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We study the effects of non-Gaussianity from primordial black holes (PBHs). The formation of
PBHs is in general a rare event and the number of PBHs fluctuates following the Poisson distribution
function, which is independent from the pre-existing inflationary adiabatic fluctuations. Such fluc-
tuations can dominate over the adiabatic mode on small scales. We focus on the non-Gaussianity of
matter density fluctuations induced by the Poisson fluctuation of PBHs and discuss the potentially
observable consequences such as the skewness, kurtosis and the scale-dependent bias.

INTRODUCTION

After the discovery of gravitational waves (GWs) from
the binary black hole mergers by LIGO/Virgo Collabora-
tion [1], the possibility was suggested that those binary
black holes are of primordial origin [2–4] – primordial
black holes (PBHs) [5–7]. Typically, PBHs are formed
when the amplitude of the primordial perturbations at
certain length scale exceeds a threshold value so that as
soon as such a region enters the horizon, gravitational col-
lapse immediately follows and the corresponding horizon-
size black hole is formed. Thus, the formation of PBHs
accompanies rich phenomenologies in the early universe,
such as induced GWs by the large amplitude of primor-
dial perturbations [8, 9]. For implications of PBHs re-
lated to the GW astronomy, see e.g. [10].

The threshold value of the primordial perturbations
necessary for the formation of PBHs is O(10−1 −
10−2) [11], which is much higher than the value con-
strained on the cosmic microwave background scales,
O(10−5) [12]. Thus, we can notice the following two im-
plications. First, the PBH formation is a rare event and
accordingly PBHs are sparsely distributed in space. So,
the distribution of PBH follows that for random, inde-
pendent events – the Poisson distribution. Thus, there is
a Poisson noise in the number of PBHs [13]. It causes an
additional fluctuation of the density perturbation as an
isocurvature mode [14], which we will call “PBH Pois-
son fluctuation”. It can enhance the structure forma-
tion on small scales at high redshift [15] and hence the
PBH abundance can be constrained by small-scale ob-
servations such as the Lyα forest [14, 16] and 21cm for-
est [17–19].

Second, the large amplitude necessary for the PBH
formation means that the PBH abundance is sensitively
dependent on the tail of the distribution which the pri-
mordial perturbations follow. Since the statistics of the
primordial perturbations is consistent with Gaussian dis-
tribution [20], any small deviation from Gaussian statis-
tics, viz. non-Gaussianity can significantly affect the
PBH abundance by slightly changing the shape of the

distribution tail [21]. This is why the impacts of the pri-
mordial non-Gaussianity on PBHs have been extensively
studied [22–27].

On the other hand, as discussed above, the PBH num-
ber fluctuation itself follows the Poisson distribution that
highly deviates from the Gaussian one, even if the ini-
tial fluctuations responsible for the PBH formation are
perfectly Gaussian. This implies non-Gaussian features
are inevitably predicted in any PBH formation scenario.
Thus, we need to include correctly these non-Gaussian
effects on small-scale structure formation when the PBH
Poisson fluctuation becomes important. We particu-
larly focus on the three- and four-point correlation func-
tions of density fluctuation, related to the bispectrum
and trispectrum respectively, as the leading and next-to-
leading order corrections to the Gaussian case and calcu-
late the skewness and kurtosis as potentially observable
quantities. We also show the scale-dependent bias shift
induced by the PBH Poisson fluctuations.

NON-GAUSSIANITY FROM PBHS

Poisson fluctuation of the number of PBHs

The Poisson noise of the number of PBHs gives an
additional contribution to the density perturbation in-
dependent of the adiabatic fluctuation originated during
inflation. The density contrast is then given by the fol-
lowing summation:

δ(x) = δadi(x) + δP (x) , (1)

where δadi(x) and δP (x) corresponds respectively to the
adiabatic mode and the PBH Poisson fluctuation. We
take these two variables as random fields with no corre-
lation to each other.

