > j(q). If
the latter is an equality, we clearly get p < g. If it is a strict inequality, we get the
same via ajp)—1 < Qj(q)—1- Given that h is an embedding, it follows that i <p, j

implies h(i) < h(j), as desired. Again due to j(ql) < j, we can confirm that h(j)
depends on ay, ..., ;1 only. The construction is clearly natural in a. ([l

Recall that, over RCAq, arithmetical comprehension is equivalent to the state-

ment that o — 2% preserves well orders (see [20, 25]). Together with the previous
proposition, this yields the following (cf. the proof of Theorem BTT]).

Corollary 3.13. For any predilator D with a thread of finite Hausdorff rank, we
have RCAqg E “D is a dilator” — ACAy.
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In the following, we explain the restriction to finite Hausdorff ranks.

Remark 3.14. In Proposition B.I2] one can replace Z" by (1 4+ Z)7 for an infinite
ordinal «. However, this does not yield a result about infinite Hausdorff ranks.
The reason lies in different definitions of exponentiation for linear orders. When
we write (1 + Z)7, we refer to the definition in the paragraph before Lemma B8
On the other hand, the definition of Hausdorff rank (see [38]) takes Z" to be the
order on functions f : v — Z with only finitely many non-zero values, where we
have f < g if f(8) < g(B) holds for the biggest 5 on which f and g differ. If we only
record non-zero values, such functions can also be represented by finite sequences
((70,90), - - - s (Yn—15qn—1)), but we have ((0,—1)) > ((1,-1)) > ((2,—-1)) > ... in
the order Z“. For infinite ~y, this makes it hard to approximate Z” by well orders,
so that our proof of Proposition does not extend to this case.

To conclude this section, we formulate an open problem.

Question 3.15. How strong is the statement that Dy, is a dilator for some linear
order L = (N, <;)? Is it stronger than TI9-TI* (cf. Corollary B.I0)? Is it weaker
than arithmetical comprehension? What happens in the extreme case L & Q7

4. ON SLOW TRANSFINITE INDUCTION

In the present section, we prove bounds on the strength of slow transfinite in-
duction and derive the results that were stated in the introduction.

Let us begin with a straightforward observation. As usual, we write |>:2 to refer
to ¥¥-induction along the natural numbers.

Lemma 4.1. (a) We have RCAg + II9-TI* - 1X).

(b) Over RCAq + I1X3, the following is equivalent to TI9-TI*: a linear order ~
such that 27 is well-founded admits no infinitely descending AY-sequence.

Proof. (a) The order type w of the natural numbers is isomorphic to 2¢ (think of
binary notation). This fact and the well-foundedness of w is recognized in RCAy.
Given TI9-TI*, we thus get I19-induction along N. Tt is well-known that the latter
is equivalent to 1X3 (see, e.g., Section 1.2 of [22]).

(b) It suffices to show that I13-induction along v holds precisely if no AJ-sequence
in v descends infinitely. For the forward direction, we assume that F : N — ~ is AJ
with F(n) > F(n+ 1) for all n € N. We obtain F(n) > z for all n € N by a
straightforward induction on x € «y, which clearly yields a contradiction. For the
backward direction, we assume that induction along « fails for a II9-formula 9 (z),
i.e., that we have

Jr e yY(x) and Vo €y(—(z) = Jy <x—Y(y)).

The idea is to construct xg > x1 > ... in 7 such that —¢(z;) holds for all i € N. To
achieve this in our metatheory, we write 1(x) as Vn p(x,n) where ¢ is £J. Let S
be the AY-collection of all finite sequences o = {0y, ...,0,_1) such that each o; is
the minimal code of a pair (x;,n;) with —p(z;,n;) and either i = 0 or z; < z;_1.
Using IZg, one readily shows that S contains a (clearly unique) sequence of each
length. In order to obtain a AY-function F : N — v with F(n) < F(n — 1), we now
declare that F'(n) is the first component of the n-th pair in some (or any) suitably
long sequence from S. O
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We now provide the proof for a proposition from the introduction, which asserts
that we have WKLg ¥, TI3-TI*. It was found at Trends in Proof Theory 2024. The
crucial ideas for the second and third paragraph of the proof were suggested by
F. Pakhomov and J. Aguilera, respectively.

