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AN EXTENSION THEOREM FOR WEAK SOLUTIONS
OF THE 3D INCOMPRESSIBLE EULER EQUATIONS
AND APPLICATIONS TO SINGULAR FLOWS

ALBERTO ENCISO, JAVIER PENAFIEL-TOMAS AND DANIEL PERALTA-SALAS

ABSTRACT. We prove an extension theorem for local solutions of the 3d in-
compressible Euler equations. More precisely, we show that if a smooth vector
field satisfies the Euler equations in a spacetime region € x (0,7, one can
choose an admissible weak solution on R3 x (0, T") of class C? for any 8 < 1/3
such that both fields coincide on € x (0, T"). Moreover, one controls the spatial
support of the global solution. Our proof makes use of a new extension the-
orem for local subsolutions of the incompressible Euler equations and a C/3
convex integration scheme implemented in the context of weak solutions with
compact support in space. We present two nontrivial applications of these
ideas. First, we construct infinitely many admissible weak solutions of class
C’l*i . with the same vortex sheet initial data, which coincide with it at each
time ¢ outside a turbulent region of width O(t). Second, given any smooth
solution v of the Euler equation on T3 x (0,7T) and any open set U C T3, we
construct admissible weak solutions which coincide with v outside U and are
uniformly close to it everywhere at time 0, yet blow up dramatically on a sub-
set of U x (0,T) of full Hausdorff dimension. These solutions are of class C?
outside their singular set.
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1. INTRODUCTION

Convex integration methods, introduced by Nash [39] in the context of the C*
isometric embedding problem and subsequently refined by Gromov in his work on
flexible geometric PDEs and by Miiller and Sversk [38] in their theory of differential
inclusions, have experimented an extraordinary development in connection with the
study of weak solutions of the incompressible Euler equations. This system reads
as

O +divivev)+Vp=0, divo =0,

where the time-dependent vector field v is the velocity of the fluid and the scalar
function p is the hydrodynamic pressure. One typically considers the Euler equa-
tions either on the whole space R3, or on the torus T? := (R/Z)3, or on a bounded
domain 2 C R? with smooth boundary (where additional complications may arise).

The motivation to consider weak solutions in this setting is twofold. First, the
3d Euler equations are expected to dynamically produce singularities from smooth
initial conditions [33, 49]. Second, weak solutions are necessary to describe some
of the phenomena that appear in turbulence, such as the energy dissipation in
non-smooth Euler flows famously conjectured by Onsager in 1949 [41]. Roughly
speaking, Onsager’s conjecture asserts that weak solutions that are Holder contin-
uous in space with exponent greater than 1/3 must conserve energy, while for any
smaller exponent there should be weak solutions that do not.

The rigidity part of Onsager’s conjecture was proved by Constantin, E and
Titi [17] after a partial result of Eyink [28]. The endpoint case was addressed
in [12]. Concerning the flexible part of the conjecture, following the construction
of L? solutions with compact support in space and time due to Scheffer [42] and
Shnirelman [44], a systematic approach was introduced in the seminal work of De
Lellis and Székelyhidi, who introduced L*°-convex integration and C%-Nash iter-
ation schemes in this setting [22, 23]. After a series of significant intermediate
results [20, 5, 35], the flexible part of Onsager’s conjecture was finally established
by Isett [35], and further refined by Buckmaster, De Lellis, Székelyhidi and Vi-
col [6] to construct solutions for which the kinetic energy is strictly decreasing. In
addition to the classical Holder-based approach, the so-called intermittent LP-based
flavor of convext integration, introduced by Buckmaster and Vicol [9] to prove the
non-uniqueness of weak solutions of the 3d Navier—Stokes equations, has also at-
tracted much attention, as it can effectively capture new aspects of Kolmogorov’s
theory of turbulence. For detailed expositions of these and other results on vari-
ous models in fluid mechanics, we refer the reader to the surveys [10, 21] and the
papers [1, 7, 8, 11, 14, 13, 15, 29, 30, 40, 45].

A key property of the solutions that one constructs using convex integration
techniques is their flexibility. This refers to the fact that, at a certain regularity
level, the equations are no longer predictive: there exist infinitely many solutions,
in stark contrast to what happens in the case of smooth solutions. Three possible
formulations of this property are as follows; as discussed in [40, Remark 1.3], once
one of them has been established within a certain functional framework, it is usu-
ally straightforward to pass to another formulation using techniques that are now
standard.
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Restricting to the case of T3 for concreteness, let us denote by V C L?(T?) some
suitable function space, which in our case will be some Holder space C?(T3). Three
standard ways of stating the flexibility of weak solutions in this regularity class are
as follows:

(1) Solutions of compact time support: Given any positive constants E, T, there
exists a weak solution v € C([—T,T],V) whose time support is contained
in (=T,T) and such that [|v(0)| z2(rsy > E.

(2) Solutions with fized energy profile: Given any smooth positive function
e:[0,T] — (0,00), there exists a weak solution v € C([0,T],V) such that
Hv(t)||L2(']1‘3) = e(t) for all ¢t € [O,T]

(3) Arbitrary initial and final states: Given any divergence-free vector fields
Ustarts Vend € V with the same mean, any T' > 0 and any € > 0, there exists
a weak solution v € C([0,T],V) such that

(1.1) 1v(0) = vstartll L2(r3) + [0(T) = vendll L2(1s) < €.

(If start, Vend are smooth, one can take e = 0 by gluing in time.)

1.1. Main result. Our objective in this paper is to prove an extension theorem
for local solutions of the 3d incompressible Euler equations. Roughly speaking, we
prove that if a smooth vector field satisfies the Euler equations in a spacetime region
Q x (0,7 (so it is a “local” solution of Euler), one can choose a weak solution on
R3 x (0, 00) of class C for any B < 1/3 (which is the sharp Holder regularity) such
that both fields coincide on Q x (0,7). Moreover, one controls the spatial support
of the “global solution” which extends the local one.

This property is very different from the approximation theorems that one can
prove for smooth solutions of various classes of linear PDEs [25, 26, 24, 27], and also
from the fact (often known as h-principle) that weak solutions of certain regularity
can approximate, in Sobolev spaces of negative index, any given subsolution of the
Euler equations.

Before presenting this result, let us recall the definition of weak solution (which,
as we will be dealing with continuous functions exclusively, is just the distributional
one). More precisely, given some T' € (0, oo] and some open set 2 C R? with smooth
boundary, we will say that a vector field v € C(Q x [0,T), R3) is a weak solution of
the Euler equations on Q x (0,7T) if

T
/ /(Btcp-v—i—ch:(U@v))d:vdt:O
o Ja

for all divergence-free p € C°(2 x (0,7),R?), and dive = 0 in the sense of distri-
butions.

The main result of this paper can then be stated as follows:

Theorem 1.1. Fiz some T > 0 and a bounded open set Q C R> with smooth
boundary and with a finite number of connected components. Assume that vy €
C>(Q x [0,T],R®) is a solution of the Euler equations on the spacetime region
QO x (0,T). Then, for any 0 < § < 1/3, there exists an admissible weak solution
v e CP(R? x [0,T]) of the Euler equations such that VUlgyj0.7] = vo if and only if

/21)04/2/E[(a~x)8tv0+(a~vo)vo—|—poa]-I/:O
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for alla € R3, allt € [0, T] and all connected components Y3 of Q. These conditions
are automatically satisfied if 0S) is connected. Furthermore, there exists eg > 0
such that we may prescribe any energy profile e € C*([0,T], [eo, +00)), that is,
[v(®)||L2rsy = e(t). In addition, given any open set ' > Q, one can in fact
assume that the spatial support of v is contained in this region.

Remark 1.2. In fact, one can obtain a global weak solution v € C#(R3 x [0, +00))
such that v|gso,7] satisfies the claimed properties. Its temporal support may be
assumed to be contained in [0,7"] for any T > T'. We cannot then prescribe the
energy profile for ¢ > T, but we can still chose v so that it remains admissible, i.e.,

/|U(;v,t)|2d;v§/ (@, 0)2de ¥t € [0, +00).
R3 R3

Remark 1.3. Tt can be proved [16] that the pressure function p := —A~! divdiv(v®
v) associated to this weak solution is in LC2% N C5575 for any § > 0.

1.2. Applications. We shall next present two applications of the above extension
result to the analysis of weak solutions of the 3d Euler equations. These applications
do not follow directly from our main theorem, but they use it in an essential way.

Specifically, for these applications we consider subsolutions that are not smooth
up to the endpoints of the interval (0,7"). Thus the scheme does not work as is
because the available bounds are not uniform in time, but we will show in Section 9
that one can tweak the construction in many interesting situations.

The first application we consider concerns the case of the standard vortex sheet
uo, which we can define as the periodic extension to T? of:

+e1 ifxze[0,3]U[3,1],
up(x) = ]
—ey ifzz € (%, %) .

It follows from the classical local existence results and from the weak-strong unique-
ness property [4, 50] that wild initial data must be somewhat irregular. However,
until the publication of [47] it was not known how irregular they must be. In that
paper it was proved that the vortex sheet wg is a wild initial data but the con-
structed solutions are only in L°°. Results for non-flat vortex sheets have been
recently established in [37].

One can use a suitable modification of our main theorem to extend this result

to solutions of class C{icz

Theorem 1.4. Let 0 < 8 < 1/3 and let T > 0. There exist infinitely many
admissible weak solutions of the Euler equations v € Cﬁc(T3 x (0,T)) with initial
datum ug. For allt € (0,T), v(x,t) coincides with ug(x) outside a “turbulent” zone

of size O(t).

The second application we will present concerns the existence of a wealth of
reasonably well behaved solutions that blow up on a set of maximal Hausdorff
dimension. To make this precise, let us say that a point (zo,tp) in spacetime is in
the singular set of v, which we will denote by .7°, if v & L*((to — 0,t0 + ) x B)
for any ball B 5 zp and any 6 > 0. More generally, the g-singular set of v, #4,
consists of the spacetime points (xg, o) such that v € L>®((to — d,t0 + 9), LY(B))
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for any ball B and any § > 0 as above. Clearly .74 C .#¢ if ¢ < ¢’ and . is a
closed set.

We are now ready to state the result. Basically, the theorem says that, given any
smooth solution vy on £ x (0,7) and any open set U C , there is an admissible
weak solution v which coincides with vy outside U and which is uniformly close to vg
at time 0, yet blows up dramatically on a subset of U x (0,T) of full dimension.
Interestingly, smooth stationary Euler flows with compact support [32, 18] are very
useful as building blocks in the construction of these solutions.

Theorem 1.5. Consider some 0 < < 1/3 and some ¢ > 2. Let T > 0 and let
be T2 or an open subset of R®. Fix some open set U whose closure is contained in .
Let vg be a smooth solution of the Euler equations in Qx (0,T). For any ¢ > 0 there
exists a weak solution v € L2(2 x (0,T)) of the Euler equations whose q-singular
set L9 is contained in U x (0,T] and has Hausdorff dimension 4. Furthermore,
v coincides with vy on (Q\U) x [0,T] and satisfies

||'U('7 0) - UO(', O)”CO(Q) < €.
Moreover, v € C2 (2% [0, T))\.%9) and the energy profile Jo [v]* dz can be chosen

loc
to be nonincreasing.

1.3. Strategy of the proof. We prove Theorem 1.1 in two stages: first we extend
the field to R3 x [0, T'] as a smooth subsolution (see Definition 2.1 in the main text),
and then we use a Nash iteration to perturb it into a weak solution. These stages
are interrelated in that tools and ideas that we develop to manipulate subsolutions
also play a fundamental role in our convex integration scheme.

Concerning the extension of a local smooth solution of the Euler equations as a
subsolution, the key result we prove is the following. In view of future applications
of this result, which will appear elsewhere, we are stating these results for the Euler
equations in any spatial dimension n > 2.

Theorem 1.6. Let Qg C R™, n > 2 be a bounded open set with smooth boundary
and finitely many connected components and let I C R be a closed and bounded
interval. Let (vo,po,]izo) € C=(Qo x I) be a subsolution in Qo x I. Let Q be a
neighborhood of Qo. There eists a subsolution (v,p, R) € C™(R™ x I) that extends

(vo, po, ]320) and such that supp(v, p, R)(, t) C Q for all t € T if and only if for each
component ¥ of 0Qq and all times t € I we have

/ VoV = / [(a - x)0vo + (a - vo)vy + poa — atfo%o} v=20 Ya € R™.
b b
These conditions are automatically satisfied if 0Q is connected.

Regarding the convex integration scheme, we start off with the strategy from [6],
which we implement in the context of solutions with compact support. The main
issue we have to address is that, as we want the resulting solution to coincide with
vo in £ x [0,T], we must ensure that the scheme does not modify the subsolution
in that region.

The result of our construction is:

Theorem 1.7. Fiz some T > 0 and let Q C R? be a bounded open set with smooth
boundary and with a finite number of connected components. Let (vg,po, Ro) €
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C>(R3 x [0,T)) be a subsolution of the Euler equations. Suppose that supp Ry C
Qx[0,T]. Let 0 < 8 < 1/3 and let e € C>([0,T], (0,00)) be an energy profile such
that

(1.2) e(t) >/ |v0(x,t)|2dx+6||}?0||mo ||
Q

for all 0 < t < T. Then, there exists a weak solution of the Euler equations,
v e CPR? x [0,00)), such that v = vy in (R3\Q) x [0,T] and

/ lu(z, t)|? dz = e(t)
Q
for all t € [0,T).

1.4. Organization of the paper. In Section 2 we develop a set of tools to handle
the construction, extension and gluing of subsolutions that will be used throughout
the paper; in particular we prove Theorem 1.6. In Section 3 we present the itera-
tive process used to prove Theorem 1.7, which is carried out in a number of stages.
The technical details of each stage of the construction are discussed in detail in Sec-
tions 4 to 7. The very short Section 8 shows how to pass from Theorems 1.6 and 1.7
to Theorem 1.1 and Remark 1.2. The modification of this scheme to account for the
lack of uniform-in-time bounds is carried out in Section 9. The applications con-
cerning vortex sheets and blowup, cf. Theorem 1.4 and Theorem 1.5, are discussed
in Sections 10 and 11, respectively. The paper concludes with two appendices, one
about Holder norms and another with some auxility estimates.

2. EXTENSION OF SUBSOLUTIONS

The goal of this section is to prove the extension theorem of smooth subsolutions
stated in Theorem 1.6. This is a key ingredient to prove our main theorem on the
extension of weak solutions of the Euler equations. In Subsection 2.1 we sketch
the strategy to prove Theorem 1.6. Some instrumental tools from Hodge theory
are presented in Subsection 2.2, and in Subsection 2.3 we show how to construct
compactly supported solutions to the key divergence equation. Finally, the proof
of Theorem 1.6 is completed in Subsection 2.4.

Throughout this section, we denote the space of n X n symmetric matrices as S™
and the space of n x n skew-symmetric matrices as A™. Unless otherwise stated, the
dimension is n > 2. We define the divergence of a matrix M € C*°(R™ x R, R"*"™)
as the vector field whose coordinates are given by

(le M)z = Z (%—Mij,

j=1

where the derivatives are taken only with respect to the spatial variables. More
generally, partial derivatives with latin subscripts denote partial derivatives in the
spatial coordinates, whereas temporal partial derivatives are always denoted by 0.

Let us now recall the definition of subsolution of the Euler equations:
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Definition 2.1. Let V C R™ x R be an open set. We will say that a triplet
(v,p, R) € C(V,R™ x R x §") is a subsolution of the Euler equations if

(2.1)

(’%v—i—v-VU—i—Vp:diV]%,
dive = 0.

The symmetric matrix R is known as the Reynolds stress and it measures the
deviation from being a solution of the Euler equations. It is customary to also
impose that

(2.2) tr R =0.

All along this article, o above a symmetric matrix will indicate that it is trace-free.

Finally, let us fix some notation that will be used all along this section. We
introduce the following norms in the space of n x n matrices:

1/2
n
(2.3) M| = max [M(|, |Mly= | M}
cesn i,j=1
Unless otherwise stated, we will always use the operator norm |-|. However, in

some parts of the article we will exploit the elementary property that ||§ depends
smoothly on the matrix entries. Note that |M |§ = tr(M*M), which is invariant
under orthogonal transformations. Hence, in the case of a symmetric matrix S €
S", we have

(2.4) 151 <151,

which can be easily deduced by using an orthonormal basis of eigenvectors.

2.1. General strategy. Our techniques for extending subsolutions and performing
convex integration in the nonperiodic setting rely on obtaining compactly supported
solutions to the (matrix) divergence equation when the source term is compactly
supported. Let us illustrate the key ideas behind our method with the following
toy problem:

Problem 2.2. Given p € C2°(R?) such that [p = 0, find v € C°(R?,R3) such
that dive = p.

It is easy to see that vy = V A™1p solves our equation, but in general it is not
compactly supported. To fix this, let B be a ball containing the support of p, so
that vy is divergence-free outside B. In addition, it follows from the divergence

theorem that
O:/p:/ divvoz/ vy -+ V.
B B OB

This ensures that in R3\ B the divergence-free field vg can be written as vy = curl wg
for some smooth field wy. We extend wy to a smooth field w € C°°(R3?,R?) and we
define

v = vy — curlw.
Since w extends wgy, we see that v vanishes outside B. Furthermore, divo = p
because div curl = 0. Therefore, v is the sought field, which is clearly not unique.
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Our approach to solving the divergence equation in the matrix case is the same:
the potential-theoretic solution of the equation is not compactly supported. How-
ever, far from the support of the source our matrix will be the image of certain
differential operator .Z applied to a smooth potential, which is in the kernel of the
divergence. We will extend the potential to the whole space and then subtract it
from the potential-theoretic solution, obtaining a compactly supported solution.

Just like in the vector case, we will have to impose certain integrability conditions
on the source term for this to be possible. As we will see, these conditions are
related to the classical conservation laws of linear and angular momentum in the
Euler equations.

A totally different method to construct compactly supported solutions to the
divergence equation in the (symmetric) matrix case was developed by Isett and Oh
in [35]. Their theorem is stated in a very different setting and adapting it to what
we need would require certain work. On the other hand, it will be relatively easy
to deduce our result as a consequence of our analysis of the operator . introduced
below, which is necessary for our result on the extension of subsolutions. Hence,
we have preferred to take this path, which we believe is simpler (partly because it
has a nice interpretation in terms of the elementary operations of vector calculus).

2.2. Basic tools. The tools that we will need come from the Hodge decomposi-
tion theorem for manifolds with boundary. A good reference for this topic is [43].
Nevertheless, we do not need the full generality of these results, as we will work in
bounded domains of R™. Let us summarize the notation and main definitions that
we will need.

Let © C R"™ be a bounded domain with smooth boundary. We denote by A*
the vector space of skew-symmetric k-forms over R”, for 0 < k < n. In this
setting, differential k-forms are maps w € C°(Q, A¥). They form vector spaces in
which we have two differential operators: the exterior derivative d : C*°(Q, A¥) —
C>=(Q, A*+1) and the codifferential 6 : C>°(Q, AF+1) — C°°(Q, A¥). The Euclidean
product induces a natural scalar product (-,-) in C*°(Q, A¥). The tangential part
of a differential form is tw := j*w, where j : 9Q < Q is the natural inclusion. We
define the Dirichlet harmonic k-forms as:

HE(Q) = {w e C®(Q,A*) : dw = 0,6w = 0,tw = 0}.

Finally, to obtain quantitative estimates we will need to work in Holder spaces. We
refer to Appendix A for the definition of these norms. We also recommend to take
a look at the appendix to check our convention of Hoélder norms when the field is
time-dependent.

With this notation, the first basic lemma that we shall use is:

Lemma 2.3. Let & C R" be a bounded domain with smooth boundary and let
p € C™(Q,A*). The boundary value problem

dw = p,
dw=0
P )
(P) tw =0,

(W, \) =0 VYAeHET(Q)
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is solvable if and only if
op=0 and / *p=0 V(n—k)-cycle Cp_.
Cn k

In that case, the solution is unique and we have

||w||cN+1+a(Q) <C Hp||CN+ﬂ(Q)
for any N >0, a € (0,1) and certain constants C = C(N, a, ).

For a proof, see [19, Theorem 7.2] and [43, Corollary 3.2.4]. In [43, Theorem
3.2.5] we can find the general case of a Riemannian manifold with boundary, but it
does not include estimates for Holder norms, only for Sobolev norms.

We are mainly interested in the problem dw = p, but we have to add the other
conditions to select a single solution. This allows us to obtain a time-dependent
version of Lemma 2.3:

Lemma 2.4. Let © C R" be a bounded domain with smooth boundary and let
I C R be a closed and bounded interval. Let p € C*°(Q x I,A*). There ezists a
differential form w € C=(Q x I, A¥*1) solving the boundary value problem (P) at
each t € I if and only if

op=20 and / xp=0 V(n—k)-cycle Cp_,Vt € I.
Crn—k

In that case, the solution is unique and we have

[Wlys14a <ClAlN 4o
for any N >0, a € (0,1) and certain constants C = C(N, «, ).

Proof. Given a time-dependent differential form, we denote by a subscript the dif-
ferential form at a given time. By Lemma 2.3, the necessity of the conditions is
clear. To prove that they are also sufficient, let us suppose that p; satisfies the
conditions of Lemma 2.3 at all times ¢t € I. Hence, applying Lemma 2.3 at each
time, we see that there exists a time-dependent (k + 1)-form w solving (P) at each
t € I. The question is whether w depends smoothly on ¢.

Since Oyp also satisfies the hypotheses of Lemma 2.3 at all times ¢ € I, there
exists a (k + 1)-form @ solving (P) with data 9,p. For a fixed to € I and h # 0
small we see that h™(wy,+n — Wy, ) — @y, is the unique solution of (P) with data
R (ptorn — pty) — (0¢p)t,- Therefore,

Wto+h — Wt
Hi —40 ash—0.

h

<c|

~ h—
— Wi, ptﬁihpto - (6tp)t

k+14+a k+a
We deduce that w is the partial derivative with respect to time of w. Iterating this
argument, we conclude that w depends smoothly on time. The claimed estimates are

easily obtained by taking the supremum on ¢ € I in the estimates of Lemma 2.3. [

Remark 2.5. If 6p = 0, the integral of xp on an (n — k)-cycle depends only on the
homology class of the cycle Indeed, if C' and C’ are two (n — k)-cycles in € that
are the boundary of an (n — k + 1)-chain, by Stokes’ theorem we have

/*p /*p / *p = /d*p_ — /*5p—0
4 ON
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The machinery of differential geometry is quite powerful, but we are interested in
the simpler setting of bounded domains 2 C R™. Taking advantage of the canonical
basis of Euclidean space, we may forget about differential forms and work with
simpler objects. Indeed, there is a natural correspondence between 1-forms and
vector fields and between 2-forms and skew-symmetric matrices. Furthermore, the
following diagram commutes:

C= (Q,A%) —2 0= (Q,AY) —2 O (Q,A?)

! | |

Cc> (@, A7) 2 o (Q,R?) —2 ¢ (Q)

This allows us to write everything in terms of matrices and to simplify the notation.
Using this correspondence and Remark 2.5, we may formulate a particular case of
Lemma 2.4 as:

Lemma 2.6. Let Q@ C R" be a bounded domain with smooth boundary and let
I CR be a closed and bounded interval. Let v € C*(Q x I,R™). The following are
equivalent:

(1) there exists A € C(Q x I, A™) such that div A = v,
(2) dive =0 and fE v-n =0 for any component ¥ of O and any t € I,
(3) fcn—l v-n =0 for any (n —1)-cycle Cp,_1 and any t € I.

In that case, A € C®(Q x I, A™) may be chosen so that

[AllN14a < Cllvllv4q
for any N >0, a € (0,1) and certain constants C = C(N, a, ).

