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Abstract

In the last decades, many computational models have been developed to predict soft tissue growth
and remodeling (G&R). The constrained mixture theory describes fundamental mechanobiological
processes in soft tissue G&R and has been widely adopted in cardiovascular models of G&R. However,
even after two decades of work, large organ-scale models are rare, mainly due to high computational
costs (model evaluation and memory consumption), especially in long-range simulations. We propose
two strategies to adaptively integrate history variables in constrained mixture models to enable large
organ-scale simulations of G&R. Both strategies exploit that the influence of deposited tissue on the
current mixture decreases over time through degradation. One strategy is independent of external
loading, allowing the estimation of the computational resources ahead of the simulation. The other
adapts the history snapshots based on the local mechanobiological environment so that the additional
integration errors can be controlled and kept negligibly small, even in G&R scenarios with severe
perturbations. We analyze the adaptively integrated constrained mixture model on a tissue patch
for a parameter study and show the performance under different G&R scenarios. To confirm that
adaptive strategies enable large organ-scale examples, we show simulations of different hypertension
conditions with a real-world example of a biventricular heart discretized with a finite element mesh.
In our example, adaptive integrations sped up simulations by a factor of three and reduced memory
requirements to one-sixth. The reduction of the computational costs gets even more pronounced for
simulations over longer periods. Adaptive integration of the history variables allows studying more
finely resolved models and longer G&R periods while computational costs are drastically reduced and
largely constant in time.

Keywords: Growth and remodeling, Constrained mixture model, Computational modeling, Mechanobiology,
Organ-scale
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1 Introduction

Living biological tissue on the microstructural
scale consists of multiple constituents (e.g., col-
lagen fibers, elastin fibers, different kinds of
cells, and more) with relevant effects on the
macroscopic or organ scale. Additionally, biolog-
ical tissue can grow (change mass) and remodel
(change microstructure) continuously in response
to mechanical and chemical cues with the ultimate
goal of retaining a local preferred mechanobiologi-
cal environment, a so-called homeostatic state, or,
better, to allow for allostasis, an even more crucial
process for living systems.

A key process involved in this mechanobio-
logical activity is turnover, i.e., the continuous
deposition of new and degradation of existing
mass [6]. During tissue maintenance, turnover is
balanced such that there is no effective change in
mass or microstructure. Unbalanced turnover can
result in excessive mass deposition, e.g., fibrosis
after injury or disease.

Various computational models have been
developed on different scales and complexity lev-
els to increase understanding of soft tissue growth
and remodeling (G&R). A family of methods
that model these key mechanobiological aspects
(i.e., homeostasis and turnover) builds upon the
constrained mixture theory [7, 14, 17].

The constrained mixture model [14] assumes
tissue to consist of multiple constituents. Mass
increments of the constituents are added at
every point in time into the mixture to model
the key mechanobiological process of production.
Once deposited, the mass increments are actively
degraded over time. Models based upon the con-
strained mixture theory are widespread in vascular
G&R [13] and were recently adopted to cardiac
G&R [8].

Organ-scale constrained mixture models typ-
ically use the finite element method for spatial
discretization. Early models of thin-walled vascu-
lar geometries use 2D membrane elements (e.g.,
[2, 26, 31]) and, later, also models with 3D ele-
ments have been developed [11, 20, 29]. However,
large organ-scale models are still missing, mainly
due to the high computational costs.

In constrained mixture models, one needs to
track the deformation state of every mass incre-
ment deposited at every prior point in time, result-
ing in typically high computational costs. Hence,

different variants of the constrained mixture the-
ory have been developed to reduce computational
costs and allow larger organ-scale simulations.

There are so-called homogenized constrained
mixture models [7] that apply a temporal homog-
enization of deposition and degradation of con-
stituents. In these models, the integration of the
history variables reduces to ordinary differential
equations. These models have been applied to
organ-scale models of vascular G&R on 3D thick-
walled cylinders [4, 5] and patient-specific geome-
tries [21], and, recently, for cardiac G&R [8]. The
homogenization can fail in situations with rapid
changes in load and mass production, resulting in
appreciable differences between homogenized and
classical constrained mixture models.

Another approach is to compute only the
mechanobiological steady-state at the end of
active G&R. This approach, called equilibrated
constrained mixture model [17, 19], is particularly
useful if changes in the external loads are slow
compared to the involved turnover time constants.
The equilibration can, however, not predict G&R
that does not reach a new mechanobiological equi-
librium, e.g., in cases where mechanobiological
sensing is disrupted. In this paper, we will ana-
lyze a mechanobiologically unstable G&R exam-
ple that cannot be described by the equilibrated
constrained mixture model.

Challenging G&R scenarios, where both com-
putationally cheaper variants fail, require to solve
the classical constrained mixture model. In this
work, we focus on the classical constrained mix-
ture approach, where a large integral over the
deposition and degradation history is solved.
These integrals are typically solved with a trape-
zoidal rule [20, 29, 31] or Simpson’s rule [11]
with equal-sized timesteps. To bound computa-
tional costs, a few models assume a maximum
survival time of deposited mass, after which con-
tributions to the current mixture response are
neglected [11, 20, 31]. This can lead to sudden
jumps in behavior if the deformation since deposi-
tion is large and the constituents have a non-linear
material behavior. Here, we propose to adaptively
integrate history variables in constrained mix-
ture models by exploiting that the influence of
deposited mass decreases over time through active
degradation. Adaptive history integration reduces
the computational costs tremendously and still
avoids the definition of a maximum survival time
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while keeping the additional integration error neg-
ligibly small. In our organ-scale example, we focus
on cardiac G&R, but the methods are applicable
to any constrained mixture model.

In Section 2, we briefly summarize the
equations for constrained mixture models in the
context of finite element methods and describe
two strategies to adaptively integrate the G&R
history. Section 3 compares the adaptive integra-
tion approaches with the non-adaptive case on a
simple tissue patch example. To demonstrate that
the adaptive integration enables constrained mix-
ture models for large 3D organ-scale examples, we
apply the constrained mixture model to a patient-
specific geometry of two ventricles in Section 4.
Finally, we discuss and summarize the findings.

