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Degrees of Freedom for Radiating Systems

Mats Gustafsson

Abstract—Electromagnetic degrees of freedom are instrumen-
tal in antenna design, wireless communications, imaging, and
scattering. Larger number of degrees of freedom enhances
control in antenna design, influencing radiation patterns and
directivity, while in communication systems, it links to spatial
channels for increased data rates and reliability, and resolution in
imaging. The correlation between computed degrees of freedom
and physical quantities is not fully understood, prompting a
comparison between classical estimates, Weyl’s law, modal ex-
pansions, and optimization techniques. In this paper, it is shown
that NDoF for arbitrary shaped radiating structures approaches
the shadow area measured in squared wavelengths.

Index Terms—Antenna theory, electromagnetic theory, radia-
tion modes, computational electromagnetics, degrees of freedom,
capacity, inverse source problems.

I. INTRODUCTION

LECTROMAGNETIC degrees of freedom (DoF) are

significant across a wide range of electromagnetic (EM)
applications, including wireless communication systems, an-
tenna design, imaging, and measurement techniques [1]-[10].
The number of DoF (NDoF) emerges as a crucial factor in
achieving desired performance levels. For instance, in wireless
communication systems, NDoF correlates with the number of
channels or spatial dimensions utilized for signal transmission,
thereby providing higher data rates and improved reliability,
especially in technologies like multiple-input multiple-output
(MIMO) systems and intelligent surfaces [7], [9]. In antenna
design, a higher NDoF relates to maximum directivity [6]
and improved control over radiation patterns. In the realm of
inverse problems, NDoF is intricately linked to the amount of
independent data available and the achievable resolution.

The relationship between the NDoF and the electrical size
of an object have been explored for at least half-a-century
investigating resolution in imaging systems [11] and antenna
systems [12]. Small electrical sizes exhibit few DoF while
large sizes display numerous DoF and hence e.g., potentially
higher directivity and narrow beamwidth. Analytically solv-
able cases such as spherical regions with radius a offer a
simple estimate of 2(ka)? DoFs [2] based on the first L ~ ka
spherical modes for wavenumber k = 27 /) and wavelength
A. The number of propagating waves in hollow rectangular
waveguides [13] are also solvable with asymptotically 27 A /)2
DoFs for a cross sectional area A. These results are traced back
to Weyl more than a century ago, who studied the eigenvalue
distribution of the Laplace operator [14], [15]. Alternative
estimates based on Nyquist (\/2) sampling resulting in 84 /\?
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DoFs have also been extensively used [2], [4], [5], [16]. More-
over, communication systems have recently been investigated
for different configurations [7], [9], with 2w A/ A2 DoFs for
planar apertures.

In this paper, Weyl’s law [14], [15] and its connection to
NDoF are first discussed. Weyl’s law show that the NDoF for
arbitrary shaped bodies scaled with the surface area measured
in squared wavelength in the same manner as for spherical
regions. These NDoF can be interpreted as a communication
system between the body and the region outside the body.
For antenna systems it is more common to consider radiating
systems, where the antenna radiates to the far-field. Here, it
is shown that these radiating NDoF approaches the shadow
area of the region measured in squared wavelengths. This
NDoF is also two times the number of significant characteristic
modes [10]. The result is also identical the NDoF from Weyl’s
law for the special case of convex shapes but differ for general
shapes.

II. WEYL’S LAW AND PROPAGATING MODES

NDoF is most straight forward determined for the number of
propagating modes in a hollow waveguide. Canonical shapes
such as rectangular or circular cross sections can be solved
analytically [13]. These and arbitrary shaped cross sections
can also be treated as a special case of Weyl’s law [14], [15].
Weyl’s law describes the distributions of eigenvalues v,, for
the Laplace operator —V?u,, = v,u, in a region 2 C R?
with Dirichlet or Neumann boundary conditions. The number
of eigenvalues Ny(v) below v is asymptotically [14], [15]
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for a region {2 with volume |£2| (in R? or area in R? or length
in R') and with wq = 7%2/(d/2)! denoting the volume of the
unit ball in R%. Weyl’s law is also applicable to the number
of positive eigenvalues for Helmholtz equation in (2

Ny(v) = as v — 00 €))

Vi, + k2 uy = pinun < =V, = (K — pp)u, — (2)

for a wavenumber k = 27 /) with wavelength . The number
of propagating k? > p (scalar) modes in arbitrary shaped
waveguides is hence asymptotically

