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SHARP RESTRICTION ESTIMATES FOR SEVERAL
DEGENERATE HIGHER CO-DIMENSIONAL QUADRATIC
SURFACES

ZHENBIN CAO, CHANGXING MIAO AND YIXUAN PANG

ABSTRACT. Fourier restriction conjecture is an important problem in
harmonic analysis. Guo-Oh in [I7] studied the restriction estimates
for quadratic surfaces of co-dimension 2 in R®. For one special surface
(€1,&2, 83,62, €2 + £1€3), they applied a nested induction argument to
build essentially sharp restriction estimate. In this paper, we simplify
their method, and extend it to a variant of the broad-narrow analysis.
As applications, we will prove essentially sharp restriction estimates for
some kinds of degenerate higher co-dimensional quadratic surfaces.

1. INTRODUCTION

Let d,n > 1, and Q(&) = (Q1(&), ..., @ (§)) be an n-tuple of real quadratic
forms in d variables. The graph of such a tuple, Sq = {(£, Q(£)) € [0,1]¢ x
R"™}, is a d-dimensional submanifold of R¥*". Define the extension operator
associated to Sq by

EQf(z) = / 2w QO f(e)de,  x e RY™
[0,1]¢

We mainly focus on the following Fourier restriction problem: Find optimal
ranges of p and g such that

IEQf || agrasny < Cpganllfllose), (1.1)

for every measurable function f.

Originating from a deep observation of Stein [31] in 1967, the Fourier
restriction conjecture has been widely studied for hypersurfaces (n = 1),
especially the paraboloid. Although the d = 1 case was solved by Fefferman
[14] and Zygmund [38] half a century ago, the d > 2 case is still far from
been fully understood. In the special case when p = 2, the sharp estimate
up to the endpoint for the sphere was first proved by Tomas [35], and the
endpoint result was later established by Stein [32] through complex inter-
polation. The Stein-Tomas framework is very influential and turns out to
work for any hypersurface with nonvanishing Gaussian curvature, including
the paraboloid. However, things become much trickier for general p, and
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people have to search for other methods. After early major progress made
by Bourgain [5], several influential methods have been developed, such as
the bilinear method [33} [34], the multilinear method/broad-narrow analysis
[9], and the polynomial method [21] 22]. In recent years, these methods are
combined with more delicate techniques from incidence geometry and real
algebraic geometry [24] 25, [36], and the current world records are set up by
Wang-Wu [37] for d = 2 and Guo-Wang-Zhang [20] for d > 3.

In contrast to the paraboloid, people know much less about restriction
estimates for higher co-dimensional quadratic surfaces (n > 1). And now
we briefly summarize the history.

For a long time, the state-of-the-art methods are hardly beyond the Stein-
Tomas framework and interpolation of analytic families of operators, so
the p = 2 case is the main focus of many papers. When n = 2, Christ
[11] and Mockenhaupt [28] introduced a geometric notion of nondegeneracy
(Definition [Z3)) which is equivalent to optimal L? — L estimates. However,
when n > 3, things become much more complicated and the results are quite
sparse, see [4] for some partial progress.

Another line of attack is based on the Fefferman-Zgymund framework
and mapping properties of multilinear fractional integral operators. Such a
method breaks through the L? barrier, and can sometimes yield full sharp
ranges of LP — L9 estimates (i.e., even including the critical line). For
example, when d = n = 2, Christ [12] fully solved the restriction problem

for non-degenerate quadratic surfaces, and when n = d(d; 1), Bak-Lee [3]
and Oberlin [30] fully solved the restriction problem for extremal quadratic
surfaces. However, such a method seems to require certain unnatural re-
lations between d and n, which prevents us from obtaining sharp results
in general cases, see [29] for a discussion on the non-degenerate surface
(€1,89,&3,E3 + £3,€2 + £€3) using similar techniques.

In recent years, the developments when n = 1 mentioned before have
greatly facilitated the research when n > 1. For example, Bak-Lee-Lee [2]
applied the bilinear method to obtain some restriction estimates for higher
co-dimensional surfaces with nonvanishing rotational curvature, such as the
complex paraboloid (&1, &a, &3, &4, &3 — €5 + €2 — €3, €189 + £3€4), and Lee-Lee
[26] applied the broad-narrow analysis to study holomorphic complex hyper-
surfaces. However, the assumptions in these two works are too strong due
to technical reasons. Noteworthy progress was made by Guo-Oh [17], who
systematically investigated restriction estimates for all quadratic surfaces
of co-dimension 2 in R®, such as (£1,&2,&3,63,€5 + £1€3). Later on, Guo-
Oh-Zhang-Zorin-Kranich [19] established sharp decoupling inequalities for
all higher co-dimensional quadratic surfaces by combining a transversality
condition originated from [7] with a scale-dependent Brascamp-Lieb inequal-
ity due to Maldague [27], and the decoupling constant is characterized by
“the minimal number of variables” (Definition 2.2]). As an application, they
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obtained a unified restriction estimate for quadratic surfaces of any dimen-
sions and co-dimensions through the broad-narrow analysis. However, the
full power of the broad-narrow analysis has not been exploited until Gan-
Guth-Oh [15] further developed the framework in [I9] by adopting a more
delicate notion of transversality, which enables them to capture lower di-
mensional contribution. But in this case, the narrow set may lie in a small
neighborhood of an algebraic variety with very bad singularities. To over-
come this obstacle, Gan-Guth-Oh devised a covering lemma for varieties by
using Tarski’s projection theorem from real algebraic geometry.

In this paper, we consider the restriction estimates for some kinds of
degenerate higher co-dimensional quadratic surfaces. Our main result is as
follows:

Theorem 1.1. Let d,n > 2 and Q = (Q1,...,Qn) be an n-tuple of real
quadratic forms defined on RY.
(1) (d = n, monomial) Suppose that

Q = (5)\1515 5)\252) ceey é-)mgn)

Here each \j is an integer and 1 < \; < n. Denote the number of j in the
set {A1, A2, .., A} by wj. If \j < j for each 1 < j < n, then the estimate
(LI holds for

1 Jw; + 2
¢ > maxw; + 3, ]—)+%<1. (1.2)
J

(2) (d =n, polynomial) Suppose that

Q = (£,&&, -, &16wr Ex&un+1 + Py 11(8), -, &3&n + Pal9)).

Denote the total number of variables on which Py, 1+1(§), ..., Pn(§) depend
except the variables & and &y by 0. Let wy =n — w1. We assume that one
of the following conditions holds:

(2a) Each Pj is a quadratic form that is independent of the variables
gl,éj,...,fn; 2< A< w1 +1, wy > wy+06.

(2b) FEach P; is a quadratic form without mized terms that is independent
of the variables &j,...,&,; 2 < A< wyp + 1, wp > wy + 0.

(2¢) Pj is a quadratic form without mized terms that is independent of
the variables &;, ..., &, for some w1 +1 < j < n and Py =0 for all
J#5;2< A< wi+ 1, wr > wy +6/2.

Then the estimate (L)) holds for

1 2
q > wi + 3, _+w1+
p

<1 (1.3)
(3) (d =n+ k, monomial) Suppose that

Q = (& 1k Enorn §24 k5 5 Enp i Enthe)
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with k > 1 and 1 < \j < n+k for each j. Denote the number of j in the
set {4k A2tky ooy Antk ) by wj. If Xj < j foreach 1 +k < j<n+k, and
w; > 1 for each 1 < j < k, then the estimate (LII) holds for

g —1

1
q> max{ max w;+2, max wj+3} =q, -+ <1. (1.4)
p

j=1,...k j=1+k,...,n+k

(4) (d =n + k, monomial) Suppose that

2 2
Q = (51 PEERS) 57]7 5)\7,+1+k§77+1+k7 5)\7;+2+k§77+2+k7 sy 5)\»,1+k §n+k)7

with k > 1,1 < n <mn, and1 < \j < n+k for each j. Denote the
number of j in the set {\yii4k, Aproths - Ak} by wy. If Aj < j for each
n+1+k<j<n+k, and wj > 1 for each n+1 < j < n+k, then the
estimate (1)) holds for

q > max{ max w; +4, max wj + 2, max wj + 3} =: qo,
j=1,...,m Jj=n+1,...n+k Jj=n+1+k,....n+k
(1.5)
1 -1
S (1.6)
p q

(5) (d =n+ k, polynomial) Suppose that

Q = (5%5 5152, ey £1§w1a£>\§w1+1 + Plerl(g)’ ) gkénfl + Pnfl(é),
Exén + Pu(€) + Eapr + -+ Enpp)-

Denote the total number of variables on which Py, 1+1(§), ..., Pn(§) depend
except the variables & and &y by 0. Let wy =n —wi; > 0. We assume that
one of the following conditions holds:

(ba) Each Pj is a quadratic form that is independent of the variables
gl,fj, vsnar; 2<A<wr + 1, wy > wy+ 6.

(6b) FEach P; is a quadratic form without mized terms that is independent
of the variables &;, ..., nqk; 2 <A <wp + 1, wy > wy + 6.

(5c) Pj is a quadratic form without mized terms that is independent of
the variables &, ..., §pqk for some w1 +1 < j <n and Py =0 for all
j/#j;QS)\Swl—i-l, wlzw,\—i—a/z

(6d) P; =0 for everywi +1<j<n; 1 <A<wi+1, w > wy.