2 Mathematical modeling

To describe G&R on the organ scale, we use
nonlinear continuum mechanics [10]. The mate-
rial point X in the reference configuration B0

is mapped to its spatial point x in the current
configuration Bs at G&R time s1 via

x : B0 × [0,∞) → Bs, (X, s) 7→ x(X, s).

Without loss of generality, we assume that the
configuration at s = 0 is the reference config-
uration. The displacement of point X is u =
x−X. The deformation gradient is F = ∂x

∂X with
determinant J = detF .

The tissue consists of multiple structurally
significant constituents, which are modeled indi-
vidually. These constituents are locally entangled
and deform together, i.e., the displacement field
of each constituent is the same as the displace-
ment field of the mixture (u = ui). We denote
quantities related to a specific constituent with
superscript i.

The stress response is homogenized across the
constituents, i.e.,

S = 2
∂Ψ

∂C
=

∑
i

ρi02
∂W i

∂C
=

∑
i

ρi0S̃
i
, (1)

1We use s for the G&R time to emphasize that G&R takes
place on the large timescale that is different from the typical
timescale of a heartbeat usually denoted with t.

where S is second Piola-Kirchoff stress of the mix-
ture, C = FTF is the right Cauchy-Green defor-
mation tensor, Ψ is the Helmholtz free-energy
function of the mixture, and for each constituent
i, ρi0 is the reference mass density per mixture vol-
ume, W i is the strain energy per unit mass and

S̃
i
is the fictitious, specific second Piola-Kirchhoff

stress tensor. We denote it fictitious and specific
since it is the stress tensor of the constituent only
in case the mass fraction is one and after multipli-
cation with the mass density. This homogenization
across the constituents of the stress response is
called a simple rule-of-mixture [14] and has the
benefit that only the equilibrium for the mixture
has to be solved and not for each constituent indi-
vidually. The mechanical equilibrium written in
the form of the principle of virtual work [10] is

δW =
1

2

∫
B0

S : δC dV = 0. (2)

We neglect inertial effects since G&R is typically
happening in the time scale of weeks and months.

2.1 Mass production and removal

We solve our equilibrium equations using a total
Lagrangian approach. The production and degra-
dation of mass must, therefore, also be represented
in the reference configuration. We describe the
mass change by an evolution of the reference mass
density per mixture volume ρi0 = ρi0(s) [4].

The evolution of mass is driven by contin-
uous deposition and degradation of tissue. To
model deposition and degradation individually, we
split the net mass production rate ρ̇i0 into a true
mass production rate ρ̇i0+ ≥ 0 and true mass
degradation rate ρ̇i0− ≤ 0, i.e.,

ρ̇i0 = ρ̇i0+ + ρ̇i0−. (3)

Both evolutions can be chosen individually with
the constraint that deposition and degradation
must compensate during homeostasis, i.e., ρ̇i0 = 0
for pure maintenance. To remove the dimension-
ality of equation (3), we scale the quantity by the
initial reference mass density ρi0(s = 0) and obtain
the non-dimensional growth scalar κi with

κi(s) =
ρi0(s)

ρi0(s = 0)
,
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which is one if the mass does not change, larger
than one during growth, and smaller than one
during atrophy. Equation (3) can then be written
as

κ̇i(s) = κ̇i
+ + κ̇i

−, with κ̇i
± =

ρ̇i0±
ρi0(s = 0)

.

The kinetics of cell apoptosis and, generally,
tissue degradation is complex and can depend
on the current mechanobiological environment
(see, for example, [28]). For simplicity, we will
assume a simple Poisson degradation process sim-
ilar to radioactive decay. The dimensionless mass
removal rate is, therefore,

κ̇i
− = − κi

T i
, (4)

where T i is the mean survival time of the con-
stituent.

The survival function qi(τ) is the fraction of the
mass deposited at time τ that is still surviving at
time s. For a simple Poisson degradation, it is

qi(τ)(s) = exp(−s− τ

T i
).

To link new production of tissue to the
mechanobiological state of the tissue, we follow
Braeu et al. [4] and assume that the true mass
production rate is

κ̇i
+ = κi

[
1

T i
+Ki

σ :
(
σi

R − σi
h

)]
, (5)

where Ki
σ is a gain-type second-order tensor. The

first term in brackets ensures that the basal mass
production rate compensates for the continuous
degradation of mass with time constant T i dur-
ing homeostasis (equation (4)). The second term
is unequal to zero if the Cauchy stress differs from
the homeostatic stress, and hence, net mass will
be produced or degraded for compensation. The
tensor σi

R is the co-rotated Cauchy stress of the
constituent [4] and σi

h is its homeostatic setpoint.
Biological tissue often consists of fibrous con-

stituents like muscle cells and collagen fibers.
These constituents are often modeled as quasi-
one-dimensional fiber families. For such con-
stituents, only the components in the direction

+ + + + + +

G&R time

0 τ s

· · · · · · · · ·

F (τ)
F (s)

G1(0)
pre Gn(0)

pre G1(τ)
pre Gn(τ)

pre G1(s)
pre Gn(s)

pre

stress-free configuration

of mass increments

Fig. 1 Configurations during G&R. At every point in
time, new mass increments of each constiuent are added to

the mixture with a prestretch G
i(τ)
pre .

of the fiber are unequal to zero [4], such that
equation (5) reduces to

κ̇i
+ = κi

[
1

T i
+ kiσ

σi − σi
h

σi
h

]
, (6)

with kiσ = σi
hK

i
σ : (f i

0 ⊗ f i
0), σ

i = σi
R : (f i

0 ⊗
f i
0), σi

h = σi
h : (f i

0 ⊗ f i
0), and f i

0 is the unit
vector pointing in the direction of the fiber in the
reference configuration.

2.2 Turnover

The constrained mixture theory [14] models
turnover by continuously adding mass increments
into the mixture that will then degrade over time.

In every infinitesimal time interval ds, a new
mass increment with mass ρ̇i0+ds and prestretch

Gi
pre is added to the mixture as shown in Figure 1.

