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QUANTIFIER ALTERNATION DEPTH IN UNIVERSAL BOOLEAN DOCTRINES

MARCO ABBADINI AND FRANCESCA GUFFANTI

ABSTRACT. We introduce the notion of a quantifier-stratified universal Boolean doctrine. This notion
requires additional structure on a universal Boolean doctrine, accounting for the quantifier alternation
depth of formulas. After proving that every Boolean doctrine over a small base category admits a quantifier
completion, we show how to freely add the first layer of quantifier alternation depth to these doctrines.
To achieve this, we characterize, within the doctrinal setting, the classes of quantifier-free formulas whose
universal closure is valid in some common model.
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2 M. ABBADINI AND F. GUFFANTI

1. INTRODUCTION

The source of inspiration for this work has been M. Gehrke’s talk [7] at the conference “Category theory
20—217. We now briefly recall the setting.

The set F of all formulas in a given first-order language can be decomposed in two different ways. The first
option is to distinguish the formulas based on their quantifier depth, i.e. the depth of nesting of quantifiers.
This gives a stratification Fy C F1 C F2 C ... of F, where F,, consists of the formulas whose quantifier
depth is at most n. For example, all atomic formulas are in Fy, the formula (Vz R(x,y)) V (Vz S(z)) (with
R and S predicate symbols) belongs to Fi, and Va —Vz R(z,y) belongs to Fy. This is the “Noetherian
induction” way of looking at F.

This stratification is instrumental in proofs that use induction on the quantifier depth.

The second way of decomposing formulas is by looking only at the set of free variables. This second
decomposition is naturally present in the categorical approach to logic initiated by F. W. Lawvere and
relies on the notion of a hyperdoctrine. However, in the doctrinal approach we lose all the information
about the quantifier depths of formulas.

In this paper, we wish to make the first steps in taking up on the invitation at the end of Gehrke’s talk
[7, minute 55]:

“What I wanted to say, mainly, is that I wish you would try to make some nice mathematics
[...] or some nice category theory out of this decoupage of the formulas [= the Noetherian
induction] rather than just this [= the Lawverian way]. I mean, [the Lawverian way] is
important, but [the Noetherian induction] is very useful, technically. Thank you.”

It is worth mentioning that, in our work, we make a slight deviation from the usual notion of depth of
nesting of quantifiers, and we consider the notion of quantifier alternation depth instead. For example, we
place the formula VzVyR(z,y) in F; and not, in general, in F2. To be more precise, given n € N, we consider
Fnt1 to be the set of Boolean combinations of formulas of the form Vi ...V, a(x1,...,Zm,y1,---, Y1)
where m,l € N and a(z1,...,Zm,y1,--.,y1) € Fn; in particular, we stress that m ranges among all natural
numbers. So, in general, VaVy R(z,y) would have quantifier alternation depth 1, and VaVy—Vz S(x,y, z)
would have quantifier alternation depth 2, while the classical depths of nesting of quantifiers would be 2
and 3, respectively. The name “quantifier alternation depth” is motivated by the fact that we are counting
how many alternations of existential and universal quantifiers appear in a given formula. For example,
VaVy —Vz S(x,y, z) is equivalent to VaVy 3z -S(x,y, z) (or one might consider ~IxIyVz S(x,y, 2), as well),
in which there are two alternating layers of universal and existential quantifier.

We use this approach because, in the doctrinal setting, one has an abstract notion of a finite set of
variables in which one cannot count the number of variables.

We work in the setting of universal Boolean doctrines, which are a variation of Lawvere’s hyperdoctrines
[13, 14, 15]. The attribute “Boolean” refers to the fact that F can be endowed with a structure of a Boolean
algebra, while “universal” refers to the fact that in F there are universal quantifications of formulas. Of
course, in this Boolean case, the universal and existential quantifiers are interdefinable, so both quantifiers
are considered even if we only mention one of them.

As hinted above, in the categorical interpretation of first-order logic given by universal Boolean doctrines,
we don’t have any information about the quantifier alternation depth of a formula. We address this issue by
proposing a modification of the notion of a universal Boolean doctrine that takes the quantifier alternation
depth into account. To this end, we give three definitions, which carry the same information: we define. . .

(1) ...a quantifier-free fragment of a universal Boolean doctrine. Roughly speaking, and using the
notation above, the set F of all first-order formulas is given, and the quantifier-free fragment specifies
the set Fy of all quantifier-free formulas;

(2) ...a quantifier stratification of a universal Boolean doctrine. Roughly speaking, the set F of all first-
order formulas is given, and the quantifier stratification axiomatizes the sequence Foy, F1, Fa,...;

(3) ...a quantifier-stratified universal Boolean doctrine. Roughly speaking, the set F of all first-order
formulas is not given anymore, and the quantifier-stratified universal Boolean doctrine provides
directly the stratification Fy, F1, Fa,... The set F can then be obtained as the directed union of
all the layers.
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These definitions are in Section 3, where we also show their equivalence.

After this, we turn to the question: if the relevant structure on F is the structure of a universal Boolean
doctrine, what is the intrinsic relevant structure on Fy? It is easily seen that any quantifier-free fragment
is a Boolean doctrine, i.e. a version of a universal Boolean doctrine which does not require the existence
of quantifiers. Conversely, we prove that every Boolean doctrine satisfying a certain smallness assumption
is the quantifier-free fragment of a universal Boolean doctrine. To do so, we show that we can freely add
quantifiers to any Boolean doctrine P over a small base category; in other words, P admits a quantifier
completion PY. This is done in Section 4.

The rest of the paper is motivated by the following question: given JFy, how can one construct the set
F1 obtained by freely adding one layer of quantification? Rephrasing formally: given a Boolean doctrine
Py, letting Py be its quantifier completion, and letting Po, P1,Pa, ... be the quantifier stratification of P§
associated to the quantifier-free fragment Py of Pg, how can one construct P; in terms of Py?

To answer this question, we characterize, within the doctrinal setting, when a finite conjunction of
universal closures of quantifier-free formulas entails a finite disjunction of universal closures of quantifier-
free formulas modulo a quantifier-free theory 7 (Theorem 6.6). Thanks to some basic properties of Boolean
algebras, this is enough to completely characterize when a Boolean combination of universal closures of
quantifier-free formulas entails another Boolean combination of universal closures of quantifier-free formulas
modulo 7 (Corollary 6.10). In turn, this characterization gives the recipe for the construction of P; in
terms of Py (Section 6.2).

To achieve these results, which are in Section 6, we need a detour about models (Section 5). This detour
has its own interest and contains the most technical part of the paper. Its main result is the following:
given a Boolean doctrine P, we characterize the classes of formulas in P whose universal closure is valid
in some Boolean model of P (Theorem 5.28). The characterization is reminiscent of the notion of an
ultrafilter, and so we call universal ultrafilters the classes satisfying it (Definition 5.12). In the conclusion of
Section 5, we use this characterization to obtain what we need for Section 6: given a quantifier-free theory
T, we characterize when two finite lists (a1,..., ;) and (B1,..., ;) of quantifier-free formulas are such
that every model satisfying the universal closures of all a;’s satisfies the universal closure of at least one 3;;
see Corollary 5.30 (and its generalization Theorem 5.38 in which one specifies a finite number of variables
exempt from universal closure).

To sum up, in this paper we propose a modification of the notion of a universal Boolean doctrine that
takes the quantifier alternation depth into account, we characterize the layer 0, and we show how to freely
obtain the layer 1 from a given layer 0. We believe these to be the first steps for a doctrinal understanding
of the quantifier alternation depth in Boolean doctrines. This investigation opens the way to several further
questions, discussed in Section 7.

2. PRELIMINARIES ON DOCTRINES

Hyperdoctrines were introduced by F. W. Lawvere in a series of papers [13, 14, 15] to interpret both
syntax and semantics of first-order theories in the same categorical setting. Lawvere’s investigation in
categorical logic “permits an invariant algebraic treatment of the essential problem of proof theory, though
most of the later work by proof theorists still relies on presentation-dependent formulations” [16, Author’s
commentary|. In this paper we consider Boolean doctrines and universal Boolean doctrines, which are
variations of Lawvere’s hyperdoctrines; points of departure are, among others, the fact that we impose
all the axioms of Boolean algebras and that we do not require the equality predicate. Boolean doctrines
contain enough structure to interpret all logical connectives, while universal Boolean doctrines require
further structure allowing to interpret also quantifiers. Lawvere’s fundamental intuition was that quantifiers
in logic are interpreted as certain adjoints.

Lawvere’s doctrinal setting is amenable to a number of generalizations different from ours; for the inter-
ested reader we mention primary doctrines (where one can interpret finite conjunctions) [18, 19, 6], exis-
tential doctrines (finite conjunctions and existential quantifier) [18], universal doctrines (finite conjunctions
and universal quantifier) [19], elementary doctrines (finite conjunctions and equality) [17, 6] and first-order
doctrines (all logical connectives with the axioms of Heyting algebras and quantifiers) [6].
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Notation 2.1. We let N ={0,1,...} denote the set of natural numbers, including 0.

Notation 2.2. We let BA denote the category of Boolean algebras and Boolean homomorphisms, and Pos
the category of partially ordered sets and order-preserving functions.

Definition 2.3 (Boolean doctrine). For a category C with finite products, a Boolean doctrine over C is a
functor P: C°? — BA. The category C is called the base category of P. For each X € C, P(X) is called a
fiber. For each morphism f: X’ — X, the function P(f): P(X) — P(X’) is called the reindexing along f.

Definition 2.4 (Boolean doctrine morphism). Let P: C°? — BA and R: D°? — BA be two Boolean
doctrines. A Boolean doctrine morphism from P to R is a pair (M, m) where M : C — D is a functor that
preserves finite products and m: P — R o M°P is a natural transformation.

cop —MP_, pop

WA

Given Boolean doctrine morphisms (M, m): P — R and (N,n): R = S,

cop M Dop NoP Eop
m _n
R
P s
BA

their composite (N,n)o (M, m): P — S is the pair (NoM,nom): P — S, where N o M is the composite of
the functors between the base categories, and the component at X € C of the natural transformation nom
is defined as (nom)x = ny;(x) o mx, i.e. the composite of the following functions:

P(X) 25 R(M(X)) “2% §(NM(X)).

Definition 2.5. We let Doctga denote the category of Boolean doctrines and Boolean doctrine morphisms
between them.

Although 2-categorical aspects of doctrines would be very natural, we omit them for simplicity.
Definition 2.6 (Universal Boolean doctrine). Given a category C with finite products, a universal Boolean

doctrine over C is a functor P: C°P — BA with the following properties.

(1) (Universal) Forall X,Y € C, letting pr; : X XY — X denote the projection onto the first coordinate,
the function

P(pr,): P(X) = P(X x Y),

has a right adjoint V§ (as an order-preserving map between posets). This means that for every
B € P(X x Y) there is a (necessarily unique) element V3 € P(X) such that, for every a € P(X),

a < V%A in P(X) iff P(pry)(a) < B8 in P(X xY),

(2) (Beck-Chevalley condition) For any morphism f: X’ — X in C, the following diagram in Pos
commutes.

X P(X x V) —* P(X)

fT P(fxidy)l JP(f)

X' P(X'xY) —— P(X')

x/
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Definition 2.7 (Universal Boolean doctrine morphism). Let P: C° — BA and R: D°® — BA be two
universal Boolean doctrines. A universal Boolean doctrine morphism from P to R is a Boolean doctrine
morphism (M, m): P — R such that for every X,Y € C the following diagram commutes.

P(X xY) 2% R(M(X) x M(Y))
vggl lvgg;; (2.1)
P(X) — R(M(X))

Remark 2.8. In condition (1), instead of asking for a right adjoint, we can ask for the existence of a left
adjoint 3% : P(X x Y) — P(X) of the function P(pr;) (again with the Beck-Chevalley condition). This
property is called existentiality. In this Boolean case, existentiality is equivalent to universality, because the
existential and the universal quantifiers are interdefinable: V = —3- and 9 = —V—.

Next, we describe the leading example: the universal Boolean doctrine that describes a first-order theory.

Example 2.9 (Syntactic doctrine). Fix a first-order language £ = (F,P) (without equality) and a theory
T in the language £. We define a universal Boolean doctrine

LT : Ctx° — BA,

called the syntactic doctrine of (L and) T, as follows. An object of the base category is a finite list of
distinct variables and a morphism between two lists & = (z1,...,2,) and ¥ = (y1,...,ym) is an m-tuple

1 (D), ..yt (@) (21, 2n) = Y1y -y YUm)

of terms in the context Z. The empty list () is the terminal object in Ctx. The product of two lists Z and
i in Ctx is any list whose length is the sum of the lengths of & and ¥ if the variables in the two lists are
all distinct, we can write their product as the juxtaposition (Z;%) = (x1...,Zn,¥y1,.--,Ym). The functor
LT”: Ctx°? — BA sends each list of variables to the poset reflection of the preordered set of well-formed
formulas written with at most those variables ordered by provable consequence in T (so that two formulas
o(Z) and B(&) are identified in LT (Z) if and only if o 47 3); the order on LT(Z) is 7 for any pair of
representatives. Moreover, LT” : Ctx°® — BA sends a morphism i(): & — ¢ to the substitution [{(Z)/7],
which maps the equivalence class of a formula «(%) in LT (%) to the equivalence class of the formula a(£(Z)/7)
in LT7 ().

The functor LT” is a universal Boolean doctrine. Indeed, each LTT(f) is a Boolean algebra, and every
substitution preserves the Boolean structure. Moreover, given finite lists of variables & and g/, the right
adjoint to LT” (pr,): LT7 (&) — LT7 ((&; %)) (which maps the equivalence class of a formula with variables
from Z to itself) is

Vi . Nym: LTT(#9) — LT7(2).

The Beck-Chevalley condition follows from the properties of admissible substitutions of variables.
In the rest of the paper, if there is no confusion we usually omit the superscript and write LT instead of
LT,

With this example in mind, given a universal Boolean doctrine, we suggest the reader thinking of the
objects of the base category as lists of variables, the morphisms as terms, the fibers as sets of formulas, the
reindexings as substitutions, the Boolean operations as logical connectives, and the adjunctions between
fibers as quantifiers.

Remark 2.10. The setting of universal Boolean doctrines encompasses also many-sorted first-order the-
ories. Indeed, any many-sorted first-order theory gives rise to a syntactic doctrine essentially in the same
way as described in Example 2.9 above.

The following example is useful in defining models of a universal Boolean doctrine.
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Example 2.11 (Subsets doctrine). For a set X, we let &2(X) denote the power set Boolean algebra of X.
This gives rise to a universal Boolean doctrine £2: Set°® — BA, called the subsets doctrine. The functor &
maps an object to its power set, and maps a function f: X’ — X to the preimage function

2(f) =[] 2(X) = 2(X)).

Moreover, given two sets X and Y, the right adjoint V¥ to the order-preserving function pry*: 2(X) —
P(X xY) is the function

Vi (X xY) — P(X)
Sr—{zeX|forally e, (z,y) € S}

3. QUANTIFIER ALTERNATION DEPTH FOR DOCTRINES

We modify the notion of a universal Boolean doctrine so that the depth of alternation of quantifiers of
the formulas is taken into account.

Consider the example of first-order formulas in Example 2.9. For every n € N and every context T we
define the Boolean algebra LT, (Z) (of “formulas with quantifier alternation depth less than or equal to n”)
inductively on n, as follows.

(1) We define LT((Z) C LT(Z) as the set of equivalence classes of quantifier-free first-order formulas
with free variables in Z.
(2) For n >0, LT, 1(%) is the Boolean subalgebra of LT(Z) generated by the elements Vi «(Z, §) for ¢
ranging among contexts and a(Z, §) ranging in LT, (Z, 7).
Moreover, we have a chain of inclusions

LTo(%) C LT (F) € LT, () C ...

because Vi a(Z, §) is equivalent to a(&) whenever ¢ is the empty list.
Furthermore, every first-order formula a(Z) belongs to LT, (Z) for some n € N. (This can be proved by
induction on the complexity of a(Z).) In other words,

LT(&) = | LT.(®).

neN
The quantifier alternation depth of a formula «(Z) € LT(Z) is the least n such that «(Z) € LT, ().

Example 3.1. (1) Consider a language consisting of a unary relation symbol R and the theory with
no axioms. Then R(z) belongs to LTy(x), and hence its quantifier alternation depth is 0.
(2) The formula (Vz R(z)) A P(y) belongs to LT (z,y), and hence its quantifier alternation depth is less
than or equal to 1.
(3) The formula 3z (P(z) A JyQ(x,y)) belongs to LT;(x,y) because it is equivalent to 3z Iy (P(x) A
Q(z,y)). Therefore, its quantifier depth is less than or equal to 1.

For each n € N, the assignment LT,, can be extended to a functor
LT, : Ctx°® — BA, (3.1)

defining the reindexing LT, (£(Z)): LT,(7) — LT, (&) along the tuple of terms #(Z): # — ¥ as the restriction
of LT(#(Z)).

The stratification of LT into the sequence LTy, LTy, ...is the motivating example for the definitions that
follow. Since the notion of a universal Boolean doctrine is blind to the quantifier alternation depth of a
formula, we add further structure to take it into account. We propose three definitions, which we will prove
to carry the same information. The most intrinsic one is the third one.

(1) In Definition 3.2 we define a quantifier-free fragment of a universal Boolean doctrine. A quantifier-
free fragment consists of the class of formulas considered to be quantifier-free. This is enough to
derive the quantifier alternation depth of all formulas, leading to the next definition.

(2) In Definition 3.7 we define a quantifier stratification of a universal Boolean doctrine: we rephrase
the first definition in a way that takes all layers of the quantifier alternation depth as part of the
structure.
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(3) In Definition 3.12 we define a quantifier-stratified universal Boolean doctrine: we provide only the
stratification, and the doctrine can be obtained by taking the directed union of all the layers.

3.1. Definitions of quantifier-stratifications.

Definition 3.2 (Quantifier-free fragment). Let P: C°P — BA be a universal Boolean doctrine. A guantifier-
free fragment of P is a functor Po: C°® — BA with the following properties.
(1) For every X € C, Pop(X) is a Boolean subalgebra of P(X).
(2) For every morphism f: X’ — X in C, the function P(f): P(X) — P(X’) restricts to the function
Po(f)i PQ(X) — Po(XI)
(3) For each object X in C, P(X) = U,,cy Pn(X), where P,,(X) is the Boolean subalgebra of P(X)
defined inductively on n as follows. The poset Po(X) is already defined; for n > 0, P,41(X)
is the Boolean subalgebra of P(X) generated by the union of the images of P, (X x Y) under

Vi P(X xY) — P(X), for Y ranging among the objects of C.

Remark 3.3. For everyn > 0, P, (X) C P, 11(X). Indeed, X is a particular product of X with the terminal
object t, and the first projection pry: X = X x t — X is the identity. The function P(pr;): P(X) — P(X)
is the identity, and thus its right adjoint V% : P(X) — P(X) is also the identity. Thus, the image of P, (X)
under V% is P, (X), which is then contained in P11 (X).

Example 3.4. Consider the example of first-order formulas in Example 2.9. The functor LTy: Ctx°® — BA
as in (3.1) is a quantifier-free fragment of LT.

Example 3.5. Given a universal Boolean doctrine P: C°? — BA, the functor P is a quantifier-free fragment
of P.

Example 3.6. We sketch an example which is both of the type of Example 3.4 and of Example 3.5.
Consider a first-order theory 7. For each first-order formula «(Z) add a relation symbol R, with variables
in #, and add the axiom VZ (R (Z) <> a(Z)). This gives a new language and a theory 7" in this language, in
which every first-order formula is equivalent to a quantifier-free formula. Let LT” be the syntactic doctrine
defined from this new language and this new theory. Its quantifier-free fragment LTg_ Cis LT itself.

Definition 3.7 (Quantifier stratification). Let P: C°P — BA be a universal Boolean doctrine. A quantifier
stratification of P is a sequence of functors P,,: C°? — BA with the following properties.
(1) For every X € C and every n € N, P,,(X) is an Boolean subalgebra of P(X).
(2) For every morphism f: X’ — X in C and every n € N, the function P(f): P(X) — P(X") restricts
to Pp(f): Pp(X) = P, (X7).
(3) (Chain of inclusions) For every X € C we have a chain of inclusions of Boolean subalgebras
Po(X) CPy(X) CPy(X) C....
(4) (Directed union) For every X € C,
P(X) =] Pu(X).
neN
(5) (Restriction of universal) For every projection pr;: X xY — X in C, and every n € N, the function
Vi : P(X xY) — P(X) restricts to a function
VX Pu(X xY) = Py (X).
(6) (Generation) For all X € C and n € N, the Boolean algebra P,,41(X) is generated by the union of
the images of the functions V¥, : P,(X xY) = P, 1(X) for Y ranging in C.

Example 3.8. Consider the example of first-order formulas in Example 2.9. The sequence LT,,: Ctx°? —
BA defined in (3.1) is a quantifier stratification of LT.

Example 3.9. Given a universal Boolean doctrine P: C°P — BA, the constant sequence (P,, = P),cy is a
quantifier stratification of P.
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Example 3.10. Given a quantifier stratification (P, ),en of P, and given k € N, (Pg4y)nen is a quantifier
stratification of P.

Remark 3.11. A universal Boolean doctrine might have distinct stratifications. For example, take any first-
order theory 7 in which not every formula is equivalent to a quantifier-free formula. Then the quantifiers-
stratification in Example 3.8 of the doctrine corresponding to 7T differs from the constant quantifiers-
stratification in Example 3.5. However, by Definition 3.7(6), a quantifier stratification (P,), of a given
Boolean doctrine P is completely determined by Py (see Proposition 3.15 below).

A direct axiomatization (without the universal Boolean doctrine as part of the structure) is as follows.

Definition 3.12 (Quantifier-stratified universal Boolean doctrine). A quantifier-stratified universal Boolean
doctrine is a sequence of functors (P, : C°? — BA),ecny where C is a category with finite products, such
that, for every X € C and n € N, P,(X) is a Boolean subalgebra of P,41(X), for every morphism
f: X' - X in C and every n € N, the function P,41(f): Pp+1(X) — Ppt1(X’) extends the function
P.(f): Pn(X) — P,(X’), and the following conditions hold.

(1) (Universal) For every projection pry: X xY — X in C, n € N, and 8 € P, (X x Y) there is an

element V}/wﬁ € P,,11(X) such that, for every @ € P,,41(X), we have (denoting with ixxy,, the
inclusion of P, (X x Y) into P41 (X x Y))

a < V?nﬂ in Ppy1(X) <= Ppyi1(pry) (@) <ixxyn(B) in Ppy (X xY).

(Note that one such element V?nﬁ is unique, as we have described its principal downset.)
(2) (Beck-Chevalley) For every morphism f: X’ — X in C and n € N the following diagram in Pos

commutes.
Y

v ’

P, (X' xY) =5 P, (X))
Pn,(fxidv)l anH(f)
P, (X xY) = Pot1(X)

X.,n

(3) (Restriction of universal) For all X,Y € C and every n € N, the map VY , |, restricts to VX, i.e.
the following diagram in Pos commutes.

Y

v
P.(X xY) —"% P, 1(X)

iXXY,n\[ \[iX,n+l

Pn+1(X X Y) -~ Pn+2(X)
VX nt1
(4) (Generation) For all X € C and n € N, the Boolean algebra P,,41(X) is generated by the union of
the images of the functions V?n: P.(X xY) = P,1(X) for Y ranging in C.

3.2. Equivalence between the definitions of quantifier-stratifications. We next show the equiva-
lence between Definitions 3.2, 3.7 and 3.12.

Lemma 3.13. Let P: C°P — BA be a universal Boolean doctrine, and let Py be a quantifier-free fragment
of P. For alln € N and X € C, the assignment P, (X) can be extended to a functor P, : CP — BA such
that the sequence (Pp)nen is a quantifier stratification of P.

Proof. First of all, we prove inductively that P, can be extended to a functor: for any morphism f: X’ — X
in C, let P, (f): Pp(X) — P, (X’) be the restriction of P(f): P(X) — P(X’). We show inductively that
this restriction is well-defined. The function Po(f) is the restriction of P(f) by definition. Then suppose
that P,,(f): P, (X) — P,,(X’) is the restriction of P(f). Take a generator Vi a € P,41(X) for some Y in
C and some « € P,,(X x Y'). Then, using the Beck-Chevalley condition and the inductive hypothesis,

P(f)(Vxa) =V P(f x idy)(a) = ¥ Py (f x idy)(a),
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and hence P(f)(V%a) € P,11(X’). Since P(f) is a Boolean homomorphism, it restricts to the function
Poi1(f): Ppi1(X) = Ppri1(X'). The sequence (P, )nen is a quantifier stratification of P; indeed, all the
needed properties follow by definition, except for the inclusions P, (X) C P,11(X), which follow from
Remark 3.3. 0

Lemma 3.14. Let (Py)nen be a quanitfier stratification of a universal Boolean doctrine P: C°P — BA.
Then, Pq is a quantifier-free fragment of P.

