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ABSTRACT. Let T be the theory of an o-minimal field, and Tconvex the
theory of its expansion by a predicate O for a non-trival T-convex val-
uation ring. For A an uncountable cardinal, say that a unary type p(z)
over a model of Teonvex is A-bounded weakly immediate if its cut is de-
fined by an empty intersection of fewer than A many nested valuation
balls. Call an elementary extension A-bounded wim-constructible if it is
obtained as a transfinite composition of extensions each generated by
one element whose type is A-bounded weakly immediate.

I show that A-bounded wim-constructible extensions do not extend
the residue-field sort and that any two wim-constructible extensions
can be amalgamated in an extension which is again A-bounded wim-
constructible over both.

A consequence is that given a cardinal A, every model of Tconvex
has a unique-up-to-non-unique-isomorphism A-spherically complete A-
bounded wim-constructible extension. We call this extension the T-A-
spherical completion.

In the case T is power bounded wim-constructible extensions are
just the immediate extensions. I discuss the example of power bounded
theories expanded by exp.
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1. INTRODUCTION

1.1. Motivation. The broad motivation of the project underlying this pa-
per is toward obtaining an analogue for exponential o-minimal fields of the
familiar result that every real closed field has a maximal immediate exten-
sion isomorphic to the Hahn field with coefficients from the residue field and
group of monomials isomorphic to the value group.

In this sense the first problem is to understand what such an analogue
would be. Whereas for real closed fields maximal immediate elementary
extensions are spherically complete, this is not true for maximal immediate
extensions of, say, models of Ttyx, = Th(Reyp): immediate elementary ex-
tensions of a model of Ty, must in fact be dense extensions (cf [5]). On the
other hand by a theorem of Kuhlmann, Kuhlmann and Shelah [4, Thm. 1],
there are no valuation-compatible exponentials on a spherically complete
real closed value field.

The sought-for analogous statements should therefore require replacing
both the class of extensions with respect to which we want to consider the
maximal ones and the structural description of such maximal extensions.

Literature strongly suggests fields of transseries as useful structural ana-
logues of Hahn fields in presence of an exponential, so I aim at choosing the
class of extensions accordingly.

The setting of this paper will be the one of models of an o-minimal theory
T endowed with a T-convex valuation and places its contributions within
the model-theoretic and valuation-theoretic study of the complete weakly
o-minimal theory T.onvex Of the models of T" expanded by a predicate O for
a non-trival T-convex valuation ring (cf [13], [12]).

Motivated by the idea that the maximal models we would like to obtain
should, roughly speaking, “enjoy a certain degree of spherical completeness”,
I define weakly immediate types as types whose cuts are given a conjunction
of nested families of valuation balls (Definition 2.7) and attach to them a
cofinality defined as the minimum number of nested valuation balls whose
conjunction implies the type (Definition 3.14). Then I consider A-bounded
wim-constructible extensions, that is, transfinite compositions of extensions
each generated by an element whose type is weakly immediate and has
cofinality strictly smaller than A (Definition 3.16).



T-CONVEXITY AND WEAKLY IMMEDIATE TYPES 3

In the case when T is power bounded, the so called residue-valuation
property (rv-property, cf [16], [17], [11]), ensures that elements with weakly
immediate type generates an immediate extension, thus wim-constructible
extensions are just the immediate ones.

The rv-property fails for o-minimal theories defining an exponential, how-
ever even then wim-constructible extensions have good amalgamation prop-
erties and do not properly extend the residue field sort.

1.2. Setting. As proven by van den Dries and Lewenberg in [13], unary
types over a model of Tionvex are almost always completely determined by
their reduct to the underlying o-minimal structure: more specifically they
are unless they force the realization of the cut between the valuation ring
O and the elements greater than O (from now on O-special cut), in which
case the reduct to the o-minimal structure has exactly two extensions to a
type over model of Tionvex-

This makes it convenient to rephrase the study of types over a model
(E,0) | Teonvex as the study of the relationship between types over its
o-minimal reduct E (that is cuts over E) and O.

Notice that since T has definable skolem functions, all types are types
over a model of T: namely given a set of parameters A C E = T, any type
over A extends uniquely to a type over the definable closure of A, which is
a model of T'. We will therefore notationally distingush between types for T’
and types for Teonvex, by writing tp(z/E) for the type of x over T' = E and
tp(z/(E, Q)) for the type of = over the expanded structure (E, Q) whenever
O is a T-convex subring of E.

1.3. Main results. I define a type over E to be O-weakly immediate if it
is given by a consistent conjunction of O-valuation balls (valuation balls,
being order-convex, are type-definable over the o-minimal reduct E) and
then show that if some type tp(x/E) over the o-minimal redut E is O-
weakly immediate, then E(z) := dcl(E, z) does not realize the O-special cut
(Proposition 3.4), hence tp(z/E) extends to a unique tp(z/(E, O)).

More generally, with similar techniques and building on previous work of
van den Dries and Lewenberg, I show that unary extensions of E, once O is
fixed, can be partitioned into 5 mutually exclusive classes.

Theorem A (3.6). If z € U\ E, and O is a non-trivial T-convezr subring
of E, then one and only one of the following holds

(1) E(z) = E(y) for some weakly O-immediate y;

(2) E{x) = E(b) for some b such that O <b < (E\ 0)>Y;

(3) E(z) = E(z) for some z such that for some (equiv. any) K <X E

maximal among the K C O, K(z) is a cofinal extension of K;
(4) E(x) = E(d) for some d > E.
(5) none of the above.

Thus, in particular, if z is O-weakly immediate, then E(z) with the unique
extension of O does not properly extend the residue field sort.
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Finally I show that O-wim-constructible extensions amalgmate in an ex-
tension that is wim-constructible over both (Lemma 3.22). This implies
the theorem below, where a A-bounded wim-constructible extension is un-
derstood to be a wim-constructible extension obtained by adjoining only
weakly immediate elements whose type is given by an intersection of fewer
than A many valuation balls.

Theorem B (3.26). Let (E, O) E Teonvex, and X be an uncountable cardinal.
There is a unique-up-to-non-unique-isomorphism X-spherically complete -
bounded wim-constructible extension and it elementarily embeds in every
A-spherically complete extension of (E,O).

The amlagmation provided by Lemma 3.22 is rather weak, so it is natural
to ask if this can be strengthened (at least for some specific theories). I
therefore pose the question whether wim-constructible extensions are closed
under taking right (or left) factors (Question 3.29 (1) and (2) respectively).
Positive answers to these questions allow for better understanding of T-\-
spherical completions (Remark 3.33).

In the case T is power bounded by the rv-property (see [16, Sec. 9 and
10] and [11, Ch. 12 and 13]) wim-constructible extensions are precisely the
immediate ones and thus Questions 3.29 (1) and (2) have positive answer.

I discuss the case T is the expansion of a polynomially bounded theory
by exp. In that case the following analogue of the rv-property holds: if
(E,0) | Teonvexs [ : E — E is definable in E, and z € U\ E is weakly O-
immediate, then there is an E-definable composition of exponentials, trans-
lations and changes of signs g such that g~!f(z) is weakly O-immediate
(Proposition 5.12). This entails a very partial result toward a positive an-
swer to Question 3.29 (1).

1.4. Structure of the paper. Section 2 is dedicated to the set-up: the
first two subsection are dedicated to recalling some standard order- and
valuation-theoretic facts, such as the relation between nested intersections of
valuation balls and p.c.-sequences (Subsection 2.1) and giving a brief review
of T-convexity, with particular regard of the basic facts needed throughout
the note (Subsection 2.2). Subsection 2.3 is occupied by some technical
Lemmas used throughout the paper.

Section 3 is occupied by the proofs of Theorems A and B (Subsections 3.1
and 3.2 respectively) and by some concluding remarks together with Ques-
tion 3.29 (Subsection 3.3).

Section 4 briefly reviews the rv-property for power-bounded theories that
was already established in [11, Ch. 12 and 13], giving a shorter and somewhat
different proof.

Section 5 analyzes weakly-immediate types in simply exponential theories,
that is, theories that eliminate quantifiers in some language Lo U {exp, log}
such that 7’|, is power bounded.
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2. SET-UP

This section is dedicated to lying up the set-up, recalling some facts rel-
evant for our analysis of Teonvex and to some techincal lemmas.

2.1. Breadth, p.c.-sequences and weakly immediate types. In the
following a type p(x) is just a set of formulae closed under consequences in
the tuple of free variables x. The set of realizations of p within a structure
U will be denoted by p(U).

If Eis a field and O C E is a valuation ring we will denote by o its maximal
ideal, if O has a subscript or superscript, we will denote the corresponding
maximal ideal as o with the same subscript/superscript. We also write the
associated dominance relation on E\ {0} as x <o y < z/y € O omitting the
subscript O if there is no ambiguity, similarly for z <y < (z <y & y < ),
r<ys@y&ydar),r~ysr—y<a.

We will denote the value-group of of (E, O) by v(E, O) or vo(E) and the
valuation by vp : E — v(E, O)U{oc}. The residue field O /o will be denoted
by r(E,O) or ro(E) and the quotient map by ro : O — O/o. Finally the
residue-value sort E#Y/~¢ will be denoted by rvp(E) and the quotient map
by rve : E*Y — rvp(E). Again the subscript O will be omitted if there is
no ambiguity.

If U is a first-order structure and E C U is an elementary substructure we
will write E < U, or E < U to signify that moreover E # U.

If T is an o-minimal theory expanding the theory of densely ordered
Abelian groups, U = E = T, and = € U\ E, then E(z) will denote the
definable closure of the set EU {x} (which is the minimum elementary sub-
structure of U containing E and x because T" has definable Skolem-functions).

Throughout the rest of the paper, if e is a binary relation symbol and
S,C are sets, S*C will be an abbreviation for {y € S : Vc € C, yec}, if
C = {c} is a singleton we will write S*¢ for S*C.

Definition 2.1. Let E be a an expansion of a dense linealry ordered group.
We say that a partial 1-ary type p(x) over E is convex if

P(x0),p(x2), %0 < x1 < X2 I p(x1),

or equivalently if it defines a convex subset in every elementary extension of
E. If p(x) is a convex partial type over E, we will write N'(p) for the set of
formulae

Np)(x)={a<x<b:px)Fa<x<b}
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The breadth of p, Br(p)(y) is then the partial type implied by the formulae
{ly] <b—a:px)Fa<x<b}

If p = tp(x/E) for = in some elementary extension of E and p is convex, we
write Br(z/E) for Br(p).

Remark 2.2. If E is o-minimal, and p is any unary, complete and non-isolated
type, then p(x) is the set of consequences of N (p)(x), in particular p is
COnvex.

Remark 2.3. For every convex type p over E, ¢ := Br(p) is a convex sub-
group, meaning that ¢ is convex and

q(x0), q(x1) F q(x0 +x1).

Moreover for every elementary extension U of E realizing p,
q(U) ={y € U:y+p(U) S p(U) or —y+p(U) < p(U)}.
Recall the following two standard valuation-theoretic facts.

Lemma 2.4. If U D E is a field extension, O C U is a valuation subring
and x € E\ U, then the following are equivalent

(1) vo(xz — E) has no maximum;

(2) vo(z —E) C voE and ro(O NE) = ro(O0 N (zE7° + E)).