Q|kd wq ||
Na(k?) = Lal 2R 3
d( ) (27T>d )\d ( )
which reduces to
ki 20 k2A 1A
N~ —=— dNo~ — = — 4
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for a line with length ¢ = |2 in R and an aperture surface
with area A = 2| in R2. Here, we note that the 1D case
corresponds to Nyquist (A/2) sampling. The 2D case differs
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Fig. 1. The number of eigenvalues for Laplace and Helmholtz operators in

a region (2 is described by Weyl’s law as applied to waveguides with cross
sections in R? and one dimensional line elements in 4).

from Nyquist sampling in two orthogonal directions, even for
the special case of a rectangular region [7], [13]. Explicit
evaluation of a rectangular cross section provides a simple
interpretation of the difference between A/2 for lines and the
area scaling (4) for surfaces. Waves in 1D start to propagate
for sizes above half-a-wavelength. For a rectangular waveg-
uide propagating modes depend on the squared magnitude of
oscillations in two transverse directions corresponding to the
area of an ellipse or circle [13]. This difference is quantified
by the unit ball w, in Weyl’s law (3), i.e., wf =4 and wy = 7.
These estimates (4) of the asymptotic number of propa-
gating modes for (scalar) Helmholtz equation are doubled
for Maxwell’s equations when two orthogonal polarizations
contribute )
N B4 2mA
27 A2

for an aperture with area A € R?. The NDoF (5) is valid for
arbitrary shaped cross sections in the electrically large limit
k — oo.

Weyl’s law (5) estimates the number of propagating modes
in EM waveguide structures with PEC walls, but it is more
challenging to apply Weyl’s law for radiating structures in
R3. Starting with a spherical region with radius a which
is analytically solvable by expanding the radiated field in
spherical waves [17], [18]. In contrast to waveguides, there is
no clear cut-off between propagating and evanescent waves.
There are N = 2L(L +2) spherical modes up to order L, and
modes of order L > ka become increasingly reactive [17].
Using the surface area of the sphere together with L ~ ka
corresponds to approximately [2]
k2A _ 27A
2r A2
propagating modes for ka > 1 similar to the estimate from
Weyl’s law (5) for an aperture in R2.

An explanation for the absence of a clear transition between
propagating and evanescent modes in the context of a sphere
arises from its expanding surface area as the radial distance
increases. Consequently, there’s a proportional rise in the
number of propagating modes with radial distance. This stands
in sharp contrast to waveguiding structures, where the cross-
sectional area, and thus the number of degrees of freedom
(NDoF), remains constant along the propagation direction.
Hence, the approximation L ~ ka emerges as a useful
descriptor for the shift from predominantly propagating to
evanescent waves.

Although the cutoff L ~ ka provides a good simple approx-
imation for the order of radiating spherical waves. Improved
estimates for near-field measurements [19] and computational
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Fig. 2. NDoF from spherical modes with at least 50% efficiency for spherical
shells with surface resistivity Rs = 107 Png and balls with resistivity pr =
10~ Png/k and both having radius a and p = 3,5, 7. The NDoF is compared
with the estimate 2(ka)? from (6).

techniques [20] can be used for more precise estimates. An
alternative interpretation of the cutoff is that high-order modes
are associated with large current amplitudes and hence low
efficiency for radiators of finite conductivity.

Evaluating the number of radiating spherical waves with
efficiency above a given threshold, here 50%, produces an
estimate of the NDoF. Fig. 2 depicts the number of such
radiating modes [8] on a spherical shell with surface resistivity
Rs = 10™Pny and spherical ball with resistivity kp, = 107",
for p = 3,5,7. Note that copper has a surface resistivity of
approximately R ~ 0.01 /0 around 1 GHz and a resistivity
of p, ~ 1078 Qm. The results are compared with the esti-
mate (6), and it is observed that the relative difference between
the computed NDoF and 2(ka)? decreases as ka — co. Using
material losses opens a possibility to generalize the NDoF to
arbitrary shaped radiators as analysed in this paper.

For arbitrary shaped regions with smooth boundary, we can
interpret Weyl’s law locally, resulting in a NDoF according
to (5) with surface area A. However, these DoF will generally
only propagate to the volume outside {2 and not to the far field.
Instead, the NDoF can be considered to propagate from the
region {2 to a slightly enlarged version of (2 as illustrated in
Fig. 3a. This short distance is considered fixed and translates
to infinity many wavelength in the high-frequency limit. Also
note that the NDoF is unbounded if this distance is removed.