2.3. The divergence equation. After collecting some basic tools from Hodge
theory in the previous subsection, we will now show how to obtain compactly
supported solutions to the divergence equation. We begin by introducing some
potential-theoretic solutions, which we will later modify in order to fix the support.
Let us consider the following differential operator that maps smooth vector fields
(with bounded derivatives) to C°°(R", 8™):

(%f)zg = Ail(aifj + (%fl) — 51'in1 div f,

Here A~ refers to the potential-theoretic solution of the Poisson equation, that is,
the (spatial) convolution of the source term with the fundamental solution of the
Laplace equation in R™. We remind the reader that partial derivatives with latin
subscripts denote partial derivatives in the spatial coordinates, whereas temporal
partial derivatives are always denoted by 0.

A direct calculation shows that divZf = f. We notice that & is not trace-free.
This is not an issue in our proofs, because our constructions with potentials do not
preserve being trace-free, so we will usually absorb the trace into the pressure at
the end.

Let us now derive a very useful identity. Let 2 C R™ be a bounded open set
with smooth boundary. Let v € C®(Q,R") and S € C*°(Q,S8"). Integrating by
parts, we have

(2.5) / v-divS + / (Vsv) : S = v'Sn,
Q Q o9



AN EXTENSION THEOREM FOR WEAK SOLUTIONS OF THE 3D EULER EQUATIONS 11

where v is the unitary normal vector associated to the exterior orientation and the
operator Vg is given by:

Vs : C®(Q,R™) = C®(Q,8"),v %(w + Vo).

Its kernel are the so-called Killing vector fields. It is a finite-dimensional vector
space that plays an important role in Riemannian geometry. It is well known that
in R™ a basis of this vector space is given by

(26) B:: {ela'";en7§12;"'5€(n—1)’ﬂ5}
where
(2.7) §ij = wiej —xjeq, I<i<j<n.

Next, we introduce two vector spaces and a differential operator that will be very
important in our construction:

Definition 2.7. Let Q C R™ be a bounded domain an let I C R be a closed and
bounded interval. We define two vector spaces:
P@x1)i={AeC™@x LR"): Al = —al, Alf = —aj ],
_ VE € ker Vg,
SeC*®Qx1,8") :divS =0, / &Sy =0 VX comp. of 09,
= Vtel.

“
2
X

=
[

and we consider the differential operator

— — 2 1 ; i
Z:P@x D) 5 C*@x LR™), [Z(A)],; = 5> o (A + 45F).
k,l

This operator already appeared in the context of convex integration in the orig-
inal article by De Lellis and Székelyhidi [22], who noticed that the image of the
operator .Z is contained in the space of divergence-free matrices.

For our purposes, this operator can be regarded as a matrix analog of the curl
operator in arbitrary dimension. In order to perform the construction sketched in
Subsection 2.1, the next step is to understand how to invert this operator (under the
appropriate boundary conditions). The following lemma is the key of our approach
to solve the divergence equation:

Lemma 2.8. Let Q C R”™ be a bounded domain with smooth boundary and let I C R
be a closed and bounded interval. Then G(Q x I) is the image of the differential
operator . Furthermore, given S € G(Q x I), there exists A € P(Q x I) such that
S =Z(A) and for any o € (0,1) we have

Al N +o1a < CliSlINGa

for all N >0 and certain constants C = C(N, a, §2).

Proof. First, we prove that the image of % is contained in G(Q x I). Fix an
arbitrary A € P(Q x I). Tt is clear from the definition that £ (A) is symmetric.



12 A. ENCISO, J. PENAFIEL-TOMAS AND D. PERALTA-SALAS

The fact that it is divergence-free follows from the skew-symmetric properties of A:

[div.Z(A)]; = % > O ( o+ Afzk) =
7.k,

1 : 1 )

— 2.9 Y% it Aj 5 AL | =0.

S g0 (ot |+ 3 0 (ol | —o
k l J.k

4l

Next, we fix and arbitrary Killing vector field £ and a component ¥ of 0£2. We
choose a smooth cut-off function ¢ that vanishes in a neighborhood of ¥ and it is
identically 1 in a neighborhood of the other components of 02. By the choice of ¢
we have

6953((/714)1/:/895f(A)V—/ng(A)V.

By our previous discussion, £(A) and Z(pA) are symmetric and divergence-free.
In addition, £ is a Killing vector, so Vgw = 0. Thus, from (2.5) we deduce that the
term on the left-hand side of the previous equation vanishes and so does the first
term on the right-hand side. Therefore, we see that fE £8.¢(A)n =0 and, since 4,

¢ and ¥ are arbitrary, we conclude that the image of .# is contained in G(Q x I).

Now we will prove the other inclusion and the stated estimate. We fix an ar-
bitrary S € G(Q x I). By definition, when choosing the canonical basis of R™ as
Killing vectors , we obtain

/ Sijv; =0 VY component of 92

b

for any ¢ = 1,...,m. If we fix ¢, we may apply Lemma 2.6 to conclude that there
exists B' = Bj; € C>(€2 x I, A") such that §,B};, = Sj;.

Next we fix a Killing field ¢ of the form & = R;;xp, where R € A". For
7 =1,...m we compute

d1(&Bj) = &0iBy; + (0i&:) By = &Sij + RaBj,.
Note that, since S € G(Q x I),

/ &Sijv; =0 VX component of 02, Vt & I.
by

Regarding the left-hand side term, we define the forms
w = Z 8[ (&B;l) dxj,
i,5,0
n = Z & Bl dx; A day.
j<lyi

Since B;-l is skew-symmetric in the lower indices, we see that dn = w. Using the
properties of the Hodge star operator and the codifferential, we have xdn = d x 7.
These forms allow us to rewrite the integral on an (n — 1)-cycle at any ¢ € I as:

/Cnlal(giB;l)Vj —/Cnlw(”)ﬂ— /Cnl*w_/cnld(*n) =0,
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where [ is the measure induced by the standard measure in R™. We have used
Stokes’ theorem and the fact that (n — 1)-cycles have no boundary. We conclude

that for any (n — 1)-cycle
/ Ri[B;le =0.
Cn-1

Choosing R = e;, ® e, — e, ® e;,, that is, choosing £ as &,;,, we see that for any
i,l =1,...m we have:

/ ( ]i-l - Bé»i) v; =0 for any (n — 1)-cycle C,,—1 and all ¢t € I.
07171

Applying again Lemma 2.6, we obtain A;’f skew-symmetric in j, k such that
Therefore,
1 ik gk 1 ik Jk 1 i l J l
§3kl(Ajl +AY) = 581 O Aj] + O Ay } = 531 {( 4 — Bj;) + (B — Bij)}
1 , .
= 5 (0B + O By)) = Sij,

where we have used that B is skew-symmetric in the lower indices and the symmetry

of S: (9135-1 = Si; = Sji = 9;B},. In summary, we have found A € C* (ﬁ X I,R”4)
such that:

gl —
(2) Op A = —9p Al

gl Ji
(3) 30k (A?f + Aﬁzk) = Sij.
We define
. 1 .
ik .__ il kl
Ajl =3 (Ajk — Ajl-) .

It is clear that /lelf is skew-symmetric in ¢, k. In addition, it is skew-symmetric in
4,1 by (i). Furthermore,
oAl = < (@41, — g4k 2 g Al

gt =

N =

Hence, using (iii) we conclude
1 ~ ~i 1 ; j
50 (A + Alf) = 50 (4lk + alf) = 5.

Therefore, A € P(Q x I) and .Z(A) = S, as we wanted. The estimates for A follow
from applying twice the estimates from Lemma 2.6. O

Finally, we are ready to prove the main result of this subsection, which establishes
the existence of compactly supported solutions to the divergence equation. In a
different setting, a related class of compactly supported solutions to the divergence
equation were constructed by Isett and Oh [35, Theorem 10.1]. Our approach is
based on the operator .Z, which will be essential for the extension of subsolutions
in Lemma 2.15.
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Lemma 2.9. Let Q C R” be a bounded domain with smooth boundary and let I C R
be a closed and bounded interval. Let f € C°(R™xI,R™) such that supp f(-,t) C Q
for all t € I. Then, there exists S € C®(R™ x I,8™) such that divS = f and
supp S(-,t) C Q for all t € I if and only if

(2.8) /Qf-gzo V¢ € kerVg, Vt e 1.

In that case, we may choose S so that for all N > 0 and any a € (0,1) we have
Sy <C ||f||B§,VO;L+"‘

for certain constants C = C(Q2, N, a).

Proof. First of all, we show that the integrability condition (2.8) is necessary. Let
us suppose that such an S exists. We fix a ball B D Q and use the identity (2.5)
to obtain

0= §tSu:/§-divS:/§-f VE € ker Vg, Vi € 1.
oB B Q

Let us show that condition (2.8) is also sufficient. The field Sy € C*°(R"™ x I, S™)
given by Sy := Zf solves the equation div Sy = f, and it is easy to check that it
satisfies the estimates

(2.9) 150l v o < C Nl pgze

for certain constants C' = C(N, o) because & is an operator of order —1. However,
it is not compactly supported, in general. We must modify it far from the support
of f.

We begin by studying the boundary conditions. Let 3; be a connected compo-
nent of 92 and let U, be the domain bounded by it. We claim that

(2.10) / £€.f=0 VieckerVg, Viel
U;

Indeed, note that either U; € R™"\Q or Q C U;. In the first case (2.10) is clear
because supp f(-,t) C Q. In the second case, it follows from the integrability
condition (2.8). Thus, applying the identity (2.5) to each U; we obtain

(2.11) / &Soy=0 VéeckerVg, Vtel.
3

Next, note that for sufficiently small » > 0 the boundary of the open set
G = {z € Q:dist(z,00) < r}

has twice as many connected components as 0f2. Furthermore, the boundary of
each connected component G; of GG consists of exactly two hypersurfaces, which we
denote as ¥; and X, and we have ¥; C 0. By further reducing r > 0, we may
assume that f(-,¢) vanishes on G at all times ¢ € I. Then, it follows from (2.11)
and the identity (2.5) that

§tSu:—/ £'Sv+ §tSV:—/ §tSV—|—/ E-f=0
] = aG; = Gi
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for any £ € ker V. We fix a ball B O Q and we consider the domain U := (B\Q)UG.
We see that
oU = 0B U ;.

Again, it follows from (2.5) and the integrability condition (2.8) that

/eyBgtS‘)”_/jgg'f—/ﬂﬁ'f—O V¢ € ker Vg, Vt € 1.

We conclude that Sy is divergence-free on U and in each connected component X
of QU we have

/§t501/:0 V¢ € kerVg, Vt €I,
b

that is, So € G(U x I). By Lemma 2.8 there exists A9 € P(U x I) such that
So(z,t) = L(Ag)(x,t) for all z € G and t € I. Furthermore, for any N > 0 and
a € (0,1) we have

||A0HN+2 S ||A0HN+2+a S C(GaNa Oé) HSO||N+a S C(GaNa Oé) Hf”BiVo”;fo‘ .

The constants depend on G, which depends not only on the geometry of Q but
also on the minimum distance between the support of f(-,¢) and 9§ through the
parameter r. However, since G tends to B\ as r — 0, the constants remain
uniformly bounded, so they ultimately depend only on 2.

Applying Theorem B.3 and antisymmetrizing, we see that there exists a map
Ae C®R" x I, R"4) such that A;’f = —A?li, A;’f = —Af;? that extends Ay outside
U x I. Furthermore, for any N > 0 we have

(2.12) 1Al s < CON,1) [ Aol ys < C(Q N, @) [l py-seo

Finally, for z € B and t € I we define
S =8y —ZL(A).

Since the image of .Z is contained in the kernel of the divergence, we see that
divS = f. By construction A extends Ag, so £(A) = £(Ag) = Sp on U x I.
Therefore, S(-,t) vanishes in U, so we may extend it by 0 to R™ x I.

In conclusion, we have constructed S € C*°(R" x I, 8™) such that div.S = f and
supp S(-,t) C Q for all ¢ € I. Furthermore, the desired estimate follows from (2.9)
and (2.12) because .Z is a second order differential operator. 0

2.4. Subsolutions and proof of Theorem 1.6. In this subsection we use Lemma 2.8
and Lemma 2.9 to glue and extend subsolutions, which will yield the proof of The-
orem 1.6. It should be apparent by now that controlling the L?-product with the
Killing fields is very important in these constructions. It is not difficult to construct

f € C°(R™,R™) with the desired L?-product with the Killing fields. However, when
working with subsolutions we will also need that f be divergence-free. In addition,

in our constructions we will work in domains of a certain form. Our approach is
based on the following:

Lemma 2.10. Let Q C R"™ be a bounded domain with smooth boundary and let
I C R be a closed and bounded interval. Let r > 0 and let L;; € C™(I) for
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1 <i < j<mn. There exists a divergence-free field w € C°(R™ x I,R™) such that
the support of w(-,t) is contained in {x € R™ : 0 < dist(z,Q) < r} and

/a~wdaz:0, /{ij-wda::Lij(t)

forallt € I and 1 < i < j < n, where &; is given by (2.7). Furthermore, for any
N > 0 we have

[ wlly < C(N,n) Q7" =N max | L (¢)],
ij, tel

8swl| y < C(N,n)|Q] ™" =™+ max |Li; ()]

i, tel

Proof. We will construct our field as w = div A for some A € C*(R" x I, A™) that
we will choose later. Since A is compactly supported, it follows from the divergence
theorem that [a-w = 0 for any a € R". Furthermore, for any 1 <i < j <n we
have

(2.13) /5” w = /(éu VO Ak = /31 &ij)kAr = /(A — Ayy) = Q/Aij

because 0;(&i;)r = 0idjkx — 0j10;5. By Lemma B.1 we may choose a nonnegative
cutoff function ¢ € C°(Q + B(0,r)) that is identically 1 in a neighborhood of
and such that

lelly < C(N,n)r= ™.

We define

Y Lijt)(ei@e; —e; @) (2/so)_1<p(w)-

1<i<j<n

Since ¢ is constant in a neighborhood of  and its support is contained in Q+B(0, r),
we see that the support of w(-,t) is contained in {x € R™ : 0 < dist(x, Q) < r}. By
construction

2A;5(x,t) = Lyj(t) (/ 90) B o(z),

so it follows from Equation (2.13) that [ &;;-w = L;;. Finally, the claimed estimates
follow at once from the bounds for ¢ and the fact that [ > |Q]. O

Now we have all the ingredients that we need to glue subsolutions in space. The
following lemma is the key tool in this section. It will be used not only in the proof
of Theorem 1.6, but also in the convex integration scheme.

Lemma 2.11. Let T >0 and let Q1 @ Q9 C R™ be bounded domains with smooth
boundary. Let (vi,pi, Ri) € C%(Qy x [0,T]) be subsolutions fori=1,2. Letr >0
be sufficiently small. There exists a subsolution (v,p, R) € C>(Qa x [0,T]) such
that

(vi,p1, Ri)(, 1) x e Q,

(2.14) (v, p, R)(z,t) = {(02,1)2,}?2)(%15) dist(z, 1) > 7
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if and only if for each connected component ¥ of 1, and all times t € [0,T], we
have

(2.15) /vl-yz/v2~y,
b b

/ {(a -x)0pv1 + (a-vi)vy + pra — atél} V=
N

(2.16) = / [(a - )02 + (a - v2)v2 + paa — atlo%g] v Ya € R™.
)

Suppose that, in addition, we have v1 = div Ay and ve = div Ay for some potentials
A; € C®°(Qq x I, A™). Then, there exists A € C*°(Qq x I, A™) such that v = div A
and A(x,t) = Ag(z,t) if dist(z, Q1) > r.

Remark 2.12. The compatibility conditions (2.15) and (2.16) are automatically
satisfied if 07 is connected or 5 = R".

Remark 2.13. The subsolution (Ul,pl,fil) need not be defined in all of Q5 and
the subsolution (ve,p2, R2) need not be defined in ;. We have assumed this to
simplify slightly the statement of the theorem.

Proof. First of all, note that a subsolution (vg, po, ID%O) in a bounded domain G with
smooth boundary satisfies

(2.17) O:/divvoz/ Vg - V,
G oG

(2.18) O:/a- [atv0+div (vo®v0—|—pold—}o{0>}
G

= / [(a - 2)Opvo + (a - vo)vg + poa — atéo] Y Va € R,
oG

where we have used the divergence theorem, identity (2.5) and the fact that div[(a-
x)0pvo] = a - vy because dyvg is divergence-free.

From these equations we readily deduce that the compatibility conditions (2.15)
and (2.16) are automatically satisfied if 9§y is connected, as both integrals vanish
for each field. In the case 2 = R™, we apply Equations (2.17) and (2.18) to the
domain bounded by each connected component of 9§2;. We conclude that both
integrals vanish for each field in each component of 0.

Next, we check that the conditions are necessary; we study (2.15) but the argu-
ment for (2.16) is exactly the same. We consider a bounded connected component
of R™\; and we let G be its intersection with Q3. Then, OG is composed of a con-

nected component ¥ of 92y and (possibly) some components X9, ..., 3 of 9Qs.

Since v equals v; on ¥ and vy on the other components of G, we have:

O=/ ’U-VZ/’Ul-V-‘r /’Ug'l/.

On the other hand, applying (2.17) to vy we have

n
—/UQ'V:E /1)2'1/.
z i=1" %

Substituting this into the previous equation, we conclude (2.15).



18 A. ENCISO, J. PENAFIEL-TOMAS AND D. PERALTA-SALAS

Let us now prove that the compatibility conditions (2.15) and (2.16) are also
sufficient. Let r > 0 be small enough so that {r € Qo : dist(z,Q1) = r} is
diffeomorphic to 9. We define U = {z € Q2 : 0 < dist(z,Q1) < r}. Then,
the condition (2.15) ensures that there exists A;o € C®°(U x [0,T],.A") such that
vy —wy; =div Aje in U X [0,T]. Indeed, let U; be a connected component of U and
let ¥; and X the components of OU;, where ¥; C 09;. Using (2.15) and the fact
that vy — vy is divergence-free:

/ZE(UQ_vl).V_/M(W_vl).V_/Zi(w_vl).y_o_

Hence, the flux of vy — v through each connected component of U vanishes, so by
Lemma 2.6 there exists A15 € C°(U x [0,T],.A™) such that vy — vy = div Ajs.

Next, using Lemma B.1 we choose a cutoff function ¢ € C°(Q; + B(0,r)) that
equals 1 in a neighborhood of ©;. We define

vi=pv1+ (1 —@)ve +we. +wrp = puv; + (1 —¢)ve +w,
p=¢p1+(1—¢)ps,
where w, = A12-V so that o v1 + (1 —)va+w, is divergence-free. The additional
correction wy, will be defined later; its purpose is to cancel the angular momentum so

that the gluing can be performed in the interior of U. After a tedious computation
we obtain

(2.19) O + div(v ® v) + Vp = div (cp Ri+(1—¢)Ry + Sl) + dpwr, + M - Ve,

where

(2.20) S1=—p(1—)(v1 —v2) ® (v1 —v2) + W (v - %w) + <v - %w) ® w,

(2.21) M = 0;A12+1v1 ® v —v2 ®va + (p1 — p2) Id —}021 + ég.

Let p:=M -Vy and p = g+ ywy. Our goal is to find Sy € C*°(Qy x [0,T],8™)
supported on U for all ¢ € [0,7] and such that divSy; = p. Thus, we may set
R= cpf%l +(1- go)f{g + 51 + S5 and absorb the trace into the pressure, obtaining
R and the final pressure p. To do so, first we must check that p satisfies the
compatibility conditions (2.8).

Note that p = div(¢M) because div M = 0, since (v;, p;, R;) are subsolutions.
Hence, by the divergence theorem for any a € R™ we have

(2.22) /Ua-ﬁ: /(Wat(cpM)l/:/aQl a'Muv.

Note that

/691 a' (0 Ar2)v = — /691 (0, A12)V(a - ) = / (a-2)div(9,A12) - v

o0
(2.23) = /(99 (a - x)(Opvy — Opva) - v.

Therefore, combining Equations (2.16), (2.22) and (2.23) we conclude that [, a-p =
0 for all @ € R™. Since dywy, is divergence-free and its support is contained in U,
the same holds for dywr, so [;;a-p =0 for all a € R".
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Next, we study the product with non-constant Killing fields. For each pair
1 <i < j <n we define

lij(t) = /U&j - p(z, t) de,

where ;; are the components of the basis of Killing fields defined in (2.7). It will
be useful later on to write the coefficients as:

(2.24) lij = / &i ~div(eM) = {ijI/,
U 2930

where we have used the fact that Killing fields are divergence-free as well as the
values of ¢ on 91 and 99)5. We define

(225) Lij(t) = —/O lij(S) ds.

We then define the correction wy, to be the divergence-free field obtained by ap-
plying Lemma 2.10 to the domain ; with coefficients L;; € C°°([0,T]). Thus, we

have
d ,
§ij - Orwr, = P &ij-wp = Li; = —lj.

We conclude that fU§ -p = 0 for any Killing field &, as we wanted. Therefore, by
Lemma 2.9 there exists Sy € C°(Q2 x [0,T7],8™) supported on U for all ¢ € [0, T
and such that div.S; = p. We define the final pressure and the Reynolds stress as

1 1
przp—;tr(51+52)=s0p1+(1—so)pz—5tr(51+52),

o o . 1
Ri=@Ri+ (1= @)Ry + 51+ 5 — —tr(S1 + 52) 1d.

o

It follows from Equation (2.19) that the resulting triplet (v,p, R) is a subsolution
and it satisfies (2.14) because S; and Sy are supported in U for all ¢t € [0,T].

Finally, let us consider that the velocity fields are given by v; = div A;. In that
case, we may simply take A1o = Ay — A; instead of constructing a suitable potential
using Lemma 2.6. We see that

v—wr = v1 + (1 —p)vg + (A2 — A1) - Vo = div(pA; + (1 — ¢)Az).
Inspecting Lemma 2.10 leads us to define
~1
(2.26) A=A+ (1—¢p)As+ Z Lijit)(e;®@e; —e; ®e;) (2/@) o(x).
1<i<j<n
Hence, we have v = div A and we see that A equals Ay in {dist(z, Q1) > r} because

 vanishes in a neighborhood of this set. 0

In the convex integration scheme we will need estimates of the glued subsolution.
For the sake of clarity, we keep them separate in a different lemma:
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Lemma 2.14. Let o € (0,1). In the conditions of Lemma 2.11 and using the
notation of its proof, the new subsolution satisfies:

(2.27)
N
[v—(pv1+ (1 —pv)ly Ty~ (N ||M||0;U + ZTﬁ(kJrl) ||A12||N—k;U )
k=0
(2.28)

N
10:(v = o1 = (1 = @)oa) [y S 77N M g r + Y™ F D0 Aol y g
k=0
. . . W 9
(2.29) |[R—pRi— (1 —p)Rallo ST [[M||o. + l[v1 — vallo.pr
+ (lorllo, + llv2llow + lwll,o) llwlloe »
In addition, if v1 = div A1 and vo = div As, the potential A satisfies
(2.30) A= (pAL+ (1 = ) A2) |y STr N M|l
(2.31) 10:(A — A1 — (1 = ) A2)[ly S 77N [[M ]| -
The implicit constants in these inequalities depend on 1, N and «.
Proof. We begin by estimating w, = A1 - V. Since ¢ satisfies ||p|y < 7~V and
it is independent of time, it is clear that
N

N
lwelly S D r " Ally s 10welly D~ V18wl y 0
k=0 k=0

because the support of Vi is contained in U. Regarding wy,, it follows from (2.24)
that |li;| S [[M|lg.ps so |Lij| S T||M||y.,- Hence, by Lemma 2.10 we have the
bounds

lwrlly STr= " Mllgy s NOwwlly S~ M|,y

The claimed estimates for v — (v + (1 — @)v2) = w. + wy, follow at once. Let us
now focus on the Reynolds stress. Using the assumption |lwl|, < [Jvi]ly + [[v2]lo, We
deduce from the definition (2.20) that

2
[151llg S llvr —v2llo.r + ([villo.r + lvzllo) lwllo.p -
Concerning Sy, let us first estimate p:
Iplly < 1M -Vl + 185wl S ™ 1M |lg.-

Since the support of p(-,t) is contained in {z € R™ : 0 < dist(z, 1) < r}, we may
apply Lemma B.4, obtaining

IPlp-rian . ST 7% lollo ST 1M g0 -
Hence, it follows from the estimates in Lemma 2.9 that
1Sally < Nl e S 7 1Moy
Since )
é - (ng%l + (1 - QD)IO%Q) =51+ 5 — E tl”(Sl + Sg) 1d,

the claimed bound follows.
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Finally, let us estimate A in the case that the velocities are given by v; = div As.
By (2.26) we have

A= -(-9a) = ¥ Lybeoe-goa (2 w)l o(a).

