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Abstract. Score-based generative models have emerged as a powerful approach for sampling high-
dimensional probability distributions. Despite their effectiveness, their theoretical underpinnings
remain relatively underdeveloped. In this work, we study the convergence properties of determin-
istic samplers based on probability flow ODEs from both theoretical and numerical perspectives.
Assuming access to L2-accurate estimates of the score function, we prove the total variation between
the target and the generated data distributions can be bounded above by O(d

√
δ) in the continuous

time level, where d denotes the data dimension and δ represents the L2-score matching error. For
practical implementations using a p-th order Runge-Kutta integrator with step size h, we establish
error bounds of O(d(

√
δ + (dh)p)) at the discrete level. Finally, we present numerical studies on

problems up to 128 dimensions to verify our theory, which indicate a better score matching error
and dimension dependence.

1. Introduction

In recent years, score-based generative models [13, 18, 35, 37, 38] have emerged as a powerful
paradigm for sampling high-dimensional probability distributions. Unlike traditional generative
models that directly parameterize the mapping from random noise to target distribution sam-
ples [17, 20, 30, 33], score-based generative models consist of two stochastic processes—the forward
and reverse processes. The forward process transforms samples from the target data distribution µ∗
with density q0 into pure noise, a step commonly referred to as the diffusion process. The gradient
of the log-density function, also known as the score function, is learned from these trajectories
using score matching techniques [19, 37, 38, 42]. The reverse process, guided by the score function,
transforms random noise back into samples from q0. This methodology has been proven effective
in synthesizing high-fidelity audio and image data [12–14,31,32].

The reverse process is commonly implemented either as stochastic dynamics or deterministic
dynamics, the latter often formulated as probability flow ordinary differential equation (ODE).
These probability flow ODEs can typically be discretized using numerical methods such as forward
Euler, exponential integrator, Heun, and high-order Runge-Kutta methods. Recent advancements
in methods like those proposed in [28,29,36,38,44,45] have enabled denoising steps to be completed
in just a few iterations (e.g., 50 steps), compared to the Euler-Maruyama scheme typically employed
for stochastic dynamics, which often requires a significantly larger number of steps (e.g., 1000 steps).
Consequently, these deterministic methods achieve better efficiency in generating samples with only
moderate quality degradation. The deterministic dynamics depends on the score function, which
is typically learned by a neural network through the score matching process involving non-convex
optimization. Consequently, the score estimation is inherently imperfect. This imprecision, coupled
with discretization error, poses a critical question: How does the interplay between score matching
error and discretization error influence the convergence of the deterministic dynamics towards the
true data distribution? Our work seeks to address this question by delving into the convergence
analysis of probability flow ODEs within the context of score-based generative models.

For the stochastic dynamics, convergence analyses have been explored in various works such
as [5, 7, 9, 11, 21–23, 39, 40, 43], with notable contributions from [7, 9, 23, 40], offering convergence
guarantees with polynomial complexity, without relying on any structural assumptions on the data
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distribution like log-concavity. The stochastic nature of these dynamics plays a crucial role in mit-
igating error accumulation. However, the deterministic counterpart warrants further exploration.
Related works include [10], which assumes no score matching error and provides a discretization
analysis for the probability flow ODE in KL divergence. However, their bounds exhibit a large
dependence on dimensionality and are exponential in the Lipschitz constant of the score integrated
over time. In contrast, [8] assumes L2 bounds on the score estimation offers polynomial-time con-
vergence guarantees for the probability flow ODE combined with a stochastic Langevin corrector,
without relying on any structural assumptions on the data distribution. Similarly, [24, 25] provide
polynomial-time convergence guarantees for the probability flow ODE by requiring control of the
difference between the derivatives of the true and approximate scores. Additionally, [2, 4] analyze
the convergence of the deterministic dynamics at continuous time level, exhibiting exponential de-
pendence on the Lipschitz constant, stemming from a more general stochastic interpolant or flow
matching setup [1,6,26,27]. Finally, [16] offers convergence analysis for the general probability flow
ODEs with log-concavity data assumption, where the error bounds grow exponentially with time
T in the presence of the score matching error.

1.1. Our Contributions. We analyze the convergence of the probability flow ODE from both
theoretical and numerical perspectives. Our detailed contributions are as follows:

• We provide convergence guarantees of the probability flow ODE at the continuous time
level under three mild assumptions. These assumptions are as follows: Assumption 3.1
asserts that the target density has a compact support, Assumption 3.2 asserts the L2 score
matching error over time is bounded by δ, and Assumption 3.3 asserts the first and second
derivatives of the estimated score are bounded. Under these assumptions, we prove in
Theorem 3.4 that the total variation distance between the target and the generated data
distributions can be bounded above by O(d

√
δ), where d is the data dimension.

• We provide convergence guarantees of the probability flow ODE at the disretized level.
To accommodate a p-th order time integrator, we further require Assumption 3.7, that
the estimated score function’s first (p + 1)-th derivatives are bounded. We establish in
Theorem 3.9 that the total variation distance between the target and the generated data
distributions can be bounded above by O(d(

√
δ + (dh)p)) .

• We verify our theoretical discoveries through numerical studies on problems with Gauss-
ian mixture target densities up to 128 dimensions. By intentionally introducing artificial
score matching errors and employing the widely used second-order Heun’s time integrator,
our numerical results demonstrate a total variation error of O(δ + h2) (for the marginal
distributions), with improved dependencies on dimension and score matching error.

In our theoretical proof at the continuous time level, we combine the method of characteristic
lines and calculus of variations to estimate the total variation between the generated data distri-
bution q̂t and the target distribution qt along the diffusion process. Compared to using Grönwall’s
inequality directly, our error estimate in Theorem A.1 does not include an exponential term in
time. We provide two mathematically rigorous yet simple proofs of Theorem A.1, and also illus-
trate our intuition in Section A. Furthermore, our methods imply a more general Theorem A.3 for
the L1-norms of solutions of general transport equations. In Remark 3.10 and Remark A.4, we
highlight that our methods can also estimate the L1(Rd)-norms of derivatives of q̂t − qt. Conse-
quently, we can conclude that the Lr(Rd)-norm of q̂t−qt is also small when r > 1. See Remark 3.10
and Remark A.4 for further details. Additionally, our method extends to estimating the point-
wise difference between q̂t and qt, although we defer this investigation to future work to maintain
the manuscript’s conciseness. In our proof of Theorem 3.4, we leverage the Gagliardo-Nirenberg
interpolation inequality with a universal constant, meaning the constant is independent of the di-
mension. To provide a comprehensive literature review, we include the proof of this dimension-free
interpolation inequality as Lemma C.1.
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For our convergence analysis of the probability ODE flow at the discretized level, a first step is to
reformulate the discrete solution obtained by the p-th order Runge-Kutta method as a continuous-
time ODE flow using interpolation. We derive an interpolation in Proposition D.1, and crucially,
the score function associated with the interpolated ODE flow and the original approximated score
function (and their derivatives) are close up to a p-th order error, i.e., O(hp). Employing the
characteristic method described in Appendix A again, the error at the discrete level decomposes
into two parts: the score matching error between the generated data distribution q̂t and the target
distribution qt along the diffusion process, and the discretization error between the interpolated
ODE flow solution and the generated data distribution q̂t. Consequently, the score matching error
and time discretization error do not interact to magnify, thus preserving the time discretization
error at the p-th order.

Our assumptions on the true data distribution µ∗ are quite general. In Assumption 3.1, we
assume that µ∗ has a compact support. In Appendix B, we extend our main result to the case
where µ∗ is a Gaussian mixture. We emphasize that under Assumption 3.1, µ∗ may not have a
density, and the compact support K∗ of µ∗ can be a submanifold of a much lower dimension in
Rd, particularly point masses. Refer to our Example B.1 and Example B.2, where we observe
that assuming ∇ log qt is uniformly Lipschitz with a constant independent of t is unreasonable,
as it actually tends to ∞ as t → 0+. In Lemma B.3 and Lemma B.5, we compute and estimate
the high-order derivatives of qt (and log qt), when µ∗ has a compact support and when µ∗ is a
Gaussian mixture. For Gaussian mixtures, the error estimates are better than the case when K∗ is
a submanifold of a much lower dimension. We also mention in Remark C.4 that our methods also
apply to other reasonable assumptions on µ∗ once some simple estimates are satisfied.

1.2. Natations.

• Diacritics: □̂ denotes quantities involve score error, □̃ denotes quantities involve time dis-
cretization error.

• Time steps: 0 = t0 < t1 < · · · < tN = T − τ , where τ > 0 is a small parameter.
• Distributions on Rd: qt, q̂t, q̃t denote forward process, ϱt = qT−t, ϱ̂t = q̂T−t, ϱ̃t = q̃T−t reverse
process. We also define ε̂t(x) := q̂t(x)− qt(x), ε̃t(x) := q̃t(x)− qt(x).

• Vector fields from Rd to Rd: Forward process: Ut(x) := x+∇ log qt(x), Ût := x+ sT−t(x),

Ũt := x+ s̃T−t(x), δt(x) := Ût−Ut = sT−t(x)−∇ log qt(x), δ̃t(x) := Ũt(x)−Ut(x); Reversal

process: Vt := UT−t, V̂t := ÛT−t, Ṽt := ŨT−t; Other vector fields: Zt(x).
• α = (α1, α2, . . . , αd) is a multi-index with nonnegative integers αi’s, |α| := α1+α2+. . .+αd,
and we define ∂α

x := ∂α1
x1
∂α2
x2

· · · ∂αd
xd
. We also use ∂i := ∂xi for simplicity.

• Constants: We use Cu to denote universal constants like 10, 50, 100, 200, i.e., Cu is inde-
pendent of the dimension d and other parameters in this paper. Also, Cu may vary by
lines.

• Norms: For a vector x = (x1, x2, . . . , xd) ∈ Rd, we use ∥x∥ = ∥x∥2 := (x21 + x22 + . . .+ x2d)
1
2 ,

∥x∥∞ := sup1≤i≤d |xi|, ∥x∥1 := |x1|+ |x2|+ . . .+ |xd|, ∥x∥p := (|x1|p + |x2|p + . . .+ |xd|p)
1
p .

We similarly define ∥ · ∥2, ∥ · ∥∞, ∥ · ∥1, ∥ · ∥p, for matrices or even more general tensors,
because we can view them as vectors and forget their tensor structures. For a vector-valued
function F (x) = (f1(x), f2(x), . . . , fm(x)) : Rd 7→ Rm, where m is a positive integer, we
usually regard F (x) as a vector in Rm and similarly use the notations ∥F (x)∥, ∥F (x)∥1,
∥F (x)∥∞.

• Function class: We say a vector-valued function F (x) = (f1(x), f2(x), . . . , fm(x)) : Rd 7→ Rm

as being in Cr, if each of its components fi(x) has continuous first r-th derivatives. We say
F (x) is in the Ls-space Ls(Rd) if for each of its components fi(x), its L

s(Rd)-norm defined

as ∥fi∥Ls(Rd) := (
∫
Rd |fi(x)|sdx)

1
s is finite. We say F (x) is in the Sobolev space W r,s(Rd)
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if for each of its components fi(x), ∂
α
x fi ∈ Ls(Rd) for each α with |α| ≤ r. We define the

W r,s(Rd)-norm of fi as ∥fi∥W r,s(Rd) := (
∑

|α|≤r ∥∂α
x fi∥sLs(Rd)

)
1
s .

2. Preliminaries

2.1. Score-based Generative Model. Score-based generative models begin with d dimensional
true data samples {X0} following an unknown target distribution µ∗ with density q0. The objective
is to sample new data from the target distribution. Typically, the score-based generative models
usually involve two processes—the forward and reverse processes.

In the forward process, we start with data samples from q0, and progressively transform the data
into noise. This process is often based on the canonical Ornstein-Uhlenbeck (OU) process given by

dXt = −Xtdt+
√
2dBt, X0 ∼ q0, 0 ≤ t ≤ T,(1)

where (Bt)t∈[0,T ] is a standard Brownian motion in Rd. The OU process has an analytical solution

Xt
d
= λtX0 + σtW, W ∼ N (0, Id),(2)

with λt = e−t and σt =
√
1− e−2t. The OU process exponentially converges to its stationary

distribution, the standard Gaussian distribution N (0, Id). Let qt denote the density of Xt, which
evolves according to the following Fokker–Planck equation:

∂tqt = ∇ ·
(
(x+∇ log qt(x))qt

)
= ∇ · (Utqt), 0 ≤ t ≤ T,

with Ut(x) := x+∇ log qt(x).
By denoting ϱt = qT−t, the time reversal process from time T to 0, satisfies the following partial

differential equation (PDE):

∂tϱt = −∇ ·
(
(x+∇ log qT−t)ϱt

)
= −∇ · (Vtϱt), 0 ≤ t ≤ T,(3)

with Vt(x) := x +∇ log qT−t(x). The score function ∇ log qT−t(x) is typically learned by a neural
network trained using score matching techniques with progressively corrupted trajectories {Xt}
from (1). Subsequently, the reverse PDE can be solved from ϱ0 = qT to sample new data from q0.