Proof. Let v := vo, r :=rp. =(2) = —(1) If for some ¢ € E, v(z —¢) ¢ VE,
then v(z—c) is maximum in v(z—E) by the ultrametric inequality. Similarly
if there are ¢, d € E such that zc+d € O and zc+d+0oNE = ), then v(z—d/c)
is maximum in v(z —E). (2) = (1), given ¢ € E, since v(z —c¢) € VE we can
find d such that (z—c)/d = z/d—c/d € O, but then since r(z/d—c/d) € r(E),
(x/d —c¢/d+0)NE # () and we can find b € E such that x/d —c¢/d—b € o
whence x —c—bd € 0-z and v(x — ¢ — bd) > v(z — ¢). O

Lemma 2.5. Let U D E be fields and O C O be valuation subrigns of U
such that EN O =ENQO'. For x € U\E, the following are equivalent:

(1) vo(xz — E) has no mazimum;

(2) vor(x — E) has no mazimum.

Proof. (2) = (1) If vo(x—E) has a maximum v = vp(z—c), then vor(x—c)
is maximum in ver(z — E) because vp(y) — vor(y) is an ordered group
homomorphism between the respective value groups.

(1) = (2) Assume for some ¢ € E, vor (z —¢) was maximum in vor(z —E),
then by Lemma 2.4 either vy (z —¢) ¢ vorE or, for some d € E, (x —¢)/d €
O'\(E+0’). In the first case vor (2 —c¢) ¢ vorE would imply vo(z—c) ¢ voE
again because vo(y) — ver(y) is an ordered group homorphsims, but this
in turn would imply that vpo(x — E) has maximum, contradiction. In the
second case, if furthermore (x — ¢)/d ¢ O, then vpo(z — ¢)/d ¢ voE and
vo(z — cd) is maximum in vpE contradicting (1). If instead (x —¢)/d € O,
then it must be (z—c¢)/d € b+ (0\0’) with b € ENO (because vo(x —E) has
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no maximum), so x —c—bd € d- (0 \ o). However, since ONE = O'NE, this
implies that vo(z —c—bd) ¢ vo(E) = vor(E), in particular vo(z — ¢ — bd)
is maximum in vp(x — E) contradicting (1) once again. O

Lemma 2.6. Let U D E be ordered fields, © C U be a convexr valuation
subring and x € E\ U. If vo(x — E) has no mazimum, then vo((z — E)>Y)
and vo((xz — E)<°) are cofinal in vo(z — E).

Proof. Let v := vp. Notice that if v(z — E) has no maximum, then by
Lemma 2.6, v(z — E) C vE. Moreover v(z — ¢1) > v(z — ¢) if and only
if ¢ € ¢g + O(z — ¢1), thus it suffices to show that every valuation ball
B := ¢+ Od with ¢,d € E and x € ¢+ Od contains both elements above
and below z. Suppose not: then E>Z = E>? or E<F = E<*  in both cases
we easily see that v(E — z) has a maximum because if B’ := ¢/ + Od' with
d,d €E is such that B’ C B and E>Z = E>5', then B’ = B. O

From now on E will be an o-minimal expansion of a real closed field.

Definition 2.7. Let O be a convex valuation ring on E and p(x) be a
complete type over E, we call p(x) weakly O-immediate if for a realization
x of p, vor(z — E) has no maximum for some (equiv. any, by Lemma 2.5)
extension O’ of O to E(x).

A O-pseudo-Cauchy sequence in E (O-p.c.-sequence for short) is a cardinal-
indexed sequence (x;);cx € E* such that for every i < j < k < A, xj—xp <
xi—xj. A pseudolimit for a (z;);<) is any element z such that x —z; < z—x;
for all i < j or equivalently such that = € [,y z; + O(x; — xit1).

Remark 2.8. For every convex valuation ring O in E, valuation balls are
type definable in E: indeed for a,b € E we have

xa—beo [xa—bl < (E\o)°

xa—be O |xa—1b| < (E\0)°
In particular any intersection of valuation balls is still type-definable in E.
Lemma 2.9. The following are equivalent for a complete unary type p over
E and a convex valuation ring O C E:

(1) p is weakly O-immediate over E;
(2) there are families (x;)icr € BY, (vi)ier € B! such such that for every
U = E and every extension O’ of O,

p(U) = (]{:17Z +Oy; i eI}

(3) there is an increasing O-pc-sequence (x;)i<x in ES* such that for
every i < X and for every O extending O and every U realizing p,

p(U) = ({zi + O' (i1 — ) 16 € A}

Proof. (1) = (3) if p is weakly O immediate over E and 0’ is the maximal
extension of O to U, then vo/(z — E) has no maximum by Lemma 2.5 and
vor((z — E)>?) is cofinal in ver (2 — E) by Lemma, 2.6.
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So we can pick (z;)i<x € (E<®)* such that vy (x — ;) is stricly increasing
and cofinal in vy (z — E). This will be a O-p.c. sequence in E because for
1< j< k<A

vz —zj) =v(r; —2) < v(z; —z) =v(r; — ).

Notice that for each i < X\, z € 2, + O' - (v; —x) = 2; + O - (x; — x;341). So
p(U) € Nier i+ O (x;—xi41). Notice also that (), zi+O-(z;—xi11) =0
because if y € (,.y2i + O - (x; — Ti41), then v(y — ) > v(y — ;) for all
i < A and v(z — ;) would not be cofinal in v(z — E). But then since
O' = {t € U: |t| < E>9} is type-definable over E and p is a complete type
over E, p(U) = ;e zi + O'(xig1 — ;).

On the other hand if @” is another extension of O, we have O” C O’ and
thus

Tip1 + O"(xig2 — wiy1) C zip1 + O (wivo — xig1) C x5 + O (xi1 — 25).

where the second inclusion is because O/ (2,42 — x;41) C O (2541 — ;).

(3) = (2) is obvious.

(2) = (1) for some U, p(U) is non empty, so the family of valuation balls
{z; + Oy; : i € I} must be finitely consistent and hence, by the ultrametric
inequality totally ordered by inclusion. Moreover since p is not realized in
E, it must be ({z; + Oy; : i € I} = 0 so {voy; : i € I} has no maximum.
Let x € p(U), if for some ¢ € E, vor(z — ¢) is maximum in ver(z — E) then
vor(x — ¢) > veory; for otherwise, since {vpy; : ¢ € I} has no maximum,
there there is y such that vo/(x — x;) > vory; = vor(z — ¢) contraddicting
the maximality of vo/(z — ¢). But then ¢ € x; + O'y; for every i € I,
contradicting ({x; + Oy, : i € I} = 0. O

Lemma 2.10. Let E < U =T, O a convex subring of U, and p a O NE-
weakly immediate type over E, then

(1) for any realization x € p(U), Br(p)(U) = p(U) — x.

(2) Br(p)(U) is a O-submodule of U.

Proof. (1) Let y € p(U), then clearly |y — x| < b — a for every a,b € E,
with a < p(U) < b, viceversa since p is weakly O N E-immediate, p(U) =
(zi + O(x; — x41) € A} for some pe-sequence (z;);<x. It follows that
Br(p)(U) = ;< O(z;—x;41) and by the ultramentric inequality, if 2 € p(U)
and z € (Vo) O(zi4i — ), then z + 2 € ({2; + O(z41 — 2;) 14 € A} and
we are done.

(2) As we just saw, Br(p)(U) = ;. O(x; — xi41), whence it is an inter-
section of O-submodules, and thus a O-submodule. O

2.2. Review of T-convexity and tame extensions. Let T" be an o-
minimal theory expanding RCF in a language L. If E = T, recall that
a T'-conver subring of E is a convex subring of & which is closed by contin-
uous T-definable functions f : E — E (by T-definable we mean (-definable
in T). It is said to be non-trivial if E # O. It is not hard to see that if
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K < E, then the convex hull O := CHg(K) of K in E is a T-convex valuation
subring.

Denote by Lconvex the language obtained expanding L with a unary predi-
cate O and by Tionvex the theory given by T together with an axiom scheme
stating O is a non-trivial T-convex valuation ring. This notions were in-
troduced by van den Dries and Lewenberg in [13] where they proved the
following

Theorem 2.11 (van den Dries - Lewenberg, (3.10)-(3.15) in [13]). The
theory Teonvex 1S complete and weakly o-minimal, moreover if T eliminates
quantifiers and has a universal axiomatization (resp. is model-complete) in
L, then Teonvex €liminates quantifiers (resp. is model complete) in Lecopvex -

This has as key-ingredient the fact, which will be extremely important per
se throughout this note, that if p(x) is a type over an o-minimal structure
E, it can extend in at most two ways to a type over the expanded structure

(E,0).

Lemma 2.12 (van den Dries - Lewenberg, (3.6)-(3.7) in [13]). If p(x) is
a unary type over B = T, (E,O) E Teonvex, = p and O’ is a T-convex
valuation subring of E(z) with O' NE = O, then O’ € {O;,0,} where

Oy = CHyy(0), Oy :={y € Elz): [y| <E>°}.

Remark 2.13. Of course if E(z) does not contain any b with O < b < E>©,
then O, = O,. If instead E(z) contains such a b, by the exchange property,
E(z) = E(b) and O, = Oy. For simplicity in the following we will denote
O = CHg(,)(O) by O if there is no ambiguity.

Recall that an elementary extension K < [E of models of T is said to be
tame (notation K <¢ume E) if K is definably Dedekind-complete in E in the
sense that for every E-definable subset X of E, if X NK is bounded, then it
has a supremum in K. It was proven by Marker and Steinhorn in [7] that
K =tame E if and only if for every tuple ¢ of elements in E, tp(¢/K) is a
definable type (see also [9]).

Tame extensions of o-minimal structures are closely related to T-convex
valuation rings in fact:

Fact 2.14 (van den Dries - Lewenberg, (2.12) in [13]). IfE = T, O is
a T-convex valuation ring then K < E is maximal among the elementary
substructures of E contained in O if and only if K <tame E and K4+ 0= O.

To every tame extension K =<i.me E, is associated a standard part map
stg : CHg(K) — K uniquely defined by the property that for every x €
CHg(K), |stk(z) — x| < K>0.

Theorem 2.15 (van den Dries, Sec. 1 in [12]). If (E,O) E Teonvex, and
K =<tame E with CH(K) = O, then st : O — K induces an isomorphism
between the induced structure on the imaginary sort O/o and K.
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In what follows we will also need this other result of van den Dries and
Lewenberg.

Lemma 2.16. Let O be a T-convex subring of U, z € U\ E, K mazimal
among the K X E such that K C O, and K, mazimal among the K <X K, =<
E(z) such that K, C O, then K = K, or K, is a principal extension of K,
that is K, = K(y) for some y € K, \ K.

Proof. Follows from [13, Lemma 5.3]. O

2.3. Some technical Lemmas. Throughout this subsection T" will be any
o-minimal theory expandin RCF, (E,O) = Ttonvex; U > E an extension of
E and b € U\ E an element realizing the special cut O < b < E>©. Also
K < E will be maximal such that K C O. Also, for every unary function f
we write f’ or Of for its derivative and tf = fT:= f’/f for its logarithmic
derivative (where they are defined).

Lemma 2.17. Let f : E — E be a E-definable function such that f(b) € Oy,
then there are a K-definable function g and a—,ay € E with a— < b < a4
such that

(E,0) vt e (a_,ay), f(t)—g(t) €o
Moreover f(b) — g(b) € o, and

(1) f(b) € O if and only if g is eventually bounded by some ¢ € K;
(2) f(b) € o if and only if g is infinitesimal at infinity.