Proof. For every X € C, Py(X) is a Boolean subalgebra of P( ) and, for any f: X’ — X, the reindexing
P(f): P(X) — P(X’) restricts to Po(f): P(X) — P(X’) by (4). Then use (5) and (6) inductively to
observe that for each n € N\ {0}, the Boolean subalgebra of P(X ) generated by the union of the images of
P,_1(X) under V¥ for Y ranging in C is P,,(X), and then by (4) we have that P(X) = [, oy Pn(X), as
claimed. 0

Proposition 3.15. There is a 1:1 correspondence between quantifier-free fragments and quantifier stratifica-
tions of a given universal Boolean doctrine. The mutually inverse assignments are described in Lemmas 3.13
and 3.14.

Proof. Let P be a universal Boolean doctrine.

Let Py be a quantifier-free fragment. Apply Lemma 3.13 to define a quantifier stratification (P )nen,
and then apply Lemma 3.14 to obtain the quantifier-free fragment Py, which is the same quantifier-free
fragment we started with.

Conversely, let (P,,)n,en be a quantifier stratification of P. Consider the quantifier-free fragment Py, and
then apply Lemma 3.13 to define a quantifier stratification (P?,)nen, where P/ (X) is defined inductively in
Definition 3.2. We prove inductively that the functors P, and P/, coincide. The base case is immediate.
Let n € N and suppose that P, and P/, coincide. The Boolean subalgebras P, (X) and P, 41 (X) of
P(X) have the same set of generators, and the reindexings are defined in both cases as the restrictions of
the reindexings of P. Therefore, the functors P, and P;,; coincide. O

Lemma 3.16. Let (Py)nen be a quantifier stratification of a universal Boolean doctrine P: CP — BA.
Then, (Pp)nen s a quantifier-stratified universal Boolean doctrine.

Proof. Let a € Pp41(X) and § € P, (X x Y). We have

a <VX.08 (in Ppoi1 (X))
= a<Vyp (in P(X))
< P(pry)(a) < B (in P(X xY))

(i

= Prpa(pry)(@) <ixxvn(B) in Py (X xY)).

This proves condition (1) in Definition 3.12. The diagram in Definition 3.12(2) is commutative because it is
the restriction of the diagram defining the Beck-Chevalley condition for P. The diagram in Definition 3.12(3)
is commutative because both V¥ = and VX a1 are restrictions of the same function V¥ . Finally, condition
(4) in Definition 3.12 follows from Definition 3.7(6). O

Lemma 3.17. Let (P,,: C°? — BA),cn be a quantifier-stratified universal Boolean doctrine. Let P: C°P —
BA be the functor defined as follows. For X € C, we set P(X) = J,,cny Pn(X), with the obvious structure
of a Boolean algebra. For a morphism f: X' — X in C, the function P(f): P(X) — P(X') is the obvious
one. Then P is a universal Boolean doctrine, and (P, )nen is a quantifier stratification of P.

Proof. We first prove that P is a universal Boolean doctrine. For every projection pr;: X xY — X, define
the function V% : P(X x Y) — P(X) as VX = [, ey VX,,- This is well-defined by Definition 3. 12( ). To

check that VY is the right adjoint to P(pr;), let o € P(X ) and 8 € P(X xY). There is n € N large enough
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so that & € Pp41(X) and 8 € P, (X x Y). Then,
a< V§B
— a<Vk,p

< ixxyn(a) <Puii(pry)(B)
< P(pry)(a) <

in P(X))

in P,y1(X))

in Ppp1(X xY))
in P(X xY)).

~ o~~~

Hence, V¥ is the right adjoint of P(pr;). The Beck-Chevalley condition follows from (2). So P is indeed a
universal Boolean doctrine.

The sequence (P, ),¢n is easily seen to be a quantifier stratification of P, as all conditions in Definition 3.7
follow directly from Definition 3.12. O

Proposition 3.18. There is a 1:1 correspondence between universal Boolean doctrines equipped with a quan-
tifier stratification and quantifier-stratified universal Boolean doctrines. The mutually inverse assignments
are described in Lemmas 3.10 and 3.17.

Proof. Let (P,: C°? — BA),cn be a quantifier-stratified universal Boolean doctrine. By Lemma 3.17,
Unen Pn: C°P — BA is a universal Boolean doctrine and (P, )nen a stratification of it. From this, using
Lemma 3.16, we get the quantifier-stratified universal Boolean doctrine (P, )nen, which is the one we started
from.

Conversely, let (P,,)neny be a quantifier stratification of a universal Boolean doctrine P: C°P — BA.
Use Lemma 3.16 to get a quantifier-stratified universal Boolean doctrine (P,),eny. By Lemma 3.17,
UnenPr: CP — BA is a universal Boolean doctrine and (P,)nen is a stratification of it. Moreover,

nen Pn = P by assumption, and hence we have obtained again the universal Boolean doctrine P with its
quantifier stratification (P, )nen- O

For each n € N, what are the properties satisfied by the tuples of the form (Pg,...,P,) for some
quantifier-stratified universal Boolean doctrine (P, )nen? The answer for n = 0 (for the case of a small base
category) is in the next section: Py is a Boolean doctrine. The remaining cases seem to require much more
effort and are left to future work; see Sections 7.1 and 7.2.

4. QUANTIFIER COMPLETION OF A BOOLEAN DOCTRINE

Via standard techniques of universal many-sorted algebra, we show that we can freely add quantifiers to
any Boolean doctrine P over a small base category; in other words, P admits a quantifier completion P
(Corollary 4.23). Towards the aim of showing that P embeds in P¥, we establish a completeness theorem for
Boolean doctrines (Theorem 4.9); this states that distinct elements in a common fiber of a Boolean doctrine
(i.e., distinct formulas in a common context) are separated by Boolean models. Then, using the universal
property of P¥ and the fact that models are morphisms towards the subsets doctrine 22, which is universal,
the completeness theorem allows us to prove that P embeds in P.

All this shows that every Boolean doctrine is a quantifier-free fragment of its quantifier completion
(Proposition 4.15). Consequently, Boolean doctrines are precisely the quantifier-free fragments of some
universal Boolean doctrine. This answers the question at the end of Section 3 for the case n = 0.

4.1. Completeness theorem for Boolean doctrines.

Definition 4.1 (Boolean model). Let P: C°? — BA be a Boolean doctrine. A Boolean model of P is a
Boolean doctrine morphism (M, m): P — &, where & is the subsets doctrine.

Cop M, GetoP

hed
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Definition 4.2 (Universal Boolean model). Let P: C°P — BA be a universal Boolean doctrine. A universal
Boolean model of P is a universal Boolean doctrine morphism (M, m): P — .

In the syntactic context, a universal Boolean model (M, m) of LT” corresponds precisely to a model of
the theory T in the classical sense. The assignment of the functor M on objects encodes the underlying set
of the model, the assignment of M on morphisms encodes the interpretation of the function symbols, and
the natural transformation m encodes the interpretation of the predicate symbols. In detail, the underlying
set M of the model is the value of the functor M at the object () (the context with only one variable).
The interpretation I(f): M"™ — M of a function symbol f of arity n is the value of the functor M at the
morphism f: (21,...,2,) — (y). The interpretation I(Q) C M"™ of an atomic formula @ of arity n is
Mg, o) (Q@1, ..., 20)) € P(M(x1,...,2,)).

Note that in Definitions 4.1 and 4.2 we admit the functor M to assign the empty set to some objects of
C. In the syntactic context, this means that we allow the empty model.

Theorem 4.3. Let P: C°P — BA be a Boolean doctrine and F a subset of P(t). The following conditions
are equivalent.

(1) There is a Boolean model (M, m): P — & such that F = {a € P(t) | m¢(a) = M(t)}.

(2) F is an ultrafilter of P(t).

Proof. (1) = (2). The functor M preserves finite products, and hence M (t) is a singleton. Thus, & (M (t))
is a two-element Boolean algebra. The set F' is an ultrafilter because it is the preimage under the Boolean
homomorphism mg: P(t) — (M (t)) of the top element of the two-element Boolean algebra &2(M (t)).

(2) = (1). Set M := Hom(t, —): C — Set, and let m: P — &0 M°P be the natural transformation whose
component at X € C is the function

my: P(X) — Z(Hom(t, X))
ar—{c:t = X | P(c)(a) € F}.
The fact that mx is a Boolean homomorphism is easily proved using that F' is an ultrafilter and that P(c)

is a Boolean homomorphism for each ¢: t — X. We prove naturality of m: let X, X’ € C, let a € P(X),
and let f: X’ — X and ¢: t — X’ be morphisms in C. We have

c € mx/(P(f)(a)) <= P()P(f)(a) € F
< P(foc)(a)e F
< focemx(a)
= ce(fo—)Hmx(a)

Finally, we prove F' = {a € P(t) | m¢(a) = Hom(t,t)}. Let a € P(t). We have

).
mi(a) = Hom(t, t) <= idy € m¢(a) < P(id¢)(a) € F < a € F. O

Remark 4.4. We translate Theorem 4.3 to the classic syntactic setting. Let {x1,z2,...} be a countable
set of variables, £ a language and 7 a quantifier-free theory in £. Let F be a set of closed formulas (i.e.
formulas with no free variables) which are quantifier-free. The following conditions are equivalent.

(1) There is a model M of T such that F is the set of quantifier-free closed formulas « such that M F a.
(2) The following conditions hold.
(a) For all quantifier-free closed formulas «, 8, if « € F and a7 3, then 8 € F.
(b) For all a1, a0 € F we have oy Aag € F.
(c) TeF.
(d) For all quantifier-free closed formulas a; and ao, if a3 V as € F, then ay € F or ag € F.
(e) L¢F.

Remark 4.5 (Adding constants to a doctrine). Let P: C°? — BA be a Boolean doctrine, and let S € C.
We review from [9] the construction that freely adds a constant of type S.
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Let Cg be the Kleisli category for the reader comonad S x —: C — C. The category Cg has the same
objects as the category C. For a pair of objects X,Y in Cg (or, equivalently, in C) a morphism f: X ~» Y in
Cs is a morphism f: Sx X — Y in C. The composition of f: X ~» Y and g: Y ~ Z is go(pry, f): X ~ Z:

§xx 2l oy 9 7

The identity on the object X in Cg is the morphism X ~» X corresponding to the projection over X in C:
Sx X 22 X.

We remark that in this new category, there is a morphism t ~~ S, corresponding to ids: S — S, by choosing
S as a product of S and t.
The new doctrine Pg: Cg°® — BA is defined as follows:

Y P(S X Y)
The reindexing of gf is l}?((prp.ﬂ)
X P(S x X).

The Boolean doctrine Pg comes with a canonical Boolean doctrine morphism (Lg,[s): P — Pg. The
functor Lg: C — Cg maps a morphism f: X — Y to the morphism fopry: X ~» Y. For an object X, the
corresponding component of the natural transformation is the following:
(ls)x: P(X) — Pgs(X) =P(S x X)
a — P(pry)(a).
The fibers of Pg inherit the Boolean structure of the fibers of P.

If the starting Boolean doctrine P is universal, then Pg is also universal, and the morphism (Lg, [s)
is universal. The universal structure is defined as follows: for a pair of objects X,Y € Cg, the universal
quantifier (Vs)¥: Ps(X xY) = Pg(X) is

Vi x: P(Sx X xY) = P(S x X).
All these facts are proved in [9, Section 5].

The Boolean doctrine momorphism (Lg,[s): P — Pg and the morphism idg: t ~ S in Cg have the
following universal property [9, Theorems 6.2 and 6.3]:

For every Boolean doctrine R: D°? — BA, Boolean doctrine morphism (M, m): P — R and
morphism ¢: tp — M (S) in D, there is a unique Boolean doctrine morphism (N,n): Pg —
R such that (N,n) o (Lg,lg) = (M, m) and N(idg: t ~ S) = ¢: tp — M(S).

Definition 4.6 (Boolean model at an object). Let P: C°? — BA be a Boolean doctrine, and let S € C. A
Boolean model of P at S is a triple (M, m, s) where (M, m): P — & is a Boolean doctrine morphism from
P to the subsets doctrine &2, and s € M(S).

Roughly speaking, a Boolean model of P at S is a Boolean model of P together with a value assignment
of S in the model.

Lemma 4.7. Let P: C°P — BA be a Boolean doctrine, let S € C, let Pg be the Boolean doctrine obtained
from P by adding a constant of type S and let (Lg,ls): P — Pg be the canonical Boolean doctrine morphism.
Let (M,m,s) be a Boolean model of P of S and let (N,n): Pg the unique Boolean model of Pg such that
(N,n)o (Lg,lg) = (M,m) and N(idg: t ~ S) = {x} — M(S) is the function that sends % to s € M(S).
LetY € Cand let « e P(S xY) =Pg(Y). Then, for ally € M(Y) we have

yeny(a) < (s,y) € mexy(a).
Proof. Consider the naturality diagram of n with respect to the morphism idgxy: Y ~» S x Y in Cg:
Ps(S xY) 2% g(N(S) x N(Y))
Ps(idsXy)l lN(idsXy)’l[f] : (4.1)
Ps(Y) ———— Z2(N(9))



QUANTIFIER ALTERNATION DEPTH IN UNIVERSAL BOOLEAN DOCTRINES 13

Since Lg is the identity on objects, M and N have the same value assignments on objects. The diagram on
the left-hand side below commutes in Cg, because the diagram on the right-hand side commutes in C.

' Y S >< Y
.S\%d%y / Pry,pry,pry) ors
t S X Y S x S xY

S

Since N preserves finite products, the function N(idgxy): N(Y) — N(S) x N(Y) maps y € N(Y) to
(s,y) € N(S) x N(Y). Moreover, observe that

Ps(idsxy)((ls)sxy (@) = P((pry, pro, pra)) (P({pra, pra)) (@) = o (4.2)

By (4.1), (4.2) and since m = no [g, we have the following commuting diagram.

P(SxY) msxy

wxy

Ps(S xY) =% 2(M(S) x M(Y))
lps(idsm’) lN(idst)_l[*]

Ps(Y) ———— Z(M(9))

idp(sxv)

Thus,

y €ny(a) <= y€ny(Ps(idsxy)((ls)sxy()))
< N(idsxy) 'mgxy ()]
<~ (s,y) € mgxy(a). O

Theorem 4.8. Let P: C°° — BA be a Boolean doctrine, S € C and F a subset of P(S). The following
conditions are equivalent.

(1) There is a Boolean model (M,m,s) of P at S such that F = {a € P(S) | s € mg(a)}.
(2) F is an ultrafilter of P(S5).

Proof. This follows from Theorem 4.3 applied to the Boolean doctrine Pg obtained from P by adding a
constant of type S (see Remark 4.5 for the construction). Indeed, since P(S) = Pg(t), F is an ultrafilter
of P(S) if and only if F' is an ultrafilter of Pg(t). By Theorem 4.3 this is equivalent to the existence
of a Boolean model (N,n): Pg — & such that FF = {a € Pg(t) | ng(a) = N(t)}. By the universal
property of Pg, the Boolean model (N,n) is uniquely determined by its precomposition (M, m): P — &2
with the canonical morphism (Lg,[s): P — Pg and by the evaluation of idg: t ~ S through N, namely
s € N(S) = M(S). To conclude, we take o € Pg(t) = P(S). By Lemma 4.7, we have

semg(a) <= ng(a) = N(t). O

Theorem 4.9 (Completeness for Boolean doctrines). Let P: C°P — BA be a Boolean doctrine, let S € C
and let @, € P(S) be such that ¢ £ . Then there is a Boolean model (M, m): P — Z such that

s(p) € ms(1))

Proof. By the ultrafilter lemma for Boolean algebras, there is an ultrafilter I C P(S) such that ¢ € F
and ¢ ¢ F. By Theorem 4.8 there are a Boolean model (M, m): P — £ and s € M(S) such that
F={aeP(S)|semg(a)}. Sincep € F, s € mg(p). Since ) ¢ F, s ¢ mg(¢)). Thus, mg(p) € mg(y)). O
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4.2. Existence of the quantifier completion. In this subsection, we show that the forgetful functor
from the category of universal Boolean doctrines with a small base category to the category of Boolean
doctrines with a small base category has a left adjoint.

Definition 4.10. Let P: C°® — BA be a Boolean doctrine. The quantifier completion of P is a Boolean
doctrine morphism (7,i): P — PY, where PV: C'°’ — BA is a universal Boolean doctrine, with the following
universal property: for every universal Boolean doctrine R: D°? — BA and for every Boolean doctrine
morphism (M, m): P — R there is a unique universal Boolean doctrine morphism (N,n): P¥ — R such
that (M, m) = (N,n) o (I,1).

p LY, pv

\ () (4.3)
(M,m) ¥

R

Remark 4.11 (Change of base). Let P, R be Boolean doctrines and (M, m): P — R a Boolean doctrine
morphism. We can factor (M, m) as the composition of two Boolean doctrine morphisms as follows:

. jop
1dC COp MeP Dop

ol ay
P Rofop R
BA.

Remark 4.12. In Remark 4.11, if we additionally ask for the Boolean doctrine R to be universal, it is easy to
see that the Boolean doctrine Ro M°P is universal, and that in the factorization of (M, m) = (M, id)o(idc, m)
the Boolean doctrine morphism (M,id): R o M°? — R is universal. Moreover, if also P and (M, m) are
universal, then (idc, m) is universal.

cop

Proposition 4.13. Let P: C°? — BA be a Boolean doctrine and suppose it has a quantifier completion
(I,i): P — PY. Then the functor I: C — C' is an isomorphism of categories.

Proof. Consider the factorisation of (I,i): P — PY as (I,id) o (idc,i), with (idc,i): P — PY o I°? and
(I,id): P¥oI°? — PY as in Remark 4.11. By the universal property of the quantifier completion applied to
(idc, 1), there is a unique universal Boolean doctrine morphism (G, g): P¥ — PYoI°P such that (G, g)o([,i) =
(idc, ).

p Y, pv

(idm \LHI(G’Q)
PY o P
Now we use the universal property again, this time applied to (I,i): the identity (idc/,id): P¥Y — PY is the

unique universal Boolean doctrine morphism (N, n): P¥ — P such that (N,n)o (I,i) = (I,i). Since (I,id)
is a universal Boolean doctrine morphism and since

(I,id) o (G, g) o (I,1) = (I,id) o (idc, i) = (I,1),
we have (I,id) o (G, g) = (idc/, id).

PY 0 I°P |(ides id)
\

(1,id)
+
PV

So, looking at the functors between the base categories, we obtain Gol = idc and IoG = id¢/, as desired. [
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In Proposition 4.13 above we proved that the functor between the base categories in a quantifier com-
pletion is an isomorphism of categories, so from now on we will suppose the quantifier completion (when it
exists) to be of the form (idc,i): P — PV,

Lemma 4.14. Let P: C°® — BA be a Boolean doctrine and suppose that it admits a quantifier completion
(idc,i): P — PY. Then every component of the natural transformation i is injective.

Proof. Let X € C and ¢,¢ € P(X) be such that ¢ £ . By Theorem 4.9 there is a Boolean model
(M,m): P — & such that mx(p) € mx(¢). By the universal property of (idc,i) with respect to (M, m)
there is a universal Boolean model (N,n): P¥ — & such that (N, m) = (M,n) o (idc, ). It follows that

nx(ix(p)) = mx(p) € mx(¥) = nx(ix(¥)),
thus ix(gﬁ) g ix(l/}). O

With a bit of set-theoretic stretching, we can thus assume that the components of the natural transfor-
mation i are inclusions of Boolean subalgebras.

Proposition 4.15. Let P: C°? — BA be a Boolean doctrine and suppose it has a quantifier completion
(idc,i): P — PY. Then P is a quantifier-free fragment of PY.

Proof. In light of Lemma 4.14, we are left to prove (3) in Definition 3.2. Define the doctrine R as follows.
The base category of R is C. For each X € C, set R(X) as the Boolean subalgebra |J,.yRn(X) of
PY(X), where R,,(X) is the Boolean subalgebra of P¥(X) defined by induction on n as follows. We set
Ro(X) := P(X). For n > 0, R,41(X) is the Boolean subalgebra of PY(X) generated by the union of
the images of R,,(X x Y) under V¥ : PY(X x Y) — PY(X), for Y ranging among the objects of C. This
is a universal Boolean doctrine. We also have a morphism (idc,¢): R — PV that, componentwise, is the
inclusion: condition (3) in Definition 3.2 is equivalent to asking that ¢ is componentwise surjective.

By the universal property of (idc,i): P — PV, there is a unique universal Boolean doctrine morphism
(M,m): P¥ — R such that the following diagram commutes.

P (idc,i) PY

(M,
(idcm J/( ™)
R

(M,m) (idc,e)

Since both the composite PY R PY and the identity of P¥ make the outer triangle below

commute,
P (idc,i) PY

N
(ide.ip) | (M,m)
C |>‘ l

R
l(idc#)
PV

by the universal property of (idc, 1), the composition (idc,¢) o (M, m) is the identity of P¥. It follows that
¢ is surjective, as desired. O

(idCJ')

In the following, we show that it is enough to check the universal property of a quantifier completion
(idc,i): P — PY over universal Boolean doctrines based on C having the identity as functor between the
base categories.

Lemma 4.16. Let P: C°® — BA be a Boolean doctrine. Let P¥: C? — BA be a universal Boolean
doctrine and (idc,i): P — P be a Boolean doctrine morphism with the following universal property: for
every universal Boolean doctrine R: C°? — BA and for every Boolean doctrine morphism of the form
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(idc,m): P — R there is a unique universal Boolean morphism (idc,n): PY — R such that (idc,m) =
(idc, ‘I‘l) o (idc, i).

P (idc,i) PY

(idc m (idc,\’l)

R
Then, (idc,i): P — PV is a quantifier completion of P.

Proof. Let R: D°? — BA be universal Boolean doctrine and let (M, m): P — R be a Boolean doctrine
morphism. By Remarks 4.11 and 4.12 we can factor (M, m) = (M, id)o(idc, m), where (idc,m): P — RoM®P
is a Boolean doctrine morphism and (M,id): R o M°P — R is a universal Boolean doctrine morphism. By
the universal property of (idc,1) with respect to the Boolean doctrine morphism (idc,m), there is a unique
universal Boolean doctrine morphism (idc,n): P¥ — R o M°P such that (idc,m) = (idc, n) o (idc, i).

(idc,i)
—
™ |
(idc,m) !
N
R o M°P

l(lw,id)

R

P PY

(idc,n)

(M,m)

We consider (M,n) = (M,id) o (idc,n). This is a universal Boolean doctrine morphism making (4.3)
commute. We conclude by proving uniqueness. Let (N’,n’): PY — R be a universal Boolean doctrine
morphism making (4.3) commute. Observe that N’ = M oidc = M. Moreover, we can factor (N',n’) =
(M,n') as (M,id) o (idc, n’), so it is enough to prove that (idc,n) = (idc,n’). By Remark 4.12; (idc, n) is a
universal Boolean doctrine morphism, and thus, by the universal property, the equality (idc,n) = (idc,n’)
holds if and only if the equality (idc,n) o (idc,i) = (ide,n’) o (idc, i) holds, but the latter follows from the
equality (M, m) = (M, n') o (idc, i). O

In the remainder of this subsection, we prove that every Boolean doctrine over a small base category
has a quantifier completion. The idea for the proof is that a universal boolean doctrine is defined by quasi-
equations (also known as quasi-identities, or implications), and classes defined by quasi-equations have free
algebras.

Definition 4.17. Let C be a category with finite products.

(1) We let DoctgA denote the category whose objects are Boolean doctrines over C and whose morphisms
are natural transformations.

(2) We let DocthA denote the category whose objects are universal Boolean doctrines over C and whose
morphisms from P: C°? — BA to R: C°® — BA are natural transformations m: P — R such that
the following diagram commutes for all X,Y € C.

P(X xY) 2% R(X x Y)

v?{ lvf( (4.4)
P(X) —%— R(X)

Remark 4.18 (Universal Boolean doctrines as many-sorted algebras). Let C be a small category with finite
products. We present Docth A as a quasi-variety of many-sorted algebras (and homomorphism).

First, we describe a many-sorted algebraic language Lc. The set of objects of C is taken as the set of
sorts. We equip each sort with the signature of a Boolean algebra. Moreover, for each morphism f: X — Y
in C, we consider a unary function symbol f from sort Y to sort X. Finally, for each binary product diagram

pr pr . .
X <1 Z =Y, we consider a unary function symbol V%

X,pry,pry from sort Z to sort X.
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Next, we let V be the class of many-sorted algebras P in the language Lc satisfying the following quasi-
equational axioms (we write Px for the value of P at the sort X, and we write P for the interpretation of
the function symbol f: X — Y in P).

(1) Each sort satisfies the axioms of a boolean algebra.
2) For each morphism f: X — Y, the function symbol P/ satisfies the axioms of a boolean homomor-
y f
phism, i.e. for each Boolean function symbol g(z1,...,z,), we have the axiom

For all aq,...,an € Py, Pi(gpy (a1,...,00)) = gpx (Prlaa),...,Prlan)).