Arbitrarily shaped closed surfaces and disjoint regions are
much more complex, for which it is also apparent that there are
several alternatively ways to interpret DoF, such as communi-
cation between regions [3], [21], from a region to a volume
surrounding the region in Fig. 3a, and from a region to the
far field in Fig. 3b. In this paper, we consider radiating NDoF
interpreted as the NDoF from a region to the far field. We also
interpret the NDoF from Weyl’s law (3) as the total NDoF that
can propagate a short distance from the considered region, as
shown in Fig. 3.

III. CAPACITY LIMITS AND RADIATION MODES

Treating arbitrary shaped (non-convex or non connected)
regions {2 € R3, we can formulate a communication problem
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Fig. 3. DOoF for a region §2 € R3. (left) radiation to a volume surrounding {2
related to Weyl’s law (5). (right) radiation to the far field or a circumscribing
sphere.

between transmitters in the region {2 to receivers in the far
field, or equivalently, on a circumscribing sphere, as shown
in Fig. 3b. Current density J(7) in the transmitting region {2
constitutes sources for the radiated field. These currents can
be expanded in sufficiently large number of basis functions,
with expansion coefficients collected in a column matrix
I [22]. Similarly, the radiated field is expanded in spherical
waves [17], [18], with expansion coefficients collected in a
column matrix f = —UI, where U denotes the projection of
spherical waves onto the used basis functions [23]. The capac-
ity (spectral efficiency) of this idealized system f = —UI+n
is determined by [8]

maximize logy (det (1 + vUPUH))
subject to Tr(RP) =1 @)
P >0,
where P = E{II"} denotes the covariance matrix of the

currents, R is the resistance matrix [22], and v quantifies
the signal-to-noise ratio (SNR) from the additive noise n.
In (7), the current is normalized to unit dissipated power [8].
To provide more realistic values for the capacity, physical
properties can be considered. For antennas, it is common to
incorporate limitations originating in the efficiency [8], [24] or
bandwidth from the reactive energy around the antenna [24],
[25].

The maximum capacity (7) is determined by water fill-
ing [26] for which it is convenient to rewrite (7) in a standard
form by a change of variable P = GPGH, where R = GHG
is a factorization of the resistance matrix. Substituting into (7)

maximize logy (det (1 + ’yHlaI:IH))

subject to  Tr(P) =1 ®)
P>0
with the channel matrix H = UG™!. This problem is

diagonalized by a singular value decomposition (SVD) of
the channel matrix H, i.e., (square roots of the) eigen-
values of H'H = G HR,G~!, which can be written
G iR,G~'V,, =1, V,, where UNU = Ry is identified as
the radiation matrix [27]. Simplifying by multiplication with
GH and setting I, = G~1V,, results in an eigenvalue problem
for radiation mode efficiency

RoI, = v,RI, = v,(Ro + R,)L,. ©)]
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Fig. 4. Tlustration of water filling solution (10) for radiation mode
efficiencies v, € {1,0.75,0.5,0.1,0.01}.

The resistance matrix R = Rg + R, is here decomposed
into the radiation matrix Ry = UMU modelling radiated
power P. = %IHROI and the material matrix R, modelling
Ohmic or dielectric losses P, = %IHRPI. Radiating modes
diagonalizes (8) which solved using waterfilling over radiation
mode efficiencies v,, results in

max 10g2 (1 + Vynpn) ’

(10)

with a finite number of non-zero power levels P, associated
with radiation modes of sufficiently high efficiency. The num-
ber of used modes depends on the signal-to-noise ratio -y
and the distribution of the modes v,. Waterfilling solutions
for five efficiencies v, € {1,0.75,0.5,0.1,0.01} and SNRs
v € {5,10,20} are depicted in Fig. 4. The allocation of
normalized power P,y and number of used modes depend on
the SNR ~. For low v — 0, only the strongest modes are used,
and for large v — oo, all modes are used. For modes with
efficiency v, > 0.5, the relative difference between the modes
is below 2, and all these modes can be used for reasonable
SNR #. For lower efficiencies vy, 1/v,, increases rapidly, and
very large SNR v are needed for the water-filling solution to
use these modes, as shown in Fig. 4.

The capacity (10) is solely determined by the efficiencies v,
of the radiation modes and the signal-to-noise ratio (SNR) .
Consequently, radiation modes can be regarded as fundamen-
tal physical quantities that quantify radiation properties and
degrees of freedom for arbitrary-shaped objects with material
losses [8].