Proof. Since f(b) € Oy, there is a_,€ E, a_ < b, such that for all t € O if
t>a_ f(t) € O. In particular we can write f(t) = g(t) + e(¢t) with g some
K-definable function and ¢ E-definable such that ¢(t) € o for ¢ > a_. By
Proposition 3.2 € cannot define an ordered bijection between a final segment
of O and an initial segment of (E\ O0)>?, so there must be a; > b such that
it must be £(t) € o for all t € (a_,ay).

(1) and (2) in the moreover are clear.

To see that £(b) € o0y, observe that otherwise 1/e(b) € Oy \ O, but this
would imply that for all big enough ¢t € O, 1/e(t) € O, contradicting that
e((a—,ay)) Co. O

Lemma 2.18. Let f : E — E be E-definable and b € U\ E be such that
O<b<|E\O| If f(b) € op, then f'(b) € 0p. If f(b) € 0 then f'(b) € 0.

Proof. Assume f(b) € Oy, then by Lemma 2.17, there is a E-definable in-
terval J, such that f = g + ¢ where g is K-definable and (J) C 0. We can
also assume w.l.o.g. that ¢ is differentiable and monotone on J. If I C J
is a E-definable intervall such that /(1) No = (), then supI —inf I € o for
otherwise by the mean value theorem e(sup I) — e(inf I) > o contradicting
e(I) C o. Since {t € J : €'(t) ¢ o} is a finite union of convex subsets,
and by the previous observation each of such subsets must be included in
some translate of o, it follows that for some possibly smaller E-definable
interval, ¢/(J) C o. This implies that £ (b) € o0p, by the final clause of
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Lemma 2.17. Now if f(b) € o0y, then up to further restricting J, g|; = 0 and
thus f/(b) = £/(b) € oy, if instead f(b) € o, then g(b) € oNK(b) and ¢'(b) € o
as well. 0

Lemma 2.19. Let f : E>% — E>0 be a monotone E-definable differentiable
function. Then

(1) if fT(z(1+0)) € O, then f(x(1+0)) C f(z)(1 +0);
(2) if on some interval J and tfT(t) € O for allt € J then t| < t, =
f(tl) = f(tg) fO’I” all t1,t9 € J;
similarly for any differentiable E-definable f : E — E
(1bis) if f'(x +0) € O, then f(x+0) C f(z) + o;
(2bis) if on some interval J and f'(t) € O for allt € J, thenty—t; € O =
f(tg) — f(tl) 0O fO’I” all t1,t9 € J.

Proof. (1)-(2). For every x # y by the mean value theorem, there is ¢
between x and y such that f(z) — f(y) = f'(t)(x — y) so

F) — W) _ oy =
O

Now notice that < y if and only if (z — y)/t € O and x ~ y if and only
(x—y)/t € o. Similarly, since f is monotone, f(z) ~ f(y) (resp. f(x) < f(y))

if and only if (f(z) — f(y))/f(t) € o (resp. € O).
(1bis)-(2bis) Strightforward from the mean value theorem. O

Lemma 2.20. If for some c € E, (t—c)f'I(t) € O for all t in some intraval
(a,b), then for every weakly immediate © such that a < x < b, f(x) is weakly
immediate.

Proof. Let (x;);<x» be a p.c.-sequence in (E,O) whose pseudolimit is x.
Wlog we can assume that A is a regular cardinal. It suffices to show that
(f(xu44))i<r is a p.c.-sequence for some p < A. Notice that for i < j <k <
A, there are §;;, & € E respectively with between x; and x; and between x;
and xp, such that

flag) = flaee) _ f1(EGn) 2j — 2

f@s) = flz)  f'(&j) zj —
Observe that for big enough p < A, for all £ > j > i > p, §; and {;;, are
forced to be in (a,b) and be such that &; — ¢ < & — c. Now set g(t) :=

f'(t+c), and observe that by hypothesis tg'(t) € O for all t € (a —¢,b—¢),
so by Lemma 2.19, g(&; — ¢) < g(§;r — c) and the thesis follows. O

3. MAIN RESULTS

This section is occupied with the proofs of Theorem A and Theorem B.
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3.1. Unary types in T-convex. Thorought the rest of the section T" de-
notes an o-minimal theory expanding the theory RCF of real closed fields.
The goal of this subsection is to establish Theorem 3.6 which will justify
Definition 3.7.
Recall the following fact about o-minimal structures.

Lemma 3.1. Let KT, z > K and f a K-definable function, then there
is a T-definable function g such that g(x) > f(x).

Proof. Without loss of generality we can assume f is continuous increasing.
If f is itself T-definable there is nothing to prove. We show by induction
on n > 0 that if we can write f(—) = F(¢,—) with ¢ := (cg,...,Cn—1)
some n-tuple of parameters from K and F' a T-definable function, then
f(z) < g(x) with g(—) = G(d,—) with d a n — 1-tuple. Without loss of
generality we can assume that n is minimal for f, so ¢ has dimension n,
and whenever a T-definable cell of K contains ¢ it is open. Up to replacing
F(—,—) with F(6(—),—) with 0 a T-definable continuous parametrization
of each of the finitely many open cells in question, we can also assume
that F(p,—) is continuous increasing for every p € K". Now consider a T-
definable cell decomposition of K**! such that on every cell F is continuous
and monotone or constant in every variable. By the minimal choice of n,
there will be a T-definable open cell A in K" containing ¢ and a continuous
T-definable function v : A — K such that on the open n + 1-cell (v, o),
F' is continuous, increasing in the last variable and monotone in the first
n-variables. If ¢, is not a definable type over dclp(co, ..., c,—2), there are
a,b e dclr(co,. .., cp—2) such that ¢,—1 € [a,b] C Agy.. ¢, ,) and set

g(t) := 1+ max{F(co,...,cn-2,5,t) : s € [a,b]},

then for ¢ > d := max{vy(co,...,cn-2,8) : s € [a,b]} € dcl(cg,...,cn2)
we have g(t) > f(t), hence g(z) > f(z). If instead ¢,—1 is a definable

type over dcl(cg,...,cn—2), we can without loss of generality assume that
¢n—1 > dcl(cg, ..., cp—2) and in that case it suffices to choose g(t) := 1 +
max{F(co,...,cn-2,5,t) : s < t}. O

Proposition 3.2. Let (E,O) | Tionvex- There are no E-definble maps
restricting to a continuous monotone bijection between final segments of O
and final segments of o, similarly for O and E<® and for o and E<Y.

Proof. Let f be an E-definable map, so f(t) = g(t,¢) for some 0-definable
g and some n-tuple ¢ from E. The statement “for every ¢ € E", g(—,¢)
does not restrict to a definable coninuous monotone bijection between a
final segment of O and a final segment of 0” is first order in the language of
Teonvex- Since the theory of (E, Q) is Tionvex, to prove the thesis it suffices
to show the statement holds in some model of Teopvex. Therefore we can
assume E = K(d) with d > K, O = CH(K) and K = T with cofinality
at least |T|T. Now notice that in such a model O has the cofinality of K,
whereas 0 has at most cofinality |T'| by Lemma 3.1. The same argument can
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be given to show that f cannot induce a monotone bijection between a final
segment of @ and a final segment of E<0.

To show the last, it suffices to exhibit a model in which E<? and o don’t
have the same cofinality. This can be constructed for example as E :=
K({d; : i < |T|*}) where K(d; : i > j) < d; and O = CHg(K): in such
a model the cofinality of o is |T'|T, whereas the cofinality of E<? is the
cofinality of K(dy) which is bounded by |T'|. O

Lemma 3.3. Assume C is a non-empty (a priori not necessarily defin-
able) convex subset of O with C = 0+ C and st(C) without extrema, f be
E-definable continuous montone and 2-fold differentiable with f' and f'T con-
tinuous and monotone on f~1(C). Assume furthermore that f(x) = z € C
and f~1(C) — x is a O-submodule of E. Then st(C) is an open interval.

Proof. Let u(r,t) = f(z+r(f~1(t)—2)) and o(t1, t2) = f(f ' (t1)+ [ (t2) -
x). We shall first show that:

(1) sto(st(ty),st(te)) = st(o(ty,t2)) for all t1,ty € O.
(2) for every r and every t, st u(st(r),t) = st(u(r,t));
(3) there is a finite F' C C such that for all ¢ ¢ F' + o and for all ¢ o,
st(u(r,st(t))) = st p(r,1).
To see (1) observe that by Lemma 2.19 it suffices to show that for all
t1,t0 € C, 82'0'(151,752) € O. Notice that

i f/(sl + S9 — x) _ f”(sl + s9 —x) f/(Sl + S9 — a:)f”(sl)

ds1 f'(s1) B f'(s1) - f'(s1)? =0

if and only if f'T(s; + so —2) = fT(s1). So if s1,52 € f~1(C) by the
hypothesis on f’f, this can happen only if s9 = .
Notice that

P E0) + f () — )
F'(f(t))

so {t; € C: 9% (t1,t2) = 0} # 0 if and only if t, = 2. So for each ¢, either
O10(—,t3) is monotone on C, or f~!(t3) = x and thus 0y0(t1,t2) = 1 for all
t.

If 010(—,t2) is monotone on C' C O and st(C') has no extrema, d10(C x
{t2}) € O because otherwise {t € C : d10(t,t3) ¢ O} contains a segment
(t_,t4) with ¢_ + 0 < ¢4 and by the mean value theorem it would be
o(C x {t2}) € O, against the hypothesis that ¢(C x C) C C. Since this
holds for all t2, 010(C x C) C O. By simmetry also d20(C x C) C O.

Observe that this implies also that the standard part ¢ := sto|x of o,
induces an ordered abelian group structure on KN C with 0-element st(z),
in particular for every t € C'\ (z +0), o(t,t) —t ¢ o.

810’(151, tg) =
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Now observe that
Oupu(r,t) = f/(r(f7HE) —a) +2) - (f7H() — @),

fe(f~H(t) —2) +2)

frOi@) '
Therefore by the hypothesis on f, 0;u is monotone continuous in the first
variable. It follows that for every ¢ € C and r € O, Ou(r,t) € O, for
otherwise O1u(O=",t) N O = 0 or Hu(O=",t) N O = (), but both would
imply by the mean value theorem that u(O,t) € O. This proves (2) by
Lemma 2.19.

Notice that for each r, st{t € C' : dou(r,t) ¢ O} must be finite, because
otherwise by the mean value theorem one would get u(r,C) Z C.

On the other hand h is monotone in the first variable if restricted to ©=°
or to O=0, so if for some r,t with r ¢ o, h(r,t) ¢ O, then h(ry,t) ¢ O for
all 71 on one side of r in O~° or O<°. Thus there is a finite F* C C such
that for all t ¢ F + o0, and all 7 ¢ O\ o, h(r,t) € O, which in turn implies
that for all t ¢ F' 40 and all r ¢ o, dopu(r,t) € O. Again by Lemma 2.19 we
deduce (3).

Now we prove the statement assuming for the sake of simplicity that f is
increasing on f~1(C), the case in which f is decreasing is analogous.

Since we assumed st(C') has no extrema, there is ty € C with C=% N (F U
{z}) + 0 = 0. In particular for every t > tg > z + o0, u(2,t) = o(t,t) > t+o.