(3) For each object X,
For all & € Px, Pia, () = a.

(4) Given two morphisms X Ly %z , we have the axiom

For all « € Pz, P;(Py(a)) = Pyos(a).
(5) For each binary product diagram X Pkl N Y, we have the axioms
Foralla € Px and all 8 € Pz, a <V, . (8) <= Pp () <p.

(6) For all objects X, X')Y, Z, Z’, for every morphism f: X’ — X and for all binary product diagrams
X &L 722 yoand X' &2 Z 22 V) we have the axiom
For all @ € Pz, Y/ L o (Priay (@) = Pr(Vx e, o, (@)

A many-sorted algebra in this signature satisfying the axioms above is the same thing as a universal
Boolean doctrine over C. Indeed,

e (1) guarantees that we have an assignment on objects from C to BA.

e (2) guarantees that we have an assignment on morphisms from C to BA.

e (3) guarantees that the identity is preserved, and (4) guarantees that the composition is preserved,
so that we have a functor C°? — BA.

e (5) guarantees that the universal quantifier is a right adjoint.

e (6) guarantees that the Beck-Chevalley condition is satisfied.

A homomorphism m of many-sorted algebras in V is the same thing as a morphism in Doctgg,. Indeed,

e The preservation of the Boolean function symbols guarantees that mx is a Boolean homomorphism
for each X € C.

e The preservation of the unary function symbols associated to the morphisms of C guarantees the
naturality of m.

e The preservation of the unary function symbols V}/(_’prlyp% guarantee the commutativity of (4.4).

Remark 4.19. Using the notation of Remark 4.18, we let £’ be the sublanguage of Lc¢ consisting of
all function symbols of L¢ excluding quantifiers. Then, a quantifier-free fragment of a universal Boolean
doctrine P (Definition 3.2) is just a £'-subalgebra of P that Lc-generates P.

Theorem 4.20 ([4, Corollary 1, p. 129]). A class of many-sorted algebras closed under subalgebras and
products has all free algebras.

The theorem above means the following. Let £ be a many-sorted language, with S as the set of sorts,
and let A be a class of algebras closed under subalgebras and products. The forgetful functor A — Set® has
a left adjoint. As in the one-sorted case [3, Chapter VI, Section 7], the free A-algebra over a many-sorted
set X = (X;)ics is the image of the word algebra W over X (which might fail to belong to .A) under
the homomorphism W — [[,.; A;, for A; ranging among the quotients of W belonging to .A. Although
[3, Chapter VI, Section 7] assumes all the sorts to be nonempty, the argument goes through without this
assumption, which is not required, for example, in the textbook [1].

Theorem 4.20 has the following generalization.
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Theorem 4.21. Let LT be a many-sorted language and L~ be a sublanguage of Lt. Let AT be a class of
LT -algebras closed under products and subalgebras and let A~ be a class of L™ -algebras containing all the
L™ -reducts of the algebras in AT. The forgetful functor AT — A~ has a left adjoint.

Proof. Let S denote the set of sorts of the language L. Let (A4;);cs € A~. Consider the many-sorted
language £', with the same set of sorts as £ and with function symbols the same as those of LT and
additionally, for each sort i € S and each a € A;, a constant symbol ¢, at sort . Let A’ be the class of
algebras A = (4;);cs in the language £’ such that the £LT-reduct of A belongs to A1 and such that, for every
function symbol f in £, and every a,...,a, in appropriate sorts we have f(cq,,...,Ca,) = Cf(a1,dots,an)-
It is easy to see that A’ is closed under subalgebras and products. Therefore, by Theorem 4.20, the forgetful
functor A" — Set has a left adjoint. Let F' = (F;);cs be the free A’-algebra over the empty S-sorted set
(0);es. The LT-reduct of F belongs to AT, and the £~ -reduct of F' belongs to A~ because A~ contains
all the £~ -reducts of the algebras in A". We have an obvious many-sorted map from A to F assigning to
a the constant ¢,. This is a £~ -homomorphism from A to the £~ -reduct of F. It has the desired universal
property. O

Theorem 4.22. Let C be a small category with finite products and let P: C°P — BA be a Boolean doctrine.
There is a universal Boolean doctrine PY: C°® — BA and a Boolean doctrine morphism (idc,i): P — P
with the following universal property: for every universal Boolean doctrine R: C°P — BA and for every
Boolean doctrine morphism (idc,m): P — R there is a unique universal Boolean morphism (idc,n): P¥ —
R such that (idc,m) = (idc,n) o (idc, i).

P (idc,i) PY

(idcm 3fden)

R

Proof. In the one-sorted context, it is a standard fact that any class defined by quasi-equations is closed
under products and subalgebras (see e.g. [5, Theorem 2.25, (a) = (c)]). The same is true in the many-sorted
context. Apply Theorem 4.21 to the forgetful functor Doct\SBA — DoctgA. O

Corollary 4.23. Let C be a small category with finite products and let P: C°P — BA be a Boolean doctrine.
Then P has a quantifier completion.

Proof. Tt follows from Theorem 4.22 and Lemma 4.16. O

Remark 4.24. Let C be a small category with finite products. Using the notation of Remark 4.18, we let
L' be the sublanguage of L¢ consisting of all function symbols of Lc excluding quantifiers. Theorem 4.22
shows that Boolean doctrines over C are precisely the £’-subreducts of universal Boolean doctrines over C,
i.e. the £’-algebras obtained as £’-subalgebras of some universal Boolean doctrine over C.

Example 4.25. Let £ be a first-order language and 7 a theory whose axioms are all quantifier-free. Let
LT: Ctx°®? — BA be the syntactic doctrine as in Example 2.9 and LT be the quantifier-free fragment of LT as
in Example 3.4. We prove that (idcx, 2): LTg — LT is a quantifier completion of LTy. Let R: Ctx°®? — BA be
a universal Boolean doctrine and (idcix, m): LTy — R be a Boolean doctrine morphism. Define n: LT — R
as follows.

ng: LT(Z) — R(2)
G B, §) — Vim.q) (57, 7)) for B(7,7) € LTo(7,7),
extended by induction on the complexity of the formulas. In particular, if a(Z) € LTo(Z), we have
nz(iz(a(#))) = nz(¥() (@) = Vma(a()) = ma(a(@)),

and thus noi = m. Since every axiom in 7 is quantifier-free, n is well-defined on the equivalence classes
of the formulas: for every ¢ € T, the function n¢: LT() — R() maps ¢ to my(¢) = Tr(). The naturality
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of n follows from the properties of admissible substitutions of variables. We check universality, i.e. that the
following diagram is commutative.

l'l(i,g)

LT(z, 2)

vzl vz

LT(7) —— R(?)

ng

To do so, at first we check that it commutes on every element of the form Vi S5(Z, Z, ) with 8(Z, 2, ¢) €
LTo(Z, 2, %). Then, by induction on the complexity of formulas in LT(Z, Z), we can show the commutativity
of the diagram. We proved that there is a Boolean morphism (idci,n): LT — R such that (idci, m) =
(idetx, n) o (ideix, 2). To prove uniqueness, let (ideix,n’): LT — R be a universal Boolean morphism such
that (idcw, m) = (idci, 1) o (ideix, ). Let B(Z, %) be in LTo(Z, 9):

0LV B(E, 1) = Vinis - B(E, §) by universality
= ng(ﬁ,i)ﬂ(f, Y) since n o7 =m
= nz(Vy B(Z, 7))

Since nz and n’; have the same value on generators and are both Boolean homomorphisms, they coincide.
By Lemma 4.16, (idcx,¢): LTo — LT is a quantifier completion of LTy.

Remark 4.26 (The existential completion of a primary doctrine). The quantifier completion of a Boolean
doctrine P is not the same thing as the existential completion (in the sense of [22]) of P seen as a primary
doctrine. We give more details for the reader interested in the difference between the two completions.

A primary doctrine is a functor P: C°P? — InfSL where C is a category with finite products and InfSL is
the category of inf-semilattices. The existential completion of a primary doctrine P consists of an existential
(and thus primary) doctrine P¢ and a primary doctrine morphism (idc,¢): P — P¢ satisfying a suitable
universal property. Roughly speaking, P¢ freely adds the existential quantifier to P.

In our setting, we want to add the universal quantifier to Boolean doctrines. Of course, adding the
universal or the existential quantifier to a Boolean doctrine is the same process. However, to obtain the
quantifier completion of a Boolean doctrine we cannot apply D. Trotta’s construction (recalled below) of
the existential completion of a primary doctrine [22, Section 4].

Before recalling Trotta’s construction, we start with the logical intuition. Let A be the set of formulas
in the {A, T }-fragment of a given first-order theory. The set of (equivalence classes of) formulas of the form
37 a(Z, i) with a € A is closed under finite meets and existential quantification, and contains A. With
this observation in mind, we recall the construction of the existential completion of a primary doctrine
P: C°? — InfSL with C small. For every object A € C consider the set £4 = {(C,a) |C € C, a e P(Ax ()}
equipped with the preorder

(C,a) < (C',a) <= thereis g: A x C — C' such that o < P({pry, g))(a’) in P(A x C).

Then, for every object A € C, P¢(A) is the poset reflection of the preorder. With an abuse of notation,
we do not distinguish between elements and their equivalence classes. This assignment can be extended
to morphisms of C to obtain an existential doctrine P¢. The intuition in the syntactic setting is that an
element (C, o) € £4 shall be understood as the formula 3C (A, C).

If we start from a Boolean doctrine P: C°P — BA, by forgetting the Boolean structure we obtain a primary
doctrine P: C°P — InfSL. However, when we compute the existential completion (idc,t¢): P — P¢ of P,
the primary doctrine P¢ is not necessarily a Boolean doctrine, nor, even when it is, the primary doctrine
morphism (idc, ¢) is necessarily a Boolean doctrine morphism. From a logical perspective, this failure can be
observed when we consider formulas such as =3z a(x), or 3z -y a(x, y), which are in general not equivalent
to existential closures of quantifier-free formulas. At a formal level, we propose two counterexamples: in
Example 4.27 we provide a Boolean doctrine P such that P€ is not a Boolean doctrine. In Example 4.28 we
provide a Boolean doctrine P such that P¢ is a Boolean doctrine but the doctrine morphism (idc,¢): P — P¢
does not preserve the bottom element.
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Example 4.27. Let C be the two-object posetal category 0 < 1. Let P: C°? — BA be the Boolean
doctrine with P(0) = {*}, P(1) = {L, T}, and P(0 < 1) the unique function P(1) — P(0). The doctrine
Pe¢: C°P — InfSL has the following assignment on the object 1:

P1) ={0%) =1L =@ T
The three-element chain P¢(1) is not a Boolean algebra, and thus P¢ is not a Boolean doctrine.

Example 4.28. Let C be the two-object posetal category 0 < 1. Let P: C°® — BA be the Boolean doctrine
with P(0) = P(1) = {}, and P(0 < 1) = idy,y. The primary doctrine P¢: C°? — InfSL has the following
assignment on objects and morphisms.

Pe(l) = {(0,%) = (1,%)}

Pe0) = {(0,%) = (1,%)}

The functor P¢ is a Boolean doctrine. However, the component at the object 1 of the natural transformation
t: P — P¢ does not preserve the bottom element:

t1: P(1) — P¢(1)
— (1, %) #£ (0, %).

We conclude the section by introducing the problems addressed in the next ones. Let Py: C°P — BA
be a Boolean doctrine, with C small. By Corollary 4.23, Py has a quantifier completion (idc,i): Po — PJ.
By Proposition 4.15, Py is a quantifier-free fragment of P§. For each S € C, define P(S) as the Boolean
subalgebra of P (S) generated by the union of the images of Po(S x Y) under V% : P§(S x Y) — Pg(S),
for Y ranging in C, as in Definition 3.2(3). This gives a subfunctor P; of P¥. Intuitively, P; freely adds
one layer of quantification to Py.

One of the main remaining goals, reached only in Section 6, is to describe P explicitly. For example, when
should a formula (Vz a(z)) A (Vy B(y)) be below another formula (Vz~(z))V (Vw é(w))? Our approach to the
question is via models. In this light, one possible answer is: when every model of Py satisfying Vz «(x) and
Yy B(y) also satisfies Vzy(z) or Vw §(w); equivalently, when there is no model of Pg that satisfies Va a(z),
Yy B(y), “Vz~y(z) and —-Vw d(w). In the next two sections we take a detour to investigate the relationship
between models of Boolean doctrines and one layer of quantification. To this end, we will introduce the
notions of universal filters and universal ideals. Universal filters axiomatize classes of universally valid
formulas (in some family of models), while universal ideals axiomatize classes of universally invalid formulas
(in some family of models). The answer above can then be formulated as: when the universal filter generated
by a and 8 does not intersect the universal ideal generated by « and ¢. In turn, this amounts to an explicit
condition about the Boolean doctrine Py and the elements «, 3, v and 4.

5. CHARACTERIZATION OF CLASSES OF UNIVERSALLY VALID FORMULAS

This section contains the mathematical heart of the paper. To illustrate its main result, we introduce
the following notation.

Notation 5.1. Let (M, m) be a Boolean model of a Boolean doctrine P: C°? — BA. For each X € C,
define

FU™ = {a e P(X) | for all z € M(X), 2 € mx(a)}.

Remark 5.2. We translate Notation 5.1 to the classic syntactic setting. Let {x1,z2,...} be a countable
set of variables, £ a language, T a quantifier-free theory in £, and M a model for 7. To further simplify,
instead of taking contexts as arbitrary tuples of distinct variables, we consider only contexts of the type
(1,...,zy) for some n € N. For each n € N we define

FM = {a(xy, ..., 2,) quantifier-free | M E Vi ... Vo, oz, ..., x,)}.

n
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The end result of this section (Theorem 5.28) is a characterization of the families of the form (F)((M’m)) Xec
for some model (M, m), at least in the case where the base category C is small; these families are captured
axiomatically by the notion of a universal ultrafilter, introduced in Definition 5.12 below.
To obtain Theorem 5.28, we will need the auxiliary notions of universal filters and of universal ideals. To
motivate these, we extend Notation 5.1 as follows.

Notation 5.3. Let M be a class of Boolean models of a Boolean doctrine P: C°? — BA. For each X € C
define

F' = {a € P(X) | for all (M,m) € M, for all z € M(X), z € mx(a)},
I = {a € P(X) | for all (M, m) € M, not all z € M(X) satisfy = € mx ()}

Roughly speaking,
o M consists of all the formulas whose “universal closure” is valid in all elements of M,
e M consists of all the formulas whose “universal closure” is invalid in all elements of M.

Remark 5.4. We translate Notation 5.3 to the classic syntactic setting. Let {x1,z32,...} be a countable
set of variables, £ a language, 7 a quantifier-free theory in £ and M a class of models for 7. To further
simplify, instead of taking contexts as arbitrary tuples of distinct variables, we consider only contexts of the
type (z1,...,2,) for some n € N. For each n € N we define

FM = {a(z1,...,2,) quantifier-free | for all M € M, M E V... Vo, a(z1,...,z,)},

n

IM = {a(zy,...,z,) quantifier-free | for all M € M, M ¥V, ... Vo, a(z1,...,x,)}.

In the next pages, we introduce the notions of universal filters and universal ideals. The notion of a
universal filter characterizes the families of the form F for M an arbitrary class of models, i.e. the classes
of formulas that are universally true in all members of a certain class of models. The notion of a universal
ideal characterizes the classes of the form I for M an arbitrary class of models, i.e. the classes of formulas
that are universally invalid in all members of a certain class of models. While we use the notions of universal
filters and ideals to prove the main result of this section (Theorem 5.28), the mentioned characterization of
universal filters, resp. ideals) as classes of the form F™, resp. I is not needed, and so we postpone it to
the appendix: see Theorems A.5 and A.9.

5.1. Universal filters, ideals and ultrafilters. We introduce universal filters, meant to characterize the
families of the form F™ for M an arbitrary class of models (see Notation 5.3).

Definition 5.5 (Universal filter). Let P: C°? — BA be a Boolean doctrine. A universal filter for P is a
family (Fx)xec, with Fx C P(X) for each X € C, with the following properties.

(1) Forall f: X - Y and o € Fy, P(f)(a) € Fx.

(2) For all X € C, Fy is a filter of P(X).

Remark 5.6. We translate Definition 5.5 to the classic syntactic setting. Let {x1,z2,...} be a set of
variables, £ a language and T a quantifier-free theory in £. A wuniversal filter for T is a family (F,)nen,
with F,, a set of quantifier-free L-formulas with x1,...,2, as (possibly dummy) free variables, with the
following properties.
(1) For all n,m € N, every a(z1,...,2m) € F,, and every m-tuple (f;(z1,...,2p))i=1,...m of n-ary
terms,

alfi(Tr, . sxn), oy fm(T1, .o T0)) € Fy.
(2) For allm € N,

(a) for all quantifier-free formulas a(x1,...,2,) and B(x1,...,z,), if a(x1,...,2,) € F, and
a(x1, ..., xn) b7 Bz, ..., 2p), then B(ay1, ..., 2,) € Fp;

(b) for all ay(z1,...,xn), a2(z1,...,2,) € F, we have aq(x1,...,25) Aaa(x1,...,2,) € Fp;

(¢) T(x1,...,2n) € F,, (where T(x1,...,2y,) is the constant “true” with n dummy variables).

If the family (FM),en is defined by a class M of models as in Remark 5.4, it is easy to check that

(FM),en satisfies the conditions above.
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Example 5.7. Let P: C°? — BA be a Boolean doctrine. The family ({ Tp(x)})xec is a universal filter for
P.

An arbitrary (componentwise) intersection of universal filters for a given Boolean doctrine P is a universal
filter. Therefore, we can define the universal filter generated by a family (Ax)xec as the smallest universal
filter containing the family.

Lemma 5.8 (Description of the universal filter generated by a family). Let P: C°® — BA be a Boolean
doctrine. Let (Ax)xec be a family with Ax C P(X) for each X € C. The universal filter for P generated
by (Ax)xec is the family (Fx)xec where for each X € C Fx is the set of ¢ € P(X) such that there are
Yi,...,Y, €C, (ay € Ay,)i=1,..n and (fi: X = Yi)i=1,....n such that, in P(X),

/\ (fi)(ou) <o

Proof. Tt is easily seen that family F' = (Fx)xec contains A = (Ax)xec and is contained in any universal
filter containing A. We are left to show that F' is a universal filter. The family F is closed under reindexings
because, if g: Y — X is a morphism in C and A]_; P(fi)(e) < ¢, then

A P(fi o g)(a) = (/\P £) az> P(f)(p)-
=1

It is easy to see that, for each X € C, Fx is upward closed, is closed under binary meets, and contains
Tpx) (take n = 0). O

We introduce universal ideals, meant to characterize the families of the form I for M an arbitrary
class of models (see Notation 5.3).

Definition 5.9 (Universal ideal). Let P: C°? — BA be a Boolean doctrine. A universal ideal for P is a
family (Ix)xec, with Ix C P(X) for each X € C, with the following properties.

(1) Forallm €N, (fj: X = Y)j=1,.m and a € P(Y), if AT, P(fi)(a) € Ix then a € Iy.

(2) For all X € C, Iy is downward closed.

(3) For all ay € Ix, and aq € Ix,, P(pr;)(a1) VP (pry)(az) € Ix, xx,-

(4) J_p(t) S It.

Remark 5.10. We translate Definition 5.9 to the classic syntactic setting. Let {z1,z2,...} be a set of
variables, £ a language and T a quantifier-free theory in £. A universal ideal for T is a family (I,)nen, with
I,, a set of quantifier-free £-formulas with 1, ..., x, as (possibly dummy) free variables, with the following
properties.
(1) For all p,q,m € N, every (m-q)-tuple (fjr(21,...,%p))je{1,....;m}, ke{1,....q} Of pP-ary terms and every
quantifier-free formula a(z1, ..., x4), if

/\ f]lxl;-"axp)a'"afj-,p(xla"'axp))GI;Dv
j=1

then
a(zy,...,xq) € Iy
(2) For all n € N, all quantifier-free formulas a(x1,...,2,) and B(z1,...,2,), if 8(z1,...,2,) € I,, and
a(x1,...,xn) b7 B(a1, ..., 2p), then axy, ..., 2p) € I.
(3) For all ny,ny € N, ay(x1,...,2pn,) € In, and az(x1,...,2p,) € Iy,, we have
O‘l(xlu e 7$n1) \ a2($n1+17 e 7$n1+n2) € In1+n2;
(4) For all n € N, L(x1,...,2,) € I, (where L(z1,...,2,) is the constant “false” with n dummy
variables).

These conditions are satisfied by any family (7;\!

2 Dnen defined by a class M of models as in Remark 5.4
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An arbitrary intersection of universal ideals for a given Boolean doctrine P is a universal ideal. Therefore,
we can define the universal ideal generated by a family (Ax)xec as the smallest universal ideal containing
the family.

Lemma 5.11 (Description of the universal ideal generated by a family). Let P: C°? — BA be a Boolean
doctrine. Let (Ax)xec be a family with Ax C P(X) for each X € C. The universal ideal for P generated
by (Ax)xec is the family (Ix)xec where for each X € C Ix is the set of ¢ € P(X) such that there are
Yi,...,Y, €C, aq € Ay,,...,a, € Ay, and (f;: H?Zl Y = X)j=1,....m such that, in P(H?:l Y:),

.....

A PN <\ Pory) ().
=1 i=1
Proof. The family (Ix)xec contains (Ax)xec: indeed, for X € Cand ¢ € Ax, taken =1, m = 1 and f the
identity on X. Moreover, it is easily seen that any universal ideal containing (Ax)xec contains (Ix)xec.
We are left to show that (Ix)xec is a universal ideal.
Let (fj: X = Y)j=1,...m and a € P(Y) with /\;.ilP(fi)(a) € Ix. There are Z1,...,7Z, € C, 81 €
AZU ce ;ﬂn S AZn and (gk: H?:l Zi — X)k:l,...p such that

/\ P(gx)
k=1

.>§

<
Il
-

P(f;)(a \/ P(pr;)(8).

=1

Therefore,

A P(fi 0 gi)( \/ P (pr,)(5:).
je{1,....m}, ke{1,...,p} i=1

By (3) and (4) in Definition 5.9, /i, P(pr;)(8i) € Inn_  z,. By Definition 5.9(2), universal ideals are
downward closed; thus, Ajc1  ny keqr,...py P(fi 0 9k)(@) € Iy z,. By Definition 5.9(1), o € Iy

For each X € C, Ix is clearly downward closed.

Let oy € Ix, and ag € Ix,. By definition of (Ix)xec, there are objects {Y;},, {Zx},_;, elements
{Bi € Ay, 3y, {w € Az, }_, and morphisms (f;: 1" 1Y = X1)j=1,...m, (9n: [1h1 Zk = X2)h=1,..q
such that

m n q

A P(f)(en) < \/ Por)(B:) and A\ P(gn)(az) < \/ (pry)(

j=1 i=1 h=1 k=1
Then P(pry)(a1)VP(pry)(as) € Ix, xx,: indeed, consider the morphisms (f;xgn: ([T, Yi)x (ITh—, Zk) —
X1 %X Xo)jeq1,....m}, he{l....q} and compute:

bS]

A\ A\ P x gn) (P (pry) (1) VP(pra)(az)) = A\ /\ (Por)P(f;)(e1) VP (pry)P(gn)(a2))

j=1h=1 Jj=1h=1

P(pry) /\ (fi)(a1) | VP(pry) (

P (pr, (\/ P(pr; BZ)> v P(pr2)<

P(gh)(az)>

& >
<z [I>-=

P(prk)(%)>

i=1
= (\/ P(pr;)(8i) ) (\/ (Prpa)( )
i=1 k=1
Finally, L p) belongs to It: take n =0, m =1 and f1 = ids. O

The following notion of a universal ultrafilter is meant to characterize the classes of the form (F)((M’m)) Xec
for some Boolean model (M, m) of P, where we recall from Notation 5.1, that, for each X € C,

F(Mm) {a e P(X) |forall z € M(X), z € mx(a)}.
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This characterization is the main result of this section and will be proved in Theorem 5.28.

Definition 5.12 (Universal ultrafilter). Let P: C°? — BA be a Boolean doctrine. A universal ultrafilter
for P is a family (Fx)xec, with Fx C P(X) for all X € C, with the following properties.
(1) Forall f: X - Y and o € Fy, P(f)(a) € Fx.
(2) For all X € C, Fy is a filter of P(X).
(3) For all a1 € P(X1) and ay € P(Xa), if P(pry)(aq) V P(pry)(ae) € Fx,xx, then aq € Fx, or
Qo € FXQ.
(4) Lpw) ¢ It

Remark 5.13. We translate Definition 5.12 to the classic syntactic setting. Let {x1,z2,...} be a set
of variables, £ a language and 7 a quantifier-free theory in £. A wuniversal ultrafilter for T is a family
(Fy)nen, with F,, a set of quantifier-free L-formulas with x1,...,2, as (possibly dummy) free variables,
with the following properties.

