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The identification of tipping points is essen-
tial for prediction of collapses or other sudden
changes in complex systems. Applications in-
clude studies of ecology, thermodynamics, clima-
tology, and epidemiology. However, detecting
early signs of proximity to a tipping is made chal-
lenging by complexity and non-linearity. Strongly
interacting Rydberg atom gases offer a model sys-
tems that offer both complexity and non-linearity,
including phase transition and critical slowing
down. Here, via an external probe we observe
prior warning of the proximity of a phase tran-
sition of Rydberg thermal gases. This warning
signal is manifested as a cessation of the vari-
ance growth with increasing probe intensity. We
also observed the dynamics of the critical slowing
down behavior versus different time scales, driv-
ing intensities, and atomic densities, thus provid-
ing insights into the study of a Rydberg atom
system’s critical behavior. Our experiment sug-
gests that the full critical slowing down dynam-
ics of strongly-interacting Rydberg atoms can be
probed systematically, thus providing a bench-
mark with which to identify critical phenomena
in quantum many-body systems.

As a result of their inherent interconnectedness and
nonlinear dynamics, complex systems have tipping points
at which small changes in a specific component or pa-
rameter can trigger a disproportionately large response
in the entire system [1, 2]. Understanding and identify-
ing these tipping points are essential steps in enabling
complex systems to be managed effectively [3-7]. Ef-
fective management could allow us to anticipate and
respond to potential tipping points and to implement
strategies that can avoid or mitigate their detrimental ef-
fects [3, 8, 9]. Furthermore, complex systems often show
self-organization [10, 11] and emergent properties [12],
which means that their behavior at the collective level
cannot be predicted solely based on an understanding
of the individual components. As the interactions and
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dependencies between the components become stronger
near the tipping point, the system will then become more
susceptible to abrupt shifts [13-15]. Various factors can
contribute to the existence of tipping points in different
complex systems; examples include epileptic seizures in
medicine [16, 17], systemic market crashes in financial
networks [18, 19], climate in nature [20-22], and phase
transitions in physics [23-25]. Several significant works
in the literature have reported on building of theoreti-
cal models to predict tipping points [4, 26, 27], with ex-
amples that include landscape-flux theory [28, 29], deep
learning methods [30, 31], and the critical slowing down
method [21, 22, 32], in which early warning signals are
introduced.

The long-range interactions that occur between Ry-
dberg atoms provide us with the ability to simulate
large scale systems and study non-equilibrium phase
transitions, self-organized criticality, and other phenom-
ena [10, 33-37]. Rydberg atoms capture the intercon-
nectedness between the different components in a system
and also provide strong nonlinearity, which is particu-
larly relevant for complex systems [38-42]. Therefore,
the study of Rydberg atom systems aids in understand-
ing of emergent behaviors and also provides insights into
the dynamics of complex systems [43-48]. However, the
complex interconnectedness and nonlinearity, the nonsta-
tionary dynamics, and the uncertainty evolution of such
systems mean that they are difficult to control and ma-
nipulate [49-52]. For example, even small changes in
the system parameters can lead to significant responses
within the entire atomic system, where the behavior of
one component can have far-reaching effects on the over-
all system dynamics, including inducing rich emergent
properties and self-organization dynamics [10]. This also
represents a widespread problem among other complex
systems. However, no experiments on prediction of the
tipping points in Rydberg atom systems have been re-
ported to date, and these systems are worthy of study.

Here, we report an experiment in which the tipping
point of interacting Rydberg atoms can be predicted by
driving the system using a resonant microwave (MW)
electric field. We observe that early warning signals
are manifested as a symptom regime in which the vari-
ance in the transmission no longer grows linearly. By
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Figure 1. Physical model and early warning signals of the tipping point. (a) A phase transition in a complex network,
in which phase 1 and phase 2 represent the different states of matter below and above the tipping point, respectively. These
two phases show different properties, and we use the interconnectedness link here between the particles in phase 2, as compared
with no available link in phase 1. (b) Two-level atom model including the ground state |g) and the Rydberg state |r1), along
with the spontaneous radiation rate I'y. The atoms are driven from the ground state to the Rydberg state by a laser with a
Rabi frequency €1 and detuning A;. The atoms are then driven by a modulated microwave (MW) electric field with a Rabi
frequency of Q2. The Rydberg energy level is then modified by the many-body interaction strength V = Cs/R® [where Cs is
the van der Waals coefficient and R is the distance between the Rydberg atoms]. (c¢) Phase transition of the Rydberg atom
system. The Rydberg atom population p,,r, shows a sudden change versus the square of the Rabi frequency 012, where Qic
corresponds to the tipping point. (d) Measured transmission of the probe beam versus the parameter €,? under the MW field
driving condition. (e) Measured variance from (d). In this process, there is an early warning signal regime, which is marked as
the blue shaded area. The variance in this regime is different to the corresponding variance far away from the tipping point,
manifesting as a nonlinear growth property. The black dotted line is a linear curve, which is included as a guide for the eye.
We fitted the trend of the variance using a solid red line, where the fit function is y = p(x — 20)6‘7(1720)&4—8 (p = -4.44x1077
+-4.16x1071°, ¢ = -3.89x107° £ 3.72x1071° 5 = 2.01x107% & 1.41x107?, o = 8.50 % 0.04).

using a nondestructive measurement method with the RESULTS
electromagnetically induced transparency (EIT) detec-
tion method, we can coherently map the status of the Warning signal model

Rydberg atoms with respect to the probe field. The two
metastable states of the non-equilibrium system will dis-
play different responses because the non-interacting Ryd-
berg atoms demonstrate relatively small dissipation when
compared with that of the interacting Rydberg atoms.
Interactions make the Rydberg atoms difficult to syn-
chronize under the driving MW electric field. Therefore,
in the experiments, we can identify the point at which
the system undergoes a phase transition directly. This
work provides predictive capabilities with regard to the
behavior of complex systems and will enable better early
responses to potential tipping points.