Then the estimate (LI]) holds for

1 wy + 2
qg>w +3, -+
p q

Moreover, the ranges (I2) — (1) are all sharp up to endpoints.

<1. (1.7)

Remark 1.1. We restrict ourselves to d > n so that we can apply the bilin-
ear restriction estimates independent of the transversality parameter (Theo-
rem[31]). The quadratic surfaces in Theorem [l are all degenerate—except
the case (3)—due to 041(Q) =1, see [18, Lemma 2.2].
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The idea of our proof of Theorem [Tl initially comes from Guo-Oh’s work
[17], which studied the Fourier restriction estimates for quadratic surfaces
of co-dimension 2 in R%. In particular, for one special degenerate case,
(€1,62,63,62 E2+£1€3), they developed a nested induction technique to reach
the sharp restriction estimate. More precisely, they decomposed the fre-
quency domain into rectangular boxes with dimensions K~ x K~1/2 x 1
and carried out the broad-narrow analysis. Such scale is adapted to this
case, which means that the related surface Sq remains unchanged if we
scale it to x[o,13. After this, the narrow part may be restricted to a rect-
angular box with dimensions K~ x 1 x 1 or 1 x K~/2 x 1. In order to
apply induction on scales to the narrow part, one needs first to reduce it to
the adapted scale by using decoupling. Unfortunately, the loss of decoupling
keeps the optimal range out of reach. Instead, Guo-Oh chose to consider a
more general restriction estimate in which the Fourier support of f lies in
a rectangular box with dimensions L= x 1 x 1 (see (Z.I1)), and the argu-
ment for the other case is similar) for every K < L < RY2. This seemingly
harder estimate is actually more manageable due to an inductive structure.
On the one hand, they employed several techniques to validate the base
case L = RY2. On the other hand, they further combined the broad-narrow
analysis with backward induction on L to finally prove the sharp estimate.
It is worth mentioning that a key ingredient in the above argument is certain
bilinear restriction estimates with favourable dependence on transversality
parameters.

We find that Guo-Oh’s approach can be rewritten through an itera-
tion of the broad-narrow analysis, which allows us to reduce the original
term Dp(1,1,1; R) (see Definition 1)) to several terms: one bilinear term
BDy(p1, p2,1; R), two linear terms D,(L,1,1; R) and D,(1,M,1;R), and
two additional terms D, (L, LY2,1; R) and D,(M?, M, 1; R). For the addi-
tional terms, their scales are adapted to the surface, for which Guo-Oh was
able to apply rescaling and backward induction on the parameters L and M.
One important observation made by us is that these additional terms can be
further reduced to the preceding linear terms through finitely many steps of
the broad-narrow iteration. Apart from simplifying Guo-Oh’s proof, there
are two advantages of this alternative argument: The first is that it relies
little on the specific expression of Q as we do not resort to rescaling and in-
duction on scales, and so can be generalized to study some abstract quadratic
surfaces; the second is that it eventually turns the narrow part into two terms
Dp(R1/2, 1,1; R) and Dp(1, RY2 1; R), which can be regarded as “genuine”
lower dimensional cases compared with D,(K,1,1; R) and D,(1, K'/2,1; R)
in the classical broad-narrow analysis. These “less”-narrow terms can be es-
timated via more techniques, which offers many conveniences. Furthermore,
we will extend Guo-Oh’s bilinear restriction estimates with favourable de-
pendence on transversality parameters to more general situations, by which
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we further develop our method into a complete version. As applications, we
will prove sharp restriction estimates for some kinds of degenerate quadratic
surfaces (Theorem [LT).

Before ending this section, we point out that our method can be used to
study more degenerate quadratic surfaces than those listed in Theorem [L.T],
although we choose to only include several typical examples in this theorem.
However, our method may not be well-suited for all degenerate quadratic
surfaces. We will discuss these issues in detail in Section [5l

Outline of the paper. In Section 2] we first sketch Guo-Oh’s proof on
the restriction estimate for the surface (£1, &2, €3, €2, €2 +£1&3), and then sim-
plify their proof by iterating the broad-narrow analysis without rescaling and
induction on scales. As an application, we give an alternative proof of Guo-
Oh’s result for the non-degenerate case in [17]. In Section B by establishing
a general bilinear restriction estimate independent of the transversality pa-
rameter, we further develop our method into a complete version which can
be used to deal with more degenerate cases. We will compare it with the
classical broad-narrow analysis at the end of this section. In Section [l we
prove Theorem [Tl In Section [ we offer additional remarks on our method
and Theorem [[.T] through several examples.

Notation. We will use #X to denote the cardinality of a finite set X, and
use | X| to denote the Lebesgue measure of a measurable set X. We will use
B to represent a ball with radius R in R™, and we abbreviate B} to Bgr
if m is clear from the context. We will write A <, B to mean that there
exists a constant C' depending on € such that A < C'B. Moreover, A ~ B
means A < Band A 2 B, and A g B means A < logR - B, where R is
some parameter. Let e(b) := €™ for each b € R. We will use supp f to
denote the support of a function f, and use yg to denote the characteristic
function of a set E.

2. REVIEW AND SIMPLIFICATION OF GUO-OH’S PROOF

For Q = (£2,£2 + £&3), Guo-Oh proved that (LI holds for ¢ > 4 and
p > q/(q — 3). By interpolation with the trivial L' — L bound, it suffices
to show

HEQJCHLP(R% < Cpll fll e w3y (2.1)

for every p > 4. By testing (2.1]) on X[0,R-1]x[0,R-1/2]x[0,1]> W€ can easily see
that this range is sharp up to endpoint, see [17), Section 3]. Also, the surface
Sq remains unchanged if we scale this example to X[ 3. This inspires
Guo-Oh to consider frequency decomposition adapted to such a scale.

Definition 2.1. Let R, pu1,...,pq > 1. Let Q(§) = (Q1(§), ..., @n(§)) be an
n-tuple of real quadratic forms in d variables.
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Define Dy (11, ..., ta; R) to be the smallest constant such that
HEQJCHLp(B;l;") < Dp(Mh ey Hd; R)HfHLP(Rd)a (2-2)

where f satisfies supp f C [a1, a1+ py ] X+ X [ag, ag+py '] € [0,1]4. When
1 =+ = pqg =1, we abbreviate D,(R) = D,(1,...,1; R).
Define BD,(j11, ..., pta; R) to be the smallest constant such that

1 1 1
([ERTPRTAE < BDy (11, o 1 R oy L 2| oy (23)

L»(BE™)

where fi satisfies supp fi C [ay, a1 + py'] X -+ X [ag, aq + ,ugl] c [0,1)¢
and fy satisfies supp fo C [b1,by + pyt] X -+ X [bg, bg + ,u;l] c [0,1]% with
la; — bj| > 10/@-_1 if pj >1 (1 <j<d). If ;g =1, we say f; and f, are
both supported on [0, 1] with respect to the first coordinate; definitions in
other cases (uj =1 for j = 2,...,d) are similar.

Note that
Dy(pa1, ooy pra; R) < Dp(pth, .., pug; R) (2.4)
whenever p1; > ,u;- for any 1 < j < d. And our aim is to prove

D,(R) < Cp, (2.5)

for every p > 4.
Guo-Oh showed several estimates, which laid the foundation for induction

on scales:
2 1
Dy(R*,1L,R) SR 2, p>4 (2.6)
D,(1L,R:, LR)S R 73, p>4 (2.7)
BDp(p1, p2, LR) S1,  p>4,  Vopi,pe>1 (2.8)

Let K be a large dyadic integer satisfying K ~ log R. Divide [0,1]? into
rectangular boxes 7 of the form [a1,a; + K 1] x [ag, az + K] x [0,1], and
write f =Y _ fr, where fr = fx,. For each € Bp, we define its significant
set as

S(a) = {r £ 1B @)| > s IEU @)}

We say z is broad if there exist 71,72 € S(x) such that for any & =
(§1,82,83) € 71, = (11,12, m3) € T2

1
61 —m| > 10K, |& —m| > 10K 2, (2.9)
Otherwise, we say x is narrow. Via the classical broad-narrow argument,
we get
BRU@)| SK: sw B @EUL@)i+| Y BU)

71,72 satisfy (M) reS(x)
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where each 7 € S(z) lies in one rectangular box with dimensions ~ K !

1x1orlxK~12x1. We integrate over Br on both sides to obtain

1B @) SK2 Y [ IB (@) B (0

T1,T2 satisfy

+| > )|

TES(x)

X

LP(BR)

LP(Br)
By Definition 2.1 this in fact implies that
D,(R) < K2BD,(K,K2,1;R) + Dp(K,1,1;R) + D,(1,K2,1; R). (2.10)

For the broad part, i.e., the first bilinear term in (210]), (28] gives one good
bound for p > 4. So it suffices to consider the narrow part, i.e., the last
two linear terms in (Z.I0). We take D, (K, 1,1; R) as an example. Suppose
we plan to use rescaling and induction. To ensure that the surface remains
unchanged after rescaling, we have to use decoupling to reduce D, (K, 1,1; R)
to D, (K, K 12 1. R) in the first place. Unfortunately, the loss of decoupling
makes our argument fail when p is close to 4.
However, Guo-Oh considered the following new proposition instead:

D,(L,1,1;R) < C, L™, (2.11)

for every K < L < R'/2. Note that (Z.8) is just the base case when L = R'/2.
Guo-Oh applied a further backward induction on L to deal with (Z.I1)). More
precisely, they used the broad-narrow argument again to get

Dy(L,1,1;R) < K2BD,(KL,K2,1; R)+D,(KL,1,1; R)+D,(L, K2,1; R).