(1) For all n,m € N, every a(z1,...,2m) € Fy, and every m-tuple (fi(x1,...,2p))i=1,.. n of n-ary
terms,
alfi(@, o sxn)y ooy fm(x1, . o 20)) € F.
(2) For alln € N,
(a) for all quantifier-free formulas a(z1,...,2,), B(x1,. .., xn), if a(x1,...,20) b7 B(x1,...,2p)
and a(z1,...,2,) € F, , then B(x1,...,2,) € Fy;
(b) for all ay(21,...,2pn), a2(x1,...,2,) € F,, we have aq(z1,...,2,) Aaa(x1,...,2,) € Fy;
(¢) T(x1,...,2n) € F,, (where T(x1,...,2y,) is the constant “true” with n dummy variables).
(3) For all ny,ne € N, for all quantifier-free formulas oy (z1,...,2,,) and ag(z1,. .., Zn,), if
a1(x1, .o @y ) V a2(Tny 415 -« s Trytns) € Frytng,
then a1 (z1,...,%n,) € Fp, or ao(z1,...,%n,) € Fo,.

(4) Foralln e N, L(z1,...,2,) ¢ Fy.
For every model M of T, it is easy to check that the family (F},),en defined by

F, = {a(z1,...,x,) quantifier-free | M EVa; ... Vo, a(z1,...,2,)},
is a universal filter in the sense above.

Remark 5.14. Let P: C°? — BA be a Boolean doctrine, and let (Fx)xec be a universal ultrafilter for P.
By (2), (3) and (4) in Definition 5.12, Fy is a filter of P(t) whose complement is an ideal, and so it is an
ultrafilter of P(t) (in the classic sense).

Definition 5.15 (Universal ultraideal). Let P: C°® — BA be a Boolean doctrine. A wuniversal ultraideal
for P is a family (Ix)xec, with Ix C P(X) for each X € C, such that

(1) Forall f: X - Y and a € P(Y), if P(f)(a) € Ix then a € Iy.

(2) Forall X € C, P(X) \ Ix is a filter of P(X).

(3) For all a1 € Ix, and aq € Ix,, we have P(pr;)(a1) V P(pry)(az) € Ix, xx,-

(4) J_p(t) S Ft.

Lemma 5.16. Let P: C°°? — BA be a Boolean doctrine, let A .= (Ax)xec be a family with Ax C P(X)
for each X € C, and set B := (P(X) \ Ax)xec. The following conditions are equivalent.

(1) The family A is a universal ultrafilter.
(2) The family A is a universal filter and the family B is a universal ideal.
(8) The family B is a universal ultraideal.

Proof. Immediate. g

Lemma 5.17. Let P: C°? — BA be a Boolean doctrine, let A = (Ax)xec and B = (Bx)xec be families
with Ax CP(X) and Bx C P(X) for each X € C. The following conditions are equivalent.

(1) The universal filter for P generated by A intersects the universal ideal for P generated by B.
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(2) There are Y1,....Y,,Z1,....Zm € C, aq € Ay,, ..., an, € Ay,, 51 € Bz,, ..., Bm € Bz,
(fii H;nzl Zj — }/i)izl,...,n such that (Z’fl P(H;nzl Z]))
AP () < \/ Plor;)(8)).
i=1 j=1

Proof. (1) = (2). Suppose that the filter F' generated by A intersects the ideal I generated by B, i.e. there
are X € Cand p € Fx N Ix. By Lemma 5.8, from ¢ € Fx we deduce the existence of W1,..., W, € C,
M € Aw,,...,7q € Aw, and (hi: X — Wy)i=1,... 4 such that, in P(X),

yeeey

_/\ P(hi)(y:) < o

By Lemma 5.11, from ¢ € Ix we deduce the existence of Z;,...,Z,, € C, 51 € Bz,,...,Bm € Bz, and
(gr: TIj2) Zj = X)k=1,...p such that, in P([T}, Z;),

..... j=1

A Plao)(@) < \/ Plor))(8)).

k= j=1

—

Therefore, in P([]}L, Z;),

A APGiog)(vi) = N\ P(Qk)( P(M)(%)) < A Pn)(p) < \/ Plor;)(8)).
k=1i=1 i=1 )

k=1

We set n as pq, the sequence Y7,...,Y, as

Wi, Wi, Wayoo Way oo, Wy, Wy,
—_——

p times p times p times
the sequence ag,...,a, as

Viseo oY1y V25005725 ooy Ygr-o o5 Vg

p times p times p times
and the sequence f1,..., f, as
hloglu"'ahlogpu hQOgla"'7h2ogp7 BN hqoglu"'7hqogp'

(2) = (1). This is straightforward from the closure properties of universal filters and universal ideals. [

Lemma 5.18. Let P: C°P — BA be a Boolean doctrine, F = (Fx)xec a universal filter and I = (Ix)xec
a universal ideal. LetY € C and a € P(Y).

(1) The universal filter generated by F' and « intersects I (at some fiber) if and only if there are X € C,
neN, (fi: X =2 Y)i=1,..n and B € Fx such that BAN_, P(fi)(e) € Ix.

(2) The universal ideal generated by I and « intersects F (at some fiber) if and only if there is X € C
with Ix N Fx # @& or there are Z € C, v € Iz such that P(pry)(a) V P(pry)(y) € Fyxz.

Proof. This is straightforward from Lemma 5.17 and the closure properties of universal filters and universal
ideals. 0

Lemma 5.19. Let P: C°° — BA be a Boolean doctrine. Let i,j € N, let Y1,...,Y; Ziy..., 25 € C, let

P

(i € P(Yi));i=1,. 3, and let (B; € P(Z;));-1,. ;- The following conditions are equivalent.

(1) The universal filter generated by s, ..., o; interseczfs the universal ideal generated by 1, . > 55

(2) There aren €N, ly,...,l, € {1,...,i}, and (g;: H§:1 Z; = Yi,)i=1,...n such that (in P(H;::l Z;))
n J
A\ Plg:)(ar) <\ Ppr;)(8;).

i=1 j=1
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Proof. By Lemma 5.17, the universal filter generated by ai,...,a; intersects the universal ideal gener-
ated by fi1,...,5; if and only if there are n,m € N, I1,...,l, € {1,...,i}, k1,...,kmn € {1,...,j}, and
(fir TThz1 Zkn = Yi,)i=1,...n, such that (in JT,2, Z,)

<3

P(fi)(u;) < \/ P(pry) (B, )-

~.

s
Il
-
>
Il
-

Therefore, the implication (2) =
gi = fi). For the implication (1) = (2

1) in the statement of the lemma holds (take m = j, kj, = h and
, suppose

~—_

>3
<3

P(fi)(au;) <

1 h

P(pry,) (Brs)- (5.1)

3

Il
-

For each i = {1,...,n}, set g;: H§:1 Z; =Y, as the composite

3 <prk1""’prk7n> i fi
[z el f, 5o,
Jj=1 h=1

Therefore, we get, in P([[j_, Z;),

n

A\ Plgi)(a,) =

=1

.

@
Il
A

P(fl © <prk17 .. .,pl“km»(ali)
P((pry,, .., prg, ) (P(fi) ()
= P(<prk17 .. '7prkm>) </\ P(fl)(alz)>

<P((pry,, -, Pry,,) <\/ (pry,)( ﬂkh> by (5.1)

I

N
Il
-

[
<3

P((pry,s - -5 Pri,, ) ) (P (0rp) (B )

>
Il
—

[
<:

P(prh O<prk1’ cee 7prkm>)(ﬂkh)

>
Il
—

[
< s

P(prkh)(ﬂkh)

>
Il
—

IN
<

P (pr;)(5;)- O

<
Il
—

Remark 5.20. For the reader interested in the translation of the condition (2) in Lemma 5.19 to the classic
syntactic setting, we refer to Remark 5.31 below.

5.2. Universal ultrafilter lemma. One version of the classical ultrafilter lemma is: in a Boolean algebra,
every filter disjoint from an ideal I can be extended to a prime filter disjoint from I (see [21, Thm. 6] in
the larger context of lattices, and see also the earlier result by G. Birkhoff [2, Thm. 21.1]). We give an
analogous version in our context.

Theorem 5.21 (Universal ultrafilter lemma). Let P: C°® — BA be a Boolean doctrine, (Fx)xec be a
universal filter and (Ix)xec be a universal ideal. Suppose that, for all X € C, Fx NIx = &. There is a
universal ultrafilter that, componentwise, extends F' and is disjoint from I.



QUANTIFIER ALTERNATION DEPTH IN UNIVERSAL BOOLEAN DOCTRINES 27

Proof. Let A be the class of pairs ((Gx)xec, (Jx)xec) such that G is a universal filter of P that extends F
componentwise, J is a universal ideal of P that extends I componentwise, and G and J are componentwise
disjoint. We order A by componentwise inclusion. Any nonempty chain of A admits an upper bound: the
componentwise union. Therefore, by Zorn’s lemma (for classes), (F,I) admits an upper bound (G, J) that
is maximal in A.

We prove that G and J are componentwise complementary. Since G and J are componentwise disjoint,
it is enough to show P(Y) = Gy U Jy for all Y € C. By way of contradiction, suppose this is not the case.
So there are Y € C and o € P(Y) such that a ¢ Gy U Jy. Let (G'x)x be the universal filter generated by
G and «, and (J%)x the universal ideal generated by J and «. By maximality of (G, J) in A, G’ intersects
J and G intersects J'. By Lemma 5.18(1), there are X € C, (f;: X = Y)i=1,...n, 8 € Gx such that

BA /\ P(fi)(a) € Jx.

By Lemma 5.18(2), and since G and J are componentwise disjoint, there are Z € C and v € Jz such that
P(pry)(a) VP (pry)(7) € Gyxz.
The universal filter G is closed under reindexings: thus for every ¢ = 1,...,n,
P(pry)P(fi)(a) V P(pry)(v) = P(fi x idz)(P(pr;)(e) V P(prs)(7)) € Gxxz,
where we have reindexed P (pr)(a) V P(pry)(7y) along f; xidz: X x Z =Y x Z. Moreover, since 3 € Gx,
P(pr)(B) € Gxxz.
By distributivity of the lattice P(X x Z), in P(X x Z) we have

P(pry)(8) A J\ (P(pr)P(fi)(@) V P(pry)(v)) (5.2)

<.

Il
=

3

=P(pry)(B) A (P(Pfl)(

=

P(fi)(a)) V P(pry)(7))

@
I
=

=

= (P(pry)(8) AP(pry)( /\ P(fi)(@))) V (P(pry)(8) A P(pry)(7))

N
Il
-

=P(pry) (A A\ P(fi)(@) V (P(pry)(8) AP(pry) (7).

i=1

<Ppr)(BA A\ P(fi)() v P(pra) (). (5.3)

i=1
Since Gxxz is a filter, the conjunction in (5.2) belongs to Gxxz. Moreover, the element in (5.3) belongs
to Jxxz. Since Jxxz is downward closed, the element in (5.2) belongs to Jxxz, as well. Therefore,
Gxxz NJxxz # 9, a contradiction. O

Remark 5.22. In our proof we did not use the classical ultrafilter lemma for Boolean algebras. In turn,
the latter follows from Theorem 5.21: take C as the trivial category with one object and one morphism.

5.3. Richness of a Boolean doctrine with respect to a universal ultrafilter. We want to build
models out of universal ultrafilters. This (as everything in life) is easy if we have richness. Recall that a
maximally consistent deductively closed first-order theory T is rich if for every formula 3z 3(z) € T there is
a O-ary term ¢ (a “witness”) such that 5(c) € T. Given such a theory 7, we can easily find a model of T—
namely, the set of all 0-ary terms, with the obvious interpretation of the function and predicate symbols. We
take inspiration from this definition to define richness for a doctrine with respect to a universal ultrafilter.
Recall that the formulas in the universal ultrafilter are meant to be those whose universal closure is valid
(in a certain model). Richness says that, for every formula «(z) whose universal closure is not valid (i.e.
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which does not belong to the universal ultrafilter), there is a constant ¢ witnessing this failure (i.e. such
that a(c) does not belong to the universal ultrafilter).

Definition 5.23 (Richness). Let P: C°? — BA be a Boolean doctrine and let (Fx)xecc be a universal
ultrafilter for P. We say that P is rich with respect to (Fx)xec if, for all X € C and o € P(X) \ Fx, there
is ¢: t = X such that P(c)(«) ¢ Fy.

Remark 5.24. We translate Definition 5.23 to the classic syntactic setting. Let {z1,x2,...} be a set of
variables, £ a language, T a quantifier-free theory in £, and (F},),en a universal ultrafilter for 7 in the sense
of Remark 5.13. The theory T is rich with respect to (Fy,)nen if, for every n € N and every quantifier-free
formula a(x1,...,z,) not belonging to F,, there are 0-ary terms (i.e. term-definable constants) cy,...,c,
such that a(cq,...,c,) does not belong to Fj.

The following shows how to obtain a model out of a universal ultrafilter in the rich case.

Proposition 5.25. Let P: C°P — BA be a Boolean doctrine and let (Fx)xec be a universal ultrafilter for
P such that P is rich with respect to (Fx)xec. There is a Boolean model (M, m) of P such that, for all
X e(,

Fx ={aeP(X) | forallz € M(X), z € mx(a)}.

Proof. By Remark 5.14, F} is an ultrafilter of the Boolean algebra P(t). Thus, as in the proof of the
implication (2) = (1) of Theorem 4.3, we obtain a Boolean model (M, m): P — £ by setting M as
Hom(t, —): C — Set, and m: P — &7 o M°P as the natural transformation whose component at X € C is

my: P(X) — Z(Hom(t, X))
ar— {c:t = X | P(c)() € Fi}.

To conclude, let X € C, and let us prove Fx = {a € P(X) | for all z € M(X), z € mx(«)}. We first
prove the left-to-right inclusion. Let o € Fx, and let € M (X) = Hom(t, X'). We shall prove z € mx(«).
We have my(a) = {c:t = X | P(¢)(a) € Fi}. So, it is enough to prove P(z)(a) € F;. This follows
from a € Fx since F is closed under reindexings by Definition 5.12(1). Conversely, suppose o ¢ Fx. By
definition of richness, there is ¢: t — X such that P(c)(a) ¢ F;, so that ¢ ¢ mx (). O

We want to obtain a model out of a universal ultrafilter also in the non-rich case. To do so, we will produce
a rich theory out of the non-rich one. For this, the idea is to extend the language C, adding new constants
meant to witness the failure of universal closures of the formulas not belonging to the universal ultrafilter F.
Once we have added the constants, we interpret the formulas in F' in the extended language C’, producing
a new class of formulas G. However, G might fail to be a universal ultrafilter in the extended language
because of the new formulas involving the new constants. To remedy this, we will use the universal ultrafilter
lemma (relying on the axiom of choice) to extend G to a universal ultrafilter F” in the extended language
(Lemma 5.26). However, we might lack some witnesses for the new formulas (involving the new constants)
not belonging to F’. This calls for an iterative process, where at each step we add new constants and use
the universal ultrafilter lemma: the rich theory will be obtained as a colimit after w steps (Theorem 5.27).

In the following lemma, we address a single iteration of this process. This, together with the universal
ultrafilter lemma, is the main technical lemma of the paper.

Lemma 5.26 (Extension to richness: first step). Let P: C°P — BA be a Boolean doctrine, with C small,
and let (Fx)xec be a universal ultrafilter for P. There are a small category C' with the same objects of C,
a Boolean doctrine P’: C'°" — BA, a Boolean doctrine morphism (R,t): P — P’ such that R: C — C' is
the identity on objects, and a universal ultrafilter (F%)xec for P’ with the following properties.
(1) For every X € C, Fx = ty/'[F¥].
(2) For every X € C and for every o € P(X) \ Fx, there is a morphism c: tco — X in C' such that
P'(c)(rx(a)) ¢ K,

Before starting the proof, we give an informal outline of it. For every context X € C and every formula
o€ lx =P(X)\ Fx, we will add to the language a constant ¢, in the context X. We will denote by G
the universal filter generated by the formulas in F' seen in this new language. Moreover, we will denote
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by J the universal ideal generated by the formulas belonging to Ix (for X ranging among contexts), seen
in this new language, together with the formulas o(c,/X) obtained by substituting ¢, to X in o, for each
context X € C and formula o € Iy. We will prove that G and J are disjoint, and then we will extend G to
a universal ultrafilter F’ disjoint from J.

Proof of Lemma 5.20. Let A be the set of finite subsets of {(X,a) | X € C, a € P(X) \ Fx}, partially
ordered by inclusion. The poset A is directed.

Let X = {(Xl, 1), (X, an)} andY = {(Yl, B1)y.--s (Ym,ﬁm)}. Whenever X C Y in A, there exists
a unique function 7: {1,...,n} — {1,...,m} induced by the inclusion such that (X;, ;) = (Y;@), Br(;)) for
alli=1,...,n

Define the following diagram on A:

A D Doctga
T P: C°? —» BA
N l(L)’(a[)?)
X = {(Xl,ozl), cee (X,L,ozn)} ———— Pnr_ x,: Cl?[%:lXa — BA
N J{(L)’(Ym[)?f/
Y = {(Yhﬁl)a [ERE (Yma ﬂm)} f PH{,"Zle : Clq[%;le — BA

where D(X) is the Boolean doctrine Prr_ x,: C?IF’)"LIXG — BA obtained from P by adding a constant of
type [['_, Xa, and D(@ C X) is the canonical Boolean doctrine morphism (Lg,[5): P — Py x,, and
D(X CY) is the unique Boolean doctrine morphism (L gy, (xy): Pm,x, — Pm,y, such that

(Lgy,ley)o(Lg,lg) = (Ly.ly) and  Lgy(idm,x,:t ~ HaXae) = (Pro(1ys .-, Proy): ¢~ o Xo.

defined by the universal property of Pr, x,. Here (prT(l), . ,prT(n)) is the projection on the corresponding
components from the object [[,~; Y, to the object []'_; X,, since X; appears as the 7(i)-th component of
Y. We refer the reader to Remark 4.5 to have more details about these constructions.

The diagram D: A — Doctgp is a directed.

Take the colimit of D in Doctga, P’: C'°" — BA, computed as in [10, Sections 2.2 and 3.1]. Objects in the
base category C’ are the same as C, since for every X,Y € A the functor L 5y acts like the identity on objects.
A morphism [f, X] in C’ from A to B—written as [f, X]: A --» B—is the equivalence class of a morphism
f: IIh_; Xoa x A — B for some fixed X = {(X1,0a1),...,(Xn,a,)} € A We have [(f, X)] = [(f',Y)] in C,
for some f': [}, Yy x A — B with Y = {(Y1,51),--., (Y, Bm)} € A, if and only if there is Z € A such
that X C Z D Y making the following diagram commute.

[lo— Xa x A
(Prr(1),-- 7Pr-r(n)>><1dA/7 \
., Z.xA B
(Pro/(1)se-5PT 7 /(mm /
[, Y, x A

Here 7 and 7/ are induced by X C Z and Y C Z in A respectively.

For any object A, the fiber P’'(A) is the colimit of D in BA restricted to the fibers: P’(A) is the set
of equivalence classes of the form [(¢, X)] for some ¢ € P(IT, - x A), where [(¢, X)] = [(¢/, )] for
¢ € P([],~, Yy x A) if and only if there is Z € A such that X C Z C Y with induced function 7 and 7/ such
that P((Dr(1);-- s Plr(n)) X 1da)(®) = PUDTr (1) -5 Plyr(my) X ida)(¢) in P([]_; Zc x A). Reindexing
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is defined in a common list of A: if [(f, X)]: A -+ B and [(«,Y)] € P/(B), take X C Z D Y; then
P/([(va)])[(wv )] [ (<pI‘ (1) -+ s PTrr(m)> f 0 (<pr7(1)7 cee 7pr7'(n)> X 1dA)>)( ) ]

PTr(1)5+ 5Pl (n)) Xida
%

HZCXA 11 Xa xA-1.B

HZC x B - BH}/b x B
(prT/(l),...,prT/(m)>><1d

We call (R,t): P — P’ the colimit map from D(&) = P to the colimit P’. Recall once again that the
objects of C and C’ are the same.

For each X € C, set Ix = P(X)\ Fx. Let G be the universal filter for P’ generated by (vx[Fx])xec.
For X € Cand o € Ix, we let ¢, denote the morphism [idx, {(X,0)}]: t --» X in C". Let J be the universal
ideal generated by (tx[Ix])xec and by the following subset of P’(t):

{P'(ca)(tx(a)) | X €C, a € Ix}.

To show that G and J are componentwise disjoint, let us suppose that G and J intersect, and let us prove
a contradiction.

By Lemma 5.17, there are Y1,...,Y,, Z1,...,Zm, S1,...,8, € C, (i € Fy,)i=1,...n, (7j € I7;)j=

(0% € Is )k=1....p, ([fi, U"]: HT:1 Zj --+Y;)i=1,..n such that in P'(HJ 1 Z;) b
NP (£, U ey, () <\ P/ (pr))(xz, (7)) \/ (', 2, )P (€oi ) (vs (k) (5.4)
i=1 j=1 k=1

We prove that it is enough to take n = 1. Indeed, let W = {(Wi,w1),..., (Wi, wy)} be the union
of all entries in U* for i = 1,...,n, where each U’ is {(U{,p}),..., (Ul ,pi,)}. In particular, for every
i =1,...,n there is a unique function 7*: {1,...,u;} = {1,...,w} such that (U}, uf,) = (Wri(n),wri(n)) for
h=1,...,u;. We can now compute the conjunction in a common fiber.

v e (pr Pr i ) xidm; z L m
)P () Xidm 24 :

1) « ({12 oo, (f0) (12

a=1 j=1 h=1 j=1

Set a == Ai_y P((DTi(1ys - > Plrigyy)) X idm, 2 )P (fi) (i) in P(([T5—; Wa) x ([T/2; Z;)). We have

j=1

P'([fi,U)([e, 2]))

|

N
Il
-

NP1 T v (0)

[P(fi)(e), U]

I

s
Il
-

Il
=

[P(Prri(rys - - s Pryiquy)) X idm, 2, )P(fi) (i), W]

.

|
> -

P(<pI’T¢(1), SN ,pl",,.i(ui)> X ideZj )P(fl)(az), V_V

.
Il

I
B
=

= P'([idu, w, x11, 2, W]) ([, 2])
= P'([idm, w, x11, 2, W]) (11, w, x11, 2, ().

We can replace all the Y;’s, a;’s and [f;, U?]’s with the single object Y = [, W, x [1; Z;, the single element
a (which belongs to Fy since F is closed under reindexing and conjunctions), and the single morphism
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lid, w, x11, 2, W] [1; Z; --» Y. This shows that we can take n = 1. So we replace (5.4) with

m

P'([f,U))(vy (@) < \/ P'(pr;)(xz,(75)) \/ (", 2, )P’ (o, ) (v, (on))- (5.5)

j=1

We next show that it is enough to take m = 1, as well. Indeed, using the fact that R preserves products
and using naturality of t:

\/ (pr;)(xz; (75) :\/ \/HZPPF \/Ppr ()
i= j=1 jm1

We can replace all the Z;’s and v;’s with the single object Z := [[; Z; and the single element v =
\/;n:1 P(pr;)(v;), which belongs to Iz by (3) and (4) in Definition 5.9. This shows that it is enough to take
m = 1. We rewrite (5.5) as

P([f,UD(ry (@) Stz(0) V) P'(12)P(co, ) (x5, (o1))- (5.6)

<=

k=1

Without loss of generality, we can suppose that the pairs (S1,0%),...,(Sp,0p) are pairwise distinct.
We define S := {(S1,01),...,(Sp,0p)}. We compute the disjunction \/7_, P'(!2)P’(cs,)(ts, (0k)) on the
right-hand side of (5.6):

P'(12)P'([ids,, {(Sk, ox)}])([ow. 2])

I
<=

\/ (e ) (s, (ok))

b
Il
—

I
<=

P'(!2)([ok, {(Sk, 0%)}])

el
Il
—

Il
it
g
—
<=

o~
Il
—

[om{(Sk,ok)}])

<=

P(pry)(ow), 5‘1 ) :

=
Il

1
We rewrite (5.6) as

P

\/ (prz.)(

P'([f,UN)(ey () < vz(y) VP(Iz (

). (5.7)

We compute the left-hand and right-hand side of (5.7) in any upper bound E = {(E1,¢1),..., (Ee,cc)}
in A of U and S. Given such an E, there is a function A: {1,...,u} — {1,...,e} induced by the inclusion,
which is the unique one such that (Un, pun) = (Exny,€x)) for b = 1,...,u. Similarly, there is a unique
function 6: {1,...,p} — {1,...,e} such that (Sk,on) = (Egr), o)) for k=1,...,p

p e . u

(Pro(1)s-PTo(p)) (Praqys-+Pracuy) X1dz f
H Ll L2 HEl>xZ [[on| xz5y
k=1 <z_1

h=1

We compute the left-hand side of (5.7):

P'([f,0])(xv (@) = P'([f, O))([a, @]) = [P((pragy)s -, Praguy) X idz)P(f)(@), E]
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We compute the right-hand side of (5.7):

ool ) o [

= [P(pres1)(7), E]V | P({progrys - - > Do) (\/ (pry.)( )E
k=1

bS]

Pre+1 \/ Pre(k) E .
k=1

Therefore, we rewrite (5.7) as

P(prei1)(v) vV \/ P(Pre(k))(Uk)vE .
k=1

It follows that, for a sufficiently large upper bound E of U and S, in the fiber P(([];_, E;) X Z) we have

P((prar)s-- -+ Play) X idz) P(f) (@), E] <

P

P((Dry1)s - -5 Pragy) ¥ idz)P(f) (@) < P(prey,)(7) v \/ P(prgg) (o). (5.8)

Since o € Fy and since F is closed under reindexings, it follows that the left-hand side of (5.8) belongs

to F(m, m,)xz- Then, since F' is upward closed, also the right-hand side of (5.8) belongs to Fiiy, g,)xz- This
disjunction equals

P(pre,1)(v) v (\/ P(Pfe(m)(ak)) v V P(pr;)(Lp(x,))
ie{1,

k=1 /J  \ue{1,..., e\Im(0)

This is a disjunction of reindexings of elements of I along projections. Indeed, v € Iz, o} € Ig,, and for
alli € {1,...,e} \ Im(0) we have Lpg,) € Ig, because Lp(g,) < &; € Ip,. Therefore, by Definition 5.9(3),
the element in the right-hand side of (5.8) belongs to Iy, g,xz. Since it also belongs to Iy, g, xz, we have
reached a contradiction with the assumption that F' and I are componentwise disjoint. This proves our
claim that G and J are componentwise disjoint.

