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A central concern of community ecology is the interdependence between interaction strengths and
the underlying structure of the network upon which species interact. In this work we present a
solvable example of such a feedback mechanism in a generalised Lotka-Volterra dynamical system.
Beginning with a community of species interacting on a network with arbitrary degree distribution,
we provide an analytical framework from which properties of the eventual ‘surviving community’
can be derived. We find that highly-connected species are less likely to survive than their poorly
connected counterparts, which skews the eventual degree distribution towards a preponderance of
species with low degree, a pattern commonly observed in real ecosystems. Further, the average
abundance of the neighbours of a species in the surviving community is lower than the community
average (reminiscent of the famed friendship paradox). Finally, we show that correlations emerge
between the connectivity of a species and its interactions with its neighbours. More precisely, we
find that highly-connected species tend to benefit from their neighbours more than their neighbours
benefit from them. These correlations are not present in the initial pool of species and are a result

of the dynamics.

I. INTRODUCTION

The modern discipline of macroecology takes up the
ambitious challenge of identifying and understanding
the unifying characteristics of ecological communities.
Such characteristics include the shapes of abundance
distributions, fluctuations in species abundances, and
abundance-diversity relationships [1-3]. Of particular
interest is the relationship between ecosystem network
structure and inter-species relationships [4-6]. Interac-
tion network structure in real ecological networks has
been linked to interspecies competition [7, 8], stability
[9-13], and to the functioning of an ecosystem in the
wider biosphere [14, 15].

To explain some of these observed relationships, simple
models have been suggested (such as the Cascade and
Niche models), which have had success in replicating ob-
served patterns in natural foodwebs [9, 16-22]. The tools
of statistical physics and disordered systems are particu-
larly well-suited to aiding in the study of these models,
due to their emphasis on deriving universal and emer-
gent phenomena from microscopic interactions. As such,
building on the seminal work of Robert May [23], some
works have focused on how network structure can in-
fluence ecological stability by using random matrix the-
ory [22, 24-27]. However, these models simply posit
the structure of the network and interaction coefficients.
Therefore, it could be that the hypothesised Jacobian
matrix does not correspond to any realistic ecosystem
dynamics.

More recently, dynamic mean-field theory (DMFT) tech-

niques [28, 29] have been used to examine the statistics
of interactions in the surviving communities that result
from plausible ecosystem dynamics [30-32]. It has been
shown that intricate correlations between species’ inter-
action coefficients arise in so-called ‘feasible’ model com-
munities, and that these statistics are important for sta-
bility [33].

In this work, we seek to understand what kinds of inter-
action networks are permitted in feasible communities.
We present an analytically tractable model in which an
initial pool of species interacts according to generalised
Lotka-Volterra dynamics. Our interest is in the long-time
behavior of the community as it follows these dynamics.
The degree distribution of the network on which species
initially interact is an input for the model. However, be-
cause species can die out during the dynamics, the final
network of surviving species is a result of the interactions.
In this way, our model captures some salient aspects of
the feedback loop between inter-species interactions and
the structure of the network on which these interactions
take place. The eventual patterns that emerge in the
community are a consequence of the fact that the com-
munity evolves dynamically; it is feasible by construction.
We are thus able to probe the interdependence of inter-
action network structure and species relationships that
characterise feasible communities.

Ultimately, we are able to demonstrate several general
trends (for competitive, and stable, communities). First,
more highly-connected species are less likely to survive,
which skews the degree distribution towards having many
species with low connectivity and few species with high



connectivity (a pattern observed in nature [19, 34]). Sec-
ondly, species with higher connectivity typically have
lower abundance. This in turn means that the aver-
age abundance of the neighbour of a randomly selected
species is lower than the abundance of a randomly se-
lected species (akin to the so-called ‘friendship para-
dox’). Finally, we find that there are correlations be-
tween a species’ connectivity and its interactions with its
neighbours. On average, well-connected species will have
more favourable interactions with their neighbours than
their neighbours will have with them (and vice versa for
poorly-connected species).

The content of this work is organised as follows. In Sec-
tion II, we describe the generalised Lotka-Volterra model
and the structure of the interspecies interactions explic-
itly. We then outline our analytical methods for predict-
ing the behavior of the model in the long-time limit in
Section III, and we compare our results for the abun-
dance distributions of species in the community to the
results of numerical integration. We also analyse stabil-
ity, and find that network structure can be a stabilising
influence in communities with many predator-prey and
competitive interactions. In Section IV, we derive a sim-
ple expression for the eventual degree distribution of the
community, finding that species with low degree become
relatively more common, and species with high degree
become relatively rare. We also examine the dynami-
cally induced correlations that emerge between species’
interactions and the network, and offer biological inter-
pretations for these correlations. We finish by discussing
possible extensions to this model and the implications of
our results in Section V.

II. MODEL

Consider a community of N species interacting accord-
ing to generalised Lotka-Volterra (gLV) dynamics. These
dynamics produce feasible communities by construction
(i.e., all abundances remain positive if they are so at
t = 0). The abundance of species i at time ¢, x;(t),
is determined by the following set of equations

@i(t) = wi(t) |1 — 2(t) + Z Ajjagiz (). (1)

J

The adjacency matrix element A;; encodes the structure
of the network on which the species interact. The variable
A;j is equal to 1 if species ¢ and j interact, and is 0
otherwise. We always impose A;; = Aj;. The interaction
matrix «;; dictates the influence of species j on species 4,
provided that they interact. The values of «;; for which
A;; = 0 do not play a role in the dynamics. Both the
adjacency matrix A and interaction matrix a are random
matrices. They are selected independently of each other,
and are fixed throughout the dynamics.

We construct the matrix A according to the random con-
figuration model [35, 36] (also known as the Chung-Lu
model [37]). This generalises the often-used Erdés Reyni
network to incorporate an arbitrary degree distribution,
which we write as pg. To generate an instance of the
network, we first draw the degree of each node indepen-
dently from p. With this degree sequence {k;}, we set
each pair (4,5, A;;) to one with probability k;k;/(dN),
and set the pair to zero otherwise. For sufficiently large
N, this construction will produce networks with the de-
sired degree distribution. To ensure that the probability
of connection is well defined, we require k;k; < dN for

all (4, 7).

For simplicity, we will assume that the degree distribu-
tion is a uniform distribution, with width w = kpnax —Kkmin
and average degree d, although our approach applies to
any degree distribution. In our examples, both d and w
are proportional to N. In the case of the uniform de-
gree distribution, the condition k;k; < dN for all (7, j) is
equivalent to (w/2 + d)? < dN.

To construct an instance of the interaction matrix c,
pairs of elements («;;, oj;) are drawn identically and in-
dependently from a probability distribution with the fol-
lowing statistics

7
(ijle = 7
2
(o
Var (O‘ij)a = g,
2
g
Cov (Otij, aji)a = 77 (2)

The statistics of the interaction matrix are scaled with
the factor of 1/d to ensure that the ensemble-averaged
interaction strength between species in the community
is Zij (Aijoij)aa/N = p, and similarly for the variance
> ((Aijaij — p/N)*)a.a/N = o*, which is commonly
the case in fully connected versions of the model [28, 29].
Our definition of the model parameters requires o2 > 0
and |y| < 1.

The correlation coefficient 7y controls the symmetry of
interactions o;; and aj; in the original community, with
v = 1 for symmetric interactions (a;; = a;; for all ¢ # j),
and v = —1 for antisymmetric deviations from the mean
[aij — p/d = —(aj; — p/d) for all i # j]. If we were
to further assume that the pairs («;j, ;) were jointly
Gaussian distributed, then v has a simple relationship to
the proportion p of interactions in the community that
are of predator-prey type: v = cos(mp) [38]. Generically,
~ is a decreasing function of the proportion of predator-
prey-type links in the community.
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FIG. 1. Stability plot for different values of « for the network
model as described in Section II (solid and dot-dashed lines),
and for the same model on an Erdds-Reyni graph (dashed
and dotted lines) with the same average degree per species.
Solid (dashed) lines indicate the transition between the stable
and diverging abundance phases, and dashed (dotted) lines
indicate the onset of linear instability. Areas to the left of
the solid curves, and below dashed curves are stable. For all
curves, the average degree is d = N/4. For solid and dashed
lines the width is w = 0.5N.

III. BEHAVIOR OF THE MODEL

A. Dynamical mean-field theory and phase
diagram

Depending on the model parameters (u, o, and the de-
gree distribution pg), the dynamics in Eq. (1) exhibit
three distinct phases

As in existing gLV models with random all-to-all inter-
actions [28, 29, 39|, there is a phase in which, for a fixed
interaction matrix, the dynamics converge to a unique
equilibrium independently of the initial abundances. Sec-
ondly, there is a phase in which there are multiple sta-
ble fixed points for any given interaction matrix, or the
system can remain volatile indefinitely. Finally, species
abundances diverge in a third phase.

The three phases are separated from one another by the
onset of a linear instability and, secondly, by the onset of
diverging abundances. We give an overview of our results
for the phase diagram of the model in Fig. 1. As discussed
in Refs. [40, 41], there are other possible regimes when the
interactions do not scale with the system size as above.
However, we do not consider these regimes in this work.

