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ABSTRACT
The early stages of the Epoch of Reionization, probed by the 21 cm line, are sensitive to the detailed properties and formation
histories of the first galaxies. We use 21cmFAST and a simple, self-consistent galaxy model to examine the redshift evolution of
the large-scale cross-power spectrum between the 21 cm field and line-emitting galaxies. A key transition in redshift occurs when
the 21 cm field shifts from being positively correlated with the galaxy distribution to being negatively correlated. Importantly,
this transition redshift is insensitive to the properties of the galaxy tracers but depends sensitively on the thermal and ionization
histories traced through the 21 cm field. Specifically, we show that the transition occurs when both ionization fluctuations
dominate over 21 cm spin temperature fluctuations and when the average spin temperature exceeds the temperature of the
cosmic microwave background. We illustrate this with three different 21 cm models which have largely the same neutral fraction
evolution but different heating histories. We find that the transition redshift has a scale dependence, and that this can help
disentangle the relative importance of heating and ionization fluctuations. The best prospects for constraining the transition
redshift occur in scenarios with late X-ray heating, where the transition occurs at redshifts as low as 𝑧 ∼ 6 − 8. In our models,
this requires high-redshift galaxy surveys with sensitivities of ∼ 10−18 erg/s/cm2 for optical lines and ∼ 10−19 erg/s/cm2 for
FIR lines. Future measurements of the transition redshift can help discriminate between 21 cm models and will benefit from
reduced systematics.
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1 INTRODUCTION

The redshifted 21 cm line contains a great deal of information about
the structure and evolution of the Epoch of Reionization (EoR).
Measurements of the EoR at 𝑧 ∼ 6 − 15 will reveal the nature of
the first galaxies and black holes, as well as the properties of large-
scale structure at high redshift (Loeb & Furlanetto 2013). While
instruments are nearing the sensitivity necessary to detect the EoR
signal, foreground contamination and instrumental artifacts have so
far resulted in only upper limits on the amplitude of 21 cm fluctuations
(e.g., Paciga et al. 2013; Dillon et al. 2014; Beardsley et al. 2016;
Ewall-Wice et al. 2016; Barry et al. 2019; Trott et al. 2020; Yoshiura
et al. 2021; Patil et al. 2017; Gehlot et al. 2019, 2020; Mertens et al.
2020; Eastwood et al. 2019; Abdurashidova et al. 2022b).

Because of the great difficulties confronting 21 cm auto-spectrum
measurements, researchers are exploring the prospects for measuring
21 cm signals in cross-correlation with another tracer of large-scale
structure, such as galaxies. The 21 cm-galaxy cross-correlations were
first explored by Wyithe & Morales (2007) in the context of using
Ly𝛼-emitters to distinguish between inside-out and outside-in reion-
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ization scenarios. A number of authors have studied the detectability
of the large scale anti-correlation expected in cross-correlation dur-
ing the EoR (e.g., Vrbanec et al. 2016; Hutter et al. 2017; Kubota et al.
2018; Weinberger et al. 2020; Padmanabhan 2023; La Plante et al.
2023), and its dependence on reionization models (e.g., Wiersma
et al. 2013; Park et al. 2014; Hutter et al. 2023). Most studies have
been done for Ly𝛼-emitters, for which the observational range is
limited to the late stages of reionization since they are obscured by
neutral hydrogen (e.g., Kashikawa et al. 2006). However, there are
several studies estimating the cross-correlation signals with alterna-
tive tracers such as line emitters or line intensity maps of CO (Lidz
et al. 2011), [CII] (Gong et al. 2012), Ly𝛼 (Silva et al. 2013), H𝛼

(Neben et al. 2017; Heneka & Cooray 2021), and [OIII] (Moriwaki
et al. 2019). Using such emission lines may allow us to probe higher
redshifts. The possibility of combining 21 cm and two additional
emission lines has also been explored (Beane et al. 2019) along with
using the cross-bispectrum between 21 cm and another density tracer
(Beane & Lidz 2018).

The redshift evolution of the cross-power spectrum and its depen-
dence on the reioniziation model has also been predicted and studied
(e.g., Lidz et al. 2009; Gong et al. 2012; Wiersma et al. 2013; Park
et al. 2014; Vrbanec et al. 2016; Dumitru et al. 2019; Kannan et al.
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2022). However, in the realms of the other 21 cm statistics, such as
global 21 cm signal (e.g., Cohen et al. 2017), 21 cm auto-power spec-
trum (e.g., Fialkov & Barkana 2014; Cohen et al. 2018; Park et al.
2019), and other higher-order statistics (e.g., Wyithe & Morales 2007;
Shimabukuro et al. 2017; Kamran et al. 2021), a significant approach
has been the tracking of their continuous evolution, i.e., charting the
signals as a function of redshift, which has not yet been extensively
explored in cross-power spectrum studies (although see Heneka &
Mesinger 2020, for cross-correlation function). Such studies have
proven vital in identifying at which redshift significant characteris-
tics appear in the signals and in elucidating the relationship with
reionization models. Ultimately, this approach will be invaluable for
comparing theoretical predictions with observational data. Here we
aim to quantify the analogous continuous evolution of 21 cm cross-
power spectrum signals.

In general, the detection of small-scale (large-𝑘) cross-power spec-
tra is more challenging because of the limited angular resolution of 21
cm survey and redshift uncertainties associated with galaxy surveys
(e.g., Kubota et al. 2018; Moriwaki et al. 2019). The largest wavenum-
bers (finest resolution) probable with upcoming observations at the
EoR will be approximately 𝑘⊥,max ∼ 𝑘 | | ,max ∼ 1 ℎ Mpc−1 assuming
an SKA-like 21 cm observation and a galaxy survey with redshift un-
certainty of 𝜎𝑧 ∼ 0.01.1 Another challenge with small-scale signals
is their dependence on modeling small-scale physics (e.g., clump-
ing factor), which are challenging to resolve in current simulations.
Therefore, in this paper, we focus on the large-scale cross-power
spectrum and study its general behaviour for different 21 cm models.