1<i<j<n

The claimed bounds then follow from the estimates derived in Lemma 2.10. O

Lemma 2.11 is almost what we want, but it can be made a bit sharper. In par-
ticular, in Theorem 1.6 we do not want to assume that the subsolution (vg, po, ]i?o)
is defined in a neighborhood of €. Fortunately, it turns out that all subsolutions
can be extended, at least a little bit. Our operator . is essential for this:

Lemma 2.15. Let Qg C R™ be a bounded domain with smooth boundary and let
I C R be a closed and bounded interval. Let (vo,po, Ry) € C®(Qq x I) be a
subsolution in Qo x I. Let Q be a sufficiently small open neighborhood of Qq. Then,
there exists a subsolution (v, p, R) € C*(Q x I) that extends (v, po, Ro).

Remark 2.16. The open neighborhood €2 need not be very small. It only needs
to be bounded and such that each connected component of R™\Qy has nonempty
intersection with R™\Q.

Proof. We begin by constructing the velocity field v. We choose p € CZ° (R™x I, R)
such that supp p(-,t) is contained in R™\€2 for all ¢ € I and such that

/p(x,t)dacz/ vg -V vtel
G oG

for each bounded component G of R™\Qy, whose boundary we have oriented with
the outer normal with respect to G. This can be done if €2 is a sufficiently small
neighborhood of g so that the intersection of G with R™\{ is nonempty.

Next, let ¥ := VA™1p so that v € C°(R" x I,R") and divo = p for all t € I.
By the divergence theorem we have

/E-nz/p:/ Vg -V
oG el aG

in each bounded component G of R"\Qq and for all ¢ € Iy. In addition, v — vy
is divergence-free in Qo x I because p vanishes in this set by construction. In
particular, by the divergence theorem we have [, 2% (U —wo) - v =0, from which we
conclude

/(5—1)0)7’1,20 VtGIO

b

for all connected components ¥ of 0€y. Therefore, by Lemma 2.6 there exists
A€ C%®(Qy x I, A") such that divA = ¥ — vy in Qp x I. We choose a smooth

extension A € C® (R™ x I,R™*™) and then we take the skew-symmetric part, so
that A € C*°(R™ x R, A™). We define:

vi=0—divA e C®[R" x I,R").
Since the support of p(-,t) is contained in R™\Q and the second term is divergence-

free, v is divergence-free in {2 x I. In addition, our choice of A ensures that the
restriction of v to Qg x I is vy, as we wanted.
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Next, we will extend Sy := vg ® vg + po Id —}0%0 in a similar manner. First, we
choose f € C(R™ x I,R™) such that supp f(-,t) is contained in R™\€ for all ¢ € T
and such that

(2.32) / £ f :/ 0w+ | €U  VEckerVs, Viel

for all bounded components G; of R™\, whose boundary we have oriented with
the outer normal with respect to G;. To find such an f, we fix a nonnegative radial
function ¢ € C°(B(0,1)) and a ball B(z;,r;) C G;. Due to symmetry, for any two
elements w; # wy, of the basis B defined in (2.6) we have

/ W (17 (@ — 20)) wy(2) - wi(x) do = 0.

Therefore, it suffices to choose
n(n+1)/2

)=2 Z i ¥ (17 (o = i) wy (@)

for the appropriate coefficients ¢;;. Then, noticing that 0,v is a smooth vector field

with bounded derivatives, we define S := 2(—d,v+ f) so that § € C®(R" x I,S"),
and

(2.33) divS = -0 + f.
Since v extends vy and (v, po, IOEO) is a subsolution in Qg x I, we have
(2.34) div(S — So)(z,t) =0 V(x,t) € Qo x I

because f vanishes in that set. In addition, using (2.5) it follows from (2.33) and
(2.32) that

&S —S)=0 VEckerVgVtel
oG

for all bounded connected components G' of R™\Qg. Due to (2.5) and (2.34), this
integral also vanishes for the remaining connected component of €, that is, the
connected component that separates )y and the unbounded connected component
of Rn\QQ

We conclude that S — S is in Q(QO x I). Therefore, by Lemma 2.8 there exists
E € P(Qo x I) such that Z(E)=8—5pin Q) x I. We choose a smooth extension
EecC>®R"x 1, R ) and then we make the appropriate antisymmetrization. We
define

S:=8—%(E)c C®R" x I,8")
By construction of FE, we see that S extends Sy. Additionally, we have
divS=divS = -0+ f

because the image of £ is contained in the kernel of the divergence. We define

o 1
R=v®@v—-S——trlvev—95)Id,
n

1
p=——trlv@uv—.>9).
n

Since f(-,t) vanishes in  for all ¢ € I, we conclude that (v, p, R) is a subsolution
in Q x I that extends (v, po, Ro). O
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Combining Lemma 2.11 and Lemma 2.15 we can finally prove Theorem 1.6:

Proof of Theorem 1.6. Working with each connected component of €y, we may
assume that both Qy and 2 are connected (i.e., domains). Then, reducing Q if
necessary, by Lemma 2.15 we may assume that (vo,po,}o%o) is a subsolution in
Q x I. The result then follows by applying Lemma 2.11 with the domains g, 2
and subsolutions (v, po, 10%0) and (0,0,0). O

3. PROOF OF THEOREM 1.7

The construction of a weak solution to the Euler equations stated in Theorem 1.7
consists in an iterative argument which is presented in Subsection 3.1, cf. Proposi-
tion 3.2. This proposition together with Lemma 3.3 allow us to prove the theorem
in Subsection 3.2. We want to remark that most of this article, i.e., Sections 4
to 7, is devoted to prove Proposition 3.2, which is the key result for our convex
integration scheme.

3.1. The iterative process. Let us assume all along this subsection that the
subsolution (vg,po)(-,t) is compactly supported for each time ¢ € [0,7]. We will
construct the desired weak solution of the Euler equations as the limit of a sequence
of subsolutions, that is, at a given step ¢ > 0 we have (vq, pq, }D%q) € C*(R3*x[0,77)
solving the Euler-Reynolds system:

{atvq + div(v, @ vg) + Vpg = Ry,

3.1
(8:1) divyg =0,

to which we add the constraint that
(3.2) tr R, = 0.

The matrix Io%q measures the deviation from being a solution of the Euler equations.
The goal of the process is to make R, vanish at the limit ¢ — oo, so that the limit
field is a weak solution of the Euler equations.

Assume we are given the initial subsolution (vg, po, Ro) € C*°(R3 x [0,T]). Let
us then show how to construct the rest of the terms iteratively. To construct
the subsolution at step ¢ from the one in step ¢ — 1, we will add an oscillatory
perturbation with frequency A;. Meanwhile, the size of the Reynols stress will be
measured by an amplitude J,. These parameters are given by

(3.3) Ay = 27[a®"],

(3.4) 5 =A%,

where [x] denotes the ceiling, that is, the smallest integer n > . The parameters
a,b > 1 are very large and very close to 1, respectively. They will be chosen
depending on the exponent 0 < § < 1/3 that appears in Theorem 1.7, on © and

on the initial subsolution. We introduce another parameter o > 0 that will be very
small. The necessary size of all of the parameters will be discovered in the proof.

Throughout the process we will also try to achieve a given energy profile e €
C*([0,T]), which must satisfy the inequality (1.2). We will also assume

(3.5) sup
te[0,T)

d
Lol <1,
dte()‘_
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We will see that this can be assumed without losing generality.

Unlike the construction on the torus in [6], it is essential that we only perturb
the field in the region where the Reynolds stress is nonzero. Hence, we have to pay
special attention to the support of the fields.

Since the map (vo,po,lo%o)(~,t) is assumed to be compactly supported at each
time ¢t € [0,T], we shall see that with a suitable rescaling we may assume that its
support and € are contained in (0,1)3. This is useful because sometimes it will
be convenient to consider that we are working with periodic boundary conditions
(that is, in T3) to reuse the results in [6]. On the other hand, Ry (-,t) is supported
in a potentially smaller domain . In our construction we must ensure that we do
not perturb the subsolution outside of this set.

It will be convenient to do an additional rescaling in our problem. In the rescaled
problem the initial subsolution will depend on a, but we assume that nevertheless
there exists a sequence {yn}¥_, independent of the parameters such that

(3.6) [voll v + 119evoll x < yn,
llpoll v < wn,
(3.8) | Rollw + 18 Rolln < yn-

Since the initial Reynolds stress Ry and its derivatives vanish at 9 x [0,T], for
any k € N there exists a constant Cj such that for any = € €2 we have

(3.9) |Ro(x,1)| < Cy dist(a, 9Q)*.

The constants Cj, are independent of a by (3.8). We define

_ 1/10
5q+2/\ 6?
3.10 d, = [ Lot .
( ) q ( 4010

Hence, we have

o 1
(3.11) |Ro(z, )| < Z5q+2Aq—f? vz € Q, dist(z,09Q) < d,.
At step g the perturbation will be localized in a central region
(3.12) Ay ={z € Q: dist(z,0Q) > dg}

so that (vq,pq,éq) equals the initial subsolution in (R3\4,) x [0,T]. Note that
d;, — 0 as ¢ — oo because so does d442. Therefore, in the limit the perturbation
covers all of the region where Ry is nonzero. However, the velocity is not modified
outside this set.

As we have mentioned, the error introduced in the gluing step of [6] is spread
throughout the whole space. To avoid this, we introduce an additional gluing in
space, which we will explain in more detail in the following sections.
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The complete list of inductive estimates is the following:

(3.13) (’Uq,pq,éq) = (Uo,po,lo%o) outside A, x [0,T7,
(3.14) IRqllo < 6441775,

(3.15) vglly < M6Y2Xq,

(3.16) vglly <1064/,

(3.17) i < elt) = [ oo < 6y,

where M is a geometric constant that depends on €2 and is fixed throughout the
iterative process.

Remark 3.1. If Q has several connected components 7, we may fix an energy
profile e/ in each of them. In that case, (3.17) would have to be replaced by

read " <) = [ oo < b,

Since the construction does not differ much, for simplicity we will assume that €2 is
connected.

The following proposition is the key result to prove Theorem 1.7, because it
establishes the existence of the iterative scheme in the convex integration process.

Proposition 3.2. Let T > 0 and let Q C (0,1)2 C R? be an open set with smooth
boundary and with a finite number of connected components. Let (vo,po,]izo) €
C>(R? x [0,T]) be a subsolution whose support is contained in (0,1)3 x [0,T] and
such that supp Ry C Q x [0,T]. Furthermore, assume that (3.6)—(3.8) are satis-
fied for some sequence of positive numbers {yn}3%_,. There exists a constant M
depending only on Q with the following property:

Assume 0 < B < 1/3 and

. [1-p5 11
(3.18) 1<b<mln{ 25 ,10}.
Then there exists an g depending on B and b such that for any 0 < o < ayy there is
an ag depending on 8, b, o, Q and {yn}F_, such that for any a > ag the following
holds:
Given a strictly positive energy profile satisfying (3.5) and a subsolution (vq, pg, Ioiq)
satisfying (3.13)—(38.17), there exists a subsolution (Vg+1, Pg+1, }O%qul) satisfying the
same equations (3.13)—(3.17) with q replaced by q + 1. Furthermore, we have the
estimate

1 1/2
(3.19) lvg41 = vglly + 5 v = vgll, < M&;L3.
q+1

We wish to iterate this result to construct a sequence of subsolutions whose limit
will be the desired weak solution. However, in order to start the process, the first
term in the sequence must satisfy the inductive hypotheses (3.13)—(3.17). Since
we do not assume any bounds on (vg, po, ]D%O), these hypotheses will not be satisfied
by the initial subsolution, in general. Although a time dilation would almost solve
the problem, we need the following lemma to fully prepare the initial subsolution:
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Lemma 3.3. Let T > 0 and let @ C (0,1)> C R® be an open set with smooth
boundary and with a finite number of connected components. Let (vo,po,éo) €
C>(R? x [0,T]) be a subsolution whose support is contained in (0,1)3 x [0,T] and
such that supp ]320 C Qx[0,T]. Let A > 0 be a sufficiently large constant. There
exists a subsolution (v,p, R) € C*(R3 x [0,T)) such that for any N > 0 we have

lolly S AY, IRllo < A~/

where the implicit constants are independent of X. In addition, the energy satisfies

(3.20) /|v0|2dx</|v|2dx</ lvol? dz + 6||Rollo || -
Q Q Q

o

Furthermore, (v, p, R) equals the initial subsolution outside the set
Ay = {:1: € O : dist(z, 0Q) > /\71/12} x [0, T7.

While necessary, this result is nothing new and one could easily obtain it by
combining [23] and Lemma 2.9, or using the ideas in [35]. For completeness, we
sketch its proof at the end of Section 7, considering a simplified version of the
preceding construction.

3.2. Proof of Theorem 1.7. We first prove the theorem under the assumption
that the subsolution (vg,po)(-,t) is compactly supported for each time ¢t € [0,T].
We fix 0 < 8 < 1/3, we choose b satisfying (3.18) and « smaller than the threshold
given by Proposition 3.2. Next, we use the scale invariance of the Euler equations
and subsolutions

UO(xat) — UO(Pl'apt)a po((E,t) = po(vapt)u }Ozo(xut) = }O{O(anpt)

to assume that © C (0,1)3 and supp(vo, po, Ro) C (0,1)3 x [0,T]. The desired
energy profile must also be modified: e(t) ~ p~3e(t). Note that this preserves
(1.2). For convenience, we denote the rescaled subsolution like the original. It then
suffices to construct the desired solution in this case and then reverse the change
of variables.

Next, we use Lemma 3.3 with A = A12 to obtain a subsolution (v, p1, R1) that
equals the initial subsolution outside the set

{z € Q:d(z,00) > \[*} x[0,T]
and satisfies the estimates
o1l y < enAPPN, [Rallo < A5,

where the constants ¢y are independent of A\; but they will depend on Q and the
initial subsolution. In addition, by (1.2) we have

e(t)>/ |v0|2d3:—|—6||}?0|\0|ﬂ|>/ v |? d.
Q Q

Next, we use another scale invariance of the Euler equations (and the definition
of subsolution):

v(z,t) — To(x,Tt), pla,t) — D2p(a,Tt), R(z,t) — D2R(x,T't).
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—1/2
= 55/2 max {1,suppt (e(t) - / vy (z, )| dw)}
Q

and we begin to work in this rescaled setting, which we will indicate with a super-
script 7. We are thus working in the interval [0, T, where T := I'"'T', and we try
to prescribe the energy profile é := I'?¢(t). By construction of I we have

sup (é(t) - /Q |U;(x,t)|2dx) <5

inf <é(t) - / W] (z,1)]? da:) =T°inf (e(t) — | Joi(z, t) dx) .
Q Q
It follows from the definition of I" that if @ is sufficiently large we have

F2
AQ <—) inf <e(t) - |v0(:1:,t)|2d:1:> > 1.
6o )t 0
0 (3.17) holds. On the other hand,
sup |&'(t)| < T3/ %suple/(t)] < 1
t t

We choose

and

because I" becomes arbitrarily small by increasing a.

Next, we observe that (vg,pg,lo%g) still satisfies (3.6)—(3.8) with the same se-
quence {yn}%_,. Regarding (v7, py, R{), it follows from the definition of the rescal-
ing that

IR [lo < d2Ay o
On the other hand, since the constants cy are independent of A1, for sufficiently
large a we have

lotllg < 65" llonlly < 8"%c0 <1 - 6,7,
oty < 8" [lorlly < 8,2 er A < M6y A
Finally, (o7, pf, R{) = (vg, py, R{J) outside
{z € Q:d(x,00) > A} x [0, 7).

Let us consider the sets A, defined in (3.12). We see that (v7, p}, R}) = (v, pj, Rp)
outside A; x [0, T for sufficiently small o and sufficiently large a.

From now on we assume that we are working in this rescaled problem and we
omit the superscript r. Once we obtain the desired weak solution in this setting,
to obtain the solution to the original problem it suffices to undo the scaling. By
the previous discussion, the energy profile satisfies the inductive hypotheses (3.5)
and the subsolution (vy, p1, Ry) satisfies (3.13)—(3.17). In addition, the initial sub-
solution (vg, po, Ro) satisfies (3.6)—(3.8) for some sequence {y~n}¥_, that does not
depend on a. Therefore, we may apply Proposition 3.2 iteratively, obtaining a

o

sequence of compactly supported smooth subsolutions {(vg, pg, ) g1 -

It follows from (3.19) that v, converges uniformly to some continuous map v. On
the other hand, note that the pressure p, is the only compactly supported solution
of

Apg = divdiv(—v, @ vy + Io{q).
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Therefore, p, also converges to some pressure p € L"(R?) for any 1 < r < co. Since

R, converges uniformly to 0, we conclude that the pair (v,p) is a weak solution of
the Euler equations.

Furthermore, using (3.19) we obtain

o0 o0

1_ ’ !
Z lvg+1 — Uqu/ < ZC(B/aB) lvg+1 — vqll g l[vg+1 — Uq”ﬁ
q=1 g=1

’

s , B
< C(8,8) Y (a5 (MaN)
g=1
<MC(B,8)> NP,
qg=1

s0 {vg}g2; is uniformly bounded in COCH" for all B/ < B. To recover the time
regularity, see [6].

Next, note that (vg, pg, Rq) = (vo, po,0) in (R3\Q) x [0, T7] for all ¢ by (3.13) and
the definition of A,. Hence, we have (v, p) = (vo,po) in (R*\Q) x [0, T].

Finally, it follows from (3.17) and the fact that d,41 — 0 as ¢ — oo that

Jo lv(z, t)|> dz = e(t), as we wanted. This completes the proof of the theorem for
the case that the initial subsolution is compactly supported for all time.

3.3. Dropping the compact support condition. Once we have proved the the-
orem for the case that (vg, po)(+,t) is compactly supported, it is easy to relax this
condition, so show that it suffices that Ro(-,t) is compactly supported.

Indeed, let us choose a bounded domain with smooth boundary U 3 Q. As
we mentioned in Lemma 2.11 and Remark 2.12, any subsolution defined in all
R3 automatically satisfies the conditions in Theorem 1.6. Hence, there exists a

subsolution (T, po, Ro) € C*°(R3 x [0,T]) that extends (vo, po, Ro) outside U and
that is compactly supported in each time slice. Since it is an extension, we see that
the Reynolds stress vanishes in U\€Q.

We can now apply Theorem 1.7 in the case that the subsolution is compactly
supported for each time slice, thus obtaining a weak solution (v, p) with the appro-
priate regularity and such that (v,p) = (vo,po) in (U\Q) x [0,7]. Since Q € U,
we may glue this region back into (vg, po), obtaining a weak solution that equals
(vo,po) outside Q x [0, 7.

Finally, since Q and R3\U are disjoint, when we apply Theorem 1.7 we may
fix the energy profile in each region independently, so we can prescribe the energy
profile in Q for the final weak solution.

4. PROOF OF PROPOSITION 3.2

The different steps in the proof of Proposition 3.2 are presented in Subsection 4.1.
These steps are elaborated in the next subsections, and we complete the proof of the
proposition in Subsection 4.6. Roughly speaking, our proof adapts the arguments
of [6] to the nonperiodic setting. To do so, we introduce an additional step in the
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iteration: a gluing in space that ensures that the error does not spread out to the
whole space when we glue in time.

4.1. Stages of the proof.

o

(1) Preparing the subsolution. We mollify our subsolution (vq, pq, Rq) to avoid
the loss of derivatives problem, obtaining a new subsolution (vy, pe, R@). It
is convenient to glue it in space to the original subsolution far from the
turbulent zone.

(2) Gluing in space. We pick a collection of times {¢;} C [0,T] and we consider
the solutions (v;, p;) of the Euler equations with initial data v,(t;). We glue

them in space to (vg, pe, j%g), obtaining new subsolutions (v;, p;, ﬁl) The

error Ei is small and these subsolutions equal (v, po, IOEO) near 0f).

(3) Gluing in time. We glue together the subsolutions (v;, p;, El), obtaining a
new subsolution (ﬂq,ﬁq,ﬁq) in which most of the error is concentrated in
temporally disjoint regions. The error remains localized within 2 owing

to the fact that the differences between the subsolutions (v;, p;, R;) vanish
near O0f2.

(4) Perturbation. We add a highly oscillatory perturbation to reduce the error.
In fact, we add many corrections, each of them reducing the error in one of
the temporally disjoint regions. These perturbations do not interact with
each other, which yields the optimal estimates for the new subsolution

o

(Vg+1,Pg+1, Rg1)-

Throughout the iterative process we will use the notation < y to denote x < Cy
for a sufficiently large constant C' > 0 that is independent of a, b and ¢q. However,
the constant is allowed to depend on «, 8, Q and {yn}3_, and it may change from
line to line.

4.2. Preparing the subsolution. The first step consists in mollifying the field in
order to avoid the loss of derivatives problem, which is typical of convex integration.

o

The problem is the following: to control a Hélder norm of (vgi1,pg+1, Rg+1) We

o

need estimates of higher-order Holder norms of (vq, pg, Ry). As the iterative process
goes on, we need to estimate higher and higher Hoélder norms of the initial terms of
the sequence to control just the first few Holder norms of the subsolution. However,

if we mollify the subsolution (vq,pq, Rq), we can control all the derivatives in terms
of the first few Holder norms and the mollification parameter.

Note that this process changes the subsolution in the whole space, yet mollifica-
tion is only strictly necessary in A, % [0,T], as (vq, pq, }o%q) equals (vg, po, }0%0) outside
of this set. Furthermore, it will be convenient for later estimates that the resulting
subsolution equals the initial subsolution far from the turbulent zone, as this is
a property that we want to impose unto (vg+1, Pg+1, I()Eq+1). Hence, our approach
consists in gluing the mollified subsolution to the initial subsolution, which is not
quite demanding because both subsolutions are very close far from the turbulent

zone.



30 A. ENCISO, J. PENAFIEL-TOMAS AND D. PERALTA-SALAS

We begin by fixing a mollification kernel in space ¢ € C°(R?) and we introduce

the mollification parameter
5.3
(4.1) (=
(5;/ 2 ALt3e

Since (8,41/8,)"/2 = A, 7" and our assumption (3.18) implies that B(b — 1) <
1/2, we see that we may choose « sufficiently small and a sufficiently large so as to
have

(4.2) AR <<

Note that our definition of ¢ differs from the one in [6] by a factor of \q 5/2 The
coefficients of « used in [6] are fined-tuned to their proof. Since we do some things
different, it is not surprising that we have to change some of these coefficients. In
general the factor Ay 0/ g quite harmless, as only simple relationships like (4.2)
are used throughout most of the paper, and these are the same here and in [6].
The actual value of ¢ is only used at the very end, when fine relationships between
the parameters are needed to estimate Io%qH. We will study these situations when
they arise, but in any case we will see that the extra factor is essentially irrelevant.
Indeed, « is assumed to be so small that in those inequalities the term containing
« is negligible. Our definition of ¢ leads to a different coefficient multiplying «, but
this only changes how small a has to be chosen, so it is not important.

After this brief digression, we define
Vg = Vg * Py,
Pe = g * e + [vgl? * e — [vel,
Ry = ID%q x 1y — (vqévq) % g + VpQuy,
where the convolution with 1y is in space only and f®g denotes the traceless part

of the tensor f ® g. It is easy to check that the triplet (ve, pe, ]32@) is a subsolution
and by [6, Proposition 2.2] we have the following estimates:
1/2 -
loe = vallo S 84325
HWHNH S 5;/2)‘11 N YN >0,

HélHNJra ,S 5q+1€7N+3a VN > 0,

\/wﬁ—mfw
Q

€2a

< Gy l®.

