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In the 1960’s, four famous scaling relations were developed which relate
the six standard critical exponents describing continuous phase transi-
tions in the thermodynamic limit of statistical physics models. They
are well understood at a fundamental level through the renormalization
group. They have been verified in multitudes of theoretical, compu-
tational and experimental studies and are firmly established and pro-
foundly important for our understanding of critical phenomena. One of
the scaling relations, hyperscaling, fails above the upper critical dimen-
sion. There, critical phenomena are governed by Gaussian fixed points
in the renormalization-group formalism. Dangerous irrelevant variables
are required to deliver the mean-field and Landau values of the criti-
cal exponents, which are deemed valid by the Ginzburg criterion. Also
above the upper critical dimension, the standard picture is that, unlike
for low-dimensional systems, finite-size scaling is non-universal. Here we
report on new developments which indicate that the current paradigm
is flawed and incomplete. In particular, the introduction of a new expo-
nent characterising the finite-size correlation length allows one to extend
hyperscaling beyond the upper critical dimension. Moreover, finite-size
scaling is shown to be universal provided the correct scaling window is
chosen. These recent developments also lead to the introduction of a
new scaling relation analogous to one introduced by Fisher 50 years ago.
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1. Introduction

In the standard picture, critical phenomena above the upper critical dimen-
sion are believed to be well described by mean-field theory and by Landau
theory. This picture is supported by the renormalization-group formalism
coupled to Fisher’s dangerous irrelevant variables concept. In the conven-
tional paradigm, hyperscaling fails above the upper critical dimension and
finite-size scaling ceases to be universal. In many reviews and textbooks,
theories with short-range interactions beyond the upper critical dimension
play a precursory role, appearing in the early, introductory, chapters, where
they are seen as a step en route to more physically interesting phenomena at
or below upper dimensionality. For this reason, high-dimensional theories
play a foundational role in statistical mechanics. Increasing the interaction
range reduces the upper critical dimension. Such experimentally accessible
models may be of direct physical relevance. Over the last decades, however,
it has been recognised that the current paradigm is not satisfactory. We
quote from Ref. [1] in the context of φ4 theory:

“Thus we arrive at a rather disappointing state of affairs - al-
though for the φ4 theory in d = 5 dimensions all exponents
are known, including those of the corrections to scaling, and in
principle very complete analytical calculations are possible, the
existing theories clearly are not so good.”

Very recently, progress has been made to provide a complete account of

scaling above the upper critical dimension. Given the basic role mean-field

and Landau theories play, this development is important in a fundamental

sense. The aims of this exposition are to contextualise and present the

recent theoretical advances. We begin in Section 2 with a summary of scal-

ing and finite-size scaling at continuous phase transitions, including of the

scaling relations. Derived in the 1960’s, these form a cornerstone for the

statistical physics of phase transitions. We also touch upon logarithmic cor-

rections to scaling, a subject reviewed in a previous volume of this series.2

In Section 3 we revisit Widom’s scaling ansatz and Kadanoff’s block-spin

renormalization. Mean-field theory and Landau theory are developed as a

foundation for φ4 theory in Section 4, theory, where the Ginzburg criterion

is recalled. In Section 5, Wilson’s renormalization-group formalism for the

Gaussian fixed point is briefly outlined. To describe scaling above the up-

per critical dimension, dangerous irrelevant variables have to be accounted

for, and these are treated in both infinite and finite systems in Section 6.

Reasons why this standard standard paradigm is ad hoc and unsatisfactory

are given in Section 7. Recent developments are summarised in Section 8,

where two new exponents ϙ (pronounced “koppa”) and ηQ are introduced.
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The new, full scaling and finite-size scaling theory above the upper critical

dimension is outlined in Section 9. We also include new results for logarith-

mic corrections at the critical dimension itself, supplementing the review

in Ref. [2]. We conclude in Section 10.

2. Scaling at Continuous Phase Transitions

In this section, we briefly summarise the standard power-law scaling

paradigm at continuous phase transitions and the relations between the

various critical exponents. This includes a description of standard finite-

size scaling (FSS). We also very briefly summarise the new developments

which are elucidated in subsequent sections.

Although second-order or continuous phase transitions also appear in

particle physics, cosmology, fluid mechanics, and other areas of physics,

we employ the language of magnetism in this exposition for purposes of

clarity. It is straightforward to convert the results to the terminology of

related fields.

To begin this section, we introduce the basic functions which describe

global and local properties of the system. These are called thermodynamic

and correlation functions respectively. Since the latter concern system de-

tails at a microscopic level, their definitions are model specific and through-

out this work, we use the Ising and φ4 models as generic representations of

spin models and field theory.

2.1. Thermodynamic functions

We consider a system of spins si located at the sites i of a d-dimensional

lattice with L sites in each direction, so that there are N = Ld sites overall.

If the lattice constant is a, the volume of the system is Nad. The partition

function is defined as

ZL =
∑

{si}

e−βH, (2.1)

where H is the total energy associated with a given configuration {si} of

the spins and β = 1/kBT is the reciprocal of the Boltzmann constant kB
times the absolute temperature T . The Hamiltonian is

H = E −HM, (2.2)

in which E represents the energy due to interactions between the spins

themselves, H is the strength of an external magnetic field and M is the
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magnetisation of a given configuration. For later convenience we define the

reduced external field as h = βH .

The Ising model is defined through the configurational energy and mag-

netisation3,4

E = −J
∑

〈ij〉

sisj , (2.3)

M =
∑

i

si, (2.4)

in which si ∈ {±1}. The Helmholtz free energy is defined as

FL = −kBT lnZL. (2.5)

We denote intensive quantities in lower case, so that, e.g.,

fL =
FL

N
. (2.6)

At h = 0, the entropy is given by

NsL = −∂FL

∂T
= kB lnZL +

1

T
NeL, (2.7)

where

NeL = −∂ lnZL

∂β
= 〈E〉, (2.8)

is the internal energy and 〈. . .〉 refer to expectation values. The specific

heat is

c =
∂e

∂T
=

kβ2

N

(

〈E2〉 − 〈E〉2
)

. (2.9)

The magnetisation and magnetic susceptibility are respectively defined as

m = − ∂f

∂H
=

〈M〉
N

, (2.10)

χ =
∂m

∂H
=

β

N

(

〈M2〉 − 〈M〉2
)

. (2.11)

2.2. Correlation functions

For the Ising model, the magnetisation defined in Eq.(2.10) is

m =
1

N

∑

i

〈si〉. (2.12)

In the translation-invariant case where 〈si〉 is independent of i, this sim-

plifies to m = 〈si〉. This may be expected when the system is infinite in
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extent. There is no spontaneous magnetisation in a finite-size system. For

the spin model, the connected correlation function is defined as

G(ri, rj) = 〈sisj〉 − 〈si〉〈sj〉, (2.13)

where ri represents the position of the ith lattice site. It is useful to promote

h to a function of position, so that the external magnetic field is not uniform.

One can easily show that the connected correlation function is

G(ri, rj) = − β

N

∂2f

∂hi∂hj
, (2.14)

where hi is the reduced field at site i.

2.3. Power-law critical-point scaling

We are interested in behaviour near the critical point (T,H) = (Tc, 0).

To gain a dimensionless measure of distance from criticality we define the

reduced temperature

t =
T − Tc

Tc
. (2.15)

We henceforth write thermodynamic functions in terms of reduced vari-

ables, e.g., cL(t, h), mL(t, h) and χL(t, h). To make the connection to the

macroscopic thermodynamical world, statistical mechanics is taken to its

large L limit. There the leading power-law scaling behaviour which captures

the dependencies of these thermodynamic functions at a phase transition

of second order is given by

c∞(t, 0) ∼ |t|−α, (2.16)

m∞(t, 0) ∼ (−t)β , (2.17)

m∞(0, h) ∼ h
1
δ , (2.18)

χ∞(t, 0) ∼ |t|−γ , (2.19)

which define the critical exponents α, β, γ and δ. Eq.(2.17) holds only

when T < Tc as there is no spontaneous magnetisation when T > Tc.

The thermodynamic functions listed above are derivable from the par-

tition function through Eqs.(2.8)-(2.11). They give the global response of

the entire system to tuning the temperature and/or external field near the

phase transition. One is also interested in local responses given by the

correlation functions (2.13). For systems with translational invariance one

expects G(ri, rj) to depend only on the distance between sites i and j rather

than their absolute coordinates. We write

G∞(t, h; r) ∼ r−pD

[

r

ξ∞(t, h)

]

, (2.20)
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in which ξ represents the correlation length, which measures the scale of

fluctuations away from the fully aligned or fully random states. The corre-

lation length also diverges close to criticality, and

ξ∞(t, 0) ∼ |t|−ν , ξ∞(0, h) ∼ |h|−νc . (2.21)

When r ≪ ξ∞(t), the power-law dominates Eq.(2.20) and one writes

G∞(t, 0; r) ∼ r−(d−2+η), (2.22)

in which η is the anomalous dimension.

From experiments and Landau theory (Section 4) it is expected that

the correlation function decays exponentially away from criticality for suf-

ficiently large distance. Then D(y) ∼ exp (−y), or

G∞(t, 0; r) ∼ r−p exp

[

− r

ξ∞(t, 0)

]

, (2.23)

when r ≫ ξ∞(t).

The momentum-space equivalent of the general form (2.20) is

G̃(t, h; k) =

∫ ∞

0

ddrG(r)eikr = kp−dg(kξ), (2.24)

for some function g. In the critical region, where p = d−2+η, this becomes

G̃(t, 0; k) ∼ k−2+η. (2.25)

2.4. Fundamental theory of phase transitions

In the 1950’s, inspired by the fundamental theorem of algebra, Yang and

Lee5 developed a fundamental theory of phase transitions . For the finite L

Ising model, for example, the partition function in Eq.(2.1) has a discrete

set of zeros in the complex-h plane. In the limit of infinite volume these

Lee-Yang zeros condense onto curves. In fact, in many circumstances the

Lee-Yang theorem ensures that these zeros are purely imaginary.5

When T > Tc, the point in the distribution of Lee-Yang zeros closest

to the real axis is called the Yang-Lee edge and we denote it by hYL(t). It

approaches the real axis as t reduces to its critical value t = 0 and that

approach is also characterised by a power law if the transition is second

order, namely

hYL(t) ∼ t∆, (2.26)

in which ∆ is called the gap exponent.

Fisher pointed out that the finite-size partition function in Eq.(2.1) also

has zeros in the plane of complex temperature. In the thermodynamic limit

these Fisher zeros6 pinch the real temperature axis at the point where the

phase transition occurs (namely at T = Tc).
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2.5. Finite-size scaling, shifting and rounding

Genuine phase transitions can only appear in systems of infinite size. In

finite-size systems, the divergences which are characteristic of some func-

tions are replaced by peaks of finite height. These peaks have a “rounded”

structure and are shifted away from the critical point of the infinite-volume

system to what is called the pseudocritical point or effective critical point.

The FSS hypothesis is that the relationship between functions in the

thermodynamic limit and their finite-size counterparts enters through the

ratio of the two length scales L and ξ∞.8–11 For a generic function P (t, h),

say, this relationship is expressed as (setting h = 0)

PL(tL)

P∞(t)
= FP

[

L

ξ∞(t)

]

. (2.27)

Here, tL is the pseudocritical value of the reduced temperature – that at

which the function PL has an extremum. Here, and henceforth, we have

suppressed the dependency of P on h when the latter vanishes.

