2404.10038v1 [cond-mat.supr-con] 15 Apr 2024

arxXiv
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We propose altermagnet-superconductor junctions as a way to achieve a thermoelectric response in metals
free of external or stray magnetic fields. We combine qualitative analysis in a simplified model with a more
rigorous approach based on the inverse proximity effect in the functional-integral formulation. We show that
coupling an altermagnet to a superconductor in a bilayer induces a momentum-dependent spin-splitting in the
superconductor. When tunneling occurs between this bilayer and a different altermagnet, a spin-dependent
particle-hole symmetry breakdown arises in the transport, which leads to a thermoelectric response. Our results
show that the altermagnet-superconductor junctions may achieve comparable thermoelectric performance to
ferromagnet-superconductor junctions, featuring a nonmonotonic dependence of the figure of merit on the
strength of the altermagnetic splitting. We also point out an often overlooked fact regarding the inverse proximity
effect in superconductors, namely that even in a normal metal-superconductor junction there is a minigap in the
superconductor, which gives rise to a four-peak structure in the DOS reminiscent of spin-split superconductors.
Our results show that altermagnetic metals, unlike conventional antiferromagnets, can be used for efficient

cryogenic thermoelectricity.

I. INTRODUCTION

Thermoelectric effects play a crucial role in energy harvesting
and cooling of electronics. While the corresponding conversion
efficiency and figure of merit ZT are usually low compared to
conventional heat engines, thermoelectric devices are highly
scalable and do not involve moving parts. Therefore, materials
with a strong thermoelectric response are expected to be useful
in nanodevices.

Due to the tunability of the Fermi level and the possibility
of achieving strong particle-hole symmetry breakdown, semi-
conductors and semimetals demonstrate a large thermoelectric
response [1]. Conventional superconductors emerging out of a
metallic normal state, on the other hand, are on their own poor
thermoelectric materials. Despite having a gap, the thermoelec-
tric response of superconductors resembles that of metals rather
than semimetals. This is explained by the inherent particle-hole
symmetry of superconductors.

The particle-hole symmetry obstruction can be overcome
by introducing a spin-splitting field, for instance by coupling a
superconductor to a ferromagnet [2—6] through the inverse prox-
imity effect [7-10]. Subsequently, a large figure of merit can be
obtained by coupling such a superconductor to a spinful system
such as a spin-active interface. For example, by considering a
junction between a spin-split superconductor to a ferromagnet,
the figure of merit ZT =~ 4 was predicted in Ref. [4], which
could be further increased to ZT =~ 40 in junctions involving
two spin-split superconductors [6]. Such figures of merit exceed
typical values for commercial thermoelectric materials featur-
ing ZT ~ 1 [11], such as BiyTes, as well as the best available
thermoelectric material sodium-doped PbTe [12] and thin-film
Heusler alloys [13] with ZT < 6. Moreover, since typical ther-
moelectric materials perform much better at high temperatures
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(room temperature or higher), superconductor-ferromagnet
structures serve the important purpose of providing a large
thermoelectric effect in materials at cryogenic temperatures.

The need for magnetic fields or ferromagnets, however, hin-
ders the miniaturization of thermoelectric devices based on
superconductors. Indeed, stray magnetic fields are generi-
cally undesirable, especially if such thermoelectric devices are
combined with other devices based on spintronics, such as mag-
netoresistive or spin-transfer torque architectures. Therefore, it
is imperative to seek new ways to create high-ZT materials at
low temperatures without any stray magnetic fields. To avoid
using ferromagnets or external magnetic fields, we propose a
new class of thermoelectric devices based on superconducting
junctions with altermagnets.