Since G and J are disjoint, by Theorem 5.21 there is a universal ultrafilter F’ for P’ that extends G and
is disjoint from J. We check that F” satisfies the desired properties. Since F’ extends G and G is generated
by (tx[Fx])xec, for every X € C we have Fx C ty'[F§]. For the converse inclusion, let o € P(X) and
suppose o ¢ Fx,i.e. a € Ix. Then tx(a) € Jx, which implies tx () ¢ F% because Jx and F% are disjoint.
This proves that for all X € C we have Fx = ty,'[F%], which is condition (1) in the statement. We are left
to check the condition (2) of the statement, i.e. that for all X € C and o € P(X) \ Fx there is a morphism
c:t --» X in C' such that P’(c)(vx(a)) ¢ F{. Since a € Ix, we can take ¢ := ¢, = [idx, {(X,a)}]. Recall
that P’(cq)(tx(a)) € P/(t) is a generator of J, which is disjoint from F’; hence P'(cq)(tx(a)) ¢ F{, as
desired. O

In the following theorem, we show how to produce a rich theory from an arbitrary one. We accomplish
this using Lemma 5.26 w times. The desired rich theory is obtained as the colimit. Note that this rich
theory is not canonically determined by the original one, because in each step we use the axiom of choice
(in the form of the universal ultrafilter lemma).

Theorem 5.27 (Extension to richness). Let P: C°® — BA be a Boolean doctrine, with C small, and let
(Fx)xec be a universal ultrafilter for P. There are a category C' with the same objects of C, a Boolean
doctrine P': C'°? — BA, a Boolean doctrine morphism (R,t): P — P’ such that R: C — C' is the identity
on objects, and a universal ultrafilter (F%)xec: for P’ such that P’ is rich with respect to (F%)xec/, and
moreover, for all X € C, Fx = ty{'[F%].

Proof. We define a sequence (P™: (C™)°? — BA) of Boolean doctrines with C™ small and having the same
objects of C, together with a sequence ((R",t"): P" — P"*t1), cy of Boolean doctrine morphisms where
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each R™: C — (' is the identity on objects, and a sequence (F™),en with F), a universal ultrafilter for P"
with the following properties.
(1) C°=C,P°=Pand F'=F.
(2) Forallm e Nand X € C*, F = (v%) ' [Fatl).
(3) For alln € N, X € C" and a € P"(X) \ F%, there is a morphism c¢: tcn+1 — X in C*! such that
Pl (e) (v (o) & o)

tentt

We define these sequences inductively (with the aid of the axiom of dependent choice). For the base
case, set C° := C, PY := P and F° := F. For the inductive case, for any n € N, given C*, P" and F",
apply Lemma 5.26 to find C**1, P"*1 (R" ") and F"™!. This gives us the sequences with the desired
properties. The sequence allows us to define a directed diagram of Boolean doctrines indexed by the poset
(N, <) of natural numbers:

(R°x) P (R",e")

1.1
P’ P p2 L pr T prtt

For every n < m € N, we call (R™™, ") the composite
(Rmfl,tmfl) O+r 0 (RnJrl’thrl) ° (Rn7tn): P — P™.

Let P’: C'°" — BA be the colimit of this diagram, and call (Q",q"): P® — P’ the colimit morphism
for every n € N. In particular we define the desired Boolean docrtrine morphism (R,t): P — P’ from the
statement as (R, t) == (Q°, q°).

We collect here some properties of this colimit. We can choose the colimit in a way such that C’ has
the same objects of C, and for each n the functor Q™: C — C’ is the identity on objects. Since the colimit
category C’ is computed in Cat, by [10, Section 2.2], for every morphism g: X — Y in C’ there are n € N
and f: X — Y in C” such that g = Q™(f).

0;2
tx

m 2
PO(X) = PL(X) —2 P2(X) -2 L X, pr(y) X,

Moreover, for every X € C and every § € P’(X), there are n € N and o € P"(X) such that 8 = q ().
Morever, for every a € P"(X) and € P™(X), we have

q% () < q%(B) if and only if there is k > n,m such that t%*(a) < ¢%* ().

For every X € C, let F := |, oy 0% [F%]. Similarly, for every X € C, let Iy == |, cn 9% [I%], where for
every X € C and every n € N, I% :=P"(X) \ FL.

We are going to prove that F” is a universal filter and I’ is a universal ideal. Roughly speaking, these
facts hold because universal filters and universal ideals are defined by closure conditions involving finitely
many elements, and thus they are preserved in a directed colimit.

We first prove that F” is a universal filter. Let f: X — Y be a morphism in C" and o € F},. We
prove that P'(f)(a) € F%. There are n,m € N, g: X — Y in C" and 8 € F{ such that Q"(g) = f and
q7(B) = a. We take k > n,m and compute

P'(f)(a) = P'(Q"(9)(a¥(8)) = P'(Q*(R™*(9))(ay (s (8))) = ak (P*(R"*(9)) (s (8))).
By (2), t}"*(8) € FE. Then, since F* is closed under reindexing, P*(R™*(g))(t7"*(8)) € F%; hence, by
definition of Fi, P'(f)(a) = ak (P*(R"*(9)) (s} (8))) € Fk.
We show that, for every X € C, Fy is a filter. Since Tp(x) € FY, we have Tp/(x) = qg((TP(X)) € F%.
Let n,m €N, a € F'§ and 8 € F¢. For k > n,m we have

a% (@) AR (B) = ak (7" (@) A ak (FFF(B)) = a (5 (o) AT (8)). (5.9)
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By (2) we deduce that both t’y*(«) and ¢%*(8) belong to F%. Since F% is a filter, the conjunction in (5.9)
belongs to F%. Therefore, F% is closed under binary meets. We next show that F% is upward closed. Let
n,m €N, a € F¢ and 8 € P™(X) be such that q%%(a) < q%(8). There is k > n,m such that t};k(a) <
t"X““(B). By (2) we have ¢%¥(a) € F&, and hence v (8) € FE. Thus, q2(8) = a5 (%*(8)) € Fk, as
desired. This shows that F’ is a universal filter.

We now show that I’ is a universal ideal. Let n,m € N, X, Y € C, (f;: X = Y);j=1,...;n morphisms in C’,
a € P™(Y) such that AL, P'(f;)(q" (@) € Ix. We prove that q3.(a) € I5,. For every j = 1,...,m, there
are n; € N and a morphism g;: X — Y in C" such that f; = Q™ (g,). So for every k > n,n1,..., Ny, we
compute:

[
>3

AP ()@ (@) P(Q™ (g;))(ay (a))
j=1

<.
Il
—

P'(Q"(R"*(g)))(a} (¢1" (o))

[
>3

<.
Il
—

a0 (PR(R"* (g;)) (v* ()))

[
>3

<.
Il
—

(R (99)) (5 ()

H
><k‘
|\'>3

Since q¥% (/\;n:1 PF (R (g;)) (¢3" (a ))) € I%, there are t € N and 3 € I such that

ak [ A\ PFEY*(9)) (7" (@) | = a%(8)

j=1

in P’(X). Hence there is s > k, t such that

A PHE )5 @) | =5 (9)

Moreover,

S (PE(R™ % (g;) (05" (@)

Il
>3
S

A\ PRRH(9;)) (65 ()
j=1

<.
Il
—

P (R (R (g)))) (53" (e ()

I
'~

<
Il
-

P(R™7(g;))(vy" (@)).

[
>3

<.
Il
—

Observe that t5°(8) € I%. Indeed, if v5°(8) ¢ I3, we would have ¢5°(3) € F§, and hence by (2) 8 € F&, a
contradiction.

It follows that AL, P*(R"*(g;))(vy*(ar)) € I%. Since I° is a universal ideal for P*, we get that
vy’ (a) € If. Hence qf (o) = g3 (v} (o)) € I§,, as desired.

The proof that I’ is componentwise downward closed is similar to the proof that F’ is componentwise
upward closed seen above. To check the condition (3) in Definition 5.9, we take ay € I and ag € IY,,
and we prove that P’(pry)(q’%, (1)) V P’ (pry) (9%, (a2)) € Iy, «x,- Let k& > n,m. Using again condition

(2) we have t?f(al) € I% and tnxlék(ag) € I% . Since I* is a universal ideal for P*, it follows that
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P (pry) (¢ (a1)) V PR (pry) (€% () € I, x,, and hence

0%, s (PP (pr) (657 (1)) V PF(pry) (¥ (a2))) € T,y x,-
Moreover,
k k n;k k m;k
%, xx, (BT (pro) (v, (1)) V P (pry) (v, (a2)))
= s (P (r ) (52 () V o (P (pr) (€5 (02)
= P/(pr;)(a%, (7%} (@1))) V P’ (pry) (a, (7% (a2)))
= P'(pry)(a%, (1)) v P’ (pry)(a¥, (o2))-

To conclude, the proof that condition (4) in Definition 5.9 is met is similar to the proof that F’ contains
the top elements of each fiber. This shows that I’ is indeed a universal ideal for P’.

We next show that, for every X € C, F and Iy are complementary. Fix X € C. To prove F§ Uy =
P'(X), let « € P/(X). There are n € N and § € P"(X) such that & = q%(8). Since F¥ and I% are
complementary in P™"(X), 8 € F§ or § € I%, and hence o € F'y or a € Iy. This proves Fy UIy = P/(X).
We now show that Fi, NIy = &. We take o € F NI% and we seek a contradiction. Since a € F%, there are
n € Nand 8 € F§ such that a = q%(8). Since a € I, there are m € N and vy € I} such that o = q'¢ (7).
Since q% (8) = q7(7), there is k > n,m such that t%*(8) = ¥ (v), contradicting F& N 1% = @.

This proves that F” is a universal ultrafilter (see Lemma 5.16).

We prove that P’ is rich with respect to F'. Let X € C and a € P/(X) \ Fg. We seek a morphism
c:t — X in C’' such that P'(c)(a) ¢ F{. Since o ¢ F%, we have a € I%. So there are n € N and § € I%
such that o = q'%(5). Since 8 € P"(X) \ F%, we use property (3) to get a morphism d: t — X in C" such
that P"(d)(8) ¢ F{*, so P"(d)(B) € I{'. Setting ¢ := Q"(d), we have

P/(c)(a) = P/(Q"(d)) (% (5)) = 9§ (P (d)(9)) € L.
Therefore, P'(c)(«) ¢ F, as desired.

Finally, we prove Fx = vy [F§] for each X € C. Let a € P(X). If a € Fx, then tx(a) = q%(a) € F%
by definition. Conversely, if a ¢ Fx, then a € Ix, so tx(a) = q% (o) € I, and thus vx(a) ¢ Fk. O

5.4. Characterization of classes of universally valid formulas. We have all the ingredients to prove
the main theorem of this section, which shows that universal ultrafilters are precisely the classes of universally
valid formulas.

Theorem 5.28. Let P: C°P — BA be a Boolean doctrine, with C small. Let F = (Fx)xec be a family with
Fx CP(X) for each X € C. The following conditions are equivalent.
(1) There is a Boolean model (M, m) of P such that, for every X € C,
Fx ={aeP(X)| forallz e M(X), z € mx(a)}.
(2) F is a universal ultrafilter for P.
Proof. (1) = (2). We check that the conditions in Definition 5.12 are satisfied.

First, we prove that F' is closed under reindexings. Take a morphism f: X — Y and o € Fy, ie.
my (@) = M(Y). Then P(f)(«) € Fx if and only if mx (P(f)(a)) = M(X). By naturality of m,
mx (P(f)(e)) = M(f)~ [my (e)] = M(f)~ [M(Y)] = M(X).
Thus, F' is closed under reindexing.

Second, we prove that F' is fiberwise a filter. For every X € C we have Fx = m ' [{M(X)}] =
my' [{T »(m(x))}], and this is a filter since it is the preimage under the Boolean homomorphism my of
the filter {M(X)} of 2(M(X)).

Next, let a3 € P(X1) \ Fx, and a2 € P(X3) \ Fx,. Then, there are ;1 € M(X;) \ mx, (a1) and
x2 € M(X2) \ mx, (az). We show that P(pry)(a1) V P(pry)(ae) ¢ Fx, xx,. We have

mx,xx, (P(pry) (1) VP (pra)(a2)) = mx, xx, (P(pri)(en)) Umx, xx, (P(pra)(a2))

= pry '[mx, (a1)] Upry ' [mx, (o).
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Observe that (z1,22) € M(X1) x M(X2) = M(X; x X3) does not belong to my, xx,(P(pry)(ai) V
P(pry)(az)).

Finally, we have Lp) ¢ Fy since mg(Lp()) = 9.

(2) = (1). By Theorem 5.27, there are a category C’, a Boolean doctrine P’: C"*Y — BA, a Boolean
doctrine morphism (R,tv): P — P’ and a universal ultrafilter (F} )yec for P’ such that P’ is rich with
respect to (Fy)yec/, and moreover, for all X € C, Fx = ty' [Fr(x)l- By Proposition 5.25, there is a
Boolean model (M’,m’) of P’ such that, for all X € C,

Fy ={aeP(Y)|forallz € M'(Y), x € m}y(a)}.

Let (M, m) be the composite (M’,m’) o (R,t) of the morphisms (M’,m’) and (R,t). Clearly, (M, m) is a
Boolean model of P. Moreover, for every X € C and every a € P(X), we have

/0P

a € Fx <= tx(a) € Fpy
<= forallz € M'(R(X)), x € mpx(vx(a))
< forall z € M(X), x € mx(«). O

Note that the model obtained from the universal ultrafilter is not canonical: indeed, its existence was
established using the extension to richness, which uses the axiom of choice.

Remark 5.29. We translate Theorem 5.28 to the classic syntactic setting. Let {z1,x2,...} be a set of
variables, £ a language and T a quantifier-free theory in £. Let (F,)nen be a family with F,, a set of
quantifier-free £-formulas with x1, ..., x, as free (possibly dummy) variables. The following conditions are
equivalent.

(1) There is a model M of T such that, for every n € N,
F, ={a(x1,...,z,) quantifier-free | M F Vzy ... Vo, a(x1,...,20)}.
(2) (Fp)nen is a universal ultrafilter for 7 (in the sense of Remark 5.13).

Corollary 5.30. Let P: C°°? — BA be a Boolean doctrine, and suppose C to be small. Let i,j € N,
Yi,.., Y, 71,75 € C, (i € P(Yy)),—y, 5 and (B; € P(Z;));—1. ;- The following conditions are
equivalent.

(1) For every Boolean model (M, m) of P, if for every i € {1,...,i} we have that for every y € M(Y;)

y € my, (), then there is j € {1,...,j} such that for every z € M(Z;) z € mz,(B;).
(2) There aren €N, ly,...,l, € {1,...,i}, and (g;: H;Zl Z; = Y,)iz1....n such that (in P([T'_, Z;))

j=1

.....

n J
A\ P(g:)(ar) < \/ Plpr))(5)).
i=1 j=1

Proof. By Theorem 5.28, condition (1) is equivalent to

(1) For every universal ultrafilter (Fix)xecc, if for every i € {1,...,i} we have a; € Fy,, then there is

je€{l,...,j} such that 3; € Fz,.
By Lemma 5.19, condition (2) is equivalent to
(2’) The universal filter generated by a1, ..., «; intersects the universal ideal generated by S, ... , B3

We prove that (1’) is equivalent to (27). To do so we prove that the negation of (1’) is equivalent to the
negation of (27).

(=17) There is a universal ultrafilter (Fx)xec such that for all i € {1,... ,i} we have o; € Fy, and for all
je{l,...,j} we have 3; ¢ Fz,.
(—2’) The universal filter generated by aq,...,a; and the universal ideal generated by fi,..., p; are

fiberwise disjoint.

(=1") = (—2’). This is immediate since a universal ultrafilter is a universal filter whose fiberwise com-
plement is a universal ideal.
(=2”) = (—17). This follows from Theorem 5.21. O



QUANTIFIER ALTERNATION DEPTH IN UNIVERSAL BOOLEAN DOCTRINES 37

Remark 5.31. We translate Corollary 5.30 to the classic syntactic setting. Let {x1,z2,...} be a set of
variables, £ a language and T a quantifier-free theory in £. Let 7,5 € N, let p1,...,p;,q1, ..., ¢ €N, let
(w1, 2p,))izr, i and (Bj(w1,...,24;)) =1, ; be tuples of quantifier-free £-formulas. The following
conditions are equivalent.

(1) For every model M of T we have

i J
ME /\V:El...vgcpia(;vl,...,xpi) — \/V:El...quij(;vl,...,xqj)
i=1 j=1

(2) There are n € N, Iy,...,1, € {1,...,i} and terms (gl (x1, ... s TS5q;))ie{1, . n}, he{l p,} such that

.....

n

j
pi;
/\ o, (95 (@1, @s,q,)s - G (@1, Byy,)) BT \/ ﬂj(lerEj;fqt""’xEZZIqt)' (5.10)

t
i=1 j=1
The unpleasant game of subscripts in (2) is just a way to ensure that the disjuncts §; on the right-hand
side of (5.10) have no variables in common. Note that, by the soundness and completeness theorems for
first-order logic, (1) is equivalent to

i J
/\Vazl Nz alz, .., P \/ Vay...Vag, Bi(x1,...,2q;).
i=1 j=1
Remark 5.31 characterizes when a finite conjunction of universal closures of quantifier-free formulas
implies a finite disjunction of universal closures of quantifier-free formulas modulo a quantifier-free theory.

Example 5.32. For example, if a(x) is a quantifier-free formula and § is a quantifier-free closed formula,
when does Vz a(x) imply 8 modulo a given quantifier-free theory 77 To be more precise, we are in the
setting of Remark 5.31 with i = 1, py =1, j = 1, ¢1 = 0, a(z;1) a quantifier-free formula, and 3 a closed
quantifier-free formula. Remark 5.31 tells us that Vaz a(x) 7 8 occurs precisely when there are n € N and
O-ary terms gu,..., gn (i.e. term-definable constants) such that

/\ algi) b1 8.
=1

In other words, if we know that a(x) holds for all x, the only way to prove S is to instantiate a(x) on a
finite number of constants g1, ..., g, and then prove § from «(g1) ..., a(gn).

Remark 5.33. Note that, in Example 5.32 above, it is important that n can also be given the value 0. For
example, if 8 = T and the language has no term-definable constants, it is true that Vz a(x) implies T, but
we cannot instantiate a(z) in any term-definable constants, and so we need permission to take n = 0.

Remark 5.34. Note that, in Example 5.32 above, it is also important that we are allowed to take n > 2.
For example, let £ be the language with two constant symbols {a, b} and a unary predicate symbol R, and
let 7 = {R(a) V R(b)}. When does the theory T prove the formula 3z R(x)? Or equivalently, when does
Vz =R(z) imply L modulo 7? By Example 5.32 with & = =R(z) and § = L, the ways to prove L would
be:

However,
(1) does not hold (as witnessed by the model M = {a}, I(a) = I(b) = a, I(R) = {a});
(2) is equivalent to = R(a) A (R(a) V R(b)) - L, which in turn is equivalent to R(b) - R(a), which does
not hold (take M = {a, b}, I(a) = a, I(b) = b, I(R) = {b});
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(3) is equivalent to ~R(b) A (R(a) V
not hold (take M = {a, b}, I(a)

(4) is equivalent to ~R(a) A ~R(b)
R(a) V R(b), which holds.

So, in this example, it was necessary to take n > 2.

R(b)) L, wh1ch in turn is equivalent to R(a) - R(b), which does
a =

I(b) = b, I(R) = {a});
R(a) vV ( )) F L, which in turn is equivalent to R(a) V R(b) F

)

NG

Example 5.35. For example, if a(z) and §(y) are quantifier-free formulas, when does Va a(z) imply Vy 8(y)
modulo a given quantifier-free theory 7?7 To be more precise, we are in the setting of Remark 5.31 with i = 1,
pr=1,7=1q =1, a(z1), B(x1) quantifier-free formulas. Remark 5.31 tells us that Yz a(z) F7 Yy B(y)
occurs precisely when there are n € N and unary terms g¢1(y), ..., gn(y) such that

N\ algi) b7 By).

=1

In other words, if we know that «(z) holds for all z, the only way to prove §(y) for an arbitrary y is to
instantiate «(z) on a finite number of terms g;(y), ..., gn(y) depending solely on y and then prove 3(y)

from a(g1(y)) - .., a(gn(y))-

Example 5.36. For example, if a(z), S(y) and (z) are quantifier-free formulas, when does V a(x) imply
Yy B(y) V Vz~(z) modulo a given quantifier-free theory 7?7 To be more precise, we are in the setting
of Remark 531 with i = 1, p; = 1, j = 2, 1 = q2 = 1, a(x1),B(x1),v(x1) quantifier-free formulas.
Remark 5.31 tells us that Vz a(z) b7 Vy 8(y) V Vzv(z) occurs precisely when there are n € N and binary
terms g1(y, 2), ..., gn(y, z) such that

agi(y, 2)) Fr By) Vy(2),

~.

i=1

where here it is important that y and z are distinct variables. Note that Vy 3(y) V Vz(2) is equivalent to
YyVz B(y)Vy(z) (using that y and z are distinct). Then, if we know that «(z) holds for all z, the only way to
prove 5(y)V~(z) for arbitrary y and z is to instantiate o(z) on a finite number of terms g1 (y, 2), ..., gn(y, 2)
depending solely on y and z and then prove 3(y) V v(z) from a(g1(y, 2)) - .., a(gn(y, 2)).

Example 5.37. For example, if a1 (z) and as(y) are quantifier-free formulas and g is a quantifier-free closed
formula, when does Vz a1 (2) AVy a2 (y) imply S modulo a given quantifier-free theory 77 To be more precise,
we are in the setting of Remark 5.31 with i =2, p;y =po = 1,5 =1, ¢1 = 0, ay(z1), az(x1) quantifier-
free formulas, and § a closed quantifier-free formula Remark 5.31 tells us that Vzaq(z) AVyaz(y) Fr B
occurs precisely when there are n € N, I1,...,1, € {0,1} and 0-ary terms (g;)ie(1,....n} (i-e. term-definable
constants) such that

.....

/\ Q; (gz> Fr 8.
=1

Equivalently, this happens when there are ni,ns € N, and 0-ary terms (fi)ie{1,...n1}> (f})je{1,...noy (i€
term-definable constants) such that

ni n2

N ar(fi) A N\ aa(f) F7 8.

i=1 j=1

In other words, if we know that «;(x) holds for all z and that as(y) holds for all y, the only way to prove
is to instantiate a;(z) on a finite number of constants f1, ..., fn, and az(y) on a finite number of constants

fi,---, fn, and then prove 8 from a1 (f1) ..., o1 (fn,), 02(f1) .., 02(f7,)-

Theorem 5.38. Let P: C°° — BA be a Boolean doctrine, and suppose C to be small. Let i,j € N,
S Y1, Y, 21, Z5 € C, (i € P(SXY;)), and (B; € P(SxZj));=1, ;- The following conditions

) 17

are equivalent.