Cross-power spectrum prediction necessitates modeling the pop-
ulations of the density tracers (galaxies) as well as the 21 cm field.
In this study, we adopt a very simple, yet reasonable and realistic
galaxy model that allows us to discuss separately the general trend
of the cross-power spectrum and its dependence on the properties of
individual emission lines. In Sec.2, we describe our methodology for
generating the 21 cm and galaxy fields. For simplicity, we only con-
sider three different 21 cm models which have largely the same neutral
fraction evolution but different heating histories. Sec.3 outlines the
general evolutionary trends of the cross-power spectra on large scales.
We initiate our discussion by characterizing the galaxy population
in terms of halo mass, a parameter readily obtained from the simu-
lation. Sec.4 then discusses the signal detectability and the required
line sensitivities. We consider four emission lines, H𝛼, [OIII]5007Å,
[OIII]88𝜇m, and [CII]158𝜇m. Throughout this paper, we adopt a
Λ cold dark matter cosmology with Ωm = 0.316, Ωb = 0.0489,
ℎ = 0.673, 𝜎8 = 0.812, and 𝑛𝑠 = 0.966 (Planck Collaboration VI
2018).

2 METHODS

2.1 21 cm signals

We generate realizations of the 21 cm field using the publicly avail-
able code 21cmFAST v3.2 (Mesinger et al. 2011; Murray et al. 2020).

1 For an interferometer, the longest baseline 𝑏max determines the resolution
as 𝑘⊥,max = 2𝜋𝑏max/𝜆21/𝜒, where 𝜆21 = 21 cm, and 𝜒 is the comoving
distance. Assuming 𝑏max ∼ 1 km for SKA, we obtain 𝑘⊥,max ∼ 2 ℎ Mpc−1.
With the 21 cm observation alone, smaller scales can still be explored thanks
to the very high spectral resolution of the interferometer. In a galaxy sur-
vey, however, the redshift uncertainty relates to the maximum line-of-sight
wavenumber as 𝑘| |,max = 𝐻 (𝑧)/𝑐𝜎𝑧 , where 𝑐 is the speed of light. The
uncertainty of 𝜎𝑧 = 0.01 corresponds to 𝑘| |,max ∼ 0.7 ℎ Mpc−1 at 𝑧 = 10.

The boxsize and the number of grid cells are, respectively, set to 350
co-moving ℎ−1 Mpc and 2563. We obtain outputs at several redshifts
instead of generating a light cone. The light-cone effect is known to
be modest (Datta et al. 2012; Murmu et al. 2021).

We adopt the parametrization used by Park et al. (2019). The stellar
masses of a galaxy in a halo with a mass of 𝑀h are computed as

𝑀∗ (𝑀h) = 𝑓∗,10
( 𝑀h
1010𝑀⊙

)𝛼∗ Ωb
Ωm

𝑀h, (1)

where 𝑓∗,10 is stellar-mass fraction in halos with 𝑀h = 1010 M⊙ ,
and 𝛼∗ is power-law index. The star formation rate (SFR) is then
computed as

SFR =
𝑀∗

𝑡∗𝐻 (𝑧)−1 , (2)

with a dimensionless parameter for the star-formation time scale, 𝑡∗ ∈
[0, 1], and Hubble constant 𝐻 (𝑧). The escape fraction of ionizing
photons is allowed to vary depending on the halo mass as

𝑓esc (𝑀h) = 𝑓esc,10
( 𝑀h
1010𝑀⊙

)𝛼esc
, (3)

with normalization coefficients 𝑓esc,10 and power-law index 𝛼esc.
Star formation in small mass haloes is expected to be quenched by,
e.g., stellar feedback. This effect is incorporated as a duty cycle,

𝑓duty (𝑀h) = exp
(
− 𝑀turn

𝑀h

)
. (4)

This leads to an exponential suppression in the number of small mass
halos that form stars at 𝑀h ≪ 𝑀turn, and so such halos contribute
negligibly to reionization in our models.

We adopt a set of parameters from the range allowed by current
observations (Abdurashidova et al. 2022a): log 𝑓∗,10 = −1.4, 𝛼∗ =

0.5, 𝑡∗ = 0.4, log 𝑓esc = −1.30, 𝛼esc = 0.3, and log 𝑀turn = 8.0.
We confirm that the resulting galaxy populations are consistent with
the observed UV luminosity functions at 𝑧 = 6 − 10 (Finkelstein
et al. 2015; Bouwens et al. 2015; Livermore et al. 2017; Atek et al.
2018; Bhatawdekar et al. 2019) and that the Thomson scattering
optical depth to the CMB aligns closely with Planck Collaboration
VI (2018).

We are interested in spin temperature (∼ gas temperature at the red-
shifts of interest) evolution. While recent observations prefer some-
what early heating models (e.g., Abdurashidova et al. 2022a), a wide
range of models are still viable. The X-ray emissivity is parametrized
by the specific X-ray luminosity below 2 keV per unit star formation
(𝐿X/SFR), the energy threshold below which X-ray photons are
absorbed by the host galaxies (𝐸0), and the X-ray spectral energy
index (𝛼X) (Greig & Mesinger 2018). We adopt 𝐸0 = 300 keV and
𝛼X = 1.5 and consider three different values for X-ray luminosity,
log 𝐿X/(erg/s)

SFR/(M⊙/yr) = 39, 40, and 41.
From the simulated distributions of ionized fraction and gas tem-

perature, the brightness temperature of the 21cm signal is computed
as

𝛿𝑇21 = 𝑇0𝑥HI (1 + 𝛿𝜌)
(
1 − 𝑇CMB

𝑇s

) 𝐻 (𝑧)

𝐻 (𝑧) + 𝑑𝑣| |
𝑑𝑟| |

, (5)

where 𝛿𝜌 is the fluctuation of the gas density, 𝑥HI is the neutral
fraction, 𝑇s is the spin temperature, 𝑑𝑣 | |/𝑑𝑟 | | is the velocity gradient
along the line of sight, and

𝑇0 = 27
(Ωbℎ

2

0.022

) ( 1 + 𝑧

10
0.15
Ωmℎ2

)1/2
mK (6)

is a normalization factor.
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Figure 1. Light cone slices showing the 21 cm brightness temperature (Eq.5) for three different models, each with log 𝐿X/SFR = 39 (late), 40 (fiducial), and
41 (early).

Fig.1 shows 21 cm brightness temperature light cones for models
with log 𝐿X/SFR = 39 (top), 40 (middle), and 41 (bottom), which
are obtained by re-running the simulations in light cone mode. As
expected, the stronger the X-ray emissivity is, the earlier the heating
occurs. We refer to the scenarios as the late heating, fiducial, and
early heating models, respectively.