(2.12)
For the bilinear term in (2ZI2]), they can still apply (Z8]). For the term
D,(KL,1,1; R) in (212)), they can use induction on L. For the term D, (L, K%, 1; R)
in (212)), they made use of the anisotropic rescaling

&1 &

?7 52 — W7

& — &3 — &s, (2.13)

and then got
1 6_3 L
Dy(L,K%,1;R) < Ko 2Dp<?, 1, 1;R>.

Now if L/K > K, then they can use the induction hypothesis of (2Z.I1). If
L/K < K, then by using (Z4]) and cutting B into smaller balls Bg/,, they
had

L
D,,(?, 1, 1;R) < D,(1,1,1;R) < Dp(1, 1,1; %)

Finally, through an induction on R of (2.3]), they proved (2II]) for p > 4,
which of course implied (2.3]) for p > 4.
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Before simplifying their proof, we first rewrite it in another manner, while
lacking of rigour. We start from (2.I0)). For the narrow part, we use the
broad-narrow analysis again to get

D,(K,1,1;R) < K2BD,(K? K2 ,1;R)+D,(K? 1,1;R)+ D,(K, K2 ,1; R),
and

1 9 1
D,(1,K2,1;R) < K2BD,(K,K,1;R) + Dp(K,K2,1; R) + D,(1, K, 1; R).
Thus (ZI0) becomes

Dy(R) SK* sup BDy(u1, 2, 1; R) + Dy(K% 1, 1; R)
p1,p2>1

+D,(1,K,1;R) + D,(K,K? 1 R). (2.14)

For the first bilinear term in ([2.14]), (2.8) offers a good bound. For the second
and third terms in (2I4), in view of (Z6]) and (7)), we can use induction
on the first and second parameters respectively. For the last term in (2.14]),
we can use rescaling as in (2.13) and induction on R.

Our idea is to reduce the original term D,(R) to only three terms (2.0])-
(Z8)). Note that only the last term D, (K, K 21 R) in (2.I4) relies on rescal-
ing. But if we apply the broad-narrow analysis to it rather than rescaling,
then we will obtain

D,(K,K%,1;R) < K3BD, (K2, K,1;R) + D,(K?,K%,1;R) + D,(K, K, 1; R)

9 2 . 2 . .
< K2BDp(K K, 1;R) +Dp(K ,1,1; R) +Dp(1,K,1,R),
(2.15)

where we used (24)) in the second line. Note that the last two terms in
(2I5) have occurred in (ZI4). In other words, the term Dp(K,K%, 1; R)
which seems to require both rescaling and induction can actually be reduced
to terms that only need induction. If we continue iterating such steps, only
three terms (2.6)-(2.8]) will remain. This alternative argument does not rely
heavily on the specific expression of Q, since we do not make use of any
rescaling. So we can just use uniform decomposition instead in the first
place, which can be easily adapted to general cases.

Firstly, by the e-removal argument in [I7, Section 4], we can reduce our
aim (23] to: For every e > 0, we have

DP(R) S CpREa b Z 45

holds for every R > 1. Divide [0, 1]® into cubes 7 of K ~!-scale, and write
f=>", fr, where f; = fx,. By astandard broad-narrow analysis as before,
we have

Dy(R) < K°BDy(K,K,1;R) + D,(K,1,1;R) + D,(1, K, 1; R).  (2.16)
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Now if we apply the broad-narrow analysis again to the last two terms in

[2.16]), then
Dy(K,1,1;R) S KBDy(K? K,1;R) + D,(K* 1,1; R) + Dy(K, K, 1; R),

D,(1,K,1;R) < KBD,(K,K? 1;R) + D,(1,K? 1; R) + D,(K, K, 1; R).
Note that there is a common term D, (K, K,1; R) above, and we further
apply the broad-narrow analysis to it as follows:

D,(K,K,1;R) < K°BD,(K* K* 1;R) + D,(K* K,1;R) + D,(K, K* 1; R)
< K’BD,(K* K*1;R) + D,(K% 1,1;R) + D,(1,K* 1; R),

where we used (2.4)) in the second line. Putting all these estimates together,
we can conclude that

Dy(R) S K sup BD,(p1,pa, 1; R) + Dy(K?,1,1; R) + Dy(1, K2, 1; R).
p1,p2>1
Now we can iterate this process to obtain
Dy(R) S K° sup BD,(uu1,p2,1;R) + Dy(R2,1,1;R) + D,(1, Rz, 1; R).

p1,p2>1
(2.17)

Note that all the three terms in (2.I7) can be covered by the estimates
([2:6)-(2.8]), so we have completed our proof.

As an application of the idea, in the remainder of this section, we reprove:
For every € > 0, we have

1B sy S B lissys 924, (2.18)

for every R > 1, where @ satisfies the (CM) condition (defined below). This
result has been obtained through the multilinear method and the k-linear
method in [17, 19, [15].

Definition 2.2 ([19]). Given a tuple Q(§) = (Q1(£), ..., Qn(§)) of real qua-
dratic forms with € € R, we define

NV(Q) :=#{1 <d' < d:8,Qun #0 for some1<n'<n}.
For 0<d <d and 0 <n' <n, we define

0 (Q) = inf inf NV((Qo M) - M), (2.19)
MeR4xd o cpnxn’
rank(M)=d' rank(M')=n'
where Q o M is the composition of Q and M. We say that Q and Q'
are equivalent and write Q = Q' if there exist two invertible real matrices
M, € R4 gnd My € R™ ™ such that

Q&) =Q(M;-€)-My,, VeEeR
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Definition 2.3 ([11] 12| 28]). Given a tuple Q(§) = (Q1(£),...,Qn(§)) of
quadratic forms with &€ € R, we say that Q satisfies the (CM) condition if

/ |det(y1Q1 + ... + ynQn)| "do(y) < oo, VO<y< %, (2.20)
Sn—1

where each Q;, j = 1,...,n, denotes the matriz associated with the quadratic
form Q;(£), and do is the surface measure on S" .

How to establish a relationship between these two conditions is an inter-
esting question. When d = 3 and n = 2, Guo-Oh essentially proved that if
Q satisfies 932(Q) = 3, then

Q satisfies the (CM) condition <= 231(Q) =2, 022(Q) =2. (2.21)

Readers can also see [10, Theorem 1.1] for reference. Now we start to show
[2I8) by our method illustrated before. Let Q = (Q1,Q2) be a quadratic
form satisfying the (CM) condition and 932(Q) = 3. Then (2.2I]) implies
that 031(Q) = 2. We pick M € R**3 and M’ € R?*! such that the equality
in (2I9) is achieved with d' = 3,n’ = 1. By linear transformations, we can
assume that M = I3x3 and M’ = (1,0)7. Then 03:(Q) = 2 implies that @,
depends on 2 variables. We use linear transformations again to diagonalize
@1, then

(Q1(6), Q2(8)) = (£ &3, b11&F +b22&3 +b33E3+2b1261 € +2b13E1 E3+2b2360E3).

It suffices to consider the case Q1(£) = &7 + €2, since the argument of the
other case is similar. Moreover, 032(Q) = 3 implies that b3, ba3 and b33
are not simultaneously zero. For the same reason, we assume b33 #= 0. By a
change of variables in £3, we obtain

(Q1(£),Q2(8)) = (& + &3, b11&7 + b5 + 2b12616 + &3). (2.22)

We now prove a bilinear restriction estimate with favourable dependence
on transversality parameters. Although the proof is similar to Guo-Oh'’s,
for completeness and later convenience, we still sketch the argument.

