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Abstract

The concept of interval-valued fuzzy soft S-covering approximation spaces (IFSSCASs) is introduced to
combine the theories of soft sets, rough sets and interval-valued fuzzy sets, and some fundamental propositions
concerning interval-valued fuzzy soft S-neighborhoods and soft S-neighborhoods of IFSBCASs are explored.
And then four kinds of interval-valued fuzzy soft S-coverings based fuzzy rough sets are researched. Finally, the
relationships of four kinds of interval-valued fuzzy soft 8-coverings based fuzzy rough sets are investigated.

Keywords:
B-neighborhood.

Interval-valued fuzzy soft S-covering, Interval-valued fuzzy soft S-neighborhoods, Soft

.GM]

arXiv:2404.07230v1 [math

1. Introduction

The fuzzy set, as proposed by Zadeh @], stands
as a renowned instrument for handling uncertainty
with diverse applications |§, , , , E, ] Sub-
sequently, Gorzalczany [16] introduced the notion of
interval-valued fuzzy sets, where the membership de-
gree of set elements lies within the interval [0,1].
Interval-valued fuzzy sets are adept at handling sce-
narios where precise probabilities of set membership
are elusive, offering instead an interval within which
such probabilities are constrained ﬂﬁ, @]

Molodtsov ] introduced soft sets as a solu-
tion to the challenge of uncertainty. Unlike tradi-
tional mathematical approaches to uncertainty, soft set
theory offers a unique advantage in parameter han-
dling. Soft set theory enjoys wide-ranging applications
across decision-making, rules mining, machine learn-
ing, artificial intelligence, image processing, and be-
yond 4, 6. 14, 1, 24

Pawlak @] initially proposed rough set theory
to address the challenges posed by vagueness and
granularity in information systems and data analy-
sis. Lower and upper approximations are central to
rough set theory, offering a mechanism to represent un-
certain knowledge based on existing information. At
its essence, rough set theory constitutes an approxi-
mation space defined by a specified universe and an
equivalence relation @] Rough set theory has risen
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to prominence as a rapidly expanding academic disci-
pline spanning domains such as machine learning, deep
learning, data mining, decision-making, and beyond
ﬂa, @, , @, @, @, @, |4_l|] The amalgamation of
soft sets and rough sets frequently inspires the explo-
ration of theories related to soft covering-based rough
sets E, B, |J__1|, |ﬁ, @], attaining substantial relevance
in specific domains. However, in fuzzy environments,
rough set theory demonstrates inherent limitations, as
discussed To overcome these challenges, Zhang
and Zhan ] integrated fuzzy sets, soft sets, and rough
sets, expanding the notion of soft covering to fuzzy soft
[B-covering, drawing insights from the works of Ma ﬂﬁ]
and Yang [34, [37).

To combine the theories of soft sets, rough sets
and interval-valued fuzzy sets, the concept of interval-
valued fuzzy soft [(-covering approximation spaces
(IFSBCASs) is introduced and the propositions about
neighborhoods in IFSBCASs are researched. And then
four kinds of interval-valued fuzzy soft [-coverings
based fuzzy rough sets are researched. Finally, the re-
lationships of four kinds of interval-valued fuzzy soft
(B-coverings based fuzzy rough sets are investigated.

The following sections of this manuscript are struc-
tured as follows: Section 2 offers the Preliminaries, Sec-
tion 3 introduces the notion of interval-valued fuzzy
soft S-covering approximation spaces (IFSSCASs) and
investigates the propositions regarding interval-valued
fuzzy soft B-neighborhoods and soft S-neighborhoods
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of IFSBCASS, Section 4 presents four kinds of interval-
valued fuzzy soft [-coverings based fuzzy rough sets
and studies their relationships.

2. Preliminaries

In this section we briefly review some foundations.
If two sets A and B are classical sets (set theory es-
tablished by Cantor [27]), AM B and A U B represent
the intersection and union of A and B, respectively.
Furthermore, A C B represents that A is a subset of
the classical set B. Let U be a universal set and E
be a set of parameters. Let IF(U) be the set of all
interval-valued fuzzy sets defined over U.

2.1. Fuzzy sets, soft sets, rough sets and approzimation
spaces

Definition 2.1. |39] Let U be an initial universe set.
A fuzzy set F on U is a mapping F' : U — [0, 1].

Definition 2.2. [25] Let U be an initial universe set
and E be a set of parameters. P(U) is denoted the
power set of U. A pair (F,A) is called a soft set
over U, where A C E and F is a mapping given by
F:A— PU).

Definition 2.3. [28] Let U be an initial universe set
and R be an equivalence relation on U. A pair (U, R)
is called a Pawlak approximation space. Two rough
approximations R_(X) = {z € U : [z]g = X} and
Ri(X)={zeU:x]gMX # 0} are called the lower
and upper approximation of X, respectively, where
XcUuU.

Definition 2.4. [23] Let U be an initial universe set
and F(U) be the set of all fuzzy subsets of U. For
B € (0,1], C = {C1,C4,---,Cp,} is called a fuzzy S-
covering of U if |J*, C(z) > B for all x € U, where
C C F(U). And (U,C) is called a fuzzy B-covering
approximation space.