Note that we have an extra factor in the estimate for the Reynolds stress in
comparison to [6]. This comes from the extra factor A;** in | R,llo and from our
definition of ¢. They cause an extra factor )\;30‘ to appear in the estimate, which
yields an extra factor £2% by (4.2).

Obtaining an extra factor £2% (actually £* would suffice) is our reason for modi-
fying the inductive estimate of the Reynolds stress and the definition of £. We will
use this extra factor to compensate a suboptimal estimate that we will be forced
to use in Section 5.

Once we have mollified the subsolution, we will glue it to the initial subsolution
far from the turbulent zone. It will be convenient to divide A441\ A, into several
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pieces because we will have to do several constructions in this region. We define

1
(4.3) 0= g(dq — dg1).
Using the elementary inequalities
(4.4) 27 < ;\T‘i <dr

we deduce dg12 2 /\q’wl’Q. By (3.18) we have b? < 5/4, so for sufficiently small «
we have

dy > )\;1/11'
Therefore,
(4.5) ot <A
In particular, ¢ > ¢. For 1 < j <5 we define
B, = R}\[4, + B(0, )]

By hypothesis, (vg, g, ]i?q) equals (vg, po, ]320) outside A, x [0,T]. Hence, it follows
from (3.6)—(3.8) that

(4.6) lve = volly. 5, + 1100 — Devoll ., S €2,
(4.7) Ipe = poll v, S €2
(4.8) IR = Rolln;m, S €%

Thus, both subsolutions are very close in this region, which makes gluing them
much easier. Taking into account (4.6), it follows from Lemma 2.6 that there exists
a potential A € C*°(B; x [0,T],.A3) such that div A = v — vg in By x [0,7] and

||A||N+1+a;Bl + ||6A||N+1+Q;B1 S [2 VN 2 0.

Therefore, the matrices S; and M that appear in Lemma 2.11 satisfy the estimates
151l v+ My 0 < €2 We introduce this estimates into Lemma 2.11 to perform
a gluing in the region B1\By. Since o > ¢ we may essentially ignore any factor
coming from the derivatives of the cutoff by absorbing it into the ¢ factor. Carrying
out the rest of the construction of Lemma 2.11, we conclude that there exists a

smooth subsolution such that
(ve,pe, Re)(z,t)  if z € Ay + B(0,0),
(vo, po, Ro)(z,t)  ifx € By

(49)  (@0.pr, Re)(at) = {

and satisfies the estimates

~ 1/2 \—a
(4.10) ||W - Uq”o 5 6q-/i-1)‘q )
(4.11) [Tell jyq S 037°A €N YN >0,
(4.12) IRl o S Ggpal” N3 YN >0,
(4.13) ‘/ [Ug|* = |ve]? dr| < G010
Q

That is, we have obtained a new subsolution satisfying the same estimates as
(ve, pe, Re) but with the additional property of being equal to the initial subso-
lution far from the turbulent zone.
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Although many constructions in [6] work in R? with very little or no modification,
it is more convenient to work with periodic fields so that we may use results from [6]
directly. Note that the subsolution that we have just obtained is supported in
(0,1)3 x [0, T] because it equals the initial subsolution far form the turbulent zone.
This allows us to consider its periodic extension to R3/Z3, which we denote the
same. From now on, we consider that we are working in this setting.

4.3. Overview of the gluing in space. The key idea introduced by Isett in [34]
is to glue in time exact solutions of the Euler equations to obtain a new subsolution

(Uq,g_?q,ﬁq) such that T, is close to v, but R, is supported in a series of disjoint
temporal regions of the appropriate length. This allows the use of Mikado flows,
leading to the optimal regularity C# for any 3 < 1/3 (as in Onsager’s conjecture).

More specifically, we define the length
éQa
172
W

and we consider the smooth solutions of the Euler equations

(4.14) Ty =

Opv; + div(v; @ v;) + Vp; =0,
(4.15) dive; =0,
vi(sti) = v, 1),
where t; := i7,. We will see that they are defined in the time interval [t; — 74, t; 4+ 7]

The pressure is recovered as the unique solution to the equation —Ap; = tr(Vv; Vv;)
with the normalization

(4.16) /1r3 pi(z,t)dx = /T3 De(z,t) d.

We will see that these solutions remain sufficiently close to vy in their respective
intervals. Following Isett’s ideas, we would like to glue them in time to obtain a
subsolution in the whole interval [0, T']. The velocity field would remain sufficiently
close to vy while the Reynolds stress would be localized to the intersection of the
consecutive time intervals.

However, even if Ry is well localized, the solutions v; will immediately differ from
U¢ in the whole space. Furthermore, different solutions v;, v;41 will also differ in
the whole space during the intersection of their temporal domains. If we tried to
apply Isett’s procedure to them we would obtain a Reynolds stress that spreads
throughout the whole space. This is not suitable for our purposes, so we must
modify Isett’s approach.

What we will do is to glue in space the exact solutions v; to vy in the region
where Ry is small, obtaining subsolutions (v;, p;, El) The Reynolds stress will no
longer be 0, but it will so small that we may ignore it in the current iteration. Since

these subsolutions will coincide far from the turbulent zone, we will be able to glue
them in time while keeping the Reynolds stress localized.

The actual process is not so simple because the difference between the exact so-

lutions (v;, p;) and the subsolution (vy, py, 1:132) is too big, leading to an unacceptably
large error if we try to glue them. Our approach consist in producing a series of
intermediate subsolutions that act as a sort of interpolation between them. Instead
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of a single gluing we perform a big number of them, going from v; to vy far from the
turbulent zone. The difference between two consecutive intermediate subsolutions
will be very small so that the error introduced in each of these middle gluings is
small.

At the end of this process we will obtain subsolutions (v;, p;, R;) such that

(4.17) (@ﬁuéi) = (vo,po,éo) in B3 x [t; — Tg, ti + 74],

(4.18) Vi (ti, ) = vg(ts,-).

In addition, for |t —¢;| < 7, and any N > 0 we will have the following estimates:
(4.19) H;:L;iHO < %5q+2A;f?,

(4.20) 5 = Bell y o S TaOgrr ™ N1,

(4.21) [Dte (@5 = Vel y o S Ggr V71,

where we write
Dy g =0 +v -V
for the transport derivative. Furthermore, there exist smooth vector potentials z;

defined in [¢t; — 74,t; + 74] such that ¥; = curlZz; and at the intersection of two
intervals we have:

(4.22) 17 = Zit1ll vt S Tgbgarl™ VT,
(4.23) [ De,e(Zi — Zig1) || Nta S Sqgrl VT

These estimates are completely analogous to the ones in [6, Proposition 3.3, Propo-
sition 3.4] but we have the additional benefit of the fields being equal to the initial
subsolution far from the turbulent zone. We do have to pay a price because now
we havg subsolutions instead of solutions of the Kuler equations. Nevertheless, the

errors Ei are so small that we may ignore them until the (¢ + 1)-th iteration.

4.4. Overview of the gluing in time. Once we have our subsolutions (v;, p;, }NL)
we will glue them in time. The goal is to obtain a subsolution defined in all [0, 7T
that remains close to vy but in which most of the Reynolds stress is localized to
temporally disjoint regions of the appropriate length. This will allow us to correct
the error in each region separately using Mikado flows. Let

1 2
ti = iTq, Ii = |:ti+§7'q,ti+§7'q:| ﬁ[O,T],

1 1
Ji = (ti - gTq,ti + gTq) N[0, 7).

Note that {I;, J;} is a pairwise disjoint decomposition of [0, 7']. We choose a smooth
partition of unity {x;} such that:

[ ] szzzl

e supp x; Nsupp Xi+2 = &. Furthermore,

3
Xi(t)zl vVt € J;.

2 2
su i Clti— =79, ti + =74 |,
(4.24) PP X ( 374 q)
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e For any 7 and N > 0 we have
(4.25) 10N xill, S 70 Y-
We define

Eq = lefﬁz, ﬁtgl) = szﬁl, ﬁgl) = leél

It is clear that T, is divergence-free and it equals vg in Bs x [0, T| because of (4.17).
In addition, it inherits the estimates of v;:

Proposition 4.1. The velocity field v, satisfies the following estimates:

_ ~ 1/2 )
(4.26) 1, — e, < 8,750,
(4.27) 1T = Vel y o S bl NF,
(4.28) Tl n S 047220,
(4.29) ‘/ [54% = 00| S 0qiat®,
Q
for all N > 0.

The proof is exactly the same as the proof of [6, Proposition 4.3, Proposition
4.5] because our fields v; satisfy completely analogous estimates to the solutions v;
in [6].

We conclude that the new velocity v, equals vg far from the turbulent zone, it
is close to vy and satisfies suitable bounds. Nevertheless, we must check if it leads
to a subsolution. If ¢ € J;, then in a neighborhood of ¢t we have x; = 1 while the
rest of the cutoffs vanish. Thus, for all ¢ € J; we have

o

- _ ~ =(1
Vg = Vs, pgl) = Di, R((I ) = R;.

Since (v;, pi, R;) is a subsolution, we have

0,0, + div(z, ©7,) + VP = div R,

On the other hand, if ¢t € I;, then x; = 0 for j # 4,9+ 1 and x; + xi+1 = 1. Hence,
on I; we have

_ ~ - _ . _ —(1)
Vg = Xili + Xit1Vir1, DY) = XaDi + Xit1Pit1, R,

After a tedious computation we obtain

= Xifzi + Xi+1f~3i+1-

(4.30) 0T + div(T, @ T,) + VB — div ﬁle) -
= 0Xi (Vi — Vig1) — Xi(1 — xa) div((0i — Vip1) ® (Vi — Viy1)),

where we have used the fact that (v;, p;, R;) are subsolutions.

In conclusion, for ¢ € J; the triplet (Uq,ﬁgl),ﬁél)) is trivially a subsolution,

whereas for t € I; it suffices to express the right-hand side of Equation (4.30) as
the divergence of a symmetric matrix. However, we must do this carefully because

it is very important to keep under control the spatial support of the Reynolds

stress. Indeed, since ﬁél) equals Ry outside Ag41 x [0,T], any perturbation in

the Reynolds stress must be contained within A,41 x [0,7] in order to satisfy the
inductive property (3.13). Fortunately, we will be able to achieve this because the
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right-hand side of Equation (4.30) is supported in A, 4+ B(0,30) due to (4.17). We
see that performing the gluing in space in the previous stage is crucial.

The logical approach would be to apply Lemma 2.9 to the right-hand side of
(4.30) and define the new Reynolds stress as the sum of the obtained matrix and

—=(1 . .
R((I ). Unfortunately, we cannot simply do that because we cannot obtain the nec-
essary estimates for the transport derivative from Lemma 2.9.

Nevertheless, this difficulty can be solved. In Section 6 we will find smooth
(2) 75(3)
R

" q solving the equation

symmetric matrices R,

div (ﬁf) + ﬁ((f’)) = 0ixi (Vi — Viq1)

) )

for t € I;. We set ﬁflz ,ﬁf =0 for t ¢ |J, I;. Since the source term is supported
(2) =3)
, R

in Ag + B(0,30) due to (4.17), we will be able to choose R, .
A, + B(0,40). The motivation for each matrix is the following:

supported in

° ﬁf) solves the equation except for a small error. We have good bounds for

the3 derivative of the material derivative. )
° R((I ) corrects the errors introduced when fixing the support of R((I ). We do
not have good bounds for its material derivative, but its C%-norm is very

small.

Using these auxiliary matrices, we define

) (3)

2 1d,

1) _ 1) =3 1
(4.31) R;" =R, +R, —3tR

o —(2 - ~ o o ~ 1 —(2
(4.32) Ry = REI ! X1 = X)) @ = T — Tipr) — 3 U“Rz(z '1q,
(4.33) R, =RY+RY?,
- ~ L (=@ =6
(4.34) By =) =il = x0) B = B[P - 5 (Rq + R, ) .

) ) B

By construction of ﬁflz and ﬁflg , we see that (g, P, Ry) is a smooth subsolution.

Furthermore, we have
(Elpﬁqa}_zq) = (’U07p07éo) in B4 X [OaT]

because of (4.17) and the fact that ﬁf),ﬁ? are supported in Ay + B(0,40). We
emphasize again the importance of performing a gluing in space to use v; instead
of the solutions v;. Otherwise, we would have no control on the Reynolds stress

because v; — v;41 will in general be spread throughout the whole space.

We summarize the facts about the new Reynolds stress that we will prove in
Section 6:
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Proposition 4.2. The smooth symmetric matrices Eél), }_352) satisfy

(13) 1B o < 28,000, 55,

(4.36) supp ]%52) C [44 + B(0,40)] x UIi’
(4.37) IR | S Bt N,

(4.38) 1@+ - VIR | S 818222007V 0

Comparing (4.37) with the analogous estimate in [6], we see that we estimate the
CN-norm instead of the CN+*norm. This difference is immaterial because they
merely use the CNT%norm to estimate the CN-norm, which leads to the same
bound as (4.37).

In conclusion, Rgl) is so small that we may ignore it for the present iteration,

whereas }_%52) is big but it is supported in temporally disjoint regions and it satisfies

)

good estimates. The next stage of the process is aimed at correcting Rf by means

of highly oscillatory perturbations.

4.5. Overview of the perturbation step. We have localized most of the Reynolds

stress, that is, Ey), to small disjoint temporal regions but to reduce it we must
resort to convex integration.

First of all, we fix a cutoff ¢, € C*°(R3,[0,1]) that equals 1 in A, + B(0, 40) and
whose support is contained in A, + B(0,50). In particular, ¢, = 1 on the support

of ]%52)(-, t) for all t € [0, 7.

We follow the construction of [6] with Mikado flows, but there are some differ-
ences:

e We control the support of the perturbation by introducing the cutoff ¢,.

e To obtain the desired energy, we must use a slightly different normalization
coefficient for the perturbation to account for the presence of the cutoff ¢,
when integrating.

e We construct the new Reynolds stress using Lemma 2.9 so that we have
control on its support. To apply this lemma we must introduce a minor
correction wy, to ensure that the perturbation has vanishing angular mo-
mentum.

Since [|¢q|ly are much smaller than the CN-norms of the other maps involved,
the presence of the cutoff does not affect the estimates. In addition, wy will be
negligible because its size is determined by an integral quantity, which is very small
for a highly oscillating perturbation.

The form of the perturbation wyt1 = vg41 —vq I8 We41 = wo+we+wr, where wy
is the main perturbation term and it is used to cancel the Reynolds stress, w, is a
small correction to ensure that the perturbation is divergence-free and wy, is a tiny
correction that ensures that the perturbation has vanishing angular momentum.
This term is not present in [6] because they do not control the support of the
Reynolds stress, so it suffices to use wyq = wo + we.
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o

At the end of the process we will obtain a new subsolution (vg41,Pg+1, Rg+1)
that equals (vo, po, Ro) outside A,4+1 x [0,T] and satisfying the following estimates:

_ 1 _ 3. 1/2
(4:39) loasaTly + 5 ogiTally < 0,35,
(4.40) |Rgs1llo < Ggeary i,
(4.41) a3 < elt) = [ (o0 de < b

4.6. Proof of Proposition 3.2. Finally, we are ready to complete the proof of the
proposition. The estimate (3.19) is a consequence of (4.10), (4.11), (4.26), (4.28)
and (4.39):

_ 3. 1/2 1/2 ja _
s = vl A s = vl < 2006023 + CoLl3em + OB32AN

where the constant C' depends on «a, g, 2 and (vo,po,}o%o), but not on a, b or q.
Thus, for any fixed b (3.19) holds for sufficiently large a. Regarding (3.15), we use
the inequality at level q to get

3
lvgsall, < MEY2A, + ZM(S;fl OO N1 + COL2N,.

Hence, if we choose a large enough we obtain (3.15). Finally, (3.16) follows from

1/2
logs1lly < vally + g = vallg < 1= 8,7 + M3

The inductive hypotheses (3.13), (3.14) and (3.17) were obtained in the perturba-
tion step, and we are done. (I

5. GLUING IN SPACE

In this section we develop the second step of the proof of Proposition 3.2. We
do it in three subsections.

5.1. Interpolating sequence. We begin by describing the intermediate subsolu-
tions that we will use. First of all, we recall the following local existence result. It
is standard, but we provide a proof for the sake of completeness.

Proposition 5.1. For any o > 0 there exists a constant c(a) > 0 with the fol-
lowing property. Given any C*° initial data ug € H?(R3), any C> force f €
Li (R, H3(R?)), let us fix a constant T > 0 such that

1

7

Then there exists a unique solution u € C*°(R® x [T, T))NC([-T,T], H*(R?)) to
the Euler equation

{8tu—|—div(u®u)—|—Vp—f, divu =0,

Twollyyo + T2 1fll14a <

u(+,0) = ug.
Moreover, u obeys the bounds

[ullyia S luollyya + TN 1o

for all N > 1, where the implicit constant depends on N and o > 0.
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Proof. Tt is classical [46, 36, 48] that the 3d Euler equation is locally wellposed
on H3(R3), and that the solution, which is defined a priori for some time T =
T(|luoll g3 (msy) > 0, can be continued (and stay smooth, provided that ug € C*°)
as long as the norm |[u(t)|| s gs) remains bounded. Furthermore, the weak Beale—
Kato-Majda criterion shows [2] that this norm is controled by ||Vu| pip=~. More
precisely, one has

It
Ol < ol +C [ 15 d
—|t

11 . |
+C/| ‘ V()| Lo @) || (7)1 sy €€ =1 M mssy 47" g
—|t

Therefore, we only need to provide a uniform a priori estimate for ||Vu||fe for
t < T. To this end, note that for any multi-index 6 with |6] = N we have

010%u 4w - VO u + [0 u - Viu + Vdp = 8 f.
Since the pressure satisfies the equation —Ap = tr(VuVu) — div f, it follows that
||V30pHa N ||tr(VuVu)||N_1+a + Hf||N+a N ||qu+o¢ ||uHN+o¢ + Hf||N+a'
Hence, we have
[8:0° +u- V'), < lullyo 1l nia + 15yt
Thus, by Lemma B.2:

t
G Nul Dl vga S lluollyia + T I lInsa +/0 (s 9y po lluls 8)l o ds-

Specializing to the case N = 1, we note that for all || < T one has

t
2
luC D)y < 0+ / -, 9)I12, 0 ds,
0

with yo := [luolly o + T I fll144- Denoting by y(t) the solution to the ODE y' = 3>
with y(0) = yo, one finds

< _ Y '

~1- yot

Since y(t) < 1 for all |¢t| < T, we conclude that the solution is well defined for
|t| < T. Furthermore, inserting this estimate in (5.1) and applying Gronwall’s
inequality, we obtained the desired Holder bounds for N > 1. (I

[ullisa S y(6)

To construct the desired sequence of subsolutions, we define

(5.2) m = [A;/ﬂ ,
< e k =
m

For ¢ > 0 and 0 < k < m we consider the smooth solutions of the forced Euler
equations

Ak + div(vk @ vF) + Vpk = div RF,
(5.4) divolF =0,

’Uf(-, ti) = Ug(-,ti).
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Thus, the triplet (vf,pf,}o%f) is a subsolution. The pressure is recovered as the
unique solution to the equation

—ApF = tr(VoFVok) — div div RF

/ ¥ (x,t) da :/ De(x,t) du.
T3 T3

Note that (in their common interval of existence) the pair (v?,p?) equals the solu-
tions (v;,p;) considered in (4.15), while the pair (v/, pI") equals (U¢,pe). The rest
of the subsolutions form a sort of interpolating sequence between them.

with the normalization

We claim that (vF, pF) are defined in the time interval [t; — 7,,t; + 7,], where 7,
was defined in (4.14). Indeed, it follows from (4.11) that

TallTell1a S Ty 2Agl™ S £,

On the other hand, by (4.12) we have

2 €4a 5 )\2+6a
2 2 —243a 3a "97%q __ play6a %
Tq |Rell24a S Ty 0410 < <5q)\2) <5q+1€ (qu = LN <L

Hence, for sufficiently large a we have

Tal¥elli+a + 7 [ Rell21a < 5.
By Proposition 5.1, we conclude that solutions (vF, p¥) of the corresponding forced
FEuler equations exist in the claimed interval and they are unique. Furthermore, we

have the following bounds:
Corollary 5.2. If a is sufficiently large, for |t —t;| < 74 and any N > 1 we have

(5.5) H’UfHNJra /S 53/2)\(161*]\77& ,S qulélfNJra_

Proof. Tt follows from Proposition 5.1 and estimates (4.11) and (4.12) that
H’UfHNJra S ||5@(ti)HN+a + TqHRfHN-'rl-i-a S 51/2)‘q£1_N_a + 7—q(sq-i-l[_N_l—i_a
Using definitions (4.1) and (4.14) and the comparison (4.2), we see that

Tq5q+1€72+a _ 5q+1€72+3a
8N I\

__ \3ap3a
= Nepe <,

from which the first inequality follows. For the second one, we use (4.14) again. O

5.2. Estimates for the interpolating sequence. Now that we have defined
our subsolutions, we must ensure that they remain close to vy and to each other.

Taking into account that (v, pe, E@) and (vF, pk, Rf) are subsolutions, we see that
the difference satisfies the following transport equation:

- - . - - k 2
O (Vp — vf) + v - V(0o — Uf) = (viC — V) - va — V(pe —pf) + (1 — E) div Ry.

Hence, the difference vy — vf satisfies the same equation as vy — v; in [6] except for

a factor multiplying div }Nﬁ, but it is less or equal than 1. Furthermore, by (4.11)
and (5.5) the fields ¥, and v¥ satisfy the same estimates as vy and v;. Therefore,
we may argue as in [6, Proposition 3.3], obtaining:
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Proposition 5.3. If a is sufficiently large, for |t — t;| < 74 and any N > 0 we have

(5.6) va - 5E||N+a S Tq5q+1€7N71+3aa
(57) Hv(ﬁf _pf)HN-i-a 5 5q+1€7N71+3a,

(5.8) | Dy,e (v} — 5@)||N+a S Ggyp b NI

where we write
Dt)g =0 +v,-V

for the transport derivative.

Note that our extra factor £2* in (4.12) is inherited by these estimates. Next,
let us consider the vector potential associated to the field v}

2F = Bof = (=A)teurlof,

where B is the Biot-Savart operator. We have

divzF =0 and curl, zF = of — / oF,
T3

Since (v¥,p¥, %Rg) is a subsolution, we have

d k =
— [ oF = —/ (div(vgC ® vF) 4+ Vpk — = div Rg) =0.
dt T3 T3 m

On the other hand, the average of v¥ at time t = t; is the average of vy at that
time, which vanishes because Uy(-, t;) is divergence-free and its support is contained
in (0,1)3. Therefore, v¥ has zero mean and we have curl zF = vF.

Since our fields satisfy the same estimates as the fields in [6], we can again argue
as in [6, Proposition 3.4], obtaining:
Proposition 5.4. For |t; — 74| < 7, and any N > 0 we have

k —N+3

(5.9) |28 = 2|y sa S TaGqr ™,
(5.10) IDee(zf = 21 IN+a S g V3,

where Dy g = 0y + vy - V.

In summary, the difference vf — vy satisfies the same stability estimates as the
ones in [6] plus an additional factor 2% due to the difference in the definition of £
and in the inductive estimate (3.14). Furthermore, we will see that the difference
between consecutive fields is much smaller, which will allow us to obtain suitable
bounds for the gluing. We argue as in [6, Proposition 3.3]. Subtracting the equation
for each field and rearranging we obtain

(5.11)

1 =
O (vFTt —oF) 4oL T (0T — k) = (0F —oF ) Wk — V(T — pF) + = div R,.
m

i i

Taking the divergence, we have

1 2
AP —pb) = div[VolF T (vof — oF ) + div[VoF (vf — oF ] + - divdiv Ry.