Lemma 2.4. Let Q be defined by [2.22]). Suppose that f;, i = 1,2, are
functions satisfying supp f; C [0,1] x [bi, b; + pg '] X [ei,¢i + pgt] < [0,1]3
with

’bl — bz‘ > 10#51, ‘Cl — CQ‘ > 10#51.
Then for every p > 4, we have

4_q 1 1
Sp (2ps) 7 full 2ol 21l 2o (2.23)

EQfEQS|2
H| RE=fl? LP(R5) ™

Proof. Note that for p = oo, by Hélder’s inequality, we have the trivial
estimate

H|EQf1EQf2|%

1 1 1 1
2 2 -1, -1 3 3
iy < MGl Es < 305 1l e N el
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Thus, by interpolation, we only need to show the case p = 4. Since

-
H|]57(‘2f1]57(‘2,)"2|5

= / EQfy () EQ fy(x) e, (2.24)

LA(R5

we can write
B @EALE) = [ [ 1©R(E)

e[o/(€+€) +2a(Q1(E) + QuE) + w5(Qa(6) + Qa(€))) ] dé
(2.25)

with 2’ = (z1, 22, x3), £ = (&1,&2,&3) and & = (£1,&5,&5). Apply the change
of variables
n=¢§+¢&;
na = Q1(§) + Q1(&);
n5 = Q2(§) + Q2(£);
ne = &1,

(2.26)

where n = (n1,12,m3). Direct computation shows that the Jacobian J of the
change of variables (2.26]) is 4|¢y — &5][&3 — &5]. Then (2.24]) becomes:

_/'//gl(n)”(n)e(””l)t]ldﬁ’dn62dx

LARS)

S//|91|2|92|2J2
S//|!)01|2|,)02|2J1

< mops fill 72 f2l72

< LAzl f201 24

N4
|1 B2 s

where g; and go are appropriate functions, and ' = (n,n4,75). Here in
the second line we first use Holder’s inequality in the variable ng and then
apply the Plancherel theorem in the variables 7/, in the third line we change
variables back, and in the last line we use Holder’s inequality to exploit the
support condition of f; and fy. This finishes our proof.
O
Inspired by Lemma 2.4, we consider the following type of broad-narrow
analysis. Let Dp(R) be the smallest constant such that (Z.I8]) holds, and let
K be a large dyadic integer satisfying K ~ log R. Divide [0,1]% into cubes
7 of K~ l-scale, and write f = >, fr, where f. = fx;. For each x € Bp,
we define its significant set as

S(e) = {7+ 1B 0] > = 1B @)}
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We say x is broad if there exist 71,72 € S(x) such that for any £ =
(&1,82,&3) € 71, = (m,m2,m3) € T2

|€o —mo| > 10K, |63 —n3] > 10K, (2.27)

Otherwise, we say x is narrow. Via the classical broad-narrow argument,
we get

IEU @l SE* > 1B @EU @)
71,72 satisfy m
> BQU)

TES(x)

LP(BR)

|

L»(Bg)’

where each 7 € S(z) lies in one rectangular box with dimensions ~ 1 x
K='x1or1lx1x K™! Thisimplies that

D,(R) S K°BD,(1,K,K;R) + D,(1,K,1; R) + D,(1,1,K; R).  (2.28)
Iterating this formula as in (2.17]), we obtain

Dy(R) S K° sup BD,(1, s, pu3; R) + Dy(1,R2,1;R) + D,(1,1, R2; R).
p2,p3>1
(2.29)

Note Lemma [2.4] gives a good bound on the bilinear term in ([2.29]). So it
suffices to consider the last two terms in (2.29]). Take D,(1, R, 1; R) as an
example. Since Q satisfies the (CM) condition, we have the following sharp
Stein-Tomas type inequality (see [12], 28]):

HEQfHLL;(BR) Sl ze-
On the other hand, we have the trivial L? estimate:
1EQ N2 (5 < RIIFIl 2.
By interpolation, we get
7 _3
IE® fllo(sr) S R 5| fll2,

for 2 < p < 14/3. Thus for any function f with supp f C [0,1] x [b,b +
R™1/2] x [0,1] € [0,1]3, we can apply Holder’s inequality to obtain

Q T3 1(l_1y 44
IE=fllrpgy S B> AR 22707 flle = Ry || f| e
This just tells us that
Dy(1,R2,1:R) S Rv ' S 1,

for 4 < p < 14/3. Therefore, we complete the proof of (2Z.I8]).
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3. A VARIANT OF THE BROAD-NARROW ANALYSIS

In this section, we aim to extend Guo-Oh’s method. But before that,
we shall first revisit the case Q = (£1,£5 + £1€3). In the previous section,
we have discussed the broad-narrow analysis based on the transversality
condition (2.9) in view of the example X[ p-1]x0,r-1/2]x[0,1]» Which yields
the necessary condition p > 4. However, by some simple computations,
we find that X[o gr-1]x[0,1]x[0,1) can also give optimal necessary condition of
the restriction estimate. A mnotable feature of X[g gp-1]x[0,1]x[0,1] 18 that if
we scale it to x[o1j3, then the surface Sq will change. This fact seems
to indicate that Guo-Oh’s frequency decomposition can not be well-suited.
Nevertheless, recall that our simplified proof does not rely on rescaling, so
it makes sense to ask: Can we further simplify Guo-Oh’s proof by using the
transversality condition induced by X[o,r-1]x[0,1]x[0,1]7 To be more precise,
if we use the broad-narrow analysis with a transversality condition in which
only the first coordinate is separated, then we will get

Dy(R) < K°BD,(K,1,1;R) + D,(K,1,1; R). (3.1)
Iterating this process as we did in (2.17)) yields

Dy(R) S K sup BD,(p1,1,1; R) + Dp(R2,1,1; R). (3.2)
pu1>1
This argument seems simpler than that in the previous section. Unfortu-
nately, it can not give optimal range p > 4. This is because the bound of the
bilinear term in (3.2)) depends on the transversality parameter if p is close
to 4. In fact, we can prove

BDP(M171717R)< 17 p24

~ M1 9

and

sup BDP(Ml’lal;R)Sla p=95.
pn1>1

On the other hand, we record (28] here for comparison:

sSup BDp(M17/’L271;R) S 17 D= 4.
H1,p2>1

Though both bilinear restriction estimates hold for p > 4 by the L* bi-
orthogonality method, the latter which is independent of the transversality
parameter may fail when p is close to 4. The main reason for such a dis-
tinction is that the forms of the Jacobian J of the change of variables are
different when we estimate the bilinear terms. In other words, the Jacobian
J characterizes bilinear restriction estimates. We will soon write out this
characterization explicitly as a theorem.
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Given a tuple Q(§) = (Q1(£),...,Qn(§)) of real quadratic forms with
¢ € R% and d > n, we define

vQ
J@mm@wy:e?, (3.3)

eid—n

where VQ = (0;Q;)nxa is a matrix of size n x d, and e; denotes the j-th
unit coordinate vectors in R

Theorem 3.1. Let Q be an n-tuple of real quadratic forms defined on R?
with d > n. Suppose that there exist several parameters i1,...,0q_n Such that

[T 15 s ian) | ~ [E2[ €2 [&]™ (3-4)
where t < d, w; € N\{0} for 1 <j <t, and 23:1 w; =mn. Then we have

sup BDp(lu'la . ,,U,t, 5 - 717R) S 1 (35)
U1 yeey bt >1

holds for p > max; w; + 3.
Proof. By Definition 2.1], we need to consider the bilinear restriction estimate

1 1
[IEn B ST

Lp Rd+n
where f1 and fy are supported on two separated rectangular boxes with
dimensions ,ul_l XX ,ut_l x1x---x1. When p = oo, by Holder’s inequality,
we trivially have

1 1 1 1 1 1 1
[[ERIEvRTAE < IAIZNfIE < i 2o 2 1A £l

Loo(Rd+n)

When p = 4, we write

E9f1(2) B fo(a) / / AU e[+ &) +2"(QUE) + Qe de

with 2’ = (21, ..., zq), 2" = (Ta41, -, Tasn), § = (&1,..,&q) and & = (53’ ""gél)'
Apply the change of variables
(0 =¢+¢h
" =Q(&) + Q&)

Nd+n+1 = Sd+iy (3.6)

L 24 = Sdrig_,,s

where 7' = (n1,...,mq) and 0’ = (Ngr1,---,Nd+n). Then we see that the
Jacobian J of the change of variables is just J(£ — &;41,...,14_p). Thus we
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can compute the L* norm as follows:

4
)::/WEQﬁEQhP

:/‘//gl(n)gz(n)e(x-ﬁ)J‘ldﬁdﬁzdw

S//’91’2’92\2J2
S//’f1\2’f2\2t71

St Al e,

where g and g9 are appropriate functions, and 7 = (91, ..., 04+n), T =
(Md+n+1ys,-M24)- Here in the third line we first use Holder’s inequality in

|1B@fE L

L4 (Rd+”

the variables 77 and then apply the Plancherel theorem in the variables 7, in
the fourth line we change variables back, and in the last line we apply the
assumption (B.4]). It follows that

wy

4

wi 1 1
St LAl 2 22

Through Hoélder’s inequality, we can conclude that for 4 < p < oo,

1
H|]57(‘2f1]57(‘2f2|5

L4 (Rd+n)

Q Q 1 w1+27% wt+27% 1 1
[1ECRBO R, S ™ AR
w143 wt+3_1 1 1
Skt et Al f2llE
As long as we take p > max; w; + 3, by noting that p; > 1 forall 1 < j <+,
we have ) )
Qr Qs |3 < 3 2
[lESRE R e S IR
as desired. O

Note that the range of p in Theorem B.1lis determined by J(&; 41, ..., ig—n),
which relies on the choices of i1, ..., 4. In particular, for Q = (£2,£3+£1€3),
we have

[T(&2)] ~ &l 1T(&3)] ~ [&llél]-
For the former, it gives the range p > 5 in ([B.5]); for the latter, it gives the
range p > 4 in ([B3]). Therefore, to obtain optimal bilinear estimates inde-
pendent of the transversality parameters, we need to locate suitable positions
i1, ..es ig—p such that the maximal power of the factors in J(&;i1,...,94—p) is
minimized. We will expand on this point in the next section.

Now we sketch the key steps of our approach. Given a tuple Q(§) =
(Q1(6), ..., Qn()) of quadratic forms with ¢ € R? and d > n, our aim is to
prove: For every € > 0, we have

Dy(R) < CpR:, VR>1,
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for a maximal range of p.