1,..., 77
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(1) For every Boolean model (M, m,s) of P at S, if for every i € {1,... ,i} we have that for every
y € M(Y;) (s,y) € mgxy, (o), then there is j € {1,...,7} such that for every z € M(Z;) (s,z) €
msxz,(55). )

(2) Tifere aren € N, ly,...,l, € {1,...,i}, and (g;: S x [Tj=1 Zj = Yi.)i=1,....n such that (in P(S x

;‘:1 Zj))

n J
A P(pry,g))(ew,) < \/ P((pry, prj40))(6))-

i=1 j=1

Proof. This follows from Corollary 5.30 applied to the Boolean doctrine Pg obtained from P by adding a
constant of type S and from Lemma 4.7. 0

Remark 5.39. We translate Theorem 5.38 to the classic syntactic setting. For this, we fix k¥ € N. Let
{81, -+, 8k, T1,T2,... } be a set of variables, £ a language and 7 a quantifier-free theory in L. Let 4,j € N,
let p1,...,p5q1,-- 5 G5 € N, for each i = 1,...,3 let a;(s1,..., Sk, T1,...,Zp,) be a quantifier-free formula,
and for each j = 1,...,j let B;(s1,...,5k, %1, ...,24,) be a quantifier-free formula. The following conditions
are equivalent.

(1) For every model M of T and for every ci,...,cx € M the formula

i J
/\Va:l...V:cpiai(sl,...,sk,:zrl,...,xpi) — \/Va:l...Va:q].Bj(sl,...,sk,:zrl,...,xqj)
=1 Jj=1

is valid in M under the variable assignment [(s; — ¢;)i=1,... k|-

= h
(2) There aren € N, Iy,... I, € {1,...,i} and terms (g;'(s1, .., 8k, T1, -, Tx,q,))ie{1,..,n}, he{l,p, }
such that
n
1 pi;
ali(sla"'7'9/@791'(Sla-"7Sk7x17'"7$EjQJ')7"'7gi (Sl""7Sk’x17”'7xzjqj))
i=1
J
FT \/ ﬂj(sl""7Sk’xl+2{;11qt""’IE{:ﬂZt)'
J=1

6. FREE ONE-STEP CONSTRUCTION

In this section, we describe how to freely add one layer of quantification to a Boolean doctrine Py: C°P —
BA over a small base category C. In this way, we accomplish the goal announced at the end of Section 4.
To be more precise, let (idc,i): Py — Pg be the quantifier completion of Py, and let P; be the subfunctor
of PJ defined as in Definition 3.2(3): for every S € C, the fiber P1(S) is the Boolean subalgebra of Py (S)
generated by the union of the images of Po(S x Y) under VY : P§(S x Y) — P§(9), for Y ranging in C.
Intuitively, P; freely adds one layer of quantification to Py. In the first part of this section we explicitly
describe Py (Corollary 6.10). In the second part of this section we use this result to construct P; via
generators and relations (see Remark 6.19).

6.1. Fragment of depth 1 of the quantifier completion. The main results of this subsection are
Theorem 6.6 and Corollary 6.10, that characterize the order in the fibers P1(.S) in terms of relations on Py.
To this aim, we use results from our “detour” in Section 5.

To get back to the question “When should a formula (Vz a(x)) A (Vy 5(y)) be below another formula
(Vzv(2)) V (Yw §(w))?” proposed at the end of Section 4, we will obtain the following answer:

(Vza(z)) A (Vy B(y)) < (Vz7(2)) V (Vw d(w))
)

every model of Py satisfying Vo o(z) and Vy 8(y) also satisfies Vzy(z) or Yw §(w)

0
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there are terms t1(z,w),...,tn(2z,w), s1(2,w), ..., sm(z,w) such that
/\ /\ (sj(z,w)) <7y(z) VI(w).
i=1 j=1

(Tt is important here that z and w are distinct variables.)

Lemma 6.1. Let P: C°°® — BA be a universal Boolean doctrine. Let XY € C, a,v € P(X) and 8 €
P(X xY). Then

a <y VV%B in P(X) <= P(pr;)(a) <P(pry)(y) V3 in P(X x Y).

Proof.
a < VY in P(X)
= a Ay VXS in P(X)
> P(pr)(an—) <p in P(X xY)
< P(pry)(a) A =P(pry)(7) < B in P(X xY)
< P(pry)(e) <P(pry)(7) VA in P(X xY). 0

Lemma 6.2. Let P: C°° — BA be a universal Boolean doctrine, let X, Y € C, let « € P(Y) and let
f: X =Y be a morphism in C. In P(X) we have

VX P(pry)(a) < P(f)(a).
Proof. By adjointness, for every v € P(X xY'), we have P(pr,)V% (v) < v (in P(X xY)). For v = P(pr,)(c)
we get, in P(X x Y),
P (pry) (Vi P(pry)(@)) < P(pry)(a).
Applying on both sides the reindexing P(({idx, f)): P(X x Y) — P(X) along (idx, f}): X = X x Y, we
obtain, in P(X),

VxP(pry)(@) = P({idx, f)) (P (pry) (VX P(pry)(a))) < P({idx, f))(P(pro) (@) = P(f)(a). .

Lemma 6.3 (V distributes over \/ with disjoint variables). Let P: C°? — BA be a universal Boolean
doctrine, let X1,...,Xn € C, and let a; € P(X;) fori=1,...,n. Then in P(t)

\/ Vi(iai _ ViLXI (\/ P(pri)(ai)> .

i=1 i=1

Proof. For n = 0, we shall check that Lp) = Vﬁj_p(t), but this follows from Remark 3.3 (V¢ is the right
adjoint of the identity of P(t), and hence it is the identity).

For n =1 the statement is trivially true.

So let n = 2. We begin with the inequality (<). For i = 1,2, from P(lx,)(Vi i) < a; we get in
P(X; x X5)

P(lx, xx,) (Vg fai) = P(pr;)P(Lx, ) (V5 i) < P(pr;)(cw).
So in P(X; x X3) we get
P(lx, xx,) (Vg “ i) < P(pry)(a1) V P(pry)(az),
which is equivalent to
Vitay < Vg R (P(pry) (an) V P (pry)(az))
in P(t). Hence
Vo lan VY tag < ViR (P(pry)(an) V P(pry)(az)),

as desired.

We now prove the inequality (>), i.e. that in P(t)

VX X2 (P (pr) ) (1) V P(pry)(a2)) < Villag V Vias.
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By Lemma 6.1, this is equivalent to

P(lx, ) (Vg 2 (P(pry) (1) V P(pry)(az2))) < ar V P(lx, ) (¥, az) (6.1)
in P(X1). We now use the Beck-Chevalley condition:

So we can rewrite (6.1) as
P(lx, ) (Ve 2 (P(pry) (1) V P(pry)(az))) < a1 VY32 P (pry)(az).
By Lemma 6.1 again, this is equivalent to the following inequality in P(X; x X5):
P(pry) (P(1x, ) (75 2 (P(pry) (a1) V P(pry)(az)))) < P(pry) () V P(pry)(az),

which we rewrite as

P(1x,50)V 2 (P(pry) (a1) V P(pry)(az2)) < P(pry)(ar) V P(pry)(as).
We use again the Beck-Chevalley condition:

X1xXo
t P(X; x Xa) — 2, P(t)
!xlxxﬁ P((ors o) | [Pt
Xl X X2 P(Xl X X2 X X1 X XQ) m P(X1 X XQ)
X1><X2

and so we are left to prove

Vi xe P((prs, pra)) (P(pry) (a1) V P(pry)(az2))) < P(pry)(an) V P(pry)(az).
This follows from Lemma 6.2 with f = idx, xx,: X1 X Xo = X7 x Xo.
The statement (for an arbitrary n) follows by induction. O

Lemma 6.4 (V distributes over \/ with disjoint variables, over fixed free variables). Let P: C°P — BA be
a universal Boolean doctrine, let S, X1,...,X, € C, and let o; € P(S x X;) fori=1,...,n. Then in P(S)

\/ ¥ — vl (\/P«prl pri+1>><ai>).
=1

=1

Proof. This follows from Lemma 6.3 applied to the universal Boolean doctrine Pg obtained from P by
adding a constant of type S. O

Lemma 6.5. Let P: C°? — BA be a Boolean doctrine, let R.: D°P — BA be a universal Boolean doctrine
and let (M, m): P — R be a Boolean doctrine morphism. Let i,j € N, let S,Y1,...,Y;,Z1,...,Z; € C,

R

(a; € P(S x Y;))ymy. 7 and (B; € P(S X Z;))=1.. 5. Suppose there aren € N, ln,... I, € {1,...,i} and
(9i S x [T'—y Zj = Yi,)i=1,...n such that (in P(S x Hﬂi: Z;))

.....

n

/\ P(<pI’1,gl

i=1 3:1

<b

prlaprj+1>)(5j)'

Then in R(M(S)) we have

i J
M(Z;
/\ M(S) ‘mssy () < V VMES))mSXZj (8;)-

Jj=1
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Proof. First, observe that in R(M(S)) we have

A M
A\ Vars) msxi /\ Varie) mssey, (r,). (6.2)
i=1
For every i = 1,...,n, by the adjunction R(pr;) - V%E}S/I;) we have in R(M(S) x M(Y,))

R(pr))(Fyrsy (msyi, (@1,)) < sy, (an,):
Then, apply R({pry, M(g;))) to both sides to get in R(M(S) x §:1 M(Z)))

R(pry)(Vysis; (s, (@1,)) = R((pry, M(g0))(R(pry) (%57 (M, (a,)))

< R({pry, M (i) (msxy;, (cu,))

:mSXHij (P(<pr17gl>)( ) (6'3)
It follows that in R(M(S) x [[)_, M(Z;))
R(pry) /\V mSXy a;) | <R(pr, (/\V meYl (ali)> by (6.2)
i=1
J
< MgxI; z; \/ (pr1,prj41))(B5) by assumption
J
= \/ R((pry,prji1))(msxz; (85)) by naturality of m.
j=1

By the adjunction R(pr;) - Vr]\i[j(l\g)(zj), we get in R(M(S))

i J
MY I1; M(Z,
/\ MES) Mgy, (i) < VM(S)( ) \/ R((pry, prj1))(msxz; (B85)) |- (6.4)
i=1 j=1
Then apply Lemma 6.4 to the left-hand side of (6.4) to conclude the proof. O

Theorem 6.6. Let P: C°P — BA be a Boolean doctrine with C small, and let (idc,i): P — PY be a quantifier

completion of P. For all $,Y1,...,Y;,Z1,...,Z; € C, (; € P(SxYi));y i and (B; € P(S x Z;)),;_4

the following conditions are equivalent.
(1) In PY(S) we have

i J

/\V isxy; (o) \/ sy z,(B;)-

=1 j=1

(2) There are n € N, ly,...,l, € {1,...,i} and (g;: S x H;:l Z; = Y,)i=

,,,,,, n such that (in P(S x
;‘:1 Zj))

<.

n

/\ P(<pr1791 \/ prlvprj—i-l )(6])

i=1 j=1
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Proof. (1) = (2). We prove the contrapositive. Suppose (2) does not hold.

By Theorem 5.38, there is a Boolean model (M, m,s) of P at S such that for all i = 1,...7 and for
all y € M(Y;) we have (s,y) € mgxy;(a;) and there is no j € {1,...,;} such that for all 2 € M(Z;)
(5,2) € mgxz,(B;). Thus

m{s € M(S) | for all y € M(Y;), (s',y) € mgxy;(a;)}

¢ U{s e M(S) | for all z € M(Z;), (s',2) € mgxz,(B;)} (6.5)
=1
because s belongs to the intersection on the left of (6.5) but not to the union on the right.
By the universal property of the quantifier completion, there is a unique universal Boolean doctrine
morphism (M, n) such that the following triangle commutes:

P (ldc,t) PV
mh jrm

Z.

The condition in (6.5) is equivalent to

i J

M(Y; M(Z;
ﬂngs))mSXYZ(az) ,:(Z Ungs))mSXZj(Bj)a
. =1

which we rewrite as

mV ﬂSxm (isxvi (o)) € UV nSXZJ (isxz,; (8)),
Jj=1
which, by the commutatlwty of (2.1) in the definition of a universal Boolean doctrine morphism (Defini-
tion 2.7) is equivalent to

i J
. Z; .
(ns(Visxy. (i) € | ns(¥g'isxz (8))),
i=1 j=1
which, since ng is a Boolean homomorphism, is equivalent to

i J
ng /\V?iSXn(ai) Z ng \/V?inzj(ﬁj)

i=1 j=1

Thus, by monotonicity of ng, in PY(S) we have

i J
N\ V¥isuy,(eq) £ \/ V&isxz,(8))-

i=1 j=1
(2) = (1). This implication follows from Lemma 6.5. O

Remark 6.7. We translate Theorem 6.6 to the classic syntactic setting. For this, we fix £ € N. Let
{81,y 8k, 1, T2,23,...} be a set of variables, £ a language, and 7 a quantifier-free theory in £. Let
i,j €N, let p1,...,p5,q1,.- »q; €N, for each i =1,... .1 let a;(s1,...,8%,21,...,Tp,) be a quantifier-free
formula, and for each j = 1,...,7 let Bji(815- -8k, T1, .., 2q;) be a quantifier-free formula. The following
conditions are equivalent.

(1)

i j
/\V:vl oV, ai(S1, .y Sk, Ty - Xp,) BT \/V:vl Vg Bi(S1, ey Sk T, X ).
/ im
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(2) Therearen € N, Iy,...,1, € {1,...,i} and terms (gl’?(sl, ey SE T, e 7xzjq]‘))ie{l,...,n},hE{l,...,pli}
such that
/\ali(sl,...,sk,g}(sl,...,sk,xl,...,xgjqj),...,gfl"(sl,...,sk,xl,...,xgjqj))

F \/ (815« Sky Ty i1
T ﬂ]( 1, 39k 1+%9 "1 q
Jj=1

N

t E{:ﬂh)'

Theorem 6.8. LetP: C°? — BA be a Boolean doctrine with C small, and let (idc,i): P — PY be a quantifier
completion of P. For all S,Yy,....,Y;,Wy,... . W}, Z1,...,Z;,V1,...,V} € C, (a; € P(S x Yz‘))izl,...ﬁ’
(v € P(S X Wi))poy s (Bj € P(S X Z5)) 1, 5 and (0x € P(S X Vi))p—1. 5, the following conditions

J
are equivalent.

(1) In PY(S) we have
i h J k
. : Z; . .
/\ V¥isxy, (i) | A /\ 3 M sww, () | < \/ V'isxz (B5) | V \/ I isxvs, (6k)
i=1 h=1 j=1 k=1

(2) There are n,n' € N, Iy,..., 1, € {1,...,i}, I},..., I/, € {1, ...,/_c}, (gi: SxH;Zle XHZ:1Wh_>
Yi)ict,n and (g: S x [T, Z; xHh 1Wh—>V2/) 1. such that (in P(S x [['_, Z;))

n h J n’
A\ P((pry, g:))( /\ ((pry, Py g)) () <\ Poro, ey )(85) v \/ Py, i) (1)
i=1 h=1 j=1 k=1
Proof. Ttem (1) holds if and only if
3 z j h
/\ Viisxy; (i) | A /\ Vekisxy, (20k) | < \/ V? isxz,(Bj) | v \/ V& s w, (—7n)
i=1 k=1 j=1 h=1
Applying Theorem 6.6, this is equivalent to the existence of n,n’ € N, ll, ol €41, ik 1,

{1k} (900 S X T2y Z % Tl Wi = Yi)imt,n and (g7 S x TT52, 25 x Tz 1Wh — W) Lyeeosn!
such that (in P(S x [[j_, Z;))

n n J h
A Porygi))(a) A N P(pry, gi)) (=) < \/ P(pry,pry ) (8:) Vv \/ P(0ry, o)) (-m),
i=1 k=1 j=1 h=1

which is equivalent to (2). O

Roughly speaking, this means that, given a quantifier-free theory 7,

h J
/\ Vyi az(yl) A /\ Elwh ”yh(wh) FT \/ sz f)’j (ZJ) V \/ Elvk 5k(vk)
h=1

i=1 j=1 k=1

holds (where all the a;’s, v4’s, 8;’s and dx’s are quantifier-free) if and only if, fixing arbitrary wy, and z;
(and supposing all these variables to be distinct) there are finitely many instantiations (g;)i=1
a;’s and finitely many instantiations (gj,)x=1,...ns of the 5k s such that

.....

.....

N\ a, /\ Yn(wn) Fr \/ B;(z5) \/ o, (gr,)-
1=1 k=1

Example 6.9 (Herbrand’s theorem). Let 7 be a quantiﬁer-free theory and let 6(z1, ..., z,) be a quantifier-
free formula, where v € N. By Theorem 6.8, the condition

Thr 3z ... 3z, 0(x1, ..., Ty)-
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holds if and only if there are n € N and lists of 0-ary terms (gi, ...,y )k=1,..n such that

.....

Trr \/ 8(gh- .- gb).
k=1

This is the classic Herbrand’s theorem [11].

The results obtained so far allow us to characterize when a Boolean combination of universal quan-
tifications of quantifier-free formulas implies another Boolean combination of universal quantifications of
quantifier-free formulas. Modulo rewriting a Boolean combination in disjunctive/conjunctive normal form,
this is illustrated in the following result.

Corollary 6.10. Let P: C°P — BA be a Boolean doctrine with C small, and let (idc,i): P — P be its quan-
tifier completion. For allS’,Ylp,...,Kp,Wf,...,Wf e C (forp=1,...p), for all Z{, ...,Zg ,qu,...Vg €
ip P
C (for g = 1,...q), for all (o] € P(S x Y))peqr, . pyicqu,. AT (vh € P(S x W} ))PE{L BhRE Lk}
(B8] € P(S %X Z)))geqn,..atjetiays Ok € PSS X Vi) getr, ayhefr,.. .k} the following conditions are
equivalent.
(1) In PY(S) we have

P v YP h wp
\/ /\ Vo' igxyr(al) | A /\ Vg "igxwr (V)
p=1\ \i=1 h=1
q ia Fa o
< /\ \/ Vs isxze(B)) | v \/ Vg sy (9f)
g=1\ \j=1 k=1

(2) For all p = 1,...,]5 and ¢ = 1,...,q there are n,n’ € N, l1,...,l, € {1 S S U (<

{1,...,ky}, (gi: S JquxHh1WP—>Yl)11 _____ n oand (gh: S x ]1Z‘1><Hh1Wp
Vﬁ) 1., such that (in P(S x [T;L, Z] x Hh W)
(/\ P((pry, 9i)) 041 ) /\ (pry, 9%)) )
i=1 k=1
J h
< \/ (pry,Pripq)) (\/ ((pry, prygj1)) (7))
j=1 h=1
Proof. Ttem (1) holds if and only if for all p=1,...,p an 1,...,q we have
no oy B
A Vs isavr(@) | A A VS iswr (00) (\/ Vs iz (B) | V[V Ve isxra(df) |- (66)
i=1 h=1 k=1
In turn, (6.6) holds if and only if
ip kq Ja hp
/\ VBs/ipinYf (af) | A /\ ngqinv,j 00 | < \/ V?"‘sz;? By v \/ ngsisz;f ()
i=1 k=1 j=1 h=1
Apply Theorem 6.6. O

Example 6.11. Let 7 be a quantifier-free theory. Let a(z) be a quantifier-free formula with free variable
2 and § be a closed quantifier-free formula. We write 8(x) when we consider z to be a dummy variable of
5.
(Fza(x)) VvV Er Jz(a(z) V B(z)) <= Jzralr) by Jz(a(z) V S(z)) and 7 Jz(a(z) V B(x))
= Bl7 Iz(a(z) v B(z)).
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By Theorem 6.8, seeing 3 as 3()/3, this is equivalent to the existence of n € N and O-ary terms (fi)ic1,....n}
such that

BFT\/ (fi) V B).

This trivially holds if 8 7 L (take n = 0). If 1nstead B 7 L (so that we cannot take n = 0), this holds
if and only if there is at least a 0-ary term in the language. Semantically, the fact that (Jz a(x)) V 8 Fr
Jz(a(x) V B(x)) might fail is explained by the fact that we allow the empty model.

Finally, we mention that the converse direction

Jz(a(x) V B(z)) Fr Bz a(z)) vV B
always holds.

6.2. The construction. We now exhibit how to freely add one layer of quantification to a Boolean doctrine
over a small base category via generators and relations. Let Py: C°? — BA be a Boolean doctrine, with
C small, and let S € C. Let Bg be the free Boolean algebra over Ag = | |y .c Po(S x Y), and, for each
Y € Cand a € Po(S x Y), let V¥« denote the image of o under the free map Ag — Bg. Let ~g be the
Boolean congruence on Bg generated by the following relations: foreach n e N, Iy,..., 1, € {1,... j} and

(gi:SxH; 1Z; = Y, )i=1,...n such that (1nP0(S><H Z;))

n

/\ Po((pr1, 9:))( \/ ({pry, prj1))(B))- (6.7)

i=1

we impose the relation

i J
/\ V?Ozi S \/ ngﬂj

i=1 j=1
in BS/NS-
Notation 6.12 (Free one-step construction on objects). We let
FreeF?(S)
denote the quotient Bg/~g. (For an intrinsic description of ~, we refer to Corollary 6.10.)

For each S € C, Freefo (S) is a Boolean algebra generated by the image of Ag under the function
As — Free[®(S) that maps a € Po(S x Y) C Ag to [Via] € Free}°(S). We know another Boolean
algebra generated by Ag. Since C is small, there is a quantifier completion (idc,i): Po — P§ of Py.
By Proposition 4.15, Py is a quantifier-free fragment of PJ, and thus we can define P;(S) the Boolean
subalgebra of P§(S) generated by the union of the images of Po(S x Y) under VY : P§(S x Y) — P§(9),
for Y ranging in C, as in Definition 3.2(3). So P1(S) is generated by the image of the function Ag — P1(5)
that maps o € Po(S x V) C Ag to V¥isxy (@) € P1(S). In particular, both Free[°(S) and P;(S) are
quotients of the free algebra Bg over Ag. In the following, we prove that these two quotients are “the
same”, meaning that Freef°(S) and P () are isomorphic and the two quotient maps have the same kernel
congruences.

vy

Py(SxY)

is><yT \ v

P§(S)
A~
U

\4 |

S
|
o € Po(S X Y) —C— Ag B\ Pl(S) E) VgiSXy(a)
\_/

S

~
|
E \M\L

FreeP(S) 3 V¥ al
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Lemma 6.13. Let B and P be boolean algebras, let A be a set, let 1: A — B be a function such that ([A]
generates B, and let m: B — P be a boolean homomorphism. The kernel congruence of m coincides with
the congruence ~ generated by the following set of relations: for every x1,...,Tn,Y1,...,Ym € A such that
m(z) A Am(zn) < m(yr) V-V ae(ym) in P, take the relation c(z1) A+ Au(xn) <o t(y1) VeV i(yn).

Proof. Let ~ be the kernel congruence of 7, and let ~ be the congruence generated by the relations in
the statement. The inclusion ~ C = holds because every generator of ~ belongs to ~. For the converse
inclusion, let wy,ws € B be such that [w1] <x [w2], and let us prove [w1] <. [ws2]. Since B is generated by
t[A], we can write

p

\/ /\ t(Zf) | A /\ —u(2))

and

ALV V(wa&
qg=1

P ip hyp q Ja kq
\/ /\ m(zl) | A /\ —mi(z1)) < \/ m(y]) | V \/ —mu(wi) | |,
p=1 i=1 h=1 q=1 7j=1 k=1

i.e. that, for every p=1,...,pand every ¢ =1,...q, in P

ip h Jq kq
Amta) | o [ A ~mip) s(vwm@ V(Vﬁm<b,

=

i=1 h=1

or, equivalently,

ip

_q 5‘1 _P
A ) | Amod ] = (V)| v (Ve
i=1 k=1 =1 h=1
By definition of ~, for every p=1,...,pand every g =1,...¢
EP E 3‘1 _P
N\l A <o [V | v V||
i=1 k=1 j=1 h=1
and hence
P ip hy q Ja kq
V([ Awn)a [ A=en) )| = [A((Veon)v (V) )]
p=1 i=1 h=1 q=1 j=1 k=1
ive., [wn] <o [wal. O

Lemma 6.14. Let P be a Boolean algebra, A a set, and g: A — P a function. Let .: A — B be the free
Boolean algebra map over X, and let m: B — P be the Boolean morphism induced by the universal property
of free algebras. The kernel congruence of m coincides with the congruence ~ generated by the following
relations: for every x1,...,Tn, Y1, .-, Ym € A such that g(x1) AN---ANg(zn) < g(y1) V-V g(ym) in P, take
the relation t(x1) A -+ ANu(zn) <o t(y1) V-V i(yn). As a consequence, if g[A] generates P, m induces an
isomorphism between B/~ and P.

Proof. By Lemma 6.13. O

Proposition 6.15. Let Py: C°° — BA be a Boolean doctrine, with C small, let (idc,i): Po — PJ be a
quantifier completion of Py. Let Py be defined from Py and P as in Definition 3.2(3). Then for every
S € C the Boolean algebras Freet(S) and P1(S) are isomorphic.
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Proof. First of all, recall from Proposition 4.15 that Py is a quantifier-free fragment of Py, so we can indeed
define Py as in the statement.