Proof of Proposition [1.4} Given any Z C N, we need to find an w-model M E WKLq
that contains Z and falsifies TI3-T1*. Let us anticipate that the following arguments
relativize, which allows us to assume Z = ). We find a low set X and an w-model
M E WKLy such that all sets in M are computable from X (take a low PA-degree,
e.g. via Theorems 3.17 and 4.22 of [23]). In view of the previous lemma, it is enough
to find a computable linear order - such that 27 has no X-computable descending
sequence while v contains a descending sequence that is computable in 0.

For an X-computable linear order +, it is known that an X-computable des-
cending sequence in 27 yields an X’-computable descending sequence in « itself
(see Theorem 3.1 of [31]). To formulate an effective version of this fact, we write
{e}x(n) and {e}x(n) for the result (possibly undefined) of the e-th programme on
input n with oracle X and X', respectively. The proof in the cited reference yields
a computable function f : N2> — N with the following properties:

o If {e}x is the characteristic function of the graph of a linear order v and
{s} x is a strictly descending sequence in +y, then { f(e, s)}'y is a strictly des-
cending sequence in 7.

e The function {f(e, s)}y is total for all e, s € N.

Now the idea is to construct a computable linear order v with a 0’-computable des-
cending sequence such that every sequence o > x; > ... in 7 validates

{f(e,8)}x(n) <y x, foralln=/ e, s)eN.

If e and sy were X-indices for v and a descending sequence in 27, the sequence that
is given by z, = {f(eo,s0)}x(n) € v would yield a contradiction at n = (e, so).
Thus 27 will have to be X-computably well-founded, as demanded above.

Given that X is low, we get a total 0’-computable function D : N — N by setting

D(n) ={f(e,s)}x(n)+1 forn=/e,s).

By the limit lemma (see Section 3.6 of [41]), we get D(n) = limy d(k,n) for a com-
putable function d : N2 — N, where we can assume d(k,n) < k. Let us write K(n)
for the smallest K such that D(n) = d(k,n) holds for all k > K. We point out that
we get D(n) < K(n). Define T as the tree of sequences (k(0),...,k(l — 1)) such
that the following holds for n < I:

(i) If k(n) is non-zero, then we have d(k(n) — 1,n) # d(k(n),n).

(ii) We have d(k(n),n) = d(k,n) for k(n) < k <.
Condition (i) ensures k(n) < K(n). The latter must be an equality when the given
sequence lies on a path of T', by condition (ii) and the minimality of K (n). Thus T
has a unique path, which consists of the rightmost sequences. Let v be the Kleene-
Brouwer order on T without its root. Any descending sequence zg > z1 > ... in 7y
must lie entirely within the branch. Assuming that the code of a sequence majorizes
its entries, we thus get z, > K(n) > D(n), as needed. O

Let us note that Corollary [[.6 from the introduction is now established as well.
As promised in the previous section, we get the following.
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Corollary 4.2. The alternatives in Theorems and [Z11] are exclusive, 1. e., in
each of these two results and for each predilator D, statements (i) and (i) cannot
hold simultaneously.

Proof. Statement (i) is the same in both results, and statement (ii) of Theorem B.6]
implies (ii) of Theorem B.IT] by the proof of the latter. Thus it suffices to show
that the alternative in the second result is exclusive. If this was not the case, we
would get RCAq k=, TI9-T1*, against the result of the previous proof. (|

Our next aim is to derive a result that involves Ramsey’s theorem for pairs and
two colours (RT3). We begin with some preparations. Let us recall that o, which is
the proof-theoretic ordinal of Peano arithmetic (PA), has a standard representation
as an ordered system of terms that are recursively generated by the clause

t(0) = ...=t(n—1)in g = WOt e g

This already refers to the order < on gy, which is lexicographic with respect to
the recursively defined order on exponents (see, e.g., Section 3.3.1 of [33] for more
details). The following proof, which adapts a classical argument due to G. Kreisel
and A. Lévy [29], was pointed out to the author by L. Beklemishev. We write 3*119
for the class of formulas 3X C N such that ¢ is I1%. In the context of second-order
arithmetic, PA denotes the schema of arithmetical induction with set parameters.