If 3 =1, then (U,C) is called a fuzzy covering ap-
proximation space.

2.2. Interval-valued fuzzy sets and interval-valued
fuzzy soft sets

Definition 2.5. |7, 31] Assuming that I; = [I;, ;]

and I = [I;,I)] are two bounded closed interval

on the real number field, then I; < I if and only if
IF< I and I} <.

Definition 2.6. [12, 129, [40] Assuming that [; =
[I7,I] and Iy = [I;, IJ] are two bounded closed in-
terval on the real number field, then we call I; and
I as two interval values. For any two interval values
I, and I, the following operations and product order
relation are valid:

(1) h AL =[I] ANy, I AL,

(2) L VI=[I] VI, I VI,

(8) If=[1— 71—} ),

where z Ay = min{x, y} and z Vy = max{z,y} for
all xz,y € [0,1].

Definition 2.7. [12, 16, [29] An interval-valued fuzzy
set F' on an universe U is a mapping such that F': x —
I, where z € U and I is a closed sub-intervals of [0, 1].

For any two interval-valued fuzzy sets F; and Fj
on U, the following basic operations are valid for all
zeU:

( (F1 ﬂFQ ( ) Fl(l')/\Fg(.T)
(2) (F1 U Fy)(z) = Fl(fc)\/Fz(SC),
3) Ff(z) = [1 — F{* (z),1 — F ()],

(4) F1CF2<:>F1( )<F2( )

Definition 2.8. [15, 119, 130] Let U be an initial uni-
verse set and E be a set of parameters. A pair (F, E)
is an interval-valued fuzzy soft sets if F'(e) € IF(U) for
every e € F.

For two interval-valued fuzzy soft sets (F, A) and
(G, B) over a common universe U, AC B C E. We
denote (F, A) C (G, B) if F'(e) C G(e) for every e € A.

Theorem 2.9. [5, 26] Let A, B and C be three
interval-valued fuzzy soft sets, the following statements
hold.

(1) AnB=BnNA, AUB=BUA.

(2) (AUB)NC =(ANC)U(BNC), (ANB)UC =
(AuC)n(BUCQ).

B)(ANB)NC =An(BNC), (AUB)UC =
AU(BUCQ).

(4) (A°)° = A.

(5) (AN B)¢ = A°UB*, (AUB)® = A°N B°.

3. Neighborhoods in IFSBCASs

3.1. Interval-valued fuzzy soft (B-neighborhoods in
IFSBCASs
Let the interval-valued number 3 be an indicator to
survey other interval-valued fuzzy sets in the processes
of decision-making. IV (z) = [1,1] and I?(z) = [0,0]
forall z € U.



Definition 3.1. Suppose U and E are the sets of
objects and parameters, respectively. Let A C F,

F:E — IFU). If IY ¢ | F(e), then we called
ecA
(F, A) an interval-valued fuzzy soft covering over U.

Here, (U, F, A) is called an interval-valued fuzzy soft
covering approximation space.

Definition 3.2. Let 8 be an interval-valued number,
F:E - IFU). If < (U F(e)(x) for all z € U,
A

ee
then (F,A) is called an interval-valued fuzzy soft (-
covering over U, the triple T = (U, F, A)s is called
an interval-valued fuzzy soft B-covering approximation
space.

Definition 3.3. Let 8 be an interval-valued number,
and U and FE be the sets of objects and parameters,
respectively. Let e € A C E, F : E — IF(U).

= ({F(e) € F(A) : B < F(e)(z)} is called
an interval-valued fuzzy soft S-neighborhood of z in
(U,F,A)g.

Lemma 3.4. Let I, be an interval-valued number,
Z and Z; be two families of interval-valued numbers,
|Z| = A, |Z1| =T, and Z C Z;, where A and T are two
random sets of indicators.

(1) I. < I for all T € 7 if and only if I, < A{] :
IeT}.

(2)IfI. < I foranl, € Z,then I, < \/{I:1 € TI}.
BYUZCZy,then A{I:Ieh} < N{I:1€Z}.

Proof (1) I, < I'forall I € Z, ie, I < I~ and
IF<ItforallI €.
I <inf{I-:ITe€Z}ifandonlyif I < I~ forall

IeZ If <inf{I":I€Z}ifandonlyif I} <It
for all I € Z. That is, I, < A{I : I € I} if and only if
I.<Iforalll eT.

(2) I, < I, for an I, € Z, ie., I o and
If < If. Then, Iy < I, < sup{I- : I € I}
and I} < I} < sup{I™ : I € I}, it means that
L <\{I:1e1}.

(B) I =Ty, then inf{I~ : I € 1} <inf{l ™ :

I} and inf{IT : I € I, } < znf{[+ : I € T}. It means
that AN{I: e} < N\{I:1T€Z}.1

< Iy

Theorem 3.5. Let 8 be an interval-valued number,
B< SN (@) forall z € U in (U, F, A)s.

Proof For each z € U, ﬁf =({Fle) €
B8 < F(e)(z)}. By Lemma B4 (1), if 8 <

F(A):
F(e)(x)

for all e € A* C A, then § <

(N Fle)(x), ie,

e€A*
B< SN (z)m

Theorem 3.6. Let 8 be an interval-valued number. If
B8 < ﬁf(y) and f < SNNS(Z), then 8 < SNNf(z) for
all z,y,z € U.