The focus of our analytical work is on the properties of
the phase in which the dynamics always converge to a
unique equilibrium (independent of the initial species
abundances). To this end, we employ a generating-
functional method, which has its roots in the physics of
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FIG. 2. (a) and (b): Overall survival probability ¢ and mean
abundance M in the community for varying variance of inter-
action strength o. (c): The abundance distribution of species
with degree k is a clipped Gaussian, and the average of all
such curves gives the abundance distribution of the commu-
nity as a whole (solid orange curve, see Appendix A2 for
details). The corresponding prediction from the Erdés-Reyni
model with the same mean, variance, correlation, and aver-
age degree d is shown as a yellow dotted curve. For all plots,
the degree distribution is uniform, and the parameters are
pu=-3, w=0.45N and d = N/4 and ~ is as indicated in the
legend. In (a) and (b), N = 1000 and markers are the average
over 10 runs of the dynamics. In (¢), o = 1 and N = 5000,
and the histogram is the result of single run of the dynamics.
The large spike at zero abundance is due to species which
have died.

disordered systems [42-45], to derive dynamical mean-
field equations for the time evolution of the community.
Dynamical mean-field theory has been successfully ap-
plied to ecological models since the work of Ref. [46] in
the context of replicator equations and since the work of
Ref. [28] in the context of the gLV equations (see also
47)).

In most previous models, the DMFT formalism produces
a single effective process, which describes the dynamics of
a ‘typical’ species abundance. The statistics of the evo-
lution of this effective species mirror those of the entire
community. In this work, because species in the origi-
nal community are distinguishable by their degree, there
is an effective process representing the typical behavior
of species of each possible degree. Our treatment here
follows that used to analyse a previous model in which
species were distinguished not by their degree, but by
their position in a hierarchy [38].

B. Characterisation of the unique-equilibrium
phase

In the unique-equilibrium phase, we can use the DMFT
equations to find the abundance distribution of species
that have a particular degree k in the original community.
The derivation of the DMFT equations, as well as the



analysis of the fixed point, can be found in Appendix A.

The abundance z} of a typical species with degree k
at the fixed point is a random variable with a clipped
Gaussian distribution. The fixed-point abundances sat-
isfy x3(z) = max[0,2}"(2)], where the non-zero abun-
dances satisfy

o L s 3o o 5y M + 200 ) 5 30 e i qe + 1
x " (z) = .

k - 7
1—o2E 5 o 5w
(3)

The quantity z is a zero-mean, unit-variance Gaussian
random variable, and h is an external field used to de-
fine the response function y; below. At the end of the
calculation, and in all simulations, we set h = 0. The
quantities My and ¢ are the first and second moments
of the distribution of z} respectively. These objects are
determined self-consistently from their definitions
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where f(z) = exp(fz2 / 2) /\/27 is the probability density
function of the standard normal distribution. For given
model parameters, we can solve Eq. (3) and Egs. (4) nu-
merically to yield the values of the My, g, and xy, for
k = Emin,- -, kmax (Where we write Kpmin, kmax for the
lowest and highest degree in the network respectively).
These quantities in turn yield the abundance distribu-
tions, i.e., the distributions for the different x}. We also
define the probability of survival for species that have
degree k in the original community

o (2)
oh ’

(4)

o= i), %)

as well as the community wide abundance and survival
probability

M= pMy, = pror (6)
k k

Figure 2 confirms the validity of the fixed point solution
from Egs. (3) and (4). The prediction for the average
abundance, survival rate and total abundance distribu-
tion across the community match the results of simula-
tions. We also show the prediction for the abundance
distribution from a theory which does not take the full
network structure into account, but instead assumes an
Erdds-Réyni (ER) network with the same average de-
gree d. The Erddés-Réyni network is obtained by setting
Pr = Ok,4, where d;, 4 is the Kronecker delta. Although

there is degree heterogeneity in this network, it is of the
order 1/d [27]. As we can see from Fig. 4, the ER graph
does not share the same abundance distribution as when
pi is uniform distribution, confirming the importance of
degree heterogeneity in the theory.

C. Onset of instability

The analytical results presented in Section III B are only
valid in the phase with a unique equilibrium. In Ap-
pendix C, we find the boundary of this stable regime in
terms of the parameters of the model.

The onset of the diverging phase for given model param-
eters (i, 0,7 and pg) is found by solving the fixed point
equations (4), together with the additional condition that
the community average abundance M diverges.

To identify the point at which the dynamics become lin-
early unstable, we consider a small random perturbation
to the fixed point abundances z}(t) = af + eyx(t). In
the stable regime, this perturbation will decay to zero.
In the unstable phase, the abundances will not in gen-
eral return to x} after being perturbed. In Appendix C,
we find that such a perturbation will eventually decay to
zero provided the following condition holds

0_2 ki2 2
5D ’;k <1 (7)
k

¢

That is to say, the system is stable against linear pertur-
bations if this inequality is satisfied, and is not otherwise.

Solving the fixed point equations [Egs. (4)] simultane-
ously with the condition obtained from setting the left-
hand side of the inequality in Eq. (7) equal to one gives us
the boundary of the stable and linearly unstable phase.
In the fully connected system, the condition for the onset
of the linear instability reduces to o2¢(1++v)? < 1, which
has been derived previously using both DMFT [28], and
the static cavity method [29].

IV. PROPERTIES OF THE SURVIVING
COMMUNITY

We have established the analytical theory for describ-
ing the overall properties of the surviving community, as
well as the conditions under which this theory is valid.
We now turn our attention to underlying statistics of
the network and the interactions of surviving commu-
nity. Specifically, in this section we will quantify how
the survival rates, abundances and interaction strengths
between species depend on their connectivity.

Throughout this section, we write A*, k¥, p*, a* for the
adjacency matrix, the degree (connectivity) of a species
i, the degree distribution, and the matrix of interaction
strengths in the surviving community respectively. We
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FIG. 3. Structure of the interaction matrix and correspond-
ing degree sequence in the original pool of species vs their
counterparts in the surviving community. Pink strips indi-
cate which species go extinct in the course of the dynamics,
and are hence removed from the community. In this example
(counting from the top row of A;;a;;), S* ={1,2,4,5,7,10}.
The degree sequence among the survivors is not simply the
sequence of original degrees restricted to surviving species,
because some of the survivors’ interaction partners also die
out. Generally, the degree of any extant species in the sur-
viving community will be lower than its original degree.

also write N* for the number of species in the surviving
community, and S* for the set of all persisting species.
We emphasise that A*, kF,p*, a* are not the same as
the corresponding quantities in the original community
A k;,p,a. The differences between the two are the re-
sult of the interaction-dependent species extinctions that
occur during the course of the dynamics. The relation-
ship between A;jai;, k; and A7, k7 is illustrated in
Fig. 3.

A. Structure of the network

In this section we will use the statistics of Aj; to find
expressions for the degree of a species in the surviving
community, given its degree in the original community,
as well as the degree distribution in the surviving com-
munity. One crucial observation that will aid us in doing
this is the following. The probability of any two species
interacting in the surviving community (i.e. conditioned
on the survival of both species) is kk'/(dN), where k, k'
are the species degrees in the original community. This
is because, to leading order in 1/d, the survival of dif-
ferent species can be treated as independent events. We
discuss this in more detail in Appendix E.

One notes that although the conditional probability that
species interact given their survival is trivially related to
their interaction probability in the original pool (they are
equal), the probability that both species actually survive
is dependent on their respective degrees. This leads to
non-trivial changes in the network structure.

The expected degree of a surviving species, given its de-
gree in the original community, can be computed from
our expression for the probability of any two species in-

teracting in the surviving community (see Appendix E 3
for details). We find, for the expected degree,

E[k: | kul S S*] = ’I"kl', (8)

where E[. . .] denotes the combined average over A and «,
and where r = Y, prdrk/ >, prk is the survival proba-
bility of the neighbours of an arbitrarily chosen species in
the original community. In Appendix E, we further show
that the variance E[(k})? | k;,i € S*]| —E[k} | ki, i € S*]?
is sub-leading in 1/d. Hence, the probability distribution
of species’ degrees in the surviving community, given that
they had degree k in the original community, is highly
concentrated around the mean value given in Eq. (8).
This can be seen in Fig. 4 inset, which shows a scatter
plot of the points (k},k;) for i € S* for one particular
instance of A and « (i.e. there is no average performed).
We see an almost perfect linear relationship between k*
and k with very little fluctuation. From Eq. (8), the gra-
dient of this line is r.

Using Eq. (8), we can thus find a compact expression for
the degree distribution in the surviving community pj..
We also use the fact that, for many possible degrees and
large N, the integer spacing between different possible
degrees effectively becomes a continuum. For this reason,
we write P*(k*/M) = Mp}. and P(k/M) = Mpy, where
M is the number of different degrees in the community
(the number of distinct values of k;). We can express
P*(k*) (where k* = k*/N is a variable between 0 and
1) in terms of the original degree distribution P(x) and
survival rate ¢(k) as

re g P(E) o

where ¢(k/M) = ¢. This can be understood as fol-
lows: the probability P*(k*) that a randomly selected
species in the surviving community has degree k* is
proportional to the product of the probabilities that a
randomly selected species in the initial pool has degree
k = k*/r and that this species survives [P(k)¢(k)]. The
factor of 1/(¢r) is a normalisation constant, ensuring that
J P*(k*)ds* =1 (see Appendix E 3 for details).