The reverse PDE (3) is often reformulated into a mean field equation for sampling instead of
being directly solved. This mean field equation can manifest as stochastic dynamics

dYt = (Yt + 2∇ log qT−t(Yt)) dt+
√
2dB′

t, Y0 ∼ qT , 0 ≤ t ≤ T,(4)

where (B′
t)0≤t≤T is a Brownian motion in Rd. This formulation is commonly referred to as the

denoising diffusion probabilistic model (DDPM). Alternatively, the mean-field equation can adopt
a deterministic dynamics framework in terms of an ordinary differential equation with velocity field
Vt:

∂tYt = Yt +∇ log qT−t(Yt) = Vt(Yt), Y0 ∼ qT , 0 ≤ t ≤ T,(5)

known as the probability flow ODE. Additionally, when ∇ log qT−t(x), is represented by the learned
score function st(x), the probability flow ODE (5) becomes

∂tŶt = Ŷt + st(Ŷt) = V̂t(Ŷt), Ŷ0 ∼ ϱ̂0,(6)

here the velocity field becomes V̂t(x) := x+ st(x). And Ŷ0 is sampled from ϱ̂0, since the density qT
is unknown. ϱ̂0 is commonly approximated by the standard Gaussian distribution N (0, Id), which
serves as a reliable approximation of qT for sufficiently large T . The associated density of Ŷt is
denoted as ϱ̂t, which differs from ϱt that describes the density of Yt, due to the score matching
error.
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2.2. Time Integrator. To numerically solve the probability flow ODE (6), a time integrator
is essential. Fix a small τ > 0, we discretize the time interval [0, T − τ ] into N time steps
0 = t0 < t1 < · · · < tN = T − τ , typically using a uniform step size h = (T − τ)/N , Starting from

an initial condition Ỹt0 sampled from qT , the time integrator iteratively estimates Ỹti at time ti.
One commonly used time integrator is the Runge-Kutta method, the family of explicit s-stage p-th

order Runge-Kutta methods updates {Ỹti} as follows:

Ỹti+1 = Ỹti + h

s∑
j=1

bjkj ,(7)

where

k1 = V̂ti+c1h

(
Ỹti

)
,

k2 = V̂ti+c2h

(
Ỹti + (a21k1)h

)
,

k3 = V̂ti+c3h

(
Ỹti + (a31k1 + a32k2)h

)
,

...

ks = V̂ti+csh

(
Ỹti + (as1k1 + as2k2 + · · ·+ as,s−1ks−1)h

)
.

(8)

The lower triangular matrix [ajk] is called the Runge–Kutta matrix, while the bj and cj are known
as the weights and the nodes. The stage number s and the parameters are chosen such that the
local truncation error of (7) is O(hp+1). In general, s ≥ p and if p ≥ 5, then s ≥ p+ 1.

For example, forward Euler scheme is the 1-stage first order Runge-Kutta method:

Ỹti+1 = Ỹti + hk1 k1 = V̂ti

(
Ỹti

)
Heun’s method is the 2-stage second order Runge-Kutta method:

Ỹti+1 = Ỹti +
h

2
(k1 + k2) k1 = V̂ti

(
Ỹti

)
k2 = V̂ti+1

(
Ỹti + hk1

)
Remark 2.1. The time discretization error between Runge-Kutta solution Ỹti and the true solution

Ŷti is typically analyzed through the concept of local truncation error, which is interpreted as follows.

Consider any time interval [ti, ti+1], solve (6) in the time interval with Ỹti = Ŷti analytically, gives

Ŷti+1 = Ỹti + hV̂ti(Ỹti) +
h2

2

dV̂ti(Ỹti)

dt
+ · · ·+ hp

p!

dp−1V̂ti(Ỹti)

dtp−1
+

1

(p+ 1)!

∫ ti+1

ti

(ti+1 − t)p
dpV̂t(Ỹt)

dtp
dt.

(9)

Similarly for the s-stage p-th order Runge-Kutta methods (7), we can view Ỹti+r = F̃r(Ỹti) as a

function of r ∈ [0, h] (by replacing h to r in (7) amd (8)) and Ỹti, and perform a Taylor expansion
around r = 0

Ỹti+1 = Ỹti + h
dF0(Ỹti)

dr
+ · · ·+ hp

p!

dpF0(Ỹti)

drp
+

1

(p+ 1)!

∫ ti+1−ti

0
(h− r)p

dp+1F̃r(Ỹti)

drp+1
dr.(10)

The Runge–Kutta matrix [ajk], weights bj and nodes cj are carefully chosen such that the coefficients

in front of h, h2, · · · , hp (as a function of Ỹti) in (9) and (10) cancel perfectly. Thus the Runge-

Kutta estimation Ỹti+1 satisfies

Ỹti+1 = Ŷti+1 +Rp+1(V̂t, Ỹi, ti, h), Rp+1(V̂t, Ỹti , ti, h) = O(hp+1).
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3. Main Results

The probability flow ODE (5) describes the evolution of Yt; while its counterpart with the

estimated score function (6) describes the evolution of Ŷt. We denote the density of Yt and Ŷt as
ϱt and ϱ̂t respectively. Then they satisfy the following PDEs

∂tϱt = −∇ · (Vtϱt), Vt = x+∇ log ϱt,

∂tϱ̂t = −∇ · (V̂tϱ̂t), V̂t = x+ st(x).
(11)

One major focus of our work is to understand propagation of the score matching error by analyzing
the difference between ϱ̂t and ϱt.

We make the following assumption on the data distribution µ∗.

Assumption 3.1. The data distribution µ∗ is positive and compactly supported on a compact set
K∗, and we also define D := 1 + maxx∈K∗ ∥x∥∞.

We assume that the errors incurred during score matching are bounded in an L2-sense.

Assumption 3.2. Fix small τ > 0. There exists a small δ > 0, such that the score matching error
is bounded by δ in the sense that∫ T−τ

0
Eϱt

[
∥∇ log ϱt(x)− st(x)∥22

]
dt ≤ δ2.

We assume that score estimates st(x) are in C2, and the first two derivatives are bounded by Lt,
which may depend on time.

Assumption 3.3. Fix small τ > 0. We assume that the score estimate st(x) are C2 for any
0 ≤ t ≤ T − τ , and there exists a function Lt > 0 in t, such that

max
1≤j≤d

|s(j)t (0)| ≤ Lt, sup
x∈Rd

max
1≤|α|≤2

max
1≤j≤d

|∂α
x s

(j)
t (x)| ≤ Lt.

Here, we write st(x) = (s
(1)
t (x), s

(2)
t (x), . . . , s

(d)
t (x)), and α = (α1, α2, . . . , αd) is a multi-index with

nonnegative integers αi’s, |α| := α1 + α2 + . . . + αd, and we define ∂α
x := ∂α1

x1
∂α2
x2

· · · ∂αd
xd
. We also

define that L :=
∫ T−τ
0 Lt dt.

Theorem 3.4. Adopt Assumption 3.1,Assumption 3.2 and Assumption 3.3, there is a universal
constant Cu > 0, such that the total variational distance between ϱT−τ and ϱ̂T−τ is small in the
sense that

TV(ϱT−τ , ϱ̂T−τ ) ≤ Cu · d · T
1
4 · (L+ T · τ−2 ·D3)

1
2 · δ

1
2 + TV(ϱ0, ϱ̂0).(12)

If we take the initialization to be the standard normal distribution ϱ̂0 = N (0, Id), then TV(ϱ0, ϱ̂0) ≤
Cue

−T
√
dD, which is exponentially small in T .

Remark 3.5. We remark that the right hand side of (12) is only an upper bound. There are
several ways to modify it:

(1) The term τ−1 appears because when K∗ is a submanifold of a dimension much lower than
d, for example, several points, then ∇ log ϱT−τ ≈ 1

σ2
τ
≈ τ−1 near K∗ and it becomes much

more singular as τ → 0+. See Example B.1 and Example B.2. One way to modify this
is to modify the Assumption 3.2 by a time-weighted score matching error, which will be
disscussed in Remark C.2; another way is to assume that our data distribution µ∗ has a
sufficiently regular density, e.g. a Gaussian mixture, then there will be uniform upper bounds
(depending on parameters of µ∗) on ∇ log ϱt together with its higher order derivatives, which
are independent of the time t. So, one can let τ → 0+ and the term τ−1 will not appear
in the error estimate. Our proof of Theorem 3.4 works, essentially verbatim, after using
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those bounds for ∇ log ϱt together with its higher order derivatives. See Lemma B.5 and
Remark C.4 for more details if µ∗ does not have a compact support and is possibly a Gaussian
mixture.

(2) In our numerical simulation, the total variation distance is linear in δ (See Section 4). In

Theorem A.1, the upper bound in (17) is of order δ1/2 because we use (36) in Lemma C.1
to prove Theorem 3.4 under the Assumption 3.3 first. If we can add Assumption 3.7, that
is, the score estimate st(x) has higher derivatives and we can control them, then we can use
(37) in Lemma C.1 to replace the exponent 1

2 of δ in (12) with 1− 1
k for k ≥ 2, as discussed

in Remark (C.3). In this case, the (L+ T · τ−2 ·D3)
1
2 on the right hand side of (12) will

then be replaced by Ck(L+ T · τ−k ·Dk+1)
1
k for some positive constant Ck depending on the

k.

Remark 3.6. Although in Theorem 3.4 we only estimate the error up to the time T − τ instead of
the true data µ∗ = q0, the Wasserstein 2-distance between q0 = ϱT and qτ = ϱT−τ is actually small
if τ > 0 is small enough. This is because if we let γ be the distribution of (X0, Xτ ) on R2d for Xt

defined in (2), then

W2(ϱT , ϱT−τ )
2 ≤ Eγ∥X0 −Xτ∥2 = Eγ∥(1− λτ )X0 − στW∥2 ≤ 2(1− λτ )

2Eµ∗∥X0∥2 + 2σ2
τ ,

where λτ = e−τ and στ =
√
1− λ2

τ . We notice that 1−λτ ≤ τ , and by Assumption 3.1, Eµ∗∥X0∥2 ≤
dD2, so

W2(ϱT , ϱT−τ )
2 ≤ 2τ2dD2 + 4τ,

which goes to zero of order τ as τ → 0+.

Furthermore, to numerically solve the probability flow ODE (6), we discretize the time interval
[0, T − τ ] into N time steps 0 = t0 < t1 < · · · < tN = T − τ , and employ time integration until

tN = T − τ to circumvent the potential singularity at T . Let ϱ̃ti denote the distribution of Ỹti
obtained by using the Runge-Kutta method described in Section 2.2. Another focus of our work
is to further understand the impact of the time discretization error by analyzing the difference
between ϱ̃t and ϱt.

To use the p-th order Runge-Kutta method, we assume that st(x) is in Cp+1 in the following
assumption.

Assumption 3.7. Fix p ≥ 1 and a small τ > 0. Assume there exits a large number L = L(p, τ) ≥ 1

the following holds. The approximate score function st(x) satisfies ∥st(x)∥2 ≤ L(
√
d+ ∥x∥2) and is

Cp+1, such that the following holds

sup
x∈Rd

max
1≤k+|α|≤p+1

max
1≤j≤d

∥∂k
t ∂

α
x s

(j)
t (x)∥ ≤ L.

for any 0 ≤ t ≤ T − τ .

Remark 3.8. In Assumption 3.7, besides the upper bounds of the derivatives of st(x), we also

assumed that ∥st(x)∥2 ≤ L(
√
d+ ∥x∥2). This is an easy consequence, if st(x) is L-Lipschitz.

Theorem 3.9. Adopt Assumption 3.1,Assumption 3.2, and Assumption 3.7, there is a universal
constant Cu > 0 and constant C(p, s) > 0 (depending on the stage and the order of the Runge-Kutta
method), such that the total variation between ϱT−τ and ϱ̃T−τ is small in the sense that

TV(ϱT−τ , ϱ̃T−τ ) ≤ Cu

(
dT

3
4 (L+ τ−2 ·D3)

1
2 δ

1
2︸ ︷︷ ︸

score matching error

+C(p, s)d(hd)p(LD)p+1 log(T/τ)︸ ︷︷ ︸
discretization error

)
+ TV(ϱ0, ϱ̃0).
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If we take the initialization to be the standard normal distribution ϱ̃0 = N (0, Id), then TV(ϱ0, ϱ̃0) ≤
C ′
ue

−T
√
dD for another positive universal constant C ′

u. So, TV(ϱ0, ϱ̃0) is exponentially small in T .