The Poisson fluctuation δP (x) is originated from the
fluctuation of the number of PBHs, NPBH, in each co-
moving patch of the Universe, which follows the Poisson
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distribution function:

P (NPBH) =
λNPBHeλ

NPBH!
, (2)

where λ ≡ N̄PBH is the mean and also the variance of
NPBH. Denoting the fluctuation of NPBH as δNPBH =
NPBH − N̄PBH, the statistical properties of the Poisson
distribution read〈

δN2
PBH

〉
=
〈
δN3

PBH

〉
=
〈
δN4

PBH

〉
c
= N̄PBH , (3)

where the angular brackets denote the statistical average
and ⟨X4⟩c ≡ ⟨X4⟩ − 3⟨X2⟩2. This fluctuation generates
an additional CDM isocurvature mode:

S = fPBH
δNPBH

N̄PBH
, (4)

with fPBH ≡ ΩPBH/ΩDM being the fraction of PBHs in
total dark matter. From (3), we obtain

⟨S2⟩ = f2
PBH

N̄PBH
, ⟨S3⟩ = f3

PBH

N̄2
PBH

, ⟨S4⟩c =
f4
PBH

N̄3
PBH

. (5)

Note that S(x) corresponds to an initial value of δP (x).
Since NPBH in each region can be regarded as an inde-

pendent random variable, we can assume that S(xxx) has
no spatial correlation and thus the spatial n-point corre-
lation function takes the following expression:〈

n∏
i

S(xi)

〉
c

= V n−1
n−1∏
i=1

δ(3)(xi − xi+1)⟨Sn⟩c , (6)

which gives the following correlation function in Fourier
space:〈

n∏
i

S(ki)

〉
c

= (2π)3δ(3)

(
n∑
i

ki

)
V n−1⟨Sn⟩c . (7)

From above, one obtains the following scale-invariant
power spectrum from two-point correlation function:

PS = V ⟨S2⟩ = f2
PBH

n̄PBH
≈ 2.9×10−11Mpc3fPBH

(
MPBH

M⊙

)
,

(8)
where

n̄PBH =
fPBHΩDMρc0

MPBH
≈ 3.3× 1010Mpc−3fPBH

M⊙

MPBH
(9)

is the comoving number density of PBHs [14, 17]. Sim-
ilarly, the bispectrum and trispectrum can be obtained
as follows:

BS =
f3
PBH

n̄2
PBH

≈ 8.9× 10−22Mpc6fPBH

(
MPBH

M⊙

)2

, (10)

TS =
f4
PBH

n̄3
PBH

≈ 2.6× 10−32Mpc9fPBH

(
MPBH

M⊙

)3

. (11)

Skewness and kurtosis

The effect of non-Gaussianity is imprinted to the
higher cumulants of the density contrast beyond the vari-
ance. Specifically, the bispectrum and trispectrum give
third and fourth cumulants respectively. The third cu-
mulant of the density contrast smoothed over the scale
R can be calculated as

⟨δ3R⟩c =
BS

8π4

∫ ∞

0

dk1k
2
1MR(k1)

∫ ∞

0

dk2k
2
2MR(k2)

×
∫ 1

−1

dµMR(|k1 − k2|) ,
(12)

with µ ≡ k1 · k2/(k1k2) and MR(k) is defined through
δR(k) = MR(k)S(k) which includes the transfer func-
tion, linear growth factor and window function. The
fourth cumulant can be calculated as well:

⟨δ4R⟩c = TS

∫
d3k1
(2π)3

∫
d3k2
(2π)3

∫
d3k3
(2π)3

×MR(k1)MR(k2)MR(k3)MR(|k1 + k2 + k3|) .
(13)

Note that for small-scale limit (typically R < 1Mpc),
the above integral can be analytically calculated as the
transfer function for the CDM isocurvature mode is con-
stant [14].
The reduced cumulant1 of smoothed density contrast

is defined by κn(R) ≡ ⟨δnR⟩c/σn
R with σ2

R = ⟨δ2R⟩1/2. Fig-
ure 1 shows the reduced skewness κ3 (top) and the kur-
tosis κ4 (bottom) of the smoothed density contrast. Us-
ing the fitting formula, κ3 ≃ 3.14 × 10−3fNLσ

0.165
R and

κ4 ≃ 1.14× 10−5gNLσ
0.73
R [31], we also show the case for

the primordial local-type non-Gaussianity with fNL = 1
and gNL = 1. It shows that the non-Gaussianity from
PBH becomes significant for the scale R ≲ 0.01Mpc.