In Fig. 4, we show the effect of the dynamical selection on
a community interacting on a network that initially has
a uniform degree distribution. It is clear that, relative
to the initial degree distribution, there are more species
with low degree than with high degree in the surviving
community. This is driven by the fact that highly con-
nected species in the original community are less likely
to survive than species with low degree in competitive
communities (i.e. for g < 0, see Appendix B and the
next section for details).



x10~3
A~ 10001

| | N %
2100 [T = 5001
5] 0 ; ;
& 1000 2000
3 k
£0.5 - I
3 N =]

0.0

0 500 1000 1500 2000 2500
degree

FIG. 4. Degree distribution in the surviving community (tall
pink distribution) and the original species pool (flat orange
distribution). The degree distribution in the original commu-
nity is uniform, while the degree distribution in the surviving
community is given by Eq. (9). Parameters are the same as
Fig. 2(c). The inset shows the degree sequence in the sur-
viving community as a function of the degree sequence in the
original community. Bars and markers are computed from
a single run of the dynamics with NV = 5000. To avoid too
many points in the inset, we only display markers for one in
every 250 species in the surviving community. No average is
taken.

B. Survival rates and abundances as functions of
degree

As we see in Fig. 5(a), species with higher initial degree
are less likely to survive. This can be understood in broad
terms from Eq. (3). The abundance z}, is a random vari-
able drawn from a clipped Gaussian distribution. That
is, if the Gaussian variable z is such that the RHS of
Eq. (3) is negative, the species does not survive. Given
that the factor multiplying z is proportional to vk and
that the factor multiplying p < 0 is proportional to k,
we see that as k increases, it is more likely that the RHS
of Eq. (3) is negative. Hence, a higher fraction of species
go extinct for higher k. This is always the case for u < 0
(see Appendix B).

Fig. 5(b) shows the expected abundance My« of species
as a function of their degree in the surviving community,
which in the case shown is also seen to be a decreasing
function of k*. This is not always guaranteed to be the
case however, even for u < 0. With that being said, in
Appendix B, we show that the region in parameter space
for which the system is stable, where u < 0, and for which
My« and k* are positively correlated is small. Hence, for
© < 0, only a small range of parameters could give rise
to a community in which Mg+ is an increasing function
of k*. This general trend can once again be understood
from Eq. (3), where we see that the term proportional
to p, which determines the typical value of z%, is also
proportional to k.
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FIG. 5. (a) Survival rate as a function of degree in the original
community. (b) Abundance as a function of degree in the sur-
viving community. The survival rate is written as a function
of degree in the original community, rather than as a function
of degree in the surviving community. In contrast, the abun-
dance of a species with given degree is an observable that re-
quires only information about the surviving community, hence
we plot it as a function of k* rather than k. The parameters
are p = —3,0 = 1.2,d = N/4,w = 0.45N, N = 2000, and the
values of 7 are the same as in Fig. 2. In Panel (b), the curves
terminate at different values of k* because of the differences
in the limit of the degree sequence k* in the surviving commu-
nity. Markers are the average over 200 runs of the dynamics,
and the solid lines are analytical predictions.

The fact that ¢, and My. are decreasing functions of
degree has consequences for the relationship between
species and their neighbours in the community. In Sec-
tion IV A, we introduced the probability of survival of
the neighbours of a species in the original community
r = Y . PePrk/ > pk. We now show that if ¢ de-
creases with k, then r < ¢. That is, the probability of
survival of the neighbours of a species is lower than the
overall probability of species survival.

To see this, we first observe that if ¢, decreases with k,
then the covariance of ¢ and k (computed with respect
to the degree distribution py) must be negative. That
is, Y pedrk — (O prk) Oy P dr) < 0. We arrive at
our claim after dividing both sides of the inequality by
>k Prk and recalling that ¢ = 3", pror.

By an identical argument, we can conclude that if M« is
a decreasing function of k*, then the average abundance
of the neighbours of a species in the community is lower
than the average abundance in the surviving community
as a whole. Following the colloquial statement of the fa-
mous friendship paradox, ‘your friends are more popular
than you are’, we could say that “species’ neighbours are
less populous than they are”.

C. Interaction strengths in the surviving
community

It is known that intricate correlations between interac-
tion coefficients, which are not present in the original
community, emerge in the surviving communities of fully-
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FIG. 6. Average ‘in’ and ‘out’ interaction strength as a function of degree in the surviving community with (a, b, ¢) corresponding
to v = (—1,0, 1) respectively. In (a) and (b), the curves with positive gradient show the‘in’ interaction strengths and the curves
with negative gradient show the ‘out’ interaction strengths. In (c), the ‘in’ and ‘out’ interactions are exactly equal. A horizontal
black line has been added to all panels to indicate the mean interaction strength in the original community. Parameters are
u=—-3,0 =06,d= N/4,w = 045N, N = 2000. Markers are the average of 200 runs of the simulation. Solid lines are
analytical predictions (see Appendix D for the explicit expressions).

connected gLV systems [29, 32, 33]. In this section, we
show that in network gLV systems, the dynamics also
induce correlations between the degree of a species and
its interaction coefficients in the surviving community,
even though there are no such correlations in the initial
community.

To quantify this effect, we characterise the strength of
interactions ‘coming into’ and ‘going out of’ a species
with degree k in a general network as

in d 1
M = N, Z E%:Aijaija

1€Sk
out d 1
My = Fk Z % ;Aﬂ%‘z‘, (10)

1ESk

where we write Sy, for the set of species that have degree k
and Ny, for the number of species in this set. Because the
network and interaction strengths are independent in the
original community, the ensemble average in and out in-
teraction strengths are both equal to (,u}cn/ outy Ao = pfor
any value of k. However, as Fig. 6 demonstrates, when we
measure these same quantities in the surviving commu-
nity [i.e. pp = (d*/N}) ZiES;* > jese Ajja;/k* and
similar for p}?"*], we find that they are functions of the

degree k*.

We can understand the relationship between the in/out
interaction strengths and connectivity by examining
Fig. 6(b). In this case, ¥ = 0, and therefore there is
no imposed correlation between the ‘in’ (c;;) and ‘out’
(aj;) interaction coefficients, so we are better able to dis-
entangle the effects at play.

Let us begin with the incoming interactions. We see that
the average incoming interaction strength increases with
degree k*. We attribute this primarily to the differing

survival rate of species, depending on degree. We can
see this as follows. Almost all species with small k sur-
vive (i.e. ¢ = 1), and so we expect the average incoming
interactions to be same in the surviving and initial com-
munities for species with small £* (i.e. pfi® ~ p). As we
increase the value of k*, the survival rate of the species
decreases (see Fig. 5). Because species with the most
favourable interactions survive, a ‘selection bias’ is intro-
duced for species with higher degree, hence the upwards

trend of pfi" with k*.

The average outgoing interaction strength exhibits the
opposite trend to the incoming interaction strength in
Fig. 6(b). Low-degree species have more positive out-
going interactions than high-degree species. This is be-
cause low-degree species have higher abundance (see Sec-
tion IVB), and therefore have a greater impact on the
probability of their neighbours’ survival. Hence, the
neighbours of low-degree species are under relatively high
selection pressure compared to neighbours of species with
high degree (which have comparatively low abundance).
As was the case with the incoming interactions, it is those
species who interact more favourably that survive. Be-
cause there is less selection bias for the neighbours of
species with higher £*, we see a corresponding decrease
in o™ with k*.

The trends in the other panels of Fig. 6 can be under-
stood as a kind of superposition of the trends in panel
b, since a non-zero y connotes a correlation between the
in- and out-interactions of a species. For example, when
~v = 1, the outgoing and incoming interactions must be
identical. Hence, pjo" = pfi" and the corresponding
curve in Fig. 6(c) is seen to be an ‘average’ of the up-
wards and the downwards trends in panel (b). On the
other hand, for v = —1, the fluctuations in the in- and
out-interactions are exactly the negative of each other
i.e. a;; —p/d = —(aj; — p/d)], hence the mirror-image



effect in Fig. 6(a).

Although we have provided a qualitative rational of the
trends in Fig. 6, we are also able to provide direct quanti-
tative evidence of their causation using the cavity method
(in a similar way to Refs. [32, 33]). That is, we see di-
rectly how the survival bias of species affects the incom-
ing interactions, and how the species abundance affects
the outgoing interactions. The cavity method also yields
the analytical results in Fig. 6. The details are technical,
and so we direct the interested reader to Appendix D for
more information.

V. DISCUSSION

In this work, we have studied an extension of the pop-
ular generalised Lotka-Volterra equations by incorporat-
ing random network structure with an arbitrary degree
distribution. We have found that the network and inter-
action statistics of the surviving community differ greatly
from those of the original community. This demonstrates
that the condition of feasibility, which linear models can-
not guarantee, is a strong constraint on the structure of
ecological networks. To derive our central results, we ex-
tended the usual dynamical mean-field theory for gener-
alised Lotka-Volterra dynamics to describe heterogeneous
interaction statistics, in a similar way to our previous
work in Ref. [38].

