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BIHOM-Q-ASSOCIATIVE ALGEBRAS AND RELATED STRUCTURES

JIAQI LIU AND YUANYUAN ZHANG*

ABsTRACT. In this paper, we first propose the concepts of BiHom-Q-associative algebras, BiHom-
Q-dendriform algebras, BiHom-Q-pre-Lie algebras and BiHom-Q-Lie algebras. We then obtain
a new BiHom-Q-associative (resp. Lie) algebra by defining a new multiplication on a BiHom-Q-
associative (resp. Lie) algebra with the Rota-Baxter family of weight A. In addition, we generalize
the classical relationships of associative algebras, pre-Lie algebras, dendriform algebras and Lie
algebras to the BiHom-Q version.
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1. INTRODUCTION

BiHom-algebras. The origin of Hom-structures may be found in the physics literature around
1990, concerning g-deformations of algebras of vector fields, especially Witt and Virasoro alge-
bras, see for instance [0, 10, 12, 18, 22]. In the last few years, many articles have generalized
the classical algebraic structures to Hom-algebraic structure, see for instance [4, 5, &, 9, 11, 17].
A generalization has been given in [15], where the construction of a Hom-category including a
group action led to the concept of BiHom-type algebras. Yau posed the twisting principle, a main
tool for constructing (Bi)Hom-type algebras. Up to now, many concepts of BiHom-type algebras
have been proposed, such as BiHom-associative algebras [ | 5], BiHom-Lie algebras [ 15], BiIHom-
(tri)dendriform algebras [20], BiHom-pre-Lie algebras [ 9] and BiHom-PostLie algebras [3].
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Q-algebras. The notion of associative algebras relative to a commutative semigroup 2 first pro-
posed by Aguiar in [!]. The proposal of this concept has received widespread attention. Later,
Das and Zhang et.al referred to Q-relative associative algebras as ()-associative algebras in ar-
ticles [13, Definition 4.1] and [27], respectively. In this paper, we will continue to refer to Q-
relative algebras as Q-algebras. In fact, Q-type algebras are a generalization of the original type
algebras which correspond to the case in which the semigroup Q is a single point set. Prior to
this study, there was another generalization of algebraic structures, namely family algebra. Rota-
Baxter family algebras [14] were the first example of family algebraic structures. In recent, the
concepts of (tri)dendriform family algebras [25] and pre-Lie family algebras [26] were proposed
by Zhang, Gao and Manchon. Let us take the dendriform algebra as an example to illustrate the
relationship between Q-algebras and family algebras. In the definition of Q-algebraic structures,
if the operation <, s is independent of « and the operation >, g is independent of S in the Q-
dendriform algebra (D, <, g, >4, )0, peq, then D reduces to a dendriform family algebra. In the
definition of morphisms, the family algebra is a special case in the Q-algebra where the map f, is
independent of a.

BiHom-Q-algebras. Inspired by BiHom-associative algebras and Q-associative algebras, we pro-
pose the concept of BiHom-Q-associative algebras. It’s not only a promotion of BiHom-associative
algebra, but also a generlization of Q-associative algebra. On the one hand, when the semi-
group Q is a trivial semigroup with one single element, a BiHom-Q-associative algebra is pre-
cisely a BiHom-associative algebra. On the other hand, when the structure maps of a BiHom-
Q-associative algebra are all identity maps, the BiHom-Q-associative algebra reduces to an Q-
associative algebra. In this paper, we mainly introduce the second generalized method. In order
to better observe the relationships among different BiHom-Q-type algebras studied in this paper,
we give the following commutative diagram.

BiHom-Q-dendriform algebras fropa] BiHom-Q-pre-Lie algebras

Theorem3.19|| Prop3.15 BiHom-Q-PostLie algebras
Prop4.8
Prop4.7

BiHom-Q-Lie algebras.

Prop3.8
Prop2.18 || Prop2.17

Prop 3.16

BiHom-Q-associative algebras

The outline of this paper. In Section 2, we first propose the concepts of BiHom-Q-associative al-
gebras and BiHom-Q-dendriform algebras, then we study the relationship between them (Propo-
sition 2.17 and 2.18). Also we prove that a new BiHom-Q-associative algebra can be induced by a
Rota-Baxter family of weight A on the BiHom-Q-associative algebra (Theorem 2.9). In Section 3,
we mainly introduce BiHom-Q-pre-Lie algebras and BiHom-Q-Lie algebras and we also give the
links between them (Proposition 3.15 and Theorem 3.19). Moreover, similar to Theorem 2.9, we
obtain a new BiHom-Q-Lie algebra by defining a new multiplication on a BiHom-Q-Lie algebra
with the Rota-Baxter family of weight A (Theorem 3.17). In Section 4, we first introduce the con-
cept of BiIHom-Q-PostLie algebra, then by studying the relationship between BiHom-Q-PostLie
algebras and BiHom-Q-Lie algebras, we get Proposition 4.7 and Proposition 4.8, which are the
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generalizations of Theorem 3.17 and Theorem 3.19, respectively. Finally, we simply introduce
the concept of BiHom-Q-pre-Possion algebras.

Notation. Throughout this paper, we fix a commutative unitary ring k, which will be the base
ring of all algebras as well as linear maps. By an algebra we mean a unitary associative noncom-
mutative algebra, unless the contrary is specified. Denote by Q a semigroup, unless otherwise
specified. For the composition of two maps p and g, we will write either p o g or simply pgq.

2. BiHoM-Q-ASSOCIATIVE ALGEBRAS AND BIHOM-C2-DENDRIFORM ALGEBRAS

In this section, we mainly introduce the definitions of BiHom-Q-associative algebras and
BiHom-(Q-dendriform algebras, then we give some results of them.

2.1. BiHom-Q-associative algebras. In this subsection, we first introduce the BiHom version of
Q-associative algebras and its Yau twist property, then we prove that a new BiHom-Q-associative
algebra can be induced by a Rota-Baxter family of weight A on the BiHom-Q-associative algebra.
Now let’s recall the related concepts of Q-associative algebras.

Definition 2.1. [1] An Q-associative algebra (A, -, g).,geq 1S a vector space A equipped with a
family of operations (-, 3 : A X A — A), geq such that

(.X ‘o, y) ‘aBy X = X a,By (Y B,y Z)9 (1)
forall x,y,z€ A, a, B, vy € Q.

Definition 2.2. [1] Let (A, -4 g)a,peq and (A’, ; ﬂ)a, peq be two Q-associative algebras. A family of
linear maps (f,)qcq : A — A’ is called an Q-associative algebra morphism if

faﬁ(x ‘a,B y) = fa(x) .:y”B fﬁ(y)a (2)
forall x,y € A, a, B € Q.

Inspired by the concepts of BiHom-associative algebras [15] and Q-associative algebras [!],
now we introduce the BiHom-Q-associative algebras.

Definition 2.3. A BiHom-Q-associative algebra (A, e, 3, p,, ga)a, peq 18 a vector space A equipped
with two commuting families of linear maps p,,q, : A — A and a family of bilinear maps
(905 : A®A — A)y peq such that

Pap(X 04 3 Y) = Pa(X) 04 5 P(Y) 5 Gap(X @0 5Y) = go(X) @4 5 q(y), (multiplicativity) (3)

Po(X) @y gy (V@3 ,2) = (X0, 3Y) 9.5, q,(2), (BiHom-Q-associativity) “4)

for all x,y,z € A, a, B, v € Q. The maps p, and ¢, (in this order) are called the structure maps
of A.

Obviously, if the structure maps of BiHom-{Q2-associative algebra (A, e, 3, po, @o)a, peq are the
identity maps, then A reduces to an Q-associative algebra.

Definition 2.4. Let (A, e, g, P> §o)a,pec and (A, o;, L Di» Qoo pec be two BiHom-Q-associative
algebras. A family of linear maps (f,)ocq : A — A’ is called a BiHom-Q-associative algebra
morphism if (f,).cq is an Q-associative algebra morphism and

p:x ofa :faopa’ 61:, ofa :fanCm for all a € Q.

We give an example for BiHom-Q-associative algebras as follows.
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Example 2.5. Let maps ¢ : OxQ — k, £:Qxk — Kk, and X : kxQ — k satisfy the following
conditions

af A1y =(@A1)B A1), Lxap=gxa)(liXNp),
c(a, B)(1x Ny)e(aB, y) = cla, By)a L 1), v),
for all @, B, y € Q, and 1; is the unit of k. We define the operations on the 2-dimensional unital
space k{e;, e>}:
poler) = (@ KX 1pey, poler) := (@ K 1p)ey,
goler) := (kN e,  goler) := (1x N @ey,
€1 9,p3€] .= c(a, Bler, e 0,562 = c(a, Pe;,
er 8, pe = cla, Ples, ere,per:=c(a, Ber.

Then (k{e;, €1}, @4 g, Pas Ga)a, pea 15 @ BIHom-Q-associative algebra.

Now we show that BiHom-Q-associative algebras can be obtained from the classical Q-associative
algebras as follows.

Proposition 2.6. Let (A, -4 5)apeq be an Q-associative algebra. If p,,q, : A — A are two
commuting Q-associative algebra morphisms and we define the multiplication on A by

x.a,ﬁy = pa(x) ‘a,B QB()’)a forall X,}’EA, a’ﬁe Q
Then (A, ®, g, Pas Ga)a,pec is a BiHom-Q-associative algebra, called the Yau twist of (A, -4, g)a, peq-

Proof. First, we prove the multiplicativity property. For x,y,z € A, a, B, v € Q, we have

Pap(X 9a.pY) = Pap(PalX) “a.p 45(¥))
= Pa(®) ap Ppas¥)  (by Eq. (2))
= Po(®) apqsppy) (b Pgoqs =g o pp)
= Pa(X) 045 Pp(¥).
Similarly, we get g, p(x 0, 3 y) = go(X) 9, g qs(y). Next, we prove the BiHom-Q-associativity, we
have
Da(X) ®v.By (v sy 7) = pa(x) 0. By (p/g(y) B,y Cly(Z))
= pa(X) “apy 4y (PEY) .y 45(2))
= pa(X) apy @) 5.y 43()  (BY (qu)aca satisfying Eq. (2)
= (Po(X) ‘a5 4pPpY) “apy 43(2)  (by Eq. (1))
= Pap(Pa(X) ‘a5 40) “ap.y 43(2)
= Pap(X 90 Y) ‘apy 45(2)
=(x .8 y) 0B,y Q«/(Z)-

This completes the proof. O

The Yau twisting procedure for BiHom-Q-associative algebras admits a more general form,
which we state in the next result.
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Proposition 2.7. Let (A, ®, g, Pas Ga)a.pea be a BiHom-Q-associative algebra. If p,,.,q, : A — A
are two BiHom-Q-associative algebra morphisms and any two families of the maps py, qa, Py 4.,
commute with each other. Define the multiplication on A by

X .:z,ﬁ y = p:y(x) .a,,B Q,;g()’),
forall x,y € A, a, B € Q, then (A, ®, 3> Pa © Po>Ga © 4o)a,peq IS a BiHom-Q-associative algebra.

