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Abstract

Topological phononic crystals (PCs) offer a novel approach to control the be-
havior of acoustic or elastic waves. In this paper, we design the gradient PC
structures with coupled interfaces to realize topological rainbow trapping
and broadband acoustic energy harvesting. Based on the geometric sym-
metry of PC unit cells, we construct the coupled topological interfaces by
amalgamating two PCs with distinct topological phases. Also, the gradient
modulation of structural parameters along the coupled interfaces is employed
for the generation of rainbow trapping. Subsequently, a polyvinylidene fluo-
ride (PVDF) film is mounted along the coupled interfaces of the gradient PC
structures, facilitating the conversion of acoustic energy into electrical en-
ergy. The numerical and experimental results show that the acoustic waves
at different frequencies stop and are amplified at different positions of the
coupled interfaces. Compared with the harvester in a bare structure, the
topological PC energy harvester significantly enhances the output power at
different excited frequencies. In the experiments, the maximum amplification
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ratio of the output power reaches 91. Besides, it is demonstrated that the
topological rainbow trapping of acoustic waves exhibits robustness against
random structural disorders. Notably, the coupled interfaces have broadband
and multi-mode features, which are promising for other applications such as
selective filtering and sensing enhancement.

Keywords: phononic crystal, topological state, acoustic wave, piezoelectric
energy harvesting, rainbow trapping

1. Introduction

Acoustic energy harvesting is emerging as a popular approach for pow-
ering small electronic devices. Various transduction mechanisms, such as
piezoelectric [1–5], electromagnetic [6–8] and triboelectric [9–12] approaches,
have been used to convert acoustic energy into electrical energy. Though
sounds are pervasive in daily life their energy is typically characterized by
low power density, which limits the efficiency of acoustic energy harvesting.
To address the aforementioned issue, sounds need to be concentrated and lo-
calized at specified positions. Previous studies have reported several acoustic
energy harvesters employing Helmholtz resonators [13] and 1/4-wavelength
resonators [14, 15]. Liu et al. [16] achieved the acoustic energy harvesting by
coupling a piezoelectric patch into the Helmholtz resonator. Yuan et al. [17]
proposed an acoustic triboelectric nanogenerator based on a 1/4-wavelength
resonator system. The proposed system was capable of generating a power
output of 4.33 mW under the 100 dB sound pressure level excitation.

Recently, with the studies of phononic crystals (PCs) in diverse disci-
plines, interest and attempts have also been devoted to their possibility for
wave energy harvesting. PCs are artificially designed materials with peculiar
wave properties, including negative refraction [18], negative modulus [19]
and band gap [20]. Owing to their unique abilities to control acoustic or
elastic waves, PCs have been extensively studied by the scientific commu-
nity for sound transmission [21], cloaking [22] and energy harvesting [23–26].
When a point defect is introduced into a perfect PC, the point defect state
of the PC induces an acoustic localization effect. That is, the acoustic waves
are concentrated in and around the point defect, and hence, the pressure
amplitude is remarkably improved. The acoustic localization effect in PC
structures can be harnessed for energy harvesting applications [27–29]. Ma
et al. [30] combined the PC and the Helmholtz resonator to improve the
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sound energy density via wave localization and amplification. In addition,
PC lenses [31, 32] are a distinct type of gradient PC structures for the control
of wave propagation, in which the effective refractive index of each unit cell
is spatially distributed according to specific profiles. Owing to their wave fo-
cusing ability, various PC lenses have been constructed for the piezoelectric
energy harvesting of elastic [33, 34] or acoustic waves [35]. Kim et al. [36]
integrated the Helmholtz resonance mechanism with a PC lens to achieve
high power output for sounds lower than 1 kHz. Lee et al. [37] proposed a
gradient PC energy harvester comprising unconventional unit cells derived
from machine learning.

