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SKEW TWO-SIDED BRACOIDS

IZABELA AGATA MALINOWSKA

ABSTRACT. Isabel Martin-Lyons and Paul J.Truman generalized the defini-
tion of a skew brace to give a new algebraic object, which they termed a skew
bracoid. Their construction involves two groups interacting in a manner anal-
ogous to the compatibility condition found in the definition of a skew brace.
They formulated tools for characterizing and classifying skew bracoids, and
studied substructures and quotients of skew bracoids. In this paper we study
two-sided bracoids. In [9] Rump showed that if a left brace (B, %, -) is a two-
sided brace and the operation % : B x B —» B is defined by axb=a-bxaxb
for all a,b € B then (B, x,*) is a Jacobson radical ring. Lau showed that if
(B, *,-) is a left brace and the operation is asssociative, then B is a two-sided
brace. We will prove bracoid versions of this results.

1. INTRODUCTION AND NOTATION

Skew braces has been introduced by Guarnieri and Vedramin in [5] as a gener-
alisation of the left braces introduced by Rump in [9].

Definition 1.1. A (left) skew brace is a triple (B, *, ) such that (B,-) and (B, x)
are groups such that

(1.1) a-(bxc)=(a-b)xax(a-c)
for all a,b,c € B.

Throughout, the identity element of a group G is denoted eg. We also denote
by 7 the inverse element of 1 in a group (N, %) and g—! the inverse element of g
in a group (G, -). Note that if (B,*) is an abelian group, we obtain the definition
of left brace introduced by Rump, as formulated by Cedo, Jespers and Okninski in
[B]. Skew left braces have been devised with the aim of attacking the problem of
finding all set-theoretical non-degenerate solutions of the Yang-Baxter Equation, a
consistency equation that plays a relevant role in quantum statistical mechanics, in
the foundation of quantum groups, and that provides a multidisciplinary approach
from a wide variety of areas such as Hopf algebras, knot theory and braid theory
among others.

In [I] Brzeziniski proposed to study a set with two binary operations connected
by a rule which can be seen as the interpolation between the ring-type (i.e. the
standard) and brace distributive laws. A skew left truss is a set A with binary
operations * and -, such that (A,*) is a group, (4,-) is a semigroup and, for all
a,b,c € A, the following generalised distributive law holds

a-(bxc)=(a-b)xa e *(a-c),

where e, is the neutral element of the group (A4,*). This truss distributive law
interpolates the ring (standard) and brace distributive laws: the former one is
obtained by setting a - e, = ey, the latter is obtained by setting a - e, = a. A
special case of skew left truss is a near brace, considered by Doikou and Rybolowicz
in [6]. A near brace is a skew left truss A, where (A,-) is a group. Using the
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notion of the near braces they produced new multi-parametric, non-degenerate,
non-involutive solutions of the set-theoretic Yang-Baxter equation. These solutions
are generalisations of the known ones coming from braces and skew braces.

In [8] Martin-Lyons and Truman generalised the definition of a skew brace to
give a new algebraic object, which they termed a skew bracoid.

Definition 1.2. [§, Definition 2.1.] A (left) skew bracoid is a 5-tuple (G, -, N, *, ®)
such that (G,-) and (NN, *) are groups and © is a transitive action of (G,-) on N
such that

(1.2) goO(uxn) =(gop) *x(goen)*x(gon)

for all ¢ € G and p,m € N. If (IN,*) is an abelian group, then we shall call
(G,,N,x,®) a (left) bracoid.

Example 1.1. [8 Example 2.2.] A skew brace (B, *,-) can be viewed as a skew
bracoid with (G, ) = (B, "), (N,*) = (B,*) and ® = -.

Clearly a near brace is also a special case of a skew bracoid. Martin-Lyons
and Truman showed that several important constructions and identities associated
with skew braces (such as y-functions) have natural skew bracoid counterparts. We
recall that the vy-function of a skew brace (B, -, %) is the function v : B — Perm/(DB)
defined by "®a = bx (b-a). In fact, we have v(b) € Aut(B,«) for each b € B,
and the map 7 is a homomorphism from (B,-) to Aut(B,*). The 7-functions of
skew braces (often called A-functions) are used, among others, to define left ideals
and ideals of skew braces (see for example [4] [5]). In [8] Martin-Lyons and Truman
showed that certain skew bracoids arise from a natural quotienting procedure on
skew braces. They also defined ~-functions, left ideals and ideals of skew braces.