Proof. For x,y,z € A, a, B, y € Q, the multiplicativity is obvious. Now we only need to prove
the BiHom-Q-associativity.
Pa © Po(X) @, 5 (V85 2) = PhPaPo(X) ®apy G5, (Y ®5, 2)
= PP (X) %0 py 0o (P4 955 4,(2)  (BY Pa© Ply = Pa © Pa)
= Pa(P)*(X) 90y (P50 9. (@)*(2)
(by q[’; , being a BiHom-Q-associative algebra morphism))
= (P)*(%) 90,5 GpP5O)) ®apy 41(d5)*()  (by Eq. (4))
= (PPo(X) ®a.p Ppas()) ®ap.y 4y9v4,(2)
(by 4., P,,» g, commuting with each other)

= Pap(Po(X) 4.5 q5()) ®ap.y 4,9y, (2)
(by p, 5 being a BiHom-Q-associative algebra morphism))

= Pop(X 94 5 Y) ®ap.y 4,4y4,(2)
= (X 8 5Y) 0, @y © 4,2
This completes the proof. -

Let A € k, a Rota-Baxter family of weight 4 on the BiHom-Q-algebra is defined as follows.

Definition 2.8. Let Q be a semigroup. A Rota-Baxter family of weight 1 on the BiHom-Q-
algebra (A, (o g, P> Ga)o, pec 18 a collection of linear operators (R, )q.eq 0n A such that

Mo, p(Ro (%), Rg(Y)) = Rap(tar, p(Ra (%), ¥) + o, (X, Rp(Y)) + At p(X, ¥)), ®)

forall x,y € A, a, B € Q.
If further (R,)qeqo commute with the structure maps, then (A, ty, g, Pa> Gas Re)a,peq 18 called a
Rota-Baxter family BiHom-Q-algebra of weight A.

The main purpose of the following result is to show that a new BiHom-Q-associative algebra
can be constructed by the Rota-Baxter family of weight A on the BiHom-Q-associative algebra.

Theorem 2.9. Let (A, e, 3, Do, qo)o, pe be a BiHom-Q-associative algebra. If (Ry,)qcq is a Rota-
Baxter family of weight A on A satisfying

Ry,opy =paoR,and R, 0 g, = qo ©R,.
Define a new operation on A by
Xkopy:=x0,3Rg(y)+Ry(X) @5y +Ax ey,

forall x,y € A, a, B € Q, then (A, %o, Pa> Ga)a,pea I a BiHom-Q-associative algebra.
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Proof. For any x,y,z € A, a, B, v € Q, we have p, 0 g, = g, © p, and

Pap(X *a.3Y) = Pap(x 04 g Rg(y) + Ry(X) 045y + Ax @, 5 y)
= Pap(X 04 Rp(Y)) + Pap(Ra(X) 84 5 Y) + APap(X @4 5 Y)
= pa(X) 04 g PgR(Y) + paRo(X) 04 g pp(y) + Apo(X) 04,5 Pp(y)
(by Eq. (3))
= Pa(X) 0. Re(pp(y)) + Ro(pa(X)) 045 Pp(y) + Apa(X) 04 5 pp(y)
= Pa(X) *q,5 Pp(y).

Similarly, we get gqg(x *o,58Y) = ga(X) *4 g qp(y). On the one hand, we have

(X %, Y) *ap,y 4y(2) =(X 04 5 Rg(y) + Ra(X) 04,5y + Ax 84,5 ) *qp.y q,(2)

=(x 04,5 Rg(¥) + Ro(x) @5 5y + Ax 8, 5 y) 045, Ryq,(2)
+Rop(x @y g Rs(Y) + Ry(x) @4 5y + AX 0, 53 Y) 045 1, q,(2)
+ A(x 0y 5 R(y) + Ro(X) 04,5y + AX 04 5y) 045y qy(2)

=(x @45 Rs(1)) ®ap,.y qyRy(2) + (Ro(X) 80,5 Y) ®ap.y qyR,(2)
+ A(x 0, 5Y) 045, G, R (2) + (Ro(X) 04 5 Rp(Y)) 4., qy(2)
+ A(x 04 5 Rp(y)) 045,y Gy(2) + AR(X) 04.5) 0ap.y G,(2)
+ 2(x0p)) sy () (byEq. (5)and R, 0 g, = g, 0 R,)

=Pa(X) 0.5y (Rg(Y) ®5.y R)(2)) + paRa(X) 04 p, (v 954 Ry(2))
+ Apo(X) 00 gy (v 05y Ry(2)) + paRa(X) 04 p, (Rp(Y) 05, 2)
+ Apa(x) 84 gy (Rp(y) @5 2) + APeRo(X) 00,5y (¥ 05,y 2)
+ A pa(x) 0.5y (v 05,y 2)- (by Eq. (4))

On the other hand, we have

Pa(X) *q,py (V *p,y 2) =Pa(X) *q,p5y (V 05y R)(2) + Rp(Y) 05,y 2+ Ay 05, 2)

=Pa(X) 00 p, Rpy(y 5.4 R,(2) + Rp(y) 05, 2+ Ay 05, 2)
+ Ropa(X) 8 gy (v 85, R)(2) + R(y) ®p.4 2+ Ay @5 4 2)
+ Apa(X) 00,5y (v 95,y Ry(2) + Rp(y) ®p., 2+ Ay ®5,, 2)

=Pa(X) 04,gy (R() 85,y Ry(2)) + PaRa(xX) 04 5y (v ®5 , R,(2))
+ PaRo(X) 045, (R(Y) 05,5, 2) + AP Ry (X) 04,5, (V 05 5 2)
+ Apa(x) 04,5y (v 05y R,(2)) + Apa(X) 04,5y (Rp(Y) 5,y 2)
+ Apa(x) 005, (Vopy2)  (byEq. (5)and R, © o = g 0 Ry).

By comparing the items of both sides, we get (x %4 g ¥) *op.y ¢,(2) = pa(X) *q gy (¥ *p,y 2)- |

Remark 2.10. In Theorem 2.9, we notice that (R,).cq is also a Rota-Baxter family of weight A
for the BiHom-Q-associative algebra (A, %o g, Pa> 4o ), pe-

2.2. BiHom-Q-dendriform algebras. In this subsection, we mainly introduce the BiHom-Q-
dendriform algebra, which is a generalization of Q-dendriform algebras [1]. Further, we give
the relationship between BiHom-Q-dendriform algebras and BiHom-Q-associative algebras. For
this, let us first briefly recall the definition of Q2-dendriform algebras.
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Definition 2.11. [1] An Q-dendriform algebra (A, <, s, >4, 5)a.peq 15 @ vector space A equipped
with two families of bilinear maps (<, g, >q,5: A X A — A), geq such that

()C <a,,6’ y) <aﬁ,y =X <a,,By (y <ﬂ,7 Z+ y >ﬁ,y Z)’ (6)
(x >a,B )’) <eB,y 2 =X >a,py (y <g,y Z)’ (7)
(x <a,ﬁ y +Xx >a,,B y) >a,3,y =X >a,,By (y >ﬁ,y Z) (8)

forall x,y,z€ A, a, B, vy € Q.

Definition 2.12. Let (A, <, g, >a,8)a,pc and (A, <;’ 2 >;, ﬁ)m geq be two Q-dendriform algebras.
A family of linear maps (f,)qecq : A — A’ is called an Q-dendriform algebra morphism if

Jap(x <05 ¥) = fo(X) <45 [50)s Jap(X >ap ¥) = fa(X) >, 5 S5O, )
forall x,y € A, a, B € Q.
Now, we generalize the above definitions of the (2-dendriform algebra to BiHom-verision.

Definition 2.13. A BiHom-Q-dendriform algebra (A, <, g, >0 8, P> 9o ), pe 18 @ vector space A
equipped with two families of bilinear maps (<44, >¢.5: A ® A — A)y peq and two commuting
families of linear maps p,, g, : A — A such that

Pap(X <a.5Y) = Pa(X) <0, PEOV)s Pap(X >a.p ¥) = PalX) >a.p PpOY), (10)
Gap(X <a,pY) = Go(X) <a,p 45(V), qap(X >0, Y) = qa(X) >a 5 qp(¥), (11)
(X <a,8Y) <agy 4(2) = Pa(X) <a8y (V <py 2+ Y >p4 2 (12)
(X >a.5Y) <apy 4(2) = PalX) >apy V <.y 2)s (13)
Pa(X) >apy (0 >py 2 = (X <ap Y+ X >a8Y) >apy 4,(2)s (14)

for all x, y, z € A, a, B € Q. The maps p, and g, (in this order) are called the structure maps of
A.

Definition 2.14. Let (A, <48, >0,8> Pa> 9a)a,pea and (A, <;, 2 >;7 L Do qh)a,pec be two BiHom-
Q-dendriform algebras. A family of linear maps (fy)oeq : A — A’ is called a BiHom-Q-
dendriform algebra morphism if (f,,),cq is an Q-dendriform algebra morphism and

fooPa=PDLofor feoqa=¢,0fy, foralaceQ.

Inspired by [20, Proposition 2.2], here we characterize the Yau twisting procedure for BiHom-
Q-dendriform algebras as follows.

Proposition 2.15. Let (A, <, g, >q.p)a,pe be an Q-dendriform algebra. If p,,q, : A — A are two
commuting Q-dendriform algebra morphisms. Define the operations by

X <45 Y= Pa(X) <ap qp(Y), X >, 5V = Pa(X) >a.5 G

for all x,y € A, a, B € Q, then (A, <;,,3’ >:r,ﬁ’pf“ Ga)a.peq IS a BiHom-Q-dendriform algebra,
called the Yau twist of (A, <o, g, >a.p)a, pe0r-

Proof. For x,y,z € A, a, B, y € Q, we need to prove the structure maps satisfying Egs. (10)-(11).
Here we prove

paﬁ(x <<,y,,6 y) :paﬁ(pa(-x) <a,,6’ Qﬁ()’))
=p2(X) <a.p Ppqp(y) (by pag satisfying Eq. (9))
=PaPo(X) <o, qaPs(Y) (by pg o qs = qpo pp)
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=pa(X) <45 P8O
Other relations in Egs. (10)-(11) are similar to prove. Next, we only need to prove Eq. (12) and
Egs. (13)-(14) are similar to prove by using Egs. (7)-(8).
(X <4p ¥) <ipy DD =Pap(x <5 ¥) <apy 4,(2)
=Pap(Pa(¥) <a.p 4p(Y)) <ap.y 4,(2)
=(Po(X) <a.p Ppap(Y) <apy 4(2)  (by pap satisfying Eq. (9))
=Pa(X) <apy (Ppap0) <p.y 4@ + Ppap(y) >, 4;(2))  (by Eq. (6))
=P (%) <a.py (@sPs(Y) <p.y 43(2) + qspp(Y) >p.y 43(2))
(by pg o qp = qp © Pp)
=po(X) <a.py 4pv(P(Y) <p.y @y(2) + Pp(Y) >p.y 4,(2))
(by gz, satisfying Eq. (9))
=Po(X) <apy 4py(Y <py 2+ Y 5, 2)
=pa(X) <45y OV <py 2+ Y >4, 2).
This completes the proof. O

The following result is a more general of the Yau twisting procedure for BiHom-Q-dendriform
algebras and the proof is similar to Proposition 2.15.

Proposition 2.16. If (A, <u. g, >a.p> Pas Ga)a,peq 1S a BiHom-Q-dendriform algebra with p),,q,, :
A — A are two BiHom-Q-dendriform algebra morphisms and any two families of the maps
Das Gas Py 4., commute with each other. Define the multiplications on A by

X <), 5V = Po(®) <ap GO, X >0, 5 Y= PL(X) >ap g0,
forall x,y € A, @, B € Q, then (A, <], 3,>,, 3 Pa © Po>Ga © qola,pea IS a BiHom-Q-dendriform
algebra.