ProofFor eachec A e (U, F,A)g, 5 < SN L(y) =
( N F(e)(y). By the sufficiency of Lemma B4
BLF(e)(x)
(1), we can obtain that 8 < F(e)(y) for each F(e) €
{F(e) : 8 < F(e)(x)}. It means that if 8 < F(e)(x)
then 8 < F(e)(y) for each e € A.

In the similar way above, 8 < ﬁi(z) implies that
if < F(e)(y) then 8 < F(e)(z) for each e € A.

To sum up, 8 < E’T\ff(y) and 8 < gjv\fi(z) imply
that if 5 < F(e)(x) then 8 < F(e)(z) for each e € A.
By the necessity of Lemma B4 (1), 8 < (({F(e): B <

F(e)(@)})(z) = SN, (2)m

Theorem 3.7. For two interval-valued numbers 3
and B, if Bi < fBa, then SN." € SN°* for all # € U,

Proof Since 1 < B, if f2 < F(e)(x) then f;(x)
F(e)(x) for e € A € (U, F,A)g, ie., {F(e) : B2
F(e)(z),e e A} C {F(e): 81 < Fle)(x),e € A}.

By Lemma B4l (3), {F(e) : B2 < F(e)(ac),ﬁe
A} C {F(e) : f1 < F(e)(z),e € A} implies ,S'Nz1
({F(e) : B < Fle )(CE) e € A} C ({F(e) : Pe
F(e)(x),c € A} = SN".m
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Theorem 3.8. Let S be an interval-valued number,
z,y €U.

(1) 8 SNf(y) if and only if g’TVi C gTVf
(2) SNf(y) and 8 < 57/\75(,%) if and only if
SN, = SN,

<
<

Proof (1) Fore € A€ (U, F, A)g, if B
(N
BLF(e)(x)
(1), 8 < F(e)(y) holds for each F(e) € {F(e) : 8
F(e)(x)}, then {F(e) : B < F(e)(x)} © {F(e) : B
F(e)(y)} is obtained.

By Lemma B4 (1), {F(e): B < F(e)(z)} T {F(e) :
B < F(e)(y)} implies ({F(e) : f < Fle)(y)} C
N{F(e) : B< F(e)(@)}, ie, SN, € SN,

< SN, (y) =
F(e))(y), by the sufficiency of Lemma

<
<



On the other hand by Theorem BA (1 ), 8 <
SNy(y) holds. If SNy C SNI then SN s (W) <
SN’ (y), then 8 < SN, () < SN, (y).

(2) By the results of (1), 8 < ﬁi(y) and 8 <
SN () if and only if SN, ¢ SN, and SN, c SN,
ie, SN, =SN.m

3.2. Soft B-neighborhoods in IFSBCASs
Definition 3.9. Let S be an interval-valued num-
ber, F : E — IF(U), AC E. SN. = {y e U :
B8 < g’TVf(y)} is called the soft S-neighborhood of x in
(U,F,A)g.
Theorem 3.10. Let 8 be an interval-valued number,
xGS_Nf forall z € U.

Proof By Theorem BE S <
SN’ m

SNNf(z), then =z €

Theorem 3.11. Let § be an interval-valued number,
Yy e S_Nf if and only if S_Nf C S_Nf for all z,y € U.
Prooflf y € S—Nf, ie., B < SNNf(y), by Theorem

B8 (1) we have SN, € SN, then SN, (2) < SN.(2)
for each z € U.

If 3 < SN, (2), then f < SN, (2) < SNo(2). It
means that if z € S_N§ then z € S_Nf, ie., S_N§ C
SN,

T

On the other hand, by the results of Theorem [3.10]
y € SN,. 1t SN, = SN, then y € SN, W

Theorem 3.12. Let 8 be an interval-valued number,
ify € S_Nf and z € S_Nf, then z € S_Nf for all
z,y,z€U.

Proof'y € S_Nf and z € S_Ng, ie, 8 < g’]v\ff(y)
and 8 < ﬁf(z) By Theorem [3.6] if 8 < ﬁf(y) and
B8 < E’T\fj(z), then 8 < gTVi(z), ie, z€ S_Nf.l

Theorem 3.13. Let 8 be an interval-valued number,
the following statements hold for all x,y € U.

(1) SN, € SN} if and only if SN = SN/,
(2) SN” = SN if and only if SN, = SN
Proof (1) By Theorem B.§ (1), g\fﬁ C g\]\/ff =

8 < SNNii(y) By Definition B9, £ < ﬁf(y) Sy €

S_Nf By Theorem BI1] y € S—Nf & S—Nf C S—N'f
Then, ﬁ/\ff - g\]\/ff @S—Nj C S—Ni

(2) By the results of (1), S_Ng C S_Ni and S_Nf C
S_N§ if and only if g\fﬁ C gTVf and E’F/Vf - gﬁi It
means that S_NS = S_Nf if and only if SNNf = §N§I
Theorem 3.14. Let § be an interval-valued number,

A is a random set of indicators, the following state-

ments hold for all z,y € U.
—5 —5°
(1) SN? USN’ © SN, USN)

