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Quantum geometric tensor and the topological characterization of the extended
Su-Schrieffer-Heeger model
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We investigate the quantum metric and topological Euler number in a cyclically modulated Su-
Schrieffer-Heeger (SSH) model with long-range hopping terms. By computing the quantum geometry
tensor, we derive exactly expressions for the quantum metric and Berry curvature of the energy
band electrons, and we obtain the phase diagram of the model marked by the first Chern number.
Furthermore, we also obtain the topological Euler number of the energy band based on the Gauss-
Bonnet theorem on the topological characterization of the closed Bloch states manifold in the first
Brillouin zone. However, some regions where the Berry curvature is identically zero in the first
Brillouin zone results in the degeneracy of the quantum metric, which leads to ill-defined non-
integer topological Euler numbers. Nevertheless, the non-integer ” Euler number” provides valuable
insights and provide an upper bound for absolute values of the Chern numbers.

PACS numbers: 03.65.Vf{, 73.43.Nq, 75.10.Pq, 05.70.Jk

I. INTRODUCTION

The Su-Schrieffer-Heeger (SSH) model is a topological
quantum system model with a simple structure, but it
has very typical topological properties [TH6], such as the
winding number that characterizes the topological prop-
erties, the correspondence between bulk states and edge
states, etc. [HII]. In addition, SSH models can be used
to describe the one-dimensional polyacetylene, graphene
ribbons [12], p-orbital light ladder systems [13], and off-
diagonal two-color optical lattices [14]. Historically, the
Haldane model introduced a next-nearest neighbor inter-
action in a two-dimensional honeycomb structure to re-
alize the anomalous quantum Hall effect [9], causing the
system to undergo a topological phase transition from
an ordinary insulator to a Chern insulator. Interest-
ingly, if we expand the SSH model by adding appropriate
cyclic modulation parameters, we can obtain a phase dia-
gram similar to the two-dimensional Haldane model [I5],
which further enriches the theoretical value of the one-
dimensional SSH model and can be used to simulate two-
dimensional topological systems [I6H20]. For the modu-
lated SSH model, all parameters can be obtained by ex-
isting cold atom experimental techniques, optical systems
or waveguide systems [2IH24], such as the interaction of
fermion atoms on the two-legged ladder [I3], etc., then
our results can also be verified by existing experiments.

As a general covariant tensor in Hilbert space geom-
etry, the QGT Quv = guv — %F,W [25] 26] defined on
a parameterized quantum state manifold is expected to
shed some light on understanding quantum phase transi-
tions in many-body systems [27H29]. Its imaginary part
(up to a coefficient) is right the Berry curvature, which
is a key quantity to derive the first Chern number in
understand the topological quantum matter. Especially,
the quantum metric (real part of the QGT) proposed
by Provost and Valee [25] is a positive semi-definite Rie-
mannian metric, which defines a gauge invariant distance
between two adjacent quantum states in a parameterized

Hilbert space. Recently, it has been shown that the quan-
tum metric plays crucial roles in quantum transport phe-
nomena, quantum noise, optical conductivity, anomalous
Hall effect, unconventional superconductivity, and adja-
cent topics [30H57]. Furthermore, it has been revealed
that the quantum metric can provide a topological Eu-
ler number for the energy band, which is based on the
Gauss-Bonnet theorem on the topological characteriza-
tion of the closed Bloch states manifold in the first Bril-
louin zone. which provides an effective topological index
for a class of nontrivial topological phases [58-72].

This paper is structured as follows. In Sec. 2, we
study a cyclically modulated SSH model with long-range
hop-ping terms, and solve its Hamiltonian in the Bloch
momentum space with periodic conditions. In Sec. 3,
we obtain the quantum geometric tensor for the occu-
pied lower band of the extended SSH model. The critical
points in the model can be witnessed by the singularity
behaviors both of the Berry curvature and quantum met-
ric. In Sec. 4, we study the topological Euler number of
this model and make a comparison between the phase di-
agram marked by the Chern number and the Euler num-
ber, respectively. Finally, we provide a summary of our
work.

II. THE MODEL

We consider the SSH model with N lattice points, the
Hamiltonian can be written as [0]

N
H =" (tralb; + tabla; 1 + taalbji
=1 (1)
+tA(AL}L-dj+1 + tBIA);lA)jJrl + H.c),
where al(a;) and b!(b;) are the creation (annihilation)
operators at sublattice A and site B for each j-th cell,
t1, to and t3 represent the nearest-neighbor (NN), next-



nearest-neighbor (NNN), and the third-nearest-neighbor
(TNN) hopping amplitudes (see Figure 1).
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FIG. 1: the extended SSH model of long-range interactions.
Now, we modulate ¢; and %5

1
ty =1+ 3 cos b,
(2)