Next, we will introduce the relationship between BiHom-Q-associative algebras and BiHom-
Q-dendriform algebras.

Proposition 2.17. Let (A, <4 g, >a.8 Pas Ga)a,pec be a BiHom-Q-dendriform algebra. If we define
the multiplication by

XY =X<gpYt+tX>u45),
forall x,y € A, a, B € Q, then (A, 8, g, Pas qa)e,pea IS a BiHom-Q-associative algebra.
Proof. For any x, y, z € A, a, B, y € Q, owing to the commutativity, we get p, © g, = ¢u © Pa
easily. First, we prove the multiplicativity in Definition 2.3, we have
Pap(X 04 5Y) =Pap(X <ap Y+ X >apy)
=Pap(X <08 Y) *+ Pap(X >0 Y) (by (pa)aca being a family of linear maps)
:pw(x) <(t,ﬁ pﬁ(y) + pa(x) >(t,ﬂ pﬁ(y) (by Eq (] O))
=Pa(X) ®0.8 Pﬁ(y)~
Similarly, we have g, 5(x @, 5Y) = go(x) 0, s gg(y). Next, we prove the BiHom-Q-associativity in
Definition 2.3, we have

pa(x) .8y (y o3 2) :pa(x) .. By (y <gy 2ty >py 2)
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=Pa(X) <a.py V <py 2+ Y >py 2 + Pa(X) >a,py (V <py 2+ Y >py 2)
=(X <a0,8Y) <ap,y 4y(2) + (X >0, 8 Y) <ap.y 4y(2)
+ (X <Y+ X >05Y) >apy 45(2) (by Egs. (12)-(14))

=(X <ap Y+ X >apY) <apy §y(2) + (X <ap Y+ X >ap5Y) >apy ¢,(2)
=(X <a,p Y+ X >a.8Y) ®apy 4(2)
=(x ®.5Y) ®4p.y Gy(2).

This completes the proof. |

It’s well known that Rota-Baxter algebras induce dendriform family algebras, now we gener-
alize this property to BiHom-Q version.
Proposition 2.18. Let (A, e, 4, Pos Go)a, pea be a BiHom-Q-associative algebra.
(a) If (Ry)acq is a Rota-Baxter family of weight 0 on A and
Pae°Ry=Ry0py, gooR,=R,0q,.
Define the operations by

X<apY =X, 3R(y), X>4p5Y:=Ruy(x)e,5Y,
forall x,y € A, a, B € Q, then (A, <48, >a,8> Pas Ga)a, e IS a BiHom-Q-dendriform alge-
bra.
(b) If (Ry)acq is a Rota-Baxter family of weight 1 on A and
paoRa:Raopaa qaoRa:RQOQ(l-
Define the operations by

X <;yﬁ yi=xe, s Rs(y) + Ax e, 5y, x >;’ﬁ Yy i=Ry(x) 0, 5,
forall x,y € A, a, B € Q, then (A, <;7ﬂ, >;’ﬁ, Pas Ga)a,peq is a BiHom-Q-dendriform alge-
bra.

Proof. We just prove Item (b). Item (a) can be proved in the same way. To verify the relations in
Egs. (10)-(14), for any x,y,z € A, a, B, y € Q, first of all, we have
Pap(X <), 3 V) =pap(x 4.5 Rg(y) + Ax @, 5 y)
=pa(X) 04, PRE(Y) + Apa(X) @4 5 Pp(y) (by Eq. (3))
=Pa(x) 00,5 Rpp(y) + Apa(X) 00 s pp(y) (by pg o Rg = Rg © pp)
=pa(X) <, 5 POV,
Other relations in Egs. (10)-(11) can be similarly proved. Next, for Egs. (12)-(14), we compute

(X <, 5Y) <up, 4y(@) =(x 04 g Rg(y) + Ax 4 ) <., 5, G,(2)
=(x 045 Rg(y) + Ax 04 5 Y) 045 5 Ryq,(2) + Ax 04 5 Rp(y)
+Ax e, 5Y) 0py qy(2)
=(x 0y 5 Rp(Y)) ®ap.y ¢ R, (2) + Ax 04 5 ) ®0p.y ¢, R,(2)
+ A(x 04,5 Re())) ®ap.y Gy(2) + (X 04,5 Y) 045y ,(2)
(by Ry 0 gy =gy ©oR,)
=Pa(X) 00 gy (Rp(y) 85y R,(2)) + Apa(X) 045y (¥ 05, R)(2))
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+ APa(x) 04,5y (R(Y) 5.5 2) + A2 Po(x) 04,5, (v 0. 2) (by Eq. (4))
=Pa(X) 045, Rp(Rp(y) 05, 2+ y @5, R (2) + Ay o3, 2)

+ Apa(x) 00,5y (Rp(y) 05, 2+ y 05, Ry(2) + Ay @5, 2) (by Eq. (5))
=pa(X) <i, 5, (Rp(y) 0g, 2+ Y 03, R,(2) + Ay 03, 2)
=pa(X) < 5, OV 5y 2+ Y <p, 2,

(X >4 5Y) <upy @@ =(Ra(X) 045 Y) ®4py RyGy(2) + AR(X) 005 Y) 0apy ,(2)
=(Ro(X) 4.5 Y) ®ap.y GyR)(2) + AR(X) 045 Y) 04p.y qy(2)
(by R, 0qy =gy oRy)
=PaRa(X) 00 5y (v 05, R)(2)) + ApaRo(X) 04 5, (V 05,4 2) (by Eq. (4))
=Ropa(X) 00 5y (v 05 Ry(2) + Ay @5, 2) (by pa © Ry = Ry 0 pa)
=pa(X) >4, 5, (V <5, 2)-

Po(X) >}, 5o, V>4, 2) =pa(X) >, 5, (Rg(Y) 05,4 2) = Repa(X) 04 py (Rp(Y) 05,4 2)
=PaRo(X) 045y (Rp(Y) 03, 2) (by Ry © pa = pa © Ro)
=(Ro(x) ®4.5 R5(Y)) ®ap.y qy(2) (by Eq. (4))
=Rop(x 04,5 Rg(y) + Ro(x) @43y + Ax 04 5 Y) 043, 4,(2) (by Eq. (5))
=(x 04,3 Rg(y) + Ax @4 3y + Ro(X) 043 Y) >, 5., qy(2)
=(X <L Y+ X>, 5 V) >0py 4y(2)

This completes the proof. O

3. BiHoM-Q-PRE-LIE ALGEBRAS AND BIHOM-Q-LIE ALGEBRAS

In this section, we assume that € is a commutative semigroup. First, we introduce the def-
initions of BiHom-Q-pre-Lie algebras and BiHom-Q-Lie algebras, then we obtain a BiHom-Q
analogue of the classical result of Aguiar [2].

3.1. BiHom-Q-pre-Lie algebras. The concept of Q-pre-Lie algebras was proposed in [1], as a
generalization of pre-Lie algebras invented by Gerstenhaber and Vinberg [ 16, 24].

Definition 3.1. [1] An Q-pre-Lie algebra (A, >, 43), o 1S a vector space A equipped with a
family of bilinear maps (>,,5: A® A — A),, geq such that

X Da,ﬁy 07 Dﬂ,y Z) - (X Da,ﬁ )’) l>a,8,y =Yy l>,8,ay ()C l>(y,y Z) - (y l>ﬁ,a' X) D,Ea,y Z, (15)
forall x,y,z€ A, a, B, v € Q.

Definition 3.2. Let (A, >, g)o,peo and (A, > ﬂ)a, pea be two Q-pre-Lie algebras. A family of
linear maps (f,)qcq : A — A’ is called an Q-pre-Lie algebra morphism if

Jap(xapy) = fo(X) >, 5 f50), (16)
forall x,y € A, a, B € Q.

BiHom-pre-Lie algebras, as the BiHom version of classical pre-Lie algebras, has been pro-
posed in [19]. Similarly, we give the BiHom version of Q-pre-Lie algebras.
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Definition 3.3. A BiHom-Q-pre-Lie algebra (A, », s, po, qo)e,peq 18 a vector space A equipped
with a family of bilinear maps (>, 3: A ® A — A), geq and two commuting Q-pre-Lie algebra
morphisms p,, g, : A — A such that

paQa(x) ’a,ﬁy (pﬁ(y) >ﬁ,y Z) - (QG(X) >(Y,,B pﬁ(y)) ’aﬁ,y Qy(Z)
= Pﬁ%()’) »ﬁ, ay (p(z(x) >(1,)/ Z) - (Qﬂ()’) »ﬁ, @ Pa(x)) »ﬁa,y Cly(Z), (17)

for all x,y,z € A, a, B, v € Q. The maps p, and g, (in this order) are called the structure maps
of A.

Definition 3.4. Let (A, >, 3, Pas Go)a pea and (A', %, 4, iy, 4o pec be two BiHom-Q-pre-Lie alge-

bras. A family of linear maps (f,)qcq : A — A’ is called a BiHom-Q-pre-Lie algebra morphism
if (f3)aecq 1s an Q-pre-Lie algebra morphism and

faOPa=Doofor fooqa=¢,0fa, forallaceQ.
Inspired by [19], we have the similar property of Q2-pre-Lie algebras as follows.

Proposition 3.5. Let (A, >, g)a, peq be an Q-pre-Lie algebra. If p,,q, : A — A are two commuting
Q-pre-Lie algebra morphisms. Define the multiplications on A by

X >rx,,/j' y = pa(x) D(t,ﬁ Qﬂ(y)’

forall x,y € A, a, B € Q, then (A,%q, Pa> 9a)apeq is a BiHom-Q-pre-Lie algebra, called the
Yau twist of (A, >4, g)a, pe-

Proof. For any x,y,z € A, a, B, v € Q, we only need to prove Eq. (17).

Pada(X) ®a.py (P3(Y) ®5.5 2) = (qa(X) »a.3 PBY)) ®ap.y 4y(2)

=Pada(X) gy (P50 By 45(2) = (Pada(X) Ba.p 4sPs()) ®ap.y G5(2)

=Pado(X) a5y 45y (P30 By 45(2) = Pap(Pada(X) Bap 4sPp(Y)) Bap.y 4o(2)

=Paqo(X) >apy (@sP50) gy 42(2)) = (P2qa(X) Ba.p PpapPs() Bap.y 45(2)
(by ggy. Pep satisfying Eq. (16))

=qaPa(X) Ba.py (D320 By G2(2)) = (quPa(X) Ba.p PEAEO)) Bap.y 45(2)
(bY Pa © Ga = qa © Po)

=p3a5() Bp.ay (@aPa(X) Doy 43(2) = (P50 B0 daPa(X)) Bpa,y 45(2)
(by (A, >4, p)a,peq satisfying Eq. (15))

=Psas(Y) p.ay (aPa(X) oy 4(2) = (P5as(Y) Bp.a PadaPa(X)) Bpa.y 45()
(bY go © Pa = Pa © o)

=320 p.ay Gay(Pa(X) Bay 44(2) = Ppa(Ppdp(y) Bp.a GaPa(X)) Bpa.y 4(2)
(by pa, q. satisfying Eq. (16))

=ppas(y) ®p.ay (Pa(X) Ba.y 44(2)) = (Ppds(Y) Bp.a GaPalX)) ®pa,y Gy(2)

=ppap(y) ®g.ay (Pa(X) »a,y 2) = (gs(Y) .0 Pal(X)) »a.y 4y(2).