— —=B
(2) SN? 1SN, = SN, n SN,
EEEE—— B
ap
( ) UEASN |: U’UEA SN
ap
ﬁ

(4> HUEAS_NZ = ﬂ eA
Proof (1) For each z € U, if z € S—Nf U S_NS,
ie., B < g\ff(z) or 8 < g\fg(z) By Lemma B4 (2),

8
B < (SN, USN,)(z), i.e, z € SN, USN,

B

. Then,
B, a~bs =B =B
SN USN’ = SN, USN,

(2) By Lemma B4 (1), 8 < SN.(z) and 8 <

=B . . =B B
SN, (z) if a;ld only if 3 < (SN, N SN, )(z). Then
SN, N8N, =SN' N3N,

(3) For each z € U, if 2z € I_IUGASNJE , then

there exists at least Oéle v/ € A such that z €
SN” | ie, B < (SN, )(z). By Lemma BA (2),
——=B
B ; —B
8 < (UveASNIU)(z), €., 2z € UUeASN
b —5"
uUeASNIv |: U’UGA SN
(4) For each z € U, z € I_IveAS_NfU

z € S_Nfu for all v € A, e, B < (g’]v\fi)(z) holds for
all v € A.

By Lemma B4 (1), 8 <
only if 8 < (g\f
———8

Moea S‘]V\ffv u

Then,

if and only if

(Nuea SN,,)(z) if and
fv)(z) for all v € A, i.e., I_IUGAS_NZ =

Example 3.15. Let 8 = [0.5,0.6]. If gTVf(z) =
0.3,0.6] and S*vai(z) — [0.5,0.55], then (SN. U
SN,)(z) = [0.3,0.6] V [0.5,0.55] = [0.5,0.6]. z ¢ SN,



— —38
and z ¢ S_Ng, however, z € SNf U SNi . Hence, the
(1) and (3) of Theorem BI4] cannot take the equal sign.

4. Four kinds of interval-valued fuzzy soft (-
coverings based fuzzy rough sets and their
relationships

4.1. The 1st kind of interval-valued fuzzy soft [-
coverings based fuzzy rough sets

Definition 4.1. Let 8 be an interval-valued number,
X elIF(U), z,y € U. Let

547 (X) (@) é\U{wN “(y) v X (1)},
SAT (X) (@) = \E/U{SNNI (1) A X(9)}.

‘S?;l[il(X ) and ﬂil(X ) are the lower approximation
and upper approximation of the interval-valued fuzzy
set X in (U, F, A)a, respectively.

If §;4€1(X) # Qil(X), then X is called the
1st type of interval-valued fuzzy soft S-covering based

interval-valued fuzzy rough sets; otherwise X is called
interval-valued fuzzy definable.

Theorem 4.2. Let § be an interval-valued number,
X, Y € IF(U), x,y € U, the following statements hold.

(1) 5A° (1) = 1V, §AT (1% = 1",

(2) SAT,(X%) = (SAL (X)), SAL(x9) =
(SA”,(x >>.

(3) S47,(x n n = SA”,(x) n §47,(v),
SAil(X )= 547, (x)usAT, (v).

@) If X C Y, then SA°,(X) c S4°,(v),
SAﬁl(X)CSAJrl( Y).

5) 47 (x X) U sa”.vy ¢ §a°,(x u v

SAL(XNY) € SAL (X X) 1 S ).
(SN

(6) If (SN)°(x) < X(2) < SN-(2) for all @ € U,

hen 547 (X) cxc 547 ,(x).

(7) If (SN )'(x) < X(x) < SN () for al
¢ € U, then 547 (547 ,(x)) ¢ §4° (X) c X
S (%) € S, (SA (1)

®) X v, 547, (x)usA”, (v) = 547 (xuy),
S0 1Y) = S, () 1 5Ly ().

Proof (1) For all z,y € U, since IV(y) = [1,1],
then SA”, (IV)(z) = é\U«’s’TVf)C(y) v IV} =

AL} = [1,1] = 1Y (2), e, SA7,(1V) = 1V.
yeU

For all =,y € U, since I’(y) = [0,0], then
B 5B
SALI)(x) = V {SN,(y) A I°(y)} = V {[0,0]} =

yeU yeU

0,0] = I°(z), i, SAT,(1%) = I°.

(2) We prove the case of |U| = 2 at first. Suppose
U={y1,92}

By the results of Theorem (4) and (5),

SAT, (X)) = y/E\U{@T\fi)':(yz-) vV Xe(y)} =
(SN} )e(n) V X<(yn)] A [(SN ) (y2) v X¥(y2)] =
SN y1<y1> A X@E A [SNy () A X()l° =
{[SNw(yl) A X)) VSN, () A X} =
(SAH( De(y)-

. SA_l(XC)(yQ) = (S/’\;lil(X))c(yg) can be proved as

To sum up, §:4€1(Xc) = (S/’\Zlil(X))C hold for the
case of |U| = 2. Other cases of |U| < co can be proved
by using the mathematical induction.