Geometry and material properties are encapsulated within
the radiation modes (9). To facilitate analysis, it is advanta-
geous to distinguishing between the radiation contribution Ry
and the material contribution R,,. Radiation mode eigenvalues
are defined by the generalized eigenvalue problem [28]

(1)

with eigenvalues ordered decreasingly, i.e., 0, > 0p+1, and
efficiencies v, = 0,/(1 + 05) in (9). These modal currents
are orthogonal over the material loss matrix IfflRpIn = dmn
and radiated far fields f1 f,, = Il RoI,, = 0,6,n. The number
of radiation modes are infinite, but they diminish rapidly as
on — 0 for large n, similarly to the spherical waves in (6), to

RoI, = QanITH
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Fig. 5. Normalized radiation modes for spherical shells and spherical balls

of the electrical sizes ka = 50 and ka = 500.

which they also reduce for spherical regions [27]. Radiation
modes (11) are orthogonal and maximize the (Rayleigh)
quotient between the radiated power and dissipated power in

materials
radiated power _ IIRoL,

dissipated power in material INR,I,

:5mngn (12)
which can be used to define NDoF from sufficiently efficient
modes. Setting a threshold of 50% efficiency corresponding to
radiation modes o,, > 1, which is here used to define a NDoF
for arbitrary shaped regions and material losses [8].

Fig. 5 depicts normalized radiation modes for spheri-
cal shells and spherical balls of the electrical sizes ka &
{50,500}. The spherical shell has surface resistivity Rs, and
the spherical ball has resistivity p,. Both the surface and
volumetric objects exhibit similar normalized radiation modes,
each showing a cutoff around n ~ Nx = 2(ka)? (6). The
cutoff becomes tighter with increasing electrical size, with the
ka = 500 case approaching a step function for the spherical
ball.

Alternatively to using a threshold for the efficiency the
effective NDoF [29], [30] can be used which expressed in
radiation mode efficiency is

[e%s) 2
(TIHHH)2 _ (Zn:1 Vn)
[ FH |2 D oneiVa

The effective NDoF depend on the material losses but not on
a threshold level for the efficiency.

Fig. 6 shows the NDoFs in Fig. 2 normalized with estimate
Na = 2(ka)? for the volumetric spherical region. The NDoF
for electrically smaller regions are above the Na = 2(ka)?
estimate (6) but approaches it for larger sizes. The two
definitions based on o, > 1 and (13) agree well but the
0n > 1 formulation oscillates due to the onset of modes at
specific frequencies.

Radiation modes and hence NDoF defined by (11) or (13)
can be calculated for arbitrary shapes and material parameters.
Fig. 7 shows an example of NDoF for the six different shapes
in Tab. I modelled by a surface resistivity Ry = 10~°n0. It is
observed that the NDoF increase with the electrical size ka,

Ne = (13)
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Fig. 6. Normalized NDoF from radiation modes o, > 1 and (13) for
spherical balls with resistivity pr = 10~ 1o /k.
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Fig. 7. NDoF from radiation modes g, > 1 in (11) and Ne in (13) for the
six objects in Tab. I with surface resistivity Rs = 10~°np.

with the spherical shell exhibiting the highest NDoF, followed
by the solid cylinder and the corrugated cylinder, which have
slightly higher NDoF than the open cylinder and connected
discs. The single disc exhibits the lowest NDoF. The effective
NDoF (13) produces similar results but with less oscillations.
This paper demonstrates that the asymptotic number of NDoF
is proportional to the electrical size of the region’s average
shadow area (Ay) in Tab. I, see also [10] for the corresponding
number of significant characteristic modes.

IV. NDOF AND SHADOW AREA

Determination of NDoF from the number of radiation
modes (11) greater than unity or from the effective NDoF (13)
is easily achieved numerically for arbitrary shaped objects and
material parameters [8], see Fig. 7. This numerical evaluation
is complemented by an analytical examination, providing
valuable physical insight and understanding. Specifically, it
demonstrates that the radiating NDoF in the electrically large
limit is proportional to the shadow area measured in squared
wavelengths [10].

This proportionality can be derived using scattering or
antenna theory. Here, employing antenna theory, the maximal
effective area is first expressed in terms of radiation modes and



TABLE 1
AVERAGE SHADOW AREA <AS>, SURFACE AREA A, AND HEIGHT TO
RADIUS RATIO FOR A SPHERE, CYLINDER, DISC, OPEN CYLINDER,
CORRUGATED CYLINDER, AND CONNECTED DISCS. OBJECTS ARE
CIRCUMSCRIBED BY A SPHERE WITH RADIUS a.