This completes the proof. O

The following result is a more general of the Yau twisting procedure for BiHom-Q-pre-Lie
algebras and the proof is similar to Proposition 3.5.
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Proposition 3.6. Let (A, %, 3, P> Ga)a,pec be a BiHom-Q-pre-Lie algebra. If p,.q, : A — A
are two BiHom-Q-pre-Lie algebra morphisms and any two families of the maps py,qa, Dy 4.,
commute with each other. Define the multiplication on A by

X P 5 Y= P(X) »a g qp(),
forall x,y € A, a, B € Q, then (A, >}, 5, Po © Do Ga © Gg)a,peq IS a BiHom-Q-pre-Lie algebra.

The concept of BiHom-{2-dendriform algebras has been given in Definition 2.13. When the
structure maps are bijective, we get a BiHom-Q-pre-Lie algebra from the BiHom-Q-dendriform
algebra as follows.

Proposition 3.7. Let (A, <48, >a.p> Pa> 4a)a, pea be a BiHom-Q-dendriform algebra. If p,, q, are
bijective and we define the operation by

XPapY =X >0p Y~ (D5 4p() <p.0 (Pady (X)),
forall x,y € A, a, B € Q. Then (A, %y g, Pas Ga)a,peq IS a BiHom-Q-pre-Lie algebra.
Proof. For x, y, z€ A, a, B, y € Q, we only need to check Eq. (17). On the one hand, we have
Pada(X) ®a.py (P ®p.y 2) = (@a(X) ®ap PEO)) Pap.y 45(2)
=Pada(X) >a.py (P5() ®p.y 2) = (P53 asy(PEOD) ®p.y 2) <gy.a (Pally Pada(X))
— (@a(X) ®ap PO >apy 412 + P} ©(2) <y.0p Papdap(qe(X) ®ap Ps(Y))
=Paqe(X) >a.py (DY) >p.y 2) = Paydpy(Pp(Y) >p.y D) <py.a PalX)
— Pada(X) >apy (P5'4,(2) <y.5 P3a5" ) + Paydsy (P, 42 <y Pads' ) <gy.a PalX)
— (@a(X) >a.p PO >apy (@) + P} €2 <y.0p Papdp(qe®) >ap Ps(Y))
+ (@) <p.a Pa(X) >apy 4y(2) = P} 2(2) <y.ap Papdap(qs(y) <p.o Pa(X))
=Pada(X) >a.py (PO >y 2) = (@) >4y P, 4(2) <py.a pa(x)
= Pada(®) >apy (05 4(2) <y Pads' O)) + (02 422) <y.5 P5O)) <py.a Pa(X)
— (qa(%) >a.p PEOY)) <apy 42 + Py 652 <y.ap (Pa(®) >ap Pids' )
+(gp(y) <p.a Pa(X) >ap.y 4(2) = P} G(2) <y.ap (Ps(Y) <p.0 Pady' (X))
(bY Pgy» Gpys Paps 4y Satisfying Eq. (9))
=(ga(X) <a.p PEOY)) >apy 4(2) = PpapY) >pye (P5'45(2) <0 45 Po(X)
— (qa(®) >ay P3'4(@) <av.p PFO) + 25 452 <405 (P50) >0 45 Pa(X)
+ 1, 42(2) <y.ap (Pa(X) >ap Ppds' ) + (45() <p.0 Pa(X)) >ap.y 4y(2). (by Egs. (12)-(14))
On the other hand, we have
Ppa(Y) ®g.ay (Pa(X) ®ay 2) = (qg(Y) »g.a Pal(X)) ®sa.y Gy(2)
=Ppas(Y) >p.ay (Pa(X) ®ary 2) = Payay(Pa(X) ®ary 2) <ay.p Ppds Ppas(y)
— (@) .0 Pa(X) >pary 4y(2) + P} (D) <ypa Ppadpe(qs(y) ®p.a Pal(X))
=Ppas(y) >p.ay (Pa(X) >ary 2) = Payay(Pa(X) >ay 2) <ay.p PO
— Pas(Y) >p.ay (P} 4y(2) <y.0 Peds' () + Do day(Py' 4y(2) <y.a Pads' (X)) <ay.s PFO)
— (@8 >p.a Pa(X) >pary 4y(2) + P, ©(2) <ypa Ppadpe(qs(y) >p.a Pal(X))
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+(ga(%) <a.p PEO)) >apy 4(2) = Py G52 <y.ap Papdap(da(®) <ap PEO))
=Ppas(Y) >p.ay (Pa(X) >a.y 2) = (qo(X) >0,y P} 4,(2)) <ay.p PO
= PpasY) >pay (05 45(2) <y.a Pady' (%) + (9,7 (@) <y.0 Pa(X) <ay.p PFO)
— (@50 >p.a Pa(X) >pary 4@ + D5 03(2) <y.p0 (P50 >p.a Pody' (X))
+ (4o(X) <ap PEO)) >apy 45 = P 052 <y.a8 (Pa(X) <a.p Pid5 ()
(bY P,» Gays Paps dap satisfying Egs. (10)-(11))
=(q5(Y) <g.a Pa(X) >pay 4y(2) = (@a(X) >0,y P} 45(2)) <ay.p P50
= PpapY) >y (P, 4(2) <y.0 Pady () + 5 03(2) <y.ap (Pa(X) >a.5 5 P5O))
+ 9, (2 <y.pa (P8O >p.0 Pady (X)) + (4o(X) <ap P5O)) >ap.y 4y(2) (by Eq. (12) and Eq. (14))
=(q5(Y) <g.a Pa(X) >pay 44(2) = (@a(X) >0,y P} 4(2)) <ay.p P50
= Ppas(Y) >p.ay (P} 0,(2) <0 43" Po(0)) + D3 45@) <y.ap (Pa(X) >a.p PG5 V)
+ 1, 2@ <50 (PEO) >0 €' Pa(®) + (qo(X) <ap PO >apy 4y(@)- BY Pady' = q;' Pa)
By comparing the items of both sides, we get
Paqa(X) ®a gy (Pp(Y) ®5.y 2) = (qa(X) ®o g P(Y)) ®ap,y 4(2)
=ppap(y) ®g.ay (Pa(X) »a,y 2) = (gs(Y) »p.a Pal(X)) »pa.y 4y(2).
O

In classical cases, any associative algebra is also a pre-Lie algebra. We generlize this result to
BiHom-( version.

Proposition 3.8. If (A, e, g, Do, Ga)a, peq is a BiHom-Q-assocative algebra, then (A, e, g, Da> o), peg
is a BiHom-Q-pre-Lie algebra.

Proof. Forany x,y,z € A, a, 3, y € Q, we only need to prove Eq. (17). By BiHom-Q-associativity,
we have
pa(-x) 0.8y (y 5.y Z) = (x 0.3 )’) 08,y C]y(Z),

by replacing x with g,(x) and y with pg(y), we get

paCI(I(x) ®.By (Pﬁ()’) 3.y Z) - (Q(x(-x) .3 P,B()’)) 05,y Qy(Z) =0.
Similarly, we get

pﬁqﬁ(y) ®3 a0y (pa(x) ®.y Z) - (Q,E(y) 3 o pa(x)) ®30,y Qy(Z) =0.
Thus, we get Eq. (17). This completes the proof. O
3.2. BiHom-Q-Lie algebras. In this subsection, we first introduce the concept of BiHom-Q-
Lie algebras, then we prove that a new BiHom-Q-Lie algebra can be induced by a Rota-Baxter

family of weight A on the BiHom-Q-Lie algebra. Finally, we generalize the classical relationships
of associative algebras, pre-Lie algebras and Lie algebras to the BiHom-Q version.

Definition 3.9. [1] An Q-Lie algebra (L, [-, -]o, g)q.geq 18 a vector space L equipped with a family
of binary operations ([, ]o,5 : L X L — L), geq such that

[xay](x,ﬁ = _[y’ x]ﬁ,a’ (18)
[x, [ya Z]ﬁ,y]a,ﬁy + [y, [z, x]y,a]ﬁ,ya + [z, [x, y]a,ﬁ]y,aﬁ =0, (19)
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forall x,y,z€e L, a, B, y € Q.

Definition 3.10. Let (L,[-, ]q,g)a,peq and (L, [-, T, B)a’ﬁeg be two Q-Lie algebras. A family of
linear maps (f)oco : L — L’ is called an Q-Lie algebra morphism if

Jap([%: Y]a.p) = [fa(2), f5O)]g g5 (20)
forall x,ye L, a, B € Q.

Now, we generlize the above definitions of the Q2-Lie algebra to BiHom version.

Definition 3.11. A BiHom-Q-Lie algebra (L, {,-}, 5, Pa> Ga)e,peq 18 @ vector space L equipped
with a family of bilinear maps ({-,}o,5 : L X L — L), geq and two commuting Q-Lie algebra
morphisms p,, g, : L — L such that

{22(X), PsOD}a.p = =), Po(X)}p,0;  (BiHom-Q-skew-symmetry) 21

{Qi(x)’ {Qﬁ(Y)’ py(z)}ﬁ,y}a,ﬂy + {Clé()’), {Qy(Z)’ p(t(x)}y,(t}ﬂ,'ya + {CIi(Z)’ {QQ(X)’ pﬁ(y)}a,ﬁ}y,aﬁ = O»
(BiHom-Q-Jacobi condition) (22)

forall x,y,z€ L, a, B, v € Q. The maps p, and ¢, (in this order) are called the structure maps of
L.

Definition 3.12. Let (L, {, ‘}o.8, Pa> Ga)a,pee and (L', {-, -};, 5 Do qh)a.pec be two BiHom-Q-Lie
algebras. A family of linear maps (f;,)qco : L — L’ is called a BiHom-Q-Lie algebra morphism
if f, is an Q-Lie algebra morphism and

p:x ofa :faopa’ q:, ofa :faoqu for all o € Q.

Similar to [15, Proposition 3.16], here we get the similar property of Q-Lie algebras as follows.