Firstly, we consider the bilinear estimate as in Theorem B.Il By choosing
appropriate positions i1, ..., 74—, such that the maximal power of the factors
in J(&;41,...,9g—n) is minimized, we can determine suitable transversality
condition. Without loss of generality, assume that we have transversality
when the first coordinate is separated. Then we can use the classical broad-
narrow analysis to get

Dy(R) < K¥BD,(K,1,...,1;R) + Dy(K,1,....1; R). (3.7)
By iterating this formula, we obtain

Dy(R) S K3 sup BD,(ju1,1,...,1; R) + Dp(R2,1, .., 1; R). (3.8)
pn1>1

Similar to (3.7) which is derived by the classical broad-narrow analysis,
([B:8) also contains two terms. However, the first term in (3.8]) includes more
information than the broad part in ([B.7), so we call it the more-broad part;
while the second term in (B.8]) includes less information than the narrow
part in ([B.7)), so we call it the less-narrow part.

In applications, (8.7) and (3.8]) each has its advantages and disadvantages.
On the one hand, the broad part in (8.7]) can be better controlled than the
more-broad part in (B.8)). On the other hand, for the narrow part in (3.7,
due to K < R, rescaling and induction on scales seem to be the only way
to utilize the lower dimensional information, while there are more freedom
for the less-narrow part in (3.8]) because we can apply many other tools to
deal with it, such as the locally constant property and decoupling theory.
Since adaptive decomposition is effective in the study of degenerate cases,
considering (3.8]) rather than (3.7)) can offer great convenience. Nonetheless,
we do not know beforehand which one is better for a specific situation. In
fact, in the next section, we will use both types of the broad-narrow analysis
to handle different cases in Theorem [L1l

The idea of iteration has already appeared in many papers, such as [9} [19,
24), 136 [37]. In these works, the main advantage of iteration, compared with
induction, is the potential for producing many different scales which can be
combined to facilitate more delicate geometric analysis. However, the style
and the effect of iteration in this paper are somewhat different, and now we
take two examples to illustrate such difference.

The first example is decoupling for the parabola due to Bourgain-Demeter
[6]. Via the classical broad-narrow analysis, they proved an estimate sim-
ilar to (37) (in what follows we abuse D,(R) and BD,(K;R) to denote
the optimal constants of decoupling and bilinear decoupling). By parabolic
rescaling, the narrow part in (B.7) can be reduced to D,(R/K?). Then they
view R/K? as a new scale and repeat the broad-narrow analysis. Finally,
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they got

Dy(R) S K3 sup BD,(K;R)+D,(1) < K3 sup BD,(K;R'). (3.9)

1<R'<R 1<R'<R

In contrast to [6], our setting is incompatible with rescaling, so we have
to repeat the broad-narrow analysis to D,(K,1,...,1; R) rather than just
D,(1,...,1; R/K?). This twist leads to two consequences: The first is that
the transversality parameter becomes larger and larger in the bilinear term,
which forces us into considering bilinear estimates independent of the transver-
sality parameter; the second is that our iteration keeps going until we reach
the scale R'/2, instead of the scale 1 in (F3).

The second example is Fourier restriction for the paraboloid in [36], 37],
in which the polynomial partitioning is iterated at many smaller scales to
derive estimates on Br. These multiple scales are then effectively related
through additional incidence geometry arguments, such as brooms and re-
fined hairbrushs. Though we also use iteration, our aim is different from that
in [36, 37]. We actually further divide the narrow part at K ~!-scale in (3.7)
into broad/narrow parts at smaller scales and continue in this way until we
successfully reduce the original broad part and narrow part in (3.7)) to the
more-broad part and less-narrow part in (3.8). Compared with the narrow
part, the less-narrow part seems to be “genuine” lower dimensional contri-
bution, since we can simply drop the term &7 in Q by the locally constant

property when we study Dp(R%, 1,...,1; R).
4. THE PROOF OF THEOREM [L]

In this section, we start to prove Theorem [l By the trivial L' — L
estimate and interpolation, it suffices to prove the local version of (IT]) when
p=gq,i.e.,

HEQJCHLp(B;l;") S ”f”LP(Rd)-
Let D,(R) be the smallest constant for this estimate to hold. By the stan-
dard e-removal argument, it suffices to show that for every e > 0, we have

D,(R) < C,R", (4.1)

for each R > 1. From now on, we abbreviate D, (ft1, ..., ftq; R) to Dp(p1, .., phd),
and BDp(p1, ..., pa; R) to BDy(pr, ..., p1q), as we will always fix one large
scale R. Let K be a large dyadic integer satisfying K ~ log R.

For our purposes, we introduce several classical decoupling results.

Lemma 4.1 (/¢ decoupling for the paraboloid, [6]). Let F' : R™ — C be
such that suppF C Np-1(P™1). Divide this neighborhood into slabs 6 with
m —1 long directions of length R~Y/? and one short direction of length R~.

Write F' =", Fy, where ﬁ@ = F\Xg. Then

1
1Pz emy Se Rﬁ@“(g 1Eo Iy ) (4.2)
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where [(p )z%—’@—? when?ﬁpg% andﬂ(p):T*l—% when
(m+1) <p< oo

Lemma 4.2 (Flat decoupling,[8,23]). Let R be a rectangular boz in R™, and

Ry, ..., Ry, be a partition of R into congruent bozes that are translates of each
other. Write F' = zj Fj, where Fj = Fxp;. Then for any 2 < p,q < oo,
we have

_l__
|Fllzoqemy S L' (ZHFHLP ) (4.3)

(1) Firstly, we compute
|| ~ &1 &2 - - [

Without loss of generality, we may assume that w; > 0 for every 1 < j < n,
since other cases can be proved via similar arguments. We use the broad-
narrow analysis and iteration to obtain

Dy(R) S K sup BDy(u1,....pin) + Y Dp(1,....,1,R2,1..,1). (44
PRSI D (o) +3 Dol R 1) (00
Y

For the first bilinear term in (£4)), we use Theorem Bl to conclude that
sup  BDp(p1, ..o pin) S 1, p > maxw; + 3.
Ml,...,ﬂn>1 J

For the remaining linear terms in (£.4]), we take the j-th term as an example.
Since every (); in Q is a monomial, the related surface Sq always stays
unchanged after any rescaling. By the rescaling

&
& — RI/2’
we obtain L
Dy(1,...1,R%,1....1) < R™% “2D,(R)
j—1

Covering Bg with balls of scale R/2, and using induction on R, one gets
1 ﬁ,l+€
Dy(1,..,1,Rz,1...1) S R % 2T (4.5)
——
j—1

Therefore, we close the induction on this term for p > w; 4+ 3. Combining
the estimates for all terms, we validate (@) for p > max;w; + 3. And
then the estimate ([.I)) for p = max; w; + 3 is a direct corollary of Holder’s
inequality.

Remark 4.3. We point out that the case (1) (also (3) and (4) as below)
can also be proved by the classical broad-narrow analysis, since the methods
we apply in the narrow case are rescaling and induction on scales. In fact,
if we use the classical broad-narrow analysis, we have a better range p > 4
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for the broad part. Nevertheless, our method seems to be more suitable for
such degenerate cases. We will explain this point in Section [A

(2) We first assume that the case (2a) holds, i.e., each P; is a quadratic
form that is independent of the variables &1,&;,....,6; 2 < A < wy + 1,
wy > wy + 0. Note that in this case

|T(E)] ~ €[ [ExT.

We use the broad-narrow analysis and iteration to obtain

Dy(R) SK* sup BD,(u1,1,...,1,ux,1,...,1) + Dy(R2,1,...,1)
N——

M1, pen>1
A—1
1
+D,(1,...1,R3,1,...,1). 4.6
o ) (4.6)
A—1

For the first bilinear term in (£.6]), we apply Theorem B.I] to conclude that

sup BDp(lul’la"wlnu)\,la--"l) rg L, p = w+ 3,
H1,pn>1 T
due to wy; > wy. For the second term in (L8], since A # 1 and each P; is

independent of the variable &1, we can use rescaling in the variable & as in
M), and get

wqi+3
Dy(R3,1,..,1) SR & 3+ (4.7)
For the last term in ([A.6), recall that Py, +1(§), ..., P,(€) depend on 6 many
variables except the variables £ and &,. We apply flat decoupling (Z3)
to these variables from 1-scale to R'/2-scale. Here by “R%scale”(a > 0)

we mean that the frequency support in these variables is within R~%-scale,

and we will adopt this convention from now on. After this, by the locally
constant property, the original form Q can be reduced to

Ql - (5%7 51527 ey §1§w17§A§w1+17 LS SAgn)a

which has been investigated in the case (1). We use rescaling and the result
of the case (1) to get

w)\+39+3 146 w)\+9+3 1
—% Tz tf_pTm 2te<

~ Y

0 2
Dy(1,..,1,R2,1,..,1) < R2U=9)F
——
A—1

(4.8)
for p > wy + 3 due to w; > wy + 0. And the estimate (LI) for p = w; + 3
is a direct corollary of Holder’s inequality.

Suppose that we are in the case (2b), i.e., each P; is a quadratic form
without mixed terms that is independent of the variables ;,...,&,; 2 < A <
wi + 1, wy > wy + 6. Compared with the case (2a), now each P; can
depend on the variable &. The existence of the variable & can make the
induction argument for Dp(R%, 1,...,1) fail. But we can easily remove the
terms depending on the variable &; in P; by some calculations. Since each
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Pj is a quadratic form without mixed terms, if P; depends on the variable
¢1, there must exist one monomial c£? in P; for some constant c. Adding a
multiple of €7 in Q1 to Q;, we can remove the term c£? in P;. This helps us
to reduce the case (2b) to the case (2a), and so we are done.