The discovery of topological insulators has opened up unprecedented ways
for the control of electromagnetic [38], acoustic [39–41] and elastic [42–44]
waves. Topologically protected states can be achieved by assembling the
materials with different topological phases according to the bulk-edge cor-
respondence. In contrast to conventional wave states, topological interface
states (TISs) exhibit excellent robustness against structural defects or imper-
fections. For instance, despite defects or sharp bands, the TISs can propagate
smoothly along the interface under topological protection. In the last decade,
acoustic topological insulators have been employed for unidirectional trans-
mission [45, 46], logic operation[47, 48] and acoustic tweezers [49–51]. Be-
sides, the rainbow trapping phenomenon of TISs was reported, in which the
TISs at different frequencies are split and stop in different locations [52, 53].
Moreover, the unique wave properties of topological PCs make them a po-
tential candidate for acoustic energy harvesting. Fan et al. [54] proposed a
one-dimensional (1D) PC tube with TISs to harvest the energy of acoustic
waves. Zhao et al. [55] theoretically and experimentally demonstrated sub-
wavelength acoustic energy harvesting by using the TISs in 1D Helmholtz
resonator arrays. Tang et al. [56] numerically and experimentally investi-
gated the topological rainbow trapping and energy amplification of acoustic
waves in a gradient PC structure. Li et al. [57] designed a novel acoustic
energy harvesting device based on the TIS of a multi-resonant PC, where the
device robustness was improved by the TIS and the operating frequency was
lowered by the use of multi-resonant cavities.

However, the piezoelectric energy harvesting of acoustic waves with broad-
band features and excellent robustness is rarely reported. Notably, in the
regime of electromagnetic waves, Elshahat et al. [58] observed the rainbow
trapping of TISs in the coupled topological interfaces of gradient photonic
crystal structures. Interestingly, it was found that the coupling of TISs has
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Figure 1: (a) Schematic diagram of the 2D square-latticed PC, in which the polymeric
scatterers (green areas) are placed periodically in the air background (light cyan area).
(b) Four choices of the PC unit cells, where different inversion centers are marked by red
points. (c) Dispersion relations of the PC unit cells, where the band gap is highlighted by
gray color. (d) Pressure distributions of the first bulk band at the high symmetry points
(X and Y) and the corresponding Zak phases (θZak

x , θZak
y ).

broadband and multi-mode features. Here, inspired by the above-mentioned
study, we propose a gradient PC structure with coupled interfaces to realize
broadband topological rainbow trapping and piezoelectric energy harvest-
ing of acoustic waves. The paper is organized as follows. In Section 2, the
dispersion relations and topological properties of 2D PCs, as well as the
group velocities of TISs, are investigated. Section 3 presents the numerical
and experimental results of topological rainbow trapping and sound pressure
amplification in designed PC structures with coupled interfaces. Section 4
reports the experimental validation of acoustic energy harvesting. Finally,
the conclusions of this paper are provided in Section 5.

2. Band diagram analysis

We construct a 2D square-latticed PC by embedding polymeric scatterers
(green areas) in an air background (light cyan area), as sketched in Fig. 1(a).
The lattice constant a and the radius of circular scatterers r can describe the
geometric configuration of the 2D PC. Thanks to the significant contrast in
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acoustic impedance between polymer and air, the polymeric scatterers are
considered as acoustically rigid bodies. The mass density and the sound
speed of air are ρ = 1.21 kg/m3 and c = 343 m/s, respectively. Throughout
this paper, we utilize the finite element method with COMSOL Multiphysics
for numerical simulations. Noticeably, this 2D PC has four inversion centers,
which are marked as A, B, C and D, respectively [see Fig. 1(a)]. According
to the crystal periodicity, four types of PC unit cells can be obtained, as
illustrated in Fig. 1(b). The band diagram of the 2D PC is shown in Fig.
1(c), where the lattice constant is a = 45 mm and the scatterer radius is r
= 0.45a. It can be seen from Figs. 1(b) and 1(c) that despite four different
choices of unit cells, the band diagrams for the PC are identical.