K2 K2
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Since (—A)~!divdiv is a Calderén-Zygmund operator, we obtain

a ~ 4

1
V@™ =Dl S 7t o = ol + 071

where we have used (4.12) and (5.5). The additional factor £2® is not needed here,
so we just omit it. Inserting this estimate into Equation (5.11) and using (4.12)
and (5.5) again, we obtain

Ha k+1 {c) —|—vf+1 -V(vi”l _ Uf)”a S %6q+1€_1+a +Tq_1 Hvzk _ UiﬁLlHa

Applying Lemma B.2 yields

1 t
R A e L

7

Using Gronwall’s inequality and the assumption |t — ¢;| < 7, we conclude

HUZ{cH kH I4a

1

—Tg0q410
o~ mTq q+1
If we carry on arguing as in [6, Proposition 3.3] we obtain the following higher-order
estimates:

(512) H,UlkJrl _ N—l+o¢'

fHNJra S ETqéqu—

Let us use this bound to estimate the other fields. We may rewrite the equation
for the pressure as

1
(5.13) A(pif”rl - pf) = divdiv <§(vf + vf“) ® (viC - vf"”l)

1 1=
+ g(vf — vf“) ® (vF + vf“) + ER@)
because
1 1
vF @uF — P @kt = E(Uf + oM @ (vF — ot 4 §(Uf —oF Y @ (uF 4 oF ).

Interpolating between (3.14) and (3.15) and between (4.10) and (4.11) we have
o + il < 2 el + 2 g = Belly, + [[oF = Fell, + [Jor™ =T,

[e3 — —Q [0} 1 - [0} [e3

5 (5;/2/\1) + (5q+1/\q )1 (53/2>‘q) + ETqéqulé H 5 >\q'

For the higher-order bounds we use Corollary 5.2. Therefore, from (5.12) we con-
clude

va @ vF —vftl @ oykt! Ha < )\O‘(mfqu(squlK*N*HO‘)

(5.14) + Z (rter—Ite) m g0y 0 (NI 1ty
Jj=1
1 N— 1/2 )N
S —Ta (T ITRVAR S —5q+1£
Introducing this estimate and (4.12) in Equation (5.13), we finally obtain

1 1/2
(5.15) Hkarl —P§||N+a < ETq5q+1£ N-1 < m5qi1£ N
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Let us now estimate the difference in the vector potentials. We recall the identity
curlcurl = —A + Vdiv and that divz¥ = 0. Hence, taking the curl in Equa-
tion (5.11) and rearranging we arrive at

3

(5.16) —A [8t(zf+l — zf)} = curldiv <%(vf + vf"’l) ® (v’»C - vf"’l)

12
E+1 k k+1

+5 07— @ + o) + ERe)-
Reasoning as in the case of the pressure, we conclude

1 1
k+1 _ k —N-— 1/2 )—N
(5.17) |0 (zF ! = 2] )HN+a < E7q5q+1é 1< E(S‘”lé .

Since 2 (-, t;) = 28T (., t;) = By(-,t;), the difference vanishes at t = ¢;. Using the
assumption [t —¢;| < 7, we deduce

1 1
S =254 0NN S g e,
m m

(5.18) szk“ - sz”N+a ~ 7%+1

5.3. Gluing the interpolating sequence. Now that we have the appropriate
estimates, we will start gluing the subsolutions (v¥,p¥, R¥) to one another to con-
struct a subsolution that equals (v;,p;,0) in A, + B(0,20) and (v, po, Ro) in Bs.
For the sake of clarity, we will do it inductively. Let
ri= )\;3/ 5

and for £ > 0 consider the sets

QF == A, + B(0,20 + kr),

UF = {z € R®: 20 + kr < dist(x, 4,) < 20 + (k + 1)r}
and we fix smooth cutoff functions ¢* € C(Q*+1 [0, 1]) that equal 1 in a neigh-
borhood of Q*. By Lemma B.1, we may assume the bounds |¢*||x <r~.

We will construct a sequence of subsolutions (vF

vF = curl ZF such that

,Pr, INEf ) and potentials ZF with

(5.19)  (3F,pF RY,ZF) (2, 1) = (0F, pk RE 29 (2,t) Vo g QF, [t —t] < 7,

7 kNt

(5.20) TR ) = (-, 1),

K3

Furthermore, for |t —t;| < 7, and any N > 0 they satisfy

(5.21) 1Bl < go0raAgs
(5.22) H@k - EfHN S Tl NI,
(529) [Da@ =50  byiat ==,
(5.24) 125 = 2y S mabaat N,
(5.25) 1D = =)l S Bypat V3

where we write
Dt,l = 8t +f17g -V

for the transport derivative.
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If we could construct such a sequence, setting (v;, p;, Ei, zi) = (o™, p", R 2
would yield the subsolution and potential claimed in Section 4.3. Indeed, (4.18) and
(4.19) are just (5.20) and (5.21). The estimates (4.20) and (4.21) follow from (5.22)
and (5.23) by interpolation. To obtain (4.22) and (4.23) from (5.24) and (5.25),
we also need to apply the triangle inequality and use the fact that 2i", — 2/ = 0.
Recall that both vector potentials are just the restriction of Bvy to their respective
intervals. Meanwhile, (4.17) follows from (5.19) because mr < )\(1—1/10, so by (4.5)
it must be smaller than o for sufficiently large a.

Let us then construct this sequence. We define the initial term as

(:E?vﬁ?v }NE?, 2710) = (’U?,p?, }O{?) = (i, i 0, Z?)
It follows from Corollary 5.2, Proposition 5.3 and Proposition 5.4 that this term
satisfies Equations (5.19) to (5.25). Next, let us suppose that we have defined the

k-th term (0F, pF, Ef ,ZF) satisfying these inductive hypotheses. We will construct

3
the (k + 1)-th term satisfying them, too. To do so, we will apply Lemma 2.11
to glue (vF,pF, }N%f) and (vf“,pf“, }o%fﬂ) in the region U*. Since these subsolu-
tions are defined in the whole space, by Remark 2.12 we do not need to check the
compatibility conditions (2.15) and (2.16).

Note that in Lemma 2.11 we use skew-symmetric matrices instead of potential
vectors because it is stated in any dimension n > 2. However, it is completely
equivalent: given a potential vector z, we simply define A;; = €;;52%, where €54
is the usual Levi-Civita symbol. It is easy to check that A is skew-symmetric and
curl z = div A.

Hence, applying Lemma 2.11 we obtain a subsolution satisfying:

o~ Sk .
~kt1 ~k+1 k41 (Uzk7pzk7 Rl) m Qk’
(Uz‘ 2 R )('7t) = 5
(uF pE T RFFY) outside QF

for [t —t;| < 7,. In addition, there exists a smooth vector potential Z'™' with
TFHL = curl 28! and such that 27 (-, t) = 2P (- ) outside QFF!. Thus, (5.19) is
satisfied.

Furthermore, by definition of vf**

%

R 1) = T ) = BF (- 1),

K2

and the inductive hypothesis (5.20) we have

In addition, by (5.19) we know that Z¥ equals zF outside QF. Since z¥ and 25!

i
both equal Bvy at time t = ¢;, we see that the difference zf“ — Ef vanishes outside
OF at t = t;. Inspecting Lemma 2.11 and replacing skew-symmetric matrices by

the equivalent potential vectors, we see that
@ —wr) (1) = [PPTF + (1= M)t + Vb s (7 = Z0)] (1) = Tl ta).

Since only the time derivative of w; matters, we may assume that it vanishes at
t =t;, that is, we start the integration in (2.25) at ¢ = ¢;. Hence, (5.20) holds.

Concerning the estimates, we see in Lemma 2.11 that we only need to con-
sider the bounds in U*, so by (5.19) we only need to study the difference between
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(Vi ,pZ,Rf, Z) and (v k“,pf“,éf“,zf“). Since
. . 1 = 1
k k+1
IR} — R o = EHREHO S Eé‘”l’
it follows from Equations (5.14), (5.15) and (5.17) that the matrix M that appears

in Lemma 2.11 satisfies

1 /2
1M g < 8,3

With this bound we may use the estimates from Lemma 2.11. Let us focus on the
vector potential:

~ ~ 1 e
(5.26) |z R _ (R 4+ (1 - cpk)zf“)HN < ETqéqilr N
(5.27) B — k2t — (1= M)y S o,
To use this estimates, the following inequality will be useful:
1/2 —op?
(5.28) MBgsa0,0]° = A/ZT20 0565 > \1/20,

where we have used that the exponent in the middle term is greater than 1,/20 for
any 0 < 8 <1/3and 1 <b< 11/10. We compute

" =2y < 1B = @2+ = M)y

e G =2y + 1A= ET =2y

N
L /2 N i ||k k
- — —J _.m +1 _ _m
S —TedgkarT + dor (sz 2 oy T = Hij)
Jj=0

L oy - _

T 5(1417" N p 10 N3 < by N3
where we have used (5.28) and we have assumed « to be sufficiently small. Hence,

(5.24) holds for the (k 4 1)-th term. In addition, (5.22) clearly follows from it.

Note that we have used (5.9) to estimate ||-||,, that is, we lose an «. This is
clearly not optimal, but it cannot be avoided for N = 0. Thus, we pay the prize
of losing a factor % in the estimates for ||-|| 5. To compensate this, we gain an
extra factor £2® from (3.14) and (4.1), which are different from their counterparts
in [6].

Let us now estimate the material derivative. By the triangle inequality:
520 D = )y < G - 2 - (- )
+ |0 - V( L OREE (1 — Rk HN
+ [ Deele G = 2y
([ DaelX = )@ = 2]

The last two terms can be estimated in the same manner, so we just study one:
N

1D el = 2Ny < D2 (e[ 12 = 2l
=0

My <

I ] Ml Pee(ZE = 2]l )

< T—qu5q+1€—N+3a + 5q+1€—N+30¢ 5 5q+1€_N+3a,

~
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where we have used ngkHN SN < 0~Nand 7,0t < 1. Next, taking into account
that [|vg]|y < €77, we have

[T - V(=" 2 — (1= ")z Dlv <

~

N
—i k1 k~k ky, k+1
52( JHziJr -0z —(1—-¢p )Zi+ HNJrlfj

=0
1 1/2 ,_ -
S LAY S byt

where we have used 7,7~ < 1, the inequality (5.28) and we have assumed « to
be sufficiently small. Using (5.27) along with the same tricks, we obtain the same
estimates for the first term in Equation (5.29), and we conclude that (5.25) holds
for the (k + 1)-th term.

To obtain (5.23), we estimate the commutator [D; g, curl]. We fix an arbitrary
vector field v and we compute

(curl(Dy gu) — Dy gcurlu), = €i51.0;(Ve)101uk.
Therefore, we have

H[Dt ¢, curl](Z k+1 HN S Z ||W||g+1 HNkH mHN—jH ’
7=0

N
S N
§=0
5 1/2 )\qTq5q+1€_N_1+3a 5 5q+1€—N—1+30¢
where we have used (4.11) and that 5;/2)\(17'(1 = (?* < 1 by definition of 7,. Hence,

| D@ =Ty < lewnllDee G = )| + [|[Dee, curl] (24 -

S 5q+1€7N71+3a.

Pl

Finally, let us consider the size of the new Reynolds stress. Taking into account
that zF equals z¥ in U*, it follows from (5.18) and Lemma 2.11 that

k+1 hyk (1

lwlly = |55+ — "5 —5”2 _51/2

_90 k-‘rlHO <7-q 1 S a1

where we have used 7,r~! < 1. Taking into account that o¥ equals v¥ in U, it
follows from (5.12) and Lemma 2.11 that

2 R 1
RN — (OB + (1= M RFY[lo S — 502

HR ~oq et

Taking into account (5.28), we see that for sufficiently small « and sufficiently large

a we have

1 “k o 1 34
IR — (" Ri + (1= "R < 15q+2)\qf1 -

If x € QF, then ¢*(z) = 1 and by (5.21) we have

Sk+1 ({E

24 1 N
(R (@, 0)] = |Bi (2,0)] < 50020
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On the other hand, if & ¢ QF, then R} (z,t) = £
we also have Ry(x,t) = Ro(x,t) because dist(z, A
from (3.11) that |Ro(z, )| < %5(1“)\;??, S0

ka1 2k o ka1
IR (@) < GPI R Nlo + (1 — @) IREF o + |RS —

éz(iE,t) by (4.17). Furthermore,
q) > 20. Since z ¢ A, it follows

ka o
(" Ri + (1= "R )llo
1 — 6o 1 —6a 1 —ba
< @kZ(SquQAqJEl + (1 _ @k)Z(SquQ/\qfl + Z(qurQ)\qfl
1 —6a
< §5q+2>\qfl

for x ¢ QF. We conclude that (5.21) holds for the (k + 1)-th term.

6. GLUING IN TIME

In this short section we develop the third step of the proof of Proposition 3.2 in
detail.

By [6, Proposition 4.4] the matrix S = Z[0x;(V; — V;i4+1)] satisfies the following

bounds for any N > 0:
HSHN-‘:-a S 5q+1€7N+a7

~

100+, - V)S v S Saia8y/2Agl N

~

We define
m = [/\}1/2], r= )\(1_3/5
and we fix smooth cutoff functions 6; such that

e 0, =1 in a neighborhood of A; + B(0,30 + (j — 1)r),
e the support of §; is contained in A, + B(0,30 + jr)

for 1 < j < m. We define

Note that supp ﬁf)(-, t) is contained in A, + B(0,40) because mr < o for a suffi-
ciently large. Since r—! < /7!, we have
=(2) —N+a
(6.1) IRy v S Sqat™ ™7
Let us estimate the material derivative. We compute
_ —2) 1 _ 1
0 +7, V)R, = Z; —0;(0 +T, V) S+ ; —7, - V0;5.

Regarding the second term, it follows from (4.27) and |7y < ¢~V that the new
field also satisfies |[Uq|| < €7. Thus,

[7g - VOl x S rhe
Since the support of the V@, are pairwise disjoint, we have
= (2 —N—« 1 - — «
(6:2) 1@ +7q- VIR v S g1y AV —1 707N

IR A WA
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We conclude that the matrix ﬁ((f) satisfies the right estimates but we have
changed the equation:

_ moq
dvRY = divs+ —V6; - 5,
=1

where we have used that the support of divS is contained in A, + B(0,30) by
(5.19). Let us correct this. We define p; := V#; - S, whose support is contained in

{z €R?: 30 + (i — 1)r < dist(z, A;) < 30 +ir}.
Therefore, by Lemma B.4 we have
lpill pite ST NIVO; - Slly S Sg41-

We wish to apply Lemma 2.9, so we have to check the compatibility conditions.
We fix a Killing field £ and we compute

/f pj = /§ div(6;S) — /f 0;divS = — /f dle——atxz/f Vi — Vig1)s

where we have used (2.5) and the fact that ; = 1 on the support of div.S. To show
that this integral vanishes, we first compute

d o L _ 2 2
d—/f-(’vi—w)Z/f-diV (’Ug@Ug—Ui®’vi+pg1d—pi1d+Ri—Rg) =0
r

because of (2.5) and the fact that the matrix in parentheses is compactly supported
due to (4.9) and (4.17). Since ;(-,t;) = Ue(-,t;), we see that [&- (v; — vg) = 0.
Repeating this for v;41 and subtracting, we conclude

/5'0;‘ 3tX;/§ U; — Vip1) =0

for any Killing field £&. Therefore, by Lemma 2.9 there exists a smooth symmetric
matrix M, such that div M; = p; and whose support is contained in

{z €R?: 30+ (j — V)r < dist(z, 4,) < 30 + jr}.
Furthermore, we have the estimate
1My < 7% 0g41-
We define
dlv’R =—— Z M;.

By construction of the M; we have
. (=2 =3 SO
div (Rfl ) 4+ R,(J )) = O (Vi — Vig1),
as we wanted. Since the supports of the M; are pairwise disjoint, we see that
=(3) 1 1 _
IR o = = max M1y S 16
It follows from our assumption b — 1 < 1/10 that

5‘1+1 Bb(b—1 1/10
(Sq: - )\q ( ) < Aq/ .
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Therefore, for a is sufficiently large and « sufficiently small the matrix }D_%él) defined
in (4.31) satisfies

(1) 3 ~6ar
”Rq ”0 < Z(Sq-i-?)‘q-fl )

where we have used that

=(3) 1 “6a
[Rq "llo < §6q+2)\q-‘fl

due to (5.21). Thus, Rgl) is so small that it may be ignored until the next iteration.

Finally, let us conclude the estimates for 2_2,52), defined in (4.32). It follows from
[6, Proposition 4.4] that

Ixi (1 = Xa) (05 — 0ig1)® (05 — Vig1) | Nga S Gqrr VT,

1(8: + By - V)[xi (1 = Xi) (@i = Bis )@@ — Tigr)ll| N o S Sgr105/2 A0 N
Combining this with (6.1) and (6.2), we infer (4.37) and (4.38).

7. THE PERTURBATION STEP

In this section we complete the final step in the proof of Proposition 3.2, which
is done in Subsections 7.1 to 7.5. The last part, Subsection 7.6, contains the proof
of Lemma 3.3.

For simplicity, we will assume that () is connected. If it had several connected
components €/ and we wanted to fix an energy profile e/ in each of them, we would
simply carry out the construction of this section in each component, taking into
account Remark 3.1. Note that ¢, can be split into cutoffs qﬁg associated to each
Q7.

7.1. Squiggling stripes and the stress }N%w-. Before we can define the pertur-
bation, we need to introduce several objects. By [6, Subsection 5.2] there exist
nonnegative cutoff functions n; with the following properties:

(1) YIRS COO(TS X [OvT]a [Oa 1])
i) suppn; Nsuppn; = <.
(iii) n;(x,t) =1 for any x and ¢ € I;.
(iv) suppmi C T3 x (t; — 37¢, tiv1 + 37¢) N [0,T7.
) There exists a positive geometric constant ¢g > 0 such that for any ¢ € [0, 7]

Z/ m(m,t)2dx200.
i /T

(vi) For any k, N > 0 there exists constants depending on k, N such that
k -N
oFn:ly 575
We replace n;(x,t) by n;(mz,t) for sufficiently large m € N, so that we may
assume that the cutoffs n; satisfy

(7.1) ¢ < Z/w dg(2)*ni(w,t)* do < 219

for some constant ¢y depending on . This can be done because Ay will contain
one of the cubes of a grid of sidelength m~! for sufficiently large m. This settles
the first inequality. Regarding the second inequality, note that at most 2 of the
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cutoffs are nonzero at any given time. In addition, the new cutoffs will still satisfy
(i) — (vi) but the constants that appear in (vi) will now depend on €, too.

We proceed analogously to [6], defining the amplitudes

(72) %@:écﬁwl%w—ﬁwﬁm)

771(17 t)*
7.3 Pqi(x,t) .
( ) (1( qurs(bq nlxt)2d$ ()
Note that our definition of p,; differs from the one in [6] in the normalization.
Next, we define the backwards flows ®; for the velocity field 7, as the solution of
the transport equation

(O +74- V)P, =0,
(I)i (,T, ti) = X.
Finally, we define

(7.4) Ryi = pgild —n2R?,
> PiRg,i(VP;
(7.5) Ry = w,
Pq,i

It follows from properties (i) — (iv) of #; that

e supp Ry C suppn;,

e we have Y ,n? =1 on supp }0_2(2)

o supqul C T3 x (t — Tq, i1+ Tq)
e supp Rw N supp RqJ = @ for all i # j.
We collect some other useful estimates:

Lemma 7.1. For a > 1 sufficiently large we have

1
(7.6) (|[Ve; —1d||, < 3 for t € supp(n;).
Furthermore, for any N >0
by
(r.1) S Sl S a
dg41
7'8) ”pq,i”o < ?Cj_ )
0
7-9) ”quHN < 5q+1a

) 10epqllg < 6q+153/2)‘q=
7.11) 10e0g,ill y S 7q g1

) |Ryslly S €7,

) | DeaBailly S e,
where Dy g == 0;+74-V. Moreover, for all (z,t) we have Eqﬁi(:zr, t) € B(Id, 3) c 8.
Proof. Since our subsolution (Eq,ﬁq, ]%q) satisfies analogous estimates to the ones

in [6], we may use the same argument to infer (7.6), (7.7) and (7.10). Estimate
(7.8) then follows from (7.7) and (7.1). In fact, since our p,; only differs from the
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one in [6] in a time-dependent normalization coefficient that is bounded above and
below, the bounds for ||py,i|  are the same except for the implicit constant. Next,
it follows from the property (vi) of 7; that

d
EZ/Q%(y,t)zm(y,t)%y

Using this estimate and arguing as in [6] we obtain (7.11). Finally, taking into
account these estimates for pg ; and the bounds (4.37) and (4.38), the facts regarding

R,.; follow as in [6]. O

-1
STq .

7.2. Definition of the perturbation. The building blocks of the perturbation
are Mikado flows, introduced in [20]:

Lemma 7.2. For any compact subset of positive-definite matrices N' C S* there
exists a smooth vector field

W:NxT? - R?
such that, for every R e N

{dwg [W(R,€) ® W(R,€)] =0,

(7.14) dive W(R,€) =0

and

W(R,§)d¢ =0,
T3

]i W(R,€) ® W (R, €)dt = 0.

Since W (R, -) is T3-periodic and has zero mean, we may write

(7.15) W(R, &)= Y ax(R)e**
kez3\{0}
for some ay € C°°(N,R3). Similarly, for some Cj, € C°(N,S?) we have
(7.16) W(R,&) @ W(R, &) = R+ Y _ Cp(R)e* <.
k0

It follows from (7.14) that
(7.17) ak(R) -k = 0, Ck(R)k =0.
In addition, because of the smoothness we have

CWN,N
(7.18) sup |DFar(R)| + sup |DECr(R)| < (/\/,7771,171)

ReN ReN |k

In the construction this estimates are used with a particular choice of A (namely
B(1d,1/2) C 83) and m. This choice determines the constant M appearing in
Proposition 3.2.

With these building blocks, we define the main perturbation term wg as

wo = (@) (pg.i(2,1)) (V) "W (Ry i, Ag11®:) = > ws.
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Recall that in Lemma 7.1 we saw that }N%w- takes values in the compact subset of
positive-definite matrices A/ := B(Id, 1/2) C 83. Therefore, the previous expression
is well-defined. To shorten the notation, we set

bigo(, 1) = &g(, ) (pgi(w, 1)) *ar(Ry,i(2,1)).

Thus, using (7.15) we may write

Wo = Z (VD)™ by gttt i,
i\ k20

Although Mikado flows are divergence-free, the perturbation wg will not be
solenoidal, in general, due to the other factor. We must add a small correction
term w. so that wg41 = wo + w, is divergence-free. We set

-1 ik X b\ .
Wg41 = )\— curl Z (V(I))t <’L><7]€7> ePat1k-®;

2
q+1 i,k#0 |k|
It is clear that w, 1 is divergence-free and the correction w,1 — wg can be seen to
a+ g q+ 0

be a lower-order term in Agy1.

Unlike in [6], wg41 is not the final correction. We must add another small

perturbation wy, to ensure the final correction wyy+1 = wg+1 + wr has no angular
momentum. We define L € C°°([0,T],R3) as

L) = —— 3 /(Vrbz-)t (L - b’“) et da,

2
q+1 i, k40 |/€|

where the integration is undestood to be component-wise. We fix a ball B C Ay
and we choose 1) € C°(B, R) such that [¢ = 1. We define the correction wy, as

wy, == curl(¢L).

By construction, the correction wg41 = wg+1 + wr is given by wqy4q1 = curlz for a
potential vector z such that [ zdz = 0 component-wise. Using the vector identity
div(€ x z) = z - curl £ — £ - curl z, we have

/f-ﬁqﬂZ/f-curlz:—/z-curlg.

Since the curl of any Killing field is constant, we conclude

(7.19) /5 Wgsrdz =0  Vte0,T], Vé € ker V.