©Cw — 8w = =
(As)/a® | 3.14 2.53 1.65 221 245 2.19
A/a2 12.6 10.1 6.59 10.3 219 11.3
A/(As) 4.00 4.00 4.00 4.65 8.92 5.15
h/r 2.00 1.00 0.05 1.00 1.33 1.00

subsequently related to the cross-sectional area of the object.
The maximal partial effective area Aoy = A2G/(47), and
similarly the partial gain G in a direction k and polarization
é are determined from the solution of [31]

maximize Aoz = N2 THFHFI

14
subject to IMRI =1, (14)

where F1 is proportional to the eé-component of the far field
in the direction k, and T"FHFI to the corresponding partial
radiation intensity [31]. The solution of (14) is

§ aH 1717

UR 'U'a

16722
where the field is expand in spherical waves with expansion
coefficients collected in a column matrix a using F =
UTa/(47) [27]. Diagonalizing the optimization problem (14)
using radiation modes (11) induces a change of variables
a = Qa with a unitary matrix Q having elements Q.

max Aegr = N2FIR'F = (15)

A2 onlan|? 0@ lam|?
Ae — nm
X Relt = 9672 221 1 o, 167r2 Z 1+ on
(16)
with 3" Q2 = 1. Taking the average of max Aeg over all

directions and polarizations using the plane wave expansion
an = 4mj’~ 1=le .Y, (k) [18] with spherical harmonics Y,
and & - k = 0 results in

o) = 55 [ [ loul? a0 a0

Y, (k)- / éedQs - Y, (k) dQ,
4w 2

Y, (k) Y, (k)dQ; = 2,

4

=27 17)
where the middle integral is, without loss of generality, eval-
uated for an arbitrary fixed direction & = z as

/ eedQ, = / & cos? 0 4 gy sin® 0 dh = ©(&x + §y)

27 27 (18)
and using that k-Y (k) = 0 extends (18) to an identity dyadic.
The same relation (17) holds for the orthogonal combination
(|anl?) = Y. Q%,{lan|?) = 27 giving a simple identity
for the average maximal effective area expressed in radiation
modes

A oo o0

On
max Aef) = — .
< X ff 8 Z 11+Qn

19)

To estimate the number of modes, we utilize that radiation
modes decay rapidly after a finite number of modes, similar
to the estimate for spherical modes L = ka in (6) shown in
Fig. 5. This assumption is further supported by a sum rule
identity for radiation modes of homogeneous objects [27]
> 27 77()V
Z On = /\Qpr

n=1

(20)

which demonstrates that radiation modes p,, decay, as the sum
of all radiation modes is fixed and proportional to the volume
and inversely proportional to the resistivity.

For typical surface resistivities of metals, such as Ry ~
0.01Q/0 for copper around 1GHz, the radiation modes
approximately divide into two groups: those with g, > 1
and those with p,, < 1, see Fig. 5, resulting in efficiencies v,
according to

1)

Vp =

on _J1 m<Na
1+Qm 0 TL>NA,

where N4 denotes the NDoF for the given shape and fre-
quency. The distribution is continuous, which means that a few
modes have efficiencies between 1 and 0. The transition from
large to small modal efficiencies decreases with increasing
electrical size, see Fig. 5.
Inserting (21) into (19) produces the estimate
2

A
Ag) ~ —N, 22
(max Aegr) o Va (22)

Rewriting the affective area in the partial gain, G =
4 Ao /A2, suggest that the NDoF can alternatively be ex-

pressed as
POE
L+ on

where (maxG) denotes the average maximum partial
gain [31]. This expression resembles the NDoF in [6] based
on the maximal directivity in a fixed direction for a spherical
region, but is here generalized to arbitrary shaped lossy
objects.

The radiation modes are related to the geometrical structure
by using that the maximal effective area in a direction 7 ap-
proach the geometrical cross section, A4(7), in the electrically
large limit [31] max A.g(7) — As(7) and similarly for the
average

Np = 2(maxG) =

(23)

(max Aegr) — (Ag)  as ka — oo. (24)

This connects the radiation modes and geometrical properties
of the region {2 with the maximal effective area (24) expressed
solely in geometrical parameters producing the asymptotic
NDoF

8m(As 2| Ag
Np =~ )<\2 ) = ‘/\2| as ka — oo, (25)
where |Ag| = 4m(As) denotes the total shadow area. This

demonstrates that the NDoF is approximately twice to the total
shadow area measured in squared wavelengths, where 2 stems
from the two polarizations. Additionally, the NDoF is twice
the number of significant characteristic modes [10].
Radiation modes for six different objects are depicted in
Fig. 8. The radiation mode eiganvalues g,, are normalized with
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Fig. 9. DoF for aregion 2 € R3. (left) convex object having rays intersecting
the boundary 02 twice. (right) non-convex object with some rays intersecting
the boundary more than twice.

the surface resistivity R, and the mode index n is scaled with
the NDoF, N,, based on the shadow area (25), as shown in
Tab. I. The N dominant normalized radiation modes have
approximately unit magnitude, after which they rapidly decay.