Altermagnets is a recently discovered class of materials
showing momentum-dependent spin-splitting that is distinct
from relativistically spin-orbit coupled systems [14]. The
spin-splitting in altermagnets originates from a crystal lattice
geometry and ordering of localized spins which combined break
parity and time-reversal symmetry. This lifts spin-degeneracy
for the band structure in the Brillouin zone of the itinerant elec-
trons, which interact through regular exchange coupling with
the localized spins, except for certain high-symmetry points
in momentum space. Unlike ferromagnets, however, the net
magnetization of altermagnets is zero after integrating over the
Brillouin zone !, which allows for magnetic-field-free devices 2.
Altermagnets were predicted via ab initio calculations in several
material candidates including metals like RuO, [17-19] and
Mn;Si3 [20], and semiconductors/insulators like MnTe [14, 18],
CrSb [14], MnF; [21, 22], and LayCuQy4 [14]. Recent ARPES
measurements in MnTe [23, 24], RuO, [25, 26], and CrSb [27]

! According to the extended classification in Ref. [15], altermagnets with
vanishing magnetization belong to types II and III altermagnets.

2 As we show in Ref. [16], finite size effects in altermagnets lead to a nonzero
magnetization which is concentrated near the boundaries. In this study, we
ignore this effect.
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have corroborated several of these predictions. Another piece
of evidence supporting altermagnetism is provided by mea-
suring the anomalous Hall effect [28, 29] and spin-splitting
torques [30-32].

In this paper, we propose to leverage the momentum-
dependent spin splitting of altermagnets to obtain a thermoelec-
tric response in the absence of any magnetization or external
magnetic field. Our model setup is shown in Fig. 1. We
introduce momentum-dependent spin splitting in the super-
conducting (SC) part of the junction by proximitizing it to an
altermagnet (AM). This breaks the particle-hole symmetry for
each of the spins. Then, by coupling the AM-SC heterostruc-
ture to another altermagnet, we take advantage of directional
tunneling through the planar interface between the heterostruc-
ture and the altermagnetic contact. Such tunneling allows one
to distinguish between the spin-split particles and, therefore,
leads to an effectively spin-active interface providing the final
ingredient needed to achieve a thermoelectric response without
any magnetic fields.

Our paper is organized as follows. In Sec. II, we introduce
an effective model and provide a qualitative description of the
thermoelectric effect in AM-SC-AM heterostructures. A more
rigorous approach to the SC-AM bilayer based on the inverse-
proximity effect in the functional-integral approach is provided
in Sec. III, which will be shown to largely confirm the results
obtained in the effective model. The results are discussed and
summarized in Sec. IV. An additional set of spectral functions
and a lattice model are presented in Appendices A and B,
respectively. Throughout this paper, we use i = kg = 1.

II. QUALITATIVE DISCUSSION

In this Section, we review the thermoelectric response of
ferromagnet (FM)-SC heterostructures, introduce an effective
model for an AM-SC-AM heterostructure, and analyze the key
ingredients needed to achieve the thermoelectric response. We
discuss what makes the thermoelectric response of AM-SC-
AM heterostructures different from that of their ferromagnetic
counterparts.

A. Effective model, setup, and key definitions

Let us start by defining the Hamiltonians of the constituent
parts of heterostructures, namely, ferromagnets, altermagnets,
and superconductors. We use the following Hamiltonian for a
ferromagnet:

HE(p) =&p +ozh. (D

3 In writing Hamiltonian (4), we use the following representation of the Nambu

spinor: W = {ap.1. dp.a’, o —a’, with aj , and dp,s being the
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Here &, = p?/(2m) — u, p = (px, py) is momentum in 2D,
p = |p| is its magnitude, m is mass, u is the Fermi energy, o, is
the Pauli matrix acting in the spin space, and 4 is the exchange
field. We consider here calculations in 2D rather than 3D
for simplicity since it is the smallest dimension which allows
us to capture the characteristic spin-polarized band structure
of altermagnets. The thermoelectric effects to be predicted
throughout this manuscript persist also in 3D.
The Hamiltonian of a d-wave altermagnet reads [20, 33]

1
Ham(p) = &p+ Tem [tl (pi - pi) + thpxpy]

fp"'o'z (fp""ll) Jam (@), 2)

where the dimensionless parameters ¢; and ¢, determine the
orientation and strength of the altermagnetic spin splitting
defined via

Jam (@) = t1 cos (2¢) + 12 sin (2¢). 3)

The Fermi surface in the case #; # 0 and ¢, = 0 is schematically
shown in Fig. 1; one should rotate the altermagnetic lobes by
n/4fort; =0and t, # 0.