We suppose P∞(t) ∼ |t|−ρ in the thermodynamic limit. Fixing the

scaling ratio w = L/ξ∞(t) in Eq.(2.27) amounts to the substitution |t| →
w1/νL−1/ν , from which

PL(tL) = FP (w)P∞

(

w
1
ν L− 1

ν

)

∼ L
ρ
ν . (2.28)

In fact the scaling form PL(t) ∼ Lρ/ν usually holds as a good approximation

in a region around the peak tL, known as the scaling window . In many

instances the scaling window includes both the critical point t = 0 as well as

the pseudocritical point t = tL. In other words, to obtain the FSS behaviour

of PL from P∞(t), one simply replaces the infinite-volume correlation length

ξ∞(t) by the actual length of the system L inside the scaling window.

Applying it to the functions in Eqs.(2.16), (2.17), (2.19), (2.21), (2.23),

(2.26), one obtains

cL(tL) ∼ L
α
ν , (2.29)

mL(tL) ∼ L
−β
ν , (2.30)

χL(tL) ∼ L
γ
ν , (2.31)

ξL(tL) ∼ L, (2.32)

GL(tL; r) ∼ r−p exp

(

− r

N0L

)

, (2.33)

h1(t) ∼ L
∆
ν . (2.34)

In Eq.(2.33), N0 represents an appropriate amplitude and we have omitted

the subscript L from the finite-size scaling of the first Lee-Yang zero.
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One is also interested in how the location of the peak t = tL is shifted

relative to its infinite-volume limit t = 0 (the critical point). This is char-

acterised by the so-called shift exponent λT . For a system of linear extent

L the scaling of the pseudocritical point also follows a power-law

tL ∼ LλT , (2.35)

to leading order.

The smoothening out of the divergence present in the thermodynamic

limit into a peak is also associated with the rounding exponent θT . The

rounding may be defined as the width of the susceptibility curve at half of

its maximum height, ∆T . One then has

∆T ∼ L−θT , (2.36)

to leading order.

2.6. Scaling relations

The six core critical exponents are related by four famous scaling relations,

derived in the 1960’s:

νd = 2− α, (2.37)

2β + γ = 2− α, (2.38)

β(δ − 1) = γ, (2.39)

ν(2− η) = γ. (2.40)

The relation (2.37) was developed by Widom12,14 using considerations of

dimensionality, with alternative arguments given by Kadanoff.15 Joseph-

son16 later derived the inequality νd ≥ 2−α on the basis of some plausible

thermodynamic assumptions. Because it involves dimensionality, Eq.(2.37)

is also called the hyperscaling relation. It is conspicuous in the set (2.37)–

(2.41) in that it is the only scaling relation involving d. The hyperscal-

ing relation (2.37) lies at the heart of this review. The equality (2.38)

was originally proposed by Essam and Fisher17 and the related inequality

2β + γ ≥ 2− α was rigorously proven by Rushbrooke.18 Similarly, relation

(2.39) was put forward by Widom19 and the related inequality β(δ−1) ≤ γ

proved by Griffiths.20 Equalities (2.38) and (2.39) were re-derived by Abe21

and Suzuki22 using an alternative route involving Lee-Yang zeros. Eq.(2.40)

was derived by Fisher,23 with a related inequality proved in Ref. [24,25].

The gap exponent is given by26

∆ =
δγ

δ − 1
= δβ = β + γ. (2.41)
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The critical exponent governing the behaviour of the correlation length in

field is

νc =
ν

∆
. (2.42)

The predictions for the rounding and shifting exponents coming from stan-

dard FSS

λT =
1

ν
. (2.43)

But this is not always true and in some cases, such as in the Ising model in

two dimensions with special boundary conditions, it can deviate from this

value. Similarly the rounding exponent is

θT =
1

ν
. (2.44)

2.7. Logarithmic corrections

In certain circumstances, there are multiplicative logarithmic corrections

to the leading behaviour and2

c∞(t) ∼ |t|−α| ln |t||α̂, (2.45)

m∞(t) ∼ (−t)
β | ln (−t)|β̂ for T < Tc, (2.46)

m∞(h) ∼ h
1
δ | lnh|δ̂, (2.47)

χ∞(t) ∼ |t|−γ | ln |t||γ̂ , (2.48)

ξ∞(t) ∼ |t|−ν | ln |t||ν̂ , (2.49)

rYL(t) ∼ t∆| ln t|∆̂ for t > 0. (2.50)

In addition the scaling of the correlation function at h = 0 has

G∞(r, t) ∼ r−(d−2+η)(ln r)η̂D

[

r

ξ∞(t)

]

, (2.51)

To allow for logarithmic corrections in the correlation length of the finite-

size system, we write

ξL(0) ∼ L(lnL)ϙ̂. (2.52)

Recently scaling relations between these logarithmic-correction exponents

have been established27 Analogues of Eqs.(2.37)–(2.40) are (for a review

see the previous volume in this series2)

α̂ =

{

1 + d(ϙ̂ − ν̂) if α = 0 and φ 6= π/4

d(ϙ̂ − ν̂) otherwise,
(2.53)

2β̂ − γ̂ = d(ϙ̂− ν̂), (2.54)

β̂(δ − 1) = δδ̂ − γ̂, (2.55)

η̂ = γ̂ − ν̂(2 − η). (2.56)
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In the first of these, φ refers to the angle at which the Fisher zeros impact

onto the real axis. If α = 0, and if this impact angle is any value other

than π/4, an extra logarithm arises in the specific heat. For example, this

happens in d = 2 dimensions, but not in d = 4, where φ = π/4.27 One

notes the crucial role played by the exponent ϙ̂ in the scaling relations for

logarithmic corrections. The question arises, what is the analogue of this

for the leading exponents, and why does it not appear in the usual scaling

relations (2.37)–(2.40). That is the subject of much of what follows and

next we summarise the answer.

2.8. Q-Scaling and Q-FSS: The new paradigm

For clarity and convenience, we gather here the new results recently derived

for scaling and FSS above the upper critical dimension and reviewed in this

Chapter.

Of core importance is the leading power-law analogue of ϙ̂ in the corre-

lation length,

ξL(tL) ∼ Lϙ. (2.57)

We shall show that the new exponent ϙ is given by

ϙ ∼
{ d

dc
if d > dc

1 if d < dc
. (2.58)

We will also establish the leading power-law analogue to Eq.(2.53) as

νd

ϙ
= 2− α. (2.59)

This scaling relation holds in all dimensions and is the extension of hyper-

scaling to d > dc.

We will also show that two separate correlation functions are required

above dc. Which one to use depends upon whether one uses the scale of the

lattice extent L or the correlation length ξL. In the former case one has at

criticality

GL(r) ∼ r−d−2+ηQ , (2.60)

while in the latter case,

Gξ(r) ∼ r−dc−2+η. (2.61)

The formula (2.22) is therefore only valid below dc. The second new expo-

nent ηQ is the anomalous dimension when distance is measured in the scale

of L. It is related to η, the anomalous dimension on the scale of ξ, by

ηQ = ϙη + 2(1− η). (2.62)



April 16, 2024 2:52 ws-rv9x6 Book Title 2014˙10˙15˙Q page 11

Scaling and Finite-Size Scaling above the Upper Critical Dimension 11

Thus ηQ and η coincide when d < dc. These anomalous dimensions also

have logarithmic counterparts for the case when d = dc, thus providing an

additional formula to the list (2.53)–(2.56) and an amendment to Chapter 1

of Ref. [2].

In the following, we provide evidence that the new exponents are both

physical and universal . They are physical in the sense that they control the

finite-size behaviour of the correlation length and correlation function. We

also suggest that they are universal, independent of the boundary conditions

used for finite-size systems .

3. Widom Scaling and Kadanoff Renormalization as Bases

for the Scaling Relations

Historically, scaling theory begins with Widom’s scaling ansatz for the mag-

netisation12 (see also Ref. [13])

m∞(t, h) = |t|βM±

(

h

|t|∆
)

, for t → 0±, h → 0. (3.1)

Setting |t| = h1/∆ allows one to re-express this as m∞(t, h) ∼ hβ/∆. Com-

paring with Eq.(2.17), one identifies the gap exponent as

∆ = βδ. (3.2)

To achieve the form (3.1), Widom suggested that the singular part of the

free energy scale as

f∞(t, h) = |t|2−αF±

(

h

|t|∆
)

. (3.3)

(This functional form of the scaling function ensures that h enters the

partition function through the ratio h/|t|∆. This means that the Lee-Yang

zeros scale as |t|∆, so that ∆ is the gap exponent of Eq.(2.26).) A similar

scaling ansatz can be written for the correlation function:15

G∞(r, t, h) ∼ 1

rd−2+η
G±

(

r

ξ
,

h

|t|∆
)

, for t → 0±, h → 0. (3.4)

Together with the assumption that the free energy scale as the inverse

correlation volume

f∞(t, h) ∼ ξ−d
∞ , (3.5)

one has a complete description of scaling in the thermodynamic limit, from

which the scaling relations (2.37)–(2.40) follow.
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Firstly, Eq.(3.3) with h set to zero and Eq.(3.5) deliver the hyperscaling

relation νd = 2 − α. Next, differentiating Eq.(3.3) with respect to field

gives m∞(t) ∼ |t|2−α−∆, from which we have ∆ = β + γ. Combined

with Eq.(3.2) this gives Widom’s relation (2.39). Differentiating a second

time gives χ∞(t) ∼ |t|2−α−2∆. Identifying the exponent as −γ delivers the

relation (2.38).

The starting point for the standard derivation of Fisher’s relation (2.40)

is the fluctuation-dissipation theorem

χ∞(t) =

∫ ξ∞(t)

0

ddrG∞(r, t, 0), (3.6)

having bounded the integral by the correlation length. Then, from the

form (3.4),

χ∞(t) =

∫ ξ∞(t)

0

dr r1−η G±

[

r

ξ∞(t)

]

. (3.7)

Fixing r/ξ∞(t) = x, this gives

χ∞(t) = ξ2−η
∞

∫ 1

0

dx x1−ηG± (x) . (3.8)

Finally, inserting the scaling behaviour for ξ∞ and χ∞, one obtains Fisher’s

relation23 γ = ν(2− η).

We will revisit this derivation in Sec.8.2 where we will see that this

50-year old scaling relation needs to be modified above the upper critical

dimension.

The Widom scaling ansatz may be justified through Kadanoff’s block

spin renormalization approach.15 One partitions the lattice into blocks of

size b (in units of a) and replaces each of the bd spins in a block by a

single block spin sI . One then rescales all lengths by an amount b. At

the critical point (t, h) = (0, 0) (recall t = T/Tc − 1 is the reduced tem-

perature), the correlation length is infinite and remains so after the block

spin transformation – its is a fixed point of the transformation which maps

(t, h) to new values (t′, h′). Near the critical point, the relationship between

the original and renormalized parameters is t′ = λt(b)t and h′ = λh(b)h.

Demanding that successive blocking is equivalent to a single transforma-

tion, λi(b2)λi(b1) = λi(b1b2) and that the identity transformation effect no

change, delivers the expectation that t′ = bytt and h′ = byhh with yi > 0

for i = t, h. The first of these then gives ξ′∞(t) ∼ |t′|−ν ∼ b−ytνξ∞(t).

