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Solving quantum impurity problems may advance our understanding of strongly correlated elec-
tron physics, but its development in multi-impurity systems has been greatly hindered due to the
presence of shared bath. Here, we propose a general operation strategy to disentangle the shared
bath into multiple auxiliary baths and relate the problem to a spectral decomposition problem of
function matrix for applying the numerical renormalization group (NRG). We prove exactly that
such decomposition is possible for models satisfying (block) circulant symmetry, and show how to
construct the auxiliary baths for arbitrary impurity configuration by mapping its graph structure
to the subgraph of a regular impurity configuration. We further propose an approximate decom-
position algorithm to reduce the number of auxiliary baths and save the computational workload.
Our work reveals a deep connection between quantum impurity problems and the graph theory, and
provides a general scheme to extend the NRG applications for realistic multi-impurity systems.

Introduction. Quantum impurity models play an im-
portant role in modern condensed matter physics and
practical applications [1–14]. Numerical renormalization
group (NRG) [15, 16] is a powerful tool to solve the quan-
tum impurity models [17–19], but its application has been
greatly limited by its basic methodology that requires to
map the conduction electron bath into a Wilson chain.
In reality, multiple impurities often share a common bath
with different momentum-dependent couplings that do
not allow such a direct mapping. This issue was re-
cently relieved by the so-called auxiliary-bath approach
that disentangles the shared bath into a number of inde-
pendent auxiliary baths as illustrated in Fig. 1(a). Each
auxiliary bath couples to all impurities in a similar form,
and hence can be treated using well-developed traditional
NRG algorithms [20].
The original and auxiliary-bath models must yield the

same inter-impurity correlations after integrating out the
baths’ degrees of freedom. This requires [20]

ρµν(ω) =
∑

p

wµpw
∗
νpρ̃p(ω), (1)

where ρµν(ω) = ρ∗νµ(ω) are the (nonlocal) spectral func-
tion of the original shared bath between two impurity
sites rµ and rν (µ, ν = 0, · · · , N − 1), ρ̃p(ω) are non-
negative real functions representing the densities of states
of the auxiliary baths (p = 0, · · · , NA − 1), and wµp are
transformation parameters satisfying

∑

p wµpw
∗
νp = δµν .

A simple solution with NA = 4 has been proposed for
3-impurity models [20], but a general strategy has not
been established for arbitrary N -impurity models. The
difficulty comes from the ω dependency, without which
ρµν is simply an Hermitian matrix and can be easily di-
agonalized with ρ̃p being its eigenvalues. But it is usually
impossible to have the same transformation matrix wµp

for all ω. We are faced with a generalized spectral de-

composition problem as graphed in Fig. 1(b).

In this work, we prove that a decomposition with
NA = N can be constructed for special models satis-
fying the (block) circulant symmetry. By connecting the
impurity configuration to a graph structure, we further
show that the shared bath of any N -impurity model can
be decomposed by mapping its graph to the subgraph
of a (block) circulant symmetric NA-impurity model, al-
beit with NA > N . To save the computational work-
load, we also propose an algorithm to find approximate
solutions with reduced NA. These provide a systematic
scheme to construct the auxiliary baths and solve the
multi-impurity problems using the NRG.
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FIG. 1: (a) Disentanglement of the shared bath (left) into
multiple auxiliary baths (right), each coupled in a similar
momentum-independent form to all impurities. (b) Decom-
position of the spectral function matrix ρµν(ω) with the ω-
independent transformation matrix w as given in Eq. (1).
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FIG. 2: (a) Examples of regular impurity configurations (reg-
ular triangle, rectangle, regular hexagon) on a triangle lat-
tice with the local, nearest, next-nearest, and next-next-
nearest-neighbor ρµν(ω) denoted by ρ0, ρ1, ρ2, and ρ3, re-
spectively. (b)(c)(d) Illustrations of the auxiliary-bath mod-
els with NA = N for configurations shown in (a). Also given
are their respective transformation parameters wµp and den-
sities of states ρ̃p(ω) of the auxiliary baths. For comparison,
(b) also shows the local and nearest-neighbor ρµν(ω) of the
original bath (the bandwidth is set to 1.5). (e) Extension of a
two-impurity configuration into a rectangle, a straight trian-
gular prism, and a cuboid, whose spectral function matrices
are block circulant.