Once deposited, the mass increment is continu-
ously degraded over time following the survival
function qi(τ). Hence, the reference mass density
evolves with

ρi0(s) = qi(0)(s)ρi0(s = 0) +

∫ s

0

qi(τ)(s)ρ̇i0+(τ)dτ.

The first term outside of the integral describes
the tissue that is initially present at s = 0. This
equation can also be rewritten in terms of the
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nondimensional growth scalar, i.e.,

κi(s) = qi(0)(s) +

∫ s

0

qi(τ)(s)κ̇i
+(τ)dτ. (7)

Following the rule-of-mixture approach of
equation (1) on the constituent level, the ficti-
tious second Piola-Kirchhoff stress response of
the constituent i is

S̃
i
(s) =

1

κi(s)

[
qi(0)(s)S̃

i(0)
(F i(0)

e ) + · · ·∫ s

0

qi(τ)(s)κ̇i
+(τ)S̃

i(τ)
(F i(τ)

e )dτ
]
.

(8)

where S̃
i(τ)

is the fictitious, specific second Piola-
Kirchhoff stress of the mass increment added at
the intermediate time τ and F i(τ)

e is its total
elastic deformation. The total elastic deformation
gradient for the initially present mass is

F i(0)
e = F (s)Gi(0)

pre ,

and for the later deposited mass, it is

F i(τ)
e = F (s)F−1(τ)Gi(τ)

pre .

The fictitious, specific second Piola-Kirchhoff
stress is usually computed from the strain energy
per unit mass W i with

S̃
i(τ)

= 2
∂W i

∂F i(τ)
e

:
∂F i(τ)

e

∂C
.

If we assume that the constituent is a fiber
family that only creates stresses in one preferred
reference direction f i

0 and that newly deposited
fibers are always aligned in the same direction
[7], we can simplify equation (8) from a tensor
equation to the scalar equation

σ̃i(s) =
1

κi(s)

[
qi(0)(s)σ̃i(0)(λi(0)

e ) + · · ·∫ s

0

qi(τ)(s)κ̇i
+(τ)σ̃

i(τ)(λi(τ)
e )dτ

]
,

where σ̃i(τ) is the fictitious, specific fiber Cauchy

stress, and λ
i(τ)
e is the total stretch of the mass

increment deposited at time τ . Initially, the total

stretch of the fiber is λ
i(0)
e = λ(s)λ

i(0)
pre and for

later deposited increments, it is λ
i(τ)
e =

λ(s)λi(τ)
pre

λ(τ) ,

where λ
i(τ)
pre is the deposition stretch (prestretch)

of the fiber. The fictitious, specific fiber Cauchy
stress can be derived from the strain energy per
unit mass via

σ̃i(τ) = λ
∂W i

∂λ
i(τ)
e

∂λ
i(τ)
e

∂λ
=

λλ
i(τ)
pre

λ(τ)

∂W i

∂λ
i(τ)
e

.

The fictitious, specific second Piola-Kirchhoff
stress tensor can then be obtained with

S̃
i
(s) =

σ̃i(s)

(λ(s))
2f

i
0 ⊗ f i

0.

2.3 Adaptive history integration

The computationally expensive parts of con-
strained mixture models are the heredity integrals
of the form ∫ s

0

qi(τ)F(τ, s)dτ (9)

needed for the growth scalar (equation (7))
and the stress tensor (equation (8)). The pos-
sibly tensor-valued quantity F represents tissue
deposited into the mixture at the intermediate
time τ . The integrand depends on the current
deformation of the mixture and, therefore, has
to be re-evaluated at every timestep, i.e., cannot
be stored and reused from previous timesteps or
Newton iterations.

The evaluation of function F(τ, s) requires
information about the deformation state at inter-
mediate times τ . Hence, the function can only
be evaluated at points in time where the equi-
librium (2) has been solved and stored. It is
desirable to keep the number of stored config-
urations low to minimize the needed memory
consumption in large 3D organ-scale simulations.
Note that these are different needs than for classi-
cal adaptive quadrature rules, where one typically
refines intervals to reduce the numerical error of
the computation.

The function F can be discontinuous in time.
These discontinuities are typically imposed from
the outside and known, e.g., discontinuous exter-
nal loading. To keep the integration error low,
we divide the integration domain [0, s] into inter-
vals where F is continuous. Each interval is

5



s

Kept history
snapshots

Removed his-
tory snapshots

τ

qi(τ)(s)

1

Integration intervals before coarsening

Integration intervals after coarsening

Candidates for coarsening after next timestep

Fig. 2 Fraction of tissue deposited at time τ surviving
at time s assuming a Poisson degradation process. With
a non-adaptive G&R history integration, the history snap-
shots at the red and black dotted lines need to be stored.
Since the influence of at time τ deposited mass increments
on the current stress state decreases in time, the integra-
tion timestep can be adaptively increased while keeping the
integration error constant. Each integration rule consists of
three equally spaced history snapshots assuming a Simpson
integration rule. Each two subsequent Simpson intervals
with equal timestep size (marked with *) are combined if
the condition of the adaptive strategy is fulfilled.

integrated by subsequently using the composed
Newton-Cotes rule with three integration points
(Simpson’s rule) [23]. In the first timestep, where
only two history snapshots are available, two inte-
gration points are used (Trapezoidal rule) accord-
ingly. We denote the numerical integration of
function f in the interval I using n Newton-Cotes
integration points with QI

n(f). The integration
rules are given in appendix A.

When using all history snapshots to integrate
equation (9), the computational costs grow lin-
early in time. With the adaptive integration, we
exploit that tissue is degraded over time follow-
ing the survival function qi(τ) (Figure 2). The
influence of deposited mass increments on the mix-
ture response decreases over time. The goal of
the adaptive integration strategies is to keep the
integration error constant over the interval [0, s].