But since in Kadanoff’s approach the correlation length is transformed as

ξ′∞ = ξ∞/b, we identify

ν =
1

yt
. (3.9)
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Demanding that the partition function remains unchanged under the

real-space renormalization transformation ZL(t, h) = ZL′(t′, h′), where

L′ = L/b (here, N = Ld is the number of original spins and N ′ = L′d

is the number of block spins), delivers for the free energy in the critical

region,

f∞(t, h) = b−df∞(bytt, byhh). (3.10)

This is a generalised homogeneous function. From this, Widom’s scaling

follows as

f∞(t, h) = |t|νdf∞(±1, h|t|−yh/yt).

Comparing to Eq.(3.3), one has νd = 2− α and

∆ =
yh
yt

or yh =
βδ

ν
. (3.11)

Therefore the assumption that the renormalized partition function take

the same form as the original one delivers a generalised homogeneous free

energy, which then delivers Widom’s ansatz and hyperscaling.

Kadanoff’s block spin technique can also be applied to the correla-

tion function. Write mI = b−d
∑bd

i∈I si and define the block spin SI =

sign(mI) = mI/|mI |.. Then,
G∞(r′, t′, h′) = 〈SISJ〉 − 〈SI〉 〈SJ〉

=
1

|mI ||mJ |
1

b2d

bd
∑

i∈I

bd
∑

j∈J

〈sisj〉 − 〈si〉 〈sj〉

=
1

|mI ||mJ |
G∞(r, t, h).

From FSS, mI ∼ b−β/ν , so we have G∞(r′, t′, h′) ∼ bβ/νG∞(r, t, h) or

G∞(r, t, h) ∼ b−
β
ν G∞(rb−1, tbyt , hbyh). (3.12)

The scaling ansatz (3.4) follows from this.

4. Mean-Field Theory, Landau Theory, φ4 Theory and the

Ginzburg Criterion

The mean-field theory28,29 for the Ising model and Landau theory30 are

both historically and conceptually the basis for deeper, firmer and more re-

alistic theories of critical phenomena. They also produce critical exponents

which obey the scaling relations (except hyperscaling). Here we present

both theories along with a brief account of a criterion which marks their

validity.
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4.1. Mean-field theory for the Ising model

The Ising Hamiltonian is given by Eqs.(2.2), (2.3) and (2.4),

H = −J
∑

〈i,j〉

sisj −H
∑

i

si. (4.1)

Writing si = mL + δsi in the first term, in which mL = 〈si〉,

H = −J
∑

〈i,j〉

(mL + δsi)(mL + δsj)−H
∑

i

si. (4.2)

(In writing mL as independent of i, we have again assumed translational

invariance for simplicity.) We express this as

H = HMF +∆H, (4.3)

where

HMF = Jm2
∑

〈i,j〉

1− 2JmL

∑

〈i,j〉

si −H
∑

i

si, (4.4)

having reinstating si, and

∆H = −J
∑

〈i,j〉

(δsi)(δsj). (4.5)

The mean-field approximation consists of neglecting second-order fluctua-

tions so that the energy of the model is simply HMF.

Introduce the coordination number q as the number of nearest neigh-

bours. For example, a hypercubic lattice with periodic boundary conditions

has q = 2d. Then
∑

〈i,j〉 1 = qN/2 and
∑

〈i,j〉 si = (q/2)
∑

i si, so that

HMF =
q

2
NJm2

L − (JqmL +H)
∑

i

si. (4.6)

The Hamiltonian has been decoupled into a sum of single-body, non-

interacting effective Hamiltonians in an effective mean-field Heff = H +

JqmL. Now sum over the configurations and insert into the partition func-

tion to obtain

ZMF =
∑

{si}

e−βHMF = e−
βNqJm2

L
2 [2 cosh (βH + JβqmL)]

N . (4.7)

From Eq.(2.5), the free energy is then

fMF =
qJm2

L

2
− kBT ln [2 cosh (βH + JβqmL)]. (4.8)
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Eq.(2.10) then gives the transcendental equation

mL = tanh [β(H + JqmL)], (4.9)

or

tanh−1 mL =
1

2
ln

(

1 +mL

1−mL

)

= βH + βJqmL. (4.10)

Expanding the inverse hyperbolic function,

mL +
m3

L

3
+ · · · = βH + βJqm. (4.11)

When h = βH = 0, this delivers the solutions mL = 0, which can hold for

any T , and mL = ±
√

3(βJq − 1), which is real only for β ≥ 1/Jq. Identify

βc =
1

qJ
or Tc =

qJ

kB
. (4.12)

There is therefore a phase transition from a zero-magnetisation phase when

H = 0 and T > Tc to a magnetised phase when H = 0 and T < Tc. These

solutions coincide at Tc.

Differentiating Eq.(4.11) with respect to h gives χL(1−β/βc)+m2
LχL+

· · · = β, leading to γ = 1 in the thermodynamic limit. The critical isotherm

β = βc gives m3
L = 3βcH so that δ = 3. Finally, the internal energy is the

expectation value of the Hamiltonian in Eq.(2.15). Differentiating with

respect to temperature then delivers α = 0.

The mean-field theory delivers phase transitions even for finite L and

even in in one dimension. However, there can be no genuine transition in

a finite-size system and, according to Ising’s calculation, there should be

no spontaneous magnetisation in d = 1.3 At the other extreme, mean-

field theory becomes exact in the limit where the interactions are between

all pairs of spins and not just nearest neighbours. It is also exact in the

limit of infinite dimensionality. In summary, mean-field theory leads to the

prediction α = 0, β = 1/2, γ = 1 and δ = 3, independent of dimensionality.

Rather than expanding out Eq.(4.9), one can expand the more funda-

mental equation (4.8). One finds (dropping the subscripts L),

fMF = f0 −Hm+ a2(T − Tc)m
2 + a4m

4 + . . . , (4.13)

where f0 = −kBT ln 2, a2 = kB/2 and a4 = kBT/12. When T > Tc, the

order parameter vanishes, so that fMF = f0.

One can now proceed to determine m, χ and c in the usual manner and

verify that the Taylor expansion of the mean field delivers the same scaling

behaviour in the vicinity of the critical point as the full mean-field theory.
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4.2. Landau theory

Eq.(4.13) coincides with Landau’s phenomonological approach to phase

transitions. That approach is to identify the order parameter φ0 and

its symmetries and then to construct a Hamiltonian from all possible in-

variants subject to spatial or space-time symmetries.30 The Ising model

has symmetry under φ0 → −φ0, so that the polynomial should contain

only even powers. The idea behind Landau’s approach is that if the

order parameter is small near the phase transition, the free energy can

be expanded in powers of φ0. That expansion can then be truncated

close enough to the transition point. The coefficients of the power se-

ries are functions of the control parameters T and H . For the symmetries

of the Ising model then, the first few terms are given by βf(t, h;φ0) =

βf0(t, h)+ [r0(t, h)/2]φ
2
0(t, h)+ [u(t, h)/4]φ4

0(t, h)−hφ0(t, h). Here we have

expanded βf instead of f for later convenience when we connect with φ4

theory. We have also introduced the expansion coefficients as fractions for

the same reason. We next absorb β ≈ βc into f and write this as

f(t, h;φ0) = f0(t, h) +
r0(t, h)

2
φ2
0(t, h) +

u(t, h)

4
φ4
0(t, h)− hφ0(t, h). (4.14)

Minimising Eq.(4.14) with respect to the order parameter φ0, one obtains

δf

δφ0
= r0(t, h)φ0 + u(t, h)φ3

0 − h = 0, (4.15)

δ2f

δφ2
0

= r0(t, h) + 3u(t, h)φ2
0 > 0. (4.16)

If h = 0, and if r0(T ) > 0, Eq.(4.15) can only hold if φ0 = 0, so we

identify this as the symmetric phase (T > Tc). If r0 < 0, the equation

permits the solution

φ0 =

√

−r0(T )

u(T )
, (4.17)

which we can associate with the broken (T < Tc) phase. In both cases

Eq.(4.16) is satisfied. Since r0(T ) changes sign at Tc, its expansion in

terms of T should take the form

r0(T ) = r01t+ r03t
3 + . . . , (4.18)

where r01 > 0. Similarly expanding

u(T ) = u0 + u1t+ . . . , (4.19)
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with u0 > 0, Eq.(4.17) becomes

φ0 =

√

r01
u0

|t| 12 + . . . , for t < 0. (4.20)

Since φ0 is the order parameter in the Landau theory, we can identify the

mean-field critical exponent β = 1/2.

The specific heat is c = −T∂2f/∂T 2 ∼ −∂2f/∂t2. Firstly,

∂f

∂t
=

r′0
2
φ2
0 + r0φ0φ

′
0 +

u′

4
φ4
0 + uφ3

0φ
′
0,

with primes indicating derivatives with respect to t. Now, the leading

terms in the expansions of u and u′ are constant, while φ′
0 brings in a term

proportional to |t|−1, so we derivatives of u give sub-leading terms and can

be dropped. (We can treat u as a t-independent parameter.) This gives

−c =
∂2f

∂t2
= 2r01φ0φ

′
0 + r01(φ

′
o)

2 + r01φ0φ
′′
0 + 3u0φ

2
0(φ

′
0)

2 + u0φ
3
0φ

′′
0 .

We use φ0 = 0 above Tc and Eq.(4.17) below Tc to arrive at

c ∼











0 if t > 0

r20
2u0

if t < 0

(4.21)

Therefore we identify α = 0.

If t = 0 or r0 = 0 in Eq.(4.15), we have

φ3
0 =

h

u
, (4.22)

yielding δ = 3.

Differentiating (4.15) with respect to h and identifying the susceptibility

as χ = ∂φ0/∂h gives, in the absence of the external field,

χ =











1
r0(t)

if t > 0

− 1
2r0(t)

if t < 0

. (4.23)

Thus we identify γ = 1.

To obtain the correlation function, we require the Ornstein-Zernike ex-

tension31 of the Landau theory (4.14)

F [φ0, h] =

∫

ddr

[

1

2
[∇φ0(r)]

2 +
r0
2
φ2
0(r) +

u

4
φ4
0(r)− h(r)φ0(r)

]

. (4.24)
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(A general coefficient of the (∇φ0)
2 term here can be incorporated into

the remaining coefficients. Here we set it to 1/2 for later convenience.)

Minimising,

δF

δφ0(r)
= r0φ0(r) + uφ3

0(r)− h(r) −∇2φ0(r) = 0. (4.25)

Differentiate the associated Eq.(4.25) with respect to field h(r′) at location

r′ to obtain

r0G(r, r′) + 3uφ2(r)G(r, r′)−∇2G(r, r′) = δ(r− r′). (4.26)

If the field h is uniform, translational invariance means that G(r, r′) =

G(|r − r′|). We find

−∇2G(r) +R0G(r) = δ(r), (4.27)

where R0 = r0 if T > Tc, R0 = −2r0 if T < Tc and R0 = 0 if T = Tc.