Apply Lemma 6.14 with A = Ag, P = P1(5), g: As — P1(5) is the function that maps a € Py(S x
Y) C As to VSisxy(a) € P1(S), so that B = Bg, the free Boolean algebra over Ag. Then P1(9) is
isomorphic to the quotient of Bg by the congruence ~ defined by the following set of relations: for all

Yi,..., Y5, 71,...,Z; € C (i € P(S X Y)));—y ;and (B; € P(S x Z;));_;,_; such that in Py(S) we have
i J .
I\ V5 isxvi(ai) <\ Vs, (). (6.8)
i=1 j=1

take the relation

%

;
/\ V?Ozi <~ \/ ngﬁj
i=1 j=1

By Theorem 6.6, (6.8) is equivalent to (6.7), and so ~ coincides with ~g. Therefore, P1(S) is isomorphic
to Bs/~ = Bs/~g = FreeF°(9). O

Remark 6.16. Similarly to [22] (see Remark 4.26), we could have constructed Free}°(S) as the poset
reflection of a certain preordered set. For example, as a preordered set we may take &, (2, (As U Ag)),
where Z,(Y) denotes the set of finite subsets of Y, and with a preorder suggested by Corollary 6.10
according to the intuition that an element A € Z2,(Z,(As U Ag)) represents

AcA a€Ag :inlacA a€Ag:intracA

where inl,inr: Ag — Ag Ll Ag denote the two inclusions. We are afraid we are not able to describe this in
a digestible way.

We can extend the assignment Freef” to morphisms of C using the isomorphisms described in Proposi-
tion 6.15: let S, S’ be objects in C and let f: S — S’ be a morphism. We let

Freel® (f): Freeto(S") — Freel(S)

denote the Boolean homomorphism that closes the square below:

s’ FreeP0(S) — P(9")
fT Free?o(f)i lpl(f)
S Freef(S) —— P1(S).

The Boolean homomorphism P;(f) is defined because P; is a functor (see Lemma 3.13). It follows that
Freef’o is a functor, naturally isomorphic to P;.

Lemma 6.17. For every Y € C and a € Po(S’ x S), the Boolean homomorphism FreeY°(f) maps the
generator [Vi,a] to [VE (Po(f x idy)(a))].
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Proof. For the reader’s convenience, we insert the following commutative diagram, which includes some

relevant morphisms.

S/ Freep0 (8" —— P1(9") =5 Py (S)
fT Freelo(f)\ prl(f) Py(f) (69)
S Freet© —— P1i(S) —— Py (9)

T/

Let [V} a] be a generator in Free}°(S’) for Y € C and a € Po(S’ x Y), which corresponds to the element
VY igxys(a) in P (S") under the isomorphism Py (S’) = Freel(S’). In Py (S) we have

P1(f)(Viis xy (@) = Py (f)(VEisixy () by (6.9) on the right
=VEPS(f x idy)(is xy () by the Beck-Chevalley condition
=V5isxy (Po(f x idy)(a)) by naturality of i,

which, under the isomorphism P;(S) = Freef°(S), corresponds to the element [V5Po(f x idy)(a)] in
FreeT©(S), as desired. O

Then, the following is a direct definition of Freef0 (f) without going through the isomorphism with Py.

Notation 6.18 (Free one-step construction on morphisms). Let S, S’ be objects in C and let f: S — S’ be
a morphism. We let

FreeY® (f): Freeto(S") — Freel(S)
denote the unique Boolean homomorphism that, for all Y € C and « € Po(S’ x Y'), maps the generator
[V&a] to [V (Po(f x idy)(a))].

We skip a direct proof of well-definedness of the map in Notation 6.18; at any rate, using the isomorphism
between FreeT?(S) = P, (S), this follows from Lemma 6.17.

Remark 6.19. As a recap, let Py: C°? — BA be a Boolean doctrine, with C small. To add freely a layer
of quantifiers via generators and relations, define the functor Freef0 on objects as in Notation 6.12, on
morphisms as in Notation 6.18, and define the connecting natural transformation Py — Freef“ by defining
the component at S € C as

Po(S) — Free}?(S)
a— [Vial.

In light of the isomorphism between Freef0 and the fragment Py of P§ (Proposition 6.15), Corollary 6.10
provides an explicit description of the order on Freef“.

7. FUTURE WORK

One long-term goal is to provide a stepwise construction of the quantifier completion P¥ of a Boolean
doctrine P: C°P — BA with C small. In this paper we have addressed the first step.

Let (P, )nen be a quantifier-stratified universal Boolean doctrine. For each n € N, what are the properties
satisfied by the tuple (Py,...,P,)? In this paper, we only addressed the case Pg. This corresponds precisely
to the following, for the case of a small base category: Py is a Boolean doctrine. This follows from the
existence of the quantifier completion and the completeness theorem for Boolean doctrines (Theorem 4.9).
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7.1. Completeness for the first layer.

Definition 7.1 (One-step quantifier Boolean doctrine). A one-step quantifier Boolean doctrine is an ordered
pair of functors (P;: C°® — BA);—0,1 where C is a category with finite products, such that, for every
X € C, Py(X) is a Boolean subalgebra of P1(X), for every morphism f: X — X’ in C the function
Pi(f): P1(X') — P1(X) extends the function Po(f): Po(X’) — Po(X), and the following conditions hold.
(1) (One-step universal) For every projection pry: X x Y — X in C and 8 € Po(X x Y) there is an
element V%3 € P1(X) such that, for all « € P1(X), we have (denoting with ixxy the inclusion

Py(X xY) =P (X xY))

a < VB in Pi(X) <= Pi(pry)(a) <ixxy(B) in Py(X xY).

(Note that one such element V¥ 3 is unique.)
(2) (One-step Beck-Chevalley) For every morphism f: X — X’ in C the following diagram in Pos

commutes.
vY,
PO(X’ X Y) —, Pl(X’)

PO(indY)J/ prl(f)
PO(X X Y) T Pl(X)
x

(3) (One-step generation) For all X € C, the Boolean algebra P1(X) is generated by the union of the
images of the functions V¥ : Po(X x V) — P1(X) for Y ranging in C.

The idea that led us to this definition was to take the axioms from Definition 3.12 that only involve
n = 0,1. It seems a reasonable conjecture that Definition 7.1 captures all the properties satisfied by
(Po,Py) in a quantifier-stratified universal Boolean doctrine (P,,),en. One way to check this would be
by using models. There is a natural way to define a one-step quantifier Boolean model of (Pg,P1) as the
Boolean models of P preserving all the relevant structure. The fact that Definition 7.1 is the correct one
then would be guaranteed by the following:

Conjecture 7.2 (Completeness for one-step quantifier Boolean doctrines). Let (P;: C°P — BA);—0,1 be a
one-step quantifier Boolean doctrine, with C small, let S € C and let ¢, € P1(S) be such that ¢ & 1.
There is a one-step quantifier Boolean model (M, m) of (Po,P1) such that mg(¢) € mg(y)).

We refrained from introducing one-step quantifier Boolean doctrines in the body of the paper, as we are
waiting until we prove Conjecture 7.2 (or until we find possible additional conditions to be added to the
definition of one-step quantifier Boolean doctrine that make the conjecture true). At any rate, whatever
the correct conditions on a pair (Pg, P1) are, the construction in Section 6.2 provides the free construction
over a Boolean doctrine over a small base category.

7.2. Step from 0 and 1 to 2, and beyond. Similarly to what we did in Section 6, the next goal is to
provide a free construction of P2 given a one-step quantifier Boolean doctrine (Pg, P1). Then we conjecture
that the following definition (obtained from Definition 3.12 that only involve n = 0,1,2) captures all the
properties satisfied by (Pg, P1,P2) in a quantifier-stratified universal Boolean doctrine (P,),en.

Definition 7.3 (Two-step quantifier Boolean doctrine). A two-step quantifier Boolean doctrine is an ordered
triple of functors (P;: C°P? — BA);—¢,1,2 where Cis a category with finite products, such that, for every X € C
and n € {0,1}, P, (X) is a Boolean subalgebra of P,,11(X), for every morphism f: X’ — X in C and every
n € {0,1}, the function Py41(f): Ppt1(X) = Pry1(X’) extends the function P, (f): P, (X) — P, (X’),
and the following conditions hold.
(1) (Two-step universal) For every projection pry: X xY — X in C,; n € {0,1}, and 8 € P,(X xY)
there is an element V¥, 3 € P,1(X) such that, for every a € P,,41(X), we have (denoting with
ixxy,n the inclusion of’Pn(X xY) into Pp41(X x Y))

a <VX,Bin Pryi(X) <= Puryi(pry)(a) < ixxyn(8) in Prp (X x Y).

(Note that one such element V?nﬁ is unique)
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(2) (One-step Beck-Chevalley) For every morphism f: X’ — X in C and n € {0,1} the following
diagram in Pos commutes.

Y
VX/,n

P,(X'xY) —= P11 (X))
Pn,(fxidv)l anH(f)
Pn(X X Y) ? PnJrl(X)

Y
vX,n

(3) (Restriction of universal) For all X, Y € C, the map VX, restricts to VX , i.e. the following diagram

in Pos commutes.
Y

v
Po(X x V) —% Py(X)

iXxY,O\[ ‘[iX.l

Pl(X X Y) T> PQ(X)
VX1

(4) (Generation) For all X € C and n € {0, 1}, the Boolean algebra P,,41(X) is generated by the union
of the images of the functions VX, : Pp(X x Y) = P,11(X) for Y ranging in C.

Again, there is a natural way to define a two-step quantifier Boolean model of (Pg, P1,P2) as the Boolean
models of Py preserving all the relevant structure. The fact that Definition 7.3 is the correct one then would
be guaranteed by the following analogue of Conjecture 7.2:

Conjecture 7.4 (Completeness for two-step quantifier Boolean doctrines). Let (P;: C°°? — BA);=01,2 be
a two-step quantifier Boolean doctrine, with C small, let S € C and let ¢, € Pa(S) be such that ¢ % 1.
There is a two-step quantifier Boolean model (M, m) of (Po, P1,P2) such that mg(p) € mg(v).

The work above might be enough to obtain the free construction of P,, from (Pg,Py,...,P,_1) for any
n > 3, by applying the free construction of the second layer to the one-step quantifier Boolean doctrine
(P,—1,P,). This is because we conjecture the following to be the correct axiomatization of the tuples
(Py,...,P,) arising from a quantifier-stratified universal Boolean doctrine.

Definition 7.5 (n-step quantifier Boolean doctrine). An n-step quantifier Boolean doctrine is an ordered
list of functors (P;: C°? — BA);—0.1,....n, where C is a category with finite products, such that, for all
i=0,...,n—2, (P;,P;11,P;12) is a two-step quantifier Boolean doctrine.

Once more, there is a natural way to define an n-step quantifier Boolean model of (P;: C°? — BA);—0.1,....n
as the Boolean models of P,, preserving all the relevant structure. The fact that Definition 7.5 is the correct
one then would be guaranteed by the following analogues of Conjectures 7.2 and 7.4:

Conjecture 7.6 (Completeness for n-step quantifier Boolean doctrines). Let (P;: C°P — BA);=0.1,....n be
an n-step quantifier Boolean doctrine, with C small, let S € C and let ¢,v € P, (S) be such that ¢ £ 1.
There is an n-step quantifier Boolean model (M, m) of (P;: C°P — BA);—1,....n such that mg(p) € mg(1).

7.3. Bounded distributive lattices. A direction of further research is to generalize from Boolean algebras
to bounded distributive lattices. In this case, existential and universal quantifiers are not interdefinable,
making the resulting theory somewhat more complicated.

7.4. Polyadic spaces. We recall that a Stone space (also known as a Boolean space or a profinite space)
is a compact Hausdorff space in which distinct points are separated by closed open sets. We let Stone
denote the category of Stone spaces and continuous functions between them. Stone duality [20] establishes
a dual equivalence of categories between Stone and BA. There are two main advantages to utilizing duality.
Firstly, duality theory often connects syntax and semantics. For instance, in classical propositional logic,
the Lindenbaum-Tarski algebra is the free Boolean algebra on the set V' of propositional variables, and its
dual space is the Cantor space 2" of all valuations over V. The second advantage is that it is often easier,
technically, to solve a problem on the dual side.
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Given a Boolean doctrine P: C°? — BA, we obtain a functor E: C — Stone by composing P with Stone
duality. When the Boolean doctrine P: C°P — BA is also universal, its pointwise dual E: C — Stone is a
polyadic space. This notion was introduced (in a more restrictive form) by Joyal in the preliminary report
[12]. Joyal’s terminology polyadic space is inspired by Halmos’ polyadic algebras, and is not to be confused
with the entirely different use of this term as a generalization of a “dyadic space”.

The functor E associated to P has a very natural interpretation. For a context S € C, we recall that a
model of P at S consists, roughly speaking, of a model M of P together with a value assignment s of S
in M (Definition 4.6). Then, for each context S € C, the elements of the Stone space E(S) are—roughly
speaking—the equivalence classes of models (M, s) of P at S with respect to the equivalence relation that
identifies two models (M, s) and (M’, ') if they satisfy the same first-order formulas in the context S (with
the interpretation of the free variables as prescribed by the value assignments s and s’).

Given a quantifier stratification (P,)nen of a universal Boolean doctrine P, there is a corresponding
sequence (E,: C — Stone),cy of functors (linked by componentwise surjective natural transformations
E — E,,;; — E,), which also has a very natural interpretation. For all n € N and S € C, the elements of
the space E,, (S) are the equivalence classes of models P at S with respect to the equivalence relation that
identifies two models if they satisfy the same formulas of quantifier depth less than or equal to n.

The study of polyadic spaces is, in a certain sense, the study of spaces of models.

We plan to dualize the notions in Section 3, and we plan to exhibit how to freely add one layer of
quantifiers, dually. Our study of universal ultrafilters should make this easy. Recall that filters of a Boolean
algebra correspond to closed subsets of the dual space. In light of this correspondence, we expect universal
ultrafilters to dually correspond to quantifier points as defined in Definition 7.7 below. We use the notation
V(X) for the Stone space of closed subsets of a Stone space X equipped with the Vietoris topology [23].

Definition 7.7. Let E: C — Stone be a functor, where C is a category with finite products, and let S € C.
A quantifier point for E at S is a family (px)xec € [[xcc V(E(S x X)) with the following properties.

(1) For all X,Y € C and every morphism ¢g: S x X =Y, E({pry, ¢))[px] C py.

(2) Forall X1, X, € Cand all 21 € px, and x3 € px,, there is y € px, xx, such that E((pry,pry))(y) =
1 and E((pry, pry))(y) = 2.

(3) pt # 2.

Let Eg: C — Stone be a functor, where C is a small category with finite products. Let E;: C — Stone
be the functor dual to the functor Freef’o obtained by adding one layer of quantification to the Boolean
doctrine Py: C°P — BA dual to Eq (see Notations 6.12 and 6.18).

Conjecture 7.8. For cach S € C, the Stone space E1(S) is isomorphic to the subspace of [[xcc V(Eo(S x
X)) consisting of all quantifier points for Eg at S.

The reason why we believe this conjecture is that quantifier points at .S should correspond to universal
ultrafilters at S, which correspond to equivalence classes of models at S with respect to a certain equivalence
relation (Theorem B.6), which in turn should correspond to points of Eq ().

This would provide an answer, in the setting of Boolean doctrines, to the “notable obstacle to a full duality
theoretic understanding of step-by-step quantification in predicate logics” mentioned in [8, Section 4.4, First
paragraph]:

“We saw in Sect. 4.3.1 that adding a layer of existential quantifier 3 to a Boolean algebra
B of first-order formulas (with free variables in v1,...,v,) dually corresponds to taking the
image of a continuous map S(Mod,) — V(X) x X, where X is the dual Stone space of
B. [...] This continuous map is defined in a canonical way, and ensures the soundness of
the construction. But we do not know, so far, how to characterise the continuous maps
B(Mod,,) — V(X) x X arising in this manner, which would establish the completeness of
the construction. This is a notable obstacle to a full duality theoretic understanding of
step-by-step quantification in predicate logic.”
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APPENDIX A. SEMANTIC CHARACTERIZATIONS OF UNIVERSAL FILTERS AND IDEALS

Theorem 5.28 shows that the notion of universal ultrafilter is meaningful. To prove the theorem, we
used universal filters and universal ideals. In this section we will show that these two notions are not
just auxiliary technical notions, but are also meaningful since they have a semantic characterization. In
Theorem A.5 we prove that universal filters are precisely the families of all formulas that are universally
valid in all models of some class of models. Similarly, in Theorem A.9, we prove that universal ideals are
precisely the families of all formulas that are universally invalid in all models of some family of models. For
the sake of completeness, we also characterize the pairs consisting of a filter and an ideal that arise from a
common family of models. This is obtained in Theorem A.16. Such pairs are called filter-ideal pairs.

In Appendix B we will generalize the results in Section 5 and in this appendix to the case where there
are some fixed free variables exempt from universal closure.

Finally, let us clarify the dependency between the appendices and the previous sections: in the appendices
we use notions and results from the rest of the manuscript, while results from the appendices are not needed
in the main body of the paper, and are only mentioned there for motivational purposes.

A.1. Semantic characterization of universal filters.

Lemma A.1. Let P: C°? — BA be a Boolean doctrine, let F' = (Fx)xec be a universal filter, let Y € C
and o € P(Y)\ Fy. There is a universal ultrafilter that extends F and does not contain o.

Proof. Let (Ix)x be the universal ideal generated by o € P(Y). By Lemma 5.11, for each X € C we have
Ix ={p € P(X) | there is f: Y — X such that P(f)(¢) < a}.

Observe that F' and I are componentwise disjoint: indeed suppose ¢ € I'x N Fx, so that thereis f: ¥ — X
such that P(f)(¢) < a in P(Y). Since F is closed under reindexing and upward closed, we get « € Fy,
a contradiction. By Theorem 5.21, there is a universal ultrafilter G extending F' and disjoint from I. In
particular a does not belong to G, as desired. 0

Remark A.2. Lemma A.l is similar to the version of the classical ultrafilter lemma stating that every
filter not containing an element a can be extended to an ultrafilter not containing a.

Definition A.3. Let P: C°? — BA a Boolean doctrine. A universal filter (Fx)xec for P is consistent if
Lpw) & Iy

Lemma A.4. Let P: C°° — BA a Boolean doctrine. Every consistent universal filter (Fx)xec for P can
be extended to a universal ultrafilter.

Proof. Apply Lemma A.1 with Y =t and o = Lp(t). d

Theorem A.5. Let P: C°° — BA be a Boolean doctrine, with C small. Let F = (Fx)xec be a family with
Fx CP(X) for each X € C. The following conditions are equivalent.

(1) There is a class M of Boolean models of P such that, for every X € C,

Fx ={a € P(X) | for all (M,m) € M, forallz € M(X), x € mx(a)}.
(2) F is a universal filter for P.
(8) F is the intersection of the universal ultrafilters for P containing F.

Equivalent are also the statements obtained by requiring, additionally: nonemptiness of M in (1), con-
sistency of F in (2), and the existence of a universal ultrafilter for P containing F in (3).

Proof. (1) = (3). Let G be the family of universal ultrafilters containing F. Fix X € C. The inclusion
Fx C mGeg Gx is immediate by definition of G. For the converse inclusion, let o € ﬂGeg Gx. To prove
a € Fx, we check that for all (M, m) € M and x € M(X) we have x € mx(«). Let (M, m) € M. For all
Y € C, set

Hy ={BeP(Y) |forall z € M(Y), x € my(5)}.
By Theorem 5.28, (Hy )yec is a universal ultrafilter, and it is easy to see that it belongs to G. Then,
@ € Ngeg Gx € Hx, as desired.
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(3) = (1) Let M be the class of Boolean models (M, m) of P such that
Fx C{aeP(X) |forall z € M(X), x € mx(a)}.

Let
Be (1 {eeP(X)|forallzeM(X),zemx(a)}
(M,m)eM
We show that 8 € Fx, i.e. that 8 belongs to all universal ultrafilters G containing F'. Let G be any such
universal ultrafilter. By Theorem 5.28 there is a Boolean model (M, m) of P such that, for all Y € C,
Gy ={yeP) |forally € M(Y),y € my(y)}. It is then easy to see that the Boolean model (M, m)
belongs to M. By hypothesis on 5, we have § € Gx, as desired.

(2) = (3). Clearly, F is contained in the intersection of the universal ultrafilters containing F. For the
converse inclusion, let Y € C and o € P(Y) \ Fy. By Lemma A.1, there is a universal ultrafilter extending
F and not containing «.

(3) = (2). The componentwise intersection of universal (ultra)filters is a universal filter.

This proves that the statements (1), (2) and (3) are equivalent.

Let us now prove that the statements (1’), (2’) and (3’) obtained from (1), (2) and (3) as in the final
paragraph of the theorem are equivalent.

(1) = (3’). Since M is nonempty, there is (M, m) € M. The family (Hy )yec defined by

Hy ={pePY) |forallz e M(Y), z € my(8)}

is a universal ultrafilter for P (by Theorem 5.28) containing F.

(3’) = (1’). The class M is nonempty because, if M were empty, we would have Fy = P(t), contradicting
the existence of a universal ultrafilter for P containing F'.

(2’) = (3’). This follows from Lemma A.4.

(3’) = (2’). This is immediate. O

A.2. Semantic characterization of universal ideals.

Lemma A.6. Let P: C°® — BA be a Boolean doctrine, I = (Ix)xec a universal ideal, Y € C and
a e P(Y)\ Iy. There is a universal ultraideal that extends I and does not contain a.

Proof. Let (Fx)x be the universal filter generated by a € P(Y). By the description in Lemma 5.8, for
every X € C

Fx = {[3 € P(X) | there are (f;: X — Y);=1,... »n such that /\ P(fi)(a) < ﬂ}.
i=1
Observe that F and I are componentwise disjoint: indeed suppose 8 € Ix N Fx, so that there are (f;: X —
Y)i=1,..n such that A", P(fi)(e) < 8 in P(X). Since I is dowward closed, we get A, P(f;)(a) € Ix.
Therefore, by Definition 5.9(1), we obtain « € Iy, a contradiction. O

Definition A.7. Let P: C°P — BA be a Boolean doctrine. A universal ideal (Ix)xec for P is consistent

Lemma A.8. Let P: C°° — BA be a Boolean doctrine. Every consistent universal ideal (Ix)xec for P
can be extended to a universal ultraideal.

Proof. Applying Lemma A.6 (with Y =t and o = Tp() ¢ I;), we obtain that there is a universal ultraideal
that extends I (and does not contain Tpy)). 0

Theorem A.9. Let P: C°P — BA be a Boolean doctrine, with C small. Let I = (Ix)xec be a family with
Ix CP(X) for each X € C. The following conditions are equivalent.
(1) There is a class M of Boolean models of P such that, for every X € C,
Ix ={aeP(X) | for all (M,m) € M, not all x € M(X) satisfy v € mx(a)}.

(2) I is a universal ideal for P.
(8) I is the intersection of the universal ultraideals for P containing I.
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Equivalent are also the three statements obtained by requiring, additionally: in (1) nonemptiness of M,
in (2) consistency of I, and in (3) the existence of a universal ultraideal for P containing I.

Proof. (1) = (3). Let J be the family of universal ultraideals containing I. Fix X € C. The inclusion
Ix €N Jjes Jx is immediate by definition of 7. For the converse inclusion, let o € JeT Jx. To prove
that « € Iy, we check that, for all (M, m) € M, not all z € M(X) satisfy z € mx(a). Let (M, m) € M.
For all Y € C, set
Ly ={8e€P(Y) |not all z € M(Y) satisfy z € my(3)}.
By Theorem 5.28 and Lemma 5.16, (Ly)yec is a universal ultraideal, and it is easy to see that it belongs
to J. Then, a € (;c; Jx C Lx, as desired.
(3) = (1). Let M be the class of Boolean models (M, m) of P such that

Ix C{a €P(X) |notall z € M(X) satisfy x € mx (c)}.

Let
B e m {a € P(X) | not all z € M(X) satisfy € mx ()}
(M,m)eM

We show 8 € Ix, i.e. that 3 belongs to all universal ultraideal J containing I. Let J be any such universal
ultraideal and G the componentwise complement of J. In particular G is a universal ultrafilter. By
Theorem 5.28 there is a Boolean model (M, m) of P such that, foral Y € C, Gy = {y € P(Y) | for all y €
M), y € my(v)}. It is then easy to see that the Boolean model (M, m) belongs to M. By hypothesis on
B, we have 8 ¢ Gx and hence f € Jx, as desired.

(2) = (3). Tt is easy to see that I is contained in the intersection of the universal ultraideals that contain
I. For the converse inclusion, let Y € C and let o € P(Y) \ Iy. Apply Lemma A.6 to get a universal
ultraideal J that extends I and does not contain «, as desired.

(3) = (2). The componentwise intersection of universal (ultra)ideals is a universal ideal.

This proves that the statements (1), (2) and (3) are equivalent.

Let us now prove that the statements (1’), (2’) and (3’) obtained from (1), (2) and (3) as in the final
paragraph of the theorem are equivalent.

(1) = (3’). Since M is nonempty, there is (M, m) € M. The family (Ly)yec defined by

Ly ={B € P(Y) | not all z € M(Y) satisfy = € my(5)}.

is a universal ultraideal (by Theorem 5.28 and Lemma 5.16) containing I.