QA ﬁ c Nﬂ c

SALX) () = VU{SNyl (yi) N X)) =

Yi€

SN) (1) A X)) VSN, (3) A Xe(y)] =

(BN ) ) v X)) A [(SN,)(w2) v X ()]} =
(SA 1(X))C( 1)-

SAﬂ 1(X) (y2) = (ﬁfl(X))c(yg) can be proved as
above.

To sum up, SA",(X¢) = (S4”, (X)) hold for the
case of |U| = 2. Other cases of |U| < co can be proved
by using the mathematical induction.

(3) For each € U, by Theorem (2),

SA” (X NY)(@) = yé\U{(s‘vam) V(X NY)(y) =
yé\U{[Gva)C(y) vV X)) A SN v YWY =
{yé\U{@TVf)%y) X)) A {yé\U{@T\ff)%y) v
Y} = 847, (X)) A A7, (Y)(x).  Then,
5a° (xny)=54" (x)n54° (v

For each € U, by Theorem 29 (2), g‘lil(X U



Y)(z) = \E/U{§Nf<y>A<XUY><y>}: \E/U{[SNNf@)A
X )]V SN w) ()]}—{V{SN( X}V

{LEJU{S‘JVVf(y) Y (y) }}=SA+1< (@) v SAL, (V) ().

Then, S*?lﬁl(x uY) = S*?ﬁl(x) U S‘Zﬁl(y).

(4) Since X C Y, thus (g’TVi)C UXc (ﬁf)‘ uY,
then (SN,)%(y) V X(y) < (SN,)*(y) V Y(y) for all
2,y € U, it implies that SA”, (X)(z) < SA”, (Y)(z)
for all z € U, i.e., §:4€1(X) C 374?1(5/)

Since X C Y, thus SNNf nNX C ﬁf NY, then
ﬁf(y) ANX(y) < ﬁf(y) ANY (y) for all z,y € U, it
implies that 54, (X)(x) < SA7,(Y)(x) forall z € U,
e, SA7,(X) c §4°,(v).

(5) X C XUY and Y C XUY. By the results of (4),
54° (x)c 4”7 (xuY) and 54° ,(v) c 47, (x U
Y). Then 547, (X)u 54", (v) c 547, (x UY).

XNY C X and XNY C Y. By the results of
(), 547, (x nv) c §47,(X) and S*inl(x NY) c
SA7, (V). Then SAH(XOY) c §47,(x)nsA, (v).

(Y)

(6) Since (SN ) () < X(x) for all x € U, then
(SN.)(w) v X(@) < )g( v) v X(x) = X(z), then
SA_(X)(x) = /\ {(SNL)“(W)VX(y)} < (SN,)(x)V
X(2) < X(2), ic., SA‘L( X)C X.

Since X (x) < ( ) for all x € U, then X (z) =
X()AX(0) < X AN (o).then X(a) < X (o)
SN, (z) < yeU{SN W) A X(y)} = SAL(X)(2), Le,
X c 547,(X).

Hence, §:4[j (X)X c S/’\;lil(X)

(7) (SN)e(x) < X (2) < S*Tvﬁ( ) for all @ € U, by
the results of (6), we have SA 1(X) C X C S,’\;lil(X)

By the results of (4) we have SA (S?;l[jl(X

SA_l( )CXCSA+1( )CSA+1(SA+1(X)).
8) If X C Y, then XUY C YUY =

By the results of (4), S/’\;l[jl(X uY) cC 571?1(1/)
sa° (x)usa”, ().

) C

Y.
C

By the results of (5), §;4€1(X) U S?AI(L(Y) C
547 (x uY).
Then, S4°,(x)u 4", (v) = §4° (x UY).

X CY,then X =XNX C XNY. By the re-
sults of (4), §:4i1(X) C S/’\;lil(XﬂY). Then, we have
gﬁl(X) N Qil(y) c Sﬂﬁl(X) c Qil(X ny).

By the results of (5), SA,,(X NY) € §47,(X)N
AL, ).

Hence, SA7,(X NY) = §47,(X)n 547 (v).m

Definition 4.3. Let 8 be an interval-valued number
and X C U be an object set, z,y € U. S_Aljl(X) =
{z €U : SN, C X} and SA,(X) = {x € U :
S_Nf MX # @} are the lower approximation and up-
per approximation of the object set X in (U, F, A)g,
respectively.

If SA”,(X) # SA7,(X), then X is called the st

type of soft S-covering based rough sets. Otherwise, X
is called definable.

Theorem 4.4. Let § be an interval-valued number
and X,Y C U, the the following statements hold.

(1) SA”,(0) = (Z)SAﬂ( U)=U.

(2) SA” () =0, SA", (U )=U.

(3) If X C Y, then SA”,(X) C SA”,(Y) and
54, X):SAHH

(4) SA 1( )|_|SA (Y) © SA°, (X uY),

5) SA” (X )l‘lSA () = §A°,
SAL (x )uSA‘jl(Y).
X = (FAL(X)*, TAL(XY) =

)
)
(
ﬁ ) =B
SAY (XNY)C SAL (X )HSAH(Y).
[(3 ) -1 (X nYy),
SAL(XUuY) =
(©) 5 SAY (X
(547, (X))e.

(7) 547, (X) £ X € SAL,(X).

Proof (1) and (2) are obvious.