Definition 1.3. [8 Definition 2.10.] Let (G,-, N,x,®) be a skew bracoid. The
homomorphism 7 : G — Aut(N) defined by

19y =(g@en)*(gon)for allg € Gandn e N
is called the y-function of the skew bracoid.

As it was noticed in [8] when a skew brace is viewed as a skew bracoid, the
~-function of the skew bracoid coincides with that of the skew brace.

In Section 3 we consider two-sided bracoids. In [9] Rump showed that if a left
brace (B, *, -) is a two-sided brace and the operation x : B x B — B is defined by
axb=a-bxaxb for all a,b € B then (B, *, *) is a Jacobson radical ring (see also [2
Proposition 1]). In [7] Lau showed that if (B, *, ) is a left brace and the operation
x is asssociative, then B is a two-sided brace. We will prove bracoid versions of this
results.

2. PRELIMINARIES

Here are some elementary properties of skew bracoids.

Remark. (see [, Remark 1.3.]) Let (G,-, N, %, ®) be a skew left bracoid. Then the
following formulas hold:

(ngN)*v(g) n=gon (gOen)*n=g0O (w(g)*ln)’ v(g)(g—l Oen)=ghen
for all g € G and n € N.

Lemma 2.1. [8, Proposition 2.13.] Let (G,-, N,x,®) be a skew bracoid. Then for
all g € G and n € N we have

(gOen)*(gOM*(gOen) =gOn.
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Now we generalise the x-operation of a skew brace (B,*,:). Recall that the

operation x : B x B — B is defined by setting
axb==ax*(a-b)*b

for all a,b € B.
Definition 2.1. Let (G,-, N,x,®) be a skew bracoid. For every g € G define the
map a(g) : (N, *) — (N, *) by setting
(2.1) W =(goen)*(gon) «7 = (1) 7,
for all n € N.

When a skew brace (B, x, -) is viewed as a skew bracoid we have a(a)p = q b for

all a,b € B (see [@]).
We begin with some essential properties of the map «a(g).

Lemma 2.2. Let (G,-,N,*,®) be a skew bracoid. Then for every g,h € G and
w,m € N, we have:

(1) @ p) = (“On) % (*9 ) 7.

(2) O‘(g)eN :a(eG’) n=e¢en.

(3) *W7 =7 % (*@n) x1.

(4) “lah)py = (2(9) (2R p)) 5 (2 s (A9,

Proof. Only Statement (4) is in doubt.

(A W)) x (*Og) o (4D) = (1O (D)) sk (WD) s (2P (4 =
DO x (D) s = (D OWnsgan) x7 = ("In) 7 =200 g,
O

Corollary 2.3. Let (G, ,N,x,®) be a bracoid (i.e. (N,*) is an abelian group).
Then for every g € G the map a(g) is an endomorhism of the group (N, *).

A right skrew bracoid is defined analogously to a left skew bracoid.

Definition 2.2. A right skew bracoid is a 5-tuple (H, o, N, *,[J) such that (H,o)
and (N,x) are groups and [ is a transitive right action of (H,0) on (NN, *) such
that

(2.2) (xp)Bg=nEg)*(enEg)x(ng)

for all g € H and n,u € N. If (N,*) is an abelian group, then we shall call
(H,o,N,*,[) a right bracoid.

Let (H,o, N,x,[0) be a right skew bracoid. We can define the homomorphism
0: H— Aut(N) as

7™ = (nEDh) * (ey D h)for allh € Handn € N.
We call it the §-function of the right skew bracoid.

Definition 2.3. Let (H, o) and (N, *) be groups and [ be a transitive right action
of (H,o0) on (N, *). We define for every h € H the map B(h) : (N, *x) — (N, *) by
setting

(2.3) PP =7 % (nEh) x (ey T h),
for alln € N.
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Let (H, o0, N,*,[]) be a right skew bracoid. Then

BB = 75 po(h)

for all h € H and n € N. We can also prove some essential properties of the map
B(h) for every h € H.

Lemma 2.4. Let (H,o,N,*,[) be a right skew bracoid. Then for every h € H
and p,m € N, we have:

(1) (ur )PP =75 % (uPP)) %y (™).

(2) e =nflen) = ey,

(3) 7P = nx (nP) %7

Corollary 2.5. Let (H,o, N,*,[J) be a right bracoid. Then for every h € H the
map B(h) is an endomorhism of the group (N,x).

When a skew brace (B, x, -) is viewed as a skew bracoid we have aP® = g« for
all a,b € B.