The average shadow area (Ag) can be determined analyti-
cally or numerically. For convex shapes it reduces to a quarter
of the surface area A [32]

(A) = A/4. (26)

This can be derived from the fact that each ray intersecting the
object intersects the boundary twice [32], as shown in Fig. 9.
For non-convex objects, rays might intersect the boundary
more than twice. This can be interpreted as shadowing of some
regions, or equivalently, that some boundary points cannot
radiate undestructively over 27 steradian to the farfield. For
convex objects, the NDoF (25) simplifies as
convex 2

87T)<\;43> object 2:—214 = % as ka € oo.
This estimate agree with the L = ka cutoff for spherical
regions (6) and Weyl’s law for convex shaped regions (5) but
differ for non-convex shapes, see Tab. L.

Shadow areas for the objects in Tab. I are independent of
the azimuthal coordinate ¢ and plotted as function of the
polar angle 6 in Fig. 10. The sphere has A4(f) = wa® for
all directions. The disc is also approximately Ag(0) ~ ma>
in the normal direction but much smaller seen from the side
Ag(0) ~ ma?cosf. The solid cylinder and connected discs
coincide for illuminations from above, 6 € [0, 0.27], but start
to differ for illuminations from the side. The opposite holds

Na ~ Q7
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L3 e © —
3 \
= = ..
7, 3 K
= .
2+ \
5 N
o AN
< 4 \
/ \
N/ - "
10 ’ - ) K
= / \
) / \

[
/2
polar angle: 6

\
0 /4 3m/4 T

Fig. 10. Shadow areas for the six objects in Tab. I as function of the polar

angle 6. The shadow areas are normalized by the smallest object’s radius a?.

for the cylinder compared with the open cylinder where the
opening is observed from the above but not from the side.
The corrugated cylinder has similar cross sectional area as the
cylinder but differ for illuminations from the side where the
corrugations are visible. The difference at # = 0 is due to the
different aspect ratio, see Tab. I. The shadow areas are bounded
by ma? which is reached for a sphere for all directions but also
approximately for thin discs. The minimal values can approach
zero as observed for the open cylinder at § = 0 and disc at
6 = /2. The NDoF depends on the total shadow area (25),
which is determined by integration of the curves in Fig. 10
weighted by sin 6.

The NDoF (25) depends on the material properties such as
surface resistivity Ry or bulk resistivity p,. Metals typically
have values Rg/no and kp,/no below 10~* producing a
distinct difference between efficient and inefficient modes as
exemplified in Fig. 8 and Fig. 5. Highly resistive materials
have much larger resistivity giving fewer efficient modes and
hence less DoF. Materials have here for simplicity been treated
as homogeneous but the formulation applies equally well for
inhomogeneous regions.

The constraint based on material losses such as in (12) can
alternatively be interpreted as restrictions of the amplitude of
the current density. This is e.g., seen from the loss matrix of
a homogeneous object, where the loss matrix separates into
the resistance times the Gram matrix R, = p,¥. Here, the
least-squares norm of the current density is approximately

/ |J(r)[? AV~ THeT (28)
Q
The normalized parameters Rg/7o and kp,/no can hence be
interpreted as a weight for the current norm.

V. ELECTRIC AND MAGNETIC CURRENTS
The NDoFs determined in Secs. III and IV are based on
the assumption of lossy non-magnetic materials or similarly,
a restriction on the amplitude of the electric current J.
However, magnetic materials and magnetic currents M are
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and disc (£ = 0) using only electric current density J or both electric and
magnetic M current densities.

also important to consider in fully understanding the NDoF of
a region. Linear magnetic materials are typically lossy and
can be included in the analysis using volumetric magnetic
contrast currents together with a magnetic loss matrix R, .
Magnetic surface currents are mainly important for their use
as equivalent currents used to describe the field outside a
region [18].

Allowing for magnetic currents increases the NDoF com-
pared with the solely electric case. This is particularly evident
for electrical sizes where the geometrical structure is not
resolved by the wavelength. NDoF of infinitely thin sheets
such as planar regions do not directly follow from Weyl’s
law as they do not have an inner region. Considering e.g., a
planar region with only electric currents enforces a symmetry
of the radiated field in the up and down directions reducing the
NDoF [8]. This symmetry is broken by allowing both electric
and magnetic currents on the thin sheet and hence making the
structure behave as a volumetric region.