Remark 3.10. Under the assumptions of Theorem 3.9, one can even estimate the L1-norms of
higher order derivatives of ϱT−τ − ϱ̂T−τ by the Gagliardo-Nirenberg inequality in Lemma C.1, as
illustrated in Remark A.4. By the same arguments in Section D, we can also get error estimates for
the L1-norms of higher order derivatives of ϱT−τ−ϱ̃T−τ . This means we can obtain the W p,1-norms
for ϱT−τ − ϱ̃T−τ , where W p,1 means Sobolev spaces. By Sobolev inequalities, one can also obtain
the corresponding W p−1,r-norms for r > 1, in particular, the Lr-norm of ϱT−τ − ϱ̃T−τ with r > 1.

3.1. Proof Outline. To prove Theorem 3.4, we first consider these two first-order PDEs describing
the forward processes

∂tqt = ∇ · (Utqt) and ∂tq̂t = ∇ · (Ûtq̂t).(13)

Here q̂t = ϱ̂T−t and Ût = x + sT−t(x), and the second equation describes the density evolution of

ŶT−t ∼ q̂t denoted in (6). We denote δt(x) := Ût−Ut = sT−t(x)−∇ log qt(x) as the score matching
error, and ε̂t(x) := q̂t(x) − qt(x) as the error in generated data distribution. Our goal is to use∫ T
τ

∫
Rd qt(x)∥δt(x)∥2 dxdt to bound the L1 error between q̂t and qt at time τ , i.e.,

∫
Rd |ε̂t(x)| dx for

t = τ .
By employing the characteristic method for first-order PDEs (13), we can derive a bound for the

time derivative of the L1 error as follows:∣∣∣∣ ddt
∫
Rd

|ε̂t(x)| dx
∣∣∣∣ ≤ ∫

Rd

∣∣∣∣(∇ · (qtδt)
)
(x)

∣∣∣∣ dx.
The proof can be found in Appendix A. Integrating from τ > 0 to T , the L1 error is controlled by
the gradient of the score error:∫

Rd

|ε̂τ (x)| dx ≤
∫ T

τ

∫
Rd

∣∣∣∣(∇ · (qtδt))(x)
∣∣∣∣ dx+

∫
Rd

|ε̂T (x)| dx.

Then we use Gagliardo-Nirenberg Lemma C.1 and estimations on derivatives of density qt as pre-
sented in Appendix B to control each component of the gradient ∇ · (qtδt) in the right-hand side
in terms of the L2 score error, leading to∫ T

τ

∫
Rd

∣∣∣∣(∇ · (qtδt))(x)
∣∣∣∣ dxdt ≤ Cu · d · T

1
4 · (L+ T · τ−2 ·D3)

1
2

(∫ T

τ

∫
Rd

qt(x)(δt(x))
2 dx dt

) 1
4

.

We observe a 1/2-th order dependence on the L2 score error and linear dependence on the dimen-
sionality d. The presence of τ−2 is attributed to the possibility that true data lies on a submanifold
of lower dimensionality than d. For a detailed proof and improved bounds concerning the Gaussian
mixture true data distribution, please refer to Appendix C.

To prove Theorem 3.9, we first interpolate the discrete solution {Ỹti}Ni=0 obtained by the p-th
order Runge-Kutta method using interpolation. Then, we obtain a continuous time process on each
time interval [ti, ti+1], which can then be treated as an ODE flow

∂tỸt = Ṽt(Ỹt),

where Ṽt is continuous on the t-direction when t ∈ [ti, ti+1], but it may not be continuous crossing

each ti. The discrepancy between Ṽt and V̂t is studied in Proposition D.1. Specifically, we analyze

∥Ṽt(x)− V̂t(x)∥∞, ∥∇(Ṽt(x)− V̂t(x))∥∞ ≤ C(p, s) · L
(
(
√
d+ ∥x∥2)h

√
dL

)p
,(14)

which essentially represents the Runge-Kutta local truncation error with detailed dimension and

Lipschitz constants. Let q̃t denote the density of ỸT−t, which satisfies the forward process

∂tq̃t = ∇ · (Ũtq̃t),
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with Ũt = ṼT−t. We will quantify the total variation between q̃t and qt, the density of YT−t. We

define δ̃t(x) := Ũt(x)− Ut(x), ε̃t(x) := q̃t(x)− qt(x). By using the characteristic method described
in Appendix A again, the error at the discrete level boils down into the score matching error and
time discretization error:∫

Rd

|ε̃τ (x)| dx−
∫
Rd

|ε̃T (x)| dx

≤
N−1∑
i=0

∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qtδt))(x)
∣∣∣∣ dxdt+ N−1∑

i=0

∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qt(δ̃t − δt)))(x)

∣∣∣∣ dxdt.
By using the fact that δ̃t − δt = Ũt − Ût = ṼT−t − V̂T−t, the discretization error becomes∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qt(δ̃t − δt)))(x)

∣∣∣∣ dxdt = ∫ ti+1

ti

∫
Rd

∣∣∣∣(∇ · (qT−t(Ṽt − Vt))(x)

∣∣∣∣ dxdt.
Using the Runge-Kutta local truncation error estimations from (14), the discretization error can
be bounded as∫ ti+1

ti

∫
Rd

∣∣∣∣(∇ · (qT−t(Ṽt − Vt))(x)

∣∣∣∣ dxdt ≤ C(p, s)d · (dh)p(LD)p+1

∫ ti+1

ti

1

σ2
t

dt.

As a result, the score matching error and time discretization error do not interact to magnify,
thereby preserving the time discretization error at p-th order, albeit with significant dimensionality
dependence. The detailed proof is in Appendix D.

4. Numerical Study

In this section, we numerically analyze the convergence rate of the probability flow ODE, specif-
ically focusing on a K-mode Gaussian mixture target distribution

(15) q0(x) =

K∑
k=1

wkN (x;mk, Ck).

The forward process, as denoted in (2) with λt = e−t and σt =
√
1− e−2t, yields

qt(y) =

∫
Rd

1

(
√
2πσt)d

· exp
(
−∥y − λtx∥22

2σ2
t

)
q0(x)dx =

K∑
k=1

wkN (y;λtmk, λ
2
tCk + σ2

t I).

The score function takes the following analytical format

∇x log qt(x) =−
K∑
k=1

wkN (x;λtmk, λ
2
tCk + σ2

t I)

qt(x)
(λ2

tCk + σ2
t I)

−1(x− λtmk).(16)

In general, the score function is represented by a neural network with inputs t and x, trained
through score matching with sequentially corrupted training data [19, 37, 38, 42]. However, in our
present work, we circumvent the score matching step. Instead we assume that we have access
to an imperfect score function characterized by the following three types of artificial score errors
δ(t, x) = sT−t(x)−∇ log qt(x)

• constant error : δ(t, x) = δ 1√
d
;

• linear error: δ(t, x) = δ x−m√
d
;

• sinusoidal error: δ(t, x) = δ sin(x)x−m√
d
.
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Here m is the mean of the target Gaussian mixture distribution. The sin function is used for point-
wise evaluation, and its product with the following term also represents pointwise multiplication.
In the subsequent numerical investigation, we evaluate the convergence rate of the probability flow
ODE for estimating q0 using an analytical score function (16) with various magnitudes of artificial
score errors parameterized by a scalar δ. Specifically, we consider δ values of 0.005, 0.01, 0.02, 0.04,
0.08, and 0.16. For the probability flow ODE, we integrate the deterministic reverse process (6) us-
ing Heun’s second-order time integrator until T = 8. Because the Gaussian mixture target density
has no singularities, we integrate the reverse process until the final time T with τ = 0. Based on
our theoretical analysis outlined in Theorem 3.9, to balance the score error and time discretization
error, we choose h2 to be approximately equal to δ. Consequently, as we vary the magnitude of
the score error δ from 0.005 to 0.16, we adjust the corresponding number of time steps as follows:
Nt = 96, 64, 48, 32, 24, and 16. It is worth noticing the step size must be within the stability regime
of the explicit time integrator. To initialize the ODE flow, we sample J = 4 × 104 particles from
the standard Gaussian distribution N (x; 0, Id). All code used to produce the numerical results and
figures in this paper are available at https://github.com/Zhengyu-Huang/InverseProblems.jl/
tree/master/Diffusion/Gaussian-mixture-density.ipynb .

4.1. One Dimensional Test. We first consider a one dimensional 3-mode Gaussian mixture (15)
with

w = [0.1; 0.4; 0.5] m = [−6.0; 4.0; 6.0] and C = [0.25; 0.25; 0.25].

Initially, we explore the convergence behavior of the probability flow ODE in the mean field limit
by numerically solving the Fokker-Planck PDE (11). We employ an initial distribution N (x; 0, 1)
and discretize the computational domain [−10, 10] into 1000 cells using a second-order finite volume
method [41]. Integration is performed with Heun’s second-order time integrator using a time step
of h = 10−3 until T = 8. To ensure accurate understanding at the continuous level, we choose ∆x
and h to be sufficiently small, such that discretization errors are negligible compared to the score
error. The corresponding score function, reference density qt, and estimated density ϱ̂T−t under
various imperfect score estimations are illustrated in Fig. 1. While the solution error increases
with larger δ, all modes are captured, including the left-side mode with relatively small density.
The convergence rate, assessed in terms of the total variation TV(q0, ϱ̂T ), relative mean error, and
relative covariance error, is depicted in Fig. 2. The linear relationship between these errors and δ
is clearly demonstrated.

Then, we investigate the convergence of the probability ODE flow by integrating the determin-
istic reverse process (6). The corresponding score function, reference density qt, and estimated
density ϱ̂T−t with various imperfect score estimations are depicted in Fig. 3. Kernel density esti-

mates are computed with bandwidth determined by Silverman’s rule [34]
(

4
J(d+2)

)1/(d+4)
(1 − t

2T )

(interpolating from 0.5 to 1). Notably, the estimated densities closely resemble the PDE solution
(See Fig. 1), highlighting the significant efficiency of the time integrator with such small numbers
of time steps. The convergence rate, evaluated in terms of the total variation TV(q0, ϱ̂T ), relative
mean error, and relative covariance error, is depicted in Fig. 4. The linear relationship between
these errors and δ (or h2) is clearly demonstrated.

4.2. High Dimensional Test. Finally, we consider d dimensional 5-mode Gaussian mixtures (15).
The weights are sampled uniformly wk ∼ Uniform[0, 1] are then normalized to sum to 1. The means
are generated from a Gaussian distribution, mk ∼ N (0, 32Id), and the covariance matrices Ck are
generated as Ck = 1

8(W
T
k Wk/d+ Id) with (Wk)ij ∼ N (0, 1) for i, j = 1, · · · , d.

We investigate the convergence of the ODE flow by integrating the deterministic reverse process
(6) with the same setup as before. For d = 128, we visualize the results in terms of the marginal
density for the first dimension, including its score, reference density q1t , and estimated density ϱ̂1T−t
with various artificial score errors, as depicted in Fig. 5. We compute kernel density estimates

https://github.com/Zhengyu-Huang/InverseProblems.jl/tree/master/Diffusion/Gaussian-mixture-density.ipynb
https://github.com/Zhengyu-Huang/InverseProblems.jl/tree/master/Diffusion/Gaussian-mixture-density.ipynb
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Figure 1. One dimensional test: Density estimations obtained by solving the
Fokker-Planck PDE (11) numerically with various artificial score errors. From top
to bottom: score, estimated density with δ = 0.005, 0.01, 0.02. From left to right
estimated qt at t = 8, 4, 2, 1, 0.
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Figure 2. One dimensional test: convergence of the density estimations obtained
by solving the Fokker-Planck PDE (11) numerically with various artificial score
errors.

with the bandwidth determined by the same Silverman’s rule [34] as in Section 4.1. Surprisingly,
the estimated densities are as good as those of the one-dimensional test (See Fig. 3). We further
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Figure 3. One dimensional test: density estimations obtained by solving the prob-
ability flow ODE with Heun’s method with various artificial score errors. From top
to bottom: score, estimated density with δ = 0.005, 0.01, 0.02. From left to right
estimated qt at t = 8, 4, 2, 1, 0.