It follows that 0y pu(r,tg) > o for every large enough r € O: if not, by weak
o-minimality, there would be ry € OZ! such that 9, u(0=70,t) C o, but this
is absurd because then the mean value thoerem would give (02", ty) C
w(ro,to) + o whereas u(rg,to) > to would give

(210, to) = (2, pu(ro, to)) = o(u(ro, o), u(ro, to)) > p(ro, o) + o,

contradiction.

Since O pu(r,tg) > o for every large enough r € O, some final segment of
st(u(O~°, 1)) is an open interval in K.

Now if t; = supg st(u(O~°,tg)) € K then it must be t; ¢ C, because oth-
erwise to := pu(1/2,t1) > u(0O~°,tg), so t1 = o(ta,t2) > t2 + o contradicting
the fact that t; = supst(u(O~°,t)).

A similar argument shows that st(C') is either unbounded below in K or
has an infimum in K. O

Proposition 3.4. Let U = E and (E,O) = Teonvex- If © € U\ E is weakly
O-immediate, then E(x) does not contain any b with O < b < E>©,

1
h(r,t) i= = Dol 1) =

Proof. Let b be @ < b < E>© and assume toward a contradiction that
E(x) = E(b). So there is a E-definable continuous increasing bijection f :
U — U such that f(x) = b. This means that f must induce a continuous in-
creasing bijection between tp(z/E)(E(z)) and the set C := tp(b/E)(E(z)) :=
020, Since z is weakly O-immediate, M := Br(z/E)(E(z)) is a O,-
submodule and tp(z/E)(E(zx)) = x + M.
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Now unless f has the form f(t) = co +t or f(t) = co + c1exp(t), the
hypothesis of Lemma 3.3 apply, so stg,(C) should be an interval in K,
which it is not, contradiction. On the other hand it is easy to check that
if f has the form f(t) = co 4+t or f(t) = co + c1 exp(t), for some ¢y, c; € E
then f~'(b) is not weakly immediate. O

Proposition 3.5. Let U = E, (U,0) | Teonvex, € U\ E weakly O N E-
immediate over E, K < E mazimal s.t. K C O and K, < E(z) mazimal s.t.
K=<K;,CO. Then K = K,.

Proof. By the Lemma 2.16 we have K, = K(f(x)), for some E-definable f
and by Proposition 3.4 K is cofinal in K, so tp(f(x)/K) F tp(f(z)/E).

By Lemma 2.9 there are (z});< and (z; )i<x be O-p.c.-sequences for =
in E with xj > x and decreasing and z; < z increasing. Assume without
loss of generality that f is differentiable with f’ > 0 and set 2;" := f(x])
and z; := f(z; ). Also up to extracting a subsequence we can assume that

+_ 4 o

z =z X 1=z — 2. Notice that

e~ = R — FUED = (P (EDE - 50 = (G

for some C;r with zi+ < C;r < zi‘:l. Hence for a sequence (C:r )i<x decreasing
and coinitial in E>?, v(f~1)(¢;") is an increasing sequence because (2 );<x
was a p.c.-sequence. Similarly there is a sequence ((; )<y increasing and
cofinal in E<* with v(f~1)’(¢;") increasing. But this would imply that (f~1)’
is decreasing on a final segment E<* and increasing on an initial segment of
E~#, which contradicts the hypothesis z ¢ E. O

Theorem 3.6. If x € U\ E, and O is a non-trivial T-convex subring of E,
then the following are mutually exclusive
(1) E{x) = E(y) for some weakly O-immediate y;
(2) B{z) = E(b) for some b such that O < b < E>9;
(3) E(z) = E(z) for some z such that for some (equiv. any) K <X E
mazximal among the K C O, K(z) is a cofinal extension of K;
(4) E(x) = E(d) for some d > E.

Proof. The fact that (1) implies that none of (2) or (3) holds is given respec-
tively by Propsitions 3.4 and 3.5. The fact that (2) and (3) are mutually
exclusive follows from Lemma 2.16. Finally (4) clearly implies that none of
(1), (2), or (3) holds because then for every h € E(d), there would be ¢ € E
such that |c — h| < E>C. O

Definition 3.7. If x satisfies (1), then we call z weakly immediately gener-
ated with respect to O (or weakly O-immediately genertated).

If z is in case (2) we call it O-special.

If  is in case (3) we call it O-cofinally residual.

If z is as in (4) then z is tame.

If z € U\ E is not in the cases above, then we call x strictly purely
O-valuational.
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We say that x is dense over E, if E is order dense in E(x).

Remark 3.8. If E admits a non-trivial T-convex valuation ring O, then x is
dense if and only if z is O-weakly immediate and Br(z/E)(E) = 0.

Remark 3.9. If x € U\ E is strictly purely O-valuational if and only if
voE(z) is a cofinal extension of voE that does not realize the type 07 and
moreover for every y € E(x), there is ¢ € E such that vp(y — ¢) ¢ voE.

Theorem 3.6 can be restated in terms of unary types over (E, Q).

Theorem 3.10. Let (U,O) &= Teonvex, E < U with E Z O, and z € U\ E.
Then one and only one of the following happens
(1) x(E(z), 0 NE(z)) # r(E, O NE)
(2) there isy € E(z) \ E, such that for every cy € E there is ¢; € E with
y—c1 <y—oci.
(3) there is M C E(z) such that v(M)NVvE =0 and E(z) =E+ (M U
{1}).
Proof. Use Theorem 3.6 chasing the cases of Definition 3.7. If z is weakly
O-immediately generated over E, then (2) happens. If x is tame or strictly
purely (O N E)-valuational over E then clearly (3) happens.
If z is (O N E)-special there are two cases: either E(z) N O = (ONE),
and (1) happens or E(z) N O = (ONE); and (3) happens.
Finally if z is (E N O)-cofinally residually over E, then (1) happens. O

Definition 3.11. It may be convenient to have terminology for the types
over (E,O) = Teonvex as well. If z € (U, O) we say that x is

(1) residual if (1) above happens;

(2) weakly immediately generated over E if (2) above happens, that is if
x is weakly O-immediately generated over E;

(3) purely valuational if (3) above holds.

Notice that wheter z satisfies (1), (2) or (3), only depends on tp(z/(E, O)).

3.2. Wim-constructible extensions. In this subsection we define wim-
constructible extensions and prove an amalgmation result. This, after some
extra smallness assumptions on the extensions are imposed, allows for con-
sideration of spherical completions of structures.

Remark 3.12. Notice that any extension E’ = E containing no O-special
elements adimts a unique T-convex extension O’ of O to E'.

Remark 3.13. If (E',O0") = (E,O) | Teonvex, if © + O’y is a valuation ball
of (E',0’), then its trace (x + O'y) NE is an intersection of valuation balls
in (E,O). Notice also that if E' > E contains no O-special elements, then
whenver (z4QO'y)NE # (), the partial type of 2+ O’y is the unique extension
of the partial type of (x4+O'y)NE to E’ both with respect to T and to Teonyex-

Definition 3.14. If (E, O) & Teonvex and p is a weakly immediate type over
(E,O), then we define the cofinality of p as the cofinality of vor(z — E) for
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z € p(U), U = E and O any extension of O to U, or equivalently the least
cardinal x such that there is a p.c. sequence (z;);ey for x.

Remark 3.15. If y € E(x) and z,y are weakly O-immediate, then the types
of x and y have the same cofinality.

Definition 3.16. Let (E,O) < (E*,O*) be an elementary extension of
models of Tionvex- A sequence (z; : i € I) in E* with (I, <) a well ordered
set, such that for every j, x; is weakly immediate over E; := E(z; : i < j)
is called a wim-construction (over (E,O)). (z; : i € I) in E* is said to
k-bounded if every tp(z;/(E;, O* NE;)) has cofinality < x. We say that
(Ei, Oy) is
(1) wim-constructible if there is a wim construction (x; : ¢ < \) in E;
such that E; = E{x; : i < \);
(2) K-bounded wim-constructible if there is a k-bounded wim construc-
tion (x; : i < A) in E; such that E; = E(x; : i < A);
(3) strictly wim if it has no non-weakly immediate factor, that is if every
Eo with E < Ey < Ep is such that every x € E; \ Eg is weakly
immediate over Es.
(4) A-wim for A a (possibly finite) cardinal if for every p < A, the de-
finable closure of every p + 1-tuple in E; is wim-constructible over
(E,0).
A type over (E, Q) is said to be (k-bounded) wim-constructible if it is the
type of a (k-bounded) wim-construction over (E,O).

Remark 3.17. Wim constructible types over (E, O) are uniquely detemined
by their reduct to E.

Remark 3.18. Every strictly wim extension is wim constructible.
If strictly wim extensions are transitive (i.e. closed under composition)
then the converse holds as well.

Lemma 3.19. Let (U,O) = Teonvex, E X E; < U withE Z O and z € U\E.
Suppose tp(x/E)(E1) = 0, then x is weakly immediate over (E,ENQO) if and
only if it is weakly immediate over (Eq,Eq N O). If it is the case, then
tp(z/(E, O)) and tp(x/(E1,ONE;)) have the same cofinality.

Proof. Let p = tp(z/E). If = is weakly O-immediate over E with cofinality
Kk, there is a p.c.-sequence (z;);<x in E such that

p(U) ={z:z—z; =2 —z;:1<j <K}

If p(U) has empty intersection with Eq, it defines a weakly immediate type
over (E1, O NE;) with cofinality < k.

Viceversa suppose x is weakly immediate over (E;,O;) and let p; :=
tp(z/E1) and kq its cofinality. Then p;(U) is an intersection of valuation
balls (B;)i<x, with center and radius in E; and w.lo.g. B; C B; for all
j < i. Each such B; NE is either empty or an intersection of valuation
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balls in (E,O NE), however if B; NE = ) for some 7, then for all y € B,
tp(y/E) = p and p(E;) would be non empty.

Since k1 is regular, up to extracting a subsequence we can assume that
B;NE C B;NE for all i < j. But then for each i, there is a valuation ball
B/ with radius and center in E such B;y; C B} C B; and the cofinality of p
is < K. O

Recall that two types p, ¢ over E are said to be orthogonal if given dis-
joint tuples of variables X, 7 of the appropriate length, p(X) U ¢(y) defines a
complete type over E.

In the following lemma given two ordered sets (A, <), (B, <) we denote
by A U B the the disjoint union of A and B with the smallest partial order
extendion the orders on A and B.

Lemma 3.20. Let (E,O) & Teonvex; 7, A be ordinals and (z; : i < ) and
(yj 1 j < A) be k-bounded wim-constructions over (E,O). If their types are
orthogonal over K, then for every bijective order preserving h : AU~y — (3,
(2x + k < B) defined by z, = w1y for k € hi(y) and zx = yp-1(y) for
k€ hi(X) is a k-bounded wim-construction over E.

Proof. We need to show that z; is wim over E(z; : j < k) with cofinality
< K. Suppose without loss of generality that k € h.(7), then zj is wim over
E(zj:j € (hyy)<F) with cofinality < k.

On the other hand by the orthogonality hypothesis tp(z/E(z; : j €
(hyy)<F)) is orthogonal to tp(2h. (0 /E(z 1 j € (hyy)<F)), so it is not realized
in E(z; : j < k). Thus by Lemma 3.19, x, is wim over E(zy,(;) : j € v, h(j) <
k) with cofinality < k. O

Lemma 3.21. Let (U,O) E Teonvex and (E;)i<x a strictly increasing se-
quence of elementary susbtructures of U and Ey := ;o Ei. Ify € U is
weakly immediate over E; for all i < X\ then y is weakly immediate over Ej.