Proposition 4.3. When 1 is any true 3'T13-sentence, the theory RCAg + PA + ¢
cannot prove that the well-foundedness of e entails TIS-induction along .

Proof. We begin with a reduction to a corresponding first-order result. Let us
extend the language of first-order arithmetic by a unary predicate symbol U. We
will use U to account for the second-order quantifier in 1. For a ITi-sentence VX ¢
of second-order arithmetic, we define oV as the first-order sentence that results
from ¢ when all (positive and negative) subformulas ¢ € X are replaced by U(t).
In the following, it is understood that U may occur in the induction formulas of
first-order Peano arithmetic.

We consider transfinite induction only along (our standard representation of)
the ordinal £g. When T is a class of formulas (each with a distinguished induction
variable), we write I'-T| for the collection of formulas

¥y € 2o (VB < v0(B) = ¢(7)) = Vo € g9 p(a)
with ¢ € I'. We will be particularly interested in the case where I' is the class of
IT,,-formulas with n € {1,2}. Let us agree that such formulas may contain U. We
have the following conservation result.

Claim. For any II}-sentence VX ¢, we have
RCAg + PA + “gq is well-founded” FVX ¢ = PA4+TIL;-TIF goU.

When PA is replaced by 1X;, the result coincides with Theorem 4 of [4]. The
proof extends the usual model-theoretic argument for the conservativity of RCAq
over IX;. Aiming at the contrapositive of our implication, we consider a model M
of the theory PA + II;-Tl + —¢V. Let S consist of the A;-definable subsets of
the universe M of M (where definitions may involve U). If a subset of M is
AY-definable with number and set parameters over (M, S), it is A;j-definable with
number parameters over M (see [40, Lemma IX.1.8]). The analogous claim for first-
order definability follows. Thus (M, S) validates RCAg+PA and clearly also =VX ¢.
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As in [4], ill-foundedness of €y in (M, S) would yield a failure of II;-Tl in M. We
will use the claim above in conjunction with the following.

Claim. For any Y4-sentence o that is true under some interpretation of U, we have
PA + ¢ + II3-T1 ¥ TI5-TI.

By a classical result of Kreisel and Lévy [29], induction along ¢ is equivalent
to uniform reflection over PA. A closer look at the proof shows that ITs-induction
corresponds to Il4-reflection. To formalize the latter, we use a II4-formula Try that
defines truth for IT4-sentences (see [22], Section I.1]). We also have a ¥;-formula Prpa
that expresses provability in PA. Our reflection principle can now be stated as

RFN, = V0 (“9 is a II4-sentence” A Prpa(6) — Tr4(9)).
The result of Kreisel and Lévy (refined with respect to formula complexity) says
PA + II>-Tl - RFNy.

For a detailed proof via ordinal analysis, we refer to Section 5 of [12] (also see the
alternative approach by Beklemishev [2] 3]). There it is shown that parameter-
free II;-induction implies local Yo-reflection. No new issues arise when we admit
parameters and go from Ils-induction to uniform Xs-reflection, which is known
to be equivalent to uniform II4 reflection. The addition of the predicate symbol U
amounts to a harmless relativization. We can express II;-T| by a single II3-sentence
(again via a partial truth definition). Let @ be the ¥4-sentence ¢ A II;-TI. If the
proposition was false, we would get PA+ 0 F Prpa(—0) — —6. The assumption on ¢
ensures that PA + 6 is consistent. So we would have a contradiction with Godel’s
second incompleteness theorem. This completes the proof of our second claim.