Suppose that we are in the case (2c), i.e., P; is a quadratic form without
mixed terms that is independent of the variables ¢;, ..., &, for some w; +1 <
j<nand Py =0forall j/# j; 2 <A <wi +1, wi > wy + 6/2. Without
loss of generality, we assume that j = n and

Q = (5%7 ---7§1§w17§)\§w1+17 "'75)\571—175)\5” + gg{ + + 53/)7

with 1 < «, ..., < n — 1. Through the same argument as in the case (2b),
we can further assume that 2 < a, ...,y < n — 1. We use the broad-narrow
analysis and iteration to obtain

Dy(R) SK* sup BD,(u1,1,...1,ux,1,...,1) + Dy(R2,1,...,1)
N——

M1, pen>1
A—1
+D,(1,....,1,R2,1,...,1). (4.9)
——
A—1

The first two terms of (£9]) can be shown via the same discussion as in
the case (2a). Now we focus on the last term of ([@J). In this case, we
can without loss of generality assume that £, does not appear in &,, ..., &,,
because otherwise we can safely remove £3 from &2 + ... + 53 by the locally
constant property. We apply flat decoupling ([3)) to the variables &, ..., &y
from 1-scale to RY/*-scale, and then use the change of variables

Notice that such rescaling keeps the surface Sq invariant. Covering Bgr with

foz_> §A_>

balls of scale R/2, and using induction on R, one concludes
1 wy+6/243 1
Dy(1,..,1,R2,1.,1) <R = 27°<1, (4.10)
~——
A—1
for p > w1 + 3 due to wy; > wy +60/2. And the estimate (41]) for p = wy +3
is a direct corollary of Holder’s inequality.

(3) Since each @; in Q is a monomial, the narrow part can be easily proved
via rescaling and induction on scales as in the case (1). The difference be-
tween the two cases (1) and (3) is that now we need to choose appropriate
i1, ...,1 such that the maximal power of the factors in J(;1, ..., i) is min-
imized. There will be two cases.

Suppose that g; reaches the maximum when j = 1 + k (this argument
also works when j =2+ k, ..., n+ k). Take iy = 1,...,ip = k, then

|J(&5 1, k)| ~ |£>\l+k||£>\2+k|"‘|£>\n+k| = & [ &2 2. |Gk | R
Using Theorem [B.1] we get ([3.5) holds for p > w4 + 3 = q1.
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Suppose that ¢; reaches the maximum when j = 1 (this argument also
works when j = 2, ..., k). If A1 = 1, then by taking i; = 2,is = 3,...,9, =
1+ k, we have

| J(&§52, o, TR~ [0kl [Engr |- 160, 1]
= €1 o2 | [T [ R

Using Theorem B.], we get (8.5]) holds for p > w; —1+3=w; +2=¢;. If
A4k # 1, then we can find a minimal » such that X\, ,; = 1 as we assume
wy > 1. Take iy = 2,,...,ix_1 = k,i =n + k, then

USRI )| Kol | SV (PR S WY | SRR S W o | S
= €l T o 2 [

Using Theorem Bl we get (3.3]) holds for p > w; —14+3=w; +2=¢;. In
fact, when we argue that p > w; — 1+ 3, we need w1 > wyqx + 2, not just
wy > w4 + 1. This minor gap can be easily filled: For the critical case
w1 = wy4k + 1, q1 actually also reaches the maximum when j = n + k, so
it can be safely covered by the first case. This finishes the proof of the case
(3).

The argument for the case (4) is essentially the same as that for the case
(3), so we omit the details.

(5) Though the conditions for (2a)-(2c) and (5a)-(5c) are similar, the case
(5) is more difficult due to the presence of 5,2L+1 + o+ fthk

Suppose that we are in the case (5a), i.e., each P; is a quadratic form that
is independent of the variables £1,&;, ..., n4k; 2 <A < w41, wy > wy + 0.
Take i1 =n,...,ig, =n+ k — 1, then

[T(&nyn+ 1, cn 4+ k= D)~ [ "> énrl.
We use the broad-narrow analysis and iteration to obtain

DP(R) éKs(n+k) sup BDp(:“’la 1?"'5 15/11)\5 1,"'5 1?:U’n+k‘)
Bt Ktk >1 T
+D,(R2,1,..,1) + Dy(1,...,1,R2,1,...1) + D,(1, ..., 1, R?)
2 sy PIEERE] L) 2, PICEXY) PICEXY) L) 2 .
D P P p
-1
(4.11)

The first two terms in (AI1]) can be proved via the same argument as in the
case (2a). For the last term in (£IT]), by the locally constant property, the
original QQ can be reduced to

QQ = (5%, ey £1£w155>\£w1+1 + Pw1+1(£)’ ) gkénfl + Pnfl(é),
Exén + Po(§) + f?wrl +o Tt 5721-1-19—1)-

Ifd—n =1 (k=1), then Qy is just in the case (2a), which has been proved.
Ifd—n > 2 (k> 2), then Q, is in fact the original Q with dimension
d — 1 and co-dimension n. Thus we can use induction on d — n to get the
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result of this case. Finally, we still need to consider the third term of (£IT]).
Without loss of generality, we can assume A # n, otherwise we can proceed
in a similar way as for the last term. Recall that P, +1(§), ..., Pn(§) depend
on 6 many variables except the variables £; and £). We apply flat decoupling
(E3) to these variables as well as the variable £, from 1-scale to R!/?-scale.
After this, by the locally constant property, the original Q is reduced to

Q3 = (5%7 "'a£1£w1a£>\£w1+1, ""5)\571,7175727/—}—1 + ...+ 57214—]4;)

Note that Qg has a tensor product structure. Write Q4 = (Qf, Q%) with

Q3 = (&7, &1&wrs Exbunt1s - Eaén1), QF = Enpy + o + G

Then we can express the associated extension operator as
EQ f = E%(EYy),

where g denotes the inverse Fourier transform of f in the variable &,. It
follows that

w>\+39+2_ﬂ ”
IEQ flliopgy S B 2 2 | EY gl
w>\+36+2_ﬂ
SR gl
w/\+36+27ﬁ
SR N |
enlllg e ¢ €
1:-Sn—1Sn+41Sn+k

< RS G .
Here in the first line we used rescaling and the restriction estimate of Qj
for p > wy + 3, which has been proved in the case (1), in the second line we
used the known restriction estimate for the paraboloid [9, Theorem 1], and
in the third line we used the Hausdorff-Young inequality in the variable &,.
Therefore, we get

0+1 +30+2 140
%(lfg)erA % ; é(pl Lyte

D,(1,..,1,R2,1,..1) <R

=R = 27°<1, (4.12)

for p > wy 4+ 3 due to wy > wy + 6. And the estimate (LI]) for p = wy + 3 is
a direct corollary of Holder’s inequality. This finishes the proof of the case
(5a).

The argument for the case (5b) is essentially the same as that for the case
(2b), so we omit the details.

Suppose that we are in the case (5¢), i.e., P; is a quadratic form without
mixed terms that is independent of the variables £j, ..., {1, for some wi+1 <
j<mnand Py =0 forall j/#j;2<X<w +1, w >wy+60/2. We divide
it into two subcases: j < n and j = n.
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We first consider the subcase 5 < n. Without loss of generality, let j =
n — 1, then

Q = (5%7 CEE) §1§w17§A§w1+17 CEE) é.)\é.n—l +§g{ + .. +§?/7 5)\671 +§r2z+1 + .. +§121+k)

We use the broad-narrow analysis and iteration to obtain

Dp(R) éKg(n+k> sSup BDp(,l,Ll,1,...,1,/1/)\,1,...,1,/,Ln+k)
Btk >1 T
1,..,1) + Dy(1,..,1,R%,1,...1) + Dy(1,..., 1, R?)
ey sy Ly dt2, 1L, ey Ly, f12).
9 L9 P p

A—1

=

+ Dy(R

(4.13)

The first two terms in (£I3]) can be controlled via the same argument as in
the case (2a), while the third term in (4.13]) can be controlled via the same
argument as in the case (2c). The last term in (£I3]) can be managed by
an induction on d — n which is the same as in the case (5a). So it remains
to consider the subcase 7 = n, i.e.,

Q= (&, &1 B, - -1, e + o+ +EF+E + o+ ).