Proposition 3.13. Let (L, [-, 1o, p)a,peq be an Q-Lie algebra and let p,, q, : L — L be two families
of commuting Q-Lie algebra morphisms. We define the bilinear maps {-,-}, s : LX L — L by

{x’ y}g,ﬁ = [pa(x), Qﬁ()’)]a,ﬁ, for all X,y € L’ a, ﬁ € Q.
Then (L,{-,"}4.5 > Pas Ga)a.peq is a BiHom-Q-Lie algebra, called the Yau twist of (L, [+, "o, p)a. pecr-

Proof. For x,y,z € L, a, B, ¥y € Q, owing to the commutativity, we get p, © g, = o © Po- First,
We PIove p,, g, are the Q-Lie algebra endomorphisms on (L, {-, -}4, g)a, e, We have
Pap(§x, Ve, p) =Pap([Pa(X), gg(N)]a,p)
=[po (%), PsasMas  (bY g satisfying Eq. (20))
=[pa (), gepslap  (bY pgogs=qso pg)
={po(%), PV} a.p-
Similarly, we get o g({x, y}a,g) = {ga(X), gs(¥)}a, p. Next, we prove the BiHom-Q-skew-symmetry,
we have
{42(X), PsD}a.p =[Paqa(X), 4sPs(N]a.p
== [95Ps(y); Paqa(X)]p,a (by Eq. (18))
== [Psgp(»), GaPa(X)]p,a (by pa © go = ga © pa)
= —{g5(»), Pa(X)}g, -
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Finally, we prove the BiHom-Q-Jcaobi condition, we have

{920 a0 Py(@DYp. Yy + GO A8y(2)s Pe(Dy.adpya + T2 14a(X): PEOaply.ap
:{42(36), [P,BQﬁ()’)’ q}/py(z)]ﬂ,'y}a,ﬂ'y + {6]/23()’)» [pyq)/(Z)’ qapa(x)]y,a}ﬂ,yaf
+{5(2): [Pada(X), 4pPsM]aply.ap
:{Q§(X), [PﬂQﬁ(Y)’ p’yQy(Z)],B,y}a,By + {6]/23()’)» [pyq)/(Z)a paQa(-x)]y,af}ﬂ,ya
+{q3(2), [Pada(), PpasW]aglyap (BY Pa © Ga = o © Pa)
:[pQQZ(x)’ qﬁy([pﬁQﬂ(y)’ pyqy(z)]ﬁ,y)]a/,ﬁy + [pﬁqé()))’ qya([pyqy(z)’ pa‘](x(x)]y, a)]ﬁ,ya
+ [Py43(2): 4ap([ Pada(X), 45PN 0. p))y.ap
=[Pada (D). PG5, PyT(D)pylanpy + [Psa0): [Py 0o(2)s Patte(D)]y.alp.ya

+ [Py42(2). [Pt (%) PpaE DM ]aply.ap (BY Gsys Gyas g satistying Eq. (20))
=0. (by Eq. (19))

O

Inspired by [19, Claim 3.17], we have the following result and the proof is similar to Proposi-
tion 3.13.

Proposition 3.14. Let (L,{-,}o.p, Pa> Ga)a,pee be a BiHom-Q-Lie algebra. If pl, q, : L — L
are two BiHom-Q-Lie algebra morphisms and the maps po, qq. P, 4., commute with each other.
Define the bilinear maps -, )q.p : LX L — L by

(X Vap = AP (), 45(0)}a. s
forallx,y € L, a, € Q, then (L,{:, "), Pa © Po>qa © 4, peq is a BiHom-Q-Lie algebra.

The following result precises the link between BiHom-Q-pre-Lie algebras and BiHom-Q-Lie
algebras.

Proposition 3.15. Let (A, %, g, Pa» a)a,peq be a BiHom-Q-pre-Lie algebra. If p,, q, are bijective
and we define {-,-}, 3 : AXA — A by

{6, Ve 1= X Pap Y = (05 40)) ®p.0 (Pady (X)),
forall x,y € A, a, B € Q, then (A, {-, "}o. 8, Pa» Ga)a,peq is a BiHom-Q-Lie algebra.
Proof. For any x,y,z € A, a, B, vy € Q, we have
Pap(t Yha,p) =Pap(X ®ap Y = D5 ds0) ®p.0 Padly (X))
:p(lﬁ('x ’a,ﬁ y) - Paﬁ(PﬁlC]ﬁ(Y) ’ﬁ,a paq;l(x))
=Pa(X) »a.p PpOY) — PP5 4p(Y) ®p.a Pady (X) (DY pap satisfying Eq. (16))
:p(l(x) 0.8 pﬁ(y) - p[?QﬁPﬁ()’) »5 paqc_ylp(t(x) (by Pa ©qa ={qa° pa)
:{pa(x)a pﬁ(y)}a,ﬁ-
Similarly, we get gog({x, y}a,8) = {qa(X), ()}, 5. Now we prove the BiHom-Q-skew-symmetry,
we have
{9a()s PsOap =0a(X) ®a.p PEO) — P5 450 ®p.a Padly' qal(X)
=qo(x) ®a.5 Pp(Y) = Gp(¥) ®p.a PalX)
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= = (q8(Y) ®p.0 Poa(X) = P qaPa(X) a5 Ppds 45(Y))
= —1{qp(y), Pa(X)}4,q-

Next, we are going to prove the BiHom-Q-Jacobi condition, we have

(g2, {a0) Py(@Yp. Yoy + {0 {84(2)s Pa(D}yadpve + 1052 {00 (%), PO ey

={q2(%), 4p(») ®p.y Py(2) = P @yPy(2) ®y.p Ppds G5Oy
{53, 4/ »y.0 Pe(X) = Dy GaPa(X) ®ary Pya, 4y(Dp.ya
+{42(2): 4a(X) ®ap PO = D5 4sPsOY) ®p.0 Patly' 4a(D)}y.ap

={q2(x), 45(») 5.y Py(2) — 4,2 .5 PED}arpy G50, 45(2) ®y.0 Pal(X) = Gal(X) ®ary Py(Dg 70
+ 1452, 4o(X) ®o.p PO = 4p(Y) ®p.a Pa(X)}ya

=q2(X) ®a.py (@) ®p.y Py(2) = 4y(2) »y.5 PEO)) — Paadsy(a(y) »p.y Py(2)
— 4y(2) 3.5 PO ®py.a Pady 4a(X) + G5O ®pya (@(2) ®y.a Pa(X) = Ga(X) »a.y Py(2))
= Py aya(@y(@) »ya Pa(X) = 4a(X) ®ary Py(2)) ®yas Psds G5()
+ 42(2) »y.ap (Go(X) ®ap PEO) = G(Y) ®p.a Pa(X) = Py pdap(qa(X) ®ap Ps(Y)
= q5(») ®p.a Pa(X) ®apy Py, Go(2)

=q5(%) ®a.5y (@50) ®p.y Py(2) = G2(X) .y (@5(2) ®y.5 POY))
— (05 GO) ®5.y 45(2) Ppy.a Pada(®) + (05 @) ®y.5 G50)) ®ypa Palda()
+ G50 Pp.va (@2 ®ya Pa(0) = G5O ®pay (Go(X) Ba.y Py(2)
— (0, 02(2) »y.0 4a(0) »yap Psas0) + (03 Go(X) oy 44(2)) ®ayp Psas()
+ 4(2) ®y.ap (Ga(X) ®ap PEO)) = 452 »y.50 (G50 »p.a PalX))
— (07" G20 ®ap G5)) Bapy Pyay(D) + (D5 G5 ®p.0 Ga(X)) pa.y Pydy(2)

(BY Pjys dsys Pyas Gy as Paps dap Satisfying Eq. (16))

=PadaPy 4a(X) ®a.py (PpP5 45 ®p.y Py(@) = (qaPy' Go(X) ®ap PsPs 4pO)) ®ap.y dyPy @)
— PpasPs 46) ®p.ay (PaPy Ga(X) oy Py(2) + (GpP5 450 ®p.a Paly' 4a(X)) g0y GyPy(2)
= PadaPy 4o(X) ®aryp (PyDy 05(2) ®y.5 PO + (GaPy' 4a(X) ®ary PyPy' 44(2)) ®ar.s 4sPs0Y)
+ DyayPy, 4@ .0 (Paly 4a(X) ®ap PO)) = (43D}, 352 .0 PaPy' 4a(X) ®ya.s 4sPs(Y)
+ PpasPs 45 ®p.ya (PyDy' 4y(2) ®y.a Pa(X)) = (4sPs' 450 ®5.y PyP, ' 4,(@) ®py.0 GaPalX)
= PyayP; ' 4y(2) ®y.pa (PpP5'46(Y) ®p.a Pa(X)) + (4,0, 4,(2) ®y.5 PsPE 450)) ®yp.0 GaPa(X)

(bY pas Ph» qa» 4, commuting with each other)
=0. (by Eq. (17))

This completes the proof. O

Similar to associative algebras induce Lie algebras, now we generalize this classical result to
BiHom-Q version.
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Proposition 3.16. Let (A, e, g, Pasqa)a,pea be a BiHom-Q-associative algebra. If p,,q, are bi-
Jective and we define

(X, Yap 1= X 005y = P5'4p(Y) 0.0 Padly (%),
forall x,y € A, a, B € Q, then (A, {, ‘}o.5> Pa> Ga)a, pecs is a BiHom-Q-Lie algebra.
Proof. It follows from Proposition 3.8 and 3.15. O

Similar to Theorem 2.9, we obtain a new BiHom-Q-Lie algebra by defining a new binary
operation by the Rota-Baxter family of weight 4 on the BiHom-Q-Lie algebra.

Theorem 3.17. Let (L, {-, }o g, Pa> 4o )a, pec be a BiHom-Q-Lie algebra. If (R, )aeq is a Rota-Baxter
SJamily of weight A on L satisfying

Ry 0 py =paoRy,and R, 0 q, = qo © R,.
Define a new operation on L by
(X, Vap = {Ra(X), Y}a,p + {%, RsOD}ap + UX, Yo ps
Jorall x,y € L, a, B € Q, then (L,{, )4, > Pa» 4a)a.peq is a BiHom-Q-Lie algebra.
Proof. For all x,y,z € L, a, B, y € Q, we have
(Pa(%), Pg(V)a,p ={Ra(Pa(X)), PEW}a,p + {Pe(X), Re(Pp(YD}a,p + UPa(X), Ps(V)}a.p
={Pa(Ra(X)), PsOW)}a.p + {Pa(X), Ps(Rs(}a,p + APa(X), Pp(V)}a.
(by Ro © po = po © Ro)
=Pap({Ra(X), Y a,p) + Pap({x, RgOW}a,p) + APap({X, Y}a,p)
(by pop being a BiHom-Q-Lie algebra morphism))
=P g({Re(x), Y}a,p + {x, RgW)}a,p + U X, V}a,p)
=Pap({X, ¥)a,p)-
Similarly, we get go ({X, ¥)q.8) = {(qa(X), gs(¥))a,p. For the BiHom-Q-skew-symmetry, we have
(9a(X), PEY))a,p ={R(Ga(X)), PgN}a,p + {qa(X); Re(Pp(V)}a,p + U qa(X), ps(V)}a.p
={¢a(Ra(x)), psM}a, g + {9 (%), PRV} a,p + AHGa(X), Ps(V)}a,p
(by Ry © po = po © Ry and Ry 0 g = qa © R,)
== {q5(3); Pa(Ra(X)}p,0 = {gs(Rs(1)); Pa()}g,0 — Uqp(y); Pa(X)lp,a
(by Eq. (21))
= {5, Ro(Pa(X)}p,a = {Rp(qs(1); Poa(0)}p.0a = Ugp(y), Pa(X)}p,a
(by Ry © po = po © Ry and Ry 0 g4 = g © R,)
== {qp(y), Pa(X))p,a-
Next, we are going to prove that (-, -), 4 satisfies the BiHom-Q-Jacobi condition, we have