The inherent interconnectedness and the nonlinear in-
teractions within complex systems make it difficult to
predict sudden changes in these systems. Modeling of
complex systems can help us to find early warning signals
before these sudden changes, as illustrated in Fig. 1(a).
The Rydberg atom system represents a good platform
for study of complex systems because of the strong in-
teractions that occur between the Rydberg atoms, and
there is a non-equilibrium phase transition for Rydberg
atoms from the non-interacting phase (NI phase) to the
interacting phase (I phase), as illustrated in Fig. 1(b,c).

The Rydberg atom system consists of N interacting
three-level atoms with a ground state |g), a Rydberg state
|r1) with a decay rate of I'1, and a Rydberg state |rq) with
a decay rate of I's, as depicted in Fig. 1(b); further de-
tails about the experiment can be found in the Methods
section. A two-photon process excites the atom from the
ground state |g) to the Rydberg state |r;) with a Rabi



frequency of Q1 and detuning of A;. The intermediate
energy level of this two-photon process is eliminated adi-
abatically and is not shown in Fig. 1(b).

A dual-tone MW field drives the atoms between the
Rydberg states |r1) and |r2), and this MW field takes the
form of Enwcos(wit)+ Enw cos [(wy + f)t], where Eyrw
represents the amplitude, w; is the resonant frequency
with respect to the transition between the two Rydberg
states |r1) and |ra), and d f is the MW frequency detuning
from resonance. After application of the rotation wave
approximation, this dual-tone MW field turns into a pe-
riodic driving field with frequency §f. When the MW
field is off and the intensity profile of the probe laser is
scanned, a non-equilibrium phase transition occurs that
is characterized by a sudden increase in the population
of the Rydberg atoms p,1,1, as shown in Fig. 1(c). When
the dual-tone MW field is on, an oscillation effect occurs
in the transmission spectrum. The MW field serves as
a perturbation in this case and the spectrum represents
the response of the Rydberg atoms to this perturbation,
as illustrated in Fig. 1(d). When the Rabi frequency
of the probe field is low and the system is outside the
warning regime, which is shaded in blue in Fig. 1(d), the
Rydberg atom system is then a linear system and its re-
sponse to the MW field is also linear, as indicated by the
linear growth observed in the variance as the square of
the Rabi frequency QZQ, increases; see the Methods sec-
tion for the definition of the variance. However, near the
sharp jump in the transmission, there is a warning regime
region colored blue, where the variance in the transmis-
sion decreases as Q2 increases, as shown in Fig. 1(e).
This variance, which deviates from the previously linear
increase, represents a warning signal.

A toy numerical model with an interaction-dependent
energy shift and energy broadening can reveal the phys-
ical mechanism of our experiment.

The master equation is

Op = Z[f{7 ﬁ} + E’I‘l [/3] + [frz [ﬁ] (1)

where H is the Hamiltonian and Ly, 7oy is the Lind-
blad jump operator. The Hamiltonian of the system af-
ter adiabatic elimination of the intermediate energy level
between |g) and |r) is given by
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where " (r = r1,r2) represents the i-th atom transi-

tion between the ground state |g) and the Rydberg state

|r); m;""® are the population operators of the two Ry-

dberg energy levels [rq) and [r2); V'™ and V*"" rep-

resent the interactions between the Rydberg atoms in
states [rq,2) and |rg,1), respectively; and V'™ and V?™

represent the interactions between the Rydberg atoms in
states |r1) and |ra), respectively.
The Lindblad jump terms are:

L= (w/2))_(67°p67" — (A7, p}), (2)

K2

where these terms represent the decay process from the
Rydberg state |r) to the ground state |g).

Note here that the mean-field approximation is used
and that the interaction terms (V;7'"2, V2™, V2™, and
V;?"?) are replaced by a single atom immersed in a field
formed by these interactions between other atoms and
this atom. Therefore, the task of solving the dynamic
many-body problem is reduced to solving the dynamic
problem for one single atom in that field. Besides, be-
fore the non-equilibrium phase transition occurs, the in-
teraction between Rydberg atoms dissipates the atoms,
which makes the dissipation ahead of the phase transition
(the deviation from linear growth of the variance before
the tipping point as shown in Fig. 1(e).). To model this
process, we introduce a density-dependent dissipation in
the mean-field approximation, and the detuning and the
decay are replaced such that Ay — A; — Vpf — and
Ly, = Tn =Vpt . (10,23, 34, 39, 53], respectively, where
[ and € are exponent factors. By solving the master equa-
tion using the mean-field approximation and expanding
the solution p,,,, as a function of €2, to the second order,
the transmission against the intensity of the probe field
(€21/2m)? is obtained. Here, 3 = 1 and € = 3 to enable
better modeling of the results.

Next, we apply the MW field with dual tone frequen-
cies to the theoretical model and simulate the trans-
mission, where the MW field takes the form of Qs =
Ea(1+4 Cos(dft)), and Ey is the magnitude of the Rabi
frequency of the dual tone MW field. The simulated re-
sults for p,,,, versus (£;/2m)? are shown in Fig. 2(a-
b), where panel (a) corresponds to the case of the phase
transition without the MW field (Es = 0) and panel (b)
shows the case with the applied MW field (Ex # 0).
Figure 2(c) shows the variance that was calculated from
Fig. 2(b), with reduced behavior in the region where
2.2 (MHz)? < (Q4/27)? < 3.5 (MHz)?.