In this work, the 2D PC is protected by the inversion symmetry, re-
stricting the Zak phase to two values: 0 or π. By studying the symmetry
properties of pressure field (p) distribution at the high symmetry points (X
and Y) in the Brillouin zone [see Fig. 1(d)], the corresponding (θZak

x , θZak
y )

of four unit cells can be obtained [59]. Considering the mirror-symmetry of
the pressure profile at point Γ, if the pressure profile at the high symmetry
points (i.e., X and Y) is symmetric/antisymmetric (S/A), the Zak phase θZak

j

of the first band is 0 (trivial phase)/π (non-trivial phase) in the correspond-
ing direction. As depicted in Fig. 1(d), the pressure fields (p) at X(Y) of
the four unit cells are A/A, S/A, A/S and S/S, respectively, and hence the
corresponding 2D Zak phases (θZak

x , θZak
y ) are (π, π), (0, π), (π, 0) and (0, 0),

respectively. In addition, the Zak phase of the first band of the 2D PC along
the j (j = x, y) direction is defined as θZak

j =
∫
dkxdky Tr[Aj(kx, ky)], where

Aj(kx, ky) = ⟨ψ |i∂kj|ψ⟩ is the Berry connection, ψ denotes the periodic
part of the Bloch pressure eigenfunction, and the integration is performed
over the first Brillouin zone [60–62]. The numerically calculated Berry con-
nections of different 2D PC unit cells are provided in the Supplementary
Material. When two PCs with different topological phases (i.e., Zak phases)
are placed adjacently, the combined PC structure will generate topologically
protected states at the interface (i.e., TISs). For an acoustic TIS, the acous-
tic waves propagate steadily along the interface of the PC structure without
backscattering.

Next, we combine two kinds of PC unit cells with distinct topological
phases (θZak

x = 0, θZak
y = π) to form a super-cell, as illustrated in Fig. 2(a).

One unit cell of PC2 is sandwiched between ten unit cells of PC3, forming
two coupled topological interfaces. The radius of scatterers along the cou-
pled interfaces (i.e., scatterers in PC2) is denoted as ri. Compared with the
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Figure 2: (a) Schematic diagram of the PC super-cell with two coupled interfaces, in
which one unit cell of PC2 is sandwiched between ten unit cells of PC3. (b) Band diagram
of the PC super-cell, where three different TISs (marked by green, yellow and red dots,
respectively) emerge inside the band gap. The black dots denote the bulk modes. (c)
Pressure distributions of the three TISs at the Brillouin zone boundary kx = π/a.

conventional topological interface, the coupled topological interfaces have the
superiority of multi-mode and broadband, which are beneficial to multi-mode
rainbow trapping and broadband energy harvesting. The TISs in the con-
ventional topological interfaces are discussed in the Supplementary Material.
Moreover, the coupled interface region provides sufficient space to host the
piezoelectric structures or materials for energy transduction. The band dia-
gram of the PC super-cell is shown in Fig. 2(b), where the black dots denote
the bulk states, and the red, yellow and green dots denote the TISs within
the band gap. The pressure distributions of the three TISs at kx = π/a
are plotted in Fig. 2(c). TISs 1, 2 and 3 exhibit S, S and A patterns with
respect to the mirror plane (marked by black dashed line). To facilitate
the experiment, TISs 1 and 2 are considered for the realization of rainbow
trapping.

It should be noted that in Figs. 3(a) and 3(b), the zero group velocity of
TISs 1 and 2 appears at the Brillouin zone boundary kx = π/a. The radius of
scatterers along the coupled interfaces ri are changed from 0.04a ∼ 0.182a,
and 0.1a ∼ 0.28a for TISs 1 and 2, respectively. With the increase of ri,
the dispersion curve of TIS 1 (TIS 2) shifts to the lower (higher) frequency
region. According to the definition of group velocity vg (vg = ∂ω/∂k with ω
and k being the angular frequency and wave number, respectively), it can be
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Figure 3: Dispersion curves of TISs 1 (a) and 2 (b) for different radii of scatterers along
the coupled interfaces. Group velocity curves of TISs 1 (c) and 2(d) for different radii of
scatterers along the coupled interfaces.
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Figure 4: Schematic diagrams of PC samples I (a) and II (b). Topological rainbow
trapping in PC samples I (c) and II (d) at different frequencies. (e) Schematic diagram of
the PC samples with structural disorders. Topological rainbow trapping in perturbed PC
samples I (f) and II (g) at different frequencies.

inferred that the group velocity of the TISs is affected by the geometry of the
scatterers along the interfaces. The group velocity vg of TISs 1 and 2 as a
function of ri is shown in in Figs. 3(c) and 3(d), respectively. As ri increases,
the cut-off frequencies (i.e., vg→ 0) of TISs 1 and 2 shift to lower and higher
frequencies, respectively. As a result, once the acoustic waves enter into the
PCs with zero group velocity, they cannot propagate any more and hence be
trapped.