(@), (g Py(D)Yp.y sy
={Ro(q2(x)), (g5, Py(@)p.y}apy + (4o (X), Rey (g3, Py (D)5 ey
+ Uqa (%), (as(): Py ()Y, y ey
={Rao(@3(x)), @), DYDY,y ey + UGe (), (G, Py(2)Dp.y ey
+{q2(x), R, ({Rsqs(): Py(D}p.y +{q5(0). Rypy(@}p.y + Uap(¥). Py(D)}py) ey
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={Ra(@2(%)), {5 ), Py @)y by + 142(X), {RE(G5 (1)), Ry (Py D)}y ey
+ Hgo().4q5 0) . Py @DDpyJapy  (by Eq. (5))
={Ro(q2 (), {Rs(qs ), Py @)p.y}arpy + 1R (), {q5 ) s Ry (P (D)g,y oy
+ {Ra(ql (1)), Ugp (), Py (DYp.yapy + 19500, {Rs(g5 ), Ry (Py @))p.y oy
+ g (%), {Re(qs ), Py (@Dp.y)apy + Uz (), (a5 0, Ry(Py (D)}, y ey
+ Ul (0, Ugp ) Py @y bapy-
Similarly, we have
(@ 3. {qy @), Pa ())ya)p.ya
={Rs(q5 ). {Ry(qy (2)), Pa D}yl ye + {R5(q5 ). {qy (2)  Ra(Pa ()}yadpya
+ {Ra(q5 ), Uy @), Pa (Dyalpye + 1G5 (Ry(Gy @), RalPa ()}yalpya
+ Uqp ) {R)(qy (), Pa (Dhyadpye + s )14y (@), Ra(Pa (D)}yalpra
+ Uz ), gy @), Pa (D}y.adp.yas

(@) (g0 (X) » Pg ()a.p)y.ap
={R (7, (), {Ra(qa (X)), Ps M} plyap + (RY(G () {qy (X) , Re(Pp O}y
+{Ry(q (2)), Uqa (X) , pg Daplyap + {452 {Ra(qa (X)), Re(Ps )}aplyap
+ U4}, (2) AR Ga (X)), g Daplyap + UG (2) G0 (X) . Re(Pg O aplyap
+ Uq; (2), dqa (%), pg W}aplyap:
By adding the items, we obtain
(@2 ()< O . Py @)p. P apy + (@5 O) +{dy (@) » Pa D)y dpova + (& @) (G (X) » P (D)) p)y.ap
={Ro(q5 (). {Rs(qs ). Py (D}p.y ey + 1Rl (1)), {65 0 . Ry (Py (D). darpy
+ {Ra(qs (0)), Uqp ), Py @DYg yba sy + (42 (X), (Re(qs (), Ry(Py (D))p,y ey
+ g, () {Rs(qs ), Py @Dp.y gy + U (X), (g5 ), Ry(Py (D). y ey
+ g (), Hap 0) . Py @Dp.ybapy
+ {Rs(q5 ). {R)(qy (2)), Pa (D}y.adp.ye + {RE(q5 0)): {4y (2) s Ra(Po (D)}ya)pva
+{Rs(q 0)), Uy 2), Pa (D}yadpoya + 15O, (Ry(qy (), Ra(Pa ()}y.adp.ya
+ Uz ), {Ry(qy (2)), Pa Dlyalpya + Uap ) Ady @) s Ra(Pa (D)}y.alp.ya
+ Uqz (), Ugy (2) 2 Po Dyalpya
+{R (@, (D). {Ro(qa (X)), Pg D} ply.ap + {RAG, (D), G0 (%), Re(Ps O}y
+{Ry(q} (2)), Uga (%), Pg Ml plyap + 145, {Ra(qa (%)), Re(Pg O} ply.ap
+ UG (2) , {Ra(qa (), Pp Dlaplyas + U @) 4 (o (X), Re(Pp O }aphyap
+ U @), Uqa (%), Ps Daplyap
={q2(Ro (). {qsRs(): Py @D ydapy + (@ Ra()) . {5 ) Py (Ry(2)}p.y oy
+ {q2Ra (%), Hqp(y), Py(Dp.y Yy + 1420 AGsRD), PyRY(2D}p. 1)y
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+ o (), 1gsRs(): Py(@Dp.y oy + U2, (G50, PyRY(D}g, ey

+ o (x), Hap(), YDy a.py + {@aRED) AR ), Pa()}yalp.ya
+{@5Rs), (3y(2), PaRa()}y.a}p ya + {@ERE(), Ay(2), Pa(®)}y.a)p.va
+ g5 {2y Ry (@), PaRa (D}l ya + G501 10y RY(2), Pa(0)}ya)p e

+ UG (4y(2), PaR (D}l va + UG, Udy(2), Pa()}yalp ya
+{@oR) (), {qaRa(X), PEONaplyap + {TRY(2), G (%), PR} 0.y
+{@oR)(2), Uqa(x), PpOD)Ya plyap + 42(2), {GaRa(X), PR} a.p)y.ap
+ UG (@), {gaRa(X), PED}ashyap + UED): 14a(3), PEREOD) o)y

+ ﬂ{qi(Z), /l{qg(x)’ pﬁ(y)}oz,ﬁ}y,ozﬁ (by Ry 0 Pa = Pa © Ry, R, 0 do = {a © Ra)
—0.  (byEq.(22))

O

Corollary 3.18. Let (L, [, ]o,p)a,pec be an Q-Lie algebra. If (Ry)ecq is a Rota-Baxter family of
weight A on L. Define a new multiplication on L by

[x, 315 5 = [Ra(%), Y]ap + [X, RgOD)]a.p + ALX, Y] s
forall x,y € L, a, B € Q, then (L, [, '];,ﬁ)a’ﬁeg is an Q-Lie algebra.
Proof. 1t follows from Theorem 3.17 by taking p, = g, = id; for @ € Q. |

In [2], Aguiar has proved that a pre-Lie algebra induced by the Rota-Baxter family of weight
zero on a Lie algebra, and the BiHom and Hom analogue of Aguiar’s result were studied in [
], now we generalize the classical results to BiHom-( version.

b

Theorem 3.19. Let (L,{-, }4. 5 Pas Ga)a,pec be a BiHom-Q-Lie algebra and (R,).eq be a Rota-
Baxter family of weight O on L such that

R,opy =pooR,and R, 0 q, = g4 © R,,.
Define the operation on L by

X »apY = {Ra(X), Yla,p:
forallx,y € L, a, B € Q. Then (L,», g, Pa» 4a)a,peq is a BiHom-Q-pre-Lie algebra.

Proof. For any x,y,z € L, a, B, v € Q, we have

Pap(X ®o g Y) =Pap({Re(X), Y}a.p)
={PaRo (%), Ps(M)}a.p (by pagp satisfying Eq. (20))
={Ropa(X), PgV)}a.p (by Ry © po = pa © Ro)
=pa(X) ®a.5 DY)
Similarly, we get g, p(x »4 5 y) = ga(X) »o,5 gp(y). Next, we only need to prove Eq. (17). On the
one hand, we have
Paqo(X) ®a.py (DY) ®py 2) = (Ga(X) ®a,p Pp(V)) ®ap,y Gy(2)
=Paqa(X) ®a, 5y {RsPs(Y), 2p,y — {Raqa(X), Pg(V)}ap ®ap,y 44(2)
={RaPaqa(X0), {Rsps(Y), Zp. v}y — {Rap({Raqa(X), PV}a.p)s @y(D}ap.y
={RaPaqa(X): ARspp(Y), 2dp y}epy + {Rap({gp(V), PaRo(X)}p.0), 4y(2)}pa.y
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(by Eq. (21))
:{Q(zpr(z(x)’ {PﬁRﬁ(Y), Z}ﬂ,y}a,ﬁy + {Raﬁ({Qﬂ(y)’ paRa(x)}ﬂ, a)’ CIy(Z)}ﬁa,y-
(by pa» ga, R, commuting with each other)

On the other hand, we have

Ppap(Y) »p.ay (Pa(X) ®a y 2) = (V) »pa Pa(X)) ®pa.y 4y(2)
=ppqp(y) ®p.ay {RaPa(X), Za.y — {RsGp(Y), Pa(X)}g.0 ®pa.y 4y(2)
={Rsppap(y) {RaPa(X); Za v }p.ay — 1Rsa({R3GE(Y), Po(0)}.0)> 4y (D}pary
={Rpppqp(y), {RaPo(X), Za,y g0y — {RBGE(Y), RaDa(X))g, 0> 4y (2)}ga.y
+{Rpo({g5(), RaPoa(X)}p.0)s 4y (D}pa.y (by Eq. (5))
{QBPBRB()’) {PaRa(X), Z}a,y}p,ay = UgpRE(Y), PaRo(0)}g 0> 4y (D}pay
R 5({g5(y), PaRa(X))g,0): 4y(D)pa,y (bY P> gas R, commuting with each other)
{QﬁpﬁRﬁ(y), {PaR(X); Z}ay1g.ay + H{GaRe(X), PRV} a.p> 41(D)}ap.y
{Rap({qp(), PaRa(X)}p.0)s 4y(D}pa.y (by Eq. (21))
{QﬁpﬂRﬁ()’) {PaR(): Zaydp.ay + 19apdy p({gaRa(X), PEREDVa.p)s Pyay Py (Dap.y
{Rap(qp(»); PaRa()}g.0)s Gy (2)}pa.y
CIﬁpﬂRﬁQ’) PaRo(X): ZayYp.ay = 14505 (2 Papdap(9aRe(X), PsREOD 0. )}y, ap
{Rap({qp(), PaRa(X)}g,0)s 41 (D)}pay (by Eq. (21))
{QﬁpﬁRﬁ(y) {PeRa(X). Doy Yp.ay = 1505 (@) {PaRa(X), pﬁqg‘Rﬁ(y)}aﬁ}y op
{Rap(1q5(), PaRa(0)}p.0)» 4y (D}pa.y (by pagp» g, satisfying Eq. (20))
:{qﬁpﬁRMy), {PaRe(X), Doy dp.ay + 19000 PaRe (%), (qsPs05 RO PP, @py ey
+{q50505 Rs(¥): (@, 0, (2 Pady' PaRa(Dy.adpya + {Rapd5(): PaRa(X)}p.0)s 4y(D}pay
(by Eq. (22))
={qpppRs(Y), {PaRa(X); Zay g ay + 1GaPaRa(0) APsRE(DY), 2.y Yoy
+{9PsRs(»). {4y P, " (2)s Padla RO}yl ya + {Rap({g5(0)s PaRa()}p.0): 4y (@D)pay
={qpppRp(Y), {PaRo(X), oy }p 0y + {GaPaRa(X), {PsRs(Y), g 1o 5y
—{asPpRs(): {qaPaty Ra(X), Pypy DYy tp.ay + {Rap({d5()s PaRa(X)}p.0)s 45(D}pay
(by Eq. (21))
={qpPpRs(Y), {PaRa(X), ZYa,y1g.ay T {daPaRa(X), {PsRs(Y), Z}g.y}a.py
—{apPpRe(), {PaRa (), Za 1 }p 0y + {Rap({g5(Y); PaRe(X)}p.0)s Gy (D}pa.y
={qaPaRa(X), {PsRe(Y), Zp.y}e.py + {Rap({gs(¥)s PaRe(X)}p.0)s 4y(D)pa.y-

By comparing the items of both sides, we get

Pa%(x) »w,ﬂy (pﬁ(y) >ﬁ,y Z) - (qrx(x) »a,ﬁ Pﬁ()’)) >aﬂ,y %(Z)
:pﬁQﬁ(y) »,B, ay (pa(x) ’a,y Z) - (Qﬁ(y) »,B,a p(x(x)) ’ﬁa,y q)/(Z).