7.3. Estimates on the perturbation. Aside from wy, our perturbation differs
from the one in [6] in the presence of the factor ¢,. Nevertheless, the factor ¢

appears multiplying ay(Rg;). Thus, if we show that ¢, ak(fiw) satisfies the same
bounds as ar(Rg,;), the same estimates that are derived in [6] will apply here. It
follows from (7.18), (7.12) and (7.13) that
~ N _ 7-lp—N
llar(Re)lIn S W [ Dt.qar(Rei)llv S (1|T|6
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Since [|¢q]l y S /\q_N/lo <7V S 07N we also have

E_N T—l[—N

Wv |‘Dt7q[¢qak(Rq,i)]HN S T

I6aan(Ra)llv S T

We conclude that all of the estimates in [6] are also valid here. In particular, we
have

Lemma 7.3. Assuming a is sufficiently large, the perturbations wy, w. and wq
satisfy the following estimates:

1 M
l|lwolly + Moot llwoll, < Z5q+1,

well, S 626N L

”wCHO + q+1 q+1

1
Ag+1
1 M /2
lwg+1lly + Mot lwgsll; < 75q+1,
where the constant M depends solely on the constant ¢y in (7.1).

We carry out the estimates for wy, with more detail. First, due to (7.18) we have
1Bikllo < llpialle? 1B 76 < 53121 k| %, Next, it follows from (7.6) that |[V®||, < 1.
Introducing these estimates in the definition of L we obtain

1 51/2
+1 s1/2
LIS D 5 IV%illy ikl S ng S0
k0 att k0 q+1

where we have used that at most two of the b; , are nonzero at any given time.
Since % is fixed throughout the iterative process, we conclude

1/2 \—1
(7.20) lwelly < 803N

Therefore, the correction wy, is really small. We see that for sufficiently large a the
perturbation wyy; then satisfies

1 1/2
gl + 5 e < 00833

Regarding 0,wy,, we must first estimate

||Dt,qbi,k|\0 S 10pg,i +Tq - Vpgiillo | 9gar(Ry.i)llo + [lpg.illy [1De.qldgar(Rqi)lllo

_ 1/2 —6
PRI

Next, we compute

D) =1 3 [ Dua | (T0) [ F2ht ) et | o
)‘q+1 i, k20 |k|

1 _ " ik xb Vi
=3 Z/ —VT,(V®) <7’“>

2
q+1 i, k20 |k|

- (V) <zk X|Z;qbk,i>] eirarike®i g
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where we have computed the material derivative of V®; taking into account that
®; solves the transport equation. Since ||V, < 53/2)\(1 by (4.28), we have

1/2 <1/2
L(0)] < AL 62 (612, 471 < Jers e
~ q+1%q+1\"q q q N /\1;?&
q
because 7, ! = 5;/2,\q€*2a S 5;/2)\(1/\;?? by (4.2). Since 1 is fixed, we conclude
3g4100"*A
(7.21) 0wy < %
g+1

7.4. The final Reynolds stress. Taking into account that ¢4 and . n? equal 1

on supp ]%52), it follows from the definition of R, ; that

(2
> G Ru = —R 43 dpgald.
Using this along with the fact that (ﬁq, Dy 2_3,51) + }0_2(52)) is a subsolution, we obtain:
Orvgy1 + div(vgr1 ® vgy1) + Vp, =div (Rq(l) +wr @Tq +Tq @Wr + W, ® wL)

+V <Z ¢3pq7i> + ((9twq+1 + ﬁq . qu+1)

+ Wyt - Vﬁq + div (qu @ Wq41 — Z szRq,z) .

K3

o

Hence, we conclude that we may construct a new subsolution (vg+1, pg+1, Rq+1) by
setting

o o . . o 1
Ryy1 = Rél) + wr Ty + Ta@wr, + wrwr + 5 — g(tr S)1d,
1
— 2 —
Dg+1 = Pg — EZ ¢’2pq,i = |wr|” =29, - wy, — 3 tr.S,

where the smooth symmetric matrix S satisfies

div S = Oywy, + (8twq+1 + g - qu+1) + Wgy1 - Vﬁq +div (qu @ Wq41 — Z d)gRq,Z)

A
transport error Nash error

oscillation error

and the support of S(-,t) is contained in A, + B(0, 50) for all ¢ € [0,T]. If such a
matrix existed, the new subsolution (vgy1,pgs1, Rey1) would equal (%,ﬁq,i_{q) in
Agt1 %[0, T] because the support of ¢, and Wq+1(+,t) is contained in A, + B(0, 50).
Therefore, it equals (v, po, Ro) in Agy1 x [0,T].

We will show that it is possible to construct S and we will derive the necessary

estimates. Let f := div.S. Note that the support of f(-,¢) is contained in A, +
B(0,50) for all t € [0,T] because so is the support of ¢, and the perturbation.
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Next, we see that for any Killing field £ we have

d _ - —
/g.fdac:%/g.wqﬂ-k/g.dw (vq®wq+1 + Wyt1 R Vg + Wet1 ®wq+1—z¢§Rq7i>
=0

because of (7.19) and (2.5). Therefore, by Lemma 2.9 there exists a symmetric
matrix S € C°(R3x[0,T],S?) such that div.S = f and with the stated support. We
will now estimate the C'*-norm of the potential theoretic solution of the equation.
Arguing as in Lemma 2.9, this yields a bound for the C°-norm of S.

We begin by studying the first term in f. Tt follows from (7.21) and the fact
that & is bounded on Holder spaces that

512 5172

1
(7.22) 12 Ocwi)llo < 1Z2Owi)llyya S 10wrll, S qg\lfqg,aq

q+1

The remaining three error terms are analogous to the ones in [6]. Since our fields
satisfy the same estimates as in [6], the estimates for the potential-theoretic solution
are completely analogous. We do have to take into account that the oscillation error
has a slightly different expression than the one in [6]:

div (wq+1 ® Wgt1 — Z ¢§Rq7i> =

div (wo Q@ wg — Z gbzRq,i) + div(we ® we + we @ wo + we @ we) = O1 + Os.

K3

The second term O is the same as in [6]. Regarding Oy, it follows from the fact
that the cutoffs 7; have pairwise disjoint support that

0, = Z div(wo,; ® wo,; — ¢§Rq7i)-

We use the definition of wg; and (7.16) to write
wo,i ®wo i = $2pgi VO (W & W)(Rgi, Agi1®:) V!
= 2V Ry VO + ) 420 iV Cr(Ryi) VD, e Rar
k#0
(7.23) = 02Rgi+ Y 02pg VO Cr(Ry i) VP ok,
k#0
On the other hand, it follows from (7.17) that
Ve Oy Ve ' Volk =0,

SO

Or = Y div(¢2pgiVO; ' Cr(Ry:) VD, H)earth e,

i,k7£0

which is the same as in [6] except for Nthe presence of (;53. Nevertheless, it is easy to

check, as in Section 7.3, that ¢2Cx(Ry,;) satisfies the same estimates as Ck(éq,i).
Hence, we obtain the same bounds for O;.
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Aside from the presence of the cutoff, there is another subtle difference that we
have to take into account. The proof in [6] uses that the following inequality holds
for a suitable choice of the parameters:

1 < 1
N—«a a — Yl—a°
)‘q+1 Nt )‘q+1
Since our definition of ¢ is slightly different, we must check that this inequality
holds. Remember that Ag+1 2 /\lq’ by (4.4). Hence, we have

)\N—aéNJra
at1 _ \N—1-B(N+0) y ~(N+a)(1-F+30) > \[(b=1)(1—F)~3a]N—b(1+5a) ~a(1-f+3a)
-« g+1 q ~ q :
A

Note that (b—1)(1—3) > 0 so by choosing « sufficiently small we can ensure that the
coefficient multiplying N is positive. Thus, for sufficiently large N the exponent
is positive and choosing a sufficiently large beats any geometrical constant. We
conclude that with this choice of parameters the claimed inequality holds.

A similar argument is used several times, for instance, to obtain the inequality
Ag+1£ > 1. Nevertheless, in all of them the difference in the definition of ¢ is quite
harmless and it only leads to choosing a smaller o and a slightly larger V.

In conclusion, the estimates from [6] apply to our case. Combining them with
(7.22) we obtain
§1/2 5172y
1 fllo S =5
q+1
Since [&- fdx = 0 for all t € [0,7] and any Killing field ¢, we may use the
construction of Lemma 2.9 to modify Z f into a smooth symmetric matrix S such

that
o divS = f,
e supp S(-,t) C A, + B(0,50) for all ¢t € [0, 77,

1/2 ¢1/2 —(1-4«
o (ISl < 0ria0a P A .

Combining this with (7.20) we have

1 52 5172
(7.24) HwLéWq—l—ﬁq@wL—i—wL@wL—i-S— —(trS)Id|| < %
3 0 Aq-i—la
We claim that with a suitable choice of the parameters
512 51/2
(7.25) et T8 < 5q+2/\q_ﬂa-
Ag+1

In that case, (4.35) and (7.24) would yield (4.40) for sufficiently large a, as we
wanted. To prove the claimed inequality, we compute

A1711a5

grl %942 _ y1+f-1lay =26\ —148 > y\b(1+8—11a)—26°B—1+3
5125172 q+1 q+2"\q ~ \q :
q+1%4 q

The condition (3.18) ensures that
b—1+F+b8—2b°3 >0,

so the exponent is positive for sufficiently small o > 0. Thus, choosing a sufficiently
large beats any numerical constant and (7.25) follows.
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7.5. The new energy profile. By definition

/|vq+1|2dx:/ |Eq|2dx+2/6q~@q+1d:1:+/ Wy | da.
Q Q Q Q

Note that in the last two terms we can integrate on the whole T3 because the
perturbation is supported in Q. Arguing as in [6] yields the estimate

q

1/2¢1/2 a
/83

~

/ (QUq “Wgg1 + 2w - we + |wc|2) dz| <
T3 )‘q+1

On the other hand, any term containing wy, will be smaller than this bound by
(7.20). The remaining term is

/ |w0| dx_Z/ ¢2tquzdx+/ Z ¢ 0q.iV®; Ytr Ch(R qz) Vo teidarik-®i
3,k#0
where we have used (7.23). The second term can be estimated as in [6] because

(bQCk( i) satisfies the same estimates as Ck( 0,i), as argued several times. Re-
gardlng the first term:

Z ¢2 Ytr Ry i(x,t) x—SZ/ ¢ )Pq.i(x,t) dx = 3py(t) = e(t)—=dgy2— /|vq|

We conclude that

1)
_/|Uq+1|2d$— i
Q 2

which yields (4.41) for sufficiently large a.

51/2(51/2 )\1+2a (7.25)

q —9a
< 5q+2)‘q+1 ’

~

N1

7.6. Proof of Lemma 3.3. This lemma is just a simplified version of the con-
struction presented in the previous subsections, so we will just sketch its proof.
Since the initial Reynolds stress Ry and its derivatives vanish at 9Q x [0,T], for
any k € N there exist a constant C such that for any = € Q) we have
|Ro(x,t)| < Cy dist(, 9Q)*.
Therefore, if dist(z, 9Q) < 3A~/12 we have
o _ 1
|Ro(z,t)] < Cra(3ATY/12)12 < 7
We fix a smooth cutoff function ¢ € C°(€,[0,1]) such that
o(2) 1 if dist(z,0Q) > 3\~ /12
xr) =
0 if dist(z,00) < 2A~1/12,
It can be chosen so that ||¢| y < AY/'2. This function will control the support of
the perturbation.

Next, we define the backwards flows ® for the velocity field vy as the solution of
the transport equation

(O +vo - V)@; =0,
D,;(x,t;) =x
and we define
R=Vo (Id —(2||1°%0||0)—11°%0) Vo,
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Let N' C 83 be the compact subset of positive definite matrices whose eigenvalues
take values between 1/2 and 3/2. We see that R takes values in N. Thus, we may
apply Lemma 7.2 and define
wo = (2| Roflo)/2¢ (V) "W (R, A®) = Y (V@) bjeF®,
k0
with by, := (2||Roll0)*/2¢ ax(R). We also have
(7.26)  wo®wo = 2| Rollod® R+ Y 2| Rollo 6*VE " Ci(R)VE 1.
k#0

Next, the correction w, is then defined so that w := wg + w, is divergence-free:

-1 ik < b ;
(7.27) wp + w, = — curl Z(Vfb)t ! ><2 b ke
A 170 |K|

Regarding the angular momentum, we define

1 1k X b i .
L(t) = Z/(V‘1>)t ( i k) erar1k® gy

k#0
We fix a ball B € © and we choose ¢ € C2°(B) such that [¢ = 1. We add the
correction wy, so that the perturbation has vanishing angular momentum:
wy, == curl(yL).

If Q has several connected components ¥/, we will have to consider the partial
angular momentum L7. We will need to add one such vortex to each ©’ to cancel
the angular momentum in each connected component of 2. We still denote the
total correction as wr,.

The new velocity field is v := vy + wo + we + wy,. Note that by taking a larger A
we may force B C supp ¢, so the perturbation vanishes for dist(z, 9) < 2A~1/12,

Since [|¢]| y < AN/12, the dominant term is the exponential. Hence, from (7.27)
and the definition of L(t) we conclude

||U||N S AN,

Let us denote D; == 9; +vp - V. Since D;® = 0, we see that |L'(t)| < A\~(1-1/12),
We conclude
10wl S A2,

~

Finally, we define
o o 1
R:=(1-¢")Ro+vo @ wr, +w @vo + S — gtr(S)Id,

. 1
p = po — 2|[Rollod® — |wr|* — 2vo - wy, — 3 tr(.S),
where the smooth symmetric matrix S satisfies

(7.28) div S = Oywr, + [th +w - Vg + div (w ®w— 2H1320H0¢2}~€>] = f.
It is easy to check that (v,p, R) is a subsolution. Furthermore, the fact that the
perturbation has vanishing angular momentum ensures that we may choose S with

support contained in A, by using Lemma 2.9. Therefore, the (v, p, R) equals the
initial subsolution outside A..
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Regarding the estimates, by (7.26) we may write the term in brackets in (7.28)

as
E :ckez)\k-{)

k#£0
for certain vectors ¢g such that [[cxl|y < [k]~° AVFD/12. The standard stationary
phase lemma (see [6]) yields
\2/12 B
12114 = N S ATV,
Continuing the construction of Lemma 2.9, the claimed bound for R follows.

Regarding the energy, (7.26) and a standard stationary phase lemma (see [6])

yields:
1
|v|2dgc :/ |v0|2dx+/ |w0|2 de + 0O (7>
/Q a a \-1/12

:/ |v0|2dx+/2||é0||¢2tr(§)dx
Q Q

Since Ry is trace-free, tr R = 3. We conclude that (3.20) holds for sufficiently
large A.

8. PROOF OF THEOREM 1.1

We are ready to prove our main theorem using Theorems 1.6 and 1.7. First, we
show that the conditions are necessary. Suppose that such a weak solution (v, p)
exists. We fix a connected component ¥ of Q2 and a € R3. Let ¢ > 0. Since
(vo,po) is smooth, by choosing a smooth surface 3’ C ) that is sufficiently close to
%, we can ensure that for any ¢ € [0, 7]

VoV — Vo -V
Z ’

/ [(a-x)0wo + (a-v)vy + poal - v — / [(a-x)0vo + (a-v)vg + poal - v| < e.
b

’

<e,

Next, we fix a mollification kernel ¢ € C2°(R? x R) whose support is contained
in the unit ball and for 0 < ¢ < € we define

Vg =V * Yy,
Pe = p e+ [vg|* * e — [ve]?,
Ry = vy@up — (V&) * by,

where f®g denotes the traceless part of the tensor f ® g. Since (v,p) is a weak
solution, it is easy to see that (ve, pg, R¢) is a smooth subsolution in R3 x (¢, T —¢).
On the other hand, the values of (’Ug,pg,ég) on ¥’ depend only on (vg,pg) for
¢ < dist(X', 9Q) because (v, p) equals (vg,po) on Q x [0,T]. In particular, we have,

%il%(vz,pz,éz)(:[:,t) = (v, po, 0)(z,t) uniformly in (z,t) € ¥’ x [, T — €],
—

%ilr(l) Opve(x,t) = Opvg(a,t) uniformly in (z,t) € ¥’ x [e,T — ¢].
—
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Hence, for sufficiently small ¢, for any ¢t € [e,T — €] we have

/ vo-u—/ VgV
’ ’

/, [(a-x)0wo + (a-v)vg + poal - v — /, [(a -x)Ove + (a - v)ve + pea — atloﬁ} 7

<e,

However, these integrals vanish:
/ vg-u:/ {(a-x)@tw—i—(a-v)vg—f—pga—at}o%g} v=0 Vit e (e, T —¢)

because (vg, pg, R¢) is a smooth subsolution (see the proof of Lemma 2.11). We
conclude that for all ¢ € (¢,T — &) we have

/’UO'V
P

Since e > 0 is arbitrary and (vg, pg) is smooth up to the endpoints of the interval,
we deduce

/Evo~V:/E[(am)atvo—k(a-v)vo—l—poa]~V:O Yt € [0,T].

4 < 4e.

/ [(a-2)0:wo + (a-v)vg + poal - v
by

Taking into account that a € R? and the connected component ¥ of 9Q are arbi-
trary, we see that the conditions in Theorem 1.1 are, indeed, necessary.

Next, we prove that the conditions are also sufficient. First of all, we may

assume that € O Q is a bounded set with smooth boundary and with a finite
number of connected components. Next, by Theorem 1.6 there exists a subsolution

(Vo Po, Ro) € C>(R3 x [0, T]) that extends (vo,po,0) outside € and whose spatial
support is contained in . In particular, supp EO(-, t) will be contained in ﬁl\ﬂ.
Applying Theorem 1.7, we obtain a weak solution of the Euler equations (v,p)

that equals (Up,pp) outside ﬁ/\Q. Therefore, its support is contained in Q0 and it
extends (vo,po). On the other hand, when applying Theorem 1.7 we may prescribe
any energy profile e € C°°([0,T) such that

(t) > / [Bo(z, 1) da + 6]| Ro o |2\2].
R3

Finally, v € C#(R?x [0, T), as we wanted, thus completing the proof of the theorem.

Sketch of the proof of Remark 1.2. If we construct the spatial extension (¥, po, Ro) €
C>(R? x [0,T]) so that 7 has vanishing total angular momentum, we can easily

extend in time to a subsolution (g, po, Ro) € C*°(R3 x [0, +00) whose temporal
support is contained in [0,7”). By taking the energy profile e larger, if necessary,
we may extend it to [0,7’] maintaining an analogue of the condition (1.2).

We then carry out the same construction as in Theorem 1.7 with some minor
modifications:

e in Lemma 3.3 and in the perturbation step of Proposition 3.2 we introduce
a temporal cutoff so that we do not modify the subsolution at the times
when the Reynolds stress is identically 0 and

<e.
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e in the perturbation step of Proposition 3.2 we define p,; == 778,41 instead

of (7.3) if the interval (t; — 74, ti+1 + 374) is disjoint from [0, 7.

With such an scheme we only prescribe the energy profile in [0,7]. However, the
energy profile in [T,7T'] does not differ much (depending on the initial Reynolds
stress) from [ |6o(z,t)|* dz. Hence, if we choose e(0) sufficiently large, the final
weak solution will be admissible. ]

9. OPEN TIME INTERVAL

In this section we study what happens when the fields are defined in an open
interval (0, 1) and there is some singular behavior at the endpoints of the interval.
So far we have always considered the supremum in time of the spatial Holder norms
of our fields. This is not an option for the situation that we have in mind, which is
the setting for our applications.

9.1. Main result. Our approach consists in decomposing (0,7") as a countable
union of closed intervals {Z;}7°, meeting only at their endpoints and trying to
work in each of them independently. While some parts of the iterative scheme that
we have discussed in the previous sections depend only on what is happening at the
current time (solving the symmetric divergence equation, for instance), many others
do not (whenever we have dealt with transport). Therefore, if the Reynolds stress is
nonzero at the endpoints of the intervals, when we try to correct it the subsolution
in one interval will affect its neighbor. This propagates the bad estimates from near
t =0 and t =T to any Z; after enough iterations of the scheme.

Hence, if we want to isolate the closed intervals and work in each of them in-
dependently, we must ensure that the Reynolds stress vanishes identically at their
endpoints:

Lemma 9.1. Let (v,p, R) € C*°(R3x[0,T)]) be a subsolution of the Euler equations.
Letty € (0,T) and let s > 0 be sufficiently small. Suppose that the support of R(-,to)
is contained in an open set  and that divdiv R(-,t9) = 0. Then, there exists a
smooth subsolution (U, P, R) such that R(-,to) = 0 and such that (0,7, R) = (v, p, R)
outside Q X (to — s,t9 + s). Furthermore, we have the following estimates:

5= vlly < OV s 1R o)l
1B~ Rllo < € (IRC.tllgn + 5 1RG0l ol + 52 [1RCoto) 24

for some constants independent of s and (v,p, R).

Proof. We fix a smooth cutoff function x € C°((—1,1),R) that equals 1 in a
neighborhood of the origin. Consider the field

U(z,t) = v(x,t) + w(x,t) == v(x,t) — (t —to) X <%) div R(z, to).

The condition divdiv R(-,¢9) = 0 ensures that v is divergence-free. By defini-
tion of x, we see that w vanishes unless |t —tg| < s so we deduce ||w|y <
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Cs||R(-,to)||on+1- Next, we define

R(z,t) =R(x,t) — x (t _Sto) Rz, to) — t‘sto N (t - to) R(z, to)

S

TwRXUV+rvRW+wRw.

o

It is easy to see that (U, p, R) is a subsolution. Furtheremore, it follows from our
choice of x and the fact that w vanishes at t = to that R(-,%p) is identically 0. On
the other hand, the bound for ||w||, yields the claimed estimate for R.

On the other hand, since the support of  is contained in (—1, 1) and the support
of R(-,tp) is contained in €2, we see that the support of v —v and R— R is contained
in Qx (to — s,to + ).

Finally, we absorb the trace of R into the pressure, which preserves the other
properties that we have discussed. (|

Remark 9.2. The condition divdiv R(-,t9) = 0 is quite restrictive, but it can be
removed if one is willing to relinquish spatial control of the velocity field. Indeed,
we may decompose div R(-,tp) as the sum of a divergence-free field and a gradient,
which we absorb into the pressure. The divergence-free part is canceled using the
previous lemma. The issue is that the divergence-free component of div R(-, to) does
not have compact support, in general. Thus, we modify the subsolution outside
supp R and we loose the spatial control, which has been our main concern so far.
This approach could yield interesting applications in T3, nevertheless. However, in
R? we would have to modify the construction to address the fact that we have to
add perturbations in the whole space. We do not pursue this path here.

Since our construction relies on keeping the velocity fixed at the endpoints of
the intervals Zj,, we cannot expect to obtain a nonincreasing energy profile for the
final weak solution. Indeed, by weak-strong uniqueness it should equal the smooth
solution with that initial data (in its domain of definition) and that is not what
will will obtain with the convex integration scheme.

Thus, instead of trying to fix the energy with this construction, we will focus
on keeping the changes small after each iteration. Our goal is to ensure that the
energy profile can be extended to a continuous function in [0,7]. In that case, we
may use Theorem 1.7 to add a (nonsingular) perturbation elsewhere so that the
total energy achieves the desired profile.

Hence, the main result that we will prove in this section, which is a nontrivial
variation of Theorem 1.7, is:

Theorem 9.3. Let 0 < < 1/3. Let T > 0 and let {Zx}72, be a sequence of closed
intervals meeting only at their endpoints and such that (0,T) = ;5o Z. Let Q €
(0,1)3 be a bounded domain with smooth boundary for k > 0. Let (vo,po, Ro) €
C>®(R3x (0,T)) be a subsolution of the Euler equations such that supp Ro(-,t) C Qx

fort € Iy. In addition, assume that div div éo vanishes. Then, there ezists a weak
solution of the Buler equations v € CL_(R3 x (0,T)) that equals vy in (R3\) x Ty,

loc
forany k > 0. In addition, v = vy at the endpoints of the intervals Iy,. Furthermore,

[0 = w0 B)lloo < Csup [ R vk >0
€1y

for some universal constant C'.
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9.2. The iterative process. As in Proposition 3.2, we are given an initial subso-
lution (vo, po, Ro) € C*°(R? x [0,T]) and we will iteratively construct a sequence
of subsolutions {(vg, pg, éq)}gio whose limit will be the desired weak solution. To
construct the subsolution at step ¢ from the one in step ¢ — 1, we will add an oscil-
latory perturbation with frequency A\,. Meanwhile, the size of the Reynolds stress
will be measured by an amplitude J,. These parameters are given by

(9.1) Ay = 27[a""],
(9.2) 5y =X,

The parameters a,b > 1 are very large and very close to 1, respectively. They will
be chosen depending on the exponent 0 < 8 < 1/3 that appears in Theorem 9.3,
on {2 and on the initial subsolution. We introduce another parameter o > 0 that
will be very small. The necessary size of all the parameters will be discovered in
the proof.