) If x € mél(X), then S—Nf CXCVY,ie,
x € GA” (V). Then SA”,(X) C SA”, (V).

If # € SA,,(X), then § # SN. N X C SN MY,
ie., z€SAS (V). Then SA.,(X) T SA7, (V).

(4) Since X C X UY and Y — X UY, by the re-
sults of (3), SA”,(X) C SA” (XUY) and A", (Y) C



SA”,(XLY). Then SA”,(X)USA” (V) SA” (XU
Y).

! Since XMY C X and X MY C Y, by the results
of (3), SA" (X NY) C §4,,(X) and 4, (X NY) C
SA7 (V). Then SA7,(XNY) C AT, (X)NSAL (V).

(5)Ifze mél(X) I_IS_ALil(Y), ie,xe S_A[il(X)
and © € mél(Y), then S—Nf C X and S—Nf CY. It
means that S_Nf CXMNY,ie, z € S_Alil(X ny).
Then SA” ,(X)NSA” (V) c SA” (X nY).

On the other hand, X MY C X and XNY C Y,
by the results of (3), ﬁ‘fl(x ny) c S_Aél(X) n
SA” (V).

Hence, ﬁ‘fl(x ny) = mél(X) I_Imljl(Y).

If z € SA, (X UY), ie, SN2 (X UY) # 0, then

there is y € U such that y € S_Nf and y € X UY, it
means that at least one of y € X and y € Y holds,

then we can obtain that at least one of S_Nf nX #0
and SN. MY # 0 holds, i.e., z € SA,,(X)UTA, (V).
Then SA,,(X UY) C SA,,(X) US4, (V).

On the other hand, X C XUY and Y C X UY, by
the results of (3), S_Ail(X)I_IS_Ail(Y) C S_Ail(XI_IY).
Hence, ﬁil(x) L mf_l(Y) = mf_l(X uy).

(6) If 2 € SA” ,(X°), i.e., SN” C X°, then SN° 1
X =0, ie, x & S_Ail(X), thus z € (mil(X))C.
Then SA” ,(X¢) C (SA7,(X))°.

On the other hand, z € (S_Ail(X))c, ie, x &
S_Ail(X), thus S_Nf MX = 0. Then S_Nf C X¢ ie.,
v € SA” (X¢). Then (SA7,(X))c C SA” ,(X°).

Hence, SA” | (X¢) = (SA7, (X)).

If © € SA,,(X°), ie, SN, N X # 0, then
SN° # X, ie, x ¢ SA ,(X) and = € (SA” (X))
Then SA+, (X¢) C (SA” ,(X))".

On the other hand, if z € (S_Aél(X))c, ie, r &
SA°(X) and SN. ¢ X. Thus SN° 1M X # 0, ie.,
x € SAT,(X¢). Then (SA”,(X))c C T4, ,(X°).

Hence, 5S4, (X¢) = (SA” (X))°.

(7) By Theorem BI0, x € S_Nf forall z € U.

For arandomy ¢ X (y € X°), sincey € S_Ng, then
SNO 7 X, i, y & SA” (X) (y € (SA” (X)), then

Xer (SA”,(X))°, ie., SA” (X) T X.

For all z € X, since z € S_Nﬁ, then 0 # {z} C
SNY X, ie., z€SA,,(X). Then X C 54, (X).

To sum up, mﬁl(X) CXC mil(X).l
Theorem 4.5. Let 8 be an interval-valued number,
XCU ACE BC E InT = (UFA)j and
Ty = (U,F,B)g, it SN. = SN°’ for all z € U, then
SAY)(X) = SAY (X) and A (X) = 547, (X).

Proof (1) Since S_Niﬁ = S_Niﬁ for all z € U,
then S—Niﬁ C X if and only if S—Niﬁ C X, then
A% (x) = 5472 (x).

SN M X # 0 if and only if SN-” 1 X # 0, then
54, (x) =547 (x)m

4.2. The 2nd kind of interval-valued fuzzy soft -
coverings based fuzzy rough sets

Definition 4.6. Let 8 be an interval-valued number,

and U and F be the sets of objects and parameters,

respectively. SM f is called the interval-valued fuzzy
soft complementary S-neighborhood of z in (U, F, A)g,

where Wﬁ(y) = SwNi(z)
Definition 4.7. Let 8 be an interval-valued number,

X € IF(U), z,y € U. SA 5(X) and SA",(X) are
obtained by

SA° (X)) = é\U{@Mfw VX)),
SA”,(X) () = \E/U{§A7§<y> A X ()}

If Q?Q(X) # gAiQ (X), then X is called the
2nd type of interval-valued fuzzy soft 5-covering based
interval-valued fuzzy rough sets; otherwise X is called
interval-valued fuzzy definable.

Theorem 4.8. Let S be an interval-valued number,
X, Y e IF(U), x,y € U, the following statements hold.

(1) S4°,(1V) = 1V, §f4i2(1®) =1°
@) SA%,(x0) = (FAL,(x)), SALy(x7) =
(547 (X))

@) sA%,x ny) = §4°,0x0) n 547,07,
AT, (xuy) =547, (x)usAT,().