3. TWO-SIDED BRACOIDS

Definition 3.1. Let (G,-), (H,o) and (N, *) be groups. If (G, , N,x,®) is a left
skrew bracoid and (H, o, N, ,[J) is a right skew bracoid such that

(3.1) gOMmBRh)=(gon)h

forall g € G, h € H and n € N, then we shall call (G,-,®, H,o,[d, N, %) a two-sided
skew bracoid. If (N, ) is an abelian group, then we shall call (G, -, ®, H,o,[], N, %)
a two-sided bracoid.

Example 3.1. In this example we denote by ¢g~! the inverse element of g of a
group. Let t,w € N, let d be a positive divisor of ged(t, w), let

G=(z,y|at=y*=12Y=271), H=(a,b|a® =1,a"=0%a"=0a")
and let
N=(un|p'=n>=1,u"=p"") = Da.
Then the rule ‘
ZL'iyj QMTUS _ ‘ui—i-(—l)]rnj—i-s
defines a transitive action of G on N, and we have
('’ @ u" ™) * (a'y! O en) T x (a'y! O un™) =

i+(—1)7ry (=172 jt+s2 _ ui+(71)fn+(71)”31rznj+sl+sZ
)

W () et
(") o (pr2g2) = it oD gt

K n

T1 .51 T2 ,,52

2y O (W™ n™) * (u"2n*)) =
i g ri+(=1)%1ry s14s2\ _ i+ (=1 ri+(=1)7T51py jtsi+s0
aly! @ (ur DT gty = DI DT e
Therefore (G, -, N,*,©®) is a left skew bracoid.
The rule
Mrns B akbl — ur—i—(—l) kns-i-l

defines a transitive right action of H on N, and we have

((H’TITISI) * (MT2US2)) & akbl —

(MT1+(_1)51T27751+82) Bl akbl — ‘LLT1+(—1)517‘2+(—1)51+52knl+51+827
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(™) D a®b) x (en Ha®b) ™"+ ((u"n™) L a"b) =
M’r‘lJr(*l) 1kn51+l* (,Ltknl>7l *MT2+(71) an52+l — ‘Uz

Hence (H,o, N,*,[) is a right skew bracoid. Finally,

m+(*1)31r2+(71)31+52knl+sl+sQ_

(2’ © pr?) D akt! = it DT @ akp! = it D D e
and
2yl © (W D abh) = aly? @ (urt D kpetly = i DI DT ke
Therefore (G, -, ®, H,o,[], N, x) is a skew two-sided bracoid.
n [9] Rump showed that if a left brace (B,x,) is a two-sided brace and the
operation * : B x B — B is defined by axb = a-bxaxb for all a,b € B then

(B, *,*) is a Jacobson radical ring (see also [2] Proposition 1]). Now we will prove
a bracoid version of this result.

Theorem 3.1. If (G,-,®, H,0,[], N, %) is a two-sided bracoid (i.e. (N,x) is an
abelian group), then for all g € G, h € H and p,m € N we have

(1) alg) is an endomorphism of (N,x).
(2) B(h) is an endomorphism of (N, *).
(3) (v(g) )5(h) —v(g)(nt?(h)),
(4) (“@)y)B() = alg)(pBh)),

Proof. Since (N, *) is abelian, by Corollaries [Z3] and 25 we obtain (1)-(2).
Now we prove (3). Let g€ G, h € H and n € N.

("W)™ = ((goen) x (g )™ = (goen)’® x (g n)°" =

((g©en)Eh)* (en Th) * ((g©n) B h) x (eny D h) =
(9@ en) Th) x (exn Th)x ((g©n) B h) x (en Th) =
h) JBh) =
)

(goen)Bh)x((gon
(9O (enTh))*x(g@en)* (g (MEA) x(g©en) =
T (ex DR+ 70 (O R) =70 (ex TR * (1D ) = @),
So only (4) is in doubt. Let g € G, h € H and n € N. Then by using (3) we have
(a(g)n)ﬁ(h) - (v(g)n*ﬁ)ﬁ(h) = (VD7) * (v(g)n*ﬁ)&h) -
(v(g)ﬁ* n) * (v(g)mﬁ(h) *x 0 = 1955 4 5 7(9) (né(h)) *x o) =
Y9 (7% WYk (77 % PR = 49 (775 (1)) = @l9) (SR,
O
When a two-sided brace (B, *, ) is viewed as a two-sided bracoid we have
aP®) =g xb=2p

for all a,b € B. Hence Theorem [B.] is a generalisation of the result of Rump.