We will assume that the support of (vg, po, Ro)(-, ) is contained in (0,1)3. Mean-
while, the support of R is contained in € x [0,T] for a potentially smaller domain
Q with smooth boundary. The main difference with respect to Proposition 3.2 is
that we also assume that Ry (-,t) vanishes for ¢ = 0 and t = 7.

It will be convenient to do an additional rescaling in our problem. In the rescaled
problem the initial subsolution will depend on a, but we assume that nevertheless
there exists a sequence {yn}¥_, independent of the parameters such that

(9.3) llvoll ;v + 10svoll y < ynv,
llpoll v < wn,
(9.5) | Rollw + 18 Rolln < yn-

Since the initial Reynolds stress Ry and its derivatives vanish at 9 x [0,T], for
any k € N there exist a constant C such that for any = € Q0 we have

|Ro(x,1)| < Cy dist(a, 9Q)*.
Note that the constants C}, are independent of a by (9.5). We define
—6a 1/10
q+2)\qf1
4Cqo ’

(9.7) = {z € Q: dist(x,00) > d,}.

(9.6)

Hence, we have

|R0($ t)| < 6q+2)\ if x ¢ Aq.

q+1

On the other hand, since éo(-,t) vanishes for ¢ = 0 and ¢ = T there exists a
constant C; depending on ||0:Rpl|o such that

|Ro(x,t)| < Cymin{t, T —t}.
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Again, the constant C; does not depend on a because of (9.5). It depends only on
the initial subsolution (before the rescaling). We define

6q+2)‘q_-f(1l
(98) Sq = Ta,
(9.9) Tq = [8¢: T — 5]
so that
, 1 b )
(9.10) |Ro(x,t)| < Z5q+2Aqf1 if t € [0, T\ T,-

o

At step g the perturbation will be localized in A, x J; so that (vq, pg, Rq) equals
the initial subsolution in (R?*\A,) x ([0,T]\J,). In this region the Reynolds stress
is so small that we will ignore it. We will focus on reducing the error in 4, x J;.

The complete list of inductive estimates is the following:
911) (’Ulbpq’éq) = (’UOapO;RO) outside Aq X qu
9-12) ”Rq”O < 5q+1)‘;6aa
9.13) [vgll, < M8Y2X,,

(
(
(
(9.14) [vglly < 1= 6572,

where M is a geometric constant that depends on €2 and is fixed throughout the iter-
ative process. The following instrumental result is key to the proof of Theorem 9.3,

and is analogous to Proposition 3.2:

Proposition 9.4. There exists a universal constant M with the following property:
Let T > 1 and let Q C (0,1)3 C R? be a bounded domain with smooth boundary.
Let (v, po, Ro) € C®(R?® x [0,T)) be a subsolution whose support is contained in
(0,1)® x [0,T] and such that supp Ry C € x [0,T). Furthermore, assume that
(9.3)—(9.5) are satisfied for some sequence of positive numbers {yn}_,. Let 0 <
B <1/3 and

1-8 11
2 T B
(9.15) 1< <m1n{ 23 10}.

Then, there exists an oo depending on 3 and b such that for any 0 < a < g there
exists an ag depending on B, b, o, Q and {yn}F_, such that for any a > ao the
following holds:

Given a subsolution (vy, pg, Ry) satisfying (9.11)—(9.14), there exists a subsolution
(vq+1,pq+1,}?q+1) satisfying (9.11)—(9.14) with q replaced by q + 1. Furthermore,
we have

lvgs1 = vall, < M35

(9.16) qu-i-l - Uq”o T q+1°
Ag+1

As in Theorem 1.7, we need an auxiliary lemma to start the iterative process.
This is the analogue of Lemma 3.3:

Lemma 9.5. Let T > 0 and let @ C (0,1)> C R® be a bounded domain with
smooth boundary. Let (vo,po, Ro) € C°(R3 x [0,T]) be a subsolution whose support
is contained in (0,1)3 x [0,T] and such that supp Ry C Q x [0,T]. Let A\ > 0 be
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sufficiently large. There exists a subsolution (v,p, R) € C>(R3 x [0,T)) that equals
the initial subsolution outside the set

{3: € Q: dist(z, 0Q) > xl/”} x (A3 T A\1/3)
and such that
lolly SAY YN 20,
IRllo < A™1/2,

where the implicit constants are independent of \. Furthermore, there ezist geo-
metric constants K1, Ky such that if K\T ||lvo|; <1, then

h 1/2
lv = volly < KallRollg™.

9.3. Proof of Proposition 9.4. The proof is very similar to the proof of Propo-
sition 3.2, but we will only perturb the subsolution at times ¢ € Jy41. It will be
convenient to define

1

Y= §(Sq — Sg+1)s

Jqg=1[8¢ =7, T — sq+7].

The parameters £ and 7, are defined as in Proposition 3.2. Let us compare the time
parameters:

S —6as1/2y p—2 3 —2ay1-5-2b2

T—Z P TEES Wi S Wi N O V) Bd
Note that the exponent of A\, is greater than 0 by our assumption on b. Since
we may assume that 2d,y; < dg, we conclude that for sufficiently small o and
sufficiently large a we have

> T

Hence, the temporal cutoffs that we will need to use will not be too sharp.

After these definitions, we can prove the result in a similar manner to Proposi-
tion 3.2. As before, we divide the proof in four steps:

1. Preparing the subsolution. The beginning of the iterative process is iden-
tical to the one in Proposition 3.2: we use a convolution kernel in space
e to mollify (vg,pg, Rg) into (ve, pe, Re) and then we glue it in space to

(Uo,po,f{O), obtaining a subsolution (Eg,ﬁg,ﬁg) that equals (vo,po,f%o) in
Bs.

We must, however, introduce a minor modification: we add a correction
wy, to ensure that vy + wy has the same angular momentum as vg. Note
that v, has the same angular momentum as vy because they are equal
at t = 0 and subsolutions preserve angular momentum, as argued several
times. In addition, it is easy to check that mollifying does not change
the total angular momentum, so vy — vp has 0 total angular momentum.
This may not be true for v, — vg. Nevertheless, since we are gluing in a
(small) region where v, is very similar to vy (in terms of the parameters),
the change in the angular momentum will be very small. Therefore, we may
add a small correction wy, to vy in A4 while keeping the desired estimates.
Of course, we modify the pressure and the Reynolds stress accordingly to

obtain a subsolution, which we still denote as (vg, pe, R[), for simplicity.
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2. Gluing in space. In the intervals such that [t; — 7, t; + Ty N Ty # @
the process is exactly the same as in Proposition 3.2. In the rest of the

intervals it suffices to take (v;, p;, }NL) = (vo, po, }O%Q) because outside J, we
have |R|o < %5%2)\;??, as required by (4.19).

Regarding the estimates (4.20)—(4.23), remember that (vg, pg, }o%q) equals
the initial subsolution for ¢ ¢ J;. Therefore, it follows from (9.3)—(9.5) and
standard estimates for mollifiers that for ¢ ¢ J, we have

1(ve = v0) (-, O)ll o + 1(Brve — Dpvo) (-, )l en S €2,
(e = po) (- Dllon S €2,
I(Re = Ro) (-, )llen S 2.

The same bounds hold for (v, py, Eg). Therefore, this choice of (v;, Py, }NL)
for the rest of the intervals satisfies (4.20)—(4.23). Although (4.18) is not
satisfied, its only use in the following step is to ensure that v; and vy have
the same angular momentum. This is exactly what we did at the end of
the previous step.

3. Gluing in time. The construction is the same as in Proposition 3.2 but due

to our choice of (v;, pi, ﬁz) we are actually gluing only in jq (remember
that 7, < 7). We see that (v,4,7,, R,) equals (v, po, ID%O) fort ¢ jq and the

support of R?) is contained in [A, + B(0,40)] x jq.
4. Perturbation. There are only two changes with respect to Proposition 3.2:
— We define the amplitudes p,; as pg.i(x,t) == n;(z,t)? 6g11.
— Instead of the cutoff ¢, we use 5(1(:6, t) = ¢q(2)8,(t) for some smooth

cutoff 0, € C2°(I441) that equals 1 in J;. Hence, ¢, = 1 in the support
of 1752).
The amplitudes pg;(z,t) clearly satisfy the same estimates as in Proposi-

o

tion 3.2. In particular, R, ; takes values in B(Id, 1/2). On the other hand,

o o

¢qa(Rq.:) will satisfy the same estimates as a(Rg,;) because we may choose
04 so that [0,0,] Sy~ <7,

We conclude that we may carry out the same construction as in the
perturbation step of Proposition 3.2 (except for fixing the energy). The
new subsolution will satisfy (9.12)—(9.16). In addition, the cutoff q~5q ensures
that the support of the perturbation is contained in A,y1 X Jq+1, as required
by the inductive hypothesis (9.11).

Finally, we emphasize an important difference: the constant M in this
case is universal. In Proposition 3.2 it depended on €2 because so did the
amplitudes p, ;. Since here they are independent of 2, arguing as in [6]
yields a universal M.

9.4. Proof of Lemma 9.5. We fix a cutoff § € C°((0,T)) such that

o(t) = 1 ifte (AV3, T —2071/3),
o iftg (WY T — ATU3),

Since Ry vanishes at ¢t = 0 and ¢ = T, it is clear that |(1 — 8)Ro| < A\~/2,
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We then carry out the same construction as in Lemma 3.3 but replacing the
cutoff ¢(x) by ¢(x,t) == ¢(x)0(t). This ensures that the perturbation vanishes if
t ¢ (A3, 7 — X\=1/3). Tt does worsen the estimates, but it is not catastrophic.
The most significant change is that when we write the term in brackets in (7.28) as
Z,#O cxe*® the vectors c; now satisfy the estimates

lewlly S 15| =0 AVEEN2,

Applying the stationary phase lemma now yields

AL/3+(1+1/15)/12 B
Ht@f||1/15 S BNV <ATV2,

which, continuing the construction in Lemma 3.3, yields the desired bound for R.
Since the exponent is actually smaller than —1/2, we can expend the extra factor
in beating any geometric constant.

Finally, let us derive a precise estimate for v — vy. Recall that
wo = 2| Rollo 62(V®) LW (R, A®).

The last term can be bounded by a geometric constant depending on the compact
subset A used when applying Lemma 7.2. On the other hand, by standard estimates
for the transport equation there exists a geometric constant K7 such that

1
Ve —Id[|, < KT l[volls -
By our assumption on T [jvg||;, we have |[V® —Id||, < 1/2, so [|[(V®) o < 2. We
conclude that )
lwollg < 5Kzl Rollo

for some geometric constant K. Since w. + wr = O(A71), it is clear that the
required estimate holds for sufficiently large A.

9.5. Proof of Theorem 9.3. To simplify the notation of this proof, given a map
f defined in R3 x I for some interval I, we will write

HfHNI = suppyey IF ()l on -

By dividing in half the intervals 7 as many times as necessary, we may assume
that
<1,

2K |Zy | [|voll; 7,

where |Zj| is the length of the interval Z; and K; is the constant that appears in
Lemma 9.5.

We apply Lemma 9.1 at the endpoints of each interval Zj, obtaining a new
subsolution (Tg, Po, EQ) in which the Reynolds stress vanishes at the endpoints of

all the intervals Z;. In addition, we have (g, Do, EO) = (vo, po, IOEO) outside Qy, for
t € Z;. By taking s sufficiently small in each application of Lemma 9.1, we may
assume that

[[v0 = vollo 7, < [ Rollo.zy,
[Wolly,z, < 2llvolly,z, »

I Rollo,z, < 2| Rl

0,Zy -
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Once we have a subsolution in which the Reynolds stress vanishes at the end-
points of the intervals 7y, we may work in each of them independently. Indeed, our
constructions keep the subsolution fixed near the endpoints of the intervals.

We fix k > 0, and we fix a sequence of positive numbers {yn 1} 3¥_ such that

(9.17) Vol 5 7, + 110:00ll v 7z, < U,
(9.18) ||730||N,Ik <Yn,
(9.19) I Rollnz, + 10 Rolln.z, < yn-

We choose b satisfying (9.15) and we choose « smaller than the threshold given by
Proposition 9.4. Let ag  be the threshold given by Proposition 9.4 when applied
to Q and our sequence {yn x}_o. For ar > ag r we consider the parameters Aq
and Jq 5 defined as in (9.1) and (9.2).

/\12a

Taking ay, larger if necessary, we apply Lemma 9.5 with the parameter A;5*,
obtaining a subsolution (v1, p1, Rl) that equals (g, Po, EO) outside
{(0,1) € Q2 x Ty dist(, ), 02 x Te)) > A i}
and satisfying the following estimates:
[villyz, < CnpMRS 1 Ralloze < AR

where the constants C  are independent of A; , but they will depend on 4, Z
and the initial subsolution. Furthermore, we have

0.1, < Kol[Rollo,z, < 2K2[|Roflo,z,,

[lvr — o

where we have used that K |Zg| [[vo]l; 7, < 1.

Next, we consider the scale invariance of the Euler equations and subsolutions:
v(z,t) — To(x,Tt), plx,t) = D2p(x,Tt), R(z,t) — D2R(x,T't).
We choose T' = 5;/,3 and we begin to work in this rescaled setting, which we will

indicate with a superscript 7. Note that (25,55, R5) still satisfies (9.3)—(9.5) with

the same sequence {yn x}3¥_o- Regarding (v, p7, RY), it follows from the definition
of the rescaling that

IR lloz; < 826775
On the other hand, since the constants C'y  are independent of A\ j, for sufficiently
large a; we have

1/2 1/2 1/2
105 llo,z; = 8555 Ivnllo z, < 855 Cop <1 =%,

1/2 1/2 1/2
”U{HLI; = 52,/k HU1||1,I;C < 52,/k Cl,k}‘}?ka < M51,/k ALk

Finally, (vf,pf, RY) = (¥, P, Bp) outside
{(z,t) € Qu x I}, : dist((z, 1), 0(Q x I7,)) > A\{**} .
Let us consider the sets A, 1 and Jg,, that we obtain when we apply the definition

of (9.7) and (9.9) to Qj and Z;. We see that (T, ph, RT) = (”176,{)"6,&6) outside
Aj k. x J1 for sufficiently small o and sufficiently large a.
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We conclude that (v7, pt, RT) satisfies the inductive hypotheses (9.11)—(9.14) in

the interval Z] with initial subsolution (v, py, Rp). In addition, for ¢ € Z; the initial
subsolution satisfies (9.3)—(9.5) with the sequence {yn 1}%_, and the support of

]TZS(-, t) is contained in Q. Finally, by taking as even larger, we may assume that
Zh| = 1.

Applying Proposition 9.4 in each interval Z;, and undoing the scaling, we obtain
a sequence of subsolutions {(vq, pq, Ioiq)}gozl € C*(R3 x (0,T)) that equal (vg, po,0)
in (R*\Q) x Zy for any k > 0. In addition, for ¢t € Z; we have:

(9:20)  [[Ry(t)llco < Sger i,

1
021 e =) (Olleo + 5 lear = v Dllen < MO0
qari

We see that v, converges uniformly in compact subsets of R? x (0,7) to some
continuous map v. On the other hand, note that the pressure is the only compactly
supported solution of

Apg = divdiv(—v, ® vy + Io{q).

Therefore, p, also converges to some pressure p € L*(R?) for any 1 < s < co. Since

]i?q converges to 0 uniformly in compact subsets of R x (0,7, we conclude that
(v,p) is a weak solution of the Euler equations in R3 x (0, 7).

Furthermore, using (9.21) we obtain

Z||Uq-‘rl_vql|5/71,C Z (8", 8) [lvg+1 — Uq”oz,C l[vg+1 — Uq”ﬁz,C
q=1 q=1
< S i
g=1
< MO BN
q=1

so {vg}g2, is uniformly bounded in CO9CF" in any compact subset I C (0,T) for

all B/ < 8. Arguing as in [6] we obtain (local) time regularity. We conclude that
v e Clic (R? x (0,T)), with 8” < B’ < 1/3 arbitrary.
Finally, we compute the difference between vy and v. We write b = 1 + 7, so

that b9 — 1 > q. Taking a; sufficiently large, we have

o0
—1/2¢1/2 b(1— bq —Bb
||v—v1||ozk<z||vq+1 vq||01k<zm 25 qilsz P <N o

qg=1 qg=1 q=1
—pBb by — —pBb
Sakﬂ WZ(GQ ) qsakﬂ el
q=0

Thus, by further increasing ay, we have [[v —v1 7, < | Rollo.z,. We conclude

[v—2ollgz, <llv—"2v1lloz, +llvi —ollgz, + V0 —vollg 7, < (2 +2K2)| Rollo,z,-
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10. VORTEX SHEET

We fix a parameter 0 < A < (47')~1. We choose an even function f € C>°((—1,1))
such that [ f =2 and we define

0= [ s G = [ sreas

Let vp and Ry be the periodic extension of

vo(, 1) = {1 _F (m;it‘wl) +F (%%’/‘lﬂ e,
}O%O(x,t) =\ [G (%;7;/4> e (%;7153/41” (1 ®e3+e3®eq).

Direct computation shows that dyvg = div }0%0. It is also clear that vy - Vyg = 0.
Therefore, the triplet (vg,0, Rp) is a subsolution.
Since f is even, the support of G is contained in (—1,1). For k > 0 let us define
Ty, = [2= DT, 27FT] and
2 1 —k 1 —k 3 —k 3 —k
Qp =T x 1—2 )\T’Z+2 AT | U 1—2 /\T’Z+2 AT | +Z| .

We see that (vg, 0, 1320) equals (ug, 0,0) outside Qy, for ¢ € 7. Since div div Ro = 0,
we may apply Theorem 9.3, obtaining a weak solution of the Euler equations v €
CP (T3x(0,T)) that equals (ug, 0,0) outside Q, for t € Ty, (in fact, for t € (0,27+T)

loc
because ; C Qy, for all j < k). In particular, the initial datum is ug. Furthermore,

there exists a universal constant C' such that for any k£ > 0 we have
(10.1) lv =0l z, < CllRloz < C'A

Let us estimate the energy. First, we define
1
§=2— / [1 — F(s)]*ds.
-1

Note that § > 0 because the continuous function F' takes values in [0,2] and it
satisfies F'(0) = 1, since f is even. We compute

1/44At _ 3
lvo(z, )] dx:1—4)\t+/ [1—F<$3/\7tl/4)] dxs

1/4—Xt

3/4+At _ 3
+/ [—1+F<L3/4ﬂ dzs =1 — 20\,
3/4—At At

where we have used that vg = ug except close to 3 = 1/4 and x3 = 3/4. Next, we

write
/ |U|2 :/ |U0|2+/ |U—vo|2+2/ vo-(v—vo)2.
T3 T3 T3 T3

Let us choose A sufficiently small so that A\ < (32C”")~1§, where C” is the constant
(10.1). Hence, for t € Z}, we have

vt Lo

T3

C'A)? 4 2(C'N)] || < [0/8](4 - 27FAT) = 2= (K1 GAT,
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where we have used that v = vy outside Qi for ¢ € 7. By definition of Z, we see
that 2= *+DT < ¢ for any ¢ € Z;,. We conclude that

1—36M < [ |u(z,t)] de < 1—68At.
T3
Therefore, the weak solution v is admissible. In addition, we see that we obtain a
sequence of different solutions {v;} by repeating the construction with \; = 4~*
for sufficiently large io.

o0
1=10

11. BLowup

In this final section we prove Theorem 1.5 on the existence of Hélder continuous
weak solutions of the 3d Euler equations that exhibit a singular set of maximal
dimension. The proof makes use of some technical lemmas that are presented in
Subsections 11.1 and 11.2.

11.1. Building blocks. The fundamental element in our construction is the fol-
lowing simple blowup, whose proof is postponed to Subsection 11.2:

Lemma 11.1. Let 0 < 8 < 1/3 and let ¢ > 2. Let a € C*(R,R3) be a bounded
map. Given € > 0, there exists a weak solution of the Euler equations (ve,pe) in
R3 x R such that:

(ve,pe) = (a, —Oa - x) outside B(0,€) x (0,¢),
the q-singular set of v. is .#1 = {(0,¢)},
ve € Cp (R? x R\.74),

loc

the relative energy ec(t) == |jve(-,t) — a||iz(R3) is continuous and so is the
map t— [a- (ve —a)dx.

Furthermore, there exists a constant C > 0 depending on ||a|| . < oo but not on e
such that

(1) [0 t) = al®)l2ms) + [p-(8) + Fealt) - @l gagsy < C=* VEER.

Once we known how to construct a single blowup, as stated in the previous
lemma, we will use the following result to glue many of them together. Its proof is
completely independent of Lemma 11.1.

Lemma 11.2. Leta € C®°(R,R?). Let {(vi, p;)}32, be a sequence of weak solutions
of the Euler equations in R? x R. Suppose that the sets F; given by the closure of
{(z,t) € R : (v5, pi)(2,t) # (alt), —Oealt) - 2)}

are pairwise disjoint and that

o0

S (o = allagey + llpi + - 2l ey ) < oo
=0

Then, the pair (v,p) given by

v::a—l—Z(vi—a), p = —8ta~x+2(pi+8ta~:zr)
i=0

i=1

is a weak solution of the FEuler equations.
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Proof. The hypotheses readily yield v € L _(R*) and p € L] (R*). Furthermore,
it is easy to see that any partial sum

k

k
Uk ::a—i—Z(vi—a), D = Bta-;E—I—Z(pi—ata-x)
i=0 i=0

is a subsolution. Indeed, fix y; € C*(R*) such that x; ' ({0}) = F; and consider
01 := x1/(x1 + x2) and 02 := 1 — ;. They are well defined because Fy N F = &.
We see that 0; vanishes in F» and 6, vanishes in 61, so for any ¢ € C2°(R* R3) we
have

/ (0t -2+ Vo : (12 @02 + p21d)) = / (01(010) - V2 + V(019) : (V2 ® V2 + p21d))
R4 R4
s [ (0620) 52+ T(020): (72T + 1)
— [ @0:0) 01+ V0:0): (01901 + 1)

+ / (0¢(020) - v2 4+ V(6020) : (v2 ® v2 + p21d))
R4
= 0,
which follows from the definition of (v;,p;) being a weak solution of the Euler
equations using the test-function 6;¢. An analogous argument proves that vs is
weakly divergence-free. Therefore, (02, p2) is a weak solution of the Euler equations.
Furthermore, iterating this argument we conclude that (v, py) is a weak solution
of the Euler equations for any k > 1. Since ¥y converges to v in L?(K) and py

converges to p in L*(K) for any compact subset K C R%, it is easy to see that (v,p)
is a weak solution of the Euler equations. (I

11.2. Proof of Lemma 11.1. Note it suffices to prove the result for ¢ = 1 because
for € # 1 we could simply take

(ve, pe)(,t) = (v1,p1)(/e,t/¢)

with a rescaled accordingly. It is clear that this scaling preserves the ¢g-singular set,
that is,

S ={(x,t) € R? x R: (z/e,t/e) € S8 =1{(0,¢)}.
Furthermore, since p; + dia - x will be the only compactly supported solution of
—A(p1 + Ora - ) = divdiv(v; @ v1) = divdiv(v; ® v1 —a ® a)
=divdiv[(v; —a) ® (v1 —a) + (v1 —a) ®a+ a ® (v1 — a)],
standard Calderén-Zygmund estimates yield
p1(- ) + Oea(t) - ll s gay < C o (-, 8) — al®)]Fagps) -

Thus, to prove (11.1) it suffices to show that (v; —a) € L{°L2.

From now on, we will assume ¢ = 1 and drop the subscript 1 for simplicity.
By [32] there exists a nontrivial steady solution of the Euler equations with com-
pact support (u,7) € C°(R3). By rescaling, we may assume that its support is
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contained in the ball B(0,1/4). We define
Ulx) =u(x—e/4) —u(x+e/4),
Px)=n(x—e1/4) —m(x+e1/4).