2.2 Galaxies

When running 21cmFAST, we also generate halo fields from the
same initial conditions using the halo finder included in 21cmFAST.
Specifically, the halos are identified using the excursion-set formal-
ism by filtering the linear density field on a range of smoothing scales
(Mesinger & Furlanetto 2007). The locations of the haloes are then
adjusted at each redshift using the displacement field. The resulting
halo catalog contains halos with 𝑀h ≳ 1010 M⊙ . Such galaxies have
SFR ≳ 0.2 M⊙/yr and absolute UV magnitudes of 𝑀UV,abs ≲ −17
at 𝑧 ∼ 10. As a side note, this roughly corresponds to the current
upper bounds on the JWST Phot-𝑧 and Spec-𝑧 samples (e.g., Pérez-
González et al. 2023; Harikane et al. 2023). We note that for the
purposes of computing 21 cm fluctuations, 21cmFAST models the
halo collapse fraction and so ionizing photons from halos down to
𝑀h ≳ 𝑀turn = 108 M⊙ are properly accounted for. From the obtained
halo catalog, we generate number density maps 𝑛gal for galaxies with
flux above some threshold sensitivity.

Detecting emission lines from galaxies is crucial to precisely mea-
sure their positions along the line of sight rather than relying on
photometric redshifts alone (Furlanetto & Lidz 2007). The luminosi-
ties of emission lines such as H𝛼, [OIII]5007Å, [OIII]88𝜇m, and
[CII]158𝜇m correlate with the SFR, and the relation can be written
as (e.g., Moriwaki et al. 2018)

𝐿line = 𝐶line (1 − 𝑓esc)SFR (7)

with a coefficient 𝐶line.
For simplicity, we do not specify the line considered in the major-

ity of this paper. Instead of using a flux limit, we generally work with
a halo-mass limit and discuss the mass-flux relation only in Sec.4.2.
This consideration is valid (or at least consistent with the reionization
simulation) when the coefficient 𝐶line is constant. In reality, the co-

efficient in Eq.7 depends on the properties of the interstellar medium
(ISM) in each galaxy, such as the typical metallicity, density, and
ionization parameter. In practice, these will add scatter to the corre-
lation of Eq.7, as will be investigated in Sec.3.3. We note that the
stochastic star-formation activities should also introduce scatter in
the halo mass-SFR relation, but we postpone the consideration of
this effect to future studies, as it necessitates a new implementation
within the simulation itself, not just in the post-processing.

3 RESULTS

From the obtained 21cm field (Eq.5) and the number density fluctu-
ation 𝛿gal = 𝑛gal/⟨𝑛gal⟩ − 1, we compute the cross-power spectrum.
We will use the normalized power spectrum

Δ2 (𝑘) ≡ 𝑘3

2𝜋2 𝑃(𝑘). (8)

and a logarithmic width of d log 𝑘 = 0.3 in the following.

3.1 General behaviours of the large-scale signals

The cross-power spectrum between the 21 cm and density field as a
function of redshift has been investigated in, e.g., Fialkov & Barkana
(2014). The cross-power spectrum between the 21 cm and biased
tracers, such as galaxies, should exhibit characteristics that are similar
yet distinct.

Here we consider all the halos within the simulation to study the
general behaviour of the large-scale cross-power spectrum. The min-
imum halo mass is 𝑀h ∼ 1010 M⊙ . The top panel of Fig.2 shows
the redshift evolution of the cross-power spectra at 𝑘 = 0.2 ℎ Mpc−1

for three different reionization models. We also show the redshift
evolution of the: 21 cm auto-power spectra (second row), galaxy
auto-power spectra (third row), 21 cm global signals (third row), and
mean neutral fraction (bottom row). For the galaxy power spectra,
the case with a halo mass threshold of log 𝑀min = 11.0 is included
for reference. We confirm that there is no significant difference in the
reionization histories and that the observed variations arise solely
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Figure 2. The redshift evolution of the large-scale cross-power spectra be-
tween 21 cm and all of the halos in the simulation (top), 21cm auto-power
spectra (second row), galaxy auto-power spectra (third row), 21cm global
signals (fourth row), and mean neutral fraction (bottom).

The power spectra at 𝑘 = 0.2 ℎ Mpc−1 are shown. The gray arrows in the
second row show upper limits obtained in recent observations (Barry et al.
2019; Trott et al. 2020; Mertens et al. 2020; Patil et al. 2017; Abdurashidova
et al. 2022b).

from the different heating scenarios. As a general trend, the cross-
power spectra are positive at high redshifts and negative at low red-
shifts. When comparing different models, a higher X-ray emissivity
(earlier heating) leads to an earlier transition from positive to negative
correlation.

In order to further understand these results, we decompose the
cross-power spectrum into a number of constituent terms. Similar
decompositions have been explored in the context of the auto-power

spectrum (Lidz et al. 2007; Georgiev et al. 2022) and cross-power
spectrum (Lidz et al. 2009). We rewrite Eq.5 as

𝛿𝑇21 = 𝑇0 ⟨𝑥HI⟩ ⟨𝜂⟩ (1 + 𝛿𝜌+𝑣) (1 + 𝛿𝑥) (1 + 𝛿𝜂), (9)

where ⟨𝑥HI⟩ and ⟨𝜂⟩ are the volume averaged values of the neutral
fraction and the temperature term, 𝜂 ≡ 1 − 𝑇CMB/𝑇s. Their fluc-
tuations are defined as 𝛿𝑥 = 𝑥HI/⟨𝑥HI⟩ − 1, and 𝛿𝜂 = 𝜂/⟨𝜂⟩ − 1,
respectively, and 𝛿𝜌+𝑣 is the density perturbation in redshift space.
The cross-power spectrum between 21 cm and galaxies is then given
as

Δ2
21,gal = 𝑇0 ⟨𝑥HI⟩ ⟨𝜂⟩ (Δ2

𝑥,gal + Δ2
𝜂,gal + Δ2

𝜌+𝑣,gal + · · · ). (10)

We omit the correlations between galaxies 𝛿gal and higher order
fluctuation terms such as 𝛿𝜌+𝑣𝛿𝑥 . Similarly, the auto-power spectrum
is decomposed as

Δ2
21 = 𝑇2

0 ⟨𝑥HI⟩2 ⟨𝜂⟩2 (Δ2
𝑥 + Δ2

𝜂 + Δ2
𝜌+𝑣 + · · · ). (11)

Again, we omit the higher-order fluctuation terms. These higher-
order terms are not always negligible (Lidz et al. 2007; Georgiev
et al. 2022), but their omission does not significantly impact the
general trends investigated here. Fig. 3 shows the cross- and auto-
power spectra for the late heating (left), fiducial (middle), and early
heating (right) models. The first three terms in Eq.10 and Eq.11 are
indicated by the blue dashed, orange dashed-dotted, and green dotted
lines, respectively.