We denote the integration error on the inter-
val I of the numerical integration with EI

Q. Let

us consider two consecutive Simpson intervals I1
and I2 with equal length ∆s, each consisting of
three history snapshots (see pairs marked with *
in Figure 2). These two intervals are combined into
a larger interval with length 2∆s if the numerical
integration error on the larger interval, EI1+I2

Q , is
smaller than a tolerance. To keep the integration
error constant over each subinterval, the allowed
tolerance is scaled to the width of the combined
interval, i.e., εQ

2∆s
s , where εQ is the allowed tol-

erance for the whole integral from 0 to s. The
condition for coarsening is, therefore,

EI1+I2

Q ≤ εQ
2∆s

s
. (10)

The interior point of both integration intervals I1
and I2 are then removed from the history to free
the memory. The resulting larger interval consists
of three equally spaced snapshots where Simpson’s
rule can be applied again.

The integration error EI
Q can, typically, not

be determined analytically. We propose two differ-
ent strategies to approximate this error. The first
strategy assumes that the basal mass production
rate is dominating G&R such that an analyti-
cal expression of the error can be derived. We
call this strategy model equation adaptive strat-
egy. The adaptive strategy is independent of the
external loads such that the computational efforts
can be estimated ahead of the simulation. The sec-
ond strategy uses a higher-order integration rule
to indicate the integration error with the benefit
that the additional error can be kept small even in
cases with severe G&R. We call it error indication
adaptive strategy.

2.3.1 Strategy A: Model equation

For the first strategy, we assume that the basal
mass production in equation (5) is dominating
G&R. In that case, the function F(τ, s) can be
reduced to F(τ, s) = 1

T i . If we further assume
that degradation follows a Poisson process with a
constant rate, the survival function qi(τ)(s) can be
pre-computed for each constituent, i.e.,

qi(τ)(s) = qi(s− τ),

where qi(∆s) is the fraction of mass still left after
a timespan of ∆s.
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s1 s2s∗l
sm s∗r

(a) Strategy A: Model equation

s

in
te
g
ra
n
d

s1 s2s∗l
sm s∗r

(b) Strategy B: Error indication

Integrand

Exact

Simpson’s rule approx.

4th order polynomial

History snapshots

Used

Skipped

Integration intervals

Before coarsening

After coarsening

Integration

Reference

(Approx.) error

Fig. 3 Different strategies for coarsening the G&R history. (a) The integrands occurring in constrained mixture models
are approximated by the model equation that only captures the continuous tissue decay. This integrand can usually be
integrated analytically, so the integration error is computed based on the analytical solution. (b) The integration error for
the integrals occurring in constrained mixture models is approximated with a higher-order Newton-Cotes integration rule
using five integration points (i.e., using a fourth-order polynomial approximation). If the integration error is below a given
tolerance, the history items marked with ∗ are removed from the history, and the two Simpson intervals are combined.

For this special case, the integral on an arbi-
trary subinterval I = [s1, s2] is∫

I
qi(s− τ)

1

T i
dτ,

and can be computed analytically:∫ s2

s1

1

T i
exp

(
−s− τ

T i

)
dτ =[

exp

(
−s− s2

T i

)
− exp

(
−s− s1

T i

)]
.

The integration error of the model equation
(see Figure 3 (a)) can then be expressed with

EI
Q =

∣∣∣∣QI
3 (q

i)−
∫
I

1

T i
qidτ

∣∣∣∣ .
During pure maintenance (i.e., homeostasis), this
exactly is the error of the integrals (7) and (8).
However, the strategy does not see the amount
of net mass production. As a consequence, the
strategy might be too aggressive in freeing his-
tory snapshots in cases where net mass production

dominates G&R. We denote this strategy with
model equation adaptive strategy.

2.3.2 Strategy B: Error indication

In the second strategy, we approximate the ana-
lytical integration with a higher-order integration
scheme. We have two subsequent Simpson inter-
vals with the same timestep size ∆s. Hence, five
quadrature points that are equally spaced can
be used for integration, allowing to use Boole’s
integration rule (Newton-Cotes with 5 quadra-
ture points) as depicted in Figure 3 (b). The
approximated error is

EQ(I) =
∣∣QI

3 (G)−QI
5 (G)

∣∣ ,
where G is the full integrand, i.e.,

G = qi(τ)F(τ, s).

This criterion does not rely on an analytical
expression and can, therefore, be applied directly
to the integrals occurring in constrained mixture
models, namely equation (7) for the growth scalar
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and equation (8) for the Cauchy stress. The inte-
gral for the Cauchy stress is normalized with the
homeostatic Cauchy stress to result in a dimen-
sionless integral. The interval is coarsened if both
errors are below the prescribed integration toler-
ances εκQ and εσQ. We denote this strategy with
error indication adaptive strategy.

2.4 Implementation

Algorithm 1 Implementation of a constrained
mixture model with adaptive integration of his-
tory variables in a finite element framework.

1 Timestepping: While s < smax

2 Newton-Raphson-like algorihtm to solve (2)

3 Iterate over elements and Gauss points

4 Compute F

5 Solve
∫ s−∆s

0
· · · ds of (7) and (8) ∀ i

6 Newton-Raphson: Solve (7) and (8) ∀ i
7 Compute residuum and linearization

of (7) and (8)

Note: Reuse results from step 5
if possible

8 Newton step: Update κi and S̃
i

9 Compute S and linearization with (1)

10 Compute residuum of (2) and linearization

11 Newton step: Update displacements

12 Store configuration of all mass increments

13 Apply adaptive strategy (10)

14 Update G&R time s = s + ∆s

To model organ-scale G&R, the constrained
mixture model is typically implemented in a finite
element framework on the integration point level
as a constitutive model that computes the stress
given the deformation gradient. Algorithm 1 sum-
marizes the principal steps of the model in such
an environment.

In the element evaluation routine, the inte-
grals of equations (7) and (8) have to be solved
using the composite Simpson’s rule. In case of a
simple Poisson degradation process for the tissue,

only the last snapshot in the integrals depends
on the current stress response of the constituent
via κ̇i

+ and equation (5). Hence, to solve the inte-
gral, a Newton-Raphson-type algorithm is applied
locally. All older integration intervals can be
integrated ahead of the local Newton-Raphson
algorithm (Step 5 in Algorithm 1) to reduce com-
putational costs. However, if tissue degradation
depends on the current mechanobiological envi-
ronment, reintegrating over the whole history in
every local Newton-Raphson step is necessary.
Once the growth scalar and the stress response are
solved for each constituent, the stress response of
the mixture can be computed with equation (1).