We use the broad-narrow analysis and iteration to obtain

Dp(R) §K3(n+k) sup BDp(,LLl,l,...,1,,&)\71,...,1,/1/”+k)

HA ok >1
A—1

4 D.(R} 1 1
h(R2,1,...,1) + Dy(1,...,1,R2,1,...,1) + Dy(1,..., 1, R2).
A—1

(4.14)
The first two terms in (4.I4]) can be controlled via the same argument as in
the case (5a). The last term in (@I4]) can be controlled via an induction on
d —n as in the case (ba) with the constraint w; > wy + 6/2. For the third
term in ([4.14]), we can without loss of generality assume that &) does not
appear in &, ...,&y as in the case (2c). In this case, we use flat decoupling
@3) in the variables &4, ...,& and decoupling for the paraboloid (@2) in
the variables &,41,...,£, 1k from 1-scale to RY4_scale, and then apply the
change of variables

504 5«/ 5,\

504_>R1/47 ceey SV%W7 5)\_>W7
én 1 gn k
T

Notice that such rescaling keeps the surface Sq invariant. Covering Bgr with
balls of scale R/2, and using induction on R, one concludes

1 012y k_kt1 2wy +30+2k+4 94 k42
Dy(1,..,1,R2,1,..,1) S R T T it
~——
A—1
wx+0/2+1

— R m o ete<y, (4.15)
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for p > w1 + 3 due to wy; > wy +60/2. And the estimate (41]) for p = wy +3
is a direct corollary of Holder’s inequality.

Suppose that we are in the case (5d), i.e., P; = 0 for every w1 +1 < j < n;
1< A<w;+1, w >w)y. Then

Q = (5%’ "'?£1£w1?£)\£w1+15 "',£A£n7155>\£n + £T2L+1 + ...+ 57214-/(&)

We divide it into two subcases: A # 1 and A = 1.
We first assume that A # 1. Take i1 =n,...,ix =n+ k — 1, then

|J(£a n,n+1,..,n+ k— 1)| ~ |£1|w1 |£)\|w>\_1|£n+k|'
We use the broad-narrow analysis and iteration to obtain

DP(R) éKs(n+k) sup BDp(lu’la1?"'515//1)\51)"'51?Hn+k‘)
Bt Ktk >1 T
1 1
1,.01) + Dy(1, . 1, R3,1, ., 1) + Dy(1, ..., 1, R3).
——

A—1

NI

+ Dy(R

(4.16)

The first two terms in (£JI6]) can be controlled via the same argument as in
the case (2a). For the last term in ([@I6l), by the locally constant property,
the original Q can be reduced to

Q4 = (5%, "-aglgwl,g)\guqula ey E0&n—1,60&n + £Y2L+1 + ...+ £Z+k_1)-

Ifd—n=1(k=1), Q4 is just included in the case (1), which has been
proved. If d—n > 2 (k > 2), Q, is in fact the original Q with dimension d—1
and co-dimension n. Then we can use induction on d — n to get the result
of this case. Finally, we still need to deal with the third term in ([@.I6]). We
use flat decoupling (£3]) in the variable &, from 1-scale to RY2_scale, then

Dy(1,..,1,R,1,..,1) <R?U"2)D,(1,..,1,R?,1,...,1, R3).

By the locally constant property, Q, is further reduced to

QS - (5%7 ---7§1§w17§A§w1+17 ---75)\§n—17§121+1 + ...+ 57214—]4;)

Note that Q5 has a tensor product structure. Write Q5 = (Qj, Q%) with

ng - (5%7 ---7§1§w17§)\§w1+17 '--75)\571—1)7 Qg - §T2L+1 + ...+ 5121+k

Then we express the associated extension operator as

B f = EU%(EWy),
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where g denotes the inverse Fourier transform of f in the variable &,. It
follows that

1B fl| o) S I1EX gll1o
S llgllze

< |11

&n

P
L&l
1,01 1

< R 2979 f1.

Here in the first line we used the restriction estimate on Qf for p > w; + 3,
which has been proved in the case (1), in the second line we used the known
restriction estimate for the paraboloid [9, Theorem 1], and in the third line
we used the Hausdorff-Young inequality in the variable &,. Therefore, we
get
_1 ,,l)
=1, (4.17)
A—1

for p > wy 4+ 3. This closes the proof for the subcase \ # 1.

Now we assume that A = 1, then

Q = (], s &rbur E16n + gy + o &)
Our goal is to show that the estimate (LI holds for p > n + 2. Take
i1 ="n,...,0 =n—+k—1, then

€+ 1+ k= 1)~ il
We use the broad-narrow analysis and iteration to obtain

Dp(R) SK*™%)  sup  BDp(p1, 1, ..., 1, pink)
K18tk >1

+ Dy(R2,1,..,1) + Dy(1,..., 1, R2). (4.18)
The first bilinear term in (48] can be controlled via the same argument as
in the case (2a). For the last term of (£.18]), we can no longer use induction
on d —n as before, since the restriction estimate when d — n = 0 holds only
for p > n + 3. We first consider the case d — n = 1. Then the original Q is
reduced to Qg = (£, ...,&1&,). Let g denote the inverse Fourier transform
of f in the variable ;1. By the result of the case (1), we know that

IEXgl| pnts sy S BEllglpnss.

On the other hand,
IE9%g| 125, S R2 gl

By interpolation, we have

n+3 /1 1
IERS g o S R0 5 o8 gl s, 2<p<n+3.
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By the restriction estimate of Qg and the Hausdorff-Young inequality in the
variable &,11, we get

n2 +4n+1

1Ef|| o) S R G ) 30 pl e = R G r 20 T £ o,

which implies that

n2 +4n+1 3n+1

_3ntl
Dy(1,...,1,R3) <R GFbr 207 d=p 41, (4.19)

Note that the critical exponent p = 2(n? +4n +1)/(3n + 1) < n + 2 for all
n > 1. Having established the base case d — n = 1, for general cases, we
can now use induction on d — n as before. In fact, via the same argument
as when d — n = 1, we can obtain the following better results:

Dy(1,.,1,R}) <R 2%, d>n+2. (4.20)
Finally, we need to deal with the second term in (£I8]). We will divide it

into three subcases. Firstly, we assume that n = 2 and k¥ = 1. By using flat
decoupling (43)) in the variable & from RY2_scale to R-scale, we get
3 3(1-2)
D,(R2,1,1) S R?" »'Dy(R,1,1).

By the locally constant property, the original Q becomes Q; = (O,&%). By
the restriction estimate of the parabola and the Hausdorfl-Young inequality,

we have
HEQJCHLP(B%) ~ ‘|EQ7f||LP(B%)
1
~ Rv HEQ7f”LP(B;§)
1
S Re I
LEl LIE)Q’ES
l,(i,l)
SRy P fll ey
and so

1

Dy(R?,1,1) S R GTY — Rem <,
for p > n+ 2 = 4. Next, we assume that n = 3,4 and £k = 1. We use

decoupling for the parabola (£2]) in the variable £, from 1-scale to RY/2-
scale, followed by (4.19]), such that

Dy(R%,1,..,1) < RZZ %) D, (R3,1, ..., 1, R¥)
<R:G79)D,(1,...,1, RY)
>~ plLy-ees by

2
+4n+1 3n+1
JHE G Dy Taman TE

1
P

1,1
< p2(3

20247041 5n41 Te
— R 2(n+1)p 4(n+1)

with the critical exponent p = 4"252% < n+2forn > 3. For all

other n and k, we use decoupling for the paraboloid (£2]) in the variables
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Ently - Entr from 1-scale to RY4scale, followed by rescaling and induction
on R, to obtain

=

1 E__k+1 1 1
D,(R%,1,..,1) S R4 2 Dy(R2,1,..,1,R%,...,.R

k k+1 Lnthtd k42

< RSHEE D, m)

)

< Rz ate
with the critical exponent p = n + 2.

We have completed the proof of the estimates ([L2)-(L7). Finally, we
show that these estimates are all sharp up to the endpoints. This argument is
essentially the same as that in [I7, Section 3]. However, for later convenience
we still sketch it here. We take the case (1) as an example, and the argument
for other cases are similar. We first consider the characteristic function
X[0,R—t1]x...x[0,R—tn] With 0 < 1,..., ¢, < 1. By the locally constant property,

we have
‘EQ(X[O,R_H}x...x[O,R*tn])(x) ~ R veT, (4.21)
where
T .= { o] € =R, o [2n] < —— R,
100 100
| < ﬁRthHl J2an| < 100RtAn+tn}.

Divide [0,1]™ to 7, where each 7 = I x ... X I, is a rectangular box with
|I1| = R7%, .., |I,| = R7%. Let ¢ = (e;) be a sequence of independent
random variables where €, takes values =1 with equal probability. Define

f = Z €rXT
T

and then (LI)) becomes

< 1.

L ™

HEQ(Z €rXr)

Using Khintchine’s inequality and Holder’s inequality, we get

12 E[EC e, ~ [ (S 1E%P) 2 [T

It follows from (£.2]]) that
1> REj=1(tn;+3t) p—(Ci_ 1 t)a.

And so
o 2=ty 1tA +3 2wt

q= = + 3.
Z] 1 Z?:l t]
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To obtain optimal necessary condition, we take maximum over all ¢;, i.e.,

n
S Wit
N S wit;

ax + 3. 4.22

Here we restrict t1,...,t, to {0,1/2,1}, which is enough as Q is quadratic.
Without loss of generality, we assume that max; w; = wq. If we take ¢t; =1
and t; = 0 for j > 2, we immediately obtain ¢ > w; + 3. For the second
constraint of (L2), we can take f = Xx[or-1x[0,1]x...x[0,1] in (LI) and do
some elementary calculations.

5. FINAL REMARKS AND MORE EXAMPLES

In this final section, we give some additional remarks and examples re-
garding our method and Theorem [I.11

Firstly, combining our method and Theorem [Tl we can in fact obtain the
essentially sharp restriction estimates for all quadratic forms with d =n = 2.