To develop physical intuition, we first use a simplified model
of a superconductor proximitized to a ferromagnet or an al-
termagnet. In the BdG representation, the Hamiltonian of the
proximitized superconductor reads 3

F]SC(p) = 6P+C£Zh(p) _§p+£zh(_p) ) (4)

where A is the spin-singlet s-wave superconducting gap. If the
superconductor is proximitized by a ferromagnet, the exchange
field is momentum-independent i(p) = h. On the other
hand, the inverse proximity effect to an altermagnet can be
effectively described as a momentum-dependent exchange field
1(D) = (£p+1) T}y (). where, in general, 7'\, () # Jam (¢).
We justify this model in Sec. III by using the functional-integral
approach.

The schematic setup of an FM-SC-FM or AM-SC-AM
heterostructure that can be used to observe thermoelectric
effects is shown in Fig. 1. The proximitized superconductor
is on the left-hand side of the junction (i.e., the FM-SC or
AM-SC part) and the ferromagnetic or altermagnetic contact
is on the right-hand side. The contacts are separated by a
tunneling barrier. In what follows, we will use the subscripts
and superscripts L and R to distinguish the left and right parts
of the junction.

To calculate the thermoelectric response, we use the standard
tunneling Hamiltonian approach [34-36]. We assume that the
insulating barrier is high enough to justify the perturbative
treatment in the tunneling coefficient. Then, for weak tunneling,
we can neglect the contribution of Andreev processes and
use the following expression for the spin-resolved tunneling
current [34-36]:

fermion creation and annihilation operators with the spin projection s.
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FIG. 1. Schematic setup for the AM-SC bilayer that has a planar interface with another AM.
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where s = + is the spin projection, 7 = + correspond to the
particle-hole degree of freedom, —e is the electron’s charge,
V is the bias voltage between the right and left contacts in
the heterostructure, f7/g(w) is the Fermi-Dirac distribution
function, and 7 is temperature. In the last expression in Eq. (5),
we expanded in small |eV|/A in the second line. As one can
see, the current (5) is determined by the tunneling coefficient,
the overlap of the spectral functions, and the difference in the
occupation numbers.

The tunneling coefficient for a planar interface preserves
the momentum components parallel to the interface and is

|zl§’§3,s|2 = [t (¢)]26 .k, /L with L being the size of the

interface. Here, the angular dependence of t§R) (p) represents
the fact that tunneling normal to the interface has the largest
probability. Furthermore, the tunneling coefficient may in
general depend on the spin projection; the dependence is
crucial for the models of the FM-SC-FM heterostructure in
Refs. [4, 6].

We model tf,R) (p) as

cos ¢* 1—cos ¢

1\ cose T-cosp*
(E) ; (6)

18 () = (1 +7sP) 1R (0)

where we defined the tunneling angle ¢* as the angle at which
ts(R)(go*) = tiR)(O)/2 and |P| < 1 is the spin polarization of
the interface. We show the angular dependence of the tunneling
function (6) in Fig. 2.

In the case of the AM-SC-AM junction, the retarded Green’s
functions used in Eq. (5) are

1
(7
nn(a)+i0+) —&p—1s (tfp +/«l) Jr(p) @)

wl],p,s + fp
T2 _ 2 A2 ®)
Wy,p,s —Ep — A

GR;;],s(a)a p)

GL;I],S (a)7 P)

where wy; s = N(w+i07) —ns(&, +1)J (¢). Similar Green’s
functions albeit with (¢, + u)Jr/L(¢) — hp r are used for
the FM-SC-FM junction.
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FIG. 2. The angular dependence of the normalized tunneling
coefficient IAER) (go)/t(m (0) at P = 0, see Eq. (6) for its definition.