1
to :1—1—50059,

with 6 representing a cyclical parameter varying from 0
to 2m. Meanwhile, t4 and tp are modulated

ta =h+cos(6+ ¢),

tg = h+cos(d — ¢), ®)

where ¢ is an additional parameter used to adjust the
strength relation between ¢4 and tp. Then we consider
the periodic boundary conditions and introduce the fol-
lowing Fourier transformation

. 1 ikj

ar = —=» e"a,,
R (4)
by =—= ) e,

and the Hamiltonian in momentum space can be written
as

I ik
H=Y a0 (5. @

where

2t 4 cosk

B ty + toe ™ 4 tzett
h(k,0) = < t1 + toe™® 4tz

2tp cosk

h(k,0) can be written in the form of Pauli matrices

3
h(kvg) :E(k79)12x2+zda(k79)'aa» (7)

a=1

where ¢ (k,0) is the eigenvalue of the Hamiltonian, I5xo
is 2x2 identity matrix, d,(k, @) is the coefficient of the
Pauli matrix, o, is a Pauli matrix, representing pseudo-
spin degrees of freedom. The diagonalization of h(k, ) is
straightforward and the eigenvalues can be written as

E(k,0) = £(k,0) + 233 &2 (k,9), 8)

a=1

and the eigenvectors is

1 dy — ids

W0 = a4 ( +d —ds > ’ )

Here we choose the following modulated extended SSH
model of long-range interactions as an example be-cause
it has richer topological properties and higher Chern
number topological phases than the ordinary SSH model.
In this model, the Hamiltonian of the Bloch state momen-
tum space is

e(k,0) = (2h + 2cosfcosp) cosk,
di

1 1
1+ 50089) +(1- §COSG+t3)COS/{?,

1
dy = (1-— 50059 — t3) sin k,
d3 = (2h —2sinpsinf) cosk. (10)

It is obvious that the model is a generalized topological
system. When t3 =t4 =t =0, and t; # 0, t5 # 0, or
when t1(t3) = ta = tp = 0 and t2(t1) # 0, the system
will degenerate into a one-dimensional SSH model, but
when t3 = 0 and tu, tg # 0, the system will become
an extended SSH model of next-nearest neighbor inter-
actions. Obviously, for t4 = tg = 0 and ¢, to, t3 # 0,
the model is equal to the two-coupled SSH models.

III. QUANTUM METRIC, BERRY CURVATURE
AND THE QUANTUM GEOMETRIC TENSOR

Firstly, we introduce the quantum geometry tensor in
the Bloch momentum space. It is derived from the gauge-
invariant metric between two states on the U(1) line bun-
dle. We consider two close wave functions in the pa-
rameterized Hilbert space |p(k)) and |p(k + d0k)), where
k = (u,v) denotes the Hamiltonian parameters (k, 6) for
convenience. The distance between two close wave func-
tions is given by

ds? = <8/L90(k)d,u' | 8u(p(k)dy> ) (11)
the extending the factor |0, (k)du) to

Oup(k)dp) = [Dyup(k)) + [L = P(K)]|0,p(F)),  (12)

where P(k) = |p(k)) (p(k)| is projection operator,
|D,p(k)) = P(k)|0.p(k)) is the covariant deriva-
tive of |p(k)). The quantum adiabatic approximation
guarantees the parallel transport of the evolution of
lo(k)) to |o(k + 6k)) on the U(1) line bundle, therefore
|D,p(k)) = 0. We substitute Eq. (11) into Eq. (12) to
obtain the quantum metric

dS? = (Oup(k)| [1 = P(k)] |0, (k)) dud, (13)
And, the quantum geometry tensor is

Q/w = <au90(k)| [1 - P(k)] |6V90(k)> ’ (14)
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FIG. 2: The determinant of the quantum metric det g, and Berry curvature Fj,, as the functions of quasi-momentum 6, k in
the first Brillouin zone, with the different modulation parameters. (a) detgu, with h = 0.2, ¢ = 7/2, t3 = 0.9. (b)F,, with
h=02¢=m/2,t3 =0.9. (c) det gy, with h =1, ¢ =7/2,t3 =1. (d) Fu with h =1, ¢ = 7/2, t3 = 1. (e) det gu, with
h=05,¢=m/2ts=0.9. (f) Fu, with h = 0.5, ¢ = /2, t5 = 0.9.

separating the quantum geometry tensor into the real
and the imaginary parts, and we know that the real
part is the quantum metric as g,, = ReQ,,, and the
imaginary part is 1/2 of the negative value of the Berry
curvature as F,, = —2ImQ,,, thus we get the quan-
tum geometry tensor for Q.. = gu — %Fm,. And its
imaginary part is canceled in the summation of the dis-
tance due to its antisymmetric, then the quantum metric
can be rewritten as dS? = Y v ReQ,dudy, Given that
P(k) = |p(k)) (p(k)|, substitute it into Eq. (14) to get
the quantum geometry tensor:

Quv = (Oup(F)| [1 = |p(k)) (p(R)[] [0vp(K)),  (15)

substituting Eq. (15) into F,, = —2ImQ,,,:

Fuv = (Oup(k) | 0up(k)) = (Oup(k) | Dup(k))  (16)

then the Berry curvature can be calculated by Eq. (16)
and Eq. (9):

Fu = 50,8 % 0,d), (17)

where d represents the unit vector d/d (see [73] for de-
tails), and we calculate g,, = ReQ,, according to Eq.
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FIG. 3: The Chern number varies with the parameters h and ¢, and the other parameters are set to (a) t3 = 1. (b) The Chern
number for the white line in Fig.3(a) where h = § with ¢ € (=3,3). (c) ts = 0.9. (d) The Chern number for the white line in

Fig.3(a) where h = 1 with ¢ € (—3,3).