Most importantly, we demonstrated that, in the sur-
viving community, there are correlations between the
connectivity of a species and its interaction coeflicients.
These correlations are a fingerprint of the dynamics,
which results from constraining a subset of the original
species to coexist, and they are not present in the initial
pool of species from which the surviving community is
formed.

We anticipate that such ‘patterns’ between the network
and interaction statistics could be tested in real ecological
communities using modern inference techniques [48, 49].
Perhaps the most generally applicable of our findings is
the following ‘pattern’, which we derived using the cavity
approach, and which we anticipate ought not to depend
much on the specificities of the model in question. In
a coexisting community, species with greater abundance
will typically have interactions that have a more positive
(than the community average) effect on their neighbours’
abundances.

By finding an expression for the degree distribution in the
surviving community, we were able to go beyond com-
munity wide properties to probe how degree dependent
statistics vary across the community. We found that, for

a wide range of model parameters, the survival rates and
abundance of species are negatively correlated with their
degree. This in turn implied that a given species’ neigh-
bours were more likely to survive, and were more abun-
dant on average, than said species. We also found that
the degree distribution in the surviving community con-
tained relatively few species with high degree, and more
species with low degree, than in the original commu-
nity. This offers a partial mechanism for this same trend
found in real ecological networks [19, 50, 51], namely that
a skewed degree distribution may partially be a conse-
quence of a community’s feasibility.

There are many opportunities for extensions to this work.
Our model incorporates only the most simple random
network model, but real ecological networks are known
to be much more complex. It would be interesting to see
how additional structure, such as assortativity, interval-
ity, or particular motifs in the initial network of interac-
tions evolve when we constrain the network to be that of a
feasible equilibrium [52-56]. We also know that ecological
networks are directed networks [57, 58], which would pose
a simple mathematical extension to the present work. Fi-
nally, ecological networks are known to straddle the line
between being dense and sparse, with connectivity widely
reported to be in the range 0.05 — 0.3 [19, 34]. Our work
could be extended to include sparse corrections for the
case where the connectivity is very low (using techniques
similar to e.g. Ref. [59]). In particular, we expect a
sparse surviving network to have more significant degree
correlations than the dense model, which would perhaps
offer a mechanism for the disassortativity found in real
ecological networks [57].
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NOTE

While this work was being completed we became aware of
the preprint [60], in which a very similar model is studied
with dynamic mean-field techniques.
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Appendix A: Derivation of the DMFT effective dynamical equations

To derive an effective set of mean field equations describing the evolution of species abundances in the community,
we start with the MSRJD [43-45, 61] generating functional of the gLVE dynamics in Eq. (1)

219 = [ DxDxewp |i Y [z ig St - 3 Aaga ) - hi®) | 03 [atm@uo)|. @y

where the adjacency matrix A and interaction matrix « are described in the main text. The functions h;(t) and ;(t)
do not appear in the dynamics in Eq. (1). These are source fields that are set to zero at the end of the calculation.
We will average Z[1] over the distribution of both the network (A) and the interactions (a). Like in Ref. [28], the
resulting disorder-averaged functional can then be manipulated into a form that is recognisable as the generating
functional of a different, decoupled set of dynamical equations. This set of equations describes the evolution of the
abundance of a typical species with degree k in the original community.

All the disorder in Eq. (Al) is in the term containing the interaction coefficients A;jc;;. The average of this term
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over the distributions of e and A is carried out as follows

<exp [ZZ/dt Ao T () (¢) >
Y A
H<exp [z / At Ay (e300, 1) + 8, (t)a:i(t))] >

i<j Aiji(aig,agi)
:E <1+ va <<exp{ /dt B () () + B3, (1) (t))]>(aﬁ) _ 1))

— exp [; > (1 + ]szkv <<exp {i/dt (a@(t)xj(t) + 5@@):5,-@))] >w) - 1)) , (A2)

where we have written (...)a o for a joint average over all elements of the matrices A «, and (...)(q,;,qa;,) for the
average over the joint distribution of the specific elements «;; and «a;;. The joint distribution of (ayj, ;) does not
depend on i or j, as the pairs («a;;, oj;) are drawn independently for each ¢ and j. To make this lack of dependence
explicit, we have replaced o;; — o and «;; — B between the second and the third lines.

To decouple the ¢ and j indices from the final expression in Eq. (A2), for each degree k in the original community
network, we introduce the following functional

Z 1o ( )5 (f(t) - @(t)), (A3)

'LGSk t

where ¢ € Sy indicates that species ¢ has degree k£ in the original community and Ny = piN is the number of
species with degree k in the original community [py is the degree distribution in the original community]. For each
k, the functional Pj[x,X] is the probability that the functions z(t) and Z(¢) are equal to the functions z;(t) and z;(¢)
respectively, which are constrained to follow the dynamics of species with degree k. With this definition, we can write
the disordered part of the generating functional as

<exp iZ/thijaij/m\i(t)xj(t) >

Ao

@m[ E:pumx/DxDnyDyPMxxH%bzﬂ
kk’

x In <1—|—<<exp[ /dt aZ(t)y(t) + By(t)z ())D(w)ﬂ))]. (A4)

We enforce the definition of Py[x,X] by inserting delta functions in their complex exponential form into the generating
functional

1K/D&DEmp

~ 1
iZNk/Dxpipk[x,ﬁ} (Pk[x,i] T
k

k

> TTo(x) —=0)s(20) - ﬁm))],

€S, t

/DP;C DPk. exp

ZNk /DxDka[x X| P [x,X] — @ Z Pk X“xz]], (A5)
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With these definitions enforced, the disorder averaged generating functional of Eq. (1) takes the following form

iZ/dt@(t)(ZEg — 1+ a(t) —hi(t)) —&—iZ/dtmi(t)qpi(t)]

N2 R _ R .
X exp [2 > prpre / Dx DX Dy Dy Pi[x,X| Py [y, ]

(Z])) A oc/DxDﬁDPDﬁeXp

kk'
« In <1 + va <<exp {i/dt (o@(t)y(t) + 5§(t)z(t))] >( - 1))]
X exp [uv > npk / Dx DX Pe[x, X Pi[x, %] —i Y Pilx;, &i]] (A6)
k 1E€ESk

To proceed, we could explicitly perform the average over the joint distribution of the interaction strengths («, 8) and
simplify the resulting expression. If we do this for the interaction statistics in Egs. (2), to leading order in powers of
1/d, the integrand is of the form exp[NS]. The integral can then be evaluated with a saddle point approximation for
large N. Even though our interest in the main text is in dense networks, where retaining only leading terms in powers
of 1/d is valid, we can proceed without having to make this assumption. That is, we can evaluate the integral with
a saddle point equation without assuming the network is dense. To do this, we simply assume that the term with a
prefactor of N2 in the integrand is O(NN). With this assumption, the following functional is O(NO) for each k and k'

/

e [%,X,y,y] = Nln (1 + % <<exp [i/dt (o@(t)y(t) + ﬂ:ﬁ(t)x(t)>] >(a ) - 1)) assumption O(NY). (A7)

we note that if this functional is not O(N 0), then the following steps in our derivation are not valid. Our expression
for the disorder averaged generating functional now reads (the definition of fix is just notation, we do not enforce
its definition with delta functions)

(Z[Y) A oc/DPDﬁ
N

X exp |- Zpkpk//DXD)?D}’D?Pk[XaQ]Pk'[%ﬂfkk/[xﬁ,y,?]]
N

x exp|iN D pi / DxD%ﬁk[x,ﬁ]Pk[x,ﬁ]]
k

)

X exp _N;pk In / Dx DR exp [z / i 3 (1) (;38 () - hk(t)) —iPyx,R] 4 / dtx(t)z/)k(t)}
' (A8)

where we have supposed that h;(t) and 1;(¢) only depend on the degree of species i in order to be able to factorise
the final term. That is, h;(t) = hi(t) and ¥;(t) = 15 (t) for all species i with degree k. We can evaluate this integral
with a saddlg—point approximation for large N. First, taking the derivative of the exponent with respect to the hatted
functionals Py gives

- exp[ifdtfk(t)(% 1) —hk(t)> —iﬁk[xk,ﬁk]+z‘fdtzk(t)wk(t)}
k|X, X| =

- : — ; (A9)
[ DxDxexp [z’fdt () (% —1+a(t) - hk(t)) —iPx, %] +¢fdm(t)¢k(t)}

where the subscript in zj(¢) indicates that the abundance x(t) is constrained to be the trajectory of a typical species

with degree k, we justify this interpretation further on in the derivation. The unhatted saddle equation (taking

derivatives of the exponent with respect to Py) is

ﬁk[x>§] = Zzpk' /Dy Dy Pk’ [y7§]fkk' [X7§aY7§]' (Alo)
k/
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Substituting Eq. (A9) into Eq. (A10), we arrive at the following self-consistent functional equation for ﬁk

X,X| =1 ) pr .
’ o * | Dy Dy exp [ifdtfc\(t (Zgg L+y(t) - hk'(t)) - ZPk'[y Yl + Zfdty Jwr (t )}