Proof. If X is not a limit ordinal the statement is trivial. So assume A is a
limit ordinal.

If for some j < A, tp(y/E;) is not realized in E), then we can invoke
Lemma 3.19 and conclude.

Otherwise we may suppose that for every j < A, there is some h(j) > j
such that tp(y/E;)(Epgj)41) # 0 and tp(y/E;)(Ep(;)) = 0. Build a sequence
(y5)j<x with y; € tp(y/E;)(Ep(jy41), so in particular y; & Ep;) 2 E;.

Notice that O(y — y;) € Br(y/Ep;))(Ey), in particular y; + O(y — y;) N
Ep(jy = 0. So for every 3, given v with h(y) > 3,

Yy + (y —y«,)OﬂEB C Yy + (y —y«/)OﬂEh(,y) = @

It follows that the sequence of valuation balls (y, + (y — y5)O) N Ey has
empty intersection in E) and y is weakly immediate over E,. U

Lemma 3.22. Let (E, O) & Teonvex and Eq, By be k-bounded wim-constructible
extensions of E. Then there is a wim-constructible extension Eq = Eq and an
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elementary embedding j : Eg — Eq over E such that Eo is wim constructible
over jEg.

Proof. Let E5 be a maximal wim-construcible extension within some |Eq|™
saturated extension of Eq. Let (y; : ¢« < ) be a construction of E; over E
and (y; : i < a+ () an extension of it to a construction of Eg over E.

Take a wim-construction (x; : i < A) for Ey. We inductively build a
sequnce (zj : j < A) in Ep and a decreasing sequence (S;);< of subsets of
« + B such that for all j

(1) (2 : i < j) is a k-bounded wim construction over E inside Eg such
that ¢(z;) := z; for i < j defines an elementary map over E and thus
an embedding ¢ : Eg =E(x; 1i < j) — Eo;

(2) (y; =i € S;) is a k-bounded wim-construction for Ey over @(E%) with
S; Ca+pB;

(3) for every k < jand l € S;, (PE§)(y; : i € S5ty C (cpE%)(yi RS Sj<l>;

(4) for every k < j, and every | € S}, tp(yi/(PEE)(y; : i € S1)) is not
realized in (@E))(y; : i € Sj<l>.

If j = 0 then just set Sy = a + 3.
Suppose (z; : i < j) and S; have been built. Notice p.tp(z;/ Ef)) is realized
in E;. By Lemma 3.20 there is ¢(j) € S;, minimal such that (¢;E))(y; :

i < u(4)) realizes @.tp(x;/E}) and by Lemma 3.20 for any realization of z
therein, setting z; = z and S;+1 = S\ {¢(j)} we get an extension satisfying
(1) and (2). '

As for (3), if I < u(j), then Sf_ﬁl = Sj<l so trivially (pE})(y; : i € Sj<l> C
(@E%H)(yi S Sﬁl). On the other hand if [ > «(j), then (@E%)(y, S
Sj<l> = (@B Yy < i e S]-<11> by the choice of z; and by the exchange-
property. So by inductive hypothesis if k£ < j, then

(PEE) (i i € S5 C (@B (yi i € ST C (@B ) wi i € ST1).

As for (4), if I < «(j), by construction tp(z; /@Eé) is not realized in
(@Eé)(yi NS Sj<l> and Sﬁfl = Sj<l, moreover if [ € Sj;1, then in fact
L<u(j) & Sj+1-

Tt follows that tp(y;/(eE))(yi : i € Sj<l>) is not realized in (cpE%H)(yi :
1€ Sj<l ): for if it was and y] was a realization then by the exchange property
z; = f(y;) for some (@E%)(yl (1€ Sj<l>-deﬁnable function f, but then f(y;) €
(@Eé)(yi RS S]-Sl> would realize tp(zj/(cpE%)@i RS Sj<l>) F tp(zj/cpEé),
and | = 1(j) ¢ S;+1, contradiction.

Thus in the case | € Sﬁﬁ(lj), tp(yl/(ngé)@i 1€ Sj<l>) extends uniquely
to tp(yl/(ng6+1)<yi (1€ S-ﬁl)). On the other hand if [ > +(j) this is trivial

J )
as then by construction (¢E)(y; : i € Sj<l> = (PE MYy i e Sj<11>.
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By inductive hypothesis if & < j, then tp(y;/(¢EE)(y; : i € ST') extends
uniquely to tp(y;/(CE))(y; : i € Sj<l>) which in turn extends uniquely to
tp(yi/ (PBG )y i € S4)).

At limit steps instead we set S; = (1, j Ska1 and take the union of the
sequences (2;)i<k+1 for k < j. To see (3) show that for [ € S,

(+) (B (i =i € S5 = | (WBE) (i i € S,
k<j

In fact, for every k < j, z € (QDEISH)(yi NS S,fl> and for every i € S,
y; € S for every k < j. For the vice-versa, it suffices to show that for every
m € (So\ S;)<, ym € (VB (yi : i € S5).

Fix m, and set for every k < j

h(k) :=min{s € So : ym € (PE§)(y; 1 i € SkSS)}.

It is enough to show that for all k, there is k' with k& < &’ < j such that
the order type of (S \ Sj)gh(k/) is strictly smaller than the order type of
(S \ )=k,

Also observe that (S \ S;)="*) must have maximum h(k), because y,, €
(¢EEY(y; i € F) for some finite F C (Sg \ S;)="*) and for each s € F,
ys € (PEE) (yi =i € S5°), s0

Ym € (PEG)(yi : i € (Sk \ §;)="F)

and by minimality of h(k) it must be h(k) < max F' < h(k).
By the definition of S; there is k" such that h(k) ¢ Sy, but then

Ym € (EE) (s i € Sy C (PEE ) (yi i € 55" M)

and S,’fh(k) = S;h(k) so h(k') < h(k) and (S \ S;)="*") is not cofinal in
(Sk \ S;)="*) whence it has strictly smaller order type.

To see (4) suppose tp(yi/(PE§)(y; : i € S5')) was realized in (poE7)(y; :
i€ Sj<l>, then by (x) it would be realized in some tp(y;/(@oE™){(y; : i € Sh))
for some j > m > k, contradicting the inductive hypothesis.

To see (2) notice that tp(y;/(E) (y; : i € Sj<l>) is the unique extension
of tp(y1/Ely; : i € S5!)), which is k-bounded weakly immediate so we can
apply Lemma 3.19. (]

Remark 3.23. If one wants to diregard the x-bounded condition, the proof
can be somewhat simplified by only showing (1)-(2)-(3) hold for the con-
struction and using Lemma 3.21 and (3) to get (2) in the limit step.

Theorem 3.24. For every (E,O) | Tionvex and every regular cardinal A,

maximal A-bounded wim-constructible extension of (E,Q) exist, are unique-

up-to-non-unique isomorphism, are universal (weakly terminal) for A-bounded
wim-constructible extension, and embed into every A-spherically complete el-

ementary extensions of (E,O).
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Proof. Maximal A-bounded wim-constructible extensions exist by Zorn’s
lemma because every A-bounded wim-constructible extension embeds into a
A-saturated extension of E. Let Eq, Eo be two A-bounded wim constructible
extensions of E with Eo maximal, by Lemma 3.22 there is an embedding of
j : E1 — Ey over E such that E, is A-bounded wim-constructible over jE;.
If E; was maximal as well, then j would have to be surjective. Finally if
(Es,O3) is a A-spherically complete extension of (E, @), then one can use
the wim-construction of Ey and the A-spherical completness of (Ez, O3) to
build an elementary embedding of Es in E3 over E. O

Remark 3.25. A A-bounded wim-constructible extension of (E, Q) is max-
imal (i.e. has no proper wim-constructible extension) if and only if it is
A-spherically complete. So Theorem 3.24 can be restated as

Corollary 3.26. Let (E,O) E Teonvex; and A be an uncountable cardinal.
There is a unique-up-to-non-unique-isomorphism X-spherically complete -
bounded wim-constructible extension and it elementarily embeds in every
A-spherically complete extension of (E,O).

Definition 3.27. If (E,O) | Teonvex, call a maximal A-bounded weakly
immediate extension the \-bounded \-spherical completion of (E,O).

Maximal A-bounded wim-constructible extensions are homogeneous on
wim-constructibly embedded A-bounded wim-constructions.

Corollary 3.28. Let (E,O) < (Ex,O)) be the \-bounded spherical com-
pletion of (E,O), and let (z; : i < o), (yi : @ < «) be A-bounded wim-
construction over (E, Q) with the same type over (E,O), such that (Ey, O))
is wim-constructible over E(x; : i < a) and E(y; : i < a). Then there is an
automorphism ¢ of (Ex, Oy) over (E,O) such that p(x;) = y;.

Proof. Let ¢ be the isomorphism over E between E(x; : ¢ < ) and E(y; : i <

a), given by ¢(x;) = y;. By Theorem 3.24, ¢ extends to an automrophsim
%) of (E)\, O)\) O

3.3. Some Remarks and Questions. It is natural to ask whether stronger
results than Lemma 3.22 hold for specific theories T'.

Question 3.29. Let E < E; be a wim-constructible extension.

(1) Are all Eg with E < Eg < E; wim-constructible over E?
(1w) IfE < Eg < Eq and Eq is wim constructible over Ey, is Eqg necessarily
wim-constructible over E?¢
(2) Is Eq necessarily wim-constructible over all By with E < Ey < E; ?
(2w) IfE < Ey < Ey and Eq is wim constructible over E, is E1 necessarily
wim-constructible over Eq?

Remark 3.30. Notice that a positive answer to () implies a positive answer
to (iw).

Remark 3.31. Question (1) can be equivalently restated as:
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(1e) are wim-constructible extension A-wim for al \?

Remark 3.32. The answer to both (1) and (2) is affirmative in the case T is
power-bounded (see Remark 4.15). We will give a very partial result toward
(1) for some exponential theories in Section 5.

Remark 3.33. Let (Ey, O)) = (E, O) be the A-spherical completion of (E, O).
Suppose Question 3.29 (1) has affirmative answer, then every A-spherically
complete (Eq,O;) such that (Ey,Oy) = (E;,01) = (E,0) is isomorphic
to (Ex, Ox) over (E,0). If furthermore Question 3.29 (2) has affirmative
answer, then E; = E,.

In particular an affirmative answer to Question 3.29 (1), would imply that
a A-spherical completion for (E,O) could be obtained as a union (J,_, E;
within a sufficiently saturated extension (E*, O*) > (E, O) of a sequence of
E; such that E; = Uj <iEj41 and E;1; is the definable closure (for T') of a
A-spherical completion of E; qua real closed valued field in (E*, O*).

Remark 3.34. Adapting some results from [8] and [10] (see also [1]), it can
be shown that for every T and every (E,O) = Tconvex there is big enough
A, such that the A-bounded A-spherical completion (Ey,O,) of (E,Q) is
isomorphic as a real closed valued field (RCVF) to a A\-bounded Hahn field
in the sense of [6] with coefficients from the residue field of (E, Q). Moreover
the isomorphism can be choosen so that the image of [E C [E, is truncation-
closed and - in the case T" defines an exponential - also so that the logarithm
of the monomial group is the set of purely infinite elements. This will be
presented in another paper and won’t be used here.