At very high redshifts, when there is little heating but Wouthuysen-
Field (WF) coupling has already commenced, the spin temperature
first decreases (approaching the gas temperature which is initially
cooler than the CMB temperature) in overdense regions and the 21
cm signal becomes more negative there. This would give a negative
correlation between the 21 cm and galaxies. In the redshift range
under consideration, we find that the WF coupling is strong enough
– although it does not achieve complete saturation across the entire
simulation box – and so this effect is not observed. The marginal
impact of this effect is further confirmed by the fact that the 𝜂-galaxy
term (Δ2

𝜂,gal; orange dashed-dotted lines) is already positive at high
redshift in the top panels of Fig.3.

After that, when the spin temperature is well-coupled to the gas
temperature throughout the universe, yet there is still negligible heat-
ing, there remains a negative correlation between 21 cm and galaxies.
This is because the overdense regions have more neutral hydrogen
and hence give more negative 21 cm signals. This is the origin of the
negative cross-power signals observed at 𝑧 ≳ 11 in the late heating
model. One can see that this negative signal is driven by the density
contribution (Δ2

𝜌+𝑣,gal; green dotted lines) in Fig.3. A similar effect
is expected to occur in the fiducial and early heating models at higher
redshift than those considered in this study.

Subsequently, X-ray heating starts. The overdense regions are
heated up first and become brighter than typical regions. This leads
to the positive cross-correlations at 6.5 ≲ 𝑧 ≲ 11 in the late heating
model, at 𝑧 ≳ 8 in the fiducial model, and at 𝑧 ≳ 9 in the early heating
model, dominated by the temperature term (Δ2

𝜂,gal; orange dashed-
dotted lines). After that, we observe negative cross-power spectra in
all scenarios. In this study, we particularly focus on this positive-
to-negative transition in the cross-power spectrum.2 We denote the
redshift where this transition happens as 𝑧tran in the following.

2 We note that this transition is different from the so-called turnover in the
cross-power spectrum. The turnover scale is defined at each redshift as the
scale at which the cross-correlation goes from negative to positive (or zero,
depending on the small-scale conditions) and is considered to trace the typical
size of ionized bubbles around galaxies (Furlanetto & Lidz 2007; Lidz et al.
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Figure 3. The cross-power spectra between 21 cm and all halos in the simulation (top) and 21cm auto-power spectra (middle row) for late heating (left), fiducial
(middle), and early heating (right) models. The blue dashed, orange dash-dotted, and green dotted lines indicate the contributions from ionized, temperature,
density fluctuation terms in Eq.9. The inset color maps show slices of the 21 cm signals (red: emission, blue: absorption) and the distributions of the massive
haloes (black dots) around the positive-to-negative transition redshifts denoted by 𝑧tran. The bottom panels show the evolution of ⟨𝜂⟩ = ⟨1 − 𝑇CMB/𝑇s ⟩. The
point where ⟨𝜂⟩ crosses zero is known as the heating transition.

In the fiducial and early heating models, after regions are suffi-
ciently heated, the overdense regions start to become ionized and
so dimmer in 21 cm than typical regions, leading to the negative
correlation at lower redshifts, dominated by the neutral fraction term
(Δ2

𝑥,gal; blue dashed lines). The positive-to-negative transition hap-
pens when the dominant components switch from 𝜂 to 𝑥HI. We
observe 𝑧tran = 8.1 and 8.9 in the fiducial and early heating models,
respectively.

In the late heating model, the X-ray heating and ionization pro-
cesses overlap significantly in redshift, and thus the situation is
slightly different from in the other two models. As one can see in
Fig.3, the neutral fraction field (blue dashed line) contributes pos-
itively to the cross-power spectrum when the spin temperature is
smaller than the CMB temperature. Thus even when its contribution
becomes comparable to that of spin temperature, the cross-power
spectrum is observed as positive. The neutral fraction fluctuations
contribute negatively only after ⟨𝜂⟩ changes from negative to posi-
tive, i.e., after the so-called heating transition (e.g., Pritchard & Loeb
2012; Fialkov & Barkana 2014). The transition in the late heating
model is observed at 𝑧tran = 6.6.

The distinctions between the models are also illustrated by the
inset maps in Fig.3, which showcase the 21 cm signal distributions
(red: emission, blue: absorption) along with the locations of the mas-
sive haloes (black dots) just before and after the transition redshifts.
While those of the fiducial and early heating models indicate that the
transition happens after the large-scale positive clustering disappears
due to the X-ray heating and/or before the ionized regions expand,

2009). This typically happens at much smaller scales than those considered
in this paper.

in the late heating model, the transition happens just when the 21
cm signals outside the ionized regions switch from absorption to
emission almost simultaneously.

In reality, even after the end of reionization, neutral hydrogen
would remain in galaxies and dense clumps such as damped Ly𝛼
systems. Our current method does not take into account this effect,
but the 21 cm signal during this post-reionization epoch is expected
to be positively correlated with galaxies, leading to yet another sign-
change in the cross-power spectrum. Indeed, such positive cross-
power signals have already been detected at lower redshift (Chang
et al. 2010; Masui et al. 2013; Anderson et al. 2018; Wolz et al.
2022).

In summary, we generally expect the cross-power spectrum to
change sign three times. The second, positive-to-negative transition
in the cross-power spectrum has been pointed out in previous studies
under the assumption of negligible spin temperature fluctuations (e.g.
Lidz et al. 2009)3. The neglect of spin temperature fluctuations in
these earlier works led them to find a higher transition redshift than
in our current study.

Now let us briefly examine the association with the auto-power
spectrum. The places where the cross-power spectrum goes to zero
on large scales are epochs when the large-scale 21 cm distribution
becomes nearly uniform, i.e., in such cases the overdense regions are
at similar brightness temperatures to typical regions in the universe.
During these periods, the amplitude of the 21 cm auto-power spectra
hence also drops. The drops (troughs) of the auto-power spectra are
seen at 𝑧 ∼ 11 and ∼ 6.5 (late), 𝑧 ∼ 8 (fiducial), 𝑧 ∼ 9 (early). This

3 Related discussion in the context of the 21 cm auto-power spectrum are
also found in some early studies (Furlanetto et al. 2004; Lidz et al. 2007)
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Figure 4. The redshift evolution of cross-power spectra between 21cm and
all of the halos in the simulation (top) and 21cm auto-power spectra (bottom).
Power spectra at different scales (𝑘 = 0.1, 0.2, and 0.4 ℎ Mpc−1) for the
fiducial model are shown. As discussed in the text, we have confirmed that
the transition redshift at different scales also corresponds to troughs in the 21
cm auto-power spectrum.

aligns with prior research, which has shown that the large-scale 21 cm
auto-power spectrum generally manifests three peaks corresponding
to WF, temperature, and ionization fluctuation from high to low
redshifts, or exhibits two peaks without a clear distinction between
the first two (e.g., Pritchard & Furlanetto 2007; Pritchard & Loeb
2008; Fialkov & Barkana 2014; Cohen et al. 2018; Park et al. 2019).