Assuming magnetic losses similar to the electric loss matrix
R, in (10) does not affect the asymptotic NDoF (25) given
by the total shadow area. Numerical evaluation of the NDoF
depends however on the loss parameters and including mag-
netic currents increases NDoF. Fig. 11 shows the radiation
modes for oblate spheroidals with aspect rations £ = 0.01 and
& = 0. The magnetic surface losses are set to correspond to
the electric losses.

Considering first the case with both electric, J, and mag-
netic currents, M, shown by solid curves and markers in
Fig. 11. The radiation modes for oblate spheroids with £ =
0.01 and ¢ = O (infinitely thin disc) overlap. This is due
to the negligible thickness of the & = 0.01 oblate spheroid.
The radiation modes g, have a cutoff around the NDoF
estimate (25) based on the average shadow area (A5) =
ma?/2+ma?? /(4e) In((1+e)/(1—e)) with €? = 1—£2, which
approaches ma?/2 as £ — 0. The slope of g, for n > Ny
becomes steeper as ka increases, similar to the results for the
sphere in Fig. 5. Here we also note that the disc £ = 0 is
treated as having a top and bottom, which can equivalently be
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Fig. 12. Radiation modes for two square plates with side lengths ¢ separated
a distance d at electrical sizes £ = 10A. Electric and magnetic currents are
used to emulate volumetric regions. The mode index is normalized with the
asymptotic estimate (25) based on the average shadow area (As).

treated as half the resistivity for the disc.

The purely electric case (M = 0) is more complex and
shows a clear difference between the disc (£ = 0) and oblate
spheroid (¢ = 0.01). Radiation modes for the disc show a
cutoff around n/N = 0.5, indicating a halving of the NDoF.
This originates from the symmetric radiation of the electric
currents in the disc. The finite thickness of the oblate spheroid
breaks this symmetry and increases the NDoF. The radiation
modes are similar up to n/Na = 0.5 but differ for larger mode
indices n. Radiation modes for the disc decay rapidly after the
cutoff around n/Na =~ 0.5 with a slope increasing with ka.
Radiation modes for the oblate spheroid of the smaller size
ka = 25 also have a cutoff around n/Na ~ 0.5 but then
deviate from the disc modes and start to approach the traces
for the J and M cases. The n/Na =~ 0.5 cutoff vanishes for
the electrically larger case ka = 100, which instead shows a
n/Na =~ 1 cutoff as for the J and M cases. Note that the
electric thickness of the oblate spheroid is 2ka& € {0.5, 2} for
the ka € {25,100} cases.

Needle shaped prolate spheroidals are similarly one dimen-
sional showing approximately a different scaling as evident
from Weyl’s law (4) before their thickness is resolved.

The presented derivation of the NDoFs remain valid for
non-connected and multiple objects, as demonstrated by the
two square plates in Figs. 12 and 13. Fig. 12 illustrates the
radiation modes g,, for two plates separated by a distance
d/¢ € {0.01,0.1,1,10}. The modal index n is normalized
with the asymptotic NDoF N4 based on the average shadow
area (Ag). Notably, the radiation modes g,, exhibit a cutoff
around Np. The shadow area can be numerically evaluated
by considering the projected area of the two squares in
a plane parallel to the plates. This resulting shadow area,
plotted versus the distance d, is illustrated in Fig. 13 by the
curve (Ag(d/0))/(As(0)), where (A4(0)) = ¢?/2 represents
the average shadow area for a single square, as shown in
equation (26). As the distance increases, the average shadow
area also increases and approaches 2(As(0)) as d/¢ — oo,
corresponding to the NDoF of a plate with an area of 2/2.
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Fig. 13. Effective degrees of freedom (13) for two square plates with side

lengths ¢ separated a distance d at electrical sizes £/A € [10, 20]. Electric
and magnetic currents are used to emulate volumetric regions. The eNDoF
is normalized with the asymptotic estimate (25) evaluated for a single plate.
The results are compared with the average shadow area for distances d/¢
normalized with the average shadow area for a single plate.

Fig. 14. Inverse source problem for a region with surface {2 and equivalent
(surface) currents J(7), M (r) with measurements in the far field or on a
circumscribing sphere.

The effective NDoFs (13) for £/X € {10,20} are depicted
in Fig. 13. The curves align with the trend of the asymptotic
value (25) derived from the average shadow area (Ag)(d/\).
Moreover, they converge towards the asymptotic result as the
electrical size increases, as observed for the £/X € {10,20}
cases.