In the linear response regime, the electric 1(V) = ¥ I5(V)
and heat Q(V) = X, O5(V) currents are conveniently defined

as
IV (Ly L\ [V
(Q(V)):(L; LZ) (5—;) ©)

where 6T = Tg — Ty, < T is the temperature difference. The
Onsager reciprocal relations require L1y = L. As follows
from Eq. (5), the Onsager coeflicients are

Lij = 4H3J da)Z|tI()§()|2ZIm{GL;n,S(a);p)}
- k,p 17,8

Fij;n(w)

X A {Gras (@} ey
2T

(10)

where Fi1.,; (w) = €%, Fia.;(w) = new, and Fx,; (w) = w?.
To compare the strength of the thermoelectric response in

superconducting heterostructures with other thermoelectric

materials, we use the Seebeck coefficient and the figure of



merit
Ly
e p—_— 11
T (11)
-1
LL
7T = (M—l , (12)
L2
12

respectively. The Seebeck coefficient S or thermopower is de-
fined as a voltage due to a temperature difference in the open cir-
cuit. The figure of merit ZT characterizes the power conversion
efficiency; the system reaches the Chambadal-Novikov [37-39]

efficiency n = 1 — \/Tcold/Thot at ZT — co.

o ) 2
Lij = 2ﬂ2V2mL3VoI d‘UJ dfpj

0

x sgn(w—shr) {n[w—sh]+&p} 5([“’ —shi)’ - £ - Az)

where we used Egs. (7) and (8) with (&, + u)Jr/L(¢) — hp/r,
vo = m/(2m) is the normal-state density of states (DOS), and

T de (R) 2
= t
W]

7,8

In what follows, we analyze the Onsager coefficients and
present the Seebeck coefficient and the figure of merit for
a well-studied case of FM-SC-FM heterostructures. These
results will be contrasted with the thermoelectric response of
the AM-SC-AM heterostructure in Sec. IIC.

B. FM-SC-FM heterostructure

In the case of the FM-SC-FM heterostructure, the Onsager
coefficient (10) reads

®(n(w — shg) + = (&, + p) sin® w)

(@ = shg) + = (€ + ) sin®
Fij;n(w)

_ 13
AT cosh? (57) (13)

(

®(x) is the unit step function.
If we assume normal tunneling, i.e., ¢* — 0 in Eq. (6), the
expression for the Onsager coefficient (13) simplifies

|w — shy| Fijp(w)

(14)
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where we also assumed that u > A, T,hy but u > hr. As
one can see from the above expression, the combination of the
spin-dependent tunneling quantified by P or a strong exchange
field hg ~ u # and the spin-split DOS in the superconductor
quantified by A7, allows for a nontrivial L,. Without both of
these ingredients, L1y = 0. Indeed, the exchange field in the
superconductor breaks the particle-hole symmetry separately
for each of the spin projections; the symmetry is restored
after summing over all spins. By introducing spin-dependent
tunneling or a strong exchange field in the ferromagnetic
contact, we create the asymmetry between the spin projections,
hence, allowing for the particle-hole symmetry breakdown and
thermoelectric response.

We present the Seebek coeflicient S and the figure of merit
ZT for the FM-SC-FM heterostructure in Fig. 3 assuming
(> hgr. The obtained results agree with those in Ref. [4]
if one ignores the dependence of the superconducting gap
on the magnetic field. As one can see, the figure of merit

4 The spin-dependent tunneling and the exchange field hgr play a similar role
in creating the asymmetry between spin projections.

O((w = shp)? — A2 — L)
((w she) )4Tcosh2(%)

(

is nonmonotonic and reaches 4 at P = 0.9, which exceeds
typical thermoelectric materials [11]. In the limit of low
temperature, limy_,0 ZT — P?/(1 — P?). We note, however,
that this limiting value is not achievable in disordered systems.
Indeed, by introducing the finite broadening i0* — id in
the FM-SC Green’s function (8), we found that the figure of
merit, in particular, at low temperatures, is suppressed. The
suppression is illustrated in Fig. 3(c). In passing, we note that
the assumption of normal tunneling is not crucial and can be
relaxed. Nonzero tunneling angles introduce only quantitative
correction leading to the suppression of thermoelectric effects.

C. AM-SC-AM heterostructure

In this Section, we address the thermoelectric response of
the AM-SC-AM heterostructure by using an effective model
with a momentum-dependent exchange field, see Fig. 1 for the
setup. Before proceeding to the calculations, let us discuss
what makes altermagnetic heterostructures different from their
ferromagnetic counterparts. First of all, since the total magne-
tization of altermagnets vanishes, there is no spin-splitting of
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FIG. 3. The Seebeck coeflicient S (panel (a)) and the figure of merit ZT (panel (b)) as a function of the exchange field amplitude £y, in the
FM-SC-FM heterostructure for a few values of 7. The figure of merit for a few values of the broadening parameter ¢ is shown in panel (c). The

spin-filtering coefficient is P = 0.9 and we assume normal tunneling ¢* — 0, see Eqs.