Observationally, compared to the troughs in the 21 cm auto-power
spectrum, the sign changes in the cross-power spectrum could be
easier to identify. This is because the cross-power does not require
continuous measurements with fine redshift sampling; instead, one
just needs detections of positive and negative signals at two differ-
ent redshifts. Additionally, the systematic concerns from foreground
contamination are reduced in the cross-correlation analysis. An al-
ternative approach discussed in the literature is to use the 21 cm
bispectrum, which is also sensitive to some of the sign change effects
studied here (Kamran et al. 2021). In general, the positive-to-negative
transition of the cross-power spectrum could serve as an important
probe for distinguishing different phases of the EoR and in under-
standing the nature of the EoR galaxies.

3.2 Scale dependence

Here, we briefly investigate the scale dependence of the power spec-
trum. Fig.4 shows the cross- and auto-power spectra at 𝑘 = 0.1, 0.2,
and 0.4 ℎ Mpc−1 for the fiducial model. As the heating and ioniza-
tion both happen in an inside-out manner, the smaller-scale (larger-𝑘)
signals evolve earlier, resulting in an earlier transition from positive
to negative. We also confirm that the positive-to-negative transitions
in the cross-power spectra roughly correspond to the troughs in the
auto-power spectra irrespective of the scales.

Fig.5 shows the scale dependence of the transition redshifts for
our three models. Interestingly, while the transition redshifts gener-
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Figure 5. The transition redshifts as a function of scale. In the late heating
model, the transition occurs as a result of the global spin temperature average
becoming larger than the CMB temperature, and so has no scale dependence.
However, in the early and fiducial cases the transition occurs when ionization
fluctuations dominate over spin temperature flucations. In these cases, the
transition has a scale-dependence.
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Figure 6. The transition redshift measured at 𝑘 = 0.2 ℎ Mpc−1 as a function
of mass limit. Galaxy formation, IGM heating, and reionization are accel-
erated around overdense peaks, and so the transition occurs earlier in the
environments of galaxies residing in more massive and biased halos.

ally increase as the scale becomes smaller, the late heating model
exhibits a flat relation. This is because, in the late heating model,
the transition is caused solely by the heating transition, not by the
inside-out evolution of heating or ionization (see Fig.3). Such scale
(in)dependence, if detected, would provide more information to dis-
cern the reionization and heating models than the observation at a
single scale.
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of the scatter in the halo mass, 𝜎log 𝑀 . We adopt the mass limit of log 𝑀min =

11.0.

3.3 Dependence on galaxy properties

Next, we examine the dependence of the transition redshift on the
properties of the galaxy populations. We first consider the effect of
the halo mass limit. Fig.6 shows the transition redshift as a function
of the halo mass limit for the three models. Within the scope of this
study, the heating and reionization are primarily driven by massive
galaxies; these processes proceed earlier around galaxies residing in
larger host halos. This generally results in a higher transition redshift
around more massive halos. While this trend is common across our
three models, the dependence on the mass limit is weak in the late
heating and fiducial models. In fact, the amplitude of the cross-power
spectrum itself is boosted by the higher galaxy bias as the minimum
mass increases, and thus is more significantly affected by changes
in the mass limit. However, the transition redshift is observed to be
less dependent on the halo mass limit. In the early heating model,
the stronger dependence may arise from the fact that, at these high
redshifts, the ionized bubbles remain isolated. In this case, the bubble
size around a galaxy is heavily influenced by its mass and emissivity.

As mentioned in the previous section, there should be some scatter
in the halo mass-luminosity relation coming from variations in the
ISM properties across galaxies residing in halos of a given mass.
Here we crudely account for this by adding Gaussian scatter to each
halo mass in our catalog: this changes which halos land above the
minimum threshold mass in our catalog and the total abundance of
such halos. This should loosely mimic the effect of scatter in the rela-
tionship between the luminosity of an emission line and its host halo
mass. We then compute the cross-power spectrum using the resulting
galaxy catalog. The result with added halo mass scatter is presented
in Fig.7. Interestingly, the transition redshifts are insensitive to the
scatter in the mass-luminosity relation. The stability of the transition
redshifts against both the mass limit and the scatter indicates that we
can use different galaxy populations (e.g., those traced by different
lines) at different redshifts to measure the transition redshift.
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Figure 8. The total signal-to-noise ratio (Eq.20) for different survey areas
and detection limits (log 𝑀min) in the fiducial model. The solid contours
correspond to S/N = 5, 10, and 20. The gray dotted lines indicate equal
survey times.

4 DISCUSSION

Here we discuss the prospects for detecting the cross-power spectra
in each of our three 21 cm models. Our discussion initially focuses
on the halo mass limit, and later we consider the corresponding flux
limits for different emission lines.

4.1 Detectability

The variance of the cross-power spectrum is given by

𝜎2
21,gal (𝑘, 𝜇) =

1
2
[𝑃2

21,𝑛 (𝑘, 𝜇) + 𝜎21 (𝑘, 𝜇)𝜎gal (𝑘, 𝜇)], (12)

where 𝜇 is the cosine of the angle between wave vector 𝒌 and the
line of sight and

𝜎21 (𝑘, 𝜇) = 𝑃21 (𝑘, 𝜇) + 𝑃N,21 (𝑘, 𝜇), (13)
𝜎gal (𝑘, 𝜇) = 𝑃𝑛 (𝑘, 𝜇) + 𝑃N,gal (𝑘, 𝜇), (14)

are the variances of the auto-power spectra. The noise terms 𝑃N,21
and 𝑃N,gal take into account the thermal noise in a 21 cm inter-
ferometric observation, and shot-noise and redshift uncertainty in
a galaxy survey. For more details, see, for example, Appendix B
of Weinberger et al. (2020). We adopt the same parameters for 21
cm observation (i.e., system temperature and array configuration for
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upcoming SKA observation) as in Kubota et al. (2018) and set the
galaxy redshift uncertainty to 𝜎𝑧 = 0.01.