After the equilibrium equation has been
solved, the current states of the mass increments
need to be added to the history. At this stage,
older snapshots of the constrained mixture history
can be removed according to the adaptive strat-
egy (Step 13 in Algorithm 1) to free memory and
reduce the computational costs of the following
timesteps.

3 Quasi-1D Tissue patch
example

As a first example, we consider a quasi-1D tis-
sue patch, as shown in Figure 4. The tissue patch
is loaded with an uniform traction with resulting
force F in longitudinal direction. The support of
the tissue patch is such that the stress response
is uniform within the patch, and the equilibrium
equation can be written as

σ − F

A
= 0, (11)

where A is the current cross-sectional area of the
patch.

The tissue consists of a single family of Col-
lagen fibers aligned in the longitudinal direction.
New fibers are deposited in the same direction as
extant fibers with the homeostatic prestretch λh.
The deposition of new mass changes the cross-
section of the patch, and the external loading
changes the length such that it fulfills the equi-
librium equation (11) with the constraint of a
constant spatial density.
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F

A

Fig. 4 The tissue patch with cross-sectional area A con-
sisting of one fiber family aligned in the longitudinal
direction. The external loading and the support of the
patch is such that the stress response is homogeneous in
the patch.

0 20 40 60 80 120100 140
0

5
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15

20

G&R time s [·T ]

F
o
rc
e
F

[·F
0
]
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Fig. 5 The loading scenario of the patch. F0 is the initial
force such that the patch is in homeostasis, and T is the
time-constant of the Poisson degradation process of the
tissue.

The collagen fibers are modeled with a Fung-
type strain energy function per unit mass, i.e.,

W =
a

2b

{
exp

[
b(λ(τ)

e

2
− 1)2

]
− 1

}
, (12)

where a and b are material parameters. A Poisson
degradation process, according to equation (4),
continuously degrades fibers with the time
constant T . Mass is produced according to
equation (6) with growth gain factor kσ.

Initially, the tissue patch is loaded with F0

such that the fibers, which are prestressed with
λh, are in homeostasis. The loading scenario is
shown in Figure 5. This homeostatic load is held
for 20T , where T is the mean survival time of
the fiber. At s = 20T , the force is increased to
F = 10F0 and held constant for 20T . Subse-
quently, the force is linearly ramped up to 20F0

within 20T and kept constant for 40T . Finally, the
baseline value F0 of the force is restored and kept
for 40T . This scenario ensures that the adaptive
strategies are tested for different loading aspects
that can occur in-vivo, like homeostatic loading, a
sudden and continuous load increase, and a reverse
G&R phase.

Table 1 Material parameters for the fibers of the tissue
patch. Material parameters are taken from Braeu et al.
[4].

Name Parameter Value

Collagen parameters
Fung exponential parameters a 568 J/kg

b 11.2
Homeostatic stretches
Homeostatic stretch λh 1.062
G&R parameters
Mean survival time T 15 days
Growth gain kσ 0.1/T

The parameters used for the simulations are
given in Table 1. We integrate the problem with a
timestep size of ∆s = 0.75 days, which is a twenti-
eth of the time constant T . We compare the results
using both adaptive strategies and tolerances of
εκQ = εσQ = εQ ∈ {10−4, 10−5, · · · , 10−9} with
non-adaptive history integration. The reference
solution is obtained with a non-adaptive history
integration with ten times smaller timestep size.

Figure 6 compares the two adaption strate-
gies with different adaptive tolerances. The first
two rows (relative Cauchy stress error and rela-
tive patch mass error) result directly from the two
integrals occurring in constrained mixture models,
i.e., equations (8) and (7), respectively.

The relative errors can, naturally, not be
smaller than for the full integration case. Dur-
ing the initial maintenance phase, the relative
error of the full integration is at around 10−6

for the Cauchy stress and the patch mass. The
errors of the adaptive integrations are on the same
level except for those cases with a higher adap-
tive tolerance. In the subsequent phases of G&R,
the relative errors of the full integration and the
error indication adaptive strategy are on the same
level. The relative error is higher for the model
equation adaptive theory, especially when using
loose adaptive tolerances.

It is important to note that the relative
error of the Cauchy stress can recover the ini-
tial level after a longer phase of constant load as
the Cauchy stress converges (in mechanobiologi-
cal stable G&R) towards the homeostatic stress.
However, the relative patch mass error tends to
accumulate over time as this quantity is not
a mechanobiologically controlled variable. This
is especially pronounced for the model equation
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with the (a) model equation adaptive strategy and (b) error indication adaptive strategy and with a full integration. The
reference solution is computed with full integration and a tenth of the timestep size.

adaptive strategy with loose adaptive tolerances,
where the relative errors are larger.

The last row of Figure 6 shows the number
of snapshots that are stored in the history. The
history size correlates directly with the computa-
tional costs of the model, i.e., the needed memory
consumption and the evaluation time. The num-
ber of snapshots in the history for the model
equation adaptive strategy is independent of the
load and can be computed ahead of time. When
using the error indication strategy, the history size
increases after changes in the external load, result-
ing in changing memory demands depending on
the external loading. The peak history size for
the strictest analyzed tolerance (εQ = 10−9) is
below 300 for the model equation adaptive strat-
egy and around 500 for error indication adaptive

strategy. Both strategies need significantly fewer
stored snapshots than the full integration with
about 2800 stored snapshots. This difference is
even more pronounced for looser adaptive toler-
ances. Since the history size increases linearly for
the full integration and plateaus for both adaptive
strategies, the reduction of computational costs
will become even more drastic when advancing
further in time.

In Figure 6, we added a fully integrated
case with a doubled timestep size for compari-
son (dashed line). The total error is on the same
level as the adaptive integration with the largest
tolerance. However, the final history size, which
strongly correlates with evaluation time and mem-
ory consumption, is larger by a factor of around
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Discretization Epicardium Endocardium
(clipped)

Epicardium Γepi

Base Γb

Left endocardium Γlv

Right endocardium Γrv

Fig. 7 The patient-specific model of ventricles of a healthy
female subject. The color represents the surfaces where
different boundary conditions are applied.