The goal of the subsequent sections is to start the study of maximal A-
bounded wim-constructible models of Tionvex. For power bounded theories
this is essentially known, because if T' is power bounded, all weakly imme-
diately generated elements over some (E,O) &= Tionvex are in fact weakly
immediate, hence if z is weakly O-immediate over E the (E(x),O,) is in
fact immediate over (E, Q) and a maximal A-bounded extension of (E, Q) is
an expansion of the A-spherical completion of the reduct of (E, O) to RCVF.
This follows from results in [13], [12], and [11], and we report more precisely
on this in Section 4.

For exponential o-minimal theories, the situation is not as well known
and we commence its study in Section 5 by focusing on theories arising as
expansions of power bounded theories with an exponential function.

4. THE POWER-BOUNDED CASE

In this section we review the known results about weakly immediate types
in the case T is power bounded. All the results are virtually all included in
[13], [12], and [11] but we give somewhat different and shorter proofs which
will adapt better to the exponential case.
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4.1. Introductory remarks. Let T be an o-minimal theory and K = T.
Recall that a power of K is a K-definable endomorphism 6 : K0 — K>9, of
the group (K>9,.). By o-minimality such endomorphism must be monotone
and differentiable on its whole domain. The exponent of 0 is defined as the
element #'(1) € K. It is easy to see that the set Exponents(K) of exponents
of K forms a subfield of K. The standard notation for powers is to write
t+— 0(t) as t* := 6(t) where a = €'(1) € Exponents(K).

There is a foundamental dicothomy established by Miller (see [2, Ch. 16])
regarding the subfield Exponents(K): it is either K or is such that every K
definable S C Exponents(K) is finite. More specificially

Theorem 4.1 (Miller). The following are equitvalent for an o-minimal ex-
pansion K of a real closed field.

(1) K does not define an exponential, that is, an isomoprhism exp :
(Kv +) — (K>07 ');'

(2) Exponents(K) # K;

(8) Exponents(K) does not contain any interval of K;

(4) for every K; = K, Exponents(K) = Exponents(Kj);

(5) every K-definable function f : K — K is eventually bounded by some
power, that is there is 5 € Exponents(K), such that for big enough
teK, f(t) < tb.

(6) for every K-definable function f : K — K there is an exponent [ €
Exponents(K), such that lims . f(s)/s° € K.

Definition 4.2 (Miller). A theory T is said to be power bounded if one (or
equivalently all) of its models are power bounded. For a power bounded
thoery T', Exponents(T) is defined to be the field of exponents in its prime
model (this is then by (4) above the field of exponents of every K = T)).

The main thing we’ll need besides Miller’s Theorem above is the following
Lemma, also due to Miller.

Lemma 4.3 (Miller). If T is power bounded, K =T and f : K — K is
K-definable and =y is an exponent of T then the following are equivalent

(1) thm tf'(t) =~;
2) there is k € K#Y such that lim —f(t) =1.
(2)

t—oo ktY

Proof. Recall that for every K-definable f there is an exponent « such that
(2) holds.

If limy o f(t) = £oo, by power-boundedness, there is a power t7 such
that lim;_,o f(£)t™7 € K70 and by L’Hopital’s rule

lim @ = lim ')

t—oo 17 t—oo ytY~1

So the limit in (1) is 7. If limy,o f(t) = O the argument is the same. If
limy o0 f(t) = ¢ € K79 then f(t) = ¢+ g(t) where lim;_,o g(t) = 0. Then
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it suffices to observe that

tfi(t) = tg' (t)g(t)/ (2),
so the limit in (1) is in fact 0. O

4.2. The rv-property. As observed in [12] the hypothesis of being power-
bounded has strong consequences on Teonvex, i particular with regard to the
structure induced on the value-group sort (cf [12, Thm. 4.4]). The starting
point of this analysis is [12, Prop. 4.2] which is here convenient to condensate
with some of its consequences in the following

Lemma 4.4. Let T be an o-minimal theory, then the following are equivalent

(1) T is power bounded;
(2) for every (E,O) & Teonvex and every unary function f : E — E>0

(E,O0)=Jda €k, AIM €O, Vt €O, t > M — f(t)/ac O\ o
(3) for every (E,O) = Teonvex and every unary function f : E — E>0
(E,0) EIM €O, V€O, t>M— fit)c O

(4) for every (E,O) |= Teonvex and every unary function f : E — E>°
there is a natural number k such that

(E,0) k= 3to,.. . tg—1, V&, \ [t —t:| > 0 = fI(t) € O.
i€k
(5) for every (E,O) = Teonvex and every unary function f : E>0 — E>0
there is a natural number k such that

(E,0) = 3to,.. . tg—1, Vt, \ t £t = tf1(2) € O.
i€k
Proof. (1) = (2), this is essentially [12, Proposition 4.2], we repeat the
argument for the convenience of the reader. Since Tionvex 1S complete it
suffices to prove it holds for every E-definable function f : E — [E in some
model (E, O) E Teonvex- Take K |= T of cofinality greater than |T'|, let d > K
and set (K(d), O) E Ttonvex- Since

O3t V(Qf(t) € voE = VodExponents(T)7

is eventually a weakly monotone function by o-minimality of E, and the
cofinality O is grater than the cardinality of vp(E), such function must be
eventually constant.

(2) = (3), suppose (3) fails, then for some M € O, for every t > M,
|fT(t)] > O. We can also assume without loss of generality that for every
ti1,to € O, with to > t1 > M, f(t2) > f(t1) > 0, so in particular for ¢t > M,
fJf(t) > O. Now take M < t1 < ta+ o0, and take tg such that t; < tg+o0 < tg,
then for some £ € (1o, t2)

Jlta) _ flt0) + J(t2) = flto) _ f(t0) yiovy g SO i
1

f(t1)

f(t1) f(t1) f(t1)
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by the mean value theorem and because f is increasing and positive. Since
by hypothesis fT(¢) > O, it follows that f(t3)/f(t1) > O. Since t; and to
were arbitrary with to > ¢; + o, this contradicts (2).

(3) = (4), assume not, then by weak o-minimality of (E, Q) there would
be tg,t; € E, t; > to+ o such that for every t € (to,t1), f1(t) > O. Consider
to := (to +t1)/2 and define g(t) = f(t2 — 1/t), then for ¢t > 2/(t; — to) and
t € O\ {0},

gy =12t = 1/t) > O

contradicting (3).

(4) = (5), assume (5) fails, then again by weak o-minimality, there are
some t; > tg > 0, t1 o to such that for every t € (to,t1), [tf1(t)] > O.
Without loss of generality, we can assume t; < tg, so considering ¢(t) :=
f(tot) we would have that for t € (1,t1/to), g'(t) = tofT(tot) < totf1(tot) =
O and this contradicts (4) as t1/tg > 1+ o.

(5) = (3) is clear.

(3) = (1) follows from Miller’s dicothomy, because if 7" is not power
bounded it defines an exponential exp : E — E, satisfying exp! (t) = t, but
then for d > O, the definablity of f(t) := exp(dt) contradicts (3). O

Corollary 4.5. If T is power bounded and (E, Q) &= Tionvex; and x is O-
cofinally residual over E then vo(E(z)) = vo(E).

Proof. By hypothesis there is z € E(z) such that K(z) = K, and K(z)
is a cofinal extension of K. By (5) in Lemma 4.4, there are t;,to € E
such that 0 < t;] < z < ta+0 C O, f is increasing on (t1,t2) and for
every t € (t1,t2), tfT(t) € O. Now invoke Lemma 2.19 to conclude that

() < f((t2+11)/2). O

Lemma 4.6. Let f be E-definable, differentiable and never 0. If fT(t)t ~ f8
for all t in some interval J, then on that interval f(t) ~ ct? for some c.

Proof. Let h(t) := f(t)/t? and assume r < s € J, then there is r < < s
s.t.
s—r s—r

h(s) — h(r)

— = W) ——— = nf'(n) - 8
h(n) ) n n < ) )

So if r < s, then h(r) ~ h(s) and by continuity of A it has to be h(r) ~ h(s)

for every r, s € J (otherwise h~! could be used to define a bijection between

an initial segment of |O \ o] and an initial segment of |E \ O|, contradicting

Proposition 3.2). O

Lemma 4.7. Let T be power-bounded, (E,O) & Teonvex and b € U\ E be
such that O < b < |E\ O|. For every definable f : E — E not constant
around b, there is a unique By € Exponents(T') \ {0} and some cg,c; € E
such that f(b)—co ~o c1b°. Moreover if {f, : s € D} is a E-definable family
of unary functions, {fy, : s € D} is finite.
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Proof. Since f is not constant around b, f(b) ¢ E and by Theorem 3.6, f(b) is
neither cofinally residual nor weakly immediate, hence for some ¢y, vo (f(b)—
cp) ¢ vo(E). Since the theory is power bounded, by (2) of Lemma 4.4,
there is @ € E and o € {£1} such that a(f(b) — ¢9)? € |Op \ O]. Now
g(t) :=a(f(t) —co)? is such that |[E\ O| > g(b) > O, so by Lemma 2.17 and
by power boundedness, for some positive exponent |3|, g(b)/bl?l € O\ 0. So
g(b) /bl € k + o for some k € O\ o and setting ¢; = k/a and sgn(B) = o,
yields f(b) — co ~ ¢1bP.

Now we show that if f(b) — c) ~ ¢;b% then ¢y ~ ¢, ¢; ~ ¢; and g = £
In fact clearly it must be vo(cy — cj) > vo(c1b®) and ¢1b? ~ ¢ b%, but then
b8~ c1/c) so rvo(bP7) € rvoE and this is possible only if g = 3.

For the last bit it suffices to show that {3y, : s € D} is definable in E. For
this observe that by Lemma 2.18, bfs/T(b) ~ fBs —1if Bs # 1 and bfg(b) <1
if and only if 5; = 1.

Now {bfi(b) : s € D} is definable in E(b) thus if 7 : © — K is a standard
part map {8y, : s € D} = {1 + mbfl(b) : s € D} is definable, in fact over
K. U

Lemma 4.8. Let T be power-bounded, (E,O) E Teonvex- For every E-
definable f : E — E, and for every a there is a finite set F, C E such
that
VteE\ Fy+ a0, 3¢, c—t ¢ a0, (t—c)fT(t) e O
or equivalently
Vt e E\ F, + a0, fT(t) < 1/a

Proof. Observe that it suffices to prove the statement for a = 1, as the
statement for general a follows applying the statement with ¢ = 1 to the
function f,(t) := f(at).

For every z, by (5) of Lemma 4.4 applied to ¢ — f/(x + t) there are
r_ <z + O <z, such that (t —z)fT(t) € O for all t € (z_,z4)\ z + O.
In particular f/T(t) < 1forallt € (z_,zy)\z+ O.

Consider the (E,O)-definable set D = {t € E : f'f(t) ¢ O}, by weak
o-minimality of (E, Q) this set must be a finite union of order-convex sets,
but by the observation above, any order convex subset C' C D, must be
contained in a single coset of O hence the thesis. O

Corollary 4.9. Let T be power bounded (E,O) | Teonvex and f : E — E,
E-definable. There is a natural number n such that whenever M is a O-
submodule of E, there is a finite Fyy C E with |Fy| < n such that for every
v €R, ifx ¢ Fyy + M, then f'H(x)M Co.

Proof. Let (E1, O7) be an extension of E such that M = zO1NE with z € E;.
There is a finite ' C Ey such that whenever x ¢ F + 201, zf"T(2)O; C 0.