We now write 3X 1) for the I*I3-formula ¢ from the statement of the propos-
ition. For any set variable Y, let IIo-Tly be the second-order formula that results
from IIo-TI when each subformula U(t) is replaced by ¢t € Y. Note that VY IIy-Tly
is a consequence of the second-order version of I13-induction along €y. Assuming
that the proposition is false, we thus get

RCA( + PA + “gq is well-founded” F 3X 1pg — VY IIo-Tly.

Here the conclusion can be weakened to VX (g — IIo-Tlx). Due to the first claim

above, we can infer
PA +T1;-Tl - 9§ — M,-TL

But this contradicts the second claim. O

To get the following, it suffices to combine the previous proposition with a recent
result of Q. Le Houérou, L. Patey and K. Yokoyama [30].

Corollary 4.4. When 1 is a true 3'T13-sentence, we have
WKLo + RT3 + PA 4 o ¥ TIS-TI*.
Proof. Tt is straightforward to show that 2°° embeds into ¢ (in fact by an iso-
morphism). Assuming that the corollary fails, we infer that the theory
WKLg + RT3 + PA + “gq is well-founded”

proves that 1 implies I13-induction along &o. This implication is a II}-statement.
We can thus use Theorem 1.6 of [30] to infer that the same implication is provable in
RCAg+PA+“gg is well-founded”. But this contradicts the previous proposition. [
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Finally, we derive the following result, which is a reformulation of Theorem [[.7]
from the introduction.

Theorem 4.5. For any computable dilator D, we have
RCAy B, “D is a dilator” or WKLy + RT% + PA ¥ “D s a dilator”.

Proof. Towards a contradiction, we assume the theorem fails for D. Then we have
WKL, + RT% + PAF “D is a dilator”.

Also, Theorem 3.6 ensures that D has a thread, i.e., that the following statement 1)
is true: there is a natural family of order embeddings 7, : Dr(n) = D(w - (1 +n))
with n € N for some linear order L = (N, <p). In the proof of Theorem [3ITl we have
used that ¢ is ¥1. Here we note that it is actually 3*I13. Indeed, the order Dy (n)
and thus the embedding 7, is finite for each n € N. Our natural family can thus
be seen as a function n + 71, € N, and it takes a II3-formula to express that this
function is total. To say that the family is natural, we need to quantify over all
morphisms f : m — n with m,n € N, which amounts to a first-order quantification.
For each f, the naturality condition n, o Dr(f) = D(w - (1 + f)) o 0y, asserts only
finitely many equalities and is thus AY. By Lemma 25 our natural family yields
an embedding Dy, () — D(w - (1 + «)) for any linear order «, provably in RCA.
We thus get

WKLo + RT3 + PA + 4 + “Dy, is a dilator for some linear order L = (N, <p)”.
By Corollary B.I0, the same theory proves I13-TI*, against Corollary F.4l O

The following complements the question from the end of the previous section.
Yokoyama has pointed out that a positive answer to (¢) would yield a more canonical
version of the previous theorem.

Question 4.6. (a) Do we have WKL 4+ RT3 ¥, TI9-TI*?

(b) Is TI3-TI* strictly weaker than the principle of arithmetical comprehension?
Is it IT}-conservative over RCAg + 1Z9 (cf. Lemma EI)?

(c) Is WKLo + RT3 + PA conservative over RCAg + PA for statements of the
form “D is a dilator” with computable D?

REFERENCES

1. Juan P. Aguilera, Fedor Pakhomov, and Andreas Weiermann, Functorial fast-growing hier-
archies, Forum of Mathematics, Sigma 12 (2024), 16 pp.

2. Lev Beklemishev, Proof-theoretic analysis by iterated reflection, Archive for Mathematical
Logic 42 (2003), 515-552.

, Provability algebras and proof-theoretic ordinals, I, Annals of Pure and Applied Logic
128 (2004), no. 1-3, 103-123.