Exact decomposition. Our purpose is to decompose
the N × N spectral function matrix ρµν(ω) into NA

real functions ρ̃p(ω) using an ω-independent transforma-
tion matrix wµp. We first prove that ρµν(ω) satisfying
(block) circulant symmetry can be exactly decomposed
with NA = N . These correspond to impurity models
with highly symmetric real space configurations such as
regular triangle, rectangle, or regular hexagon on a tri-
angle lattice as shown in Fig. 2(a). Our proof contains
two steps.
Theorem 1. A regular N -gon satisfying the circulant

symmetry (CN ) can be exactly decomposed with NA =
N .
For these models, the spectral function matrix ρµν(ω)

has an n× n circulant form,










a0 a1 · · · an−1

an−1 a0 · · · an−2

...
...

. . .
...

a1 a2 · · · a0











, (2)

where {ai} are matrix elements depending on ω. It is
straightforward to verify that for any values of ai, the
above matrix can be diagonalized by the transforma-

tion matrix w
(n)
jk = eiθjk/

√
n with θjk = 2πjk/n for

j, k = 0, 1, 2, · · · , n−1 [21]. Thus, for N -impurity mod-
els satisfying CN symmetry (n = N), the spectral func-
tion matrix ρµν(ω) can be decomposed using the same
transformation matrix independent of ω. Regular trian-
gles (C3) and hexagons (C6) on a triangle lattice shown in
Fig. 2(a) are two examples. Figures 2(b)(d) give the den-
sities of states of their auxiliary baths and the transfor-
mation matrices, respectively. C4 symmetric 4-impurity
models on a square lattice also belong to this category.
Theorem 2. All N × N spectral function matrices

satisfying block circulant symmetry can be exactly de-
composed with NA = N .
A block circulant matrix takes the form [22]:











A0 A1 · · · An−1

An−1 A0 · · · An−2

...
...

. . .
...

A1 A2 · · · A0











, (3)

where {Ai} are m × m matrices satisfying Ai = A†
n−i

with i = 0, 1, · · · , n − 1. If all Ai can be diagonalized
by the same transformation matrix U , the above matrix
can be diagonalized using the direct product w(n) ⊗ U .
This seems quite straightforward. However, theorem
1 tells that for U to be ω-independent, the Ai matri-
ces should also have circulant form. We have therefore
U = w(m). By setting N = nm, the corresponding N -
impurity model can be decomposed using the transfor-
mation matrix w = w(n) ⊗ w(m). This procedure can
continue by requiring that Ai are also block circulant.
The above extension is by no means artificial. The

m-block may be geometrically understood if each im-
purity of a regular n-gon represents a cluster of a reg-
ular m-gon in some perpendicular or internal dimen-
sion. The extended impurity model then satisfies the
extended Cn ⊗Cm symmetry. Three examples are given
in Fig. 2(e). A rectangle model may be viewed as an
extension of a two-impurity model, where each impu-
rity is extended in a similar manner into two impurities
along a perpendicular direction. The model satisfies the
C2 ⊗ C2

∼= D2 symmetry but can be solved exactly with
NA = N = 4, despite the lack of C4 symmetry. The cor-
responding transformation parameters (w(2) ⊗w(2)) and
the densities of states of the auxiliary baths are given
in Fig. 2(c). Similarly, we may extend each impurity of
the two-impurity model into a regular triangle such that
the whole configuration turns into a straight triangular
prism satisfying C2⊗C3 symmetry. Each impurity of the
rectangle model can also be extended into two impurities
along the third direction to generate a cuboid of N = 8,
whose spectral function matrix ρµν(ω) can be diagonal-
ized by the transformation matrix w(2) ⊗ w(2) ⊗ w(2).
Thus, cuboid models are also solvable and the decompo-
sition can be constructed exactly with NA = N = 8.
Graph method. For general configurations without