10 2 10 1

10 1

100

TV
(q

0,
T)

10 2 10 1

Re
l. 

m
ea

n 
er

ro
r

10 2 10 1

Re
l. 

co
va

ria
nc

e 
er

ro
r

constant error linear error sinusoidal error

Figure 4. One dimensional test: convergence of the density estimations obtained
by solving the probability flow ODE with Heun’s method, where h2 ≈ δ with various
artificial score errors.

consider d = 8 and 32 by generating the target density q0 through marginalizing the 128-dimensional
Gaussian mixture target density. The convergence rate, evaluated in terms of the total variation
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of the marginal density TV(q10, ϱ̂
1
T ), relative mean error, and relative covariance error, is depicted

in Fig. 6. The linear relationship between these errors and δ (or h2) is clearly demonstrated.
Additionally, we also explore the scenario without score matching errors for comprehensive analysis.
The convergence rate, evaluated using the same error indicators, is presented in Fig. 7, showing
the quadratic relationship with h2. Notably, in this high dimensional test study, we do not observe
any dimension dependence.

40

20

0

20

sc
or

e

t = 8.0 t = 4.0 t = 2.0 t = 1.0 t = 0.0

0.0

0.1

0.2

0.3

0.4

de
ns

ity
 (

=0
.0

05
)

0.0

0.1

0.2

0.3

0.4

de
ns

ity
 (

=0
.0

1)

10 0 10
0.0

0.1

0.2

0.3

0.4

de
ns

ity
 (

=0
.0

2)

10 0 10 10 0 10 10 0 10 10 0 10

reference constant error linear error sinusoidal error

Figure 5. 128 dimensional test: marginal densities obtained by solving the prob-
ability flow ODE with Heun’s method with various artificial score errors. From top
to bottom: score, estimated densities with δ = 0.005, 0.01, 0.02. From left to right
estimated qt at t = 8, 4, 2, 1, 0.
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Figure 6. High dimensional test: convergence of the density estimations obtained
by solving the probability flow ODE with Heun’s method, where h2 ≈ δ with various
artificial score errors. The dotted lines, dash dot lines and dashed lines indicate
d = 8, 32 and, 128 dimension tests, respectively.
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Figure 7. High dimensional test: convergence of the density estimations with no
score errors obtained by solving the probability flow ODE with Heun’s method,
across different time step sizes h. The dotted cross lines, dash dot circle lines and
dashed triangle lines indicate d = 8, 32 and, 128 dimension tests, respectively.

5. Conclusion

In this study, we have investigated the convergence of score-based generative model based on
the probability flow ODE, both theoretically and numerically. Our analysis provided theoretical
convergence guarantees at both continuous and discrete levels. Additionally, our numerical studies,
conducted on problems up to 128 dimensions, provided empirical verification of our theoretical
findings. One notable observation is the superior error bound of O(δ + hp), indicating potential
sharper estimations with improved dimension and score matching error dependence. Moreover,
conducting rigorous numerical-based analyses with neural network-based score estimation errors is
also a focus for future research.
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Appendix A. Total Variation Estimates along Probability Flow

In this section, we prove the following general theorem for continuity equations, which is inde-

pendent of the particular choice of Ut, Ût (equivalently, VT−t, V̂T−t) in (11).

Theorem A.1. Fix any 0 < τ < T . Let q̂t(x), qt(x) ∈ C1([τ, T ] × Rd) ∩ L1([τ, T ] × Rd) solve the
following two continuity equations on Rd respectively,

∂tqt = ∇ · (Utqt), ∂tq̂t = ∇ · (Ûtq̂t).

We also assume that for t ∈ [τ, T ], Ut, Ût are locally Lipschitz on Rd. Then, if we denote δt(x) :=

Ût(x)− Ut(x), ε̂t(x) := q̂t(x)− qt(x), we have that,∣∣∣∣ ∫
Rd

|ε̂τ (x)| dx−
∫
Rd

|ε̂T (x)| dx
∣∣∣∣ ≤ ∫ T

τ
E(t) dt, with E(t) :=

∫
Rd

∣∣∣∣(∇ · (qtδt))(x)
∣∣∣∣ dx.

First Proof. Fix this given τ > 0. For t > 0, we define the total variation between q̂t(x) and qt(x)
as

f(t) :=

∫
Rd

|ε̂t+τ (x)| dx.(17)

We use xt := Tt(x) to denote the solution of the ODE (also called the characteristic line)

d

dt
Tt(x) = −Ûτ+t(Tt(x)),
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with the initial data x0 = T0(x) = x. We notice that, by change of variables (we can do this because

Ût is locally Lipschitz on Rd. So, Tt is a diffeomorphism of Rd),

f(t) =

∫
Rd

|ε̂t+τ (xt)|JTt(x) dx,

where JTt(x) = | det(∇Tt(x))|. A direct computation shows that

d

dt
ε̂t+τ (x) = (∇ · (Ût+τ ε̂t+τ ))(x) + (∇ · (qt+τδt+τ ))(x).

Hence,

d

dt
ε̂t+τ (xt) = (∇ · Ût+τ )(xt) · ε̂t+τ (xt) + (∇ · (qt+τδt+τ ))(xt).

Jacobi’s formula gives that

d

dt
det(∇Tt(x)) = trace

((
d

dt
∇Tt(x)

)
·
(
∇Tt(x)

)−1)
· det(∇Tt(x)).

We also notice that

d

dt
∇Tt(x) = ∇ d

dt
Tt(x) = −∇(Ûτ+t(Tt(x))) = −(∇Ûτ+t)(Tt(x)) · ∇Tt(x).

Hence,

d

dt
det(∇Tt(x)) = −trace

(
(∇Ûτ+t)(Tt(x))

)
· det(∇Tt(x)) = −(∇ · Ûτ+t)(Tt(x)) · det(∇Tt(x)).

So, ∣∣∣∣ ddtf(t)
∣∣∣∣ ≤ ∫

Rd

∣∣∣∣[(∇ · Ût+τ )(xt) · ε̂t+τ (xt) + (∇ · (qt+τδt+τ ))(xt)
]
· det(∇Tt(x))

+ ε̂t+τ (xt) · (−(∇ · Ûτ+t)(Tt(x))) · det(∇Tt(x))

∣∣∣∣ dx
=

∫
Rd

∣∣∣∣(∇ · (qt+τδt+τ ))(xt)

∣∣∣∣ · JTt(x) dx

=

∫
Rd

∣∣∣∣(∇ · (qt+τδt+τ ))(x)

∣∣∣∣ dx = E(t+ τ),

where the second last equality is by change of variables again. Hence, for any t′ > 0,

f(0) ≤
∫ t′

0
E(t+ τ) dt+ f(t′).(18)

One can also use the characteristic line method starting from t = T to t = τ , and then obtain an
inverse inequality. Hence, we finish the proof of the theorem. □

Remark A.2. Notice that in this first proof, we exchange the order of integrals and derivatives. We
can do this in our problem setting (11), because by Assumption 3.1, µ∗ is compactly supported, so
qt(x) always has a exponential tail as ∥x∥ → +∞. q̂t(x) also has such a property by our Lemma B.6.

Indeed, one can prove the following more general theorem with reasonable assumptions, essen-
tially verbatim, by the same method.

Theorem A.3. Fix any 0 < τ < T . Let pt(x) ∈ C1([τ, T ]×Rd)∩L1([τ, T ]×Rd) solve the following
continuity equation on Rd with ht(x) ∈ L1([τ, T ]× Rd),

∂tpt(x) = (∇ · (Ztpt))(x) + ht(x).
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We also assume that for t ∈ [τ, T ], Zt is locally Lipschitz on Rd. Then, for almost all t ∈ [τ, T ], we
have that, ∣∣∣∣ ddt

∫
Rd

|pt(x)| dx
∣∣∣∣ ≤ ∫

Rd

|ht(x)| dx.

Hence, ∣∣∣∣ ∫
Rd

|pτ (x)|dx−
∫
Rd

|pT (x)|dx
∣∣∣∣ ≤ ∫ T

τ

∫
Rd

|ht(x)| dx.

Remark A.4. We will prove a Gagliardo-Nirenberg interpolation inequality with dimension free
constants in Lemma C.1. With this inequality, if one can know that

∫
Rd |∂2

iipτ (x)|dx is bounded
for some i ∈ J1, dK, then one can use Lemma C.1 to see that

∫
Rd |∂ipτ (x)|dx is also small if∫

Rd |pτ (x)|dx is small. Similar arguments work for higher order derivatives of pτ (x). Moreover, if

we can conclude that the W k,1(Rd)-norms of pτ (x) is small, where W k,1 means Sobolev spaces, we
can use Sobolev inequalities to conclude that the W k−1,r(Rd)-norms of pτ (x) for a corresponding
r > 1 is also mall. In particular, we can conclude that the Lr(Rd)-norm of pτ (x) is small.

Before we give the second proof of Theorem A.1 and Theorem A.3, we need to explain our
intuition a little bit. With those notations in Theore A.3, we notice that for

g(t) :=

∫
Rd

|pt(x)| dx,

we have that

d

dt
g(t) =

∫
Rd

sign(pt(x))
d

dt
pt(x) dx =

∫
{pt≥0}

d

dt
pt(x) dx−

∫
{pt<0}

d

dt
pt(x) dx.

If the boundary ∂{pt ≥ 0} consists of (d − 1)-dimensional piecewise smooth submanifolds (or at
least rectifiable sets), then by the divergence theorem, we know that∫

{pt≥0}
(∇ · (Ztpt))(x) dx =

∫
∂{pt≥0}

n(x) · (Ztpt)(x) dHd−1(x) = 0,

where n(x) is the unit outer normal vector and Hd−1(·) is the (d− 1)-dimensional surface measure.
Similarly, ∫

{pt<0}
(∇ · (Ztpt))(x) dx = 0.

So,

d

dt
g(t) =

∫
Rd

sign(pt(x))ht(x) dx, and

∣∣∣∣ ddtg(t)
∣∣∣∣ ≤ ∫

Rd

|ht(x)| dx.

However, in general, we cannot know whether the boundary set ∂{pt ≥ 0} is always of (d − 1)-
dimension. For an arbitrarily given smooth function, its zero level set can also be arbitrarily strange
and does not necessarily need to be of (d− 1)-dimension.

The following second proof of Theorem A.3 is inspired by [3] and the communication with
Professor Guido De Philippis. We also assume that (∥Zt(x)∥ · |pt(x)|) ∈ L1(Rd × [τ, T ]).

Second Proof. Let a > 0. We let βa(s) =
√
a2 + s2 be a function on R which approximates the

function |s| as a → 0+. Then, the function pa,t(x) := βa(pt(x)) on Rd solves the equation

∂tpa,t(x) = ((∇ · Zt)(x))pt(x)β
′
a(pt(x)) + Zt(x) · ∇pa,t(x) + ht(x)β

′
a(pt(x))

= ∇ · (Zt(x)pa,t(x)) + ((∇ · Zt)(x))[pt(x)β
′
a(pt(x))− pa,t(x)] + ht(x)β

′
a(pt(x)).
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For any R > 0, consider the integral of the above equation on the ball BR := BR(0) ⊂ Rd, we have
that

d

dt

∫
BR

pa,t(x)dx =

∫
∂BR

(Zt(x)pa,t(x)) ·
x

∥x∥
dHd−1(x) +

∫
BR

((∇ · Zt)(x))[pt(x)β
′
a(pt(x))− pa,t(x)] dx

+

∫
BR

ht(x)β
′
a(pt(x)) dx,

and then for any t′, t′′ ∈ [τ, T ],∣∣∣∣ ∫
BR

pa,t′′(x)dx−
∫
BR

pa,t′(x)dx

∣∣∣∣ = ∣∣∣∣ ∫ t′

t′′

∫
∂BR

(Zt(x)pa,t(x)) ·
x

∥x∥
dHd−1(x)dt

+

∫ t′

t′′

∫
BR

((∇ · Zt)(x))[pt(x)β
′
a(pt(x))− pa,t(x)] dxdt

+

∫ t′

t′′

∫
BR

ht(x)β
′
a(pt(x)) dxdt

∣∣∣∣.
Notice that |β′

a(s)| =
|s|√
a2+s2

≤ 1, |pt(x)β′
a(pt(x)) − pa,t(x)| = a2√

a2+pt(x)2
≤ 1, and for any given

x ∈ BR, lima→0+
a2√

a2+pt(x)2
= 0. By the dominated convergence theorem, we can let a → 0+ on

both sides and obtain that∣∣∣∣ ∫
BR

|pt′′(x)|dx−
∫
BR

|pt′(x)|dx
∣∣∣∣ = ∣∣∣∣ ∫ t′

t′′

∫
∂BR

(Zt(x)|pt(x)|) ·
x

∥x∥
dHd−1(x)dt

+

∫ t′

t′′

∫
BR

((∇ · Zt)(x)) · 0 dxdt

+

∫ t′

t′′

∫
BR

ht(x) sign(pt(x)) dxdt

∣∣∣∣
≤

∫ t′

t′′

∫
∂BR

∥Zt(x)∥ · |pt(x)|dHd−1(x)dt

+

∫ t′

t′′

∫
BR

|ht(x)| dxdt.