Transmission spectra under the dual-tone MW field
driving conditions

By scanning the probe field intensity, we can ob-
serve the non-equilibrium phase transition in the Ryd-
berg atom system, as illustrated in Fig. 2(d). To sub-
tract the early warning signals before the tipping point
is reached, we experimentally apply a dual-tone MW elec-
tric field to drive the transition between the two different
Rydberg states [50D5/2) and |51P5/5), with a center fre-
quency of 2w x 17.041 GHz and a frequency difference of
0f = 2w x 0.2 MHz. The MW field induces a small ac
Stark shift that moves the tipping point and varies the
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Figure 2. Theoretical and experimental results without and with the driving MW field.
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(a), (b) Theoretical

simulations of the population p,,r, of the Rydberg atoms with different electric field amplitudes: (a) Eo = 0 mV /cm and (b)

EA # 0 mV/cm. (c) Variance calculated from (b).

(d), (e) Experimental transmission spectra under the different MW field

amplitudes: (d) Emw = 0 mV/cm and (e) Enyw = 1.64 mV /cm. In this case, the scanning period Ts = 1 ms. (f) Measured

variance from (e).

Rydberg atom population. The MW field causes the tip-
ping point to move forward when compared with the case
without the MW field, and the oscillation appears in the
transmission spectrum in Fig. 2(e). By calculating the
variance from the oscillated transmission, we observe a
reduced variance when (£,/27)? > 26 (MHz)?, indicat-
ing the existence of an early warning signal, as shown in
Fig. 2(f). The experimental results show good agreement
with the expectations of the theoretical simulations.

From the results shown in Fig. 2(f), the mea-
sured variance is reduced nonlinearly when (£,/27)? >
27.5 (MHz)2. The increased ©, adds a number of ex-
cited Rydberg atoms, which makes the system dimension
higher and then induces a strong critical slowing down ef-
fect. This occurs because, in a relatively low-dimensional
system where the number of degrees of freedom is lim-
ited, localized interactions between neighboring Rydberg
atoms are dominant. As a result, the critical slowing
down process in a low-dimensional system is primarily
influenced by these localized interactions. In this case,
all the excited Rydberg atoms in the system can be syn-
chronized rapidly, thus allowing faster recovery from the

perturbation. In contrast, a high-dimensional system has
large numbers of interacting Rydberg atoms, which re-
sults in a rich interconnectedness within the system. In
this system, the critical slowing down effects are ampli-
fied because of the extended reach and the influence of
the long-range interactions. Perturbations take longer
times to propagate through the system, and the process
of recovery from disturbances thus becomes slower.

Transmission spectra versus scanning time

The non-equilibrium phase transition in the Rydberg
atom system can be modeled using a double-well transi-
tion, with each well standing for one bi-stable state, as
depicted in Fig. 3(a)-(c). In the left well, phase 1 repre-
sents the few-body state, while in the right well, phase
2 corresponds to the many-body state. The dissipation
of phase 2 is greater than that of phase 1 because of the
interactions among the Rydberg atoms. When the pop-
ulation of Rydberg atoms is increased by QZ’ a phase
transition occurs from the left well to the right well that



0.01 0.01

Transmission (a.u.)

Var

3 B
< )
=, @ |
g =z
g T=025ms | &
S 001 N 1 5-001F
¢ g
= =
; 1 1
10"

15 15 f
81} 5 1
> >

0.5 0.5

0 L L L

20 25 0 35 20 25

3
(Q,/2m)* (MHz?)

(Q,/2m)* (MHz?)

0 i
30 35 20 25 30 35
(Q,/2m)* (MHz?)

Figure 3. Time evolution of the system during the phase transition process. (a)-(c) Double well model used to
describe the phase transition and the critical slowing down phenomenon. With increasing Qp2, the system is initially in phase
1 (2p2 < Qpc?, where Q.2 is the tipping point), and it then evolves from state A to state B when close to the tipping point,
before finally making the transition to phase 2 ((Q2p2 > Qp.c?), state C). In this process, the system states A, B, and C have
different interaction-induced dissipations ya, vg, and ¢, respectively, where v¢ > v > va. (d)-(f) Measured transmission
spectra and their corresponding variances within scanning times of (d) 0.25 ms, (e) 0.5 ms, and (f) 2 ms.

crosses the barrier of the double well, as illustrated in
Fig. 3(b). Near the tipping point Qz%,m the critical slow-
ing down phenomenon occurs; this term refers to an ef-
fect where the system’s response time to the driving MW
field becomes slower (here, the MW field is regarded as a
perturbation to the system). After the phase transition,
the system is then in the I-phase, and the strong inter-
actions between the Rydberg atoms make the system’s
dissipation so large that the variance drops to a very low
level.

To observe the slower dynamics that occur near the
tipping point, we changed the scanning time (T;) of the
triangular wave loaded onto the acousto-optic modulator
(AOM) and recorded the dynamics within the warning
regime. As shown in Fig. 3(d)-(f), we found that the
warning regime gradually becomes apparent as the scan-
ning rate is gradually reduced.

A fast scan accumulates a small number of Rydberg
atoms because of the small interval time. This causes
the system to have low dissipation until the phase tran-
sition occurs, which means that the warning regime is
almost invisible [see Fig. 3(d) and Fig. 3(e) for the scan-

ning times of Ty;= 0.25 ms and Ty= 0.5 ms, respectively].
As the light intensity increases, the system’s response to
the external perturbation follows the increasing light in-
tensity well.