23 with a tendency to increase further with the
simulation time.

4 3D cardiac example

To demonstrate that the adaptive integration
enables organ-scale simulations of constrained
mixture models, we apply it to a patient-specific
model of the two ventricles. The geometry is
segmented from MRI data of a healthy female sub-
ject. Following Gebauer et al. [8], we use the data
from the end-systolic configuration. We use a mesh
with 67412 second-order tetrahedral elements gen-
erated with Gmsh [9] depicted in Figure 7. We
use a Newton algorithm with backtracking for
solving the nonlinear equilibrium equations and a
conjugate gradient method for linear systems [27]
implemented in our in-house research code 4C [1]
written in C++.

4.1 Modeling

We apply different boundary conditions on the
surfaces defined in Figure 7. The influence of the
pericardial sac on the epicardium is modeled with
a Robin boundary condition [22] in reference sur-
face normal direction on the surface Γepi. On the
basal surface Γb, omnidirectional Robin bound-
ary conditions mimic the support of the atria and
adipose tissue. The blood in both ventricles is
modeled with a pressure boundary condition of
the endocardia of the left- and right ventricle (Γlv

and Γrv). The resulting virtual work formulation

is

δW =
1

2

∫
B0

S : δC dV

+

∫
Γepi

(cpu ·N0)δudΓ +

∫
Γb

cbuδudΓ

+

∫
Γlv

plvJF
−TN0 dΓ +

∫
Γrv

prvJF
−TN0 dΓ

= 0,

whereN0 is the outward reference surface normal.
We follow Gebauer et al. [8] for modeling the

constituents of the myocardium. That are car-
diomyocytes (i = m) and 4 Collagen fiber families
(i = c), all modeled as quasi-1D constituents and
computed for the patient-specific geometry with a
rule-based algorithm [3] by prescribing the helix
angle φ at the endo- and epicardium. The remain-
ing constituents (mainly elastin) are combined in
an isotropic constituent (i = 3D). During adult-
hood, no functional elastin is deposited into the
matrix. Hence, we assume that the isotropic con-
stituent does not turnover (k3D = 0, T 3D →
∞).

The strain energy per unit mass of collagen
fibers in the direction f ci are modeled with a Fung
exponential strain energy function, analogously to
equation (12), with material parameters ac and bc.

The strain energy function of cardiomyocytes
additively split into a passive and active contribu-
tion:

Wm = Wm
pas +Wm

act.

As with the collagen fibers, the strain energy
function per unit mass for the passive response
of cardiomyocytes is a Fung exponential strain
energy function with material parameters am and
bm. The active contribution is

Wm
act =

σm
act

ρ0s = 0

[
λm
act +

1

3

(λm
max − λm

act)
3

(λm
0 )

2

]
,

with
∂λm

act

∂λm(τ) = 1
λm(τ) [5, 30].

The strain energy function per unit mass of
the remaining constituents is an isotropic neo-
Hookean strain energy contribution of the form

W 3D = c1(Ī1 − 3),
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where Ī1 is the first modified invariant [10] of
the total elastic Cauchy-Green deformation ten-
sor with the isotropic and rotation-free prestretch
tensorG3D. The latter maps the stress-free config-
uration of elastin into the reference configuration.

We follow Braeu et al. [5] to model anisotropic
growth of the tissue. They describe growth of the
tissue by an elastic swelling of all existing con-
stituents with a modified penalty formulation. The
additional term of the strain energy function is

Ψ# =
κ

2

(
|F | − ρ0(s)

ρ0(s = 0)

)2
,

where κ is a penalty parameter. A sufficiently high
penalty parameter ensures a constant spatial den-
sity of the mixture. As a result, tissue growth is
anisotropic and mainly happens in the direction
of the smallest stiffness.

4.2 Loading scenario

The configuration obtained from MRI data is not
stress-free in the depicted configuration. Since the
data is from a healthy subject, we assume the
configuration is in homeostasis, i.e., all fiber con-
stituents are in their preferred mechanical state.
The baseline blood pressure in the left and right
ventricle is given by plv and prv, respectively.
We apply the prestress algorithm presented in
Gebauer et al. [8] until the maximum Euclidean
norm of the nodal displacements falls below εpre to
ensure that the initial configuration is close to the
reference (imaged) configuration. The subsequent
phase of G&R of 200 days with blood pressure lev-
els remaining at baseline ensure mechanobiological
equilibrium of all constituents.

We simulate two hypertension conditions by
elevating the left ventricular pressure at s = 0
to p+lv = 140mmHg and p+lv = 180mmHg. The
resulting G&R are mechanobiologically stable and
unstable, respectively.

4.3 Results

Table 2 shows the material and simulation param-
eters used for the organ-scale example. The
mechanobiologically stable case ran for 1000 days
and the mechanobiologically unstable case for
600 days.

Figure 8 shows the resulting G&R after
increasing the left ventricular pressure for both

Table 2 Material and Simulation parameters used for
the 3D organ-scale example. The parameters are adopted
from Braeu et al. [4] and Gebauer et al. [8].