The Fourier transform of Eq.(4.27) is

(k2 +R0)G̃(k) = 1. (4.28)

The solution of Eq.(4.28) is the Ornstein-Zernike form,31

G̃(k) =
1

k2 + ξ−2
, (4.29)

which is exact for Landau theory. Here

ξ = R
− 1

2

0 (4.30)

is the correlation length from Eq.(2.25). The inverse Fourier transform is

then

G(r) ∼ 1

rd−2
g

(

r

ξ

)

, (4.31)

where

g

(

r

ξ

)

=

(

r

ξ

)
d
2
−1

K d
2
−1

(

r

ξ

)

(4.32)

in which K d
2
−1 is a modified Bessel function. Therefore

G(r) ∼ ξ1−d/2

rd/2−1
K d

2
−1

(

r

ξ

)

. (4.33)

Now, Kν(x) ∼ 1/xν as x → 0, so when ξ → ∞,

G(r) ∼ 1

rd−2
or η = 0, (4.34)

the correlation length having dropped out. For finite ξ ≪ r, the asymptotic

behaviour Kν(x) → e−x/
√
x for large x gives

G(r) ∼ 1

r(d−1)/2
e−r/ξ. (4.35)
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4.3. The Ginzburg-Landau-Wilson φ4 Theory

To go beyond mean-field theory or Landau theory, we need to be able to

take into account fluctuations in the field φ(r). The connection between

the Ising model and φ4 theory is established through the renormalization

group. The Ginzburg-Landau-Wilson partition function is

Z[h] =

∫

Dφ exp (−S[φ]), (4.36)

where the action is

S[φ] =

∫

ddr

{

1

2
[∇φ(r)]2 +

r0
2
φ2(r) +

u

4
φ4(r)− h(r)φ(r)

}

, (4.37)

having also included a source or field h(r). The functional integration in

Eq.(4.36) is over continuously fluctuating fields φ. We write the free energy

as

F [h] = − lnZ[h]. (4.38)

Since F [h] is concave, we define the convex functional

W [h] = −F [h] = lnZ[h]. (4.39)

From Eq.(2.10), the magnetisation is

m(r) =
δW [h]

δh(r)
= 〈φ(r)〉. (4.40)

Also, from Eq.(2.14), the connected correlation function is

G(r− r′) =
δ2W

δh(r)δh(r′)
=

δm(r)

δh(r′)
. (4.41)

The associated Legendre transformation

Γ[m] =

∫

ddr [m(r)h(r)] −W [h] (4.42)

is called the Gibbs free energy. Its usefulness is linked to the correlation

function. Differentiating Eq.(4.41),

δΓ[m]

δm(r)
= h(r) +m

δh

δm
− δW

δh

δh

δm
,

the last two terms cancel due to Eq.(4.40). Therefore

δΓ[m]

δm(r)
= h(r). (4.43)

Differentiating again,

δ2Γ[m]

δm(r)δm(r′)
=

δh(r)

δm(r′)
= G−1(r, r′), (4.44)

from Eq.(4.41).
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4.4. Ginzburg criterion

The Ginzburg criterion explains the agreement between the values of the

critical exponents above dc dimensions and the mean-field predictions.32

To discuss it, we return to the energy Eq.(4.5) which was neglected in the

mean-field Hamiltonian,

∆H = −J
∑

〈i,j〉

(si −mL)(sj −mL) = −J
∑

〈i,j〉

GL(ri, rj) = −Jq

2β
χL, (4.45)

having used the fluctuation-dissipation theorem. The neglect of this term

is justified if its contribution to the energy is small compared to that of the

mean-field part. From Eq.(4.6), this is the case in zero field if |∆H| ≪ HMF

or
χL

β
≪ Nm2

L. (4.46)

In the infinite-volume limit, the procedure is to replace N by ξd, so that

the Ginzburg criterion becomes

χ∞

β
≪ ξd∞m2

∞, (4.47)

or νd > 2β+γ = 2−α. Using, for self-consistency, the mean-field values of

the critical exponents this gives the criterion that d > 4. Therefore, mean-

field and Landau theory should deliver meaningful results above dc = 4

dimensions.

We will revisit the Ginzburg criterion in Section 10, in the light of

developments outlined in the interim.

5. Wilson’s Renormalization-Group Theory

Wilson’s approach33 goes beyond Kadanoff’s heuristic approach in that

new coupling constants can be generated with each renormalization-group

transformation. It delivers an explanation for universality and the calcu-

lation of critical exponents. We require that the partition function ZL(H)

be unchanged under the RG transformation, s.t. ZL′(H′) = ZL(H), where

L′ = b−1L. In terms of the free energy, this means

fL′(H′) = bdfL(H) . (5.48)

Lengths are reduced by a factor b through the RG, and the spins are also

rescaled

sx → s′x′ = bdφsx or φ(z) → φ′(z′) = bdφφ(z). (5.49)
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The Hamiltonian is generally written

H = ~µ~S =
∑

i

µiSi, (5.50)

where ~µ is a vector in the space of all possible parameters which may govern

the system and where ~S represent different interactions. In the Ising or φ4

case, we may consider µ1 = t, µ2 = h, µ3 = u, etc., with S1 =
∫

ddr φ2(r)/2

S2 =
∫

ddr φ4(r)/4 and S3 = −
∫

ddr φ(r).

The transformation maps

~µ → ~µ′ = Rbµ, (5.51)

and fixed points are given by

~µ∗ = Rb~µ
∗ . (5.52)

Repeated application of the renormalization-group transformation reduces

length scales by a factor of b. The correlation length remains unchanged in

the thermodynamic limit only if it is infinite or zero. We expand about a

fixed point (5.52),

~µ = ~µ∗ + δ~µ, (5.53)

~µ′ = ~µ∗ + δ~µ′, (5.54)

such that

δ~µ′ = Ab(~µ
∗)δ~µ . (5.55)

Two successive scale transformations by factors b1 and b2 are assumed to

be equivalent to a single transformation by a scale factor of b1b2, so that

Ab1b2 = Ab1Ab2 . (5.56)

If the eigenvalues and eigenvectors of Ab are given by

Ab~vi = λi~vi, (5.57)

then Eq.(5.56) gives that the λi are homogeneous functions of b:

λi(b) = byi . (5.58)

Expanding ~µ near ~µ∗ in terms of the eigenvectors ~vi, one has

~µ = ~µ∗ +
∑

i

gi~vi . (5.59)

The gi here are called linear scaling fields. With δ~µ =
∑

i gi~vi, one now has

δ~µ′ =
∑

i

g′i~vi =
∑

i

giλi~vi (5.60)
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so that

g′i = byigi . (5.61)

This gives how the linear scaling fields transform under the renormalization

group and backs up the Kadanoff scaling picture.

If λi > 0, the scaling field gi is augmented under renormalization group

and the system is driven away from the fixed point. In this case, λi is called

a relevant scaling variable. If λi < 0, the associated gi is an irrelevant

scaling field and λi is called an irrelevant scaling variable. If λi = 0, it is

marginal.

We re-express Eq.(5.48) in terms of the linear scaling fields as

f∞(~µ) = b−df∞(~µ′) . (5.62)

Near a fixed point, then, where ~µ and ~µ′ may be written in terms of linear

scaling fields, this may again be rewritten as

f∞(g1, g2, g3, . . . ) = b−df∞ (by1g1, b
y2g2, b

y3g3, . . .) . (5.63)

For the φ4 theory, the renormalization-group approach leads to two fixed

points. The Wilson-Fisher fixed point is stable below dc and the Gaussian

fixed point is stable above dc. Eq.(5.61) reads

r0 → r′0 = bytr0, (5.64)

h → h′ = byhh, (5.65)

u → u′ = byuu . (5.66)

The first of these may also be written→ t′ = bytt, after Eq.(4.18). Eq.(5.63)

for the φ4 theory is then

f∞(t, h, u) = b−df∞ (bytt, byhh, byuu) . (5.67)

This is the scaling hypothesis (3.10) with the irrelevant field accounted for.

Differentiating Eq.(5.67) appropriately to obtain the thermodynamic

functions, one finds

α = 2− d

yt
, β =

d− yh
yt

,
1

δ
=

d

yh
− 1, γ =

2yh − d

yt
. (5.68)

A similar form for the correlation function,

G∞(r, t, h, u) = b−2dφG∞(b−1r, bytt, byhh, byuu), (5.69)

in which dφ is the scaling dimension of the fields defined in Eq(5.49), delivers

G∞(r, t, 0, 0) = b−2dφG∞(b−1r, bytt, 0, 0), (5.70)
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having set both h and u to zero. Then setting b = x, one finds

G∞(r, t, 0, 0) =
g(r/t−

1
yt )

r2dφ
, (5.71)

for some function g. Comparing to the general form G∞(r, t) =

exp−(r/ξ)/rd−2+η, one concludes

ν =
1

yt
, (5.72)

η = 2dφ + 2− d. (5.73)

These recover identities established in Kadanoff’s approach (see Sec. 3).

Alternatively, the scaling form

ξ∞(t, h, u) = bξ∞(bytt, byhh, byuu). (5.74)

directly delivers Eq.(5.72).

5.1. Scaling at the Gaussian fixed point

At the Gaussian fixed point, the renormalization-group scaling dimensions

are obtained by power counting: For the action (4.37) to remain dimension-

less under the transformation r → b−1r, φ → bdφφ, r0 → bytr0, u → byuu,

h → byhh, one requires

dφ =
d

2
− 1, (5.75)

yt = 2, (5.76)

yu = 4− d, (5.77)

yh =
d

2
+ 1 . (5.78)

Inserting these into Eqs.(5.68) and (5.72), we identify

α = 2− d

2
, β =

d

4
− 1

2
, γ = 1,

1

δ
=

d− 2

d+ 2
, ν =

1

2
, (5.79)

with η = 0 from Eq.(5.73)

According to RG theory, the Gaussian fixed point is stable at and above

dc, so these values are supposed to be valid there. Therefore they should

coincide with the results of Landau theory, α = 0, β = 1/2, γ = 1, δ = 1/3,

ν = 1/2 and η = 0. We see that, while γ, ν and η are in agreement, the

values for α, β and δ disagree, except at d = dc itself.
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6. Dangerous Irrelevant Variables

To repair the shortcomings identified above the upper critical dimension,

Fisher introduced the notion of dangerous irrelevant variables.34 The dan-

ger should apply to the free energy because it is associated with α, β and

δ. However, since the values of ν and η coming from the Gaussian fixed

point are correct (they coincide with Landau theory), one does not expect

danger for either the correlation function or the correlation length. More-

over, since the susceptibility is linked to the correlation function by the

fluctuation-disappation theorem, one expects no danger for χ either. In-

deed, the value γ = 1 coming from the Gaussian fixed point is the same as

that from mean-field theory.

6.1. The Thermodynamic Limit

Eq.(4.21) shows that the mean-field specific heat behaves as u−1 (in the

broken symmetry phase). Therefore the naive process of setting u to zero,

or ignoring its role in the free energy derivatives, is incorrect. In fact, the

second t-derivative ftt (x, y, z) should scale as z−1 for small values of the

third argument. This identifies the variable u as dangerous in the φ4 theory;

it cannot be set to zero. From Eq.(4.21), then, one expects

c∞(t, h, u) ∼ b−d+2yt−yuu−1f̃tt (b
ytt) . (6.1)

Now setting b = |t|−1/yt , one has

c∞(t, 0, u) ∼ |t|−
d−2yt+yu

yt f̃tt (±1) . (6.2)

Similarly, Eq.(4.17) gives that the mean-field spontaneous magnetisation

behaves with u as u−1/2. Therefore, in the mean-field case the first h-

derivative fh (x, y, z) behaves as z
−1/2 for small z, so that z cannot simply

be set to 0. Instead,

m∞(t, 0, u) ∼∼ b−d+yh−
1
2
yuu− 1

2 f̃h (b
ytt) . (6.3)

Again setting b = t−1/yt , one obtains

m∞(t, 0, u) ∼ t
d−yh+1

2
yu

yt . (6.4)

For the critical isotherm, the role of the dangerous irrelevant variable is

apparent from Eq.(4.22), which indicates that fh (0, y, z) behaves as z
−1/3.