Because we assumed that (∥Zt(x)∥ · |pt(x)|) ∈ L1(Rd × [τ, T ]), we can choose a sequence {Rj}
with Rj → +∞, such that the first term on the right hand side goes to 0. So, by the monotone
convergence theorem, after passing Rj → +∞, we obtain that for any t′, t′′ ∈ [τ, T ],∣∣∣∣ ∫

Rd

|pt′′(x)|dx−
∫
Rd

|pt′(x)|dx
∣∣∣∣ ≤ ∫ t′

t′′

∫
Rd

|ht(x)| dxdt.

□

Appendix B. Preliminary Estimates on Forward and Backward Density

In this section, Ut, Ût are defined as in (11). Under Assumption 3.1, we take λt = e−t and

σt =
√
1− λ2

t (t > 0), and we also assume that

qt(y) :=

∫
Rd

1

(
√
2πσt)

d
· e−

∥y−x∥2

2σt
2 · µ∗

(
x

λt

)
1

λt
d
dx,(19)

which satisfies the first-order PDE: ∂tqt = ∇ · (Utqt) for Ut = x + ∇ log qt(x). We remark that
although we use the notation µ∗(x/λ

d
t )/λ

d
t in the definition (19) of qt, because the data distribution
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µ∗ can be supported on a submanifold K∗, or more general lower dimensional rectifiable sets,
the meaning of it is actually the push-forward measure defined by (λt)#µ∗(A) := µ∗(λ

−1
t A) for

any measurable set A ⊂ Rd. So, the rescaling factor λd
t is actually λk

t for k ≤ d when K∗ is a
k−dimensional submanifold in Rd. But this notation doesn’t affect our computations. As readers
will see, the only property we will use is that in the integrand of (19), x/λt ∈ K∗ and hence
∥x∥∞ ≤ λtD.

Example B.1. When µ∗ is the delta mass at a point y0 ∈ Rd, then for t > 0,

qt(y) =
1

(
√
2πσt)

d
· e−

∥y−y0∥
2

2σt
2 , ∇qt(y) = −y − y0

σ2
t

qt(y), ∇2 log qt(y) = − 1

σ2
t

· Id.

We notice that as t → 0+, the derivatives of log qt(y) blow up.

Example B.2. When µ∗ is the unit 2-sphere S2 ⊂ R3 ⊂ Rd, if we write y = (y′, y′′) ∈ R3 × Rd−3

and y′ = (y1, y2, y3), a direct computation shows that

qt(y) =
2π

(
√
2πσt)

d
· e−

∥y∥2+λ2t
2σt

2 · σ2
t

λt∥y′∥
·
(
e

λt∥y
′∥

σ2
t − e

−λt∥y
′∥

σ2
t

)
.

The derivatives of log qt(y) also blow up as t → 0+ by a direct computation.

In general, we have the following estimates for space directions derivatives of qt(y) and log qt(y).
An interesting fact is that the upper bound in the statement of Lemma B.3 is uniform for y ∈ Rd.

Lemma B.3. For any p ≥ 3, any y ∈ Rd and any t > 0,

∥∇p log qt(y)∥∞ ≤ (4p!)
λt

pDp

σt2p
.(20)

Also, for any i, j,

|∂yi log qt(y)| ≤
|yi|+ λtD

σ2
t

, and |∂2
yiyj log qt(y)| ≤

δij
σ2
t

+ 2
λ2
tD

2

σ4
t

.

Proof. For simplicity, for a function f(x) defined on Rd, we denote

⟨f(x)⟩ :=
∫
Rd

f(x) d(λt)#µ∗(x) =

∫
Rd

f(x)µ∗

(
x

λt

)
1

λt
d
dx.(21)

Hence, qt(y) = ⟨ 1

(
√
2πσt)

d · e−
∥y−x∥2

2σt
2 ⟩. For simplicity, we discuss the derivatives of the logarithm of

the y-function h(y) := ⟨ea∥y+x∥2⟩, where a ∈ R is a constant. We will choose a = − 1
2σ2

t
finally, and

the difference between ∥y − x∥2 and ∥y + x∥2 = ∥ − y − x∥2 doesn’t influence the ∥ · ∥∞-norms of
derivatives.

We first compute the first and second derivatives of log h(y). We notice that

∂ih(y) = 2a⟨(yi + xi)e
a∥y+x∥2⟩ = 2ayih(y) + 2a⟨xiea∥y+x∥2⟩.(22)

So,

∂2
ijh(y) = 2aδijh(y) + 2ayj(2ayih(y) + 2a⟨xiea∥y+x∥2⟩) + 4a2⟨(xi + yi)xje

a∥y+x∥2⟩
(23)

= 2aδijh(y) + 4a2yiyjh(y) + 4a2yi⟨(xjea∥y+x∥2⟩+ 4a2yj⟨xiea∥y+x∥2⟩+ 4a2⟨xixjea∥y+x∥2⟩.(24)
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Hence,

∂2
ij log h(y) =

∂2
ijh(y)h(y)− ∂ih(y)∂jh(y)

h(y)2

= 2aδij + 4a2
⟨xixjea∥y+x∥2⟩h(y)− ⟨xiea∥y+x∥2⟩⟨xjea∥y+x∥2⟩

h(y)2
.

(25)

Before we compute higher order derivatives of log h(y), we first illustrate how we obtain an upper
bound for ∂2

ij log h(y). Notice that in the definition of ⟨f(x)⟩ in (21), because µ∗ has a compact

support K∗, the x in the integrand satisfies that x ∈ λtK∗. Hence, in the integrand of (21),

∥x∥∞ ≤ λtD by Assumption 3.1. So, |⟨xiea∥y+x∥2⟩| ≤ λtDh(y), |⟨xixjea∥y+x∥2⟩| ≤ λ2
tD

2h(y). So,
|∂2

ij log h(y)| ≤ 2aδij + 8a2λ2
tD

2.

Then, we compute ∇p log qt(y) for p ≥ 3. We use induction to show that in the expression of
∇p log h(y), there is no polynomial term of y like we have seen in (25). Assume that for an m ∈ Z+,
and for any multi-index α with |α| = m, the derivative ∂α

y log h(y) has a form

∂α
y log h(y) = (2a)m

Pα(y)

h(y)m
,

where Pα(y) is the summation of at most 4(m− 1)!− 2 terms, where each term has a form

±⟨xβ1ea∥y+x∥2⟩ · ⟨xβ2ea∥y+x∥2⟩ · · · ⟨xβmea∥y+x∥2⟩,

and each βi is a multi-index and |β1| + |β2| + . . . + |βm| = m. This assumption is satisfied when
m = 2, because the derivative of the term 2aδij in (25) is zero so that we can omit this term. Then,

∂y1∂
α
y log h(y) = (2a)m∂y1

Pα(y)

h(y)m
= (2a)m+1 ·

1
2a∂y1Pα(y)h(y)−mPα(y)⟨(y1 + x1)e

a∥y+x∥2⟩
h(y)m+1

.(26)

We notice that

1

2a
∂y1

(
⟨xβ1ea∥y+x∥2⟩ · ⟨xβ2ea∥y+x∥2⟩ · · · ⟨xβmea∥y+x∥2⟩

)
= my1⟨xβ1ea∥y+x∥2⟩ · ⟨xβ2ea∥y+x∥2⟩ · · · ⟨xβmea∥y+x∥2⟩

+ ⟨x1xβ1ea∥y+x∥2⟩ · ⟨xβ2ea∥y+x∥2⟩ · · · ⟨xβmea∥y+x∥2⟩

+ ⟨xβ1ea∥y+x∥2⟩ · ⟨x1xβ2ea∥y+x∥2⟩ · · · ⟨xβmea∥y+x∥2⟩

+ . . .+ ⟨xβ1ea∥y+x∥2⟩ · ⟨xβ2ea∥y+x∥2⟩ · · · ⟨x1xβmea∥y+x∥2⟩.

Hence, 1
2a∂y1Pα(y) is of the form my1Pα(y) + Qα(y), where Qα(y) is the summation of at most

4(m− 1)!− 2 terms without y1 showing in the polynomial terms. We notice that those y1 terms in
the numerator of (26) will then cancel, and the remaining terms all look like

±⟨xβ′
1ea∥y+x∥2⟩ · ⟨xβ′

2ea∥y+x∥2⟩ · · · ⟨xβ′
m+1ea∥y+x∥2⟩,

where each β′
i is a multi-index and |β′

1| + |β′
2| + . . . + |β′

m+1| = m + 1. The number of them is at
most m(4(m − 1)! − 2) + m = 4m! − m ≤ 4m! − 2 when m ≥ 2. We then conclude the proof of
Lemma B.3. □

The following lemma describes the situation when t > 0 is very large.

Lemma B.4. Let qt(y) be defined in (19), and let

g(y) :=
1

(
√
2π)

d
· e−

∥y∥2
2 .
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Then, we have that for t > 0,∫
Rd

|qt(y)− g(y)|dy ≤ 2d(1− σt)

σtd+3
+ λt

√
dD

4 + λt

√
dD

σ2
t

· e
λ2t dD

2

2σt
2 .(27)

In particular, there exists a universal constant Cu > 0, such that∫
Rd

|qt(y)− g(y)|dy ≤ Cue
−t
√
dD,(28)

which goes to 0 exponentially as t → +∞.

Proof. Because one can write

qt(y) =

∫
Rd

1

(
√
2πσt)

d
· e−

∥y−λtx∥
2

2σt
2 dµ∗(x),

and
∫
Rd dµ∗(x) = 1, we see that∫

Rd

|qt(y)− g(y)|dy =

∫
Rd

∣∣∣∣ ∫
Rd

1

(
√
2πσt)

d
· e−

∥y−λtx∥
2

2σt
2 − 1

(
√
2π)

d
· e−

∥y∥2
2 dµ∗(x)

∣∣∣∣dy
≤

∫
Rd

∫
Rd

∣∣∣∣ 1

(
√
2πσt)

d
· e−

∥y−λtx∥
2

2σt
2 − 1

(
√
2π)

d
· e−

∥y∥2
2

∣∣∣∣dy dµ∗(x).

(29)

We denote y = (y1, y
′) ∈ Rd, and we define the function

f(y, r) :=

∣∣∣∣ 1

(
√
2πσt)

d
· e−

|y1−λtr|
2+∥y′∥2

2σt
2 − 1

(
√
2π)

d
· e−

∥y∥2
2

∣∣∣∣.
By the rotation symmetry, we see that the right hand side of (29) equals to∫

Rd

∫
Rd

f(y, ∥x∥)dy dµ∗(x).(30)

Let’s first see what is | ddrf(y, r)| for r ≤
√
dD. A direct computation shows that∣∣∣∣ ddrf(y, r)

∣∣∣∣ = λt

(
√
2πσt)

d
· |y1 − λtr|

σ2
t

· e−
|y1−λtr|

2+∥y′∥2

2σt
2

≤ λt

(
√
2πσt)

d
· |y1|+ λt

√
dD

σ2
t

· e−
1
2 |y1|

2−λ2t dD
2+∥y′∥2

2σt
2 .

So, (30) is bounded by∫
Rd

∫
Rd

f(y, 0)dy dµ∗(x) +

∫
Rd

∫
Rd

λt∥x∥
(
√
2πσt)

d
· |y1|+ λt

√
dD

σ2
t

· e−
1
2 |y1|

2−λ2t dD
2+∥y′∥2

2σt
2 dy dµ∗(x).(31)

The second term in (31) is bounded by∫
Rd

λt

√
dD

(
√
2πσt)

d
· |y1|+ λt

√
dD

σ2
t

· e−
1
2 |y1|

2−λ2t dD
2+∥y′∥2

2σt
2 dy ≤ λt

√
dD

4 + λt

√
dD

σ2
t

· e
λ2t dD

2

2σt
2 ,(32)

which goes to 0 exponentially as t → +∞ because λt = e−t and σ2
t = 1− λ2

t .
The first term in (31) is∫

Rd

∣∣∣∣ 1

(
√
2πσt)

d
· e−

∥y∥2

2σt
2 − 1

(
√
2π)

d
· e−

∥y∥2
2

∣∣∣∣dy,(33)



CONVERGENCE ANALYSIS OF PROBABILITY FLOW ODE FOR SCORE-BASED GENERATIVE MODELS 23

because
∫
Rd dµ∗(x) = 1. We define the function

h(y, α) =

∣∣∣∣ 1

(
√
2πα)

d
· e−

∥y∥2

2α2 − 1

(
√
2π)

d
· e−

∥y∥2
2

∣∣∣∣,
and then for α ∈ [0, 1],∣∣∣∣ d

dα
h(y, α)

∣∣∣∣ = 1

(
√
2π)

d

∣∣∣∣− d
1

αd+1
e−

∥y∥2

2α2 +
1

αd
e−

∥y∥2

2α2 · ∥y∥
2

α3

∣∣∣∣ ≤ e−
∥y∥2

2α2

(
√
2π)

d
αd+3

· |d+ ∥y∥2|.