(A11)
We now re-write this as

Pulx, % =Y pu{fuw xRy, T (A12)

k/
where (.. >(€) stands in for the ratio of functional integrals in Eq. (A1l1), with (...) in place of fuw[x,X,y,¥]. In
particular, we point out that this means the quantity (fir[x,X,y,¥]), does not depend on arguments y, ¥ or y, but

it does depend on the degree k. To interpret (.. .>,(€y)7 we compare functional derivatives of the expression for Z in

Egs. (A1) and (A8) with respect to v;(t) and h;(t) to find (in the limit of large N)

Ly a1y
<$(t)>k - Nk 55 81/)1@) R - Nk ieSk< z(t)>A7a7 (A13)
=ik 3 Ulaal Lo
(E0) = i _}esjk () e 2 O (AL
~ _ I Z[Y))a,a _ 1 - /
S ) : eS| - PUCTETINS (A15)

where we have dropped the superscripts (z) in e.g. <$(t)>§f) on the LHS of the above equations as there is only one
dynamical variable which could be averaged over. We can do the same calculation for any other powers of x(¢) and
Z(t). Hence, (x(t))y, is, in the large N limit, equal to the average abundance of species with degree k in the community.
Further, because Z[yp = 0] = 1 (Eq. (Al) is the integral of a delta function when ;(¢) = 0), derivatives of Z with
respect to factors of h only are all zero. Therefore, any averages containing only hatted variables vanish.

At the saddle point, we can finally write the disorder averaged generating functional as

(Z[Y]) Ao m/DxDﬁexp [zZpk/dtfk(t)<§zEg — 1+ a(t) hk(t)>]
k

X exp [Zpkpk/ S %0, Xie, ¥, ¥) +12pk/dt$k JUn(t ] (A16)

kK’

We now evaluate the functional fip [x,X,y,¥], with the random matrix e as described in Section IT of the main text.
To leading order in 1/N, we find

/

P [0, R0y, 5] = ksg“ / at (@(y(t) + T (t))

- K/ azon) + (| dtz?(tm(t)ﬂ -G [war oo, o1

Averaging over the dynamics of y, we are left with

Ly RO O he? [ dtat (B0 W00 + 27 Do WOTON )

(A18)

(frr [Xp> Xk, ¥, ¥

Substituting this into Eq. (A16), we recognise (Z[1])a o as the generating functional of the following set of effective
dynamical equations

j?k(t) = xk(t) (1 — xk( d2 Zpkrk My (t ’7 i Zpk/ /dt G (t,t’)xk(t') + nk(t)> , (Alg)
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where we have set hy(t) = 0 and written (y(t))r = My (t) and —i{(g(t")y(¢))x = Gk (t,t'). The quantities My (t), Gx(t,t'),
and the colored gaussian noise term 7 (t) are determined self-consistently via the following equations

(nk(t))n =0,
(s ()m(t') 5kl Zp/c' () () g,

My(t) = <$k(t)>n7

Gr(t,t) = ‘m (A20)

The last of these relationships follows from writing down the generating funcitonal of the effective dynamics Eq. (A19)
without performing the average over the noise term 7 (t) (which would simply return Eq. (A16)). From this functional,
it is then clear that differentiation with respect to the noise term ‘pulls down’ a factor of —iZy(¢), hence we can replace
factors of —iZ(¢t) in Eq. (A16) with derivatives with respect to the noise.

1. Fixed point equations

As discussed in the main text, we can derive a closed set of self-consistent equations for the abundance distribution
in the surviving community at a fixed point of the dynamics. Suppose that the dynamics in Eq. (A19) reaches
a fixed point x7. In this case, the noise term will be a static, mean zero guassian random variable with variance
o?k/d* >, pwk g, with g = ((x})?).. We also assume that the system’s response function is a function of time
differences only in this regime, so that G(t,t') = Gy(t — t’), which means we can write [ dt' Gi(t,t)zi(t') = xxx}
for x = [ d7 g (7). The fixed point abundance distribution of z} is then given by (we have added back in the factor
of h from the original generating functional so that we can cleanly write down the definition of )

14 pk S ok My [d2 + 20 /ES o pkiaw /d + b
25(2) = max 0, LHK 2w P ’“2/ 2o /Zk Dk au/d+ (A21)
L =502k Yy prr k' xwr /d

By carefully evaluating the definitions of the parameters My, qi, and xg, we arrive at the fixed point equations in the
main text, which we repeat here

Mj, :/ dz P(2)z}(2),
;>0

qr :/ dz P(2)z}(2)?,
;>0

ox(z
= P k A22
w=[ PR, (A22)

~—

where P(z) = e~ /2 /v/2m is the probability density function of the standard normal distribution. The survival
probability for species with degree k in the original community is also determined from the fixed point abundances

oK = /* OdzP(z). (A23)

We now expand out the definitions in Eq. (A22) to find the explicit set of equations which we can numerically solve.
Expanding the definitions gives (note that the integration region z} > 0 needs to be converted into an integration
region over z using Eq. (A21))

’wo(Ak)

S Pk X
Mk = Ekwl(Ak),

ar = Siwa(Ay), (A24)

Xk—l_w
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where we have defined the shorthands

LAY k> o pwk'qw /d
P10k Y pr K [
1+ pk >, prrk’ My /d?

A= ok ok qe/d
Ag
wi(Ag) = /_ dz P(2)(Ag — 2)'. (A25)

We also define the probability of survival for species that have degree k in the original community
or = / dz P(z2), (A26)
;>0

as well as the community wide abundance and survival probability

M= pMy, =) prdr- (A27)
k k

Eq. (A24) can be numerically solved to find the fixed point parameters for specific degree k. The integrals defining
wi(Ag) can be explicitly evaluated. For | = 0, 1,2 we have

wo(w) = ;<1+erf (\%))

wi(z) = Plx) + %x (1 + erf (\%) > ,

wa(z) = zP(z) + %(1 +a?) (1 +erf (\2)) (A28)

Practically, we solve the fixed point equations using the function ‘scipy.optimize.root’ in python, with an initial guess
{xx}, {Mr}, {qx} either determined by a previously found solution with similar values of the parameters p, o, v, px, or
by running the GLV dynamics themselves for small N about 50 times to obtain empirical estimates for ¢, M}, and
qr. We then use the relation (derived from the fixed point equations) yx = Mydpwi(wy ' (6r))/\/02k > Pe K @i [d2

to determine a sensible initial guess for x;. Here wg 1 is the inverse function of wy.

2. The abundance distribution

The abundance distribution ADy(x) for species with degree k in the original community is derived from Eq. (A21).
It has the general form ADy(z) = (1 — ¢x)0(z) + O(x) P, 5, (), where ©(z) = 1 if > 0 and is zero otherwise.
Py s (%) is a gaussian PDF with mean my, and variance X7, ¥y is defined in Egs. (A25), and my, is given by the
following expression

1 k o k! My | d?
g = LK g ik M [ (A29)
1—~02k Y, pik'xw /d

The community-wide abundance distribution AD(z), such as the one plotted in Fig. 2 in the main text, is equal to
the weighted average of the individual degree distributions AD(x) = >, pr ADy(x).

Appendix B: Trend of ¢, and M+ with degree

In the main text, we claim that, for u < 0, the survival rate ¢y, is always a decreasing function of the degree k, and
that the same is true for a wide range of parameters for Mj. In this section we justify these claims.
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FIG. 7. Curves for which My and k* are uncorrelated (dashed lines). To the left of the dashed lines, M+ and k* are negatively
correlated, and to the right of the dashed lines My« and k* are positively correlated. The area underneath the solid curves is
stable, and the area above is unstable (see Fig. 1 in the main text for more detail).

1. Trend of ¢, with k

By definition, we can express the survival probability for species with degree k in the original community as [see
Eq. (A24)]

dr = wo(Ay), (B1)

where Ay is defined in Eqgs. (A25). The function wy is an increasing function of its argument. Hence, ¢y is an
increasing(decreasing) function of k precisely when Ay is an increasing(decreasing) function of k. For fixed model
parameters, Ay has the following functional dependence on the degree k

Ay = ;<\/1E + U\/E), (B2)

where S and U do not depend on k explicitly and are given by

RS
S—d ;pkk%,

I
U=2% Zp/c'k"Mk'- (B3)
k/
Differentiating Eq. (B2) with respect to k, we find that Ay is stationary in & when
1
k= —. B4
- (B4)

If 4 < 0, then U < 0 also, and the LHS and RHS have opposite signs (all other components in the equation are
positive by definition), so there is no stationary point. Hence, ¢y is a decreasing function of k. If, on the other hand,
1 is positive, then ¢ is decreasing provided the LHS is smaller then the RHS, if the LHS is larger, then the trend
reverses. This becomes increasingly likely for more positive p and larger abundances Mj,.