4. Lorenzo Carlucci, Leonardo Mainardi, and Michael Rathjen, A note on the ordinal analysis of
RCAo +WO(o), Computing with Foresight and Industry. Proceedings of CiE 2019 (F. Manea,
B. Martin, D. Paulusma, and G. Primiero, eds.), Lecture Notes in Computer Science, vol.
11558, Springer, 2019, pp. 144—155.

5. Peter Cholak, Carl Jockusch, and Theodore A. Slaman, On the strength of Ramsey’s theorem
for pairs, The Journal of Symbolic Logic 66 (2001), no. 1, 1-55.

6. Damir Dzhafarov and Carl Mummert, Reverse Mathematics. Problems, Reductions, and
Proofs, Theory and Applications of Computability, Springer, Cham, 2022.

7. Anton Freund, Type-Two Well-Ordering Principles, Admissible Sets, and Hi—C’omprehension,
PhD thesis, University of Leeds, 2018, http://etheses.whiterose.ac.uk/20929/.



http://etheses.whiterose.ac.uk/20929/

22

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

ANTON FREUND

s H% -comprehension as a well-ordering principle, Advances in Mathematics 355 (2019),
article no. 106767, 65 pp.
, Computable aspects of the Bachmann-Howard principle, Journal of Mathematical
Logic 20 (2020), no. 2, article no. 2050006, 26 pp.
,  Reverse mathematics of a wuniform Kruskal-Friedman theorem, 2021,
arXiv:2112.08727.
, Well ordering principles and H}l—statements: a pilot study, The Journal of Symbolic
Logic 86 (2021), 709-745.

, A mathematical commitment without computational strength, The Review of Sym-
bolic Logic (2022), no. 15, 880-906.
, On the logical strength of the better quasi order with three elements, Transactions of
the American Mathematical Society 376 (2023), 6709-6727.
Anton Freund and Michael Rathjen, Derivatives of normal functions in reverse mathematics,
Annals of Pure and Applied Logic 172 (2021), no. 2, article no. 102890, 49 pp.
, Well ordering principles for iterated H%—comprehension, Selecta Mathematica 29
(2023), article no. 76, 83 pp.
Anton Freund, Michael Rathjen, and Andreas Weiermann, Minimal bad sequences are neces-
sary for a uniform Kruskal theorem, Advances in Mathematics 400 (2022), article no. 108265,
44 pp.
Anton Freund and Patrick Uftring, The uniform Kruskal theorem: between finite combin-
atorics and strong set existence, Philosophical Transactions of the Royal Society A (2023),
no. 381, article no. 20220016, 16 pp.
Jean-Yves Girard, H%—logic, part 1: Dilators, Annals of Pure and Applied Logic 21 (1981),
75-219.

, Introduction to H%—logic7 Synthese 62 (1985), 191-216.
, Proof theory and logical complexity, volume 1, Studies in Proof Theory, Bibliopolis,
Napoli, 1987.
, Proof theory and logical complexity, volume 2,
http://girard.perso.math.cnrs.fr/Archives4.html| (accessed on November 21, 2017),
1982, Manuscript.
Petr Hajek and Pavel Pudlak, Metamathematics of first-order arithmetic, Perspectives in
Mathematical Logic, Springer, Berlin, 1993.
Denis Hirschfeldt, Slicing the truth. on the computable and reverse mathematics of combinat-
orial principles, Lecture Notes Series, Institute for Mathematical Sciences, National University
of Singapore, vol. 28, World Scientific, Singapore, 2015.
Denis Hirschfeldt and Richard Shore, Combinatorial principles weaker than Ramsey’s theorem
for pairs, The Journal of Symbolic Logic 72 (2007), no. 1, 171-206.
Jeffry Hirst, Reverse mathematics and ordinal exponentiation, Annals of Pure and Applied
Logic 66 (1994), 1-18.