In [7] Lau showed that if (B, x, -) is a left brace and the operation x : Bx B — B
defined by a xb=a-bxaxb for all a,b € B is asssociative, then B is a two-sided
brace. In the next part of the section we will prove a bracoid version of this result.

Proposition 3.2. Let (G,-, N,x,®) be a left skew bracoid and (H,o) be a group.
Assume that [J is a transitive right action of (H,o) on N such that

gombh)=(@onth
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forallge G,he Hyme N. Then for allg€ G, n € N and h € H we have
(g ©n)"™ = (D" W)) « (W) % (“@ (e D h)).
Proof. For all g € G, n € N and h € H we obtain

(gon)’™ = (Gom*((gon)Bh)*(exn Th) = (g ©n)* (9O (nEh)x(en T h) =
(gon) * (g m*n°™M)x(ex D h)))* (en TTh) =
Gon*gon*(goen)*(g@((n°")x(ex Dh)))*(ex Th) =

(Goen)*x (9@ (M) x (9@ en) * (9 © (en D h)) * (ex T h) =
(a(g)(nﬁ(h))) (ﬁh)) (a(g)(eNBh))
0

Proposition 3.3. Let (G, -, N, *,®) be a left bracoid and (H, o) be a group. Assume
that

(a) O is a transitive right action of (H,o) on N such that
9O mEn) =(gonh

forallge Gihe Hyne N,
(b) @) () = (D)) for all g € G,h € H andn € N.
Then for allm € N and h € H we have
(1) 770 =P,
(2) 7R = (ex D R)2 % h.

Proof. (1) Let n € N and h € H. Since ® is a transitive action of (G,-) on N,
there exists g € G such that ¢ ® ey = 1. Hence by Proposition 3.2 we have

(O = (D) 5T = (D7) (g0 en) 7)) =
(g @ﬁ)ﬁ(h) — (a(g) (—ﬁ(h))) * (ﬁﬁ( )) * (a(g) (exy D h)) =
(D@ M) x @) x (9O en ezv) (9© (en EIh)) x (en LI h) =
(O G) % @) 5T (B 1) 5 (ex TTR) = ((O M) % @) 5 (™).
By (b) we have

and this implies (2). O

Theorem 3.4. Let (G,-, N,x,®) be a left bracoid and (H,o) be a group. Assume
that

(a) O is a transitive right action of (H,o) on N such that
gomBh)=(gonh

forallge Gihe Hyne N,
(b) @) () = (¥Dp)B") for all g€ G,h € H andn € N.
Then (G,-,®, H,o,[0, N, %) is a two-sided bracoid.

Proof. Let g € G,h € H and n € N. We have
O () =9 (7 (D) x o T =
GO en) (90 ([x (D h) * (en DR)) * (1% (1) * (en D) =
(9@ en) * (9© (% (T k)« (e BR) % (I R) * (en B A)
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and

(D) = (GG« (g ) k1) =

(goen)*(goOn)*n)*(((g©en)*x(gOn)x7) L h) x (ex LI h) =

(goen)*x(gon)xn*(((g@en)*x(gOn)x7) LD h)* (en L h)

By (b) it follows that

((g0en)*(gOn)*xMER)*(gOn) * (g ©en)® =
(g@(ﬁ*(nDh)*(eNDh)))*(nDh)*(eNDh)Q.

Hence by Lemma [ZT] and Proposition B3[2) it follows that
((goen)x(gOn) M Eh)*(gOT) =
(9© @* (I h)x(en ETh))) * (LI A).
Thus by ([T2)
(g Mm*(g™ o)D) x(goT) =
(g © @* (T h)* (en BT h))) (T )
and by (a) we have
g oo (g om) D) *(gomn) =
g7 O (g @ (@* (T h)* (en TTh)))) * ([ L ).
By applying the action ® of the group (G,-) on (IV,*) we have
(nx (g7 @M Dh)*T* (g7 ©en) =
Tk (1B h) % len TR) % (971 © ([T R)) # (g1 @ en).
Hence by (a) we obtain
(nx (g7t OM)Bh=(Eh)*(ex Th)* (97" ©7) D h).

Since © is a transitive action of (G,-) on (N, *) for every u € N there exists g € G
such that g~! ® 7 = p. Therefore for every pu,n € N and h € H we have

(n* 1) B h = (nEh) * (ex TH) * (B h).

When a two-sided brace (B, *,-) is viewed as a left bracoid we have

a®®) =g xb=2p

for all a,b € B. Hence Theorem [B.4] is a generalisation of the result of Lau.
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