(11), (12), and (14), for the definition of the Seebeck

coeficient, the figure of merit, and the transport coefficients, respectively.

the DOS neither in the proximitized superconductor nor in the
altermagnetic contact. We corroborate the former statement
by using a rigorous functional-integral approach in Sec. III.
Therefore, this immediately excludes rough interfaces that do
not conserve any of the momentum components. On the other
hand, by introducing a preferred direction, a planar interface
allows one to leverage the momentum-dependent spin-splitting
of altermagnets and, as a result, obtain a thermoelectric re-
sponse similar to that in the FM-SC-FM heterostructure, see
Sec. I B. The asymmetry between the spin-resolved spectral
functions and, as a result, the thermoelectric effect is maximal

Lij =

2N [~ o[ dg,,j ‘”Z 1 (o)

X sgn(w—sJL(@)(&p + ) {n @ = sTL(@)(ép + )] +&p} 6([w —sIL(@)(Ep+ )]’ - & -

Due to the 6-function, the integral over &£, can be straight-
forwardly taken. The resulting expressions are cumbersome,

7[1$® (0]

when the altermagnetic lobes are perpendicular to the interface,
see, e.g., Fig. 1. If one of the lobes is rotated by 7/4, the
planar interface no longer induces the asymmetry between
the spin species, hence, no thermoelectric effect is observed.
This strong dependence on the crystallographic orientations
of the altermagnets in the junction is a hallmark feature of
altermagnets.

To support our qualitative picture, we calculate the ther-
moelectric response in an effective model of AM-SC bilayer
coupled to another altermagnet. We use Eq. (10) with the
Green’s functions (7) and (8). Integrating over the momentum
component k, in Eq. (10), we obtain

O((1+ 751 (neo + ) = (& + ) sin® o [ 1= (1072 = (477?))

J st s ) - €+ sint o [1 - (192 - (152

Az) Fij;n(w)
4T cosh® (&)’

15)

(

hence, we do not present them in the main text.
In the case of the normal tunneling, i.e., with ¢* — 0, the
expression for the Onsager coefficients (15) simplifies as

s / Lv {n [w = spJL(0)] + /[ = spd L (0)] = [1 = J2(0)] AZ}
J Z\/1+nst(R) Z \/ -

1

sgn (w — suIL(0) % STL(O)w ~ spATL(O)] = [1- 72 (0)] A?)

Fij;n(w)

(16)

1 +nsJ(0)

where we also expanded in the large ¢/7 in the Green’s func-

Vo = susL (O] -

[1-77 (0] 2 4T cosh® (37)

(

tion of the altermagnetic contact. As one can see from the



above expression, the particle-hole symmetry breakdown for
each of the spin species in the superconducting part of the
junction is realized if the altermagnetism is weak, pJr (0) ~ A.
Such a scenario is also presumably the most realistic in terms
of permitting an altermagnetic spin-splitting coexisting with
superconductivity due to the proximity effect [40].

We present the Seebeck coefficient and the figure of merit
for the AM-SC-AM heterostructure in Fig. 4. Comparing
Figs. 3 and 4, we notice a similar shape of the curves as
well as the suppression with temperature. The most drastic
difference is in the scale of the altermagnetic strength in the
AM-SC bilayer, which is determined by a parametrically small
quantity A/u. The magnitude of S and ZT in the AM-SC-AM
heterostructure can be further enhanced by taking a stronger
altermagnet in the right junction; this is similar to taking a
stronger spin filtering coefficient P or spin splitting ig in the
FM-SC-FM heterostructure. Depending on the details of the
tunneling, the inclusion of an explicit spin dependence in the
tunneling coefficient may reduce or enhance the thermoelectric
response. Since the spin-dependent tunneling coefficient is not
crucial, we leave its discussion to a separate study. As with
the ferromagnetic heterostructure, a wide tunneling cone (large
¢* in Eq. (6)) suppresses the thermoelectric response. Due
to the interplay of the angular-dependent terms in the spectral
functions, the dependence on ¢* is nonmonotonic.