This completes the proof.
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4. BiHom-Q-PosTLIE ALGEBRAS AND BIHOM-Q-PRE-POSSION ALGEBRAS

In this section, we continue to assume that € is a commutative semigroup.

4.1. BiHom-Q-PostLie algebras. In this subsection, we mainly study the relationship between
BiHom-Q-PostLie algebras and BiHom-Q-Lie algebras. First, we generlize the concept of PostLie
algebras [7, 23] to Q version.

Definition 4.1. An Q-PostLie algebra (L, [-, ], g, >0,p)a,peq 18 @ vector space L equipped with
two families of bilinear operations [+, -], g, >e,3 : L X L — L, such that (L, [, ], g)a,peq 15 an
Q-Lie algebra and

[x, y]a,ﬁ >a8,y =X Pg,py (y B>s,y Z) - (X P>, y) >agy 2~ Y PBay ()C >a,y Z) + (y >8,a X) >Ba,y <>

X l>ar,,6y [y, Z],B,y :[.X Da,ﬁ Yy, Z]aﬁ,y + [y’ X Da,y Z]ﬁ,aya
forall x,y,z€ L, a, B, y € Q.

Definition 4.2. Let (L, [, 1o, 5, >a.8)0,pe0 and (L, [+, -];, 2 l>(’1’ ﬁ)a, gea be two Q-PostLie algebras.
A family of linear maps (f,)qco : L — L' is called an Q-PostLie algebra morphism if

faﬁ[x’ y]a,,B = [fa(x)’ f,‘B(y)];,ﬁ,

fa,B(x >a.p y) = fa(x) D:y,ﬁ ﬁ?(y),
forall x,ye L, a, g € Q.
Remark 4.3. Let (L, [, 14,5, >q.8)o, pco be an Q-PostLie algebra.
(@) If [x,ylo.3=0,forall x,y € L, a, B € Q, then we get

X Da,ﬁy 07 Dﬂ,y Z) - (x Da,ﬁ Y) l>a,6’,y =Yy l>,6’,ay (X l>oz,y Z) - (V Dﬂ,a )C) Dﬁa,y <,
forall x,y,z € L, a, B, y € Q, that is (L, >4 p)a, geq is an Q-pre-Lie algebra.
(b) If x>,y =0,forall x,y € L, a, g € Q, then (L, [, *]4,8)a, geq 15 an Q-Lie algebra.

The concept of BiHom-PostLie algebras was given in [3]. Now we introduce a more general
version of Definition 4.1.

Definition 4.4. A BiHom-Q-PostLie algebra (L, {-, -}, s, ®a. 5, Pa> Ga)o,peq 18 @ vector space L
equipped with two families of bilinear maps {-,-}, g, ®o.p: L X L — L, and two commuting
families of linear maps (p,)ecq, (@a)aca : L — L such that (L, {-, }o g, Pa> @a)a,peq 1S @ BiHom-Q-
Lie algebra and

pa,B(x L y) = pa(x) >3 P,B(y), Q(yﬁ(x L y) = %(x) » a3 Qﬂ(y)’

{qa(x)a pﬁ(y)}a,ﬁ >(t,B,y Q)/(Z) ZPQQQ()C) >cx,,By (pﬁ(y) ’ﬁ,y Z) - (qg(x) >04,,8 p,B(y)) >cx,B,y q)/(Z)
- Pﬁ%()’) »ﬁ’, ay (pa(-x) >oz,y Z) + (Qﬁ(}’) »,6',& pa(x)) >ﬁcz,)/ Cly(Z),

paQa(x) >a,ﬁy {y» Z}B,y :{qa(x) >a,,B Y, Qy(z)}aﬁ,y + {qﬂ(y)» pa(x) >a,y Z}ﬁ,ay’
forall x,y,z € L, a, B, v € Q. The maps p,, g, (in this order) are called the structure maps of L.

Remark 4.5. (@) If {x,y}a.p = 0, for all x,y € L, @, B € Q, then (L,», 3, P> Ga)a,pec 1S @
BiHom-Q-pre-Lie algebra.
(b)y If x»,py=0,forall x,y € L, a, B € Q, then (L,{-,}o, 8, Pa> Ga)a,pea 15 @ BiHom-Q-Lie
algebra.
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Now we introduce the Yau twisting procedure for BiHom-Q-PostLie algebras and the proof is
similar to Proposition 3.5 and 3.13.

Proposition 4.6. Let (L,[-, ]o,p, >a,p)a,pea be an Q-PostLie algebra and let p,,q, : L — L be
two commuting Q-PostLie algebra morphisms. Define two operations on L by

{X, y}a,ﬁ = [pa(x)’ Qﬁ(y)]a,/)’ and x »a,ﬁ y = p(y(-x) Da,ﬁ qﬁ(y),

forall x,y € L, a, B € Q. Then (L,{-,"}o,p,®a.p» Pa> 4a)a,pec is a BiHom-Q-PostLie algebra,
called the Yau twist of (L, [+, 14,5, > o, 8)a, peq-

Now we give a way to construct a BiHom-Q-Lie algebra by defining a new operation on the
BiHom-Q-PostLie algebra.

Proposition 4.7. Let (L,{-, }4. 5, ®a.p> Pa> 9a)a, g2 be a BiHom-Q-PostLie algebra. If p,, q, are
bijective. Define a new multiplication on L by

<XV >ap= X0 Y = (25 4p0)) Ppa (Pady' (X)) + (X, Vap,
forall x,y e L, a, B € Q, then (L,< -, >4 g, Pa»qa)a,peq is a BiHom-Q-Lie algebra.

Proof. Forall x,y,z € L, a, B, v € Q, owing to the commutativity, we get p, © g, = ¢, © p, and
we have

Daop <Xy >w,ﬁ:< pa(x)’ P,B'(Y) >rz,ﬂ’ qap <X,y >(1,,6':< C[a(X), q;?(y) >(1,B .
First, we prove the BiIHom-Q-skew-symmetry, we have
< 4a(%), P5(Y) >a.5=qa(X) ®a.5 PO — P5' 4s(Ps()) ®p.a Pady 4a(X) + {Ga(X), PsO)}ap
:(Ia(x) »a,ﬂ P,@(y) - Qﬁ@) ’ﬁ,a pa(x) + {qrx(x), pﬁ(y)}a,ﬁ

== (gg(y) »g.a Pa(X) = qo(X) »o.p Pp(Y) +{q5(V), Pa(X)}p. )
(by Eq. 21)
== (gs() ®p.0 Pa(X) = P GaPa(X) ®ap Psds" 45() + {50, Pa(2)}p.a)
== < q(y), Pa(X) >4 -
Next, we prove the BiHom-Q-Jacobi condition, we have
<qo (%), < gg¥), Py(2) >py>apy + < G5 < §3(2), Pa(X) >.0>p.ya
+ < 43(2), < qa(X), Pp(Y) >a.p>y.ap
= < q2(x), gp(y) ®py Py(2) >a,py — < (%), 4y(2) »y.5 Pp(Y) >a.py
+ < 20,1950, Py @Dy Zapy + < GO, 45(2) ®y.0 Pa(X) >pya
= < G0 4o(X) ®ary Py(D) >pya + < GO 14y Pa®y.a >p.ya
+ < 432, 4o(X) ®arp PEOY) >y.05 — < 452, 450 ®p.a Pa(X) >y.0p
+ < 45():{q0(X), PsOap >y.08
=q2(X) gy (@0Y) ®p.y Py(2) +G2(2), G5() ® 5.y PyDhapy = Ga(X) ®apy (G(2) ®y.5 ()
—{q2(), (@) ».5 PyDbarpy + Go(X) Papy {4500 Py(D}py +102(3). (g0 Py(2)}p. v oy
+ G50) ®pya (@52 ®y.a Pa(®) + G5O, 4,2 »y.0 Pa(Dpya = GGO) P ya (@a(X) ®ary Py(2)
G502 4o(X) ®ary Py Dpya + GO Ppya {8y Pa(hy.a +{G50): 105(2): Pa(D)}y.alp.ya
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+ 30 >y, (@D Yap PO + {83, 4000 s POy = 5@ Wy @50) B o)
{42, 45 ®p.0 Pa(Dhypa + (2D . ap {9a(X), PEOa.ps + {452 {9a(X), PEO) a0
= Py8v(@s0) Py PY) Pya Patla' Gal¥) + Py jys(@y(2) 5 PO By Padal)
— Payap a5, Py ®py.a Pada(X) = Py adya(@y (@) ®y.0 Pal(X) ®ya.p Ppas(Y)
+ Payday(@a(X) ®ary Py(@) ®ay.p Ppap() = Pyadyaldy(2): Pa(Dhya ®ya.p Podp(y)
— P pap(qa(X) ®a.p PEO)) ®apy Pydy(@) + Pradpalqs(y) ®p.a Pa(X)) ®pay Pydy(2)
= Papdaptde0)s PEONa,s ®ap.y Prdy(2)

=) Sy (@50) %y @) = (5 G50) %y 45D Wy Potta®) + {450 450) %5y Py @y
= G2X) Py (@) %8 PEON + (1) D) >y G0)) Pyp0 Padal) —{G2X), 6(2) Py PEOsy
+ 4o (%) %oy 1950, Py @DVpy = D5 GO0 Dy ®py.0 Pada(X) +{q2(), 1g500), Py(DIg 1)y
+ 450 »pya (0/(2) %0 Pa(0)) = (05452 »y0 Ga()) ®yap Psas0) + G50, 4y () »y0 Pal))pya
= 450 Ppya (Gp(0) Bary Py + (P340 () »ay 0(2)) By Ppas() = 1450 4a(X) Pary PY(@p.ya
+ 430 ®pya 1952 Pe(D}ya = (P, 63(2) Ga(D}y.0 ®yas PpasY) + 1500 16y(2)s Pa(D}y.adp.ya
+45(2) »y.ap (@a(X) »a.p PO = (7' Go(X) »ap GsO) Pap.y Pyay(2) +145(2), Ga(X) »ap PEO))yap
— 432 .05 (5 ®p.a Pa(X) + (D5 GO ® 5.0 Ga(0)) ®pary Pyay(@) = {45(2) 4s(Y) Pp.o P}y pa

+ 45(2) ®y.0p 19X, PEOas — 105 G0, G500 Wap.y Pray (@) + 1452 {00(%), PsO)}asly.as
=0. (by (L, {*, *}a. 8> ®a, 8> Pas 9 )a, pec beINng @ BiHom-Q-PostLie algebra)

Motivated by [7, Corollary 5.6], we have the following result.

Proposition 4.8. Let (L, {-, -} 3, Pa> Ga)a, pe be a BiHom-Q-Lie algebra and let (R,)qcq be a Rota-
Baxter family of weight A on L such that

Ry,opy =paoR,and R, 0 q, = qo ©R,.
We define two operations on L by
X Vap := UX, Ylap and x >4 5 y = {Ro(X), Y}a.p5
forallx,y € L, a, B € Q. Then (L,{-, "), ™a.p> Pa>Ga)a,peq i a BiHom-Q-PostLie algebra.