Because h(y, 1) = 0, we see that (33) is bounded by

(1− σt)

σtd+3

∫
Rd

e−
∥y∥2

2

(
√
2π)

d
· |d+ ∥y∥2|dy =

2d(1− σt)

σtd+3
,(34)

which goes to 0 exponentially as t → +∞ because σt =
√
1− e−2t. The estimates (32) and (34)

together give (27). Next we show (28). There are two cases: if e−t
√
dD ≥ 1, then (28) holds

trivially, since the lefthand side is at most 2. Otherwise e−t
√
dD ≤ 1, we have

2d(1− σt)

σtd+3
+ λt

√
dD

4 + λt

√
dD

σ2
t

· e
λ2t dD

2

2σt
2 ≤ 2de−2t

σ2d
t

+
4e−t

√
dD + (e−t

√
dD)2

σ2
t

· e
1

2σt
2

≤ 2de−2t

σ2d
t

+
5e−t

√
dD

σ2
t

e
2
3 =

2de−2t

(1− e−2t)d
+

5e−t
√
dD

1− e−2t
e

2
3

≤ 2
√
de−t

1− de−2t
·
√
de−t +

5e−t
√
dD

1− e−2t
e

2
3 ≤ Cue

−t
√
dD,

for a universal constant Cu > 0. In the last inequality, we assume that e−t ≤ 1
4
√
d
≤ 1

4 . Otherwise,

if e−t ≥ 1
4
√
d
, (28) also holds trivially. This finishes the proof of (28). □

When we prove our main theorem, Theorem 3.4, in the following Section C, we will assume that
µ∗ has a compact support K∗ and use Lemma B.3 to proceed the proof. On the other hand, as we
have mentioned in Remark 3.5, our methods work under other assumptions on the initial data µ∗,
as long as under those assumptions, we can reasonably obtain the properties in Remark C.4. We
next assume that µ∗ is a Gaussian mixture and obtain an estimate similar to Lemma B.3.

Lemma B.5. Assume that µ∗ is a Gaussian mixture, i.e., we assume that

µ∗(x) :=

M∑
k=1

ck
1

(
√
2π)

d
ak

· exp
(
− 1

2
(x− bk) ·A−1

k (x− bk)

)
,

where Ak’s are positive definite matrices, ak :=
√
detAk, bk’s are constant vectors in Rd, ck > 0

and
∑M

k=1 ck = 1. Then, for any ℓ ∈ Z+ and any multi-index α with |α| ≤ ℓ, there is a constant

C(ℓ, µ∗), depending on ℓ and Ak, bk in the formula of µ∗, such that for any x ∈ Rd and any t ≥ 0,

|∂α
x qt(x)|
qt(x)

≤ C(ℓ, µ∗) · ∥x∥ℓ + C(ℓ, µ∗).(35)

Proof. A standard computation, by (19), shows that the density function of qt(x) is

qt(x) :=

M∑
k=1

ck
1

(
√
2π)

d · ak(t)
· exp

(
− 1

2
(x− bk(t)) ·Ak(t)

−1(x− bk(t))

)
,
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where Ak(t) = λ2
tAk + σ2

t Id, bk(t) = λtbk. Hence,

∇qt(x) =

M∑
k=1

ck
−Ak(t)

−1(x− bk(t))

(
√
2π)

d · ak(t)
· exp

(
− 1

2
(x− bk(t)) ·Ak(t)

−1(x− bk(t))

)
.

So,

|∂1qt(x)| ≤ max
1≤k≤M

∥ −Ak(t)
−1(x− bk(t))∥ · qt(x).

Notice that because when t = 0, Ak’s are positive definite, and when t → +∞, Ak(t) → Id, there
is an upper bound C(ℓ, µ∗), such that supt∈[0,+∞) ∥Ak(t)

−1∥ ≤ C(ℓ, µ∗). Hence, we can obtain (35)
for ℓ = 1. For general ℓ ≥ 1, one can either use induction or compute them directly, exactly using
the same way as the case ℓ = 1 we have shown. For the purpose of proving Theorem 3.4, the
estimates for ℓ ≤ 3 will be enough.

□

Next, we also point out that those q̂t’s also have exponential tails, as long as one of them has an
exponential tail at a given time. For example, if q̂T = qT .

Lemma B.6. If for a t′ > 0, q̂t′(x) has an exponential tail as ∥x∥ → +∞, then for any t > 0,
q̂t(x) also has an exponential tail as ∥x∥ → +∞.

Proof. Notice that ∂tq̂t = ∇ · (Ûtq̂t). Hence, along the characteristic line d
dtTt(x) = −Ût′+t(Tt(x)),

one can solve that

q̂t′+t(Tt(x)) = q̂t′(x) · exp
(∫ t

0
(∇ · Ût′+s)(Ts(x)) ds

)
.

Because Ût(x) = x+ sT−t(x), by Assumption 3.3, we have that |(∇ · Ût)(x)| ≤ d(1 +LT−t) for any
t > 0. The remaining estimate is on the norm of Tt(x). We notice that, by Assumption 3.3 again,

∥sT−t(x)∥ ≤ ∥sT−t(0)∥+ (∥x∥ · d · LT−t) ≤ d · LT−t(1 + ∥x∥).

Hence,

|∂t∥Tt(x)∥2| = |Ût′+t(Tt(x)) · Tt(x)| ≤ (1 + dLT−t′−t)∥Tt(x)∥2 + dLT−t′−t∥Tt(x)∥
≤ (2 + dLT−t′−t)∥Tt(x)∥2 + d2L2

T−t′−t.

Denote Lt =
∫ t
0 (2 + d · LT−t′−s) ds. Hence, for t > 0,

e−Lt ·
(
∥x∥2 −

∫ t

0
eLs · d2 · L2

T−t′−s ds

)
≤ ∥Tt(x)∥2 ≤ eLt ·

(
∥x∥2 +

∫ t

0
e−Ls · d2 · L2

T−t′−s ds

)
.

Because we can compare the norms of Tt(x) and x by a factor only depending on t, and Tt is also

a diffeomorphism since Ût(x) is locally Lipschitz, then we know that q̂t(x) also has an exponential
tail as ∥x∥ → +∞. One can obtain a similar result for t < 0. □

Appendix C. Score Estimation Error

In this section, we assume that µ∗ has a compact support K∗ as in Assumption 3.1 to proceed the
proof first. At the end of this section, we will point out some possible ways to use other assumptions
on this initial data µ∗ in Remark C.4. We first need the following Gagliardo-Nirenberg interpolation
inequality to estimate E(t) defined in Theorem A.1, and finally use

∫
Rd qt(x)δ

2
t (x) dx to control

E(t) when t ∈ [τ, T ]. For the convenience of readers, let us also sketch the proof of this inequality
here.
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Lemma C.1 (Gagliardo-Nirenberg). There is a positive universal constant Cu, such that for any
d ∈ Z+, any w ∈ L1, any i ∈ J1, dK, if ∂2

iiw ∈ L1, then(∫
Rd

|∂iw(x)| dx
)2

≤ Cu

(∫
Rd

|∂2
iiw(x)| dx

)(∫
Rd

|w(x)| dx
)
.(36)

In general, if ∂k
i w ∈ L1 with k ≥ 2, then∫

Rd

|∂iw(x)| dx ≤ C
k−1
2

u

(∫
Rd

|∂k
i w(x)| dx

) 1
k
(∫

Rd

|w(x)| dx
) k−1

k

.(37)

Proof. Without loss of generality, we assume that i = 1. For any u ∈ C2
c (Rd), we fix its remaining

coordinates x′ = (x2, . . . , xd), then according to Lemma 3.4 of [15], there is a universal constant
Cu > 0, such that(∫

R
|∂1w(x1, x′)| dx1

)2

≤ Cu

(∫
R
|∂2

11w(x1, x
′)| dx1

)(∫
R
|w(x1, x′)| dx1

)
.

Hence,(∫
Rd

|∂iw(x)| dx
)

=

(∫
Rd−1

∫
R
|∂1w(x1, x′)| dx1dx′

)
≤ C

1
2
u

∫
Rd−1

(∫
R
|∂2

11w(x1, x
′)| dx1

) 1
2
(∫

R
|w(x1, x′)| dx1

) 1
2

dx′

≤ C
1
2
u

(∫
Rd−1

∫
R
|∂2

11w(x1, x
′)| dx1 dx′

) 1
2
(∫

Rd−1

∫
R
|w(x1, x′)| dx1 dx′

) 1
2

.

In general, assume that we already know that for some k ≥ 2,∫
Rd

|∂iw(x)| dx ≤ C
k−1
2

u

(∫
Rd

|∂k
i w(x)| dx

) 1
k
(∫

Rd

|w(x)| dx
) k−1

k

,

then we replace w(x) with ∂iw(x), and obtain that∫
Rd

|∂2
iiw(x)| dx ≤ C

k−1
2

u

(∫
Rd

|∂k+1
i w(x)| dx

) 1
k
(∫

Rd

|∂iw(x)| dx
) k−1

k

.

Combine this inequality and the inequality (36), we can obtain (37) for k + 1. □

Now, let’s estimate the integral of E(t) in t. By (36) in Lemma C.1 and Hölder inequality,

∫ T

τ

(∫
Rd

|∂1(qtδ1t )(x)| dx
)

dt ≤ C
1
2
u

∫ T

τ

(∫
Rd

|∂2
11(qtδ

1
t )(x)| dx

) 1
2
(∫

Rd

|(qtδ1t )(x)| dx
) 1

2

dt

≤ C
1
2
u

(∫ T

τ

∫
Rd

|∂2
11(qtδ

1
t )(x)| dx dt

) 1
2
(∫ T

τ

∫
Rd

|(qtδ1t )(x)| dx dt

) 1
2

,

(38)

where we use the notation δt = (δ1t , . . . , δ
d
t ). For the term∫ T

τ

∫
Rd

|(qtδ1t )(x)| dx dt,
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we use Hölder inequality twice and the fact that
∫
Rd qt(x) dx = 1, and see that∫ T

τ

∫
Rd

|(qtδ1t )(x)| dx dt ≤
∫ T

τ

(∫
Rd

qt(x)(δ
1
t (x))

2
dx

) 1
2
(∫

Rd

qt(x) dx

) 1
2

dt

≤
(∫ T

τ

∫
Rd

qt(x)(δ
1
t (x))

2
dx dt

) 1
2

· (T − τ)
1
2 .

Notice that our assumption is that
∫ T
τ

∫
Rd qt(x)(δ

1
t (x))

2
dxdt can be made very small. Next, we are

going to show that the term ∫ T

τ

∫
Rd

|∂2
11(qtδ

1
t )(x)| dx dt(39)

is bounded by a positive constant depending on τ, T,L, D. For the terms in ∂2
11(qtδ

1
t )(x) =

(∂2
11qt)δ

1
t + 2∂1qt∂1δ

1
t + qt(∂

2
11δ

1
t ), we notice that, because δt(x) = sT−t(x) − ∇ log qt(x), by the

proof of Lemma B.3

|∂1δ1t (x)| ≤ LT−t +
1

σt4
(σ2

t + 2λ2
tD

2),

|∂2
11δ

1
t (x)| ≤ LT−t +

24λt
3

σt6
D3,

and we see that for any x = (x1, x2, . . . , xd) ∈ Rd, by the proof of Lemma B.3 again,∣∣∣∣∂1qt(x)qt(x)

∣∣∣∣ ≤ (|x1|+ λtD)

σ2
t

,(40)

∣∣∣∣∂2
11qt(x)

qt(x)

∣∣∣∣ ≤ 2(|x1|2 + λ2
tD

2) + σ2
t

σ4
t

.