3. Topological rainbow trapping

In this section, two configurations of gradient PC structures (with the size
of 20×11 unit cells) are constructed to observe topological rainbow trapping,
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where PC structures I and II correspond to TISs 1 and 2, respectively, as
schematically shown in Figs. 4(a) and 4(b). The radius of scatterers along
the coupled interfaces ri increases linearly along the +x direction. The ex-
pression of ri is described as ri = r0+(n−1)δr, where δr is the step variation
in ri and n (n = 1, 2, ..., 19) denotes the position along the interfaces. The
configuration of PC structure I (II) is given as follows: r0 = 0.04a and δr =
0.00789a (r0 = 0.1a and δr = 0.01a). It is known from Section 2 that if the
radius of scatterers along the coupled interfaces ri decreases monotonously,
the position of zero group velocity of TISs at different frequencies varies
correspondingly. As a result, the gradient PC structures with coupled inter-
faces generate an intriguing phenomenon, i.e., topological rainbow trapping.
In the numerical simulations, a point monopole source (marked by a star)
is used to generate acoustic waves and placed on the left side of the PCs.
In addition, the perfectly matched layers (PMLs) are utilized to reduce the
acoustic wave reflection at the outer boundaries. Furthermore, in order to
prove the robustness of topological rainbow trapping, the structural disorders
are introduced into the scatterers of PC structures I and II in the following
three ways [see Fig. 4(e)]. The rotation angle φ (highlighted by blue color)
and the shape (highlighted by green color) are perturbed, as well as and the
absence of some scatterers is introduced, where φ changes randomly from
−10◦ to 10◦.

The frequency responses of the two PC structures with different gradient
interfaces are calculated. First, for structure I, the acoustic pressure fields at
four selected frequencies of 3250, 3350, 3450 and 3550 Hz are shown in Fig.
4(c). As expected, the position where the acoustic energy is concentrated
along the coupled interfaces (marked by the red line) is dependent on the
frequency of incident waves. The acoustic waves are well-guided along the
coupled interfaces, and the waves at lower frequencies travel further than
those at higher frequencies. Interestingly, due to the effect of zero group
velocity, the acoustic waves at different frequencies are trapped in different
spatial locations. The topological rainbow trapping caused by the gradient
interfaces is observed. Then, for structure II, the pressure profiles with the
incident waves at 4400, 4500, 4600 and 4700 Hz are presented in Fig. 4(d).
Apparently, the topological rainbow trapping is also achieved in PC structure
II. In comparison, the results for the perturbed PC structures are plotted in
Figs. 4(f) and 4(g). The results for the topological rainbow trapping with and
without disorders match well, demonstrating its robustness against structural
disorders.
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Numerically calculated and experimentally measured pressure distributions in the perfect
PC samples and the bare structure: (c) sample I and (d) sample II.
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For the purpose of experimental validation, we fabricate the polymeric
PCs via the 3D-printing technique. The photos of the fabricated PC samples
are given in Fig. 5(a). The gradient PC samples consist of 20× 11 unit cells
and the radius of scatterers on the coupled interfaces ri varies linearly along
the +x axis, which are the same as the numerical simulations [see Figs. 4(a)
and 4(b)]. The experimental setup is shown in Fig. 5(b). To satisfy the 2D
approximation, the PC samples are placed in a planar waveguide with 35
mm height, which are sandwiched by the PMMA and PE plates at the top
and bottom, respectively. To accurately measure the acoustic field, we drill
19 holes in the upper PMMA plate of the planar waveguide to accommodate
the microphone (Brüel & Kjær, Type 4939-A-011). Thus, the microphone
can be inserted into these holes to facilitate the detection of acoustic pressure
along the PC interfaces. The signals over the considered frequency range are
generated by a generator module (Brüel & Kjær, Type 3160-A-042) and then
are amplified by a power amplifier (Krohn-Hite, Model 7500). The amplified
signals are played by a loudspeaker, which is placed on the left side of the
interfaces of the fabricated PC structures. Additionally, a bare structure
(planer waveguide without PCs) is also considered for comparison.