Proof. By (L,{-,}a.> Pa>Ga)a,pea being a BiHom-Q-Lie algebra, we get (L, (-, ")o. g, Pas Ga)a, pe0
is a BiHom-Q-Lie algebra, where (x, y)q 5 := A{x, y}o. 5. For x,y,z € L, a, B, v € Q, we have
Pap(X a5 Y) =Pap({Ra(X), Yla,p) = {PaRo(X), Ps(M}a,p
={RaPo(X), Pg(M)}a.p (by pa © Ry = Ry © pa)
=pa(X) .5 Pp(Y).
Similarly, we get g,p(x ®o g y) = qo(X) »q 5 qp(y). Next, we have
(qa(X); PO ®ap.y 45(2) + (qa(X) ®ap Pp(Y)) ®ap.y 4y(2) + Ppas(y) ®p.ay (PalX) »ay 2)
= Paqa(X) ®a,py (Pp(Y) ®p.y 2) = (gs()) ®p.a Pa(X)) ®pa.y 4y(2)
=URaplqa(0), PsODa.p> 4y (DYap,y + {Rap{Raqa(X), PsON}a,p> 4y (D}ap,y
+{Rpppqs(y)s {RePa(X); Za, v} 0y — {RaPaqa (%), {Rspp(¥), Zhp.y}a. gy
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—{Rpo{Rpqp(y), Po(0)}g 0> 4y (D}pa,y
={ARapqa(X), PsOWa,p + RaplRaa (%), PgOV)}a.p + Raplga(X), Rgpg(V)la,ps dy(Dap,y
+{RsPpqp(y); {RaPo (%), Zay}p.ay — {RaPaqa(X), {RPp(Y), Zdp. 1Yoy (by Eq. (21))
={{Raqa(x), Rsps(N)}a.p @y (D}ap.y + {RsPpqs(Y)s {RaPo(X); 2oy g ay
—{RaPaqa(X), {Rgpp(Y), Z}p y o5y (by Eq. (5))
={{qaRo(x), Rsps(N)}a.ps @y (D}ap.y + {dsRePE(V)s {PaRe(X); ZayIpay
—{PaqoR0o(X), {Repp(¥), 2}p, v} py
={qapd0 s{9aRa(X), RspsDYa.ps PyPy, 4y (DYap.y + {0sRePE(0) G0ty PaRa(X), Py, (D}ary gy
—{PaqaRa(X), {Rpp(Y), Z}p y Yo 5y
= —{ayP,'9,(2), Papdy s19aRa(X), RepgOa.ply.ap — (asRePs0) Gy P, @), Pty PaRa()}y.adp.ya
—{PaqaRa(X), {Rgps(¥), Zlp 1 Yoy (by Eq. (21))
= — {924, PoaRa(X), {apq5 Rspp(y): PyPy @ ydapy — 19505 RePs(Y): @y D, (2): Padly' PaRa(®)hy.alp.ya
~ 4,0} ({904 PaRa(X), g RepgOaplyas  (BY Paps 4y satisfying Eq. (20))
=0. (by Eq. (22))
Similarly, we have
(Ga(X) ®a.p ¥, Gy (Dap.y +{qs(V)s Pa(X) ®a.y Dp.ay = Paqol(X) ®a.py V> 2)p.y-
This completes the proof. O
Remark 4.9. If A = 0, then Proposition 4.8 reduces to Theorem 3.19.

Remark 4.10. By the link among Theorem 3.17, Proposition 4.7 and Proposition 4.8, we have
the following commutative diagram.

Proposition 4.8

BiHom-Q-Lie algebra
(L, {'9 '}a,ﬁ» Pas (]a)a,ﬂeg

BiHom-Q-PostLie algebra

(X Y)a, =Xy}, p and x> o gy:={Re(X).}a. (L, (-, ) 5> Pa Cla)a e

Proposition 4.7

<x,y>a,5:={Ra(X),y}a, g HXRE(D) o, g+ AU X V)0, _ _
R ©h <XY>a,p:= 00,55~ (P5 40P a(Pady (D) H(XV)ap

BiHom-Q-Lie algebra
(L’ < >w,ﬁ’ Pa> qg)a,ﬁEQ-

More precisely, we have
< XY >ap=XPap Y — (D5 G0)) ®p.a (Padly' (X)) + (X, V)a.p
={Ra(%), Y} — (RaP5 4p(Y), Pty (g + AUX, Vg
={Ra(%), Y)ap = 19805 ReD): Pty (g + AUX, Vg
={Ro(%): Y}ap + 190y () P55 Rs}a s + Ux, Vhap
(by Eq. (21))

={Ro(X), V}a,p + {4 RsW}a.p + UX, Y},

forall x,ye L, a, B € Q.
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4.2. BiHom-Q-pre-Possion algebras. In this subsection, we generlize the relationship between
pre-Lie algebras and pre-Possion algebras to BiHom-Q version. First of all, let’s recall the con-
cepts of QQ-zinbiel algebras and Q-pre-Possion algebras.

Definition 4.11. [1]

(a) An Q-zinbiel algebra (Z, , 3)q,pcq 18 a vector space Z equipped with a family of binary
operations (4 g : Z X Z — Z), geq such that

X *q By (y *B,y Z) = ()C *a, y) *a8,y 2T (y *B, X) *Ba,y < (23)
forall x,y,z€ Z, a, B, v € Q.

(b) An Q-pre-Possion algebra (B, >, s, *4 p)a, geq 15 a vector space B equipped with two fam-
ilies of bilinear operations >, g, %45 : B X B — B such that (B, >, g)o,geq 1S an Q-pre-Lie
algebra, (B, *4, 3)a, peq 1S an Q-zinbiel algebra and

()C >a.pY —YPpa X) *aB,y X = X Pq gy (y *B,y Z) — Y *Bay ()C >a,y Z)’
(x *0.8Y T Y *sa X) B>ap,y = X *q 8y (y >3,y 7))+ Y *Bay (x >a,y 2),
forall x,y,z€ B, a, B, y € Q.
Definition 4.12. (@) Let (Z, *4,)q,peq and (Z, *, ﬁ)a, peq be two Q-zinbiel algebras. A family
of linear maps (f,)qcq : Z — Z' is called an Q-zinbiel algebra morphism if
Fop( a0 Y) = o) ¥, 5 f50), (24)

forall x,y e Z, a, B € Q.
(b) Let (B, >4, *a,8)a,peq and (B, l>('l, L *; ﬁ)a, peq be two Q-pre-Possion algebras. A family
of linear maps (f,)qcq : B — B’ is called an Q-pre-Possion algebra morphism if

faﬁ(x Da,ﬁ y) = fa(x) D;,ﬁ ﬁ?()’)’

faﬂ(x *a,ﬁ y) = fa(x) *Zy,lB fﬂ(y)a
for all x,y € B, a, B € Q.

Below, we will generlize the above definitions to the BiHom version.

Definition 4.13. A BiHom-Q-zinbiel algebra (Z, ®, g, o, ¢a)a.peq 15 a vector space Z equipped
with a family of binary operations (®,,5 : Z X Z — Z), geq and two commuting Q-zinbiel algebra
morphisms p,,q, : Z — Z such that

Pada(X) @, gy (DY) ®p.y 2) = (qa(X) ®a,p P(Y)) Bap,y 4,(2) + (qp(Y) ®p 0 Pa(X)) Bga,y 4,(2),

forall x,y,z € Z, a, B,y € Q. The maps p, and g, (in this order) are called the structure maps of
Z.

Combining BiHom-Q-zinbiel algebras and BiHom-Q-pre-Lie algebras, we propose the follow-
ing definition.

Definition 4.14. A BiHom-Q-pre-Possion algebra (B,», s, ®, g, Po> §a)a, peq 18 @ Vector space B
equipped with two families of bilinear maps », g, ®, 5 : B X B — B and two commuting families
of linear maps (pPo)aca, (qa)ecq : B — B such that (B,», g, Pas qa)a,pea 15 @ BiHom-Q-pre-Lie
algebra, (B, ®,, 4, Pa» 4o )a,pea 18 @ BiHom-Q-zinbiel algebra and

(Q(y(x) >a,,B pﬁ@) - CI,BO]) >[ﬁ’,a pa(x)) ®a,8,y Qy(z)
= Pa%(x) >0/,,6’)/ (Pﬁ(J’) ®B,y Z) - pBQ,B(y) ®,B,ay (pa(x) »a,y Z)a
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(9a(X) ®a,p Pp(Y) + qs(Y) ®p.0 Pa(X)) ®ap,y 4y(2)
= p(l‘]a(-x) ®rz,ﬂ7 (Pﬁ(y) >[3,)/ Z) + PﬁCIﬁ(Y) ®,6’,(yy (p(x(x) »a,y Z)’

for all x,y,z € B, a, 3, y € Q. The maps p, and ¢, (in this order) are called the structure maps of
B.

Next, we introduce the relationship between BiHom-Q-pre-Possion algebras and BiHom-Q-
pre-Lie algebras.

Remark 4.15. Let (B, », g, ®y. g, Pas Ga)a,peo be a BiHom-Q-pre-Possion algebra.

(@) fx®, 5y =0,forall x,y € B, a, B € Q, then (B, », g, Do Ga)a, pec 18 @ BiHom-Q-pre-Lie
algebra.

(b) If x»,3y=0,forall x,y € B, a, § € Q, then (B, ®,,, Po> §a)a,pea 1S @ BiHom-Q-zinbiel
algebra.

As usual, we characterize the Yau twisting procedure for BiHom-Q-zinbiel algebras as follows.

Proposition 4.16. Let (Z, *, g)a, pe be an Q-zinbiel algebra. If p,, g, : Z — Z are two commuting
Q-zinbiel algebra morphisms and we define the multiplication on Z by

X®a,pY 1= Po(X) %45 qs(y), forallx,y€Z, a, € Q.
Then (Z,®q.p, Pas Ga)a, peq is a BiHom-Q-zinbiel algebra, called the Yau twist of (Z, %o, ), ge-
Proof. For x,y,z€ Z, a, B,y € Q, we have
Paqo(X) @ gy (Pp(Y) g,y 2)
=Dada(X) *a.8y 48y (Pp() @3, 2)
=Pade(X) a5y 45y (D50Y) 5.y 0(2))
=P2da(X) *a.py (@P50) %5, 45(2)  (by gy satisfying Eq. (24))
=(Paqa() *a.p 4sPFO)) *ap.y 45(2) + (GpG50) *5.0 Pade(X)) *say 4(2)
(by Eq. (23))
=(P34a(X) *a.6 PpasPE0)) *ap.y 45(2) + (Ppap(Y) *g.0 PalaPe(X)) *pa,y 45(2)
(by pa» g, commuting with each other )
=Ppa(Pada(X) *a.p 4P *ap.y ©2) + Pa(Pas(Y) *p.0 GaPa(X)) *sa.y 45(2)
(by pop satistying Eq. (24))
=(qa(X) ®a,p Pp(Y) @ap,y 4y(2) + (qp(¥) ®p,0 Pa(X)) Bpa,y ¢y(2).
O

The following result is the Yau twisting procedure for BiHom-Q-pre-Possion algebras and the
proof is similar to Proposition 4.16.

Proposition 4.17. Let (B,>, g, *q,p5)a,peq be an Q-pre-Possion algebra and let p,,q, : B — B be
two commuting Q-pre-Possion algebra morphisms. Define two operations on B by

XPopYy = pa(x) >a.p C]ﬂ(}’), X®qp)y = pa(x) *a, qﬁ(y)»

forall x,y € B, a, p € Q. Then (B,», g, ®a,p, Pa> Ga)a,peq is a BiHom-Q-pre-Possion algebra,
called the Yau twist of (B, >, *a,8)a, geq-
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