As the scanning time increases, the system can accu-
mulate increasing numbers of Rydberg atoms for a rel-
atively large time interval, and the dissipation of these
interacting Rydberg atoms competes with the coherent
driving of the laser and the MW field. The dissipation be-
comes dominant when the system approaches the tipping
point, as indicated by the transition process A - B — C'
shown in Fig. 3(b). This causes the variance to diverge
from the linear increasing trend, and thus the warning
regime gradually becomes visible [see Fig. 3(f) for the
scanning time of Ty = 2 ms].

Transmission spectra versus the MW field intensity

To study the early warning signals under various MW
field intensities, we alter the MW field intensity and
record the corresponding variance; see the results in
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Figure 4. Trend of variance at different MW field intensities. (a) Variance measured at the different MW field intensities
of Fvw=1.80 mV/cm (blue), Exyw=1.15 mV /cm (light green), and Exw=0.66 mV/cm (brown); see the Methods section for
further details. To provide a better comparison of the signals at the different microwave intensities, we normalized the variance
of the transmission for easier reading. The variance at 0.66 mV/cm is amplified by a factor of four and the variance at 1.15
mV/cm is amplified by a factor of 1.5, but the variance at 1.80 mV /cm is not amplified. (b) Theoretical simulations at the
different modulation strengths of Ex = 2 (blue), Ea = 0.4 (black), and Ex = 0.1 (brown), where we normalized the simulated
results using an amplification factor of 10 at Ea = 0.4 and an amplification factor of 20 at Ea = 0.1; the variance at Ea = 2
was not amplified. The red points correspond to the points where the variance diverged from the linear function in each case.
In these processes, the tipping points for the different MW field intensities are calibrated to be in the same position for ease of

comparison by slightly adjusting the coupling detuning.

Fig. 4(a). When Eyw = 0.66 mV/cm, the variance is al-
most linear versus the probe field intensity. During this
process, the MW field intensity reflects the magnitude
of the perturbation. For a small perturbation, the Ryd-
berg atoms can follow the driving MW field even though
the system is very close to the tipping point, which means
that the warning regime is unclear. When we increase the
MW field amplitude, the variance diverges from the linear
curve, as shown in the cases where Eyw = 1.15 mV /cm
and Eyw = 1.80 mV/cm. The system then cannot fol-
low the driving action of the MW field, which makes the
warning regime become more apparent.

These results can be explained as the process by which
the system is synchronized or not when driven by the
MW field. The non-interacting Rydberg atoms can co-
operate well and are further synchronized with the MW
field, while the interacting Rydberg atoms in the system
are difficult to synchronize because of the effect of the
critical slowing down process. We also simulated the re-
sults with different MW field intensities, with results as
shown in Fig. 4(b). The simulated results show the same
trend as the experimental measurements.

Transmission spectra at different temperatures

In our experiments, we also studied how the inter-
action between the Rydberg atoms affects the warning
signals. A higher temperature leads to a higher inter-
action level, and vice versa. We changed the atomic
density by varying the temperature and measured the

variance of the oscillated transmission. Figure 5(a)-(d)
show the measured results. We found that the vari-
ance before the phase transition was decreasing gradu-
ally as the temperature increased. For comparison, we
found that the early warning signal regime shown in
Fig. 5(d) was broader than that shown in Fig. 5(a), as
given by (6Q,/27)? = 3.0 (MHz)? at T = 47.2°C and
(69, /2m)? 5 (MHz)? at T = 49.1°C. Therefore, it
is easier to identify the early warning signal at higher
temperatures. This is explained by the fact that the
interaction-induced dissipation causes the system to be
difficult to synchronize when driven by the MW field,
and it then leaves the linear response regime. This en-
hanced critical slowing down process in high-dimensional
systems can be attributed to the increased system com-
plexity and the interdependences among the Rydberg
atoms.

The early warning signals of the Rydberg atom systems
under different spatial structure conditions and scales
[from their distinct densities] can also be probed, and the
measured exponent « varies with the temperature [e.g.,
for T = 47.2°C, o = 16.46 + 0.22 in Fig. 5(a), but a =
8.59 & 0.07 for T = 49.2°C in Fig. 5(d)], thus indicating
distinct critical dynamics before occurrence of a phase
transition. This confirms that the early warning signal
arises from the interactions between the Rydberg atoms,
even when the system is still in the NI phase. This find-
ing is consistent with the fact that the non-equilibrium
phase transition in the Rydberg atom system occurs be-
cause of the interactions among a few local atoms, which
eventually spreads to involve the atoms on a global scale.
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Figure 5. Variance measured at different tempera-

tures. We measured the different variance characteristics at
temperatures of (a) T=47.2°C, (b) T=47.7°C, (c) T=48.2°C,
and (d) T=49.1°C. The results show that as the tempera-
ture increases, the divergence of the variance from the lin-
ear regime becomes more obvious. The early warning signal
regimes shown in (a) and (d) are marked as the blue shaded
areas for comparison. The solid red lines are the fittings with
the function y = p(x — 20)@‘7(’“'720)(1—i—s7 where o = 16.46 +
0.22 for T=47.2°C, o = 12.69=+ 0.10 for T=47.7°C, a = 10.89
=+ 0.07 for T=48.2°C, and a = 8.59 & 0.07 for T=49.2°C.

Using the MW field, we can detect small numbers of lo-
cally interacting Rydberg atoms, even without causing a
phase transition to occur in the system.