Then

m∞(0, h, u) ∼ b−d+yh−
1
3
yu f̃h (, b

yhh, byuu) , (6.5)



April 16, 2024 2:52 ws-rv9x6 Book Title 2014˙10˙15˙Q page 25

Scaling and Finite-Size Scaling above the Upper Critical Dimension 25

which leads to

m∞(0, h, u) ∼ h
d−yh+1

3
yu

yh . (6.6)

Finally, since from Eq.(4.23) the leading mean-field susceptibility does not

depend on u, we may infer that u is not dangerous for χ, as noticed above.

Therefore Eq.(4.23) is expected to hold. Similar statements hold for the

correlation function and correlation length.

From these considerations, one identifies

α = −d− 2yt + yu
yt

, (6.7)

β =
d− yh + 1

2yu

yt
, (6.8)

γ =
2yh − d

yt
, (6.9)

1

δ
=

d− yh + yu/3

yh
. (6.10)

Eqs.(5.72) and (5.73) are expected to remain valid for ν and η since neither

the correlation length nor the correlation function are expected to be af-

fected by the danger of u. Finally, with the scaling dimensions (5.75)–(5.76)

from power counting, one obtains the correct exponents

α = 0, β =
1

2
, γ = 1, δ = 3, (6.11)

along with

ν =
1

2
, η = 0. (6.12)

6.2. Finite-size scaling: Naive approach above dc

Having using dangerous irrelevant variables to repair scaling in the ther-

modynamic limit above the upper critical dimension, we now turn to FSS

there. A naive application of the FSS ansatz (2.27) replaces ξ∞(t) by L

and one finds

cL ∼ L0, mL ∼ L−1, χL ∼ L2, ξL ∼ L. (6.13)

We refer to this Gaussian FSS or Landau FSS because it comes from ap-

plying the traditional FSS ansatz (2.27) to the mean-field exponents.

Eq.(6.13) is, however in disagreement with an explicit analytical calcu-

lation by Brézin for the n-vector model with periodic boundary conditions

(PBCs).9 There have also been many numerical studies throughout the

years35–52 which confirm that Eqs.(6.13) for mL and for χL do not hold for

the Ising model when PBCs are used. To understand how the conventional

paradigm deals with this inconsistency, we turn to the Gaussian model.
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6.3. FSS in the Gaussian model with periodic boundaries

The Gaussian or free field theory has an action given by Eq.(4.37) drop-

ping the quartic self-interaction term. Defined on a finite-sized lattice in

momentum space in vanishing field, it is given as

S
(0)
L (φ) =

1

2

∑

k

(k2 + r20)|φ̂k|2, (6.14)

where φ̂k are the Fourier-transformed fields.

The correlation function is given through Eq.(4.44) by the inverse of the

quadratic part of the action,

G̃(0)(k) = 〈φ̂kφ̂−k〉 =
1

k2 + r0
. (6.15)

Here we have omitted the subscript L from G, but it is understood that

we are still considering a finite lattice. Therefore, from the fluctuation

dissipation theorem,

χL = G̃(0)(0) = r−1
0 . (6.16)

For PBCs, the wave vectors are

kµ =
2πn

La
(6.17)

in which n = 1, 2, . . . L and µ = 1, . . . , d. The correlation length can be

defined as a second moment:

ξL =
1

kmin

[

1

2d

G̃(0)− G̃(kmin)

G̃(kmin)

]
1
2

= r
− 1

2

0 , (6.18)

where kmin = 2π/La. Therefore both the susceptibility and the correlation

length diverge at r0 = 0 in the Gaussian model, even for a finite lattice.

This finite-size divergence is problematic. To deal with it we examine

the full φ4 action (4.37), which in Fourier space is

SGLW
L [φ] =

1

2

∑

k

[

k2 + r0
]

φ̂kφ̂−k +
u

4

1

Ld

∑

k1,k2,k3

φ̂k1
φ̂k2

φ̂k3
φ̂−k1−k2−k3

.

(6.19)

We gather the quadratic terms in the zero modes,

SGLW
L [φ] =

1

2

∑

k

[

k2 + r0 +
3u

2Ld
φ̂2
0

]

φ̂kφ̂−k +
u

4Ld
φ̂4
0

+
u

4

1

Ld

∑

′

k1,k2,k3

φ̂k1
φ̂k2

φ̂k3
φ̂−k1−k2−k3

, (6.20)
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where the prime indicates that the summation omits terms in which pairs of

momenta vanish. Again identifying the correlation function as the inverse

of the quadratic part,

G̃(0)(k) = 〈φ̂kφ̂−k〉 =
1

r0 + k2 + 3u
2Ld 〈φ̂2

0〉
. (6.21)

Therefore

G̃(0)(0) =
1

r0 +
3u
2Ld G̃(0)(0)

. (6.22)

Solving for G̃(0)(0) when r0 = 0, we obtain

χL = G(0)(0) = 〈φ̂2
0〉 =

√

2

3u
L

d
2 , (6.23)

which is now finite. This formula has been verified many times for finite-

sized Ising systems with PBCs.9,35–52,52

The propagator is then

G(0)(k) = 〈φkφ−k〉 =
1

r0 + k2 +
√

3u
2 L−d/2

(6.24)

The correlation length is

ξ
(2)
L =

1

kmin

[

1

2d

G̃(0)(0)− G̃(0)(kmin)

G̃(0)(kmin)

]
1
2

=
1

kmin

[

1

2d

√

2

3u
L

d
2 k2min +

1

2d
− 1

]
1
2

,

(6.25)

when r0 = 0. Now, kmin = 2π/La from Eq.(6.17). Therefore ξL(0) ∼
L(Ld/2−2 + const.)1/2, so that

ξL(0) ∼







L if d > 4

d
4 if d > 4

. (6.26)

Therefore both ξL and χL remain finite at r0 = 0 (T = Tc).

The result ξL ∼ Ld/4 was also obtained on a theoretical basis for the

large-n vector model in Ref. [9]. However, it violates an expectation that

the correlation length be bounded by the length.36 Nonetheless, it has been

verified numerically for Ising systems with periodic boundaries in Refs. [47,

53,54]. See also Refs. [55–57] for studies of spin-glass systems.

We next move on to the general FSS scheme above the upper critical

dimension with dangerous irrelevant variables. A question to keep in mind

is whether the FSS behaviour outlined here is captured by the general

scheme. We will see it that, in its original formulation, it is not. This

forced the introduction of another length scale (dubbed thermodynamic

length) to control FSS above dc.
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6.4. FSS with dangerous irrelevant variables

In 1984, Binder, Nauenberg, Privman and Young extended Fisher’s concept

of dangerous irrelevant variables to the finite-volume case.36 We follow and

assume that the finite-size counterpart of Eq.(5.67) is

fL(t, h, u) = b−dfL/b (tb
yt , hbyh, ubyu) . (6.27)

We make the further assumption that, for small x3,

fL/b(x1, x2, x3) = xp1

3 f̄L/b (x1x
p2

3 , x2x
p3

3 ) . (6.28)

Under this assumption, the free energy may be written

fL(t, h, u) = b−d∗

f̄L/b

(

tLy∗

t , hLy∗

h

)

, (6.29)

in which

d∗ = d− p1yu, (6.30)

y∗t = yt + p2yu, (6.31)

y∗h = yh + p3yu. (6.32)

Here y∗t and y∗h effective exponents. The infinite volume limit of Eq.(6.29)

yields

f∞(t, h) = t
d∗

y∗
t Y±

(

ht−∆
)

, (6.33)

in which

∆ =
y∗h
y∗t

. (6.34)

Now we take derivatives to obtain the thermodynamic functions. These

give

α = 2− d∗

y∗t
, (6.35)

β =
d∗ − y∗h

y∗t
, (6.36)

γ =
2y∗h − d∗

y∗t
, (6.37)

1

δ
=

d∗

y∗h
− 1, (6.38)

which in turn yield

y∗t =
d∗

2− α
=

d∗

γ + 2β
, (6.39)

y∗h =
d∗δ

1 + δ
=

d∗(γ + β)

γ + 2β
, (6.40)

∆ = β + γ. (6.41)



April 16, 2024 2:52 ws-rv9x6 Book Title 2014˙10˙15˙Q page 29

Scaling and Finite-Size Scaling above the Upper Critical Dimension 29

The last of these establishes ∆ as the gap exponent. Also, it is at this point

that we obtain the static scaling relations

α+ 2β + γ = 2, and β(δ − 1) = γ.

Inserting the mean-field values α = 0, β = 1/2, γ = 1 and δ = 1/3, we

obtain

y∗t =
d∗

2
, and y∗h =

3d∗

4
. (6.42)

In Ref. [36] three arguments are given for the coincidence of d∗ and d. This

equality corresponds to p1 = 0. (We revisit this in Sec. 6.5.) In this case,

one has

y∗t =
d

2
, and y∗h =

3d

4
. (6.43)

Moreover,

p2 = −1

2
and p3 = −1

4
. (6.44)

We can now determine the FSS of the thermodynamic functions by ap-

propriate differentiation of Eq.(6.29). Differentiating with respect to h,

setting t = h = 0 and b = L, one obtains mL(0, 0) ∼ L−d+y∗

h and

χL(0, 0) ∼ L−d+2y∗

h. From Eq.(6.43) then,

mL ∼ L−d
4 , and χL ∼ L

d
2 . (6.45)

Similarly differentiating Eq.(6.29) with respect to t one obtains cL(0, 0) ∼
L−d+2y∗

t or

cL ∼ L0. (6.46)

Eqs.(6.45) are different from the naive Landau FSS results of Eqs.(6.13).

Eqs.(6.45) are, however, in agreement with the result from the Gaussian

model (6.23) with PBCs. Indeed, many numerical studies using PBCs

throughout the years have verified that Eqs. (6.45) give the correct FSS

above the upper critical dimension. However, widespread belief is that

Landau FSS holds for free boundary conditions (FBCs). This is still a

subject of debate and we defer discussion until Section 10.

In Ref. [36], an extension of the above scenario to the correlation length

or correlation function was not fully considered. The equivalent form to

Eq.(6.27) for the correlation length is

ξL(t, h, u) = bξL/b (tb
yt , hbyh , ubyu) . (6.47)

Following a similar procedure to before, we write

ξL(t, h, u) = b1+q1yu ξ̄L/b

(

tbyt+q2yu , hbyh+q3yu
)

, (6.48)
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to obtain

ξL(t, h) = Lq ξ̄1

(

tLy∗∗

t , hLy∗∗

h

)

, (6.49)

in which

q = 1 + q1yu, (6.50)

y∗∗t = yt + q2yu, (6.51)

y∗∗h = yh + q3yu. (6.52)

Setting t = h = 0 gives a correlation length which scales algebraically with

L. However, believing that the “finite-size correlation length ξL is bounded

by the length L”, in Ref. [36] it was assumed q1 = 0 so that ξL ∼ L for

periodic as well as free boundaries.