Hence,(∫
Rd

|(∂2
11qt)(x)δ

1
t (x)| dx

)2

=

(∫
Rd

∣∣∣∣(∂2
11qt)(x)

qt(x)
δ1t (x)qt(x)

∣∣∣∣ dx)2

≤
(∫

Rd

(
2(|x1|2 + λ2

tD
2) + σ2

t

σ4
t

)2

qt(x) dx

)
·
(∫

Rd

(δ1t (x))
2
qt(x) dx

)
,

where the first term is a bounded term by similarly analyzing qt(x). For example, let us show that

the x1-fourth moment of qt, i.e.,
∫
Rd |x1|4qt(x) dx, is bounded. By (19), we know that∫

Rd

|y1|4qt(y) dy =

∫
Rd

∫
Rd

|y1|4

(
√
2πσt)

d
· e−

∥y−x∥2

2σt
2 · µ∗

(
x

λt

)
1

λt
d
dxdy

≤ 8

∫
Rd

∫
Rd

|y1 − x1|4 + |x1|4

(
√
2πσt)

d
· e−

∥y−x∥2

2σt
2 · µ∗

(
x

λt

)
1

λt
d
dxdy

≤ 8

∫
Rd

∫
Rd

|y1 − x1|4 + λ4
tD

4

(
√
2πσt)

d
· e−

∥y−x∥2

2σt
2 · µ∗

(
x

λt

)
1

λt
d
dxdy

= Cu(σ
4
t + λ4

tD
4) ≤ Cu(1 +D4),

(41)

for a universal constant Cu > 0 coming from the fourth moment of the standard Gaussian. We
can similarly estimate the remaining two terms in the expansion of ∂2

11(qtδ
1
t )(x) and get an upper
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bound for (39). Also, we remark that after taking the time integral from τ to T , the main order of
σt involved in (39) is at most ∫ T

τ

1

σ6
t

dt =

∫ T

τ

e6t

(e2t − 1)3
dt,

which blows up of order T as T → +∞ and blows up of order τ−2 as τ → 0+. Hence, there is a
universal constant Cu > 0, such that∫ T

τ

∫
Rd

|∂2
11(qtδ

1
t )(x)| dx dt ≤ Cu

∫ T

τ

(
LT−t +

D3

σ6
t

)
dt ≤ Cu(L+ T · τ−2 ·D3).

Then, by (38) and Assumption 3.2,∫ T

τ

(∫
Rd

|∂1(qtδ1t )(x)| dx
)

dt ≤ Cu · δ
1
2 · T

1
4 · (L+ T · τ−2 ·D3)

1
2 .

Remark C.2. We notice that one can also modify the inequality (38) by∫ T

τ

(∫
Rd

|∂1(qtδ1t )(x)| dx
)
dt ≤ C

1
2
u

(∫ T

τ
φ(t)

∫
Rd

|∂2
11(qtδ

1
t )(x)| dxdt

) 1
2

×
(∫ T

τ

1

φ(t)

∫
Rd

|(qtδ1t )(x)| dxdt
) 1

2

,

with a suitably chosen positive function φ(t) when we use the Hölder inequality. For example, we
can let φ(t) → 0 of order t2 as t → 0+, and let φ(t) → 0 of order 1

t as t → +∞. In this way, the
first term in the above inequality is uniformly bounded so that we can pass τ → 0+ and T → +∞.
So, we only need to control the second term so that it is small enough.

Remark C.3. In our settings, if we know that st(x) has higher order derivatives up to k for k ≥ 2,
we can replace (36) with (37) when we estimate E(t) in (38). Then, in order to estimate the
derivatives of qt in the expansion of ∂k

1 (qtδt), a similar proof of Lemma B.3 should work because
qt(x) has an exponential tail as ∥x∥ → +∞.

Remark C.4. As readers have seen these proofs under the assumption that µ∗ has a compact
support K∗, the main reason we need this compact support assumption is to estimate the term∫ T

τ

∫
Rd

|∂2
11(qtδ

1
t )(x)| dx dt.

Notice that qtδt = qt(st − ∇ log qt) = qtst − ∇qt. If we replace the assumption with µ∗ being a
Gaussian mixture, according to Lemma B.5, we can do a similar estimate on |∂2

11(qtδ
1
t )(x)|, and

hence we can similarly obtain an upper bound for
∫ T
τ

∫
Rd |∂2

11(qtδ
1
t )(x)| dx dt. Such an upper bound

will then depend on those parameters in the initial Gaussian mixture µ∗, but don’t blow up as
τ → 0+. See Lemma B.5. One can make other reasonable assumptions on µ∗ as long as one can
reasonably estimate this second derivative integral.

Appendix D. Discretization Error

As discussed in Section 2.2, we solve the ODE flow ∂tŶt = Ŷt + st(Ŷt) = V̂t(Ŷt) using the Runge-
Kutta method. Although the Runge-Kutta updating rule as in (7) is a discrete time process, we
can interpolate it as a continuous time process on ti ≤ t ≤ ti+1 as

Ỹt = Fr(Ỹti), t = ti + r,
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where

Fr(x) = x+ r
s∑

j=1

bjkj , 0 ≤ r ≤ ti+1 − ti,

and

k1 = Vti+rc1(x),

k2 = Vti+rc2

(
x+ r(a21k1)

)
,

k3 = Vti+rc3

(
x+ r(a31k1 + a32k2)

)
,

...

ks = Vti+rcs

(
x+ r(as1k1 + as2k2 + · · ·+ as,s−1ks−1)

)
.

We denote the density of Ỹt as ϱ̃t, then at times ti, ϱ̃ti is the density of Yi as given by the i-th step
of the Runge-Kutta methods. If Vt(·) is differentiable in t on [ti, ti+1], one can see from the above

contruction Ỹt is differentiable in t, and

∂tỸt = ∂rFr(Ỹti).(42)

The following proposition states that for ti+1 − ti = h small enough, we can rewrite (42) as an
ODE flow

∂tỸt = Ṽt(Ỹt),(43)

for ti ≤ t ≤ ti+1, and Ṽt(·) is close to Vt(·) up to an error of size O(hp).

Proposition D.1. Adopt Assumption 3.7. There exists a large constant C(p, s) (depending on the
stage and order of the Runge-Kutta methods), if C(p, s)hdL ≤ 1, then the following holds. For any
0 ≤ r ≤ h, Fr is a diffeomorphism from Rd to Rd. We denote its functional inverse as Φr(x), then

Ṽti+r(x) = ∂rFr(Φr(x)).(44)

Moreover, for ti ≤ t ≤ ti+1, ∂tỸt = Ṽt(Ỹt), and

∥Ṽt(x)− Vt(x)∥∞, ∥∇(Ṽt(x)− Vt(x))∥∞ ≤ C(p, s) · L((
√
d+ ∥x∥)

√
dhL)p,(45)

Proof of Theorem 3.9. Then we need to analyze the density evolution under (43). We let q̃t piece-
wisely solve the transport equation

∂tq̃t = ∇ · (Ũtq̃t) with Ũt = ṼT−t,

on each interval [ti, ti+1] for i ≥ 1, where 0 = t0 < t1 < · · · < tN = T − τ . Then, we define

δ̃t(x) := Ũt(x) − Ut(x), ε̃t(x) := q̃t(x) − qt(x). We remark that Ũt is continuous on the t-direction
when t ∈ [ti, ti+1] but it may not be continuous crossing each ti.∣∣∣∣ ∫

Rd

|ε̃τ (x)| dx−
∫
Rd

|ε̃T (x)| dx
∣∣∣∣ ≤ N−1∑

i=0

∣∣∣∣ ∫
Rd

|ε̃T−ti(x)| dx−
∫
Rd

|ε̃T−ti+1(x)| dx
∣∣∣∣

≤
N−1∑
i=0

∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qtδ̃t))(x)
∣∣∣∣ dx dt,



CONVERGENCE ANALYSIS OF PROBABILITY FLOW ODE FOR SCORE-BASED GENERATIVE MODELS 29

where we used Theorem A.1 on each interval [ti, ti+1]. We also notice that∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qtδ̃t))(x)
∣∣∣∣ dxdt ≤ ∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qtδt))(x)
∣∣∣∣ dxdt

+

∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qt(δ̃t − δt)))(x)

∣∣∣∣ dxdt,(46)

where the summation of the first term on the righthand side from i = 0 to i = N − 1 is
∫ T
τ E(t)dt

and we have estimated this error term in Seciton C and also obtained Theorem 3.4,

N−1∑
i=0

∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qtδt))(x)
∣∣∣∣ dxdt ≤ Cu · d · T

1
4 · (TL+ T · τ−2 ·D3)

1
2 · δ

1
2 ,(47)

where under Assumption 3.7, L in Theorem 3.4 is bounded by TL. This gives the score matching
error in Theorem 3.9.

The second term on the righthand side of (46) is∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qt(Ũt − Ût)))(x)

∣∣∣∣ dxdt,
which can be further bounded as (the term corresponding to the derivative ∂1)∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∂1(qt(Ũ1
t − Û1

t )))(x)

∣∣∣∣ dxdt ≤∫ T−ti

T−ti+1

∫
Rd

∥Ũt(x)− Ût(x)∥∞ · |∂1qt(x)| dxdt

+

∫ T−ti

T−ti+1

∫
Rd

∥∇Ũt(x)−∇Ût(x)∥∞ · qt(x) dxdt,
(48)

where we use the notation Ũt(x) = (Ũ1
t (x), Ũ

2
t (x), . . . , Ũ

d
t (x)). By (45), we obtain that

∥Ṽt(x)− Vt(x)∥∞, ∥∇(Ṽt(x)− Vt(x))∥∞ ≤ C(p, s) · L((
√
d+ ∥x∥)

√
dhL)p,

and the definition that Ũt = ṼT−t, Ût = V̂T−t, we know that the right hand side of (48) can be
bounded by

C(p, s)Lp+1(h
√
d)

p
∫ T−ti

T−ti+1

∫
Rd

(
√
d+ ∥x∥)

p
· (|∂1qt(x)|+ qt(x)) dxdt.(49)

According to Lemma B.3, the integral can be bounded by∫ T−ti

T−ti+1

∫
Rd

(
√
d+ ∥x∥p) ·

(
(|x1|+ λtD)

σ2
t

+ 1

)
· qt(x) dxdt.(50)

The above integral can be bounded by using the following two relations.∫
Rd

|y1|(
√
d+ ∥y∥)p · qt(x) dx =

∫
Rd

∫
Rd

|y1|(
√
d+ ∥y∥)p

(
√
2πσt)

d
· e−

∥y−x∥2

2σt
2 · µ∗

(
x

λt

)
1

λt
d
dxdy

≤
∫
Rd

∫
Rd

(|y1 − x1|+ |x1|)(
√
d+ ∥y − x∥+ ∥x∥)p

(
√
2πσt)

d
· e−

∥y−x∥2

2σt
2 · µ∗

(
x

λt

)
1

λt
d
dxdy

≤
∫
Rd

∫
Rd

(|y1 − x1|+ λtD)(
√
d(1 + λtD) + ∥y − x∥)p

(
√
2πσt)

d
· e−

∥y−x∥2

2σt
2 · µ∗

(
x

λt

)
1

λt
d
dxdy

≤
∫
Rd

(|z1|+ λtD)(
√
d(1 + λtD) + ∥z∥)p

(
√
2πσt)

d
· e−

∥z∥2

2σt
2 dz

≤ C(p)dp/2(σt + λtD)((1 + λtD + σt)
p) ≤ 4pC(p)dp/2Dp+1,

(51)
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where we used that D ≥ 1 ≥ σt and λt ≤ 1; and similarly∫
Rd

(
√
d+ ∥y∥)pqt(x) dx ≤ 4pC(p)dp/2Dp,(52)

where C(p) is constant depending only on p. Combine these above estimates (51) and (52), we see
that

(50) ≤ 4p+1

∫ T−ti

T−ti+1

C(p)dp/2Dp+1

σ2
t

dt.(53)

Finally by pluggin (50) and (53) back into (49), we conclude

N−1∑
i=0

∫ T−ti

T−ti+1

∫
Rd

∣∣∣∣(∇ · (qt(Ũt − Ût)))(x)

∣∣∣∣ dxdt ≤ C(p, s)Lp+1(hd)pDp+1 · d
∫ T

τ

1

σ2
t

dt

≤ C(p, s)d(hd)p(LD)p+1 log(T/τ).

(54)

This gives the discretization error in Theorem 3.9. Theorem 3.9 follows from combining (47) and
(54). □

Proof of Proposition D.1. For simplicity of notations, we will first prove the statement for p = 2
for the Heun’s method, which is a 2-stage second order Runge-Kutta method. For general s-stage
p-th Runge-Kutta method, the proof is similar, and we will point out the necessary changes at the
end of the proof.

For the Heun’s method, Fr(x) is given by

Fr(x) = x+
r

2
(V̂ti(x) + V̂ti+r(x+ rV̂ti(x))).(55)

In the following, we prove Proposition D.1 for the Heun’s method, under the assumption that the
step size satisfies 8dhL ≤ 1.

For the vector V̂ti(x), we first notice that, by Assumption 3.7 that

∥st(x)∥ ≤ L(
√
d+ ∥x∥).