(block) circulant symmetry, exact decomposition is also
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quadrilateral tetrahedron

FIG. 3: (a) Illustration of the graph method by mapping a
general triangle to the subgraph of a rectangle and then doing
the decomposition by ignoring the additional impurity. (b)(c)
4-impurity configurations that can be embedded into a regu-
lar pentagon or hexagon. (b) shows two quadrilaterals with
different graph structures (equivalent edges). (d) Mapping of
a general quadrilateral to a tetrahedron and then to the sub-
graph of a cuboid, giving the decomposition with a reduced
NA = 8 instead of 3 · 2N−2 = 12 from regular polygons.

possible but requires a larger number of auxiliary baths
(NA > N). To prove this, we introduce a graph method
and regard the real space configuration of a general impu-
rity model as a weighted graph with certain topological
(edge) structure. One important advantage of the graph
method is that it allows for deformation of the configura-
tion, while keeping the graph structure (equivalent edges)
unchanged. The graph of the general model can then be
mapped to the subgraph of a larger regular model (poly-
gons or their extensions), whose exact solution can be
used also to decompose the spectral function matrix of
the original model.

To give an example, we consider a general 3-impurity
model whose real space configuration contains three dif-
ferent edges in correspondence with different off-diagonal
elements in its spectral function matrix ρµν(ω). Since the
decomposition only depends on the structure of the ma-
trix rather than exact values of its elements, we can em-
bed this graph into a rectangle whose 3-vertex subgraph
also has three inequivalent edges as shown in Fig. 3(a).

The shared bath of the 3-impurity model can be
decomposed using the same decomposition scheme

for the rectangle model that satisfies ρ
(4)
µν (ω) =

∑

p wµpw
∗
νpρ̃p(ω), where µ, ν = 0, 1, 2 denote the three

impurities in the 3-vertex subgraph, µ, ν = 3 refer to the
last impurity, and p = 0, · · · , 3 mark the four auxiliary
baths. To see how it works, we first ignore the last impu-
rity from the spectral function matrix (µ = 3 or ν = 3)

and replace all remaining matrix elements with the cor-
responding ones from the 3-impurity model. Since this
procedure does not affect the structure of the matrix,
the same transformation matrix w can also decompose
the updated 3× 3 spectral function matrix:

ρ(3)µν (ω) =
∑

p

wµpw
∗
νpρ̃p(ω), (4)

where µ, ν = 0, · · · , N − 1 with N = 3, and p =
0, · · · , NA − 1 with NA = 4. We have therefore an ex-
act decomposition scheme of general 3-impurity models
using a larger number of auxiliary baths, as illustrated
in Fig. 3(a) and proposed previously in Ref. [20]. This
procedure can be readily extended to all impurity models
and leads to the following statement:
Theorem 3. The spectral function matrix of any im-

purity configuration can be exactly decomposed if its cor-
responding graph can be embedded into a larger graph
with (block) circulant symmetry.
More examples are given in Figs. 3(b)(c), where four

quadrilateral configurations (N = 4) are strictly de-
composed by embedding them into a regular pentagon
(NA = 5) or hexagon (NA = 6). For rectangle, this
provides a different decomposition scheme with a larger
NA = 6. Specifically, one may map any N -impurity con-
figuration (N > 2) to the subgraph of a regular NA-gon.
We find that NA = 3 · 2N−2 can ensure the subgraph
to have the largest number of inequivalent edges as in a
general N -impurity model [23]. Thus, exact decompo-
sition of the shared bath is possible for any N -impurity
model, albeit with NA > N . On the other hand, one may
choose other graphs for the embedding. All 3-impurity
models can be embedded into a rectangle with NA = 4
instead of a regular hexagon with NA = 6, while a gen-
eral 4-impurity model can be mapped to a tetrahedron
with the same graph structure and then embedded into a
cuboid with NA = 8 rather than 3 · 2N−2 = 12 as shown
in Fig. 3(d). Thus, 3 · 2N−2 is not the least number of
the auxiliary baths. It remains an open question to find
the minimum NA allowing for such embedding.
What then determines the decomposition? Although