Although the foregrounds have little correlation with the EoR
galaxies, as their amplitude are quite large compared to the EoR
21 cm signals, one needs to remove or avoid the foreground to de-
tect the cross-power spectrum. That is, residual foregrounds will
still contribute to the variance of a cross-power spectrum estimate
(even if they produce little average bias). The foregrounds, which
are expected to be spectrally smooth, are most significant in small-
𝑘 | | regions in the two-dimensional Fourier space. Here we consider
wedge avoidance. The wedge is given as (see, e.g., Eq. 166 of Liu &
Shaw 2020)

𝑘 | | < 𝑘 | | ,wedge ≡ max
[𝐻0𝐷𝑐𝐸 (𝑧)𝜃0

𝑐(1 + 𝑧) 𝑘⊥, 𝑘 | | ,min

]
, (15)

where we adopt 𝑘 | | ,min = 0.07 ℎ Mpc−1 for the flat part of the wedge.
We assume that the foregrounds above the so-called primary beam
wedge – defined with 𝜃0 being the size of the primary beam – can be
subtracted and do not affect the resulting signal-to-noise ratio. With
an expected effective area of the SKA antenna

𝐴𝑒 = 462
( 1 + 𝑧

9

)2
[m2], (16)

the size of the primary beam is

𝜃0 =
𝜆21,obs√︁
𝐴𝑒/𝜋

= 0.16 [radian] . (17)

The angle-averaged noise level is computed via inverse variance
weighting. When avoiding the wedge, one can just assign the modes in
the foreground-corrupted wedge infinite variance (i.e., 1/𝜎2 (𝑘, 𝜇) =
0). We thus have

1
𝜎2 (𝑘)

= 𝑁𝑘

∑︁
𝜇>𝑘| |,wedge/𝑘

Δ𝜇

𝜎2 (𝑘, 𝜇)
, (18)

where

𝑁𝑘 =
𝜖 𝑘3𝑉surv

4𝜋2 (19)

is the number of modes, 𝜖 = 𝑑 log 𝑘 is the logarithmic bin width, and
𝑉surv is the survey volume.

The total signal-to-noise ratio (S/N) is given as

S/Ntotal =
∑︁

i

( 𝑃(𝑘i)
𝜎(𝑘i)

)2
, (20)

where the index i runs over all the scale bins {𝑘i}. We adopt a
bandwidth of 8 MHz and compute the total S/N with varying the
survey area and mass limit. Fig.8 shows the result for the fiducial
model at 𝑧 = 7 (top) and 𝑧 = 9 (bottom). We set the maximum survey
area to the planned survey area of SKA, 25 deg2. The dashed, solid,
and broad solid lines show a S/N = 5, 10, and 20, respectively.

From Eq.2, for an emission line with luminosity proportional to
SFR, the flux limit scales with halo mass as 𝐹min ∝ 𝑀1.5

h,min for
our choice of 𝛼∗ = 0.5. The flux limit is inversely proportional to
the square root of the observing time 𝑡total per unit area 𝐴: 𝐹min ∝
(𝑡total/𝐴)−1/2. For a fixed observing time 𝑡total = const., we then
have 𝐴 ∝ 𝐹2

min ∝ 𝑀3
h,min. The gray dotted lines in Fig.8 represent

arbitrary constant observing times calculated in this way. One can see
that it is better to survey a larger area even at the expense of the flux
limit at 𝑧 = 7, which aligns with previous studies (Kubota et al. 2018;
Weinberger et al. 2020). On the other hand, at 𝑧 = 9, the S/N depends
only weakly on the choice of these parameters. This is because the
number of bright objects decreases strongly towards high redshift,

and the shot noise becomes important. For reference, we find that at
𝑧 = 9, the shot noise (the second term in Eq.14) is ∼ 10 times larger
than the sample variance contribution (the first term in Eq.14) when
log 𝑀min = 11.0, while they are comparable at 𝑧 = 7.

Once the observational set-up is fixed, the redshift dependence of
the S/N can be investigated. Fig.9 shows the total S/N as a function
of redshift for the three models. We adopt a survey area of 5 deg2 and
mass limit of log 𝑀min = 11.2 (left) and 11.6 (right). The horizontal
lines indicate S/N = 5. The cross-power spectra at a wide range of
redshifts are above this criterion for log 𝑀min = 11.2. A detection
in the interesting redshift regime of 𝑧 = 7 − 8, where the positive-
to-negative transition might occur, is still feasible even with a higher
mass limit of log 𝑀min = 11.6. We note that the sharp drop in the
S/Ntotal for the late heating model close to the transition redshift
(𝑧 ∼ 6.5) occurs because all modes approach zero simultaneously
(see Fig.5). In most scenarios, the peak S/N is reached near 𝑧 = 6−8,
followed by a continuous decrease at higher redshifts. This is differ-
ent from the auto-power spectrum, where the evolution of the S/N
typically shows three peaks, corresponding to signal enhancements
from the WF, temperature, and ionization field fluctuations. In the
case of the cross-power spectrum, the decrease in the number of de-
tectable galaxies (i.e., the increase of shot noise) leads to a reduction
in the S/N at 𝑧 > 8.

As discussed previously, an important scientific goal is to de-
tect the positive-to-negative transition in the large-scale cross-power
spectrum signals. Fig.10 shows the absolute amplitudes of the cross-
power spectra at 𝑘 = 0.2ℎ Mpc−1 for a survey area of 5 deg2 and
mass limit of log 𝑀min = 11.2. The error bar forecasts are shown
by the shaded regions, and the transition redshifts are indicated by
the vertical lines. Except for the models where the heating occurs
early (rightmost), the signals around the transition redshifts can be
detected, suggesting that the transition redshifts can be measured
with an uncertainty of Δ𝑧 ∼ 0.2.

4.2 Flux limit

So far, we have considered galaxy populations in terms of their halo
mass. Here we discuss the corresponding line fluxes. We consider
four emission lines: two optical lines, H𝛼 and [OIII]5007Å, and
two far-infrared (FIR) lines, [OIII]88𝜇m and [CII]158𝜇m. In the
following discussion, we assume 𝑓esc = 0 and ignore dust attenuation
for simplicity. Under our assumption of a sufficiently small values,
the escape fraction has a limited impact on the results. Below, we
describe our method to model the coefficients in the SFR-luminosity
relation in Eq.7.