(3’) = (17). The class M is nonempty because, if M were empty, we would have Iy = P(t), contradicting
the existence of a universal ultraideal containing I.

(2’) = (3’). This follows from Lemma A.8.

(3’) = (2’). This is immediate. O

A.3. Semantic characterization of universal filter-ideal pairs.

Definition A.10 (Universal filter-ideal pair). Let P: C°? — BA be a Boolean doctrine. A universal filter-
ideal pair for P is a pair (F,I) where F' = (Fx)xec is a universal filter for P, I = (Ix)xec is a universal
ideal for P, and the following conditions hold for all Y € C and o € P(Y').
(1) Forall X e C,neN, (fi: X - Y)i=1,..n and 8 € Fx, if AN, P(fi)(a) € Ix, then o € Iy.
(2) For all Z € C and v € Iz, if P(pry)(a) V P(pry)(v) € Fyxz, then a € Fy.

Definition A.11. We say that a universal filter-ideal pair (F,I) is consistent when for every X € C we
have Fx N Ix = @. Otherwise, we say it is inconsistent.

Lemma A.12. Let (F,I) be an inconsistent universal filter-ideal pair. For everyY € C, Fy = Iy = P(Y).

Proof. By inconsistency, there are Z € C and v € Fz N 1Iz. Since v € Iz and
P(pry)(Lpw)) VP(pry)(v) =7 € Fy = Fixz,

we have Lp() € Fy by Definition A.10(2). Let Y € C and o € P(Y'). The fact that a € Fy follows from
Lp() € Fy and the properties of universal filters. Since Lp() € Fy NI, by Definition A.10(1) (applied with
n=0and 8= Lpy)), a € Iy. O
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The following lemma explains the purpose of (1) and (2) in Definition A.10.

Lemma A.13. Let (F,I) be a universal filter-ideal pair, let Y € C and o € P(Y).

(1) If a« ¢ Iy, then I is componentwise disjoint from the universal filter generated by F and «.
(2) If o ¢ Fy, then F is componentwise disjoint from the universal ideal generated by I and «.

Proof. (1). We prove the contrapositive. Suppose that I intersects the universal filter generated by F' and
a at some fiber. By Lemma 5.18(1), there are X € C, n € N, (f;: X = Y);=1....» and 8 € Fx such that
BA N P(fi)(a) € Ix. By Definition A.10(1), a € Iy.

(2). We prove the contrapositive. Suppose that F' intersects the universal ideal generated by I and a.
By Lemma 5.18(2), there is X € C such that Ix N Fx # & or there are Z € C and v € Iz such that
P(pry) () VP(pry)(y) € Fyxz. In the first case, (F,I) is inconsistent, and thus a € Fy by Lemma A.12.
In the second case, by Definition A.10(2), a € Fy-. O

.....

Lemma A.14. Let (F,I) be a universal filter-ideal pair, let Y € C and o € P(Y).

(1) If a ¢ Iy, then there is a universal ultrafilter that extends F, contains a and is disjoint from I.
(2) If « ¢ Fy, then there is a universal ultrafilter that extends F, does not contain «, and is disjoint
from I.

Proof. (1). By Lemma A.13, I is componentwise disjoint from the universal filter F’ generated by F' and
a. By Theorem 5.21, there is a universal filter F” that, componentwise, extends F’ and is disjoint from 1.
(2) is proved analogously. O

Lemma A.15. Let P: C°° — BA be a Boolean doctrine. Let (Fx)xec be a universal ultrafilter, and for
each X € C set Ix =P(X)\ Fx. The pair (Fx)xec, (Ix)xec) is a universal filter-ideal pair.

Proof. The family (Ix)xec is a universal ideal (as already mentioned in Lemma 5.16).

We prove the conditions (1) and (2) in Definition A.10.

(1). Let XY € C, a € P(Y), let n € N, let (fi: X — Y)i=1,...n, let B € Fx, and suppose S A
N P(fi)(a) € Ix. We shall prove a € Iy, i.e., « ¢ Fy. We suppose a € Fy and we seek a contradiction.
From « € Fy we deduce that for all i = 1,...,n, P(f;)(a) € Fx, and hence 8 A A\, P(fi)(«) € Fx. Thus
BA N, P(fi)(a) € Fx NIx, a contradiction.

(2). Let Y, Z € C, a € P(Y), v € Iz and suppose P(pr;)(a) V P(pry)(y) € Fyxz. We check a € Fy.
We suppose a ¢ Fy and we seek a contradiction. From v € Iz we deduce v ¢ Fz. Use condition (3) in
Definition 5.12 we obtain P(pry)(a) V P(pry)(v) ¢ Fyxz, a contradiction. O

Theorem A.16. Let P: C°? — BA be a Boolean doctrine, with C small. Let F = (Fx)xec and I =
(Ix)xec be families with Fx C P(X) and Ix C P(X) for each X € C. The following conditions are
equivalent.

(1) There is a class M of Boolean models of P such that, for every X € C,

Fx ={a € P(X) | for all (M,m) € M, forallz € M(X), x € mx(a)},

Ix ={a e P(X) | for all (M,m) € M, not all x € M(X) satisfy x € mx(a)}.
(2) (F,I) is a universal filter-ideal pair for P.

(8) F is the intersection of the universal ultrafilters for P containing F and disjoint from I, and I is
the intersection of the universal ultraideals for P containing I and disjoint from F.

Equivalent are also the three statements obtained by requiring, additionally: in (1) nonemptiness of M,

in (2) consistency of (F,I), and in (3) the existence of a universal ultrafilter for P containing F and disjoint
from I.

Proof. (1) = (3). We prove that F' is the componentwise intersection of the family G of all universal
ultrafilters containing F' and disjoint from /. Fix X € C. The inclusion Fx C [|gcq Gx is immediate by
definition of G. For the converse inclusion, let a € mGeg Gx. To prove that a € Fx, we check that for all
(M, m) € M and z € M(X) we have x € mx(a). Let (M, m) € M. Forall Y € C, set

Hy ={8eP(Y)|forallz € M(Y), x € my(8)}
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By Theorem 5.28, (Hy )yec is a universal ultrafilter, and it is easy to see that it belongs to G. We have
@ € Ngeg Gx € Hx, as desired.

A similar argument shows that I is the intersection of the universal ultraideals for P containing I.

(3) = (1). Let M be the class of Boolean models (M, m) of P such that

Fx C{aeP(X) |forall z € M(X), z € mx(a)}, and
Ix C{a e P(X)|notall x € M(X) satisfy x € mx(a)}.

Let
Be () {eeP(X)|forallz e M(X),zemx(a)}
(M,m)eM
We show that g € Fx, i.e. that 5 belongs to all universal ultrafilters G containing F' and disjoint from 1.
Let G be any such universal ultrafilter. By Theorem 5.28 there is a Boolean model (M, m) of P such that,
foralY e C, Gy ={y e PY) |forally € M(Y), y € my(v)}. It is then easy to see that the Boolean
model (M, m) belongs to M. By hypothesis on 8, we have 8 € Gx, as desired.

A similar argument shows the desired condition on I.

(2) = (3). It is easy to see that F is contained in the intersection of the universal ultrafilters for P that
contain F' and are disjoint from I. The converse inclusion is precisely Lemma A.14(2). Analogously, I is
the intersection of the universal ultraideals for P containing I and disjoint from F.

(3) = (2). By Lemma A.15, if (Gx)xec is a universal ultrafilter and for each X € C we set Jx =
P(X)\ Gx, then the pair ((Gx)xec, (Jx)xec) is a universal filter-ideal pair. Thus, (F,I) is an intersection
of universal filter-ideal pairs (G, J) (with the property that G is a universal ultrafilter and J is componentwise
complementary), and so it is a universal filter-ideal pair.

This proves that the statements (1), (2) and (3) are equivalent.

Let us now prove that the statements (1’), (2’) and (3’) obtained from (1), (2) and (3) as in the final
paragraph of the theorem are equivalent.

(1) = (3’). Since M is nonempty, there is (M, m) € M. The family (Hy )yec defined by

Hy ={BcPY) |forallz € M(Y), z € my(3)}

is a universal ultrafilter (by Theorem 5.28) containing F' and disjoint from 1.

(3’) = (1’). The class M is nonempty because, if M were empty, we would have Fx = P(X) for all
X € C, contradicting the existence of a universal ultrafilter for P containing F'.

(2’) = (3’). This follows from the universal ultrafilter lemma (Theorem 5.21).

(3’) = (2’). This is immediate. O

APPENDIX B. SEMANTIC CHARACTERIZATIONS OVER FIXED FREE VARIABLES

In Section 5, we characterized the classes of formulas whose universal closure (with respect to all free
variables) is valid in some fixed model. In this appendix, we do something similar, but we fix some free
variables that are exempt from universal closure. To illustrate this, we introduce the following notation.

B.1. Semantic characterization of universal ultrafilters over fixed free variables.

Notation B.1. Let (M, m,s) be a Boolean model of a Boolean doctrine P: C°? — BA at an object S € C
(see Definition 4.6). For each X € C, define

F;’(M’m’s) ={aeP(SxX)|forall z € M(X), (s,2) € mgxx(a)}

where we made implicit use of the isomorphism between M (S x X) and M (S) x M(X) in writing (s,z) €
mgxx (04)

Remark B.2. We translate Notation B.1 to the classic syntactic setting. For this, we fix £ € N. Let
{81, ., 8k, 1, T2,23,...} be a set of variables, £ a language, T a quantifier-free theory in £, M a model
of T,and c1,...,cx € M. For each n € N we define

F,’f’M’Cl""’C’“ = {a(s1,..., Sk, T1,...,xn) q-Tree | M, [(s; — ¢;)i] EVay .. Vo, a(s1, ..., 8k, T1,. .., Tn) }y
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where by M, [(s; — ¢)i] F Va1 ... Vo, a(s1, ..., Sk, 21, ..., T,) we mean that, under the variable assignment
[(8i = ¢i)i=1,... k], the formula V1 ... Vz, a(s1,..., Sk, ®1,...,Ty) is valid in M.

In Theorem B.6 below we characterize the families of the form (F;’(M’m’s))Xec for some model (M, m, s)

at S, at least in the case where the base category C is small; these families are captured axiomatically by
the notion of a universal ultrafilter at S, introduced in Definition B.3 below.

Definition B.3 (Universal ultrafilter at an object). Let P: C°? — BA be a Boolean doctrine, and let
S € C. A universal ultrafilter for P at S is a family (Fx)xec, with Fixy C P(S x X) for each X € C, with
the following properties.

(1) Forall f: Sx X =Y and o € Fy, we have P({pry, f))(a) € Fx.

(2) For all X € C, Fy is a filter of P(S x X).

(3) Forallay € P(SxX1)\Fx, and ag € P(SxZ3)\ Fz,, in P(Sx X1 xX3) we have P({(pry, pry))(a1)V
P((prl,pr3>)(o¢2) % Fxixx,-

(4) Lps) ¢ Fr.

Remark B.4. We translate Definition B.3 to the classic syntactic setting. For this, we fix £k € N. Let

{s1,..., 8k, ®1,T2, T3, ...} be aset of variables, L a language and T a quantifier-free theory in £. A universal
ultrafilter for T at k is a family (F},)nen, with F), a set of quantifier-free L-formulas with sq, ..., Sk, 21,...,Zn
as (possibly dummy) free variables, with the following properties.
1) For every n,m € N, for every formula a(si,...,Sk,21,...,Zm) € F,, and for every m-tuple
y ) ) y ) ) ) ) ) y p
(fi(s1y.+y Sk, @1, -y @p))i=1,...n Of (kK + n)-ary terms,
a(f1(81y ey Sk 1y ooy Tn)yeves fm(S1y 0oy Sky @1, oo T0)) € Fiy.
(2) For alln € N,
(a) for all quantifier-free formulas «(s1, ..., sk, 1,...,2T,) and B(s1,..., Sk, T1, ..., Ty), if we have
(81, .., Sk, T1,...,Tn) € F, and «(s1,...,8k,21,...,2n) b7 B(z1,...,2,), then we have
Blx1,...,2n) € Fp;
(b) for all a1 (S1,..+y 8k @1,y &Tn), @2(81, .., Sk, T1, ..., Zpn) € Fp,, we have
01(81y ey Sk X1y ey T ) AN a(S1, -0y Sky X1,y v oy &) € F;
(€) T(S1y-evySk,T1y.-.,Tpn) € Fp.
(3) For every ni,ne € N and for every pair of quantifier-free formulas oy (s1,. .., Sk, *1,...,%s,) and
281y ey Sy L1y vy Tpy )y if
al(slv ey Sk Ty 117711) V 052(51; ... 7Skaxn1+1a ... )I’Sl ..... sk,n1+n2) € Fn1+n27
then aq (81, -+, Sky @1,y Tny) € Fry O Q2(81, .0y Sky X1y« s Tny) € Fry.

(4) Foralln € N, L(s1,...,8k,@1,...,%n) & Fp.

For every model M of T and for every c1,...,cx € M, it is easy to check that the family (F,)nen defined
by

F, ={a(s1,...,8k 1,...,2,) quantifier-free | M, [(s; — ¢;);| EVa1 ... Vo, a(s1,. .., Sk, X1, ..., Tn)},
is a universal filter in the sense above.

Remark B.5. Let P: C°? — BA be a Boolean doctrine, and S € C. A universal ultrafilter for P at S is a
universal ultrafilter for the Boolean doctrine Pg: C&’ — BA obtained by adding a constant of type S for P
(see Remark 4.5).

Theorem B.6. Let P: C°P — BA be a Boolean doctrine, with C small, and let S € C. Let F = (Fx)xec
be a family with Fx C P(S x X) for each X € C. The following conditions are equivalent.

(1) There is a Boolean model (M, m,s) of P at S such that, for every X € C,
Fx ={aeP(SxX)|foralxeM(X),(s,z) € mgxx(a)}.
(2) F is a universal ultrafilter for P at S.



QUANTIFIER ALTERNATION DEPTH IN UNIVERSAL BOOLEAN DOCTRINES 59

Proof. This follows from Theorem 5.28 applied to the Boolean doctrine Pg obtained from P by adding a
constant of type S and from Lemma 4.7. O

Remark B.7. We translate Theorem B.6 to the classic syntactic setting. For this, we fix k € N. Let
{s1,..., 8k, &1, T2, ...} be a set of variables, £ a language and T a quantifier-free theory in £. Let (F},)nen
be a family with F), a set of quantifier-free L-formulas with s1,..., sk, 21,..., 2, as free (possibly dummy)
variables. The following conditions are equivalent.

(1) There are a model M of T and ¢1,...,c; € M such that, for every n € N,
F, ={a(s1,...,8%,21,...,2,) quantifier-free | M, [(s; — ¢;)i| EVa1 ... Vo, a(s1,. .., Sk, T1, .-+, Tn)}-
(2) (Fn)nen is a universal ultrafilter for 7 at k (in the sense of Remark B.4).
B.2. Semantic characterization of universal filters over fixed free variables. Analogously to Sec-

tion 5, we introduce the notions of universal filters and universal ideals at a given object. To motivate these
notions, we extend Notation B.1 as follows.

Notation B.8. Let M be a class of models of a Boolean doctrine P: C°? — BA at an object S € C. For
each X € C, define

F}?’M ={aeP(S x X)|forall (M,m,s) e M, forall z € M(X), (s,x) € mgux(a)},
I9M = {a e P(S x X) | for all (M,m,s) € M, not all z € M(X) satisfy (s,z) € mgxx(a)}.

Roughly speaking,
o F5M consists of all the formulas (S, X) such that M, [S — s] E VX (S, X) is valid in all elements
(M, s) of M,
o [9M consists of all the formulas a(S, X) such that M,[S ~ s] F ~(VX a(S, X)) is valid in all
elements (M, s) of M.

Remark B.9. We translate Notation B.8 to the classic syntactic setting. For this, we fix £ € N. Let
{s1,..., 8k, ®1,x2,x3,...} be a set of variables, £ a language and 7 a quantifier-free theory in £. Let M
be a class of tuples (M, ¢1,...,c;) where M is a model of T and ¢1,...,c; € M. For each n € N we define

FFMo—fa(s1,..., sp,21,...,2,) quantifier-free | for all (M, ¢y, ..., cx) € M,

M, [(si = ¢i)i] EVz1 .. Vo, a(st, ..., Sk, T1,. .., Tn) T,
M= {a(sy,..., S, o1, ..., o,) quantifier-free | for all (M, ¢1,...,cr) € M,

M, [(si = ¢i)i] EVT1 .. . Van a(s1,. .., Sk, T1, .., Tn) }

We introduce universal filters at an object S, meant to characterize the families of the form F*M for M
an arbitrary class of models at S (see Notation B.8).

Definition B.10 (Universal filter at an object). Let P: C°P — BA be a Boolean doctrine, and S € C. A
universal filter for P at S is a family (Fx)xec, with Fx C P(S x X) for each X € C, with the following
properties.

(1) Forall f: Sx X —Y and a € Fy, P({(pry, f))(a) € Fx.

(2) For all X € C, Fx is a filter of P(S x X).

Remark B.11. We translate Definition B.10 to the classic syntactic setting. For this, we fix £k € N.
Let {s1,...,8k,@1,%2,x3,...} be a set of variables, let £ a language and let T a quantifier-free theory
in L. A universal filter for T at k is a family (F,)nen, with F, a set of quantifier-free £-formulas with
Slye-+y8k,X1y...,2Tn as (possibly dummy) free variables, with the following properties.

(1) For every n,m € N, for every formula a(si,..., Sk, Z1,...,Zm) € Fp and for every m-tuple
(fi(s1,-++ 18k, @1, ..., Tn))i=1,....n Of (k4 n)-ary terms,
(10815 oy Sk X1y ooy T )y v ey S (81500 s Sky @1, o+, X)) € Fip.

(2) For allm € N,
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(a) for all quantifier-free formulas «(s1, ..., sk, 1,...,2,) and B(s1,..., Sk, T1, ..., Ty), if we have
81y ey Sky X1, ..y xpn) € Fy and af(sy,..., Sk, 21,...,2n) B B(s1,..., 8k, T1,...,%y,), then
we have S(81,...,8%,21,-..,Tn) € Fy;

(b) for all a1 (S1,..+y 8k @1,y &Tn), @2(81, ..y Sk, L1, ..., Zpn) € Fp,, we have

01(81y ey Sk X1y v ey T ) AN 2(S1, -0y Sky X1, .- oy ) € Fi;

(¢) T(S1y-+s8k, @1, ,&n) € F.
These conditions are satisfied by any family (F¥*), cy defined by a class M as in Remark B.9.

Remark B.12. Let P: C° — BA be a Boolean doctrine, and S € C. A universal filter for P at S is a
universal filter for the Boolean doctrine Pg: C&” — BA obtained by adding a constant of type S for P (see
Remark 4.5).

Definition B.13. Let P: C°? — BA be a Boolean doctrine, and let S € C. A universal filter (Fx)xec for
P at S is consistent if Lps) ¢ Fy.

Theorem B.14. Let P: C°? — BA be a Boolean doctrine, with C small, and let S € C. Let F = (Fx)xec
be a family with Fx C P(S x X) for each X € C. The following conditions are equivalent.

(1) There is a class (resp. nonempty class) M of Boolean models of P at S such that, for every X € C,
Fx ={a e P(S x X) | for all (M, m,s) € M, forall z € M(X), (s,x) € mgxx ()},
(2) F is a universal filter (resp. consistent universal filter) for P at S.

Proof. This follows from Theorem A.5 applied to the Boolean doctrine Pg obtained from P by adding a
constant of type S and from Lemma 4.7. 0

B.3. Semantic characterization of universal ideal over fixed free variables. We introduce universal
ideals at an object S, meant to characterize the families of the form I*™ for M an arbitrary class of models
at S (see Notation B.8).

Definition B.15 (Universal ideal at an object). Let P: C°? — BA be a Boolean doctrine, and S € C. A
universal ideal for P at S is a family (Ix)xec, with Ix C P(S x X) for each X € C, with the following
properties.
(1) For allm € N, (f;: S x X = Y)j=1,..m and a € P(S x Y), if AL, P((pry, fi))(a) € Ix then
a€ly.
(2) For all X € C, Iy is downward closed.
(3) For all ay € Ix, and as € Ix,, in P(S x X7 x X2) we have P({pry,pry))(a1) V P((pry, pry))(as) €

IX1><X2'
(4) J_p(s) e ;.

Remark B.16. We translate Definition B.15 to the classic syntactic setting. For this, we fix k € N. Let
{s1,..., 8k, ®1,T2, T3, ...} be aset of variables, £ a language and T a quantifier-free theory in £. A universal
ideal for T at k is a family (I,,)nen, with I, a set of quantifier-free £L-formulas with s1,..., sk, 21,...,2, as
(possibly dummy) free variables, with the following properties.

(1) For all p,q,m € N, every (m - q)-tuple (fjx(s1,...,8k %1,...,%p))jef1,....m}, ke{1,....q} of (k+ p)-ary

terms and every quantifier-free formula «(s1, ..., sk, ©1,...,%4), if

m

a(fin(st, oy Sk @1, s Tp)y vy fip(S1, .oy Sk, T1, ..o, @p)) € I,

j=1

then
a(s1, ..., 8K, T1,...,%q) € I
(2) For all n € N, all quantifier-free formulas «(s1,..., Sk, Z1,...,2,) and B(s1, ..., 8k, T1,. .., Tyn), if

B(81,.ey Sk, X1, ) € I, and a(s1,. .., 8k, @1,..., &) b7 B(s1,..., Sk, 21,...,Ty), then

A(S1y. ey Sky L1y vy Tp) € In.
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(3) For all ny,ne € N, 1(81,. -+, 8k, &1, -+, &n, ) € Iy, and ao(s1,. .., 8k, X1, .+, Tny) € In,, we have

Q1 (815 ey Sk, L1y ey Ty ) V a2(S1, oy Sk Ty 15+ -+ Ty nn) € Ly tnas
(4) Foralln € N, L(s1,...,8k,@1,...,&y) € Ip.
These conditions are satisfied by any family (I,’j’M)neN defined by a class M as in Remark B.9.
Remark B.17. Let P: C°? — BA be a Boolean doctrine, and S € C. A universal ideal for P at S is a

universal ideal for the Boolean doctrine Pg: C&’ — BA obtained by adding a constant of type S for P (see
Remark 4.5).

Definition B.18. Let P: C°? — BA be a Boolean doctrine, and let S € C. A universal ideal (Ix)xec for
P at S is consistent if Tp(g) & Is.

Theorem B.19. Let P: C°P — BA be a Boolean doctrine, with C small, and let S € C. Let I = (Ix)xec
be a family with Ix CP(S x X) for each X € C. The following conditions are equivalent.
(1) There is a class (resp. nonempty class) M of Boolean models of P at S such that, for every X € C,

Ix ={aeP(SxX)|foral (M,m,s) e M, not all x € M(X) satisfy (s,x) € mgxx(c)}.
(2) T is a universal ideal (resp. consistent universal ideal) for P at S.

Proof. This follows from Theorem A.9 applied to the Boolean doctrine Pg obtained from P by adding a
constant of type S and from Lemma 4.7. 0

B.4. Semantic characterization of universal filter-ideal pairs over fixed free variables.

Definition B.20 (Universal filter-ideal pair at an object). Let P: C°® — BA be a Boolean doctrine, and
S € C. A universal filter-ideal pair for P at S is a pair (F,I) where F' is a universal filter for P at S, [ is a
universal ideal for P at S, and the following conditions hold for all Y € C and v € P(S x Y)).
(1) Foral X e C,neN, (fi: Sx X = Y);=1,..nand B € Fx, if BA A, P((pry, fi))(a) € Ix, then
a€ly.
(2) For all Z € Cand v € I, if P({pry,pry))(a) V P({pry,prs))(7) € Fyxz, then a € Fy.

Remark B.21. Let P: C°? — BA be a Boolean doctrine, and S € C. A universal filter-ideal for P at S is
a universal filter-ideal pair for the Boolean doctrine Pg: C% — BA obtained by adding a constant of type
S for P (see Remark 4.5).

Theorem B.22. Let P: C°P — BA be a Boolean doctrine, with C small, and let S € C. Let F = (Fx)xec
and I = (Ix)xec be families with Fx C P(S x X) and Ix C P(S x X) for each X € C. The following
conditions are equivalent.

(1) There is a class (resp. nonempty class) M of Boolean models of P at S such that, for every X € C,
Fx ={a e P(S x X) | for all (M, m,s) € M, forall z € M(X), (s,x) € mgxx ()},
Ix ={a e P(S x X) | for all (M,m,s) € M, not all x € M(X) satisfy (s,x) € mgxx(c)}.

(2) (F,I) is a universal filter-ideal pair (resp. consistent universal filter-ideal pair) for P at S.

Proof. This follows from Theorem A.16 applied to the Boolean doctrine Pg obtained from P by adding a
constant of type S and from Lemma 4.7. O
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