It follows that

∥V̂ti(x)∥, ∥V̂ti+r(x)∥ ≤ ∥x∥+ L(
√
d+ ∥x∥) ≤ 2L(

√
d+ ∥x∥),(56)

and

∥Fr(x)− x∥ ≤ r

2

(
∥V̂ti(x)∥+ ∥V̂ti+r(x+ rV̂ti(x))∥

)
≤ r

2

(
2L(

√
d+ ∥x∥) + 2L(

√
d+ ∥x+ rV̂ti(x)∥)

)
≤ (2rL+ (2rL)2)(

√
d+ ∥x∥) ≤ 4rL(

√
d+ ∥x∥) ≤ 1

2
(
√
d+ ∥x∥),

(57)

where we used that 8rL ≤ 8hdL ≤ 1. It follows that
√
d+ ∥Fr(x)∥ ≥

√
d+ ∥x∥ − ∥Fr(x)− x∥ ≥ 1

2
(
√
d+ ∥x∥).(58)

Next we show the map Fr(x) from (55) is a local diffeomorphism, we check its Jacobian matrix

DFr(x) = Id +A, A :=
r

2
DV̂ti(x) +

r

2
DV̂ti+r(x+ rV̂ti(x))(Id + rDV̂ti(x)).(59)

We notice that DV̂ti(x) = Id + Dsti(x), and each entry of Dsti(x) is bounded by L. The same

bound holds for the entries of DV̂ti+r(x+ rV̂ti(x)). Thus the (i, j)-th entry of A is bounded by

|Aij | ≤
r

2
(1 + L) +

r2d

2
(1 + L)2 ≤ rL+ 2dr2L2 ≤ 2rL, 1 ≤ i, j ≤ d,(60)
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where we used that L ≥ 1 and provided 2rdL ≤ 8hdL ≤ 1. The spectral norm ∥A∥ of the matrix
A is bounded by its Frobenius norm as

∥A∥norm ≤ ∥A∥F ≤
√∑

ij

A2
ij ≤ 2rdL ≤ 1/2,

where again we used that 2rdL ≤ 8hdL ≤ 1.
It follows that DFr(x) = Id + A is invertible, and Fr is a local diffeomorphism, and then

Hadamard-Cacciopoli theorem implies that Fr is also a bijection from Rd to itself. Therefore,
Fr is a diffeomorphism from Rd to itself. Moreover, thanks to (60), we have the following entrywise
bound for the inverse matrix (DFr(x))

−1:

|((DFr(x))
−1 − Id)ij | = |(Id +A)−1

ij − δij | ≤ |(Id −A+A2 −A3 + · · · )ij − δij |

≤
∑
k≥1

(2rL)kdk−1 ≤ 4rL, 1 ≤ i, j ≤ d,(61)

where we used that 4rdL ≤ 8hdL ≤ 1.
We denote the functional inverse of Fr as Φr(x), then (44) follows from (42).
Next we show

∥Ṽti+r(Fr(x))− V̂ti+r(Fr(x))∥∞ ≤ CuL((
√
d+ ∥x∥)

√
drL)2,

∥∇(Ṽti+r(Fr(x))− V̂ti+r(Fr(x)))∥∞ ≤ CuL((
√
d+ ∥x∥)

√
drL)2.

(62)

and the claim (45) follows. In fact, if we denote y = Fr(x), then

∥Ṽti+r(y)− V̂ti+r(y)∥∞ ≤ CuL((
√
d+ ∥x∥)

√
dL)2 ≤ 4CuL((

√
d+ ∥y∥)

√
drL)2,

where in the last inequality we used (58).
For the gradient, by the chain rule we have

(∇Ṽti+r)(y)− (∇V̂ti+r)(y) = ∇(Ṽti+r(Fr(x))− V̂ti+r(Fr(x)))DFr(x)
−1.(63)

By plugging (61) into (63), we conclude that

∥(∇Ṽti+r)(y)− (∇V̂ti+r)(y)∥∞ ≤ (1 + 4rdL)∥∇(Ṽti+r(Fr(x))− V̂ti+r(Fr(x)))∥∞
≤ 2CuL((

√
d+ ∥x∥)

√
drL)2 ≤ 8CuL((

√
d+ ∥y∥)

√
drL)2,

(64)

where we used that 4rdL ≤ 8hdL ≤ 1, and in the last inequality we used (58).

In the rest we prove (62). Explicitly Ṽti+r(Fr(x)) is given by

Ṽti+r(Fr(x)) = ∂rFr(x) =
1

2
(V̂ti(x) + V̂ti+r(x+ rV̂ti(x))) +

r

2
∂r(V̂ti+r(x+ rV̂ti(x))).(65)

We can perform Taylor expansions for the two terms on the righthand side of (65)

1

2
(V̂ti(x) + V̂ti+r(x+ rV̂ti(x))) = V̂ti(x) +

r

2
∂tV̂ti(x) +

r

2
∇V̂ti(x)V̂ti(x) +R′

1(r, x),

R′
1(r, x) :=

1

4

∫ r

0
s∂2

s (V̂ti+s(x+ sV̂ti(x)))ds.
(66)

For the second term on the righthand side of (65), we can rewrite it as

r

2
∂r(V̂ti+r(x+ rV̂ti(x))) =

r

2
(∂rV̂ti(x) +∇V̂ti V̂ti(x)) +R′′

1(r, x),

R′′(r, x) =
r

2

∫ r

0
∂2
s ((V̂ti+s(x+ sV̂ti(x))))ds,

(67)
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and

V̂ti+r(Fr(x)) = V̂ti+r(x+
r

2

(
V̂ti(x) + V̂ti+r

(
x+ rV̂ti(x)

))
= V̂ti(x) + r∂tV̂ti(x) + r∇V̂ti(x)V̂ti(x) +R2(r, x),

R2(r, x) : =
1

2

∫ r

0
s∂2

s (V̂ti+s(Fs(x)))ds.

(68)

Comparing (66), (67) and (68), all the leading terms cancel out, and we get

Ṽti+r(Fr(x))− V̂ti+r(Fr(x)) = R′
1(r, x) +R′′

1(r, x)−R2(r, x).(69)

Next we show that under Assumption 3.7 with p = 2, the error terms satisfy

∥R′
1(r, x)∥∞, ∥R′′

1(r, x)∥∞, ∥R2(r, x)∥∞ ≤ CuL((
√
d+ ∥x∥)

√
drL)2,

∥∇R′
1(r, x)∥∞, ∥∇R′′

1(r, x)∥∞, ∥∇R2(r, x)∥∞ ≤ CuL((
√
d+ ∥x∥)

√
drL)2.

(70)

The claim (62) then follows (69) and its gradient given in (70).

The three error terms R′
1, R

′′
1 , R2 involves the two terms ∂2

s (V̂ti+s(x+ sV̂ti(x))), ∂
2
s (V̂ti+s(Fs(x))).

We first exam the time derivatives of V̂ti+s(x+ sV̂ti(x)). Its first derivative gives

∂sV̂ti+s(x+ sV̂ti(x)) +∇V̂ti+s(x+ sV̂ti(x))[V̂ti(x)],

and its second derivative is

∂2
s V̂ti+s(x+ sV̂ti(x)) + 2∂s∇V̂ti+s(x+ sV̂ti(x))[V̂ti(x)] +∇2V̂ti+s(x+ sV̂ti(x))[V̂ti(x), V̂ti(x)].(71)

By Assumption 3.7, the entries of the vector ∂2
s V̂ti+s, the matrices ∇V̂ti+s, ∂s∇V̂ti+s and the

tensor ∇2V̂ti+s are all bounded by 2L. From (56), and the relation ∥y∥1 ≤
√
d∥y∥, we have

∥V̂ti(x)∥1 ≤
√
d∥V̂ti(x)∥ ≤ 2(

√
d+ ∥x∥)

√
dL.

Thus the entries of the vectors in (71) are bounded by CuL((
√
d+ ∥x∥)

√
dL)2:

∥∂2
s V̂ti+s∥∞ ≤ L,

∥∂s∇V̂ti+s[V̂ti ]∥∞ ≤ ∥∂s∇V̂ti+s∥∞∥V̂ti∥1 ≤ CuL((
√
d+ ∥x∥)

√
dL),

∥∇2V̂ti+s[V̂ti , V̂ti ]∥∞ ≤ ∥∇2V̂ti+s∥∞∥V̂ti∥21 ≤ CuL((
√
d+ ∥x∥)

√
dL)2,

(72)

where we used Assumption 3.7 and (56).

For ∂2
s (V̂ti+s(Fs(x))), by the same argument as above we also have ∥∂2

s (V̂ti+s(Fs(x)))∥∞ ≤
CuL((

√
d+ ∥x∥)

√
dL)2. We conclude from (66), (67) and (68) that

∥R′
1(r, x)∥∞, ∥R′′

1(r, x)∥∞, ∥R2(r, x)∥∞ ≤ r

∫ r

0
CuL((

√
d+ ∥x∥)

√
dL)2dr

≤ CuL((
√
d+ ∥x∥)

√
drL)2.

(73)

To get the C1 bound, we need to estimate ∥∇R′
1(r, x)∥∞, ∥∇R′′

1(r, x)∥∞, ∥∇R2(r, x)∥∞. By the
explicit formulas in (66), (67) and (68) bound, it boils down to show that

∥∂2
s∇(V̂ti+s(x+ sV̂ti(x)))∥∞, ∥∂2

s∇(V̂ti+s(Fs(x)))∥∞ ≤ CuL((
√
d+ ∥x∥)

√
dL)2.(74)

From the expression (71), we take one more gradient on x,

∂2
s∇(V̂ti+s(x+ sV̂ti(x))) = ∂2

s∇V̂ti+s(x+ sV̂ti(x))[Id + s∇V̂ti(x)]

+ 2∂s∇2V̂ti+s(x+ sV̂ti(x))[V̂ti(x), Id + s∇V̂ti(x)] + 2∂s∇V̂ti+s(x+ sV̂ti(x))[∇V̂ti(x)]

+∇3V̂ti+s(x+ sV̂ti(x))[V̂ti(x), V̂ti(x), Id + s∇V̂ti(x)] + 2∇2V̂ti+s(x+ sV̂ti(x))[V̂ti(x),∇V̂ti(x)].

(75)
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Similarly to the argument as for (72), we have

∥∂2
s∇V̂ti+s[Id + s∇V̂ti ]∥∞ ≤ ∥∂2

s∇V̂ti+s∥∞(1 + rd∥∇V̂ti∥∞),

∥∂s∇2V̂ti+s[V̂ti , Id + s∇V̂ti ]∥∞ ≤ ∥∂s∇2V̂ti+s∥∞∥V̂ti+s∥1(1 + rd∥∇V̂ti∥∞),

∥∂s∇V̂ti+s(x+ sV̂ti(x))[∇V̂ti(x)]∥∞ ≤ ∥∂s∇V̂ti+s∥∞d∥∇V̂ti∥∞,

∥∇3V̂ti+s(x+ sV̂ti(x))[V̂ti(x), V̂ti(x), Id + s∇V̂ti(x)]∥∞ ≤ ∥∇3V̂ti+s∥∞∥V̂ti+s∥21(1 + rd∥∇V̂ti∥∞),

∥∇2V̂ti+s(x+ sV̂ti(x))[V̂ti(x),∇V̂ti(x)]∥∞ ≤ d∥∇2V̂ti+s∥∞∥V̂ti+s∥1∥∇V̂ti∥∞.

Thanks to Assumption 3.7 and (56), all of the above expressions are bounded by

Cu(L((
√
d+ ∥x∥)

√
dL)2.

For ∂2
s∇(V̂ti+s(Fs(x))), by the same argument as above we also have ∥∂2

s (V̂ti+s(Fs(x)))∥∞ ≤
CuL((

√
d+ ∥x∥)

√
dL)2. We conclude from (66), (67) and (68) that

∥∇R′
1(r, x)∥∞, ∥∇R′′

1(r, x)∥∞, ∥∇R2(r, x)∥∞ ≤ CuL((
√
d+ ∥x∥)

√
drL)2.(76)

The estimates (73) and (76) together give (70). This finishes the proof of Proposition D.1 for the
Heun’s method.

In general, for the p-th order Runge-Kutta methods, the proof is similar. We need to perform a
Taylor expansion as in (66), (67) and (68), up to the p-th order, and the error involves the p-th time
derivative. The main terms all cancel out thanks to the choice of Runge–Kutta matrix [ajk], weights
bj and nodes cj . For the error term, like the discussion above, each more time derivative gives an

extra factor of (
√
d + ∥x∥)

√
dL. So p-th derivative leads to an error C(p, s)L((

√
d + ∥x∥)h

√
dL)p,

where the constant C(p, s) depends only on the order and stages of the Runge-Kutta methods.
This gives (45). □
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