For H𝛼, we adopt a value from Kennicutt (1998),

𝐶H𝛼 = 1.3 × 1041 (erg/s)/(M⊙/yr). (21)

For the oxygen lines, [OIII]5007Å and [OIII]88𝜇m, we follow Mori-
waki et al. (2018), where the coefficients are computed as a function
of gas metallicity 𝑍 , density 𝑛, and ionization parameter𝑈 using the
photo-ionization calculation code cloudy (Ferland et al. 2017):

𝐶[OIII] = 𝐶[OIII] (𝑍, 𝑛,𝑈). (22)

The ISM properties of high-redshift galaxies can differ from local
galaxies. We model the galaxy’s metallicity using the hydrodynamics
simulation IllustrisTNG (TNG300-1; Nelson et al. 2019). Within the
redshift range focused on here, we find that there exists an almost
linear correlation between SFR and metallicity at SFR ≳ 1 M⊙/yr
(i.e., 𝑀h ≳ 1011 M⊙),

log 𝑍 = 𝛼 log SFR + 𝛽, (23)
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Figure 9. The redshift evolution of the total signal-to-noise ratio (Eq.20) for a survey volume corresponding to 8 MHz × 5 deg2 and a mass limit of
log 𝑀min = 11.2 (left) and 11.6 (right). The horizontal lines indicate S/N = 5. The number of galaxies within the survey volume are shown in the top panels for
each value of log 𝑀min.

6 8 10
redshift

10 2

10 1

100

101

102

2 X
(k

=
0.

2
h/

M
pc

)[
m

K]

late

6 8 10
redshift

fiducial

6 8 10
redshift

early

Figure 10. The cross-power spectrum amplitude versus redshift at 𝑘 = 0.2 ℎ Mpc−1 with error bar forecasts. The errors are computed for a survey area of 5 deg2

and mass limit log Mmin = 11.2. The vertical lines show the transition redshifts.

where we find the best-fit parameters are 𝛼 = 0.279 (0.193) and
𝛽 = −2.784 (-2.907) for 𝑧 = 7 (9). The other ISM parameters,
namely density and ionization parameter, are difficult to model even
with the highest-resolution cosmological hydrodynamic simulations.
For the density, we adopt a typical value in local star-forming regions,
100 cm−3. As for the ionization parameter, there are several observa-
tional indications that high-redshift galaxies are likely to have higher
values (𝑈 ∼ 10−2) than local galaxies (𝑈 ∼ 10−3) (Nakajima et al.
2013; Moriwaki et al. 2018; Harikane et al. 2020). While recent
studies using zoom-in simulations have predicted a wide range of
possible values spanning from 𝑈 ∼ 10−5 to 1 (Kohandel et al. 2023;
Nakazato et al. 2023), it is still reasonable to consider a typical value
within the range of𝑈 = 10−3−10−2. We thus show the results for two
different ionization parameters: 𝑈 = 10−2 (high 𝑈) and 𝑈 = 10−3

(low 𝑈).

In the case of the [CII]158𝜇m line, we adopt an empirical result

obtained in local observations (De Looze et al. 2014):4

𝐶[CII] = 3.7 × 1040 (erg/s)/(M⊙/yr), (24)

We note, however, that this relation is controversial. While it is found
that the SFR-[CII] relation at 4 < 𝑧 < 6 is in good agreement with
Eq.24 (Schaerer et al. 2020), some studies have pointed out that
there is a systematic deviation at 𝑧 > 8, where some galaxies reside
beneath the local relation (e.g., Knudsen et al. 2016; Laporte et al.
2019). This behavior might be explained by either a high ionization
parameter, low covering fraction of the photodissociation regions,
or a combination of both (Harikane et al. 2020). On the other hand,

4 We adopt the coefficient for the “entire literature sample” in De Looze et al.
(2014). They fit both the coefficient and power in the L-SFR relation and find
that the power of SFR is 1.01± 0.02, consistent with our assumption that the
power is 1 in Eq.7.
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Figure 11. The flux limit corresponding to the halo mass threshold used in
our analysis at 𝑧 = 7 (top) and 𝑧 = 9 (middle). We compute four different lines
H𝛼, [OIII] 5007 Å, [OIII] 88 𝜇m, and [CII] 158 𝜇m. For the oxygen lines,
we adopt two models with high (𝑈 = 10−2) and low (𝑈 = 10−3) ionization
parameters. The bottom panel shows the apparent UV magnitudes at these
redshifts.

other studies argue that the deviation from the local relation is not
that significant (e.g., Carniani et al. 2020). Therefore, current results
regarding [CII]158𝜇m emission should be approached with caution.

Fig.11 presents the resulting lookup table that shows the mass and
flux relations at 𝑧 = 7 (top) and 𝑧 = 9 (middle). For the oxygen
lines, the slope is slightly steeper than the other lines because of the
dependence on the metallicity, which scales with the SFR and thus
halo mass. We find that a higher ionization parameter leads to a ∼
0.3 dex increase in the required flux limit. This means that this is a
crucial parameter in assessing the detectability of the high-redshift
[OIII] emitters and therefore the 21 cm-[OIII] emitter cross-power
spectrum.

From the discussion so far, the maximum mass limit required to
detect the signals at 𝑧 ∼ 6 − 8 is log 𝑀h,min ∼ 11.6 (see the right

panel of Fig.9). This corresponds to flux limits of∼ 10−17 erg/s/cm2

for optical lines and ∼ 10−18 erg/s/cm2 for FIR lines. To conduct a
blind galaxy survey with the required sensitivities, the use of a new
telescope may be necessary. For instance, the Large Submillimeter
Telescope (LST, 2030s-; Kawabe et al. 2016) will have a large 0.5
deg2 field-of-view and a spectral resolution of 𝑅 ∼ 1000 and is one
possibility. In its proposed long-term program spanning a few years
with a total observing time of 9,000 hours, the telescope is expected
to achieve a 5-𝜎 sensitivity of ∼ 0.1 Jy km/s for [OIII]88𝜇m at 𝑧 ≳ 8,
equivalent to ∼ 10−18 erg/s/cm2, over 2 deg2. While our predictions
indicate that the S/N is likely to remain at ∼ 2 − 3 even with such
observations, a signal at this level would still have the potential to
yield important scientific information.