Figures 5(c) and 5(d) show the numerical and experimental results of
topological rainbow trapping for PC structures I and II as a function of
frequency, respectively. Herein, we will discuss the results of PC structure I in
detail. Obviously, the acoustic waves at lower frequencies (e.g., 3385 Hz) can
pass through the entire interface of the gradient PC structure. In contrast,
the acoustic waves at higher frequencies (e.g., 3700 Hz) can only travel a
short distance before being stopped owing to the rainbow trapping effect.
The measured and calculated results match well, although the location of the
high pressure region in the experiment changes slightly from the numerical
prediction. On the other hand, the rainbow trapping of PC structure II is also
verified experimentally, as shown in Fig. 5(d). Importantly, compared with
the sound pressure in the bare structure, the topological rainbow trapping
in the designed PC structures has a significant amplification [see Figs. 5(c)
and 5(d)].

Furthermore, to demonstrate the robustness of topological rainbow trap-
ping and acoustic energy amplification, several structural disorders are in-
troduced into PC structures I and II, as shown in Figs. 6(a) and 6(b). The
introduced disorders are consistent with the numerical simulations in Fig.
4(c). Figures 6(c) and 6(d) show the calculated and measured pressure dis-
tributions in the corresponding frequency ranges for the two disordered PC
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Figure 7: (a) Diagram of the experimental setup for piezoelectric energy harvesting. (b)
Schematic of the piezoelectric energy harvesting system. Measured voltage outputs in the
time (c) and frequency (d) domains, respectively. (e) Measured voltage outputs in the
time domain for different resistance loads.

structures. The numerically calculated and experimentally measured results
for topological rainbow trapping are in good agreement. There is a slight
deviation at the high pressure position due to experimental errors. Compar-
ing Figs. 5 and 6, we infer that the rainbow trapping of the TISs remains
despite the introduction of different types of structural disorders.

4. Experimental validation of acoustic energy harvesting

The experimental setup of the piezoelectric energy harvesting of acoustic
waves based on the topological rainbow trapping effect in gradient PCs is
plotted in Fig. 7(a). To convert the acoustic energy into the electricity, a
PVDF film is placed at the interfaces of the gradient PC structures [see the
inset of Fig. 7(a)]. The circuit of the piezoelectric energy harvesting system
is schematically illustrated in Fig. 7(b). The acoustic signals are produced
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using a signal generator (Tektronix AFG3102C) and then amplified through
a power amplifier (Krohn-Hite, Model 7500). The voltage output across
the resistance is measured with an oscilloscope (Tektronix, MDO3014). To
validate the performance of the PC energy harvester, a continuous sine-wave
signal is employed, with the frequencies corresponding to the topological
rainbow trapping.

The measured voltage by the piezoelectric film in topological PC struc-
ture I at 3675 Hz as a function of time is shown in Fig. 7(c). Moreover,
the electric output of the bare structure (without PCs) is measured as the
reference. The corresponding voltages in the frequency domain are also plot-
ted in Fig. 7(d). Clearly, the output voltage of the topological PC energy
harvester is much higher than that of the reference energy harvester. This is
ascribed to the enhancement of acoustic pressure based on topological rain-
bow trapping. It is noteworthy that the load resistance significantly impacts
upon both the voltage and power outputs of the PC piezoelectric energy
harvester. Figure 7(e) illustrates the voltage outputs measured from the PC
energy harvester under various external load resistances. It is apparent that
as the load resistance increases, the voltage amplitude increases as well.