The FSS prescription (2.27) therefore fails above d = dc = 4. This led

Binder to consider alternatives and in 1985 he introduced the thermody-

namic length.35 Our next step is to summarise these arguments.

6.5. The thermodynamic length

In order to repair FSS, Binder introduced the concept of thermodynamic

length. In the T < Tc phase, the probability density of the magnetisation

M for a finite system may be approximated by the sum of two Gaus-

sians.58 The Gaussians are centred around the (infinite-volume) spon-

taneous magnetisation 〈M〉 = Nmsp = Nm∞(0, 0) and are of width
√

〈(M − 〈M〉)2〉 = Nχ∞(t, 0)/β. The arguments of the Gaussians are

therefore

N(m±msp)
2

2kBTχ∞
=

m2
sp(1±m/msp)

2

2kBTχ∞
Ld =

1

2kBT

(

1± m

msp

)2 (
L

ℓ∞

)d

,

in which

ℓ∞ =

(

χ∞

m2
sp

)
1
d

. (6.53)

Now, with χ∞(t) ∼ |t|−1 and m∞(t) ∼ |t|1/2, we have

ℓ∞(t) ∼ |t|− 2
d . (6.54)

This is called the thermodynamic length because it appears in the thermo-

dynamic functions.

The assumption is that ℓ∞(t) governs FSS instead of ξ∞(t) (which scales

as t−1/2. Indeed, the FSS ansatz (2.27) is then replaced by

PL(t)

P∞(t)
= FP

[

L

ℓ∞(t)

]

. (6.55)
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Applied to the magnetisation, for example, this ansatz gives

mL(0) = m∞(t)Fm

(

L

t−2/d

)

∼ L− d
4 ,

in agreement with Eq.(6.45). We can check that the new ansatz also delivers

FSS for the susceptibility in Eq.(6.45).

This set-up is in accordance with the change in the homogeneity as-

sumption from tbyt in Eq.(6.27) to the combination tby
∗

t = [b/t−1/y∗

t ]y
∗

t =

[b/ℓ∞(t)]y
∗

t provided that ℓ∞(t) ∼ |t|−1/y∗

t . Comparing with Eq.(6.54),

one has y∗t = d/2. This justifies the identification of d∗ with d leading to

Eq.(6.43).

One notes that this profoundly modifies Fisher’s original (infinite-

volume) dangerous-irrelevant-variables mechanism of Sec. 6 because, not

only the prefactor of the scaling function is altered in the u → 0 limit, but

also its argument.

The finite-size counterpart of the thermodynamic length ℓ∞ was termed

coherence length ℓL in Ref. [59] and it scales as the system extent L. A

so-called characteristic length λL(t) was also introduced, as the FSS coun-

terpart of the infinite-volume correlation length ξ∞.

The picture set out above was, until recently, essentially the basis for

the standard understanding of scaling and FSS above the upper critical

dimension. The thermodynamic length ℓ∞(t) is supposed to replace ξ∞(t)

in the FSS scaling ansatz (2.27), so that

PL(t)

P∞(t)
= FP

[

L

ℓ∞(t)

]

. (6.56)

Although all of this delivers the correct values for the exponents above

dc, it is not satisfactory. Along with the lattice spacing a this means a

number of length scales have entered the game. There have been many

instances of proliferation in science which signalled a flaw in a standing

paradigm and we are reminded of the quote in the Introduction. We next

outline more concrete reasons for dissatisfaction before introducing the new

picture.

7. An unsatisfactory paradigm

Dangerous irrelevant variables play a crucial role in reconciling scaling

above the upper critical dimension with mean-field and Landau theory in

the thermodynamic limit, where they alter the prefactor of some of the
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scaling functions. A naive approach to FSS then delivers Gaussian or Lan-

dau FSS in which χL ∼ Lγ/ν = L2 and ξL ∼ L. These are incompatible,

however, with exact calculations in the Gaussian model, the n-vector model

and with the results of numerical simulations with PBCs. To repair this,

a modification of the role of dangerous irrelevant variables was introduced

whereby they also alter the arguments of the scaling functions for finite-size

systems. This requires the introduction of a new length scale – the ther-

modynamic length – which takes over from the correlation length in the

finite-size scaling ansatz.

The resulting predictions for mL, χL and cL given by Eqs.(6.45) and

(6.46) have been confirmed many times over using numerical simulations of

the Ising model with PBCs in five,35–40,42–47 six,48–50 seven51,52 and eight52

dimensions.

In contrast to the PBC case, however, there have been few studies of

systems with FBCs above dc.
53,54,60,61 The standard picture is that the

FBC case is governed by Gaussian FSS, in which χL ∼ L2 due to a belief

that Eq.(6.45) “cannot hold for FBCs because it lies above a strict upper

bound”60 (namely Lγ/ν = L2) established in Ref. [62] (see also Ref. [63]).

A recent numerical study of the five-dimensional Ising model with FBC’s

appears to support Gaussian FSS χL ∼ L2 at the critical point Tc.

However, a number of unsettling issues with the standard picture arise.

Firstly, the Fourier analysis of Ref. [60], which yielded Landau FSS

for FBC’s, neglects the quartic part of the φ4 action. This omission was

justified by an expectation that the Gaussian result should apply to leading

order. However, it was shown in Refs. [40–42] that the FSS behaviour (6.45)

is obtained from precisely this interaction term in the PBC case.

Secondly, the mechanism outlined in Sec. 6.4 and the FSS ansatz (6.56)

do not explicitly distinguish between different sets of boundary conditions.

So the origin of the disparity between FSS with PBC’s and FBC’s is unclear.

It also remains unexplained why the dangerous irrelevant variables

mechanism affects the free energy but not the correlation function or the

correlation length in the PBC case. This is especially puzzling if the argu-

ments of the thermodynamic functions are affected as well as the prefactors,

because the same arguments enter into all three functions.

Brézin9 established that in the large-n limit of the n-vector model the

correlation length for the finite system scales as ξL ∼ Ld/4 for d > 4. In

the d = 4 case, the corresponding FSS is ξL ∼ L(lnL)1/4. He argued for

the same behaviour in the finite-n case. In Ref. [64], an alternative ansatz

to (2.27) was introduced to deal with the case of logarithmic corrections at
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the critical dimension itself:

PL(t)

P∞(t)
= FP

[

ξL(t)

ξ∞(t)

]

. (7.1)

In the d = 4 case, the scaling dimension yu vanishes and u is marginal

rather than irrelevant. The ansatz (7.1) is therefore not dependent on the

danger of u. For the Ising model or φ4 theory in d = 4 dimensions, it gives

the correct FSS for the thermodynamic functions and partition function

zeros,64–66 provided Eq.(2.52) holds with Brézin’s prediction ϙ̂ = 1/4. It

also delivers the correct FSS above dc in the PBC case with ξL ∼ Ld/4.

The ansatz (7.1) reduces to Eq.(2.27) in the case where ξL ∼ L. However,

it remains distinct from Eq.(6.56).

Thus the principle is established that the correlation length can, in fact,

exceed the length of the system, in contrast to the assumptions of Sec. 6.4

and of Ref. [36]. This was reaffirmed in Ref. [47] for PBC’s in a numerical

simulation of the d = 4 and d = 5 Ising models. In particular, this confirmed

the FSS of the correlation length as ξL ∼ Ld/4.

The less frequently studied case of FBC’s was described in Ref. [47] as

“poorly understood”. Indeed, it is stated there that for FBC’s “it seems

obvious that even for d > 4 the behavior of the system will be affected

when ξL becomes of order L”, rather than the larger Ld/4. On this basis, it

was believed that the standard (Gaussian) FSS expressions (corresponding

to ξL ∼ L) are expected to apply. The larger length scale Ld/4 was then

expected to contribute to corrections to scaling in some manner which was

unspecified. The numerical results of Ref. [61] for FBC’s would at first sight

appear to substantiate these conclusions and speculations.

7.1. Fisher’s scaling relation for finite-size systems

There is another problem with the conventional paradigm. To explain it,

we return to the derivation of Fisher’s scaling relation in Section 3. The

expression equivalent to Eq.(3.6) for a finite lattice system is

χL(t) =

∫ L

a

dr rd−1GL(r, t), (7.2)

in which a is the lattice spacing and we have dropped explicit dependency

on h which is set to vanish. Then, from the form (3.4),

χL =

∫ L

0

dr r1−ηG±

(

r

ξL

)

, (7.3)
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assuming that the lower integral limit in Eq.(7.2) only delivers corrections

to scaling. Fixing r/ξL(t) = x, this gives

χL = ξ2−η
L

∫ L/ξL

0

dxx1−ηG± (x) . (7.4)

When d < dc, where ξL ∼ L, this delivers Fisher’s scaling relation
γ

ν
= 2− η.

Above dc, however, Eq.(7.4) runs into trouble. According to the con-

ventional paradigm, χL ∼ Ld/2, at least for systems with PBC’s. With

ξL ∼ L, Eq.(7.4) leads to

η = 2− d

2
.

This corresponds to a negative anomalous dimension above dc, in disagree-

ment with Landau theory, for which η = 0.

The negativity of the anomalous dimension was already noticed in a

numerical study by Nagle and Bonner in Ref. [67]. Baker and Golner also

determined a negative η in an analytical study of an Ising model for which

scaling is exact.68 Their explanation was that there are two long-range

distance scales: long long range and short long range. They posited that

long long-range order is controlled by a new, different anomalous dimen-

sion, while “short long-range order” is controlled by the usual η. The long

long-range exponent fails to satisfy the scaling relation for the anomalous

dimension above the upper critical dimension.

Luijten and Blöte revisited the problem using the relationship (2.14) to

obtain the correlation function from the free energy by differentiation with

respect to two local fields,41,43

〈φ(0)φ(r)〉 ∼ L−d ∂
2f(t, h, u)

∂h(0)∂h(r)
. (7.5)

Using Eq.(6.27) and ignoring the danger of u, one finds GL ∝ L2(yh−d) =

L−(d−2), which is the standard, Landau result with η = 0. However, taking

account of the dangerous irrelevancy by differentiating Eq.(6.29) instead,

Luijten and Blöte obtained GL ∝ L2(y∗

h−d) = L−d/2, corresponding to an

anomalous dimension η∗ ≡ 2− d/2.

The problem with this interpretation is that under the standard

paradigm, although u is dangerous for the free energy, it is not supposed

to be dangerous for the correlation function. The approach outlined here

skirts the issue by appealing to the free energy rather than directly to the

correlation function.
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Luijten and Blöte give a second interpretation to their anomalous di-

mensions.41,43 Eq.(6.23) gives the inverse correlation function at criticality

in momentum space as

G−1(k) ∼ k2 +

√

3u

2
L− d

2 .

If we identify L−1 = kmin as a momentum, we have two different decay

modes. We compare these to the general form G−1(q) = q2−η. If we

again ignore the danger and set u = 0, we obtain η = 0. When k is

large compared to L−1 = kmin (i.e., over distances significantly shorter

than the lattice extent), we obtain the same result. If, on the other hand,

we acknowledge the danger and keep the u term, it delivers an anomalous

dimension η∗ = 2− d/2.