Effective non-linear parameters

The isocurvature perturbation (4) can be written as
the difference between the curvature perturbation in dark
matter and that in radiation:

S = 3(ζm − ζr) , (14)

where ζm (ζr) is the curvature perturbation on the uni-
form matter (radiation) hypersurfaces. Without PBHs,
both dark matter and radiation are of the same origin
(e.g. from inflation) and ζm = ζr. Now, during matter

1 Another definition of the reduced cumulant is Sn(R) ≡
⟨δnR⟩c/⟨δ2R⟩n−1.
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FIG. 1. The skewness κ3 (top) and the kurtosis κ4 (bottom)
of the density contrast smoothed over the scale R. Points
and lines correspond respectively to the numerical result and
the analytic approximation. We have taken MPBH = 1M⊙
(dashed), 10M⊙ (solid) and fPBH = 1 (red), 0.1 (green), 0.01
(blue), 0.001 (magenta). The dotted black lines show the
fitting formulas with fNL = 1 (top) and gNL = 1 (bottom).

domination, the total curvature perturbation ζm = ζ can
be written as

ζ = ζinf +
1

3
S , (15)

where we have replaced ζr with ζinf, which is the primor-
dial curvature perturbation generated during inflation.
Assuming that there is no correlation between ζinf and
S, the power spectrum of curvature perturbation is given
by

Pζ(k) = Pinf(k) +
1

9
PS =


1

9
PS for k > k⋆

1

9
PS

(
k

k⋆

)−3

for k < k⋆

,

(16)
where Pinf(k) is the power spectrum of ζinf and k⋆ is
defined by Pinf(k⋆) = PS/9. Note that PS is a constant
value given by (8).
Let us assume that ζinf is perfectly Gaussian and only S

is responsible for non-Gaussianity. Then, the bispectrum
of the total curvature perturbation is

Bζ(k1, k2, k3) =
1

27
BS , (17)

where BS is a constant given by (10). On the other
hand, the bispectrum of curvature perturbation can be
characterized by the non-linear parameter fNL as

Bζ(k1, k2, k3) =
6

5
fNL

[
Pζ(k1)Pζ(k2) + 2 perms

]
. (18)

Specifically, for k ≡ k3 ≪ k1 ≈ k2 and k1, k2 ≫ k⋆, we
obtains the following “effective” scale-dependent fNL:

fNL ≈


5

2fPBH

[
1 + 2

(
k

k⋆

)−3
]−1

for k < k⋆

5

6fPBH
for k > k⋆

.

(19)
Note that the effective fNL can be significantly large for
fPBH ≪ 1 on small scales.
Now let us consider the trispectrum of curvature per-

turbation, Tζ = TS/81. One can also express Tζ with
two non-linear parameters gNL and τNL as follows:

Tζ(k1, k2, k3, k4) =
54

25
gNL

[
Pζ(k1)Pζ(k2)Pζ(k3) + 3 perms

]
+ τNL

{
Pζ(k1)Pζ(k2)

[
Pζ(k13) + Pζ(k14)

]
+ 11 perms

}
,

(20)

where kij ≡ |ki + kj |. Here, gNL and τNL are also scale-
dependent as fNL. To see this explicitly, let us first con-
sider the configuration k = k4 ≪ k1 ≈ k2 ≈ k3 and k1,

k2, k3 ≫ k⋆. Then, we find

Tζ =


P 3
S

93

[
162

25
gNL

(
k⋆
k

)3

+ 12τNL

(
k⋆
k

)3
]

for k ≪ k⋆

P 3
S

93

(
216

25
gNL + 24τNL

)
for k ≫ k⋆

.