(15)

(Bu0(K) | Do (k) + 5 (uip(h) | Busp(h)
— {Duelk) | @(R)) (o(k) | D (k) (18)

The direct calculations of quantum metric g, is tedious,
however, it can be verified that there is a simple relation
between the quantum metric determinant and the Bloch
state |p(k)) (for details see the Appendix A in Ref.[57]):

VJdet(g,) = \/(a -9,d x 9,d)" /4, (19)

we can get the relationship between quantum metric and
Berry curvature by comparing Eq. (17) and Eq. (19):

DO =

Guv =

1
det uv = Z(FMV)Q' (20)

In figure 2, we show the determinant of the quantum
metric det g, and Berry curvature F},, as the functions
of quasi-momentum @, k in the first Brillouin zone, with
the different modulation parameters.

IV. TOPOLOGICAL EULER NUMBER

In the two-dimensional parameters (u,v) := (k,0)
space , the topology of the first Brillouin zone is a two-

dimensional torus. Considering the Hamiltonian in the
two-dimensional momentum space, the Bloch state |¢o(k))
will adiabatically evolve a U(1) line bundle. The first
Chern number, which serves as a topological invariant for
all filled bands, can be obtain by integrating the imag-
inary part (Berry curvature) of the quantum geometry
tensor over the Brillouin zone.

1
C=- zn: //BZ F,dudv. (21)

Here we assume that the model is half-filled and substi-
tute Eq. (17) into Eq. (21)

1 N
C= / / (d-9,d x 9,d)dudv. (22)
78

As shown in Figure 3, the model can exhibit different
topological phases with higher Chern numbers by varying
the next-nearest-neighbor hopping term , and undergoes
the corresponding topological quantum phase transitions.

The topological Euler numbers can be derived from
the Gauss-Bonnet theorem based on the quantum metric
(real part of the quantum geometry tensor)

1
X =—

= A 2
on |, KA (23)



where K = R, /detg is the Gauss curvature, and
dA = (det 9)/?2dpdy denotes the area measure accord-
ing to the metric g, R, is the covariant Riemannian
curvature tensor. The direct calculation of the Gauss cur-
vature is complicated, but it can be verified that there
exists the following relation (for details see the Appendix
B in Ref.[57]) in a generalized two-band Hamiltonian on
a 2D manifold as R, = 4detg. Then, we generalize
Eq. (23) to get the topological Euler number with energy
band in the first Brillouin zone.

2
X = f/ v/det gdudy. (24)
T JBZz

The numerical results of the topological Euler numbers
have been shown in Figure 4 with the Hamiltonian of

parameters t3 =1, h = %
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FIG. 4: The Euler number varies with the parameter ¢, and
the other parameters are set to ts =1, h = %

As shown in Figure 4, the Euler number of the lower
energy band is not exactly equal to 4 in the topologi-
cal nontrivial phase where the first Chern number = +2.
The reason is that the quantum metric tensor is actu-
ally positive semi-definite. In a general two-dimensional

two-band system, it can be proven that (for more details
see Ref.[74]): (1) If the phase is topological trivial, then
the quantum metric must be degenerate — det(g) = 0
in some region of the first Brillouin zone. This leads
to the invalidity of the Gauss-Bonnet formula and ex-
hibits an ill-defined “non-integer Euler number”; (2) If
the phase is topological nontrivial with a non-vanishing
Berry curvature, then the quantum metric will be a pos-
itive definite Riemann metric in the entire first Brillouin
zone. Therefore the Euler number of the energy band
will be guaranteed an even number 2(1—g) by the Gauss-
Bonnet theorem on the closed two-dimensional Bloch en-
ergy band manifold with the genus g, which provides an
effective topological index for a class of nontrivial topo-
logical phases.

In summary, we study the quantum geometry tensor
and topological Euler number of an extended SSH model
with long-range hopping terms. We show that the phase
boundaries of the model can be witnessed by the sin-
gularity behaviors both of the Berry curvature and the
quantum metric. We also study the topological Euler
number of this model and make a comparison between
the phase diagram marked by the Chern number and the
Euler number, respectively. The degeneracy of the quan-
tum metric in some regions of the first Brillouin zone
leads to non-integer Euler numbers. However, the non-
integer Euler number can also provide an upper bound
for the corresponding Chern numbers [74].
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