2. Trend of M;» with k*

We can follow the same procedure as for ¢y, to find the degree at which the abundance M}, has a stationary point. It
is stationary when
- M
= G M (B5)
Uaoy + T M
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where

70'2 ’
1%

This condition is not as straightforward to analyse as the equivalent condition for the stationary point of ¢ in
Eq. (B4). However, we can still find the general trend of My« with k* by noting (as we do in the main text) that the
covariance Cov(Mk* *) = Qe Prer My k*) — (D 4o Phor Mir ) (D v i+ k™) is negative whenever My« is a decreasing
function of k*. In Fig. 7, we plot the curve satisfying Cov(My«, k*) = 0 in the (u,0?) plane for different values of ~
and fixed network structure. Demonstrating that when p < 0, only a small range of parameters in the stable phase
give rise to positive correlations (right of the curve), hence our focus on this trend in particular in the main text.

Appendix C: Stability
1. Diverging abundances

To numerically find the boundary between the fixed point and the point at which the average abundance M diverges,
we first express the fixed point equations in Eq. (A24) in terms of the new variables xi, M = My/\/> 1 Prr @i,
and §r = qx/ >4 Prrqr- Unlike My, and g, M,, and §; remain finite when the average abundance diverges. In the
limit of infinite average abundance, the new fixed point equations are equivalent to Eq. (A24) with the replacements
M, — Mk,qk — q, and Ap — Ak, where

- kS, pr k! My /d?
Ay = M2 Pk M (C1)

ok pe k' Gy /d

Solving these new fixed point equations, together with the condition ), ¢ = 1, gives the diverging abundance curves
in Fig. 1 in the main text.

2. Linear instability

To derive the stability condition Eq. (7) from the main text, we consider a linear perturbation to the effective dynamics
Eq. (A19) near a fixed point. We follow along the lines of the stability analyses in [28, 46] (see also [38] for a derivation
involving block structured interactions, which generalises the present argument).

The local stability of possible fixed points can be probed by addition of an infinitesimal independent and identically
distributed Gaussian perturbation e£x(t) to each equation in the effective dynamics Eq. (A19). In the stable regime,
we expect the system to return to the fixed point when perturbed, that is, we expect the response of the system to
the perturbation to decay to zero as t — oo.

Adding the perturbation e£(t) to the effective dynamics [Eq. (A19)], we have

ip(t) = 2 (t) (1 — xp(t) d2 Z pr k! My (t 7 k Zpk/ / dt G (t, )i (') + me(t) + egk(t)>7 (C2)

where My (t), Gi(t), and the noise term 7y (t) are defined in Eq. (A20).

We quantify the linear response of x(t) and 7y () to the perturbation e£(t) about the fixed point by yx(¢) and (j(t)
respectively, so that

i (t) = xf + eyx(t)
N (t) = 1 + €Cr(t). (C3)

From this, we can self-consistently relate the responses to each other using Eq. (A20)

O = T S pik et ()
.
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Assuming time translation invariance of the fixed point in the long-time limit, we obtain the following equation for
the evolution of the perturbed abundances

k’/o dt’ Gr(t —t)ye(t") + ¢ (t) +fk(t)>. (C5)

We now follow [28, 46] by taking the Fourier transform (denoted with a hat, which we note is not related to the hatted
variables in the generating functional calculations in Appendix A)

iwg(w) = xj, <—37k (w) + K Go(w) i (@) + Gelw) + & (w)> : (C6)

Squaring and averaging over the distribution of the perturbing noise &

Ll =2 kG| M @)Ple = 0] TE S ki (@) P)e + 1 ()
(z1)2 P2 Prk Gk Yk £ 0k . Prr k' (UK 13 ;

where the factor of the survival rate ¢y is due to the fact that Eq. (C5) only applies to non-zero fixed points.

Fluctuations around the zero point decay and hence do not contribute to (|j(w)|?). Noticing that G(0) = x?, we
now set w = 0 (see [46]) and find

2
2k
{1 - lek’} Y, = ¢k{od2 ZPk/lek’ + 1}, (C8)
kl

where Y, = (|9x(0)]?). Assuming a stationary state in which (yx(t)yx(t + 7)) depends on 7 only, then Y; =
J A7 (yr(t)yr(t + 7)). In the stable regime, yx(t) — 0 as ¢ — 0, and therefore Y}, is finite. Hence, if Yj is not
finite, then this signals the onset of linear instability. Hence, the onset of linear instability corresponds to the point
at which the only solution to Eq. (C8) for which Y}, diverges for some degree k.

Eq. (C8) is equivalent to the condition for linear (in)stability given in the main text [Eq. (7)]. To make the connection,
we first use the fixed point equations (A24) (the one for yj) to re-arrange Eq. (C8) into the following form

Y 2ka

= k‘/ Y ’y C9
Yi d2¢) Zpk [ Zk// k”Yk” :| ( )

where we have defined Y;, = Y /(3" perYir), which remains finite, even if Yj, diverges for some k. At the point of
linear instability, the quantity 1//(>", pwYr) =0, and Eq. (C9) is an eigenvalue equation

1%

where S is a matrix with kk’ element equal to Sk = Jzkxipk/k’/(d2¢k). All elements of the matrix S are positive,
as are all elements of the vector Y (by definition of Y%). Hence, Y is the Perron-Frobenius (PF) eigenvector of S,
with PF eigenvalue equal to one. Further, as S can be written as the outer product of two vectors (S = ab”, for a; =
o?kx3/(d?¢y) and by = pik), its PF eigenvalue is given by the inner product of these two vectors (a”’b =", aybx).
That is, the linear instability occurs at the point when

0.2 kQXi

ﬁkpkd’k

=1 (C11)

To see that the LHS is smaller than one in the stable regime, we repeat the same argument, but we write ¥ =
>k PeYr in Eq. (C9) and do not assume that Y diverges. This time, the eigenvalue condition is different, we have
Apr[S + p/Y] = 1, where we have defined the matrix p with elements pyr = o2xipy/(d*¢x). All elements of the
matrix p are positive. It is known that the PF eigenvalue of a matrix is an increasing function of its elements [62, 63].
Hence, we have Apr[S] < Apr[S + p/Y] = 1 in the stable regime. That is, in the stable regime, the LHS of Eq. (C11)
is less than one.

In Fig. 1 in the main text, we solve for the boundary of the linearly stable region in parameter space by adding the
condition in Eq. (C11) to the fixed point equations.
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Appendix D: Interaction statistics in the surviving community

To find the quantities defined in Eq. (10), we employ a similar philosophy to that was used in Ref. [33], except here
we use a cavity approach. In this case, the cavity approach helps to elucidate the mechanism behind the trends seen
in Fig. 6 by revealing the origins of all the contributing factors to the quantities in Eq. (10).

1. The cavity approach

At the fixed point, we must have that

z; =max [ 0,1+ ZAijaijmj +h; |, (D1)

J

where h; is again an external field that we include for analytical purposes, and which we later set to zero.

Let us suppose that we introduce a new ‘cavity’ species, which we endow with index 0, to the network. We suppose
that the cavity species has degree k (in the original community). Let us now inspect the following quantity

k
HE) ) = E Agjog;b;, (D2)
J

where 6;(z;) = 0 if a species is extinct and 6;(x;) = 1 if the species survives. Following the usual procedure for cavity
calculations, we attempt to find 6; in terms of system parameters before the addition of the cavity species. We write

0; =0\ + 60;, (D3)

so that 06; (which takes values 0 or £1) accounts for the changes in the numbers of surviving species due to the
introduction of the cavity species. We expect the number of species that go extinct due to the introduction of the
new species to be small.

Inserting this into Eq. (D2) and defining «;; = p/d + a;;, we find
k H 0
j J J

Let us now use the fact that we have many species to write each of these terms in terms of the statistics of the
community.

2. Averaging Eq. (D4) over the wider pool of species

Let us now discuss the statistics of each of the terms in Eq. (D4), keeping the cavity interactions Ag;, ag; and ajo
fixed. Specifically, we first take the mean with respect to the interactions «;; and the network A;;, where both i and
7 are not equal to 0, and then discuss the variance with respect to these same quantities. We denote the average
with respect to these variables as (-)o (as opposed to (), which indicates an average over all interaction coefficients,
including those of the cavity species).

We treat the average over the random variables Aoj, ag;, Ajo, and oo separately so that we can better see how uék)
relates to other random quantities of interest, for example the abundance xy. This will help us to understand the

origin of the behaviour of u,io) as k is varied (shown in Fig. 6).

Taking for example the first term in Eq. (D4), we first examine its mean, and then its fluctuations. We find that

% <%:A0j0j>o - Z%‘:Aw [<0§0)>0 + <50j>0} ’ (D5)
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where we have used that the survival of species before the introduction of the cavity is independent of Ag;. We can
rewrite the second of these terms using the fact that

dér.
= T;z]AjOajme (D6)

where we write k; for the degree of species j, and we obtain

Z<zj: A0j9j> £ ZAOJ [¢k 4o, 04]0580] . (D7)

We see that the second of these terms is a small O(1/N) correction compared to the first, and hence we can ignore
it. We now average over both the interaction statistics of the original community and the cavity species to obtain

% <zj:A0j9j> Z Z < j0)>0 = ;;k’pk/%/, (DS)

JGS,C,

(60;)0

where we write Sy for the set of species with degree &/, and we have used that the degree distribution of the network
can be written py = Ni/N when N — oo, where N}, is the number of species with degree k. We hence see that the
mean of the first term in Eq. (D4) is non-vanishing in the thermodynamic limit.