VI. INVERSE SOURCE PROBLEMS

The concept of NDoF for radiating systems, as analyzed
in Sec. IV, also applies to inverse source problems. Consider
a region composed of some linear material. By employing
the equivalence principle, the radiated field can be represented
by electric J and magnetic M surface current densities on a
surface (2 surrounding the region [33]. For simplicity, we let
this surface coincide with with boundary (2 of the region. With
all sources inside {2, Love’s theorem or the null field condition
can be used to relate the electric and magnetic currents in the
inverse source problem [34], [35].

Considering for simplicity electrical currents on a PEC
object. Expanding the measured field in spherical waves with
expansion coefficients f,, and adding noise to the measured
field (expansion coefficients). This results in the measurement
model

f = —UI+n, (29)

which resembles the communication model in Sec III. In
inverse source problems, the source current I is estimated from
the observed field f. The system (29) is not invertible and it is
common to reformulate the system as an optimization problem
or to use an SVD for a regularized solution [36].

Regularizing the inverse source problem (29) by penalizing
the norm of the current density [36], e.g.,

mlinllUI+f||2 +onol|T[%
= min T"RoI 4 2 Re{f"UT} + |f|> + dneI"WI, (30)

where the induced metric (28) from (2 is used for the current.
Here, the regularization term (577()IH\I'I has the same form as
for the dissipated power in the material from the material
matrix R, in (9), i.e., the regularization parameter § mim-
ics the normalized surface resistivity Rs/7)o. This similarity
reveals a connection between the physical bounds formulated
in currents [23] and inverse source problems.
Expanding the current

I= ZInIn

in radiation modes (11) defined by using R, = no¥ to
diagonalize (30)

miny (e + | Lul* + 2Re{frLuv/en} + 1ful” (32)

€1y

with the solution

\/0n

_5+gn

The corresponding solution using an SVD is

The solutions (34) and (33) are similar for efficient radiation
modes p,, > 1 but differ for inefficient modes g, < 1.
Inefficient radiation modes make the noise in (29) blow
up for (34) unless they are removed in the pseudo inverse
related to the SVD. The (Tikhonov) regularized solution has
a smoother transition where the impact of inefficient modes
decreases as ,/p,. The efficient modes are also the ones
contributing to the NDoF.

These simple problems demonstrate the utility of NDoF
derived from radiation modes and, asymptotically, from the
shadow area in understanding inverse source problems. Em-
ploying the asymptotic NDoF offers a straightforward estima-
tion of resolution in such problems. For instance, if the surface
area is |f2|, then there are approximately 27|f2|/A? DoFs for
the current density on {2 according to (5), while the measured
data contributes approximately 87(As)/A? DoFs based on the
average shadow area (Ay).

As an example, consider a hemisphere (half ball) with
radius a and a half spherical shell with radius a and thickness
a/10, as depicted in Fig. 15. The hemisphere is convex and
has a surface area A = 3ma? and an average shadow area
(As) = A/4 = 3ma®/4. The half spherical shell has an
identical shadow area and an approximate surface area A ~
4ma?® (assuming thin walls). This implies that the radiating

n =

- (33)

(34)




Fig. 15. Inverse source problems for a hemisphere (convex) and a bowl
(non-convex). Both object have radius a.

NDoF asymptotically are the same for the two objects, but
the non-convex bowl has a larger surface area over which the
current is reconstructed. This suggests that the same NDoF are
used to reconstruct the current density over different surface
areas. As a consequence, this reduces the (average) resolution
from approximately A\/1.8 for the hemisphere with 75% to
approximately A/1.5 for the bowl.

VII. CONCLUSIONS

We present a method for determining the number of degrees
of freedom (NDoF) for a radiating system based on radia-
tion modes. Asymptotically, the NDoF approaches the total
shadow area measured in squared wavelengths. For convex
regions, the NDoF matches the results derived from Weyl’s
law. The findings extend the known expressions to arbitrary
shapes, encompassing non-convex and non-connected regions.
Numerical results complementing the theoretical framework
and comparing them with the shadow area are provided. The
derivation of the NDoF is linked to upper limits on the capacity
(spectral efficiency) for a communication channel between an
object and the far field, as well as to inverse source problems
with measurements surrounding an object.

APPENDIX

Radiation modes for spherical geometries are determined
from spherical wave expansions. Homogeneous spherical
(ball) region with resistivity p, and radius a expressed in
spherical waves [27]

k%a3 1 1 1 2
on =5 (P = RO R, + ZRORGSs )
(35)
and for a spherical shell with surface resistivity Ry
k2a?
00 =~ (RL))? (36)
S

where R;; denotes radial functions [19] evaluated for ka.
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