we start with highly symmetric models, it is actually the
graph structure rather than the symmetry that plays a
key role. A rhombus (diamond) has the same D2 sym-
metry as the rectangle but cannot be decomposed with
NA = N = 4, because their graphs contain very different
equivalent edges and are not isomorphic [24]. Figure 3(b)
gives another example. A regular triangle with an ad-
ditional point at the center differs topologically from
an isosceles trapezoid because the former contains three
equivalent edges sharing a common point. Although the
triangle keeps C3 symmetry, it cannot be decomposed
with NA = 4 or 5. One may, however, map the graph to
another graph with less equivalent edges, namely, equiv-
alent edges in the latter correspond also to equivalent
edges in the former, but not vice versa, and then apply
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FIG. 4: (a) Illustration of the approximate decomposition
procedure using the HOSVD. (b) Comparison of approximate
solutions with NA = 4 and 5 for a special 4-impurity model
where three impurities form a right-angled triangle and the
rest one is located at the midpoint of the hypotenuse. Also
compared are the errors and their means induced by discard-
ing the off-diagonal elements after the HOSVD.

the transformation matrix of the latter to the former. In
this way, the 4-impurity triangle may be deformed to a
kite, the middle graph in Fig. 3(c), and decomposed us-
ing the transformation matrix of a regular hexagon with
NA = 6. We may regard the spectral function matrix
ρµν(ω) as the adjacent matrix of a graph that measures
the weight of each edge. Its ω-dependency then intro-
duces dynamics into the graph. This makes a connection
with the graph theory and our approach corresponds to
a mode decomposition of such dynamic graphs.
Approximate decomposition. Although exact decom-

position may be applied to all configurations, the number
of auxiliary baths may be too large to perform realistic
NRG calculations for irregular models. It is therefore
important to find approximate algorithms that can re-
duce the computational workload. Here we propose a
numerical procedure using the high-order singular value
decomposition (HOSVD) [25].
We first discretize ω and treat the spectral function

matrix ρµν(ω) as a three-order tensor ρµνω . The HOSVD
algorithm may then be applied and yields

ρµνω =
∑

ij

wµiw
∗
νj ρ̃

′
ijω , (5)

where ρ̃′ijω is typically non-diagonal with respect to i
and j. As illustrated in Fig. 4(a), we further discard all
off-diagonal elements after an optional rotation to mini-
mize their ℓ1 norm and reduce the subsequent error. The
auxiliary baths are given by ρ̃pω = ρ̃′′ppω. The error in-

troduced by discarding the off-diagonal elements can be
measured by

error =
1

N2

∑

µν

∫

|ρµνω − ρ′µνω |dω, (6)

where ρ′µνω are calculated from ρ̃pω using Eq. (1). This
gives an approximate decomposition with NA = N aux-
iliary baths for any N -impurity model.
A decomposition with larger NA may be constructed

simply by adding NA−N fictitious impurities to the ini-
tial configuration and then eliminating them after the
decomposition. An example is given in Fig. 4(b), where
two approximate solutions of a special 4-impurity model
are constructed with NA = 4 and 5 auxiliary baths, re-
spectively. The model contains three impurities forming
a right-angled triangle and one additional impurity at the
midpoint of the hypotenuse. The off-diagonal elements
of ρ̃′ijω and the errors introduced by discarding them are
shown for comparison. We find only about 10% mean
errors for NA = 4, which already allows for a qualita-
tive study of the original model. For NA = 5, the er-
rors are further reduced, possibly because the extended
5-impurity model has a higher level of symmetry. In gen-
eral, a better solution may be expected with a larger NA