Let Fj; C E be a finite subset such that Fjy + M = (F + z01) NE. Such
set can be obtained picking representatives of (¢t + zO1) NE for every t € F

such that (t +201) NE # (.
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Now if 2 € E and = ¢ Fy + M, then z ¢ F + 20; so Mf'f(z) C
201 f"(z) Co. O

We are now ready to give a short proof of the residue-valuation property.
This was proven first by van den Dries and Spaissegger in [16, Proposi-
tion 9.2] for polynomially bounded structures over R and later in full for
power-bounded structures in [11].

Proposition 4.10 (Tyne). Let T' be power bounded, x € U = E = T and
O a non-trivial T -convex valuation subring of E. If x is weakly O-immdiate
then every y € E(z) is weakly O-immediate.

Proof. Assume (x;);<y is a O-p.c. sequence in E for x and let f : E — E
be an increasing E-definable function. Without loss of generality we can
assume that Br(xz/E)(E) # 0, for otherwise z is dense and f(x) is still dense
by continuity of f at generic points.

Let p := tp(z/E), M := Br(p)(E) and M, := Br(p)(E(x)). By Corol-
lary 4.9 there is a finite Fj; C E such that for every t ¢ Fy+M, fT1(t)M C o.

Since x ¢ Fyy + M, there are ag,a; € E such that ag < x < a1, (ag,a1) N
Fy+ M = () and f’T|[a07al} is continuous monotone or constant. It follows
that |f/T(z)| < max{|f"T(t)| : t € [ag,a1]} =: d.

Thus M = Br(p)(E) C o/d, that is Br(p)(E)(¢t) F d|t| < r for all r € E~°.
Since by Theorem 3.6, E(x) does not contain any y with o < y < E~°,
M, = Br(p)(E(z)) C o/d as well and f'f(z)M, C o.

It follows that there is & € E(z) such that |z —¢& > M, and (z—¢)f'H(x) €
O: since f'T(x)M, C o, 1/(f'(x)) ¢ M,, and ¢ := 2 — (f'T(2)) does the job.
On the other hand since p(E(x)) = v + M, and ¢ ¢ x + M,, thereis c € E
between z and ¢é. For such ¢, |z —¢| < |z — ¢, so |x — ¢|f'T(x) € O and f(z)
is weakly immediate by Lemma 2.20. O

As a Corollary we get the following which to the knowledge of the author
was first stated in [3]

Corollary 4.11. If T is a power bounded theory, and (E,O) & Teonvex;
then there is (E1,01) = (E, O) such that rvp,(E1) = rvo(E) and (E1,Oq)
18 spherically complete.

Proof. Use Theorem 3.24 with a cardinal A greater than the cofinality of any
subset of vp(E) to get a A-spherically complete weakly immediate (E1, O1) =
(E, O) and observe that by Proposition 4.10 rvp, (E;) = rvo(E). O

In conjunction with the result [12, Thm. 4.4], that for power-bounded T,
the induced theory of vpE is the (o-minimal) theory of an ordered vector
space over Exponents(T"), Proposition 4.10 implies

Corollary 4.12. If T is power bounded, x € U = E = T, and O is a

non-trivial T-conver valuation subring of B, then if for some y € E(x),
vo(y) ¢ voE, then there are ¢1,co € E and 8 € Exponents(T'), such that

vo(y) = voca + Bvo(cr — ).
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Proof. If x is O-special then the thesis follows from by Lemma 4.7. So we
may assume z is not O-special.

If for some y € E(x), vo(y) ¢ voE, then y is not weakly-immediate over
(E,O), so by Proposition 4.10 it is also not weakly immediately generated
and x is not weakly immediate. It is also not cofinally residual by Corol-
lary 4.5. It follows that there is ¢; such that vo(z —¢1) ¢ vo(E). Now
y = f(z) for some E-definable f.

Set g(t) := f(c1 +t), since vo(z — c1) ¢ vo(E), by (5) in Lemma 4.4,
tg't(t) € O, for all t in some E-definable neighborhood of x — ¢y, in particular
g by Lemma 2.19, induces a function G : Jy — Ji, with Jy, J; (E, O)-
definable intervals in vp(E(x)) containing vo(z — 1), such that G(vo(t)) =
vo(g(t)). Moreover by Lemma 4.6 G is affine. O

As showed in [17] in the case of polinomially bounded theories over R,
this implies a preparation theorem. The argument here is the same as [17,
Lemma 2.2], with a little extra care needed due to the fact that the theory
may not have an Archimedean prime model.

Proposition 4.13. Let T be a power bounded o-minimal theory, T = K and
f: K" 5 K be a definable function, then there is a covering of K" into
finitely many definable cells {C; : i € M} such that for every i, there are
0; : K" - K, a; : K" - K, \; € Exponents(T) and 0-definable constants,
0<u; < uj such that for every C; either f is identically O on C; or

f(e.)
@t =@

Proof. By compactness it suffices to show that for every E |= T, and every
l-ary E-definable fucntion, there is a partition of E into finitely many E-
definable sets C; such that for every ¢ either f(C;) = {0} or there are
a;,0; € E with 0; ¢ C;, \; € Exponents(T’) and 0-definable 0 < u; < uj
such that

f(®)

a; (t — QZ)A””
this in turn is equivalent to show that for every U > E and z € U\ E, such
that f(x) # 0, there are a,0 € E, A € Exponents(T), and v~ ,u™ 0-definable
such that v~ < [f(2)/(a(z — 6))| < uT. Let O be the minimal T-convex
subring of E(z) (that is O is the convex hull of the prime model of T'). Let
K < E be maximal such that K C O. If vp f(x) € vo(E(z)), then f(z)/a <o
1. On the other hand if vp f(z) ¢ vpoE(z), then by Corollary 4.12, there are
a,f € E and X such that voa + Avp(z — 0) = vo(f(z)). O

<ut

2

KEV(Et) € Cy, 0i(c) #t & u; <

E):VteC’i, U; <

+
<

4.3. Immediate extensions. An easy consequence of Proposition 4.10 and
Lemma 2.4 is that an extension of models of Teonvex 1S Wim-constructible if
and only if it is immediate.

Corollary 4.14. If T is power bounded then (E,O) < (E1,01) E Teonvex S
wim-constructible if and only if v(E) = v(E1) and r(E) = r(E,).
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Proof. If v(E,O) = v(E1,0;) and r(E, O) = r(E1, O;), then by Lemma 2.4
all elements of (E;, O1) must be weakly immediate over (E, ©). On the other
hand since immediate extensions are closed under left factors, (E(z), 01 N
E(z)) is again immediate over (E, ©). A transfinite inductive argument thus
shows that (E;, O1) must be constructible.

Viceversa Proposition 4.10 implies that if x is weakly immediate over
(E,O) then (E(z),O,) is immediate over (E,O) and again a transfinite in-
duction shows that constructible extensions are immediate. O

Remark 4.15. This implies that both Question 3.29, (1) and (2) have positive
answer because immediate extensions are closed both under left and right
factors. It also follows that for any (E,), for all big enough A the A-
spherical completions of (E,Q) are spherically complete contrary to what
happens when T is exponential.

5. THE SIMPLY EXPONENTIAL CASE

5.1. Introductory remarks. This subsection is dedicated to some basic
observations on exponential o-minimal structures.

Definition 5.1. An o-minimal theory T expanding RC'F' is exponential if
for some model K |= T, there is a K-definable exp : K — K>° such that
exp(K) # {1} and exp(x + y) = exp(x) exp(y) for every z,y € K.

Remark 5.2. Observe that if exp : K — K>? is such that exp(z + y) =
exp(x) exp(y) for every z,y € K, then ¢ — exp(—t) has the same property.
Hence if T is exponential we may as well assume that it defines an exponen-
tial exp such that exp(1) > 1. On the other hand {t € K= : exp(t) > 1} is
a submonoid of (K, +), hence {t € K : t(exp(t) — 1) > 0} is a subgroup of
(K, +), thus if exp(1) > 1, by o-minimality {t € K: t(exp(t) —1) > 0} =K
and exp is increasing.

Remark 5.3. Given two exponential functions exp and exp* defined in a
model K |= T, there is a constant k& € K such that exp*(t) = exp(kt):
indeed logoexp* : K — K would be a definable non-zero endomorphism of
(K, +) hence, by o-minimality, an omotethy. In particular, together with the
previous remark, we get that if T' is exponential, then it defines a ()-definable
increasing exponential function exp.

Remark 5.4. Tt follows from the defining property of an exponential, that
every exponential exp definable in any model of an o-minimal theory T is
differentiable at a point ¢ if and only if it is differentiable in 0, hence it must
be everywhere differentiable, moreover it must satisfy exp'(¢) = exp/(0). By
the same argument of Remark 5.3, for a model K |= T, for every constant a #
0 there is a unique exponential exp® such that (exp®)'(t) = a, in particular
there is a unique one such that expf(t) = 1: this specific exp is 0-definable
and for every a € K it must be exp?®(t) = exp(at). In the following we
will refer to the unique exp definable in T such that exp!(t) = t as the
exponential of T.
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Remark 5.5. If T'is an exponential theory and (E, O) = Ttonvex then exp(Q) =
O>° (by T-convexity and bacuase exp : E — E>? is 0-definable continuous).
It follows that for every a € E, exp(O + a) = v, (exp(a)).

The first expansions of R defining an exponential that have been proven
to be o-minimal were Rey, the ordered field of the reals expanded with the
natural exponential [18], and its expansion by all restricted analytic func-
tions Rgp exp [15]. In fact Ry exp also eliminates quantifiers in the language
of restricted analytic functions together with exp and log [14].

In [17, Thm 3.2] it was shown more generally that if Ty is any theory
of a power-bounded expansion Ry of the field of reals and T, defines the
restricted natural exponential exp ][0,1] and eliminates quantifiers, then the
expansion Rg ¢xp of Rg by the unrestricted exponential function is o-minimal
and its theory T eliminates quantifiers in the language L = Lo U {exp, log}
where Lg is the language of Ty. We will focus mainly on this situation.

Definition 5.6. We will call an exponential o-minimal theory T simply
exponential if it has a power-bounded reduct Ty := T|r, to a language
Lo such that T is an expansion by definition of 7" := T'|(,ufexp}) and 1"
eliminates quantifiers in Ly U {exp, log}.

5.2. Weakly immediate types in simply exponential theories. This
section is dedicated to the analysis of weakly immediate types in a simply
exponential theory T'. This is meant as a step toward understaing A-spherical
completions for models of Teonvex. In particular it will allow to show that
wim-constructible extensions are 1-wim (Corollary 5.15) which is a step
toward answering Question 3.29 (1) for these theories.

Definition 5.7. Let 7' be an o-minimal exponential theory and (E,O) =
Teonvex- A generalized nested exponential over E (gne for short) g : E —
E, is an E-definable a composition of translations, changes of signs and
exponentials. More specifically:
(1) g(t) :=t+ cis a gne of height 0 for every c € E;
(2) if h is a gne of height m, then g(t) := ¢ + oexp(h(t)) for ¢ € E and
o € {£1} is a gne of height m + 1.
Let (U,0) = (E,O) and x € U, we say inductively that that
(1) g is normal at x if g(x) = o + ¢ with ¢ = z or ¢ = 0, or if g(t) =
c+o exp(h(t)) with h normal at = and, again, ¢ = 0 or ¢ > exp(h(z)).
(2) g is essential at x if g(t) =t + c or if g(t) = ¢ + o exp(h(t)) with h
essential at z and (h(z) + O)NE = (.