DISCUSSION

It should be noted that the measured variance in our
experiment was reduced in the early warning regime,
which differs from the increased variance that was re-
ported previously [16, 30, 31]. Here, the variance is calcu-
lated from the transmission that occurs under the driving

action of the external field, and it is proportional to the
amplitude of the oscillation. In this way, the interaction-
induced dissipation signal in the Rydberg atom system
can be amplified, thus allowing us to characterize the
full dynamics of the critical slowing down process. The
early warning signals for the phase transition cause us
to conclude that the interaction-induced dissipation ap-
pears first, and the phase transition occurs after that.
This is also consistent with the results from our mean-
field method, in which the exponent factor € was greater
than £.

The critical slowing down process of the Rydberg
atoms is a type of nonlinear dynamic behavior that can
provide technologies and methods to enable study of
other nonlinear systems. The interactions within the Ry-
dberg atom system can help us to understand and study
the relationships and the coupling effects among the dif-
ferent factors when studying the early warning signals
that occur in other complex systems, including atmo-
spheric systems, ecological systems, and socio-economic
systems. Most importantly, the technological method for
amplification of the signal of the critical slowing down
process of Rydberg atoms can provide a new perspec-
tive to enable the development and application of predic-
tion strategies and techniques for use in other complex
systems. In addition, the collective behavior and self-
organization phenomena among the atoms when driven
by the MW field can help us to study the essence and
the mechanisms of the self-organization phenomena dur-
ing intervention by external factors, in fields as diverse
as traffic flow, urban planning, and immune systems.

In summary, we have observed the full dynamics of the
early warning signals at the tipping point for strongly in-
teracting Rydberg atoms. Because of the distinct dissi-
pation of the metastable states of the Rydberg atom sys-
tem, the responses before and after the tipping point can
be probed successfully using the external MW field. The
critical slowing down process causes the response to the
MW field to deviate from linear growth before the tipping
point, which shows good agreement with the theoretical
observations. This experiment has helped us to study
the critical slowing down that occurs near the critical-
ity of the Rydberg atom system, and provides a deeper
understanding of the critical slowing down behavior in
other complex systems. This may also promote practi-
cal developments in detection of early warnings before
catastrophic events in other complex systems.

[1] H. E. Stanley, Phase transitions and critical phenomena,
Vol. 7 (Clarendon Press, Oxford, 1971).

[2] N. Goldenfeld, Lectures on phase transitions and the
renormalization group (CRC Press, 2018).

[3] M. Scheffer, J. Bascompte, W. A. Brock, V. Brovkin,
S. R. Carpenter, V. Dakos, H. Held, E. H. Van Nes,
M. Rietkerk, and G. Sugihara, Early-warning signals for
critical transitions, Nature 461, 53 (2009).

[4] N. Tomen, J. M. Herrmann, and U. Ernst, The func-
tional role of critical dynamics in neural systems, Vol. 11
(Springer, 2019).

[5] A.D. Barnosky, E. A. Hadly, J. Bascompte, E. L. Berlow,
J. H. Brown, M. Fortelius, W. M. Getz, J. Harte, A. Hast-
ings, P. A. Marquet, et al., Approaching a state shift in
earth’s biosphere, Nature 486, 52 (2012).

[6] A. S. Kwong, D. Manley, N. J. Timpson, R. M. Pear-


https://www.nature.com/articles/s41467-020-20333-7
https://www.taylorfrancis.com/books/mono/10.1201/9780429493492/lectures-phase-transitions-renormalization-group-nigel-goldenfeld
https://www.taylorfrancis.com/books/mono/10.1201/9780429493492/lectures-phase-transitions-renormalization-group-nigel-goldenfeld
https://www.nature.com/articles/nature08227
https://link.springer.com/content/pdf/10.1007/978-3-030-20965-0.pdf
https://link.springer.com/content/pdf/10.1007/978-3-030-20965-0.pdf
https://www.nature.com/articles/nature11018

son, J. Heron, H. Sallis, E. Stergiakouli, O. S. Davis, and
G. Leckie, Identifying critical points of trajectories of de-
pressive symptoms from childhood to young adulthood,
Journal of youth and adolescence 48, 815 (2019).

[7] P. Brookes, G. Tancredi, A. D. Patterson, J. Rahamim,
M. Esposito, T. K. Mavrogordatos, P. J. Leek, E. Gi-
nossar, and M. H. Szymanska, Critical slowing down in
circuit quantum electrodynamics, Science advances 7,
eabe9492 (2021).

[8] L. Xu, D. Patterson, S. A. Levin, and J. Wang,
Non-equilibrium early-warning signals for critical tran-
sitions in ecological systems, Proceedings of the National
Academy of Sciences 120, 2218663120 (2023).

[9] V. Dakos, M. Scheffer, E. H. Van Nes, V. Brovkin,
V. Petoukhov, and H. Held, Slowing down as an early
warning signal for abrupt climate change, Proceedings of
the National Academy of Sciences 105, 14308 (2008).

[10] D.-S. Ding, H. Busche, B.-S. Shi, G.-C. Guo, and C. S.
Adams, Phase diagram of non-equilibrium phase tran-
sition in a strongly-interacting Rydberg atom vapour,
Phys. Rev. X 10, 021023 (2020).

[11] H. Haken, Information and self-organization: A macro-
scopic approach to complex systems, Springer (2010).

[12] T. Wintermantel, M. Buchhold, S. Shevate, M. Morgado,
Y. Wang, G. Lochead, S. Diehl, and S. Whitlock, Epi-
demic growth and griffiths effects on an emergent net-
work of excited atoms, Nature Communications 12, 103
(2021).