by optimizing the positions of the fictitious impurities.
Discussion. Last, we comment on the non-negativity

of ρ̃p(ω). This is easy to prove for regular impurity con-
figurations with NA = N since the N×N transformation
matrix wµp is invertible and ρ̃p(ω) may be expanded ac-
cording to the eigenstates (momentum) of the original
noninteracting bath. The proof can be readily extended
to more general cases where the N -impurity configura-
tion is a subset of a regular NA-impurity configuration
with invertible NA × NA transformation matrix. Nega-
tive ρ̃p(ω) may only occur if the impurity configuration is
deformed, embedded, and decomposed based on another
configuration, because the bath’s Hamiltonians are not
preserved during the embedding and ρ̃p(ω) can no longer
be expanded using their eigenstates. One example is the
3-impurity model with NA = 4 based on rectangle, where
one of ρ̃p(ω) becomes negative near the upper band edge
[20]. In this case, one may set the negative values to
zero, which introduces additional errors but may still be
used if it is not close to the Fermi energy. The negative
values imply that the shared bath induces entanglements
between distant impurities that cannot be fully captured
by the chosen mapping scheme. Similarly, for approx-
imate decomposition using HOSVD, the non-negativity
is guaranteed with invertible wµp for any NA as long as
the NA−N fictitious impurities to generate the decompo-
sition are all chosen from real lattice sites of the original
bath. Negative ρ̃p(ω) may occur only for artificial ρµν(ω)
elements assigned to the fictitious impurities.
For convenient usage, we collect in Table I some of the

exact decomposition schemes for simple impurity con-
figurations, including regular ones with (block) circulant
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TABLE I: Collection of some simple exact decomposition schemes.

Configuration N NA spectral function matrix symmetry group transformation matrix

line 2 2

circulant

C2 w(2)

regular triangle 3 3 C3 w(3)

square 4 4 C4 w(4)

regular hexagon 6 6 C6 w(6)

regular n-gon n n Cn w(n)

rectangle 4 4

block circulant

C2 ⊗ C2 w(2) ⊗ w(2)

straight triangular prism 6 6 C2 ⊗ C3 w(2) ⊗ w(3)

cuboid 8 8 C2 ⊗C2 ⊗ C2 w(2) ⊗ w(2) ⊗w(2)

d-dim cuboid 2d 2d
C2 ⊗ C2 ⊗ · · · ⊗C2
︸ ︷︷ ︸

w
(2) ⊗w

(2) ⊗ · · · ⊗ w
(2)

︸ ︷︷ ︸

d d

trisosceles trapezoid 4 5, 6
submatrix of regular pentagon

- submatrix of w(5) or w(6)

or regular hexagon

kite 4 6 submatrix of regular hexagon - submatrix of w(6)

general 3-impurity models 3 ≤ 4 submatrix of rectangle - submatrix of w(2) ⊗ w(2)

general 4-impurity models 4 ≤ 8 submatrix of cuboid - submatrix of w(2) ⊗w(2) ⊗ w(2)

general 5-impurity models 5
≤ 16 submatrix of 4-dim cuboid -

submatrix of

general 6-impurity models 6 w(2) ⊗ w(2) ⊗ w(2) ⊗ w(2)

symmetry and irregular ones that can be embedded into a
larger regular graph. This provides a systematic strategy
for solving the most interesting quantum impurity mod-
els using the auxiliary-bath NRG approach. Our results
are not limited to free electron baths but can be applied
to all baths with a bilinear Hamiltonian that can be inte-
grated out to yield a spectral function matrix of similar
forms. We emphasize again that it is the graph structure
that plays a more fundamental role in the decomposition.
Non-isomorphic graphs with the same symmetry group
may not have the same decomposition property. This
connection with the graph theory may help design more
efficient algorithm for NRG calculations.
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J. Kroha, P. Wahl, and K. Kern, A tunable two-impurity
Kondo system in an atomic point contact, Nat. Phys. 7,
901 (2011).