, Ordinal inequalities, transfinite induction, and reverse mathematics, The Journal of
Symbolic Logic 64 (1999), no. 2, 769-774.
Carl Jockusch, Jr., Ramsey’s theorem and recursion theory, The Journal of Symbolic Logic
37 (1972), 268-280.
Leszek Kolodziejczyk and Keita Yokoyama, Some upper bounds on ordinal-valued Ramsey
numbers for colourings of pairs, Selecta Mathematica 26 (2020), article no. 56, 18 pp.
Georg Kreisel and Azriel Lévy, Reflection principles and their use for establishing the com-
plexity of axiomatic systems, Zeitschrift fiir mathematische Logik und Grundlagen der Math-
ematik 14 (1968), 97-142.
Quentin Le Houérou, Ludovic Patey, and Keita Yokoyama, Conservation of Ramsey’s theorem
for pairs and well-foundedness, 2024, https://doi.org/10.48550/arXiv.2402.11616.
Alberto Marcone and Antonio Montalban, The Veblen functions for computability theorists,
The Journal of Symbolic Logic 76 (2011), 575-602.
Ludovic Patey and Keita Yokoyama, The proof-theoretic strength of Ramsey’s theorem for
pairs and two colors, Advances in Mathematics 330 (2018), 1034-1070.
Wolfram Pohlers, Proof theory. The first step into tmpredicativity, Springer, Berlin, 2009.
Michael Rathjen, w-models and well-ordering principles, Foundational Adventures: Essays in
Honor of Harvey M. Friedman (Neil Tennant, ed.), College Publications, 2014, pp. 179-212.



http://girard.perso.math.cnrs.fr/Archives4.html
https://doi.org/10.48550/arXiv.2402.11616

DILATORS AND THE REVERSE MATHEMATICS ZOO 23

35. Michael Rathjen and Ian Alexander Thomson, Well-ordering principles, w-models and H%—
comprehension, The Legacy of Kurt Schiitte (Reinhard Kahle and Michael Rathjen, eds.),
Springer, 2020, pp. 171-215.

36. Michael Rathjen and Pedro Francisco Valencia Vizcaino, Well ordering principles and bar
induction, Gentzen’s centenary: The quest for consistency (Reinhard Kahle and Michael
Rathjen, eds.), Springer, Berlin, 2015, pp. 533-561.

37. Michael Rathjen and Andreas Weiermann, Reverse mathematics and well-ordering principles,
Computability in Context: Computation and Logic in the Real World (S. Barry Cooper and
Andrea Sorbi, eds.), Imperial College Press, 2011, pp. 351-370.

38. Joseph Rosenstein, Linear orderings, Academic Press, New York, 1982.

39. David Seetapun and Theodore Slaman, On the strength of Ramsey’s theorem, Notre Dame
Journal of Formal Logic 36 (1995), no. 4, 570-582.

40. Stephen G. Simpson, Subsystems of second order arithmetic, Perspectives in Logic, Cambridge
University Press, 2009.

41. Robert Soare, Turing computability. Theory and applications, Springer, Berlin and Heidelberg,
2016.

42. Tan Alexander Thomson, Well-Ordering Principles and H%—C’omprehension + Bar Induction,
PhD thesis, University of Leeds, 2017, https://etheses.whiterose.ac.uk/22206/!|

43. Patrick Uftring, On inverse Goodstein sequences, 2023, arXiv:2312.06542.

44. , Weak and strong versions of effective transfinite recursion, Annals of Pure and Ap-
plied Logic 174 (2023), no. 4, article no. 103232, 15 pp.

UNIVERSITY OF WURZBURG, INSTITUTE OF MATHEMATICS, EMIL-FISCHER-STR. 40, 97074 WURZ-
BURG, GERMANY
Email address: anton.freund@uni-wuerzburg.de


https://etheses.whiterose.ac.uk/22206/

	1. Introduction
	Acknowledgements

	2. Preliminaries
	3. A dichotomy result for dilators
	4. On slow transfinite induction
	References