So the interpretation Refs. [41,43] is that the short long-distance be-

haviour is governed by the exponent η = 0, which remains unaffected by

the morphing of yh into y∗h. Long long-distance behaviour is then supposed

to be ruled by η∗.

These interpretations, however, do not explain how η∗ = 2−d/2 for long

long distance is manifest as η = 0 in the infinite-volume limit where field-

theoretic theorems outlawing negative anomalous dimensions apply.23,25,69

Nor do they explain why it is the supposedly long long-range anomalous di-

mension η∗ associated with the correct dangerous-irrelevant-variablesmech-

anism which conflicts with Landau and mean-field theory, fails to satisfy

Fisher’s relation and violates field theory. One would rather expect the

disparity to be associated with the incorrect neglect of dangerous irrelevant

variables or taking short, rather than long, long distances. Therefore the

standard paradigm does not explain scaling above the upper critical dimen-

sion.

To summarise, the standard paradigm for scaling and FSS above the

upper critical dimension is assembled in a rather ad hoc fashion. It posits

that FSS becomes non-universal above dc, where hyperscaling breaks down

and extra length scales appear. Nonetheless, the numerical results were

interpreted as in agreement with the detail of the theory and critical ex-

ponents are known. Thus we return to the statement by Binder et al. in

quoted in Sec.1:1 “although . . . all exponents are known, . . . the existing

theories clearly are not so good”.
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8. A New Paradigm: Hyperscaling above the Upper Critical

Dimension and a Negative Anomalous Dimension

We next present a recently developed picture,53,54,70 starting with a deriva-

tion which illustrates the need for a new theory.

8.1. Self-Consistency: the Requirement for a New Universal

Scaling Exponent ϙ

Here we explore the self-consistency of the FSS ansätze (6.56) and (7.1).

Each reduces to the form (2.27) when d < dc.

For finite Ising systems the Lee-Yang zeros form a discrete set on the

imaginary-h axis.5 We label them hj(L, t), with j indicating relative po-

sitions according to distance from the real-h axis. Since the total number

of zeros is proportional to the volume Ld, these are expected to scale as a

function of the ratio j/Ld, at least for sufficiently large j.71,72 (In the case

of d = dc = 4 dimensions, logarithmic corrections do not enter this ratio.27)

The counterpart of h1 in the infinite-L limit is the Lee-Yang edge hYL(t).

Following Ref. [27], the finite-size susceptibility is related to the Lee-Yang

zeros as

χL ∼ L−d
Ld

∑

j=1

h−2
j (L). (8.1)

This holds irrespective of boundary conditions .

We first consider the standard paradigm and the ansatz (6.56) cor-

responding to the thermodynamic-length formalism, and ℓ∞(t) ∼ |t|−2/d

from Eq.(6.54). The thermodynamic length, being defined for infinite

volume, is not affected by boundary conditions and the ansatz gives

hj(L) ∼ (j/Ld)∆/2. Eq.(8.1) is then

χL ∼ Ld(∆−1)
Ld

∑

j=1

j−∆.

In the PBC case, the left hand side of this equation is χL ∼ Ld/2. Matching

with the right hand side, one obtains ∆ = 3/2, which is, indeed, correct.

However, if χL ∼ L2 (the supposed FBC case), one arrives at ∆ = 1+ d/2.

This is incorrect, except when d = 4. Therefore the standard paradigm

leads to an inconsistency when the boundary conditions are free.

We next consider the ansatz (7.1) and we allow

ξL(0) ∼ Lϙ. (8.2)
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The exponent ϙ is the leading power-law analogue to ϙ̂ of Eq.(2.52), which

is well established at least for PBC’s. For the jth zero and the magnetic

susceptibility it gives

hj(L) ∼
(

j

Ld

)
∆ϙ
νd

(8.3)

and

χL ∼ L
γϙ
ν , (8.4)

respectively. Eq.(8.1) then gives

L
γϙ
ν ∼ L

2∆ϙ
ν

−d
Ld

∑

j=1

j−
2∆ϙ
νd . (8.5)

Matching both sides, and using the static scaling relations 2β + γ = 2 − α

and β(δ − 1) = γ, one obtains

νd

ϙ
= 2− α. (8.6)

This recovers standard hyperscaling (2.37) provided ϙ = 1 below dc.

Above dc, it delivers νdc = 2− α, which is also correct.

The FSS χL ∼ L2, supposed to hold above dc for FBC’s, corresponds

to ϙ = 1. Eqs.(8.1) and (8.3) would then deliver a leading logarithm in the

d = 6 Ising case. Such a result is spurious; leading logarithms can occur only

at the upper critical dimension.9,27,73,74 Indeed, Butera and Pernici have

recently given convincing evidence for the absence of leading logarithms in

the Ising and scalar-field models using high-temperature series expansions

in the thermodynamic limit in six dimensions.75 This indicates that ϙ 6= 1

even for FBC’s .

These conclusions are backed up by numerical simulations. For the PBC

case, however, either of the above paradigms supports the scaling forms

mL ∼ L−d/4 and χL ∼ Ld/2, so these cannot be used to discriminate be-

tween the two scaling scenarios. Direct numerical confirmation of Eq.(8.2)

in the PBC case, however, was given in Refs.[47,53,54]. The formula (8.3)

for the Lee-Yang zeros was also verified for PBC’s in Ref. [53].

As discussed above, the long-standing belief is that Landau FSS rather

than Q-FSS holds for FBC’s above the upper critical dimension.60–63 In

Refs. [53,54], however, numerical evidence against the conventional picture

and in favour of Q-FSS for FBC’s was presented. The claim is that Q-FSS
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Figure 1. FSS for the 5D Ising susceptibility at pseudocriticality. For the upper data
set (red) all sites are used in calculating χL. For the lower set (blue) only core sites
contribute. While the upper data set may appear to scale as χL ∼ L2, in accordance
with Gaussian FSS, this is spurious and due to surface sites. The scaling of the lower
data, which are genuinely five-dimensional, supports the Q-FSS form χL ∼ L5/2.

applies in the FBC case above d = 4, just as it does in the PBC case. To

observe it, one must perform FSS at the pseudocritical point for FBC’s,

not at the critical one. The claim is that the infinite-volume critical point

is so far from the pseudocritical point as to be outside the FSS window.

For a size-L hypercubic FBC lattice the boundary sites interact with

fewer than 2d nearest neighbours. In this sense, they belong to a man-

ifold of lower dimensionality. To truly probe the dimensionality of the

FBC lattices, the contributions of the outer layers of sites can be removed

from the susceptibility and from other observables. To implement this in

Refs. [53,54], the contributions of the L/4 sites near each boundary were

removed and only the contributions of the (L/2)d interior sites kept. For

technical details of the simulation and determination of the core thermody-

namic functions, the reader is referred to Refs. [53,54]. The resulting FSS

for the susceptibility at pseudocriticality for d = 5 is represented in Fig. 1.

The upper data set corresponds to using all sites in the calculation of the

susceptibility. The fit to the form χL ∼ L2 (dotted line), suggested by the

traditional Gaussian FSS paradigm for FBC lattices, appears reasonable at

first sight. However, closer inspection shows some deviation of the large-L

data from the line. We interpret this as signaling that the apparent fit to

χL ∼ L2 is spurious. The lower data set corresponds using only the interior

L/2 lattice sites in the calculation of χL. The best fit to the Q-FSS form

χL ∼ Lϙγ/ν = L5/2 (dashed line) describes the large-L data well. This is

evidence that the Ising model defined on the five-dimensional core of the

L5 lattices obeys Q-FSS (7.1) rather than Gaussian or Landau FSS. This
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Figure 2. The first two Lee-Yang zeros for Ising systems with FBC’s at pseudocriticality
obey Q-FSS whether the full lattice or only the core sites are used in their determination.

can be interpreted as evidence for the universality of ϙ.

The susceptibility is closely related to the Lee-Yang zeros, as we have

seen. The FSS for the first two Lee-Yang zeros is presented in Fig. 2 at

the pseudocritical point for FBC’s using the contributions from all sites

and from the core-lattice sites only. In each case the zeros scale with as

L−ϙ∆/ν = L−15/4 according to Q-FSS. There is no evidence to support the

Gaussian prediction that hj(L) ∼ L−∆/ν = L−3.

Thus we arrive at a new universal scaling picture, to replace the old non-

universal one. The FSS ansatz is Eq.(7.1) with correlation length given by

Eq.(8.2). When d > dc, ϙ = d/dc and when d < dc, ϙ = 1 and the FSS

ansatz reverts to Eq.(2.27). There is no requirement for the thermody-

namic length in the scaling ansatz. Also, hyperscaling is extended through

Eq.(8.6) beyond the upper critical dimension. The new exponent ϙ is there-

fore both physical and universal in the new picture. Physically it controls

the finite-size correlation length. We refer to this picture as Q-theory or

Q-FSS, to distinguish it from Gaussian or Landau FSS.

Thus we conclude that the numerical evidence is in favour of Q-FSS in

the FBC case at pseudocriticality, just as it is for PBC’s. It turns out that

at the critical point itself, however, neither Q-FSS or Gaussian FSS are

supported when one examines the core 5D lattices.53,54 The reason for this

is that Tc lies outside the scaling window. The FSS window is measured by

the rounding of the susceptibility peak. In other words, the shifting TL−Tc

exceeds the rounding. The reader is refered to Ref.53,54 where evidence

supporting this interpretation is given.

This now brings us to re-examine the correlation function.
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8.2. Fisher’s Scaling Relation and the Exponent ηQ

In Ref. [70] a new explanation for the negativity of the measured value of

the anomalous dimension was proposed, based on the Q-theory outlined

here.53,54 According to the Q-FSS, there is a difference between the un-

derlying length scale L of the system above dc and its correlation length

ξL. In Eq.(2.23), the distance r is implicitly measured on the correlation

length scale and this leads to the usual Fisher relation (2.40) via the process

outlined in Section 3. In Sec. 7.1, however, the length scales L and ξL are

incorrectly mixed above the upper critical dimension.

To repair this, we firstly note that Eq.(8.2) with ϙ = d/dc may be

written

ξdc

L = Ld. (8.7)

Thus the correlation volume matches the actual volume when the correct

dimensionalities are used, and that for ξL is dc rather than d.

We write the critical correlation function in terms of the system-length

scale as

GQ(0, r) ∼ r−(d−2+ηQ)DQ

( r

L

)

, (8.8)

where ηQ is the anomalous dimension measured on this scale. The subscript

reminds that Q-FSS rather than standard FSS prevails there.

Integrating over space, then, the susceptibility is

χL(0) ∼
∫ L

0

r1−ηQDQ

( r

L

)

dr = L2−ηQ

∫ 1

0

DQ(y)y
1−ηQdy. (8.9)

Above d = dc, the Q-FSS formulae (8.4) then yields

ηQ = 2− ϙγ
ν
. (8.10)

In the Ising case, for which ϙ = d/4, γ = 1 and ν = 1/2, this gives

ηQ = 2 − d/2. This is then identified with η∗ of Refs. [41,43,67,68]. The

expression (8.9) with ηQ = −1/2 in 5D is confirmed in Figs. 3 and 4.