It may be difficult to conduct a blind spectroscopic survey with
much higher sensitivity to detect the transition redshift. For this pur-
pose, follow-up observations of galaxies already detected by deep
photometric surveys could be a crucial strategy. To predict the re-
quired depth for such surveys, we compute the UV luminosity from
the SFR as

SFR
M⊙/yr

= K𝑈𝑉
𝐿𝜈 (UV)
erg/s/Hz

, (25)

where we adopt KUV = 10−28 assuming that the galaxies have sub-
solar metallicities at these high redshifts (Madau & Dickinson 2014).
The bottom panel of Fig.11 shows the apparent UV magnitudes. For
instance, the Nancy Grace Roman Space Telescope (Spergel et al.
2015) is capable of detecting 𝑧 > 5 Lyman-break galaxies (LBGs).
Its High Latitude Surveys (Doré et al. 2018; Wang et al. 2022) are
proposed to achieve NIR (rest-frame UV at the EoR) magnitude
𝑚AB < 26.5 over ∼ 100 deg2, and La Plante et al. (2023) have
already discussed the possibility of using them for cross-correlation
analyses. If a much deeper observation with 𝑚AB < 28.5 is available
for a smaller area overlapping with the SKA sky coverage, it could
reach log 𝑀min = 11.2. After selecting photometric samples with
such an imaging survey (for e.g., a few hundred galaxies; see the top
panels of Fig.9), it is expected to be relatively easy to detect their
emission lines if we use JWST.

4.3 Future prospects

As we have seen, cross-power spectrum measurements may be cru-
cial not only for mitigating foreground contamination systematics,
but also for extracting information about the reionization process via
measurements of the transition redshift and the associated redshift
evolution. These can be used for disentangling degeneracies in 21cm
auto-power spectra observations, e.g., the degeneracy between the
“density-driven” and “reionization-deiven” models discussed in Ab-
durashidova et al. (2022b). In particular, as models for the sources
of reionization are constrained to some extent by other observations
such as UV luminosity functions and CMB, the cross-correlation
observations should provide powerful constraints on heating models.
For this purpose, it is crucial to observe relatively high redshifts,
𝑧 = 8 − 10. In this paper, we considered only three representative 21
cm models, but our methodology can be employed across a wider
range of models in future resarch.

In this study, we employed a simplified galaxy model which can
be refined in future studies. For example, we assume that most of the
physical parameters are redshift-independent. In reality, however,
the emissivity of high-redshift galaxies and other sources will vary
with redshift and other factors. For instance, population III stars
may have a harder spectrum, leading to enhanced ionizing capability
(e.g., Tanaka & Hasegawa 2021). Also, the stochasticity of the star
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formation is thought to be more prominent at higher redshift (e.g.,
Ciesla et al. 2023). This scatter in the relationship between SFR
and halo mass might impact the 21 cm fluctuation signal and the
detectability of galaxies (Reis et al. 2022).

Another important factor we have neglected is the presence of
residual foreground contamination leftover after wedge-filtering.
Residual foregrounds might degrade our S/N forecasts, while de-
tails of the foreground removal or avoidance procedure might also
further impact the cross-power spectrum measurements themselves
(Yoshiura et al. 2018). If residual foreground noise is important, this
might necessitate an even deeper galaxy survey (i.e., deeper than
𝑚AB ∼ 29) to offset the increased 21 cm signal variance. More de-
tailed investigations taking into account plausible levels of residual
foreground noise should be done in future studies.

Since the biggest challenge is detecting faint high-redshift galaxies
over a wide area, one may need to carefully consider the analytical
and observational strategy. For instance, instead of using the galaxy
number density, one could employ the luminosity-weighted number
density for cross-correlation with 21 cm fields. It is known that
certain types of weighting enhance the S/N of galaxy power spectrum
measurements (Seljak et al. 2009; Hamaus et al. 2010; Cai et al.
2011). The weighting does not necessarily have to be linear with
respect to luminosity, it would be interesting to determine the optimal
weighting strategy in future work. Since the weighting would affect
not only the S/N but also the amplitude and scale-dependence of the
cross-power spectrum, applying different weighting methods, which
can be tested at no additional cost, could potentially extract more
information.

Another interesting alternative approach involves line intensity
mapping, which measures the large-scale fluctuations of integrated
line emissions rather than detecting individual galaxies (Kovetz et al.
2017). Such an option has been partly studied in previous studies
(e.g., Lidz et al. 2011; Gong et al. 2012; Silva et al. 2013; Heneka
& Cooray 2021; Moriwaki et al. 2019). There are a few plans that
could measure lines from galaxies at the redshifts of interest here
(e.g., CDIM Cooray et al. 2019). We expect all the general trends
discussed in this study to apply to the cross-power spectrum with
line intensity mapping as well, but this should be confirmed in future
studies. Modeling the line intensity mapping signals will require
accounting for the role of low-luminosity galaxies. The scatter in the
SFR-halo mass relation could also have a large impact on the line
intensity power spectrum (Murmu et al. 2023).

5 CONCLUSION

In this study, we examined the redshift evolution of the cross-power
spectra between emission line galaxies and the 21 cm field for the first
time. We used 21cmFAST to generate 21 cm brightness temperature
fields and considered three different heating models. We adopted a
simple model for the galaxy populations, which allowed us to inves-
tigate the general evolutionary trends in the cross-power spectrum
and the dependence on the emission lines used. Our findings are
summarized as follows:

(i) The positive-to-negative transition in the cross-power spectrum
corresponds to a trough in the 21 cm auto-power spectrum. As the pre-
and post-transition signals clearly differ in their signs, the transition
is easier to identify in the cross-power spectrum.

(ii) The transition occurs when both 1.) the global spin tempera-
ture rises above the CMB temperature, and 2.) the ionization fluctu-
ations dominate over spin temperature fluctuations. If the first condi-
tion occurs after the second one, the transition is scale-independent.

If the second condition is reached after the first one, the transition has
a scale dependence. Measuring the scale dependence of the transition
redshift thus directly constrains important transitions in the 21 cm
field.

(iii) The signal-to-noise ratio of the cross-power spectrum peaks
at around 𝑧 = 7 − 8 in the models considered, due to the rapid
decline in the abundance of detectable galaxies at high redshifts.
In scenarios with late X-ray heating, the transition redshift can be
detected with a combination of an SKA-like 21 cm observation and
a galaxy survey that can achieve sensitivities of ∼ 10−18 erg/s/cm2

for rest-frame optical lines and ∼ 10−19 erg/s/cm2 for rest-frame
FIR lines. To achieve small flux limits, imaging surveys conducting
a pre-selection for high-redshift candidates may be important.

Using the methodology adopted in this paper, we plan to explore
a wider range of reionization and heating models in future studies.
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