Let us now examine the fluctuations of this same term [the first in Eq. (D4)]. One can see immediately from the
approach in Appendix A that the generating functional for the ensemble of all species factorises in the limit N — oo.
This means that the variance of (or correlations between) any order parameters such as ¢ or M} are subleading
in 1/N in the thermodynamic limit. So, keeping Ag; and ap; fixed, we see that fluctuations due to randomness in
the wider community without the cavity species can always be neglected. Let us now examine the fluctuations of
pud= 1> j Ap;0; due to fluctuations in the interactions of the cavity species. Since the probability that each link in the
network is independent of the rest of the links in the network, we have

%ZAOJ‘QJ‘ ~ Z (Aoj) — (Aoj)?] qija (D9)
J

which is subleading in 1/d ~ 1/N. So, we see that the first term in Eq. (D4) can be approximated by its mean in
Eq. (D8).

Let us now turn our attention to the third term in Eq. (D4). We will see that in contrast to the first term, this term
has non-vanishing fluctuations. We once again examine the ensemble average of this term (keeping the interaction
coefficients with the cavity species fixed), noting again that the fluctuations of the order parameters of the wider
community can be ignored. Using Eq. (D6), we find

doy.
<Z Aojaojd0j> = Z AojOéOj <d9]>0 =X Z Aojaoij?ajo, (DlO)
J J J

0

where we have used the fact that Ag; = Ajo.

The expression obtained in Eq. (D10) differs depending on the precise values of the interaction coefficients of the
cavity species (noting that xo also depends on these quantities through Eq. (D1)). However, we can demonstrate
that the sum over j in Eq. (D10) is a self-averaging quantity that can be replaced by its mean, meaning that all the
relevant variation in the third term in Eq. (D4) can be captured by xo, multiplied by a constant factor.

That is, we have

<Z Agjao, d;?aj0> A/ Z k'pr m
j

d¢’“‘r (D11)

Var ZAOJ‘@OJ’%OHO - Z {<A0j> <(a0jaj0)2> - <A0j>2 <a°jaj°>2} [ dh]

J
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We see once again that the fluctuations of this quantity vanish in the thermodynamic limit. We can thus approximate

dr.
the sum ) ; Aojaoj%ajo by its average. The third term in Eq. (D4) is thus well-approximated by

ZAojOéoj(sej N To—5 k"ya Zk}/ d¢k/ (D12)
J

where we see that the randomness is all accounted for by the variable zy. In a certain sense, we were ‘lucky’ that
we could encapsulate the relevant fluctuations of the third term in Eq. (D4) entirely in the random variable zg. The
second term in Eq. (D4) is more complicated. To understand why, we compare with the cavity calculation that could
have been performed to obtain the results in Eq. (3) and Egs. (4) (instead of the generating functional approach of
Appendix A).

3. Lemma: relating the random variable z in Eq. (3) to the interaction coefficients

The fixed point satisfies of the dynamics in Eq. (1) is given by

:L'z(l —x; + ZAijOéijxj + hl) =0. (D13)
J

Introducing a new species 0 as a ‘cavity’, one finds

dx;
T~ §O) + 7dh AJQOéjo.’EQ. (D14)
One thus arrives at
© .
To |1 —20+ = d E Ay YE2 )-‘r E Ao o5 —‘rl‘o E Aoja()jajodh; =0, (D15)

and consequently

(0) (0)
2o =max | 0 L2y Aty ¥y Aojory Dy (D16)
b} dw N
1=3"; Aojoojaogrt

Supposing that species 0 has original degree k, we can compare to Eq. (3), and we see that the term Zj Aojaojxg-o)

in the expression above corresponds to a Gaussian random variable, i.e.

0 |k k' pr
;Aojaojxj = Z0 g; d qi’ - (D17)

where z is a zero-mean, unit-variance Gaussian random variable, as in Eq. (3). One notes that we can can also deduce

this from the cavity approach simply by computing the mean and the variance of j Aojaojmgo). The variance is
given as follows

Vy = <Z Ao;a()g ZAOJ/G'OJ’$ 7 > <Z5JJ d — Aol > ~ e kak'qk' (D18)

J

The second term in Eq. (D4) (ie. 3, Ao; aOJH( )) has a similar structure to the term ), Aojaoj . We see that it

too must be a Gaussian random varlable with some correlation with the random varlable z that appears in Eq. (3)

(given that it is also dependent on the same random variables ao;). If we can find the variance of ), Aojaojﬁj(p)

its correlation with z, then we will understand fully how to relate p(() ) to the fixed point quantities in Eqs. (4), given

that we already have the approximations for the first and third terms in Eq. (D4) in Egs. (D8) and (D12) respectively.

and
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4. Relating the fluctuating part of Eq. (D4) to the fluctuating part of Eq. (3)

Let us now compute the variance of the quantity j Aojaojﬁg in Eq. (D4). We find

2 2
0 0 o 0 ok
Vo = <Z Aoja; ) )ZAOj’QOj/9§'/)> = <Z 030~ Aoj [0} )}2> =2 > Kpeow. (D19)
J J’ Jg’
We can thus think of the second term in Eq. (D4) as also being a zero-mean Gaussian random variable, so we write

ZAOjanag‘) =y %7 (DQO)

J

where y is a Gaussian random variable with unit variance. Let us now understand how y is related to z in Eq. (D17)
by finding the covariance

o? o’k
Coo = <ZA0N0J9§O) ZAoj/an/w§-9)> B <Z§jj’d’4°j0§0)$? > = 2 KM (b21)
J 3’ ii’ k!

We can thus write

Cx@ / 1— Cw@

= + s
VAT A NiA

where 2’ is a zero-mean unit-variance Gaussian random variable that is independent of 2. We are now in a position
to write Eq. (D4) entirely in terms of the statistics of the surviving community.

(D22)

5. Incoming and outgoing statistics of nodes with given degree
Now, inserting Egs. (D8), (D12), (D20) and (D22) into Eq. (D4), we obtain

(k) _ MK

po' ="y > K prdr + 2 +Co2' + ap(2n) —5—
k/

b
Zk’ klpk"]k’ d2 o dh

where we have now evaluated some terms explicitly to highlight their dependence on k, and we simply write C,/ for
the coefficient multiplying 2/, since this will not affect the quantities in which we are interested.

. (D23)

ok 3 K'pw My ok S K dow

Let us now consider the following quantity

V(gk) = ZAjoaj()eja (D24)
J

which instead tells us about the outgoing links of a node with degree k. We can perform exactly the same manipulations
as we did for ,u(()k) to arrive at

’YO'\/E Zk’ k},pk/Mk/
d Zk’ k' prrqi

Aoy
dh

k o’k
V) = /;72 Z K prr b + 21 LOL + xk(zk)? Z K pre (D25)
% w

We notice the symmetry between the expressions in Egs. (D23) and (D25). What was an effect of the neighbours of
a node on the node itself in Eq. (D23) becomes the effect of the node on its neighbours in Eq. (D25). This is why we
see factors of v multiplying complementary terms in the two expressions.

Now, to obtain the ensemble average of the above expressions, we simply average over realisations of the variable zj,
conditioning on the survival of the cavity species 0. This means that require zy(zx) > 0, which in turn requires that

_1 + ’uk Zk;’ pk/k/Mk//dQ + h

ok pek qr /d

2 > —Ak(h) = (DQG)
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The probability of survival is given by

> 1 2
b = / dz e /2, (D27)
—Ay vV 2
Hence, averaging over the variable zj in Egs. (D23) and (D25), we obtain
*in (k’)g 24 ko M Koo d¢k'
i — (1o o) _H 0% dgr 3y K'pe M ’VJ 29w, > Kk
d* kr d d dh Y, k:’pk/¢k/ o K pk,¢k,
L (vs"0s) _Hy y0? ey Yo K'pw My | 0° 7 M S K'pr S (D28)
d* kr d d dh Zk’ k' prr drr Zk’ k'pr ¢]€/
where here we have used the fact that
o0 2 1 A2 d¢k
dee # /2y = ——e27/2 = K gy D29
/ ) T o Zpk g (D29)
and we recall the definitions of r from the main text
k:
_ 2k PrOrE (D30)

Zk Pk

To express the incoming and outgoing interaction strengths in Egs. (D28) in terms of the degree in the surviving
community £* (rather than the degree in the initial community k), we use the correspondence E[k* | k] = rk [see
Section IV A for a discussion and Appendix E for mathematical details], as well as the fact that the expected degrees
in the surviving community are concentrated around their mean value. Hence, if we treat k as a continuous variable,
we can approximate k* = rk to leading order in 1/d.

Practically, the curves in Fig. 6 are produced by plotting pin/d* in Eqs. (D28) against k/r. This is equivalent to
plotting u}i" /d* against k*.

6. Interpretation of the trends in Fig. 6

Let us now consider how the cavity approach that we have taken can help us to understand the trends in Fig. 6. This
is accomplished by interpreting physically each of the terms in Egs. (D23) and (D25), with the help of Eq. (D4).