(21)
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and correspondingly

gNL +
50

27
τNL ≃ 25

18f2
PBH

(
k

k⋆

)3

for k ≪ k⋆ , (22)

gNL +
25

9
τNL ≃ 25

24f2
PBH

for k ≫ k⋆ , (23)

which implies that gNL and/or τNL can be significantly
larger than fNL for fPBH ≪ 1.
Let us consider another configuration k = k12 ≈ k34 ≪

k1 ≈ k2 ≈ k3 ≈ k4. In this case, we obtain

Tζ =
P 3
S

93

{
216

25
gNL + 8τNL

[
2 +

(
k⋆
k

)3
]}

, (24)

for k ≪ k⋆ and thus

τNL ≃ 9

8f2
PBH

(
k

k⋆

)3

for k ≪ k⋆ , (25)

gNL +
25

9
τNL ≃ 25

24f2
PBH

for k ≫ k⋆ . (26)

Note that the τNL term dominates for k ≪ k⋆ and we
have neglect the gNL term in the right-hand side in (24),
provided that gNL is not too large.

scale-dependent bias

It is well-known that non-Gaussianity can also lead
to a scale-dependent bias shift to the halo power spec-
trum [28–32]. Expanding the real-space two-point corre-
lation function of haloes ξh(x1,x2) [33–35], the leading
and next-to-leading order non-Gaussian corrections2 are
given respectively by

∆ξ
(3)
h (x1,x2) =

(
νR
σR

)3

ξ
(3)
R (x1,x1,x2) , (27)

∆ξ
(4)
h (x1,x2) =

(
νR
σR

)4 [
1

3
ξ
(4)
R (x1,x1,x1,x2)

+
1

4
ξ
(4)
R (x1,x1,x2,x2)

]
,

(28)

where νR = δc/σR and ξ
(n)
R is the n-point correlation

function.

2 We drop the term
[
ξ
(2)
R (x1,x2)

]2
/2 in the right-hand side of

(28). Note that this term exists even without the intrinsic non-
Gaussian correction (due to the bispectrum and the trispectrum)
and causes some problems in the calculation of the halo power
spectrum which necessitate fully non-linear analysis [32]. This
is beyond the scope of this work and here we simply neglect it
by assuming that this term can be separable from the intrinsic
non-Gaussian contribution.

Then, the non-Gaussian correction to the halo power
spectrum can be calculated as

∆P
(n)
h =

∫
d3xe−k·x∆ξ

(n)
h (|x|) . (29)

The halo (Eulerian) bias is given by bh = 1+ bL, with bL
the Lagrangian bias defined by b2L = Ph(k, z)/Pδ(k, z).
Without non-Gaussian corrections, it is simply given by
bL = δc/(σ

2
R(z)). Thus we obtain the scale-dependent

non-Gaussian correction to the halo bias:

∆b
(n)
h

bh
=

1

2bh(bh − 1)

∆P
(n)
h (k, z)

Pδ(k, z)
, (30)

where bh in the above expression is the Gaussian linear
bias. We have directly calculated the non-Gaussian shift
of the halo power spectrum up to the next-to-leading
order contributions by numerically integrating the corre-
lation functions (27) and (28).
Figure 2 shows the results together with the predic-

tions from primordial local-type non-Gaussianity with
constant non-linear parameters fNL [28–30], gNL and
τNL [32]. The non-Gaussian shift induced by the PBH
Poisson fluctuation can be significantly larger than that
by the primordial local-type case with fNL = 1 for small
scales, typically R ≲ 10−2 Mpc. Further, the bias correc-
tions exhibits a peak, diminishing on large scales because
of the scale-dependent non-Gaussianity, and oscillating
on small scales because of the transfer function. Note
that the perturbative expansion remains valid in this

case, i.e. ∆b
(3)
h ≫ ∆b

(4)
h is satisfied. However, for smaller

scales, these two contributions become comparable and
the perturbative expansion may not be applied (see also
Figure 1). Thus, we implicitly assume the smoothing
scale R ≳ 10−3 Mpc for our analysis to work.
As a specific example in which the scale-dependent

bias derived above takes a significant role, we consider
the 21cm emission signature from minihalos at high red-
shift [36]. The root-mean-square of the 21cm brightness
temperature fluctuation ⟨δT 2

b ⟩1/2 can be a detectable sig-
nature for radio telescope observations such as the Square
Kilometer Array (SKA) and the Fast Fourier Transform
Telescope (FFTT). In particular, non-Gaussianity af-
fects the emission signals through the flux-averaged bias
[37, 38]. Figure 3 shows the modification of ⟨δT 2

b ⟩1/2 by
the PBH-induced non-Gaussianity. We can clearly see
that the change is almost O(1) mK, well within observa-
tional sensitivity, and thus it can be a unique signature
of the PBH-induced non-Gaussianity.