To verify that the proposed PC structures based on the topological rain-
bow trapping can achieve broadband energy harvesting of acoustic waves,
the piezoelectric films are placed at different positions along the structural
interfaces, as shown in Fig. 7(a). Because the wave characteristics of the
topological rainbow trapping in the spatial and frequency domains, as well
as its robustness against to structural disorders have been discussed in Sec-
tion 3 (see Figs. 5 and 6), we will focus on the performance of piezoelectric
energy harvesting. Five frequencies (for PC structure I) from 3450 to 3650
Hz and six frequencies (for PC structure II) from 4450 to 4700 Hz are consid-
ered in the energy harvesting experiments. Accordingly, only five positions
for Structure I (six positions for Structure II) along the interfaces are em-
ployed to host the piezoelectric films. Notably, due to the restriction on the
position of piezoelectric films, the excited frequencies are generally not the
perfect ones for the energy harvester. The voltage outputs generated by the
PC and reference energy harvesters as a function of the load resistance are
plotted in Figs. 8(a) and 8(c). It can be seen that as the resistance increases
the measured voltage rises monotonically, but its rate of increase gradually
degrades and gets saturated at a high resistance. Importantly, compared to
the reference structure, the output voltage of the topological PC structures
is increased by a factor of 5 ∼ 7 times for structure I (i.e., TIS 1) and that
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Figure 8: Measured voltage (a, b) and power (c, d) outputs as a function of the resistance
load at selected frequencies in PC structures I and II, where the dots and circles denote
the outputs obtained from the PC and bare structures, respectively. The results of the
bare structure are visually enlarged in the insets of (b) and (d).
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of 7 ∼ 9 times for structure II (i.e., TIS 2), achieving the effect of acoustic
energy harvesting at all considered frequencies. The power generated by the
piezoelectric harvester can be calculated according to Ohm’s law P = U2/R,
where P , U and R denote the power, voltage and load resistance, respec-
tively. The power output rises with the increase of load resistance until it
reaches the maximum values and then starts to decline, as shown in Figs.
8(b) and 8(d). The maximum power generated by the gradient PC structures
is about 3.5 µW with an external load resistance of 14 kΩ at 4550 Hz [see
Fig. 8(d)]. Herein, the amplification ratio is defined as the ratio of the power
outputs obtained from the PC and reference bare structures. Remarkably,
energy harvesting can be achieved from 3300 to 3800 Hz (from 4350 to 4900
Hz) in topological PC structure I (II). The amplification ratios are 20 ∼ 50
and 40 ∼ 91 for the proposed PC harvesters I and II, respectively.

5. Conclusion

In this study, we propose the gradient PC structures with coupled inter-
faces for topological rainbow trapping and acoustic energy harvesting. The
proposed 2D PCs are constructed by polymeric scatterers in the air back-
ground, exhibiting a wide band gap with different Zak phases. Thanks to
the geometric symmetry, the Zak phase can be tuned by different choices of
PC unit cells. The TISs emerge at two coupled interfaces between two PCs
with different Zak phases. The results indicate that the acoustic waves of
different frequencies separate, stop and are amplified at different positions
in the coupled interfaces. In addition, the topological rainbow trapping is
robust to randomly structural disorders. To verify the energy harvesting
effect, the piezoelectric film is attached at the coupled interfaces of gradi-
ent PCs as the piezoelectric energy harvester. The proposed PC structure
exhibits the capacity of broadband energy harvesting. Compared with the
bare structure, the maximum output power of the topological PC energy
harvester is significantly amplified by 91 times. It is noted that the design of
coupled interfaces possess the characteristics of multi-mode and broad band-
width, providing wide application prospects for energy harvesting, sensing
and selective filtering.
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[60] J. K. Asbóth, L. Oroszlány, A. Pályi, A short course on topological
insulators, Lecture Notes in Physics 919 (2016) 166.

[61] F. Zangeneh-Nejad, R. Fleury, Topological Fano resonances, Physical
Review Letters 122 (2019) 014301.

[62] C. Lu, C. Wang, M. Xiao, Z. Zhang, C. T. Chan, Topological rainbow
concentrator based on synthetic dimension, Physical Review Letters 126
(2021) 113902.

23


	Introduction
	Band diagram analysis
	Topological rainbow trapping
	Experimental validation of acoustic energy harvesting
	Conclusion