Eq. (D23) describes the sum of incoming interactions to a node of original degree k as a random variable. The first
term in this expression is deterministic, and is simply the mean interaction, weighted by the number of surviving
neighbours (which will depend on k). The second and third terms encode the fluctuations in the weights of the
neighbours’ interactions. However, we note that once we average over the disorder (conditioning on survival of species
0), the term proportional to z’ vanishes, and the Gaussian distribution of zj is truncated. That is, only species with
sufficiently favourable interactions survive, and this biases the mean interaction of surviving species towards higher
values. Finally, the last term encapsulates the fact the survival of the neighbours of a species is dependent on the
abundance of that species. In turn, the survival of the neighbouring species affects the statistics of the incoming
interactions (i.e. the abundance of a species affects its own incoming interactions via its effect on its neighbours). We
note that this last effect depends on the correlation between the incoming and outgoing links.

In the case where v = 0 (i.e. there is no correlation between the incoming interactions to a species and outgoing effect
of a species on its neighbours, as is the case in Fig. 6b), the final term mentioned above does not contribute. Instead,
only the direct influence of a species’ neighbours is relevant. Since we condition on the survival of the species with
degree k, the incoming interactions cannot be too negative. This is encapsulated by the lower limit imposed on the
truncated Gaussian random variable z; in Eq. (D23). For small &, this lower limit is effectively —oo, which is reflected
in the survival of nearly all species with small degree (i.e. ¢p ~ 1 for small k see Fig. 5). This means that the term
involving zj averages to nil when we integrate over all its possible values, and we find that species with low degree
have interactions that are the same as the original community. However, as we increase k, ¢, decreases, and the lower
limit on the integration of z; increases also. This means that a bias is introduced, whereby only species with more
favourable incoming interactions survive. This explains the upwards trend in Fig. 6b for the incoming interactions.
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Likewise, we can interpret each of the terms in Eq. (D25) as follows: The first is again simply the mean interaction,
weighted by the number of surviving neighbours. The second and third terms now reflect that each outgoing interaction
from a node can fluctuate, but these outgoing interactions correlate with the incoming interactions. For this reason,
the outgoing interactions can once again be related to the variable z;, and thus the survival probability of the species
with original degree k. Since we condition on this survival, this biases the outgoing interactions so that the incoming
interactions are favourable (note that resulting effect on the outgoing interactions then depends on the sign of ~).
Finally, the last term again encapsulates the fact that whether or not the neighbours of a species survive is dependent
on the abundance of that species. Since we only look at the outgoing interactions from a species (with degree k)
to species that survive, if the abundance of the species with degree k is higher, its influence on the survival of the
surrounding species is greater. For greater abundances, a greater number of species can be killed, and the correction
to the average outgoing interaction is greater. Since, M} reduces with increasing k, we see that the effect of this
term is greatest for small k, and it reduces to nil for large k. This explains the downwards trend in the outgoing
interactions in Fig. 6b.

The case of v = 0 in Fig. 6b is useful, because it separates the dependence of the outgoing and incoming interactions.
We see that by varying v, we simply obtain a superposition of the aforementioned effects. For example, when v = 1,
the outgoing and incoming interactions must be the same. Hence, p"t = ,u};l and the corresponding curve in Fig. 6a
is seen to be a kind of ‘average’ of the upwards and the downwards trends. On the other hand, for v = —1, we see that
the fluctuations in the in- and out-interactions are exactly the negative of each other, hence the kind of mirror-image
effect in Fig. 6c.

Appendix E: Structure of the surviving network
1. Probability that species with degree k and k’ interact in the surviving community

To find the statistics of the adjacency matrix in the surviving community, we follow a strategy employed in [33]
that was used to find the statistics of the surviving interaction matrix e in the fully connected model. Consider the
following modification of the generating functional in Appendix A, which includes an additional term proportional to
the interaction matrix in the surviving community

The functional Zy[x,X, 1 = 0] is the remaining part of the generating functional which appears in Eq. (A1), it is not
relevant to our arguments in this section. As in Appendix D, 0;(¢) = 1 if the corresponding abundance z;(t) > 0,
and is zero otherwise. In other words, 6;(t) is equal to 1 only if species 7 is alive at time ¢. The functions \;;(t) are
auxiliary fields which we will set to zero at the end of this derivation.

Taking a functional derivative of Z with respect to A;;(t), then setting \;;(t) = 0, yields

57N
dAi;(t)

— iA;;0,(1)0;(t), (E2)

We are interested in the average interactions between species with degree k and k’. Using Eq. (E2), we can relate this
quantity to the generating functional via

S S (A0 = i Jim sz< > (E3)
Nk e i€S; JEST, t=oe NN €Sy JES], 0i; (t) oA =0
Averaging Z[A] over A and o proceeds similarly to the average calculated in Appendix A, we find
(ZIA) A, = /DxDﬁZo[x,fi,'z/) = 0]
X oxp %Zln <e7,' St (a’:fi(t)z]-(t)JrﬁEj(t)mi(t))> eifdt(AU(t)+)\ji(t))971(t)9](t) _1 ) (E4)
i (. 8)



26

where, similarly to in Appendix A, we have written a;; — « and «j; — 8 because the joint distribution of (cj, ayj;)
does not depend on the indices 4, j. Differentiating Eq. (E4) with respect to A;;(t) and setting A;;(t) = 0 gives

ki k‘]‘ 0; (t)oj (t) <€_i fdt (ai’t (t)wj (t)"r/B/m\J (t)wz (t)) >

dN
(A0 (D)0, (1)) A = < () > . (E5)
14 kdi]li]j <e—ifdt (aii(t)a:j(t)+B§j(t)wi(t))> 1 A«
(e,8)

This expression simplifies greatly if the network is dense (where the average degree d is large), as it is in our model.
From the statistics of the interactions a;; in Eqs. (2), we know that a;; = O(d~'/2) and (@j)a = O(d™!). Hence, to
leading order in 1/d, the statistics of the interactions do not directly contribute to Eq. (E5) and we have

(A0t ne = (SRE0000)  +O(a ). (E6)

Averaging over species with common degree in the original community now gives
kik
voE 5 X a0 = e ¥ 3 (Sen0)
4 €S} JES, i i€S; JES}, A

w
T dN

(E7)
as claimed in the main text.

The same method can be used to compute any statistics of the adjacency matrix in the surviving community. As we
need it in the following section, we also have

k2k/kn
N*N*N* Z Z Z A”A”Q*a* Ao = N2 (ES)
K" ies; jesr, iess,

All higher moments of the adjacency matrix have smnlarly simple forms.

2. Degree sequence in the surviving community

Here we detail the derivation of the degree sequence in the surviving community. First, we will show that the expected
degree of a species in the surviving community, given its degree in the original community, is given by Eq. (8) in the
main text. We will then show that the degrees concentrate around their mean value.

To compute E[k} | k;,i € S*], we write it in terms of the adjacency matrix in the surviving community. This gives
[using Eq. (ET)]

Bk} | ki€ ST =E | Y A} | kii€ S*|,
JES™
!
_ZNk,<kk +o(d0)),
= ,ZCZ‘T’ + O(do), (Eg)

where we recall that © = >, prkor/ >, prk is the average neighbour survival rate in the community. The calculation
of the variance proceeds in the same way, it relies on the additional calculation in Eq. (E8). We have

2
E[(k])? | kiyi € S*) = B[k | kiyi€ TP =E | Y AjA5 | ki€ S*| —B| Y Aj|kiie S|,
jlesS* JES*
)2kk!
= ZNka, d2N2 — (kir)® + O(d"),
kk’

=0(d), (E10)
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as claimed in the main text.

3. Degree distribution in the surviving community

To leading order in 1/d, the degrees of species in the surviving community concentrate around the mean value in
Eq. (E9). Using this, we can find an expression for the degree distribution which is accurate to leading order in 1/d
by simply approximating the degree sequence of a species in the surviving community with k* = kr, where k is the
degree of the species in the original community. As kr is not in general an integer, we will find an expression for the
function P*(k*/M) = Mpj., where M is the number of different degrees in the community (the number of distinct
values of k;). We also note that when N is large, the degree distribution in the original community can be written
similarly as P(k/M) = Mpy. These expressions are normalised and satisfy

Rmax

1
N L) = X = [ Pwrea.

N I =g f) & [T PR de (E11)
1€S* k*

where f is an arbitrary function and F' satisfies

(E12)

and where k = K/M and k* = k*/M = rk. The approximations in Eq. (E11) hold for large M, which allows us to
approximate the sums as integrals.

To find an expression for the degree distribution in the surviving community, we observe that the second of the
expressions in Egs. (E11) can also be computed as follows (using the approximation k* = kr)

1 1

N7 2 k) = 55 DT NS (k)
ies* k
= % Zpk¢kf(kr)
%
1 Kmax
-5/ dr p(k)é(k)F (kr)

S IARCIOLORE @

*
Rmin

where, similarly to the functions f and F, we have written ¢(k/M) = M¢;. The two expressions §= > ;cq. f(k})
must be must be equal. and as the function f is arbitrary, we conclude that the following functions are be equal

T r

p ) = oa(5)e(%). (B14)

which is Eq. (9) in the main text.
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