III. INVERSE PROXIMITY EFFECT

In this Section, we use a different approach to the inverse
proximity effect. Instead of the phenomenological momentum-
dependent exchange field used in Sec. II, we use the functional
integral approach to derive the effective action of a super-
conductor proximitized with an altermagnet. The obtained
action is used to calculate the corresponding Green’s function
in the AM-SC part of the junction; the transport coefficients
straightforwardly follow from Eq. (10).

A. Functional integral approach

We start with the following action S4ps—s describing an
altermagnet, a superconductor, and tunneling between them:

Sam-s = Ss+Sam +S;, o))
1
Sam = —— az [w=é&k — 0, J (k)] ak, (18)
L&
1 t
SS = CK(w_é‘:k)CK

T 1d
LE %
1
T T
- Z VKK Cgi 1€ _grb0. | C-K+Q.LCK 1>
KK,

19)

1
S, = _ﬁZtK’P (C;{ap +a;cK), (20)
K,P
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FIG. 4. The Seebeck coefficient S (panel (a)) and the figure of merit
ZT (panel (b)) as a function of the altermagnetic strength J, (0) in the
AM-SC-AM heterostructure for a few values of 7. The altermagnetic
parameters in the right altermagnet are tiR) = 0.9 and téR) =0,
we disregard the spin-dependence of the tunneling coefficient, and
we assume normal tunneling. See Eq. (16) for the definition of the
transport coefficients.

where ag = {ak 1,ak,|}, ck = {ck 1,¢k,1}, K = {w,k}, and
Yk = fdw/ (27) Y- With the exception of altermagnetic
exchange field J (k) in Eq. (18), the above action is similar to
that used in Ref. [41].

The partition function is
Z= J Dc'DeDa’Da e™Ss=Sam =5t 1)

Integrating out fermions in the altermagnet and ignoring the
prefactor, we obtain

Zefr = J DcDe ¢S5 ¢ i3 Zr ke Gano(K)er (22)

where G apr0(K) = [w — & — o,J (k)] ! is the Green’s func-
tion of an altermagnetic layer in the absence of the proximity
effect.

Therefore, the effective action of the proximitized supercon-



ductor reads

1
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where G ¢ O(K ) = w — &. This action allows us to introduce
the effectlve inverse Green'’s function as

K+Q (C-K+0.1CK. 1 (23)

G1(K) = Ggly(K) = Zam (K) (24)
with
1
Sav(K) = - 25
am (K) ZP:|tK,P| ©—& —o.(p) (25)

being the self-energy due to the coupling to an altermagnet.

Let us proceed to the pairing term, i.e., the last term in
the effective action (23). By using the standard Hubbard-
Stratonovich transformation and the factorized form of the
interaction Vk g = gv(K)v(K”’), we obtain the following
effective action:

d .
Ser = dZ %%}%(ﬁg

L D) [#hexge ko +he . 26)
K0

eff(K)CK +

The effective action acquires a compact form in the Nambu
space

Serr = Z ¥ G (K, K) Yk Q7)
KK’
where
Yy = {CK’T,CK,L,CT_KJ,—C;’_K} (28)
and
-1
6k = | SEK GersB) vk
v(K) Tk kT~ 0k, K'TG (K)(T
(29)
is the inverse Nambu-Gorkov propagator. Here, T =

iory KTk, is the time-reversal symmetry operator and X is
the complex conjugation operator.

In the mean-field approximation, we assume a uniform
bosonic field ¢ = dp 0o and define the superconducting
order parameter as A(k) = ¢gv(Kk). Then, the inverse Nambu-
Gorkov propagator (29) reads

o (K)
AT(k)

A(K)

G Y (K,K') =k x » .,
~TG 1 (K)T

(30)

In what follows, we assume pairing in the spin-singlet channel,
A(K) « .