Lemma 5.8. Let g be a gne and assume it is essential at x, then there is a
gne g1, normal and essential at x such that tp(g(z)/E) = tp(g1(x)/E).

Proof. By induction on the height of g. If g(t) = t+ ¢, the statement is clear
as if v(z) ¢ v(E) and ¢ < z, then tp(c + 2/E) = tp(z/E).

Let g(t) = ¢+ exp(h(t)). By the inductive hypothesis, there is a gne
hi normal and essential such that tp(hy(z)/E) = tp(h(x)/E). Now if ¢ >
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exp(h(z)), then ¢ = exp(hi(z)) and we are done. Instead if ¢ # 0 and ¢ <
exp(h(z)), we have tp(g(z)/E) = tp(exp h(z)/E) = tp(exp hi(z)/E). [

Lemma 5.9. Let g be a gne and assume x is weakly O-immediate, then there
is a gne g1, essential at gl_lg(x) such that gl_lg(x) 1s weakly O-immediate.

Proof. By induction on the height of g. If g(t) = t + ¢, then it suffices
to take ¢1(t) = t — c. Now assume ¢(t) = ¢+ exp(h(t)), we can find by
inductive hypothesis hy such that hi(z) = h(z), hy is essential at z and z is
O-immediate. If (h(z) + O) NE = 0, then gi(t) := ¢+ exp(hi(t)) has the
required property.

If instead there is ¢; € (h(z) + O)NE, either h(z) is O-weakly immediate
and we are done, or ¢; can be chosen so that v(h(z) — ¢1) ¢ v(E), so we
set h(x) = h(x) — ¢;. Now h is by construction a gne of height strictly
lower than g and we can apply the inductive hypothesis, to get a gne hq
essential at some O-weakly immediate z with hj(z) = h(z), moreover by
Lemma 5.8 without loss of generality we can assume hi(z) = exp(ha(z))

for some other gne hz normal at 2. Since v(h(z)) ¢ VE, and v(h(z)) > 0,
tp(exp(h(z))/E) = tp(1 + h(z)/E), so

g(z) = ¢+ exp(c1) + exp(er +logh(z)) = ¢ + exp(cy) + exp(c1 + ha(2))
and g1 (t) = ¢+ exp(c1) + exp(ci + ha(t)) has the required property. O

Lemma 5.10. Let g : E — E be a E-definable gne essential at x. Then
there is a gne gy essential at z := gy *lg g(x) such that tp(z/E) = tp(z/E).

Proof. Assume g(t) = ¢+ exp(h(t)). Now lg g(t) = lgc+ log(1 + exp(h(t) —
lgc)). Notice € := exp(h(x) —1g(c)) < 1 by normality of g at  and moreover
v(e) ¢ v(E) because g is essential at x. Observe that

log(1+¢) — 5)

lg(lgg(z) —1g(c)) =lglog(l +¢) =1ge +1g <1 + -

so lg(lg(g(x) —1g(c))) € lge + /2 + €20, Since lg(e) + O, NE = 0 this
implies tp(lge/E) = tp(lglog(1l +¢)/E).
Notice also lge = h(xz) —1ge¢, so
tp(Ig(lgg(x) —lg(c)) +1g(c)/E) = tp(lge +1g(c)/E) = tp(h(z)/E).

It follows that if we set g;(t) := lg(c) 4+ exp(h(t) —lg(c)), then
g1 ' (lgg(x)) = b~ (g(lg g(x) — 1g(c)) +1g(c))

therefore tp(g; ' (Ig g(z))/E) = tp(h~'h(z)/E) = tp(x/E).
Notice that g; is essential by construction as h(x) —lgc = lge and lg(e) +
O, NE =10. O

Lemma 5.11. Let g : E — E be a E-definable gne essential at x. Then
there is g1 essential at z := g7 ' exp g(x) such that tp(z/E) = tp(z/E).
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Proof. Tt g(x) + O, NE = (), then g; := expg does the job. So assume
that g(t) = ¢+ exp(h(t)) with ¢ = 1 > exp(h(x)). Since g is essential
v(h(z)) ¢ v(E), therefore tp(exp(exp(h(z)))/E) = tp(1 + exp(h(z))/E) and

tp(exp(g(z))/E) = tp(exp(c)(1 + exp(h(x)))/E). It follows that g;(t) :=
exp(c) + exp(c + h(t)) has the required properties in this case. O

Proposition 5.12. Let Ty be a power bounded o-minimal theory which elim-
inates quantifiers in a language L and T be an exponential o-minimal the-
o1y i Lexplog := L U {exp,log} which eliminates quantifiers and expands
Ty. Assume x is weakly O-immediate but not dense over E and f : E — E
a E-definable function. Then there is a weakly immediate z € E(z) and a
E-definable gne g, essential at z such that f(x) = g(z).

Proof. We know T eliminates quantifiers in LU{exp,log}. So without loss of
generality f is given by a term in LU{exp,log}. If f is a term in L, then f(z)
is O-weakly immediate by the rv-property because Ty is power bounded. If
f(x) = exp(t(x)), then by inductive hypothesis we have a gne g essential at
x such that z := g~ '¢(x) is O-weakly immediate, but then by Lemma 5.11
there is g; essential at z such that tp(g1(2)/E) = tp(exp(g1(2))/E). If f(z) =
lg(t(z)), then again by inductive hypothesis we have a gne g essential at x
such that z := ¢~ 't(z) is O-weakly immediate and we can conclude similarly
by Lemma 5.10. (]

Lemma 5.13. Let (U,0) | Teonvex and E < E; < U with E € O. As-
sume z is weakly O-immediate over E, g : E; — Eq is a Eqi-definable gne
essential and normal at z and that tp(g(z)/E) is not realized in E1. Then
there is a E-definable gne g1 and a z1 O-weakly immediate over E such that

tp(g1(21)/E) = tp(g(2)/E).

Proof. By induction on the height of g. If g(t) = t+¢, then since tp(z+c/E)
is not realized in E; and z + ¢ is weakly O-immediate over Eq, z; := z 4+ ¢
is weakly O-immediate over E.
Let ¢g(t) = ¢ + oexp(h(t)). By inductive hypothesis, there is h;, E-
definable, and z; weakly immediate over E with tp(h(z)/E) = tp(hi(z1)/E).
If EN (c+ exp(h(z))o) = 0 then tp(g(z)/E) would be realized in E; by

any element in ¢ + E<0Xp(h(z)) contradicting that tp(g(z)/E) is not realized
in E;.

Thus we can find ¢; € E such that ¢ — ¢; < exph(z). But then since
v(exp h(2)) ¢ VE1, tp(c + exp(h(2))/E) = tp(c1 + exp(h(2))/E) = tp(e1 +
exp(hi(z1))/E). 0

Corollary 5.14. Let T be simply exponential, (U, O) & Teonvex and E <
Ei < Ey < U with E Z O. Suppose Eq is 1-wim over (E,O NE) and Eq is
1-wim over (E1,O NEy), then Eq is 1-wim over (E,ONE).

Proof. Let z € Eg. If tp(z/E) is realized in E;, then z is weakly immediately
generated over E and there is nothing to show. So assume tp(z/E) is not
realized in Eq, by Proposition 5.12 z = g(y) for some E;-definable gne
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essential at y and y weakly immediate over [£;. By Lemma 5.13, there is [E-
definable gne g; and a y; weakly immediate over E such that tp(g(y)/E) =
tp(g1(y1)/E), so z is weakly immediately generated over E once again. [

Corollary 5.15. If T is simply exponential then every wim-constructible
extension of models of Teonyex 1S 1-wim.

REFERENCES

[1] P. D’Aquino, J. F. Knight, S. Kuhlmann, and K. Lange. Real closed
exponential fields. Fund. Math., 219(2):163-190, 2012.

[2] W. Hodges. Logic: from foundation to applications: FEuropean logic
colloquium. 1996.

[3] E. Kaplan. T-convex T-differential fields and their immediate exten-
sions. Pacific J. Math., 320(2):261-298, 2022.

[4] F.-V. Kuhlmann, S. Kuhlmann, and S. Shelah. Exponentiation in
power series fields. Proceedings of the American Mathematical Society,
125(11):3177-3183, 1997.

[5] S. Kuhlmann. Ordered exponential fields, volume 12 of Fields Institute
Monographs. American Mathematical Society, Providence, RI, 2000.

[6] S. Kuhlmann and S. Shelah. x-bounded exponential-logarithmic power
series fields. Annals of Pure and Applied Logic, 136(3):284-296, 2005.

[7] D. Marker and C. I. Steinhorn. Definable types in O-minimal theories.
J. Symbolic Logic, 59(1):185-198, 1994.

[8] M.-H. Mourgues and J. P. Ressayre. Every real closed field has an
integer part. J. Symbolic Logic, 58(2):641-647, 1993.

[9] A. Pillay. Definability of types, and pairs of O-minimal structures. J.
Symbolic Logic, 59(4):1400-1409, 1994.

[10] J.-P. Ressayre. Integer parts of real closed exponential fields (extended
abstract). In Arithmetic, proof theory, and computational complexity
(Prague, 1991), volume 23 of Ozford Logic Guides, pages 278-288. Ox-
ford Univ. Press, New York, 1993.

[11] J. M. Tyne. T-levels and T-convezity. ProQuest LLC, Ann Arbor, MI,
2003. Thesis (Ph.D.)—University of Illinois at Urbana-Champaign.

[12] L. van den Dries. T-convexity and tame extensions. II. J. Symbolic
Logic, 62(1):14-34, 1997.

[13] L. van den Dries and A. H. Lewenberg. T-convexity and tame exten-
sions. J. Symbolic Logic, 60(1):74-102, 1995.

[14] L. van den Dries, A. Macintyre, and D. Marker. The elementary theory
of restricted analytic fields with exponentiation. Annals of Mathemat-
ics, pages 183-205, 1994.

[15] L. van den Dries and C. Miller. On the real exponential field with
restricted analytic functions. Israel Journal of Mathematics, 85:19-56,
1994.



34 PIETRO FRENI

[16] L. van den Dries and P. Speissegger. The field of reals with multi-
summable series and the exponential function. Proc. London Math.
Soc. (8), 81(3):513-565, 2000.

[17] L. van den Dries and P. Speissegger. O-minimal preparation theorems.
11:87-116, 2002.

[18] A. J. Wilkie. Model completeness results for expansions of the ordered
field of real numbers by restricted pfaffian functions and the exponential
function. Journal of the American Mathematical Society, 9(4):1051—
1094, 1996.

SCHOOL OF MATHEMATICS, UNIVERSITY OF LEEDS, LEEDS LLS2 9JT, UNITED KING-
DOM



	1. Introduction
	1.1. Motivation
	1.2. Setting
	1.3. Main results
	1.4. Structure of the paper
	1.5. Acknowledgments

	2. Set-up
	2.1. Breadth, p.c.-sequences and weakly immediate types
	2.2. Review of T-convexity and tame extensions
	2.3. Some technical Lemmas

	3. Main results
	3.1. Unary types in T-convex
	3.2. Wim-constructible extensions
	3.3. Some Remarks and Questions

	4. The power-bounded case
	4.1. Introductory remarks
	4.2. The rv-property
	4.3. Immediate extensions

	5. The simply exponential case
	5.1. Introductory remarks
	5.2. Weakly immediate types in simply exponential theories

	References