CONCLUSIONS AND DISCUSSIONS

In this article, we have reported that the scale-
dependent non-Gaussianity of matter density fluctua-
tion is inevitably induced from the Poisson fluctuation
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FIG. 2. The leading and next-to-leading order non-

Gaussian corrections to the the halo bias, ∆b
(3)
h (k)/bh (top)

and ∆b
(4)
h (k)/bh (bottom) with smoothing scale R = 10−3

Mpc (red), 10−2 Mpc (blue) and 10−1 Mpc (magenta) for
z = 20, MPBH = 10M⊙ and fPBH = 10−2. In the bottom
panel, the solid and dotted lines correspond to the first and
second terms in the square bracket on the right-hand side of
(28), but these two lines almost coincide. For comparison,
we also show the predictions from the primordial local-type
non-Gaussianity with (top) fNL = 1 (dashed) and (bottom)
gNL = 1000 (black-dashed) and τNL = 1000 (black-dotted).

of PBHs. The effect can be described by the scale-
dependent effective non-linear parameters such as fNL,
gNL and τNL. On small scales, typically smaller than
10−2 Mpc, those non-linear parameters can be larger
than O(1) with PBH mass MPBH = 1–100M⊙.

Thus, the detection of such strongly scale-dependent
non-Gaussianity can be a unique signature of the PBH
formation scenario. For instance, scale-dependent bias
corrections are significant and peaked on small scales,
typically around 10 kpc scales and it would lead to the
significant modification of the number of small dark mat-
ter haloes on those scales, with typical mass 103−107M⊙
at high redshift [17].

Small-scale matter density fluctuations can be probed
by the observation of the dark matter subhaloes in the
Milky Way galaxy. For instance, dark matter sub-
haloes passing through the galaxy, with the typical mass
107M⊙, affect the phase space distribution of stars [39].

 0.1

 1

 6  8  10  12  14  16  18  20

〈δ
T
b2 〉

1/
2  [m

K
]

z

Atot = 105 m2

106 m2

FIG. 3. The root-mean-square of the 21cm brightness tem-
perature. The thick (thin) solid lines correspond to the pre-
dicted signals with (without) scale-dependent bias shift due
to the PBH-induced non-Gaussianity for fPBH = 10−3 (red),
10−4 (blue) and MPBH = 30M⊙. The dashed black line
represents the case without PBH (Poisson fluctuations) and
the two dash-dotted lines show the expected sensitivity by
SKA-like observations with a typical observational setup [17]
parametrized by the total effective area parameter Atot.

Astrometry by means of the weak gravitational lensing
can also a powerful probe of the population of dark mat-
ter subhaloes [40]. The subhalo kinematics can also leave
a signal in pulsar timing observations and the small-scale
primordial fluctuations for k > 103 Mpc−1 can be con-
strained [41]. In addition, the observations of the number
of dwarf spheroidal galaxies and the stellar stream can
be promising probes of dark matter substructure and
the primordial density fluctuation on scales k ∼ 102–
103 Mpc−1 can be constrained [42].
The characteristic sub(mini)halo abundance is im-

printed as a signature of the PBH formation scenario
and can potentially be searched by the observations men-
tioned above. The non-Gaussian feature discussed in
this work is a unique prediction, which makes it distin-
guishable from other possible scenarios, e.g. a simple
enhancement of the inflationary small-scale fluctuations.
In particular, the constraint on the PBH abundance from
the subhalo observations needs a careful calculation of
the halo mass function with the inclusion of the scale-
dependent bias. We leave it for future studies.
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