é4) If X CB Y, then SA”,(X) ¢ §A”,(v),
SA,(X) c 54, (Y).



) 547,x) u sA7,v) ¢ §4°,(x u Y,
A, (X nY) c §4T,(X)n5AT,(v).

(6) If (5B, )°(x) < X() < < SM () for all & € U,
hen SA°,(X) € X ¢ §47,(x).

(1) T (SM D) S X(@) < S (x) for all
2 € U, then SA”,(5A7,(x)) c §A”,(x) c X
SAﬁz(X) C SA+2(SAﬁ2(X>>-

® 1x v, 547, (x)usa’ ) = 547,
A, (x nY) = ST, (x) N SAT,(v).

ProofTt can be proved similarly to Theorem [£2] by
using Wﬁ and (5’7\25)6 to instead of ﬁf and (ﬁf)c
in Theorem 42 respectively.ll

(XUY),

Definition 4.9. Let 8 be an interval-valued number
and X C U be an object set, x,y € U. S_ALiQ(X) =
{ € U :SM, C X} and SA,,(X) = {x € U :
S—M,f M X # (0} are the lower approximation and up-

per approximation of the object set X in (U, F, A)g,
respectively.

1f SA”,(X) # SA" ,(X), then X is called the 2nd
type of soft S-covering based rough sets. Otherwise, X
is called definable.

4.8. The 8rd kind of interval-valued fuzzy soft -
coverings based fuzzy rough sets

Definition 4.10. Let 8 be an interval-valued number,
X e IF(U), =,y € U. 37163(X) and 3716_3()() are
obtained by

B

SA7 4 (X) () = QU{(SNNf)C(” v (SM)°(y) v X ()},
SAL,(X)(@) = V {SN.(y) A SM. (y) A X (1)}

yelU

Theorem 4.11. Let 8 be an interval-valued number,
X, Y € IF(U), x,y € U, the following statements hold.

(1) §A° (1) = 1V, SA” (1% = 1",

(2) SA75(x%) = (SALy(X))e, SAly(x) =
(SA”4(X))".

(3 sA’, x ny) = 547,00 n
(X UY) = SAT(X) USA ().

If X < Y, then SA”,(X) C
)CSA+3( ).

sa% (v,

o B

( SA_5(Y),

S A+3

A\./A\./

) c 54",
SA ()

X(0) < (SN:nSML)e)
c

X

(5) 54" _3(X) U SA
gj“i(X ny) C SA+3( )

(6) If (SN NSAI. 2)€ (z)
for all z € U, then SA 3(X)CXC SA+3( ).

()If(SN nSr’ 2)€ ( )< X(z) < (SN ﬂSM
for all :I: € U, then SA (SAﬁg( X)) C SA _a(X
X C SA+3( ) C SA+3(SAi3(X))

®) X v, 54", (x)uS Aﬁg(Y)
SA(x nY) =847, (x)n SAT (7).

Proof It can be proved similarly to Theorem
by using ﬁf N Wﬁ and (SNNS N Wﬁ)c to instead
of SN f and (SN S)C in Theorem (2] respectively.ll

3(Y (X UY),
N
<

)(x)

) C

7y(xuy),

Definition 4.12. Let 8 be an interval-valued number
and X C U be an object set, z,y € U. S_A'(ig(X) =
{z eU: S_Nf C X or SMf C X} and mig(X) =
(€U :SN°NX # 0 and SM" N X # 0} are the
lower approximation and upper approximation of the
object set X in (U, F, A)g, respectively.

1f SA” 4(X) # SA,4(X), then X is called the 3rd
type of soft S-covering based rough sets. Otherwise, X
is called definable.

4.4. The 4th kind of interval-valued fuzzy soft (-
coverings based fuzzy rough sets

Definition 4.13. Let 8 be an interval-valued number,

X e IF(U), z,y € U. 5”74?4(X) and §:4i4(X) are

obtained by

547 (X)) = é\U{(SNNf)C(y) A (SBY)e(y) v X ()},
SAL,(X) (@) = \G/U{S*va () v S () A X (1)},

Theorem 4.14. Let 8 be an interval-valued number,
X, Y e IF(U), x,y € U, the following statements hold.

(1) 54°,(1V) = 1V, §f4i4(1®) =1°

o SAT,(Xe) = (SAL(X)), SALyxe) =
(SA”,(x))e.
(3) A’ xny) = §47,x) n sa%,v),
(X UY) = 547,00 USAL,(v),
() If X c Y, then SA",(X) c §A”,(v),
SAT,(x) c §AT,(v).



5) S4°,x)u s4%,v) ¢ §47,x u ),
SALX 1Y) € TAL 00 NSAL(Y)
()If(SN USM, 2)° ($)< (z) < (SN UM, 2)(@)

X
for all z € U, then SA J(X)Cc X C SA+4( ).
(7)1 (SNLUSM,)“(2) < X (@) < (SN, U8M,)(2)
for all = € U, then SA (547, (x)) ¢ §47,(x) ¢
=B
X € SAL,(X) ¢ SA+4<SA+4<)§>>
®)IfXCY, SA_4( JUSA_,(Y) =
o B o B
ST (xny)=84",x)n 547, (v ).
Proof It can be proved similarly to Theorem
by using gﬁi U 57\/45 and (g\fi U 57\/45)0 to instead
of SN f and (g’]v\f i)c in Theorem [4.2] respectively.ll

7 (xuy),

Definition 4.15. Let S be an interval-valued number
and X C U be an object set, z,y € U. S_ALLL(X) =
{z eU: S—Nf CX andS—Mf C X} and m@oo =
{z e U:S_Nfl_lX # 0 or S—Mfl_lX # ()} are the lower

approximation and upper approximation of the object
set X in (U, F, A)g, respectively.
Tf SA” ,(X) # SA4(X), then X is called the 4th

type of soft S-covering based rough sets. Otherwise, X
is called definable.