Therefore, (U, P) € C°(B(0,1)) is a nontrivial steady solution of the Euler equa-
tions such that

/f-UzO VE € ker Vg.
Hence, by Lemma 2.9 there exists Sy € C>°(B(0,1),S8?) such that div Sy = U. We

introduce a parameter o € (—1,0) that will be fixed later and we define
S=1+a)(zU+U®x)— (4+5ax)S.
Since div(z @ U + U @ ) = 4U 4 - VU and U is divergence-free, we have

(11.2) divdivS =div(—aU + (1 + a)x - VU) = 0.
Furthermore, we see that the triplet (U, P, S) satisfies
(11.3) —aU+ (1+a)x-VU +div(U®U + PId) = div S.

Consider the self-similar ansatz
vo(z,t) == (1 —-t)*U (ﬁ) ;
ol )= (1= 0P (= ).
Ro(z,t) = (1 — t)>S <ﬁ) .

It follows from Equation (11.3) that the triplet (vo, po, }N%O) is a subsolution of the
Euler equations in R3 x [0, 1) (in which the Reynolds stress is not normalized to be
trace-free, yet). Regarding the scaling, we see that

B0, )l = (1 = 8)* DU,

We choose

3 3
10 2(3+¢)
which ensures that
lim [T, 1) 2 =0, lim [Fo( D)l 0 = +oo.

Next, we fix x € C°°(]0, 1]) that vanishes in a neighborhood of 0 and is identically
1 in a neighborhood of 1. Since (U, po, Ro) is a subsolution, is is easy to see that
the triplet (vo, po, Ro) given by

vo(z,t) = a(t) + x(t)vo(z, t),
po(x,t) == —0a -z + x(t)*po(, 1),
Ro(x,t) = x(£)Ro + X' (t)(1 — t) " So((1 — £)~/22) + x(t)(a @ To + Vo ® a)(x, 1)

is also a subsolution and that div div Ry vanishes. Let Zp := [1 — 2% 1 — 2= (k+1)]
and Qy = B(0,2-0+®*) We see that the support of Ry(-,t) is contained in €
for t € Zj. In fact, so is the support of (v, po, Ro)(-,t). In addition, we see that

lvo —allg 7, gk, | Rollo 7, S g 2ok tl),
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where the implicit constant depends on ||a||, - but not on k.

We would like to apply Theorem 9.3. While our current situation does not
exactly meet the hypotheses of Theorem 9.3, this is not really an issue. In spite
of the fact that our subsolution is not compactly supported, what matters is the
support of the Reynolds stress, as argued in Subsection 3.3. Furthermore, although
Ry is not trace-free, this can be easily solved in the proof of Theorem 9.3. After
applying Lemma 9.1, one simply has to replace (v, po, INEO) by

- - 1 ~ ~ 1 ~
<007 Po—3 tr(Ro), Ro — 3 tr(Ro) Id) }

Therefore, there exists a weak solution (v,p) of the Euler equations in R® x
(0,1) with v € CﬁC(R?’ x (0,1)) and (v,p) = (a,0) in (R*\Q) x Zj, for k > 0.
Furthermore, since (vg,po, Ro) = (a,0,0) for ¢ sufficiently close to 0, a careful

revision of Theorem 9.3 will convince us that (v, p) = (a,0) in a neighborhood of
t = 0. Thus, we may extend (v, p) to the interval (—oo, 1).

On the other hand, for t € Z;, we have
1/2 _
l[v— aHo,Ik < lvo = CLHQJ,c + v = UO||07Zk < flvo - a”o,zk +C ||RO||0,/1,c <C27k,

where the constant changes after each inequality and it is allowed to depend on
lla|| L but not on k. Hence,

(11.4) v —allg g, Q] < C27EHIF o —q|§ 1 [ < C27BF5Ok,

Our choice of « ensures that both quantities go to 0 when & — co. We conclude
that the maps t — |lv(-,t) — aHiz(Rg) and ¢ — [a- (v. — a)dx can be extended by
0 to a continuous function in the whole R.

Next, we show that we may extend our weak solution to R? x R by setting
(v,p) = (a,0) for t > 1. For simplicity, we still denote this extension as (v,p). It
will be a weak solution in R? x R if and only if for any solenoidal test-function
¢ € C°(R? x R) we have

/ / [0 - v+ Vo : (v®v)|dedt = 0.
R JR3
We split the integral:

Am/ﬂks[aﬁ-v—l—Vsbt(v®v)]dxdt_/100/]1§3[3t¢.a_|_v¢,:(a®a)]dxdt
Z/loo As[at¢(w7t)-a(t)]dxdt:0,

where we have used that, for a fixed time ¢, a(¢) is just a constant vector and d;¢(-, t)
is a compactly-supported divergence-free. Thus, the spatial integral vanishes for
each time t. We conclude that (v,p) will be a weak solution in R? x R if and only
if

(11.5) /1 /Rg[am-v—i—V(b: (v ®@v)]|dzdt = 0.

We choose a cutoff function § € C*°(R) that equals 0 if t < 0 and equals 1if ¢ > 1/2.
For j > 1 consider 0;(t) == (1 + 27(t — 1)). Since (1 — 6;)¢ € CZ(R3 x (—o0, 1))
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is solenoidal and (v, p) is a weak solution in R® x (—o0, 1), we see that
(11.6)

/100 /Ra[at¢-v+v¢2 (v@v)ldzdt = /112j As[at(9j¢).v+v(9j¢) : (0@ v)]dzdt.

Let us study the second term on the right-hand side. We fix ¢t € Z;, and we write

V(9;9) : (v®v)dx:/R3V(6‘j¢) (v@v—a®a)de.

R3

Taking into account that
vRv—a®a=Ww—-a)@v—a)+a®(v—a)+(v—a)®a

and (11.4), we surmise that for t € 7,

< Cllgfly 27 EHe",

/ V(b;¢): (vev)de
]R3

Therefore,

1 oo
[, L9650 0o vded] < Clol, 320 ) < C ol 200
1-2-i JR P

because 3 4+ ba > 0 by our choice of a. Regarding the first term on the right-hand
side of (11.6), we split the integral into

1 1 1
/ 0u(0;¢)vdxdt = / 0,(0;9)-a dwdt—i—/ 01(0;0)-(v—a) dzdt.
1-2-7 JR3 1-2-7 JR3 1-2-7 JR3
Again, the first term vanishes because if we keep t fixed a(t) is just a constant
vector and 9;(0;¢)(-,t) is a compactly-supported divergence-free field. Thus, the
spatial integral vanishes for each time ¢. Concerning the second term, we estimate

1 0o
[, L o0 - aydsa| < 310600, o allz 1901 7

—2-J JRR3 k:]

< C(H¢”o + ||(9t¢||0)2j Z 9—(B+4a)kg—k
k=j

< O(llglly + l19eg ]l )2+,

Hence,

1
[ Vo: e < cllal, + ol )2+,
— oo JRR3

where the constant may depend on a but it is independent of j. Since 3 + 4a > 0
and j > 1 is arbitrary, we conclude that (11.5) holds, so (v, p) is a weak solution in
R3 x R.

Regarding the g¢-singular set, fix a spatial ball B(0,7) and let t;, = 1 — 27F
for k > 1. For sufficiently large k& we have x(tx) = 1 and, since the velocity is
unchanged at the endpoints of the intervals Zj, we have

v(z,ty) =a+27°FU (2(1+0‘)k$) .
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We compute

HU('7t/€)HLQ(B(O,r)) = vl te) — a”Lq(B(o,r)) - HaHLQ(B(O,T))
4 1/q
> —|lall (gﬂ_rﬁ) + 9~ la+3(1+a)/qlk ”U”LQ(R3) 7

where we have used that for sufficiently large k the ball B(0,2(1*®)%s) contains the
support of U. By our choice of & we have a+ 3(1 + «)/q < 0, so

klglolo loC te)ll om0,y = +00-
Since the ball B(0,r) is arbitrary, we see that (0,1) € .#4.
Finally, since v € Clic(ﬂ@ x (—00,1)) and v = a in (R*\ B(0,27%)) x (1—-27% 1)

for any k£ > 0, we conclude that v € C’fic(Rg’ x R\{(0,1)}). In particular, the
g-singular set reduces to {(0,1)}. This completes the proof of the lemma.

11.3. Proof of Theorem 1.5. After a temporal rescaling, we may assume that
T = 1. After a translation, we may assume that B(0,4p) is contained in U for
sufficiently small p > 0. By subtracting a time dependent constant, we may assume
that po(0,¢) = 0. Let a(t) = vo(0,t). We glue (vg,po) and (a,—0wa - x) using
Lemma 2.11, obtaining a subsolution (vy,p1, Rl) such that

o ) (vo,po,0) if z ¢ B(0,4p),
(w1, p1, B, ) = {(a(t), —dya(t) - 2,0) itz € B(0,3p).

It is not difficult to deduce from Lemma 2.14 that by reducing p we can obtain
lvr — vol|, and p3|\}?1||é/2 arbitrarily small.

We apply Theorem 1.7 to obtain a weak solution of the Euler equations (v2, p2)
that equals (vg,po) outside B(0,4p) x [0,1] and (a, —da - z) in B(0,3p) x [0,1].
Note that we may choose a nonincreasing energy profile that is arbitrarily close to
the original one but still satisfies (1.2) because p®|| Ry H(lJ/ % is arbitrarily small. Since
|lvr — vol|, is arbitrarily small, we conclude that [lvo — v/, may be chosen to be
arbitrarily small.

Next, we construct the blowup in B(0, p) x (0,1]. By [3], for any k > 1 there
exists a function f* € 2" (B(0, p)) taking values in [1—2-47% 1—47%] and whose
graph G* has Hausdorff dimension 4 — 27%. We want the g-singular set .7 of the
final solution to contain all of these G* so that its Hausdorff dimension is 4. To do
that, we choose a sequence {z;}$°, dense in B(0,p) and we denote 7F = f¥(z;).
We see that {(z;,7F)}32, is dense in G*. Using Lemma 11.1 we will construct a
sequence of blowups converging to each of the points (z;, le) Thus, these blowups
would accumulate at every point in (J;~, G*, which means that this set will be
contained in the singular set, as we wanted.

In order to glue the blowups given by Lemma 11.1 using Lemma 11.2; they must
have disjoint supports. Hence, we have study the geometry of the situation. Let

L‘fj — Tik Y )
so that the sequence {tfj 321 is contained in (1 — 4=(=1) 1 — 4=F%) and converges
to 7F. We want to apply Lemma 11.1 to construct a blowup in

k. k Rl ek
Ujj = B(wy,e7;) x (855,155 + €i)-
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It is clear that choosing Efj sufficiently small ensures that the sets Ufj are disjoint
for a fixed ¢ and k, but it is not so clear if ¢ is not kept fixed.

We will try to isolate the sequence corresponding to a fixed i. Let LF =
||fk||c2—k and consider the sets

ck = {(:v,t) ERS x [1— 4~ =D 7H |t — 78| > (LF 1) |z — xi|2”‘} .

By the definition of L*, for any i # i’ > 1 we have (z;,7F) ¢ Ck. We define
jo(1) =1 and for ¢ > 1 we define jy(7) to be the minimum jo > 1 such that
[CENR® x (tF, T nCk =2 W <.

ijor i

As we have mentioned, (z;,7F) ¢ CF for i’ < i, so there exists a neighborhood
of (z;,7F) disjoint from the union of these sets. Since CF N [R? x (tF; , /)] will
be contained in this neighborhood of (z;,7F) for sufficiently large jo, jo(i) is well
defined. The point is that we will only add blowups for j > jo().

Next, let us define

ki k
E?j — 42 [i+j+k+log, (L +1)]5,

where 0 < 6 < 1 will be chosen later. Since sfj < 4=+t - we see that the

{UZ};";l are pairwise disjoint for fixed k,i. Furthermore, this definition ensures
that

— 1 —k
47k — Efj > (L + 1)(5%)2 g

which means that Uikj C CF. Therefore, it follows from the definition of jo(i) that
the sets

{UE i,k > 1,5 > jo(i)}

are pairwise disjoint, as claimed.

Let (vfj, pfj) be the weak solution of the Euler equations given by Lemma 11.1
using the parameter sfj. After a translation, we may assume that the set where
(v, p¥;) # (a,—0ra - ) is contained in Uf. We define

Ug::a+z Z (’Ufj_a)v

kyi21 5> jo (i)

p3 = —0a-x+ Z Z (pi—cj—k(?ta-x).

ki>1 5250 (i)

By Lemma 11.2, the pair (v3, p3) is a weak solution of the Euler equations in R3 x R.
Note that any point (z,t) not in the closure of J, >, G* has a neighborhood V that

intersects only a finite number of the UZE We conclude that the g-singular set of
the weak solution is the closure of the union of the g-singular sets of the Ufj, that
is,
S ={(wi, by +e) ki > 1,5 > jo(i)y U | GF U (B(0,p) x {1})
E>1
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and v € C (R‘l\y 7). Regarding the energy, let us consider the partial sums

loc

CRTT0 3 Dl DT

k'=14'=1 j =40 (i)
efj(t) ::/ ‘Efj(:v,t)‘de.
B(0,2)

Taking into account the identity v? = (v — a)? + a? + 2a - (v — a), we may write

--()=3—7rpa +ZZ Z (/l a|2d:c+2/ (v,,_a)dx)

k'=14'=1 j'=jo (')

because the support of the (v vy J, — a) are pairwise disjoint. We see that efj is
continuous by Lemma 11.1. Furthermore, by Equation (11.1) and our choice of Efj
it converges uniformly to | B(0,20) |va(z, t)|2 dz which is, therefore, continuous. In
addition, it can get arbitrarily close to —7rp 3a(t)? by reducing ¢ > 0.

Let us glue this blowup to (va,p2). Since z; € B(0, p) and we may assume that
el < p by further reducing §, we see that U}; C B(0,2p) x (0,1), so (v4,ps) =
(a, —0:a - x) outside B(0,2p) x (0,1). Hence, 1t glues well with (va,p2). We con-
clude that there exists a weak solution of the Euler equations (v4,p4) that equals
(vo,po) outside B(0,4p) x (0,1) and has a ¢- singular set .#% C B(0,p) x (0,1]
with Hausdorff dimension 4. In addition, v € Cﬁic(( x [0,1])\-?). Furthermore,
lva(-,0) — vo(+,0)| o is arbitrarily small and ¢ — [ |va(z, t)|? dz is continuous and

arbitrarily close to t — [ |vo(z, t)|” da.

To complete the proof it suffices to modify (v4, ps) in (B(0,3p)\B(0,2p)) x [0,1]
to ensure that the energy profile is nonincreasing. Let é(t) := [ |va(a, t)|* dz and
fix a nonincreasing function e(t) > e4(t). It is easy to obtain a sequence of strictly
positive smooth functions {d5}72; whose sum is e(t) —€(t) and such that ||0x ||« S

27k Let r == r0p2_’i3. By reducing ro if necessary, we can find a sequence of
pairwise disjoint balls B(z,rr) C B(0,3p)\B(0,2p).

Fix & > 1 and let eg(t) = a(27%/3t)2 |B(0,r9p)| + 256 (27%/3t). We use The-
orem 1.7 to construct a weak solution of the Euler equations (ux, ) that equals
(a(27%/3t), —(8;a)(27%/3t) - x) for = ¢ B(0,79p) and such that fB(o rop) lug|® do =
ex(t). In addition, v € CP.

Finally, we consider

vs(z, )+ > a2 (2 — ), 2/5t) — a(t)),
k=1

ps(x,t) = —0a(t) - = + Z[wk(2k/3x, 2k/3t) 4 Bra(t) - .
k=1
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The pair (vs,ps) is a weak solution of the Euler equations that equals (a, —0a - x)
for z ¢ B(0,3p)\B(0,2p) and vs € C”. Regarding the energy

v (2, £)|* dz = a(t)* | B(0,3p)\B(0, 2p)|
+
>,

= a(t)?|B(0,3p)\B(0,2p)| + > _ k(1)

k=1

/3(073/9)\3(0729)

) {|U5(2k/3($€ — ), t)* - a(t)z} dx

(Tks7k

/ la(z, t)| da + e(t) — &(t).
B(0,3p)\B(0,2p)

We glue (vs,ps) to (v4, ps), obtaining the desired weak solution of the Euler equa-
tions (ve,ps). Note that [[(ve — vo)(-,0)[|co can be taken to be arbitrarily small
because we can do so with ||[vz — vgl|, and e —e. This completes the proof.
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APPENDIX A. HOLDER NORMS

The supremum norm is denoted by || f|, = sup,cq |f(x)]. The Holder semi-
norms are given by

[flv = max [|D7f|

|Bl=N
e i ma sup |D?f(x) — D°f(y)|
N+a - |5\:Nm7éy |x_y|a

and the Holder norms are defined as
N

IFln =l I lwa = IFlly + [ln+ac

Jj=0

)

When we work in a subset £ C €2 instead of the whole 2, we will write [|-|| y.p-
When the functions also depend on time, we also take the supremum in ¢ € [0, 7.

The Hoélder norms satisfy the following inequalities:

(A1) [fls < C (e e 1)

for 0 < s <tandall e >0, and

(A.2) [F9ls < [f]s llgllo + 110 [9s
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for 0 < s < 1. The constant C' only depends on the dimension and the domain €.
For the applications in this article, since f will be a compactly supported function
defined on the whole R™, C' will be simply a dimensional constant.

Let 8 by a multi-index. By induction on |3| and the rule for the first derivative
of a product, one easily deduces

D(fg)= Y. ClsasD7f D'y,
[vI+18]=18]
from which it immediately follows that

N

(A.3) [fgln < Cn Z[f]j [9]n—;-

j=0
The following proposition is standard:

Proposition A.1. Let N € N and o € (0,1). Let f € CN*R™R) and F €
CN-a(R™ R™). There ezists a constant C = C(N,«) such that the potential-
theoretic solutions of

Ap = f, Ay =div F
satisfy
19lns2ra SCM lIngar  1¥lniria SCIFlN A

APPENDIX B. SOME AUXILIARY ESTIMATES

The first lemma of this appendix shows that we can find a cutoff function with
well-behaved bounds on its derivatives:

Lemma B.1. Let A C R" be a measurable set and let v > 0. There exists a cutoff
function @, € C*(R",[0,1]) whose support is contained in A+ B(0,r) and such
that @, = 1 in a neighborhood of A. Furthermore, for any N > 0 we have

lerlly < C(N,n)r=™.

Proof. We choose a nonnegative function ¢ € C°(B(0,1)) such that [+ = 1. For
€ > 0 we denote

A. = A+ B(0,¢), Ye(x) = e " p(a/e).
Note that [t. = 1. The desired cutoff function is:

<PT(I) = (ﬂAT/g * ¢r/2) (I) = /A 1Z)7‘/2 (.I - y) dy
r/2

It is easy to see that its support is contained in A + B(0,r) and that ¢, =1 in a
neighborhood of A. Furthermore, it is smooth and

0 pr(w) = (a0 0%0nys) () = [0 [/ v (S52)] ay

Ar/2 r/2

= [ epyern () @
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Hence,
e, (@) < (/27 [ e ()| o
<2 [ oo (5] a
< (/27 [ jo*ute)] do.
from which the result follows. O

The second instrumental lemma provides a bound for the solution to a transport
equation. The proof is standard, see e.g. [5].

Lemma B.2. Let f € C°(R3 x R) be the solution of the transport equation
atf +v- Vf =9,
f(0) = fo

for some vector fieldv € C*°(R3 xR, R3) and g € C°(R3>xR). Then, for0 < a <1
and |t| ||v]; <1 we have

760l <e (1l + t o€l )

In this article we also need an extension theorem for CV functions using linear
maps that was proved in [31]. Let us introduce some notation. Given an arbitrary
set E C R" and N > 0, we write CV(E) for the Banach space of all real-valued
functions ¢ on E such that ¢ = F|g for some F € C¥(R"). The natural norm on
CN(E) is given by

lellon gy = mf{|Fllongny : F' € CN(R"™) and F = ¢ on E}.

Theorem B.3. For E C R" and N > 0 there exists a linear map T : CN(E) —
CN(R™) such that

e Tp=¢ on E for each ¢ € CV(E) and

e the norm of T is bounded by a constant depending only on n and N.

The last result of this appendix is a lemma that establishes a bound for a Besov
norm of functions that are compactly supported in a collared neighborhood of an
(n — 1)-dimensional surface.

Lemma B.4. Let Q C R", n > 2, be a bounded domain with smooth boundary. Let
a € (0,1) and let r > 0 be sufficiently small (depending on Q). Consider a function
f € C(R™) supported in {x € R™ : 0 < dist(z, Q) < r}. We have

£l pziee < CQQ) =1l
Proof. Let us denote U := {z € R"™ : 0 < dist(z, Q) < r}. We begin by computing

[Py f ()] <2 /U |n2" (@ = )| [f@)] dy S 11l 2N /U (2 (@ — y) " dy,
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where we have used that |h(z)| < (z)78" because h is in the Schwartz class. Here
Py f stands for the nonhomogeneous dyadic blocks in the Littlewood-Paley decom-
position of f, and h is the corresponding convolution kernel.

We claim that the following estimate holds:
(B.1) 2"N/ 2N (z —y)) ¥ dy < min{1,2V7}.
U

Using this, the bound for f readily follows:

HfHB;o{joa = 51]\1[p gN(=1+e) 1PN fll oo

< sup VMg 28 r) 4 sup 2N f)
2N <p—1 2N >p—1

S £l -

Therefore, the problem is reduced to estimating the integral above.

Let

Ur:={z e R":0 < dist(z,Q) < R}.
For each point x € 99 and for each small enough R > 0, there is a boundary normal
chart
Xz Qr — Uar,
where Qr := [0, R) x (—R, R)"!, such that ¥, r(0) = x and
Xor(Qr) D {y €Uk : |z —y| < R/2}.

Recall that, by the definition of boundary normal coordinates, the pullback X7 pgo

of the Euclidean metric go := (d;;) to this chart satisfies X pgo(0) = go. One can
also assume that VX, g(0) is the identity matrix, and that

R
(B.2) |z —y| > 7
for all y € X; r(Qr/2) and all x € X, r(Qr/2) U Q.

Since 0f) is a smooth compact hypersurface of R", it is standard that there is

some small enough R > 0 and a finite collection of charts {X7 := X, r}/_, as

above such that {U7 := X7(Qp/2)};—, is a cover of the set Ug/, and which satisfy
. 1

B.3 X7 go — —

and

(B.4) [X7(2) = X/(2)] 2 5|2 — 2]

for all z, 2 € Q. Moreover, the distance between the point X7(z) and the boundary
is comparable to its first coordinate, in the sense that

% < dist(X7(2), Q) < 22,

for all z € Qg.

Let us now estimate the integral (B.1) over the subset U/ N U, with z € U. If
r € XJ(Qr), by (B.2), one immediately has

onN / @Y (x — )" dy < 2N @VR) ST AU S 5 < {1,2V7),
Uuinu
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where we have also used that |U| < r. If € X7(QRr), one can write z = X7(Z) for
some Z € Q. By (B.4), one then has

27
oV [Ny sy [T 0N e ) ) dan
UinU 0 —R,R)"—

2r
< Q”N/ / 2N (21 = 2)) QN = )T dz dY .
0 J(-R,R)n—1

Here we have used the notation z = (21,2’) € [0, R) x (—R, R)"~! and the fact that
the Jacobian Jy; is bounded by (B.3).

We can now carry out the integrations in z; and z’ separately. Since
2(n—1)N/ <2N(ZI—§/)>_4" dz dz' < 2(n—1)N/ <2N(ZI—§/)>_4" dz dz’ 5 1,
(_R7R)n—1 Rn—1

the estimate follows from the fact that
4r

2r
2N/ 2N (21 — 5)) " dy < 2N/ (2N 5) 74 ds
0 —A4r
oN+2,

= / (s)7* ds < min{1,2N7}.
_oN+2,

The estimate (B.1) then follows by summing over j. O
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