Name Param. Value

Fibers
Epicardial fiber helix angle φepi −60◦

Endocardial fiber helix angle φendo 60◦

Material parameters
Myocytes:
Fung exponential parameters am 7.6 J/kg

bm 11.4
Active muscle tone σm

act 54 kPa
λm
0 0.8

λm
max 1.4

Collagen:
Fung exponential parameters ac 568 J/kg

bc 11.2
Elastin matrix:
Neohookean parameter ae 72 J/kg
Volumetric penalty κ 150 kPa
Boundary conditions
Spring stiffness:
Base cbase 2.0Pa/mm

Pericardium cp 0.2Pa/mm

Baseline pressure:
Left ventricle plv 120mmHg
Right ventricle prv 24mmHg
Elevated left ventricular pressure:

Stable G&R p+lv 140mmHg

Unstable G&R p+lv 180mmHg
Initial conditions
Reference mass density ρ0 1050 kg/m3

Myocyte mass fraction ξm 0.6
Collagen mass fraction ξc 0.1
Elastin mass fraction ξe 0.3
G&R parameters
Myocytes:
Homeostatic stretch λm

h 1.1
Growth gain km 0.1/Tm

Sarcomere mean survival time Tm 10 days
Collagen:
Homeostatic stretch λc

h 1.062
Growth gain kc 0.1/T c

Mean survival time T c 15 days
Adaptive tolerance
Model equation εQ 10−9

Error indication εQ 10−5

Prestressing
Prestress tolerance εpre 0.01mm

loading scenarios. In the mechanobiological sta-
ble loading scenario, the maximum mass increase
occurs at the endocardium of the left ventricle and
is around 6%, resulting in a configuration that is
in mechanobiological equilibrium. The mechanobi-
ological unstable loading scenario does not result
in a mechanobiological equilibrated state within
the considered timeframe. The maximum local
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Fig. 8 Local mass increase at different times in the myocardium for (a) mechanobiologically stable and (b) unstable G&R.

mass increase is 130% after 600 days of unstable
G&R continuing to increase over time.

We ran the mechanobiologically stable and
unstable loading cases for each adaptive strategy
and with a full history integration for comparison.
As a reference solution, we additionally ran the
full integration case with a halved timestep size to
compare the adaptive strategy errors with the full
integration. Halving the timestep size reduces the
integration error of Simpson’s rule by a factor of
1
32 [16], allowing to indicate the integration error
with a meaningful precision. A further reduction
of the timestep size is infeasible for the 3D organ-
scale example since the computation time of the
full integration case increases quadratically, and
memory consumption increases linearly with the
number of timesteps.

Figure 9 shows the relative errors of the
myocyte fiber Cauchy stress, collagen mass frac-
tion error, and the wall thickness of the septum
of the considered cases. The Cauchy stress and
the mass fraction are evaluated at each integration
point. The wall thickness of the septum is com-
puted for every node on the endocardium of the
septum and compared to the reference simulation.
All those quantities are shown as average over the

domain, and spatial inhomogeneities are indicated
with the 1% / 99% quantiles of each quantity.

The model equation adaptive strategy can only
partially reproduce the results of the full integra-
tion. The error is especially pronounced in the late
phase of mechanobiologically unstable G&R domi-
nated by the adaptive integration. In contrast, the
error indication adaptive strategy can reproduce
the results of the full integration for both loading
scenarios. Even at the end-stage of severe G&R,
the additional error of local and global quantities
with both adaptive strategies are small such that
they can typically be neglected compared to other
errors in mechanobiological models.

Figure 10 shows the history size and the New-
ton step solution time. The history size is the sum
of the snapshots of all constituents stored at each
integration point.

The history size of the full integration increases
over time since every timestep is stored as a snap-
shot. At s = 1000 days of G&R, this results in
a history size of 12 · 103 per quadrature point
of the finite element discretization. Like the his-
tory size, the Newton step solution time also
increases linearly in time. The model equation
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Fig. 9 Relative errors of the myocyte fiber Cauchy stress, collagen mass fraction, and septum wall thickness for full history
integration, model equation adaptive strategy with adaptive tolerance εQ = 10−9 and error indication adaptive strategy
with adaptive tolerance εQ = 10−5 for the 3D organ-scale example. The left ventricular pressure is increased at s = 0 from
baseline 120mmHg to (a) 140mmHg for mechanobiological stable and (b) 180mmHg for mechanobiological unstable G&R.

adaptive theory is independent of the load, result-
ing in the same history size in the myocardium for
mechanobiologically stable and unstable G&R. It
plateaus at around 1000 history snapshots with
the consequence that the computational costs also
remain almost constant in time (cf., Newton step
solution time). When using the error indication
adaptive strategy, the history size depends on
the local mechanobiological environment and is,
therefore, locally inhomogeneous and different for
mechanobiologically stable and unstable G&R.
The final history size is also approximately 1000
history snapshots with an almost constant Newton
step solution time.

Figure 11 shows the relative septum wall thick-
ness error and the average history size at G&R
time s = 600 days for different adaptive toler-
ances εQ. Note that the septum wall thickness is

an organ-scale quantity and not mechanobiolog-
ically regulated, i.e., the errors in this quantity
accumulate over time.

The full history integration defines the lower
bound of the relative septum wall thickness error.
The error indication adaptive strategy reaches the
lower bound with an adaptive tolerance of 10−5

for both loading scenarios. Reducing the adap-
tive tolerance does not further reduce the wall
thickness error since the base timestep size dom-
inates the error. It is just a coincidence that the
error of the mechanobiological unstable G&R case
is slightly below the lower bound. The error of
the model equation adaptive strategy is higher
than that of the error indication adaptive strat-
egy. An adaptive tolerance of 10−11 is needed
for the mechanobiologically stable G&R scenario
to reduce the error to the lower bound. For the
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Fig. 10 History size and Newton step solution time of the 3D organ-scale example using full history integration, the model
equation adaptive strategy and the error indication adaptive strategy. The pressure in the left ventricle is elevated from
baseline 120mmHg to (a) 140mmHg (mechanobiologically stable G&R) and (b) 180mmHg (mechanobiologically unstable
G&R).

mechanobiologically unstable G&R scenario, the
model equation adaptive strategy cannot reduce
the error to the lower bound within the considered
tolerance range.

It is important to note that to decrease the
integration error below the lower bound defined
by the full integration, it is necessary to decrease
the base timestep size of the integration.

The average history sizes of both adaptive
strategies in Figure 11 are roughly on a straight
line on the semilogarithmic plot with similar slope.
Reducing the tolerance by a factor of 10−1 results
in a history size that is larger by around 300−400
snapshots. The average history size is smaller for
the model equation adaptive strategy with the
same adaptive tolerance compared to the error
indication adaptive strategy. In the latter, unsta-
ble G&R also results in a larger history size than
for stable G&R. Even for very small tolerances,

the average history size is significantly smaller
compared to the full history integration case.