[13] B. Cael, S. Dutkiewicz, and S. Henson, Abrupt shifts in
21st-century plankton communities, Science advances 7,
eabf8593 (2021).

[14] C. G. Wade, M. Marcuzzi, E. Levi, J. M. Kondo,
I. Lesanovsky, C. S. Adams, and K. J. Weatherill, A
terahertz-driven non-equilibrium phase transition in a
room temperature atomic vapour, Nature communica-
tions 9, 1 (2018).

[15] G.I. Hagstrom and S. A. Levin, Phase transitions and the
theory of early warning indicators for critical transitions,
in How Worlds Collapse (Routledge, 2023) pp. 358-374.

[16] P. E. McSharry, L. A. Smith, and L. Tarassenko, Pre-
diction of epileptic seizures: are nonlinear methods rele-
vant?, Nature medicine 9, 241 (2003).

[17] H. Anwar, Q. U. Khan, N. Nadeem, I. Pervaiz, M. Ali,
and F. F. Cheema, Epileptic seizures, Discoveries 8
(2020).

[18] R. M. May, S. A. Levin, and G. Sugihara, Ecology for
bankers, Nature 451, 893 (2008).

[19] C. Diks, C. Hommes, and J. Wang, Critical slowing down
as an early warning signal for financial crises?, Empirical
Economics 57, 1201 (2019).

[20] R. M. van Westen, M. Kliphuis, and H. A. Dijkstra,
Physics-based early warning signal shows that amoc is on
tipping course, Science Advances 10, eadk1189 (2024).

[21] T. Lenton, V. Livina, V. Dakos, E. Van Nes, and
M. Scheffer, Early warning of climate tipping points from
critical slowing down: comparing methods to improve ro-
bustness, Philosophical Transactions of the Royal Soci-
ety A: Mathematical, Physical and Engineering Sciences
370, 1185 (2012).

[22] Z. Zhang, Y. Li, L. Hu, H. Zheng, et al., Predicting rock
failure with the critical slowing down theory, Engineering
Geology 280, 105960 (2021).

[23] C. Carr, R. Ritter, C. Wade, C. S. Adams, and K. J.
Weatherill, Nonequilibrium phase transition in a dilute

Rydberg ensemble, Phys. Rev. Lett. 111, 113901 (2013).

[24] J. Eisert, M. Friesdorf, and C. Gogolin, Quantum many-
body systems out of equilibrium, Nature Physics 11, 124
(2015).

[25] A. Onuki, Phase transition dynamics (Cambridge Uni-
versity Press, 2002).

[26] S. Wimberger, Nonlinear dynamics and quantum chaos,
Vol. 10 (Springer, 2014).

[27] P. C. Hohenberg and B. I. Halperin, Theory of dynamic
critical phenomena, Reviews of Modern Physics 49, 435
(1977).

[28] H. Yan, L. Zhao, L. Hu, X. Wang, E. Wang, and J. Wang,
Nonequilibrium landscape theory of neural networks,
Proceedings of the National Academy of Sciences 110,
E4185 (2013).

[29] L. Xu, D. Patterson, A. C. Staver, S. A. Levin, and
J. Wang, Unifying deterministic and stochastic ecologi-
cal dynamics via a landscape-flux approach, Proceedings
of the National Academy of Sciences 118, 2103779118
(2021).

[30] T. M. Bury, R. Sujith, I. Pavithran, M. Scheffer, T. M.
Lenton, M. Anand, and C. T. Bauch, Deep learning for
early warning signals of tipping points, Proceedings of the
National Academy of Sciences 118, 2106140118 (2021).

[31] M. I. Maturana, C. Meisel, K. Dell, P. J. Karoly,
W. D’Souza, D. B. Grayden, A. N. Burkitt, P. Jiruska,
J. Kudlacek, J. Hlinka, et al., Critical slowing down as a
biomarker for seizure susceptibility, Nature communica-
tions 11, 2172 (2020).

[32] C. Wissel, A universal law of the characteristic return
time near thresholds, Oecologia 65, 101 (1984).

[33] M. Marcuzzi, E. Levi, S. Diehl, J. P. Garrahan, and
I. Lesanovsky, Universal nonequilibrium properties of dis-
sipative Rydberg gases, Phys. Rev. Lett. 113, 210401
(2014).

[34] D.-S. Ding, Z.-K. Liu, B.-S. Shi, G.-C. Guo, K. Mglmer,
and C. S. Adams, Enhanced metrology at the critical
point of a many-body Rydberg atomic system, Nature
Physics 18, 1447 (2022).

[35] M. Schmitt, M. M. Rams, J. Dziarmaga, M. Heyl, and
W. H. Zurek, Quantum phase transition dynamics in the
two-dimensional transverse-field ising model, Science Ad-
vances 8, eabl6850 (2022).

[36] S. Helmrich, A. Arias, G. Lochead, T. Wintermantel,
M. Buchhold, S. Diehl, and S. Whitlock, Signatures of
self-organized criticality in an ultracold atomic gas, Na-
ture 577, 481 (2020).

[37] K. Klocke, T. Wintermantel, G. Lochead, S. Whitlock,
and M. Buchhold, Hydrodynamic stabilization of self-
organized criticality in a driven Rydberg gas, Physical
Review Letters 126, 123401 (2021).

[38] T. F. Gallagher, Rydberg atoms, Vol. 3 (Cambridge Uni-
versity Press, 2005).