4.5. The relationships of four kinds of interval-valued
fuzzy soft B-coverings based fuzzy rough sets

Theorem 4.16. Let § be an interval-valued num-
ber, X € IF(U), the following statements hold in
(U,F,A)g.

(1) §54°,(x) = 547, (x)yu §A”,(x)

(2) SA74(X) = §A7, (xX)n §47,(x)

(3) S47,(x) = SA7, () N SA”,(X)

(1) SAZ,(X) = SAT, (X) U SAT,(x)

(5) 54 ,(x) € SA”,(x) € SA”4(x)

(6) SA”,(X) ¢ SA7,(X) ¢ §A4(X)

(7) SA,(X) € SAT, (X) € 547 ,(x)

(8) SAL4(X) € SAL,(X) € SAL,(X)

51‘001" (1) For all =, yjﬂ U, SA[jl(X)(,T) v
SALME@ = (AENW v XD v
(A S W) VXY = A (BN W)V X(y) v

yeU yelU

=58

X)) = A (SN v (SML)e(y) v

yeU
X(y)} = SA” 4(X)(@).
(2) For all 2,y € U, SA7,(X)(x) A SAL,(X)(2) =
( yU{ENf () A X))} A ( yU{Wf (W) A X()}) =

V {SNL () ASM, () AX (5) AX (1)} = SAL4(X) (@),

yeU
(3) For all z,y € U, S/'\;l'(jl(X)(:E) A S/'\;l[jQ(X)(:E) =
SML) )VX ()} =

(A (SN VX W) DA( é\U{(

yeU

(SM)e(y) v

é\U{[(Wf)C(y) v X@)] A SN v X)) =
A I () A SN @)V X ()} = 547, () (@),

yeU
(4) For all 2,y € U, §47,(X)(z) v 4" ,(X)(2)

( yU{ENf () A X))} V ( yU{Wf (W) A X()}) =
B

\E/U{[S*va(w v ML ()] A X ()} = SAL,(X) ().

(5) Forally € U, (SN
(SN (y) v X (y) < (SN
(6 )For ally e U, (SNI)C(y
(SM)“(y) v X () < (SNL)(y) v
(7) For all y € U SNf(y) NSM
SN, (y) A X (y) < SN (y )vSMf( )AX(y).
(8) For all y € U, SN 2(Y) A SMf(y) AX(y) <
S () 1 X (y) < SN-(5) v SH () A X ()

Theorem 4.17. Let § be an interval-valued num-
ber, X € IF(U), the following statements hold in

(U, F, A)p.
(1) SA75(X) = 547, (X) UTA ,(X)
(2) SA,(X) = §A7, (X)NSAL,(X)
(3) SA”,(X) = §A7,(X) N SA”,(X).
(4) SA, ,(X) = SAT, (X) USAT,(X).
(5) SA° ,(x) c SA°,(x) c A%, (x)
(6) SA” ,(X)Cc SA” ,(X) SAB3(X)
(7) SAL(X) £ SAL (X) C SAL,(X).
(8) SA" 4(X) C SAT,(X) C A ,(X).
Proof It is clear from Definition 3] .9, and

]
&
a
|



Theorem 4.18. Let § be an interval-valued number,
X € IF(U), it (SN))°(x) < X(2) < SN () for all
2 € U, then SA°,(X) ¢ §4°,(x) c §4°,(x) c
X ¢ §A74(x) ¢ SAT,(x) ¢ SA7 ,(x).

Proof For all z,y € U, g\/if(y) = SN
SM, (x) = SN (2) and (5], )*(x) = (SN.)“(x).

For all z € U, (ﬁf)c(x) < X(z), then
(SN,)e(a) v (S, () V X (&) = (SN, )*(a) V X (x) <
X(2). Then, SA4(X)(x) = A De) v

(SM)“(y)VX (4)} < (SN,)(2)V(SM )" (2)VX () <
X (@) for all 7 € U, i.e., SA” 4(X) C X.

For all © € U, X(z) < g’TVf(x), then X (z) <
SN (2) A X (x) = SN () A SM. () A X(2). Then,

SAL(X)(w) =V (SN,) A SM, () A X)) >

E’T\ff(ac) A 57\/45(30) ANX(z) 2 X(z) for all z € U, i.e.,

o8
SA 3(X)DX.
To combine the results of Theorem (6) and

), §4°,x) ¢ §4°,x) c §4°,(x) c X ¢
S‘?lﬁg(X) c S‘?ﬁl(X) c 5‘7@(){) holds.l

y (), then
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