5 Discussion

We presented two strategies to adaptively inte-
grate the history variables in constrained mixture
models with the goal of drastically reducing the
computational effort of such models. The strate-
gies exploit the fact that the influence of tissue
once deposited decreases over time through degra-
dation. We analyzed the strategies on a tissue
patch in reduced dimensions and demonstrated
that both strategies enable the simulation of long-
running G&R models while keeping the error in
both local and global quantities below physiolog-
ical relevant scales on a level comparable to the
full integration.
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Fig. 11 Relative septum wall thickness error and history size for the organ-scale example using different adaptive tolerances
at the time s = 600 days for the (a) mechanobiologically stable and (b) mechanobiologically unstable loading scenario.

5.1 Strategy A: Model equation

We presented a strategy that adapts the history
integration by approximating the error with with
analytical solution during tissue maintenance. The
strategy does not take into account the additional
mass deposition if the tissue is not in homeostasis.

This method should be the method of choice if
it is particularly important to predict the compu-
tational costs of the model evaluation in advance.
The history size only depends on the timestep size,
the degradation time constant, and the adaptive
tolerance and can, therefore, typically be com-
puted ahead of the simulation. This comes with
the downside that the additional integration error
is generally larger than the prescribed adaptive
tolerance for severe G&R scenarios.

5.2 Strategy B: Error indication

We also presented a strategy that uses a higher-
order numerical integration scheme to compute
the error. This strategy uses the actual integrals
that need to be solved in constrained mixture
models. As a result, the history size is spatially

inhomogeneous, i.e., parts with higher mass depo-
sition store more history snapshots than those
with less dominant mass deposition. The available
computing resources can, therefore, be optimally
used. The adaptive tolerance directly controls the
additional error in local G&R quantities and as,
a consequence, also organ-scale quantities. This
makes this adaptive strategy particularly useful
for severe G&R.

A downside of the adaptive strategy is that it is
hardly possible to compute the history size ahead
of the simulation time. It is, therefore, difficult to
estimate the needed computational resources (e.g.,
the amount of needed peak memory).

5.3 Computational costs

We ran each simulation on one node of our in-
house Linux cluster with AMD Epyc 9354 Zen
4 with 384GB RAM and 32 cores at 3.25GHz.
The non-adaptive history integration needed for
mechanobiological stable G&R 253GB RAM,
compared to 39GB for error indication and for
model equation adaptive strategy. The total sim-
ulation time for the 1000 days period of stable
G&R was 31 h for the non-adaptive case compared
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to around 10 h for the model equation and error
indication adaptive strategy.

Both simulation time and memory consump-
tion correlate with the number of snapshots in
the history. With our adaptive strategies, the
history size plateaus and remains fairly con-
stant afterward, enabling simulations for longer
timescales with a complexity of O(s). For the non-
adaptive simulation, the memory consumption
and the evaluation time grow linearly, resulting in
a complexity of O(s2), hence quickly reaching the
boundary of current modern computing hardware.

With our choice of tolerances, the increase of
the evaluation time in the adaptive cases remains
smaller than the solution time of the iterative
linear solver. Hence, the model solution time is
dominated by the linear solver. The evaluation of
the whole model remains, therefore, comparable
to models that just integrate local ordinary dif-
ferential equations, like homogenized constrained
mixture models [7] and kinematic growth models
[24].

5.4 Limitations

The topic of this paper was the introduction
and investigation of two approaches to control
the additional error of the adaptive integration.
One needs to keep in mind that this is not the
total integration error. The latter is controlled by
the timestep, which should be small enough to
ensure that the integration error is below phys-
iological relevant scales. The adaptive tolerance
should be chosen small enough to ensure that
the additional error of the adaptive integration
is negligible in organ-scale G&R results. This is
particularly important since ogan-scale quantities
like the wall thickness, lumen, or organ mass are
not directly mechanobiologically controlled, and
errors made during model evaluation accumulate
over time.

For simplicity, we assumed a simple Poisson
degradation process for the tissue constituents.
However, processes leading to cell apoptosis and
tissue degradation are generally complex and can
depend on the current mechanobiological environ-
ment. Adaptive integration of the history variables
can still result in a significant reduction of com-
putational costs, especially when using the error
indication adaptive strategy, which naturally can
handle any degradation rules.

In our implementation, we assume that con-
stituents that do turnover are fibers that only
contribute to the mixture stress in their preferred
direction and that new fibers are deposited in the
same direction [4, 5, 8]. This is not a general limi-
tation of the proposed adaptive integration strate-
gies. We expect similar speedup results for more
general 3D constrained mixture implementations.

In our model, the driving factor of G&R is the
difference in the Cauchy-stress of the constituent.
However, other G&R stimuli like wall shear stress
in blood vessels [12, 25] or infiltration of inflamma-
tory cells [12, 15, 18] also play an important role
in soft tissue G&R. Our adaptive strategies should
also capture these cases, especially the error indi-
cation adaptive strategy where additional stimuli
are directly considered during adaption.

A Newton-Cotes integration
rules

The global time-stepping of the finite element
framework often results in equidistant timesteps.
To integrate the history variables in constrained
mixture models, closed Newton-Cotes integra-
tion rules, i.e., integration rules with equidistant
quadrature points need to be used. We denote the
Newton-Cotes integration of the function F with
n points on the interval I = [a, b] with QI

n(F).
The equidistant quadrature points are at

si = a+ (i− 1)
b− a

n− 1
, i = 1, 2, . . . , n

and the function F evaluated at si is denoted as
F i.

The trapezoidal rule [16] uses just the end-
points of the interval that we use in the first
timestep where only two snapshots are available.
The quadrature is given as

QI
2 (F) =

b− a

2
(F1 +F2).

Typically, during integration, we apply the
composite Simpson’s rule [16] with an additional
midpoint, i.e.,

QI
3 (F) =

b− a

6
(F1 + 4F2 +F3).
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The Boole’s integration [16] is used to approx-
imate the integration error to adaptively integrate
the G&R history. The quadrature rule is

QI
5 (F) =

b− a

90
(7F1 + 32F2 + 12F3 + 32F4 + 7F5).
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