[39] N.R. de Melo, C. G. Wade, N. Sibali¢, J. M. Kondo, C. S.
Adams, and K. J. Weatherill, Intrinsic optical bistability
in a strongly driven Rydberg ensemble, Phys. Rev. A.
93, 063863 (2016).

[40] A. Urvoy, F. Ripka, I. Lesanovsky, D. Booth, J. Shaffer,
T. Pfau, and R. Low, Strongly correlated growth of Ry-
dberg aggregates in a vapor cell, Phys. Rev. Lett. 114,
203002 (2015).

[41] O. Firstenberg, C. S. Adams, and S. Hofferberth, Non-
linear quantum optics mediated by Rydberg interactions,
Journal of Physics B: Atomic, Molecular and Optical


https://link.springer.com/article/10.1007/s10964-018-0976-5
https://www.science.org/doi/full/10.1126/sciadv.abe9492
https://www.science.org/doi/full/10.1126/sciadv.abe9492
https://www.pnas.org/doi/abs/10.1073/pnas.2218663120
https://www.pnas.org/doi/abs/10.1073/pnas.2218663120
https://www.pnas.org/doi/abs/10.1073/pnas.0802430105
https://www.pnas.org/doi/abs/10.1073/pnas.0802430105
https://journals.aps.org/prx/abstract/10.1103/PhysRevX.10.021023
https://www.springer.com/us/book/9783540330219
https://www.nature.com/articles/s41467-020-20333-7
https://www.nature.com/articles/s41467-020-20333-7
https://www.science.org/doi/full/10.1126/sciadv.abf8593
https://www.science.org/doi/full/10.1126/sciadv.abf8593
https://www.nature.com/articles/s41467-018-05597-4
https://www.nature.com/articles/s41467-018-05597-4
https://www.taylorfrancis.com/chapters/edit/10.4324/9781003331384-23/phase-transitions-theory-early-warning-indicators-critical-transitions-george-hagstrom-simon-levin
https://www.nature.com/articles/nm0303-241
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7305811/
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7305811/
https://www.nature.com/articles/451893a
https://link.springer.com/article/10.1007/s00181-018-1527-3
https://link.springer.com/article/10.1007/s00181-018-1527-3
https://www.science.org/doi/full/10.1126/sciadv.adk1189
https://royalsocietypublishing.org/doi/full/10.1098/rsta.2011.0304
https://royalsocietypublishing.org/doi/full/10.1098/rsta.2011.0304
https://royalsocietypublishing.org/doi/full/10.1098/rsta.2011.0304
https://www.sciencedirect.com/science/article/abs/pii/S0013795220318573
https://www.sciencedirect.com/science/article/abs/pii/S0013795220318573
https://doi.org/https://doi.org/10.1103/PhysRevLett.111.113901
https://www.nature.com/articles/nphys3215
https://www.nature.com/articles/nphys3215
https://books.google.com.sg/books?hl=en&lr=&id=DA6AAVfv11sC&oi=fnd&pg=PP1&dq=Phase+transition+dynamics&ots=boC3d0-C4e&sig=DlVQuNpHVbbEbxuagoL9m43HOUw&redir_esc=y#v=onepage&q=Phase%20transition%20dynamics&f=false
https://link.springer.com/content/pdf/10.1007/978-3-319-06343-0.pdf
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.49.435
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.49.435
https://www.pnas.org/doi/abs/10.1073/pnas.1310692110
https://www.pnas.org/doi/abs/10.1073/pnas.1310692110
https://www.pnas.org/doi/abs/10.1073/pnas.2103779118
https://www.pnas.org/doi/abs/10.1073/pnas.2103779118
https://www.pnas.org/doi/abs/10.1073/pnas.2103779118
https://www.pnas.org/doi/abs/10.1073/pnas.1310692110
https://www.pnas.org/doi/abs/10.1073/pnas.1310692110
https://www.nature.com/articles/s41467-020-15908-3
https://www.nature.com/articles/s41467-020-15908-3
https://link.springer.com/article/10.1007/bf00384470
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.113.210401
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.113.210401
https://www.nature.com/articles/s41567-022-01777-8
https://www.nature.com/articles/s41567-022-01777-8
https://www.science.org/doi/full/10.1126/sciadv.abl6850
https://www.science.org/doi/full/10.1126/sciadv.abl6850
https://www.nature.com/articles/s41586-019-1908-6
https://www.nature.com/articles/s41586-019-1908-6
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.123401
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.123401
https://doi.org/10.1017/CBO9780511524530.001
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.93.063863
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.93.063863
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.114.203002
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.114.203002
https://iopscience.iop.org/article/10.1088/0953-4075/49/15/152003/meta

Physics 49, 152003 (2016).

[42] H. Weimer, R. Low, T. Pfau, and H. P. Biichler, Quan-
tum critical behavior in strongly interacting Rydberg
gases, Phys. Rev. Lett. 101, 250601 (2008).

[43] Z. Yan, Y.-C. Wang, R. Samajdar, S. Sachdev, and Z. Y.
Meng, Emergent glassy behavior in a kagome Rydberg
atom array, Phys. Rev. Lett. 130, 206501 (2023).

[44] M. Viteau, P. Huillery, M. G. Bason, N. Malossi,
D. Ciampini, O. Morsch, E. Arimondo, D. Comparat,
and P. Pillet, Cooperative excitation and many-body in-
teractions in a cold Rydberg gas, Phys. Rev. Lett. 109,
053002 (2012).

[45] A. Browaeys and T. Lahaye, Many-body physics with
individually controlled Rydberg atoms, Nature Physics
16, 132 (2020).