There are therefore two forms for the correlation function, two anoma-

lous dimensions and two Fisher relations, depending on whether distance

is measured on the scale of L or ξL ∼ Lϙ. The usual value η = 0 is correct

only when distance is measured on the scale of correlation length. The

value ηQ = 2− d/2 is correct on the length-scale L. Both are valid as char-

acterising long-distance correlation decay. In this interpretation, the notion

of two different decay modes, one for short long distances and one for long
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Figure 3. The measured decay of the correlation function in five dimensions favours
the Q-prediction GQ(t, L/2) ∼ L−5/2 (dashed lines), corresponding to a negative value
ηQ = −1/2, over the Landau prediction of a vanishing anomalous dimension (dotted
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Figure 4. As the minimum lattice size used in the fit increases, the measured exponent
in five dimensions approaches the Q-prediction ηQ = −1/2.

long distances, is abandoned. The new interpretation is fully consistent

with explicit calculations.41,43,67,68,70

The relationship between the two anomalous dimensions is

ηQ = ϙη + 2(1− ϙ). (8.11)

Below dc, they coincide, while above dc, the Q-anomalous dimension ηQ is

negative. Since the theorems on the non-negativity of the φ4 anomalous

dimension refer to correlation decay on the scale ξ, they refer to η rather

than ηQ, and are not violated.23,25,69
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9. The Full Scaling and FSS Theory above the Upper Crit-

ical Dimension

In the previous section we confirmed Q-FSS numerically and demonstrated

that it applies both to FBC’s and PBC’s. We interpret this as evidence for

universality of FSS and of the new exponent ϙ above dc. We now need to

revisit the renormalisation group scheme and show how the full scaling and

FSS theory arises through the mechanism of dangerous irrelevant variables.

9.1. Leading Scaling Behaviour

We start with Eq.(6.27) for the free energy:

fL(t, h, u) = b−dfL/b (tb
yt , hbyh, ubyu) . (9.1)

Under the assumption of homogeneity (6.28) we have the more compact

form (6.29). Identifying d∗ with d using the argumentation of Sec. 6.5, one

has p1 = 0 in Eq.(6.30). The free energy is then

fL(t, h, u) = b−df̄L/b

(

tLy∗

t , hLy∗

h

)

, (9.2)

in which mean-field values α = 0, β = 1/2, γ = 1 and δ = 1/3 come from

y∗t = yt −
yu
2

=
d

2
, (9.3)

y∗h = yh − yu
4

=
3d

4
. (9.4)

Appropriate differentiation of the free energy delivers the correct, Landau

scaling in the thermodynamic limit and the correct Q-FSS forms (6.45),

(6.46), irrespective of boundary conditions.

In Ref. [36], extensions of the above scenario to the correlation length

or correlation function were not fully considered. This is because (a) the

finite-size correlation length was believed to be bounded by the system

length and (b) the correct Landau values for ν and η were obtained by

ignoring u. Now we recognise that (a) is incorrect since ϙ > 1 and (b) a

new exponent ηQ also emerges above dc.

The equivalent form to Eq.(6.27) for the correlation length is

ξL(t, h, u) = bξL/b (tb
yt , hbyh , ubyu) . (9.5)

Following a similar procedure to that used for the free energy, the correla-

tion length is expressed as a homogeneous function in Eq.(6.49). Eq.(6.50)

gives ϙ = 1 + q1yu = d/4 provided q1 = −1/4. Setting h = 0 and L → ∞
recovers ξ∞ ∼ t−ν provided q2 = −1/2 so that y∗∗t = d/2. Thus y∗∗t is
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the same as y∗t of Eq.(9.3). It is also the same as the scaling dimension

required in Section 6.5, reaffirming that FSS is controlled by ξ and the

thermodynamic length ℓ is not required. Moreover, q2 = p2 after Eq.(6.44).

To determine q3 and y∗∗h , we set t = 0 and let L → ∞ and compare to

ξ∞(h, 0)) ∼ h−1/3 after Eqs.(2.21) and (2.42). One finds q3 = p3 = −1/4

and y∗∗h = y∗h = 3d/4.

Finally we return to the correlation function. According to the standard

paradigm, this is not affected by dangerous irrelevant variables. Q-theory,

however, demands that it deliver correlation decay both on the scale of

system length as well as on the correlation-length scale.

From dimensional analysis, we write

GL(t, u, r) = b−2dφGL/b

(

tbyt , ubyu, rb−1
)

, (9.6)

in which dφ = d/2− 1. Here, r and b initially have the same dimension as

L. Acknowledging the danger of u, we treat this in a similar manner to the

free energy and correlation length, and demand

GL(t, u, r) = b2−d+yuv1ḠL/b

(

tby
∗

t , rb−1+yuv2
)

. (9.7)

Maintaining our interpretation of r as a length requires v2 = 0 so that

the final argument on the right is dimensionless. Setting t = 0 and b = r

then, we obtain GL(0, u, r) = 1/rd−2−yuv1 . This agrees with GQ in Eq.(8.8)

provided that v1 = −ηQ/yu = −1/2.

If, on the other hand, we wish to interpret r as a correlation length,

the final argument is dimensionless if it is rb−ϙ. We then require v2 =

(1 − q)/yu = 1/4. Again setting t = 0, but now with bϙ = r, we obtain

GL(0, u, r) = 1/r(d−2−yuv1)/ϙ. Inserting v1 = −1/2 delivers the Ornstein-

Zernike31 form G(0, u, r) ∼ 1/r2, corresponding to the Landau theory.

9.2. Logarithmic corrections

Although the theories underlying Q-scaling and the conventional paradigm

differ at a fundamental level, each scheme predicts the same numerical

values for the various critical exponents in the PBC case. To decide between

them, we examine the upper critical dimension itself. The quartic variable

u is marginal there and the renormalization-group formalism gives rise to

logarithmic corrections. With no dangerous irrelevant variables, the old

paradigm has no consequence at d = dc: there is only one correlation

function for long distances. In fact, taking logarithmic corrections into

account, one expects at criticality

Gξ(0, r) ∼ D

(

r

ξL

)

r−(dc−2+η)(ln r)η̂. (9.8)
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Figure 5. The leading scaling for the correlation function in four dimensions has expo-
nent dc − 2+ η = 2, corresponding to vanishing anomalous dimension. This is predicted
by both paradigms.

The scaling relations for logarithmic corrections connect the logarithmic

analogue of the anomalous dimension, η̂ to η, γ̂ and ν̂ through Eq.(2.56),

which was proposed and confirmed in the thermodynamic limit in Ref. [27]

and reported upon in the previous volume of this series.2

Q-scaling theory, however, again leads to a new prediction here. The

Q-correlation function is

GL(0, r) ∼ r−(d−2+ηQ)(ln r)η̂Q . (9.9)

Of course, ηQ = η at d = dc.

The fluctuation-dissipation theorem, with an appropriate bound L for

Eq.(9.9) then gives70

χL(0) ∼ L2−ηQ(lnL)η̂Q [1 +O(1/ lnL)] , (9.10)

where

γ̂ = (2− ηQ)(ν̂ − ϙ̂) + η̂Q. (9.11)

The two anomalous dimensions are related by

η̂Q = η̂ + (2− η)ϙ̂. (9.12)

These new predictions are not derivable from the conventional paradigm

and can be tested numerically.70 In Fig. 5, G(t, L/2) is plotted against L/2

at both the critical and pseudocritical points for periodic lattices, confirm-

ing the leading behaviour is governed by a vanishing anomalous dimension.

The Q-prediction is that η̂Q = 1/2 in the d = 4 Ising model. This is

confirmed in Fig. 6, in which (L/2)2G(t, L/2) is plotted against ln (L/2).

The positive slope is clearly not η̂ = 0 and compatibility with η̂Q = 1/2 is

evident.
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Figure 6. The logarithmic correction to scaling for the measured correlation function

has a positive exponent compatible with the Q-prediction η̂Q = 1/2 and incompatible
with the Landau value zero.

10. Conclusions

Mean-field and Landau theories are presented in the early chapters of many

textbooks on critical phenomena because (a) they are a simple theories

which manifest phase transitions and (b) they form the starting point for

the development of more sophisticated and realistic theories. Despite their

simplicity, the Ginzburg criterion indicated that mean-field and Landau

theories should deliver a quite accurate and full account of scaling above

the upper critical dimension. In particular, they yield the critical exponents

α = 0, β = 1/2, γ = 1, δ = 1/3, ν = 1/2 and η = 0. These satisfy all

scaling relations except hyperscaling (2.37) when d > 4.

On the theoretical side, it has long been recognised that, to match the

renormalizaton group to the predictions of mean-field and Landau theories

in the thermodynamic limit, one needs to take into account dangerous ir-

relevant variables above the upper critical dimension. While this delivers

the correct values of the critical exponents, a naive application of FSS then

delivers mL ∼ L−1 and χL ∼ L2, for example.

These are known to be incorrect for systems with PBCs where, instead,

mL ∼ L−d/4 and χL ∼ Ld/2. To remedy this, a new thermodynamic length

scale was introduced to control FSS above dc. Although this is an infinite-

volume concept, it was supposed only to affect FSS in the case of periodic

boundaries; Gaussian FSS was supposed to apply when the boundaries are

free. Thus FSS loses its universality above the upper critical dimension.

Numerical simulations also indicated a puzzle related to the correlation

function. Despite theorems to the contrary, numerical studies indicated a

negative value for the anomalous dimension, while Landau theory predicts
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that η vanishes. To explain this, the idea was formed that there is a differ-

ence between short long range order and long long range order. Thus the

standard paradigm appears to involve ad hoc fixes to a number of puzzles.

Here we have reported on recent advances to scaling theory above the

upper critical dimension. Firstly it is recognised that earlier bounds on the

scaling of the correlation length are inapplicable. In fact numerical evidence

supports non-trivial FSS for ξL and an analytical argument requires the

introduction of a new exponent (denoted ϙ) to track it. The same numerical

argument suggests that the new exponent ϙ is universal as well as physical

and this is supported by careful FSS for systems with free boundaries.

These considerations also prompted the re-examination of the correla-

tion function above the upper critical dimension. The claim is that its

functional form depends upon whether distance is measured on the system

length scale or on the scale of the correlation length. In the latter case,

applicable in the thermodynamic limit, the anomalous dimension vanishes

and Fisher’s scaling relation applies. However, on the scale of the system

length, a new anomalous dimension ηQ has to be introduced. In the case

of the Ising model, this is negative and brings with it a new Fisher-type

scaling relation. Under the new scaling paradigm, there is no thermody-

namic length and no difference between short long distances and long long

distances. These were ad hoc features of the old scaling picture.

The new scaling theory also predicts new results at the upper critical

dimension itself. This is the case despite the absence of dangerous irrelevant

variables there. In particular, new logarithmic corrections to the correlation

function are predicted and tested. The results support the new Q-scaling

theory.

Revisiting the Ginzburg criterion, in Sec. 4.4, we see that the replace-

ment of the finite-size volume N by ξd∞ leading to the thermodynamic-limit

relation (4.47) is unjustified. That expression should rather read χ∞/β ≪
ξdc
∞m2

∞. The Q-corrected Ginzburg criterion then reads νdc > 2−α, which

is not satisfied as an inequality. This means the Ginzburg criterion is in-

valid, even above dc, so that strictly speaking, mean-field theory is not a

full description of scaling there.
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40. E. Luijten and H.W.J. Blöte, Finite-size scaling and universality above the

upper critical dimension, Phys. Rev. Lett. 76 1557-1561 (1996); ibid. 3662
(erratum).
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