[7] R. Hiraoka, E. Minamitani, R. Arafune, N. Tsukahara,
S. Watanabe, M. Kawai, and N. Takagi, Single-molecule
quantum dot as a Kondo simulator, Nat. Commun. 8,
16012 (2017).

[8] Z. Iftikhar, A. Anthore, A. K. Mitchell, F. D. Parmentier,
U. Gennser, A. Ouerghi, A. Cavanna, C. Mora, P. Simon,
and F. Pierre, Tunable quantum criticality and super-
ballistic transport in a “charge” Kondo circuit, Science
360, 1315 (2018).

[9] P. W. Anderson, Localized magnetic states in metals,
Phys. Rev. 124, 41 (1961).

[10] J. Kondo, Resistance minimum in dilute magnetic alloys,
Prog. Theor. Phys. 32, 37 (1964).

[11] D. M. Cragg, P. Lloyd, and P. Nozieres, On the ground
states of some s-d exchange Kondo Hamiltonians, J.
Phys. C: Solid State Phys. 13, 803 (1980).

[12] A. C. Hewson, The Kondo problem to heavy fermions,
(Cambridge University Press, Cambridge, England,
1997).

[13] M. Vojta, Impurity quantum phase transitions, Philos.
Mag. 86, 1807 (2006).

[14] P. L. S. Lopes, I. Affleck, and E. Sela, Anyons in mul-
tichannel Kondo systems, Phys. Rev. B 101, 085141
(2020).

[15] K. G. Wilson, The renormalization group: Critical phe-
nomena and the Kondo problem, Rev. Mod. Phys. 47,
773 (1975).

mailto:yifeng@iphy.ac.cn


6

[16] R. Bulla, T. A. Costi, and T. Pruschke, Numerical renor-
malization group method for quantum impurity systems,
Rev. Mod. Phys. 80, 395 (2008).

[17] R. Bulla, T. A. Costi, and D. Vollhardt, Finite-
temperature numerical renormalization group study of
the Mott transition, Phys. Rev. B 64, 045103 (2001).

[18] B. A. Jones and C. M. Varma, Study of two magnetic im-
purities in a Fermi gas, Phys. Rev. Lett. 58, 843 (1987).

[19] L. Zhu and J.-X. Zhu, Coherence scale of coupled Ander-
son impurities, Phys. Rev. B 83, 195103 (2011).

[20] D. Hu, J. Wang, and Y.-F. Yang, Auxiliary-bath nu-
merical renormalization group method and successive
collective screening in multi-impurity Kondo systems,
arXiv:2305.10297 (2023).

[21] R. M. Gray, Toeplitz and circulant matrices: a review,
Found. Trends Commun. Inf. Theory 2, 155 (2006).

[22] G. J. Tee, Eigenvectors of block circulant and alternating

circulant matrices, N. Z. J. Math. 36, 195 (2007).
[23] This can be proved by mapping the µ-th impurity (µ =

0, · · · , N − 1) to the iµ-th point of the regular NA-
gon (iµ ∈ {0, · · · , NA − 1}). To guarantee that the
subgraph contains no equivalent edges, we may require
iµ − iµ−1 = iµ−1 − i0 + 1 and i0 = 0, such that the dis-
tance between impurities µ and µ−1 is larger than those
of all impurities before them. This gives iµ = 2µ − 1.
The minimum number of auxiliary baths is then NA =
iN−1 + 1 + iN−1 − iN−2 = 3 · 2N−2 to ensure that all
distances (NA − iµ + iν) remain different if counted from
opposite direction of the regular NA-gon.

[24] R. Diestel, Graph Theory, (Springer Press, Berlin, Ger-
many, 2017).

[25] T. G. Kolda and B. W. Bader, Tensor decompositions
and applications, SIAM Rev. 51, 455 (2009).

http://arxiv.org/abs/2305.10297

	References