[46] A. Keesling, A. Omran, H. Levine, H. Bernien, H. Pich-
ler, S. Choi, R. Samajdar, S. Schwartz, P. Silvi,
S. Sachdev, et al., Quantum kibble—zurek mechanism and
critical dynamics on a programmable Rydberg simulator,
Nature 568, 207 (2019).

[47] H. Bernien, S. Schwartz, A. Keesling, H. Levine, A. Om-
ran, H. Pichler, S. Choi, A. S. Zibrov, M. Endres,
M. Greiner, et al., Probing many-body dynamics on a
51-atom quantum simulator, Nature 551, 579 (2017).

[48] 1. Lesanovsky and J. P. Garrahan, Out-of-equilibrium
structures in strongly interacting Rydberg gases with dis-
sipation, Physical Review A 90, 011603 (2014).

[49] D. Bluvstein, A. Omran, H. Levine, A. Keesling, G. Se-
meghini, S. Ebadi, T. T. Wang, A. A. Michailidis,
N. Maskara, W. W. Ho, et al., Controlling quantum
many-body dynamics in driven Rydberg atom arrays,
Science 371, 1355 (2021).

[50] H. Busche, P. Huillery, S. W. Ball, T. Ilieva, M. P. Jones,
and C. S. Adams, Contactless nonlinear optics mediated
by long-range Rydberg interactions, Nature Physics 13,
655 (2017).

[61] L. Zhang, V. Walther, K. Mglmer, and T. Pohl, Photon-
photon interactions in Rydberg-atom arrays, Quantum
6, 674 (2022).

[62] L. M. Sieberer, M. Buchhold, J. Marino, and S. Diehl,
Universality in driven open quantum matter, arXiv
preprint arXiv:2312.03073 (2023).

[53] T.E. Lee, H. Haeflner, and M. Cross, Collective quantum
jumps of Rydberg atoms, Phys. Rev. Lett. 108, 023602
(2012).

METHODS
Experimental setup

We used a two-photon transition scheme to excite the
alkali metal atoms (rubidium 85) from the ground state
to the Rydberg state. The probe beam (w, ~ 950 pm) is
red-detuned by 27 x 60 MHz, driving the atoms from the
ground state |g) = [55] /2, F' = 3) to the intermediate ex-
cited state |e) = |5P;,9, F' = 4), and the coupling beam
(we & 350 pm, Q. /27 = 4.72 MHz) then drives the tran-
sition from |e) to the Rydberg state |r1) = [50D5,5). We
used a MW electric field to drive the RF transition be-
tween the two different Rydberg states of [50D5/5) and
|51P;/5), and the MW electric field used in our exper-

iment was generated by a radio-frequency (RF) source
and a horn antenna. A 780 nm laser beam was first di-
vided into two beams using a beam splitter, and the in-
tensity of one of these beams was detected using a power
meter. This method allows us to monitor the intensity
of the experimental beam in real time. The other beam
was split by a beam displacer (BD) into a probe beam
and an identical reference beam, and both beams prop-
agate in parallel through a heated Rb cell at a tempera-
ture of 47°C. The probe beam is then overlapped with a
counterpropagating coupling beam, thus constituting the
EIT process. The transmission signals are detected us-
ing a differential photodetector and the data are collected
through an oscilloscope.

Measurement of the variance

In the experiments, we caused the AOM to work in
a linear range. We loaded a triangular wave signal that
was generated using a signal generator (RIGOL DG4102)
onto the AOM. In this way, we generated a probe beam
with linearly increasing intensity (QZ/47T2 from 19.83
MHz? to 35.22 MHz?). We used the Pound-Drever-Hall
method to lock the probe field frequency and the coupling
field frequency. By slightly adjusting the detuning of
the coupling beam, we observed a sudden jump in probe
transmission, which corresponds to the non-equilibrium
transition from the NI-phase to the I-phase for the Ry-
dberg atom system. When the dual-tone MW field was
switched on, oscillated transmission of the probe beam
was achieved, as shown in Fig.1(d). To acquire the warn-
ing signals before the phase transition, we used the mov-
ing window algorithm to calculate the variance, where
the size of the window is one cycle of the oscillated sig-
nal. The variance is also the response to the trends in
the strength of the modulated signal.

1 & 5
1% =7§ i — 3
ar m_1i=1|a l 3)

where a; is the probe transmission intensity acquired us-
ing a differential photodetector, m is the data length of
a window, and p is the mean value of the probe trans-
mission within a window.

Generation and calibration of the MW fields

The MW electric field used in our experiment was gen-
erated using an RF source (Ceyear 1465F-V) and a horn
antenna. The RF source operates within the frequency
range from DC to 27 x 40 GHz, and the horn antenna
was located near the Rb cell. To calibrate the electric
field amplitude Eyw, we used the RF source to load an
MW electric field signal with a frequency of 27 x 17.041
GHz, which is resonant with the transition of two Ryd-
berg states, |50D5,2) and [51P5)5). Experimentally, we
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scanned the coupling detuning to obtain the EIT spec-
trum, and Autler-Townes splitting appeared in the EIT
spectrum when the RF source was turned on. The MW
electric field amplitude Eyw was calibrated based on the
frequency interval Aw of the Autler-Townes splitting.

hAw ﬁ
Hd )\c

Enw = (4)

where h is Planck’s constant, pg is the transition dipole
moment of the two Rydberg states, and A, and A. are
the wavelengths of the probe field and the coupling field,
respectively. To obtain the strength of the dual-tone MW
field, we measured the signal from the RF source when
connected directly to a spectrum analyzer (Ceyear 4024f)
for calibration.
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