Theorem 5.1. Let Q = (Q1,Q2) be an 2-tuple of real quadratic forms
defined on R?. Suppose that 022(Q) = 2, then

(1) If Q satisfies 021(Q) =1 and 912(Q) = 0, then Q = (£3,&1&2), and
the estimate (1)) holds for

1 4
q> 5, 1—)—|—§<1. (5.1)

(2) If Q satisfies 021(Q) = 1 and 012(Q) = 1, then Q = (£2,£2), and
the estimate (LI holds for

1 3
qg>4, —-+-<L (5.2)
p q
(3) If Q satisfies 021(Q) = 2, then Q = (&1&2, 62 — €3), and the estimate
(@I holds for
1 3
g>4, -+2<1. (5.3)
P 4q

Moreover, the estimates all above are sharp up to the endpoints.
Proof. Suppose that Q satisfies 921(Q) = 1. By Lemma 2.2 in [I8], we have

221(Q) =1+ Q= (&%) (5:4)
If 9;2(Q) = 0, by (1.14) in [19], this quality must take minimal restricting
on & = 0. We can assume that
Q=(&.aL©),

with a linear form L. Also note 922(Q) = 2, L(£) must depend on the
variable &. By a linear transformation, we get Q = (£3,£,62). If 912(Q) =
1, we write

Q = (&, a3 + b&1&),
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for some a and b. We know a # 0, otherwise it just is the case (1). If b =0,
we have proved the case (2). If not, we add a multiple of £2 to Qo such that
the second term can form a perfect square. Using a linear transformation,
we get Q = (€2,63).

Suppose that Q satisfies 021(Q) = 2. We pick M € R?*? and M’ €
R2*1 such that the equality in (ZI9) is achieved with d’ = 2,n’ = 1. By
linear transformations, we can assume that M = I5x9 and M’ = (1,0)T.
Then 921(Q) = 2 implies that @; depends on 2 variables. We use linear
transformations again to diagonalize (01, then

Q= (6 £&,%).
We first assume that Q1 = &7 + £2. Then we can reduce it to

Q= (§+8,\ab + ué3).

If A = 0, it can be further reduced to (£2,£3), which is just the case (2).
If p = 0, by adding a multiple of £1&5 to @1 such that @1 forms a perfect
square, which is contradiction with (5.4]). Therefore, we can assume that
A # 0 and p # 0. In this case, we can add a multiple of 1 to Q2 such that
Q2 forms a perfect square, which is contradiction with (5.4]) again. Next we
assume that Q1 = £2 — £3. By a linear transformation, we can write

Q = (&162, 082 +b€3).

We can assume a # 0 and b # 0, otherwise it can be further reduced to the
case (1). So

Q= (L&.6 +b83).
If b > 0, we add a multiple of £1& to Q)2 such that Q5 can form a perfect
square, which is a contradiction with (5.4]). Therefore b < 0, and Q =
(&162, €7 — &3).

Now we show (5.1))-(53]). For (51)) and (5.2]), we have proved them in the
case (1) in Theorem [Tl For (53), though (&1&a, &7 — £2) is not included in
Theorem [L.I] note

[T~ & +& > ¢,
we can still apply Theorem Bl and the argument of Sectiondl The sharpness

of these estimates can be shown by testing on certain functions as in the
final part of the previous section. O

Remark 5.1. As a historical remark, Christ [12] showed that when d =n =
2, the (CM) condition (Definition[2.3) is equivalent to cases (2) and (3) in
Theorem [5.1, and he was able to obtain endpoint results (q > 4, % + % =1)
via a different method.

We point out that (51)-(53]) can also be proved via the classical broad-
narrow analysis as in [I7, Proposition 8.2]. However, our method seems
more suitable. We take the case (1) in Theorem[[.Tlas an example. From the
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argument of the necessary condition, we see that the element determining
the optimal necessary condition is max;w;. This quality also dominates
the range of p in Theorem Bl On the other hand, [19] and [I5] both
studied the restriction estimates for general higher co-dimensional surfaces
via multilinear method and k-linear method, respectively. Their arguments
are much more complex than ours. Despite all these complications, their
approaches seem to be only more powerful for non-degenerate quadratic
surfaces. In fact, for all cases in Theorem [5.], the results derived by their
methods are not sharp.

We say a few words on the last case in Theorem 5.1} Q = (162,62 —€2) is
a very special example with the following property: J(§) = 0 implies £ = 0.
If we use the broad-narrow analysis to study it, the narrow part will just
be 0-dimensional. By rescaling and induction straightforwardly, we easily
obtain sharp restriction estimate on it. Will such phenomenon occur in
higher dimensions? More precisely, given a tuple Q(§) = (Q1(€), ..., @n(§))
of quadratic forms with ¢ € R?, does there exist Q such that 041(Q) =d?

A deep algebraic result [I, Theorem 1] tells us that the maximal dimension
of subspace of real invertible d x d matrices is given by the Hurwitz-Radon
number p(d), which is defined as follows: if d = 24*¢ (0 < b < 3, ¢ odd),
then p(d) = 8a + 2°. Therefore, if p(d) < n, then it’s impossible to have
04,1(Q) = d. In particular, when d is odd, we must have p(d) = 1, so the
only possible case is when n = 1, i.e., Q is a hypersurface with non-zero
Gaussian curvature. Also, we can see that p(d) < d, so it’s impossible to
have 041(Q) = d when d < n.

In fact, a more detailed computation based on p(d) shows that for any
fixed ratio A of co-dimension n and dimension d, there are at most finitely
many pairs of (d, n) such that there exist some Q satisfying 941(Q) = d. (We
have seen that when A > 1 there is no such pair.) For example, when A =
1(i.e., d = n), the only possible cases are (d,n) = (1,1),(2,2), (4,4), (8,8).
Here (d,n) = (1,1) is achieved by the real parabola Q = (¢2) in R2, while
(d,n) = (2,2) is achieved by the complex curve Q = (£1&2,£2—£€32) in C? as in
case (3) of Theorem 5.1l However, we do not know if Q can be constructed
when (d,n) = (4,4) or (8,8). Similarly, when A = 1(i.e., d = 2n), the only
possible cases are (d,n) = (2,1),(4,2),(8,4), (16,8). Here (d,n) = (2,1) is
achieved by the paraboloid/hyperboloid Q = (£2 4 £2) in R3, while (d,n) =
(4,2) is achieved by the complex paraboloid Q = (&2 —£3+£3—£3, £162+E€384)
in C3. However, we do not know if Q can be constructed when (d,n) = (8, 4)
or (16,8).

Anyway, these facts in some sense indicate that 941(Q) = d may not be
the right way to describe “well-curvedness” (i.e., maximal nondegeneracy)
in Fourier restriction theory. On the one hand, it will exclude a bunch of
quadratic surfaces which are generally believed to be “well-curved”, such as

Q = (&&))1<i<j<a with n = @ resolved in [30] (its well-curvedness can
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be tested using [16, Theorem 6]). On the other hand, the set of Q satisfying
04,1(Q) = d can be very sparse, i.e., for “almost all” (d,n), 941(Q) = d will
never be satisfied.

In general, finding the right notion of well-curvedness is a subtle problem,
especially in higher co-dimensional cases. One major breakthrough towards
this direction is [16], which proposed a range of computable criteria for well-
curvedness and identified the deep connections to geometric invariant theory.
Interestingly, when n = 2, the criteria in [16] are shown to be equivalent to
Definition 23] see [13, Theorem 2].

Though we mainly focus on Theorem [T in this paper, our method can
actually be used to study more quadratic surfaces than those in Theorem
LI For example, in the case (1) of Theorem [LT] the constraint \; < j for
each 1 < j < n is convenient for us to directly apply Theorem B.I We can
also consider other conditions: suppose that

Q = (08180082, - 60 6n)-
We assume that one of the following conditions holds:
o A\ =2, )\ <jforeach 2 <j<m;
e N =3,2<)\;<jforeach2<j<n-—1;
o\ =3, A3=3,\; <jforeach j#1,3.
Then the estimate (I.I]) holds for
1 Jw; + 2
J b q

Similarly, we can also consider other polynomial cases on (2) and (5) in
Theorem [l
From the above arguments, it’s plausible that our method is more pow-

<1 (5.5)

erful in the study for degenerate higher co-dimensional surfaces. However,
our method cannot cover all possible cases, even when the quadratic surface
is monomial. For example, when

Q = (£1£2, 8283, 6384, &461),

we can compute that J(§) = 0, and then the condition in Theorem B] is
not met at all. What’s more, even if Theorem [3.I] works, it may well be the
case that the restriction estimate we obtain is not sharp. For the case

Q= (&,...606n—1, 6160 + E41),

we have proved sharp restriction estimate in the case (5d) of Theorem [L.1]
However, for the case (2) of Theorem [T we always require A > 2. If A =1,
a typical example is

Q= (&, ... 616n1,61& +63).

Through the same argument as in the final part of the previous section,
we expect that (LI) may hold for p > n + 2 if p = ¢. But the result in
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Theorem B only covers p > n + 3. Therefore, our method can not yield

sharp bound in this case. If we consider the classical broad-narrow analysis,

then the constraint from the broad part is p > 4, while the narrow part

requires p > n + 7/2 due to the loss of decoupling.
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