By inverting the matrix in Eq. (30), we find the following
expression for the diagonal components of the Nambu-Gorkov
function 3

Wy,ps tEw,p.s

(w,p) = (31)

G O ps = Edrp.s — IMD)
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1
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The obtained Green’s function (31) is used in Egs. (5) and
(10) as G5, s (w, p); in addition, we replace J(7p) — Jr (17p)

L
and |t p[? — |t

B. Inverse proximity effect in bilayer

Before proceeding to the thermoelectric response, let us
discuss the spectral properties of the AM-SC bilayer. In a
bilayer, the tunneling coefficient preserves all components of
the in-plane momenta, |tx p|*> = 6k, p|t|>. This allows us to
straightforwardly perform the summation over momenta in the
self-energy (34) and obtain the following expressions for the
parameters @, , s and &, s

w - sJ(p)
w-sI(P)* - &
ép
[w-sJ(P]* - &

where we also used the fact that in inversion-symmetric systems,
J(np) = J(p) and &,,p = &p. The self-energy strongly affects
the structure of the poles of the Nambu-Gorkov function (31)
and, as a result, the spectral properties of the bilayer.

2
Wn,p,s 7760—77|f| [

(35)

Ewps = Ep+t? (36)

1. NM-SC bilayer

In the absence of altermagnetism, i.e., for normal metal
(NM)-superconductor bilayer, and assuming an s-wave super-
conducting gap, the four zeroes of the denominator of Eq. (31)
can be straightforwardly found:

A? A2\ A4
& =P+’ - 5 \/4|t|2 (aﬂ - Z) +—. (37

4

5 Off-diagonal components of the Nambu-Gorkov propagator or Gorkov
functions, are not required for the tunneling current if the Andreev processes
are neglected.



The gap is realized when all solutions £, . have imaginary
parts and, hence, they do not contribute to the DOS

_ dp
vs(w) = f Gy s (@ D) (38)
where

1
Adw.p) =5 ) m{Gys(@p)} (39
n=+

is the spin-resolved spectral function. This is the case for
|w| < Amin, Where the minigap Ap;, reads

A FIE 1 2
= A1) oL Y5 1
2 A2 8§ A
A% (42 1> 1++5
A JAE g2 1445 (40)
47| V A2 A? 8

At strong tunneling, |f|/A — oo, the minigap saturates to A/2.
For intermediate values of energy, A ( 1+4|t]2/A2 - 1) /2 <

lw| < A (\/l +4|t]2/A% + 1) /2, only half of the poles con-
tribute leading to smaller DOS compared to the case |¢t| = 0
and |w| = A.

We present the DOS for the NM-SC bilayer in Fig. 5(a). As
one can see, nonzero interlayer tunneling leads to the formation
of the minigap Apmin < A in the superconducting region, a
feature which seems to often be overlooked in the literature.
The minigap rises with the tunneling strength in agreement
with Eq. (40). Furthermore, we observe the splitting of the
coherence peaks ¢, which agrees with the four poles of Green’s
function, see Eq. (37). These results for the NM-SC bilayer
can also be deduced from the expressions of Ref. [10].

2. AM-SC bilayer

Due to the momentum-dependence of the altermagnetic
parameter J(p) in the self-energy (34), the analytical analysis
becomes more involved. As follows from our numerical results
shown in Fig. 5(b), the altermagnetic coupling closes the
minigap. Similar to the thermoelectric transport in the effective
model, see Sec. Il C, the effects of the altermagnetism are well-
manifested only for small altermagnetic strengths, ) 2/A ~
1. For larger values of ut; 2/A, the role of the self-energy
diminishes 7 leading to the suppression of the inverse proximity
effect. In the bulk of the bilayer, the orientation of the spin-split
lobes of the altermagnet plays no role in the DOS which remains
spin-degenerate.

6 The structure of the peaks in the bilayer resembles that of a single-layer
superconductor with an exchange field; the DOS in the bilayer is, however,
spin-degenerate.

7 The suppression of the inverse-proximity effect for ut; »/A > 1 follows
from the mismatch of the poles of the single-layer Green’s function and the
self-energy.
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FIG. 5. The DOS in the superconducting part of the NM-SC bilayer
(t1 =t = 0) atafew values of |¢| (panel (a)) and in the superconducting
part of the AM-SC bilayer at a few values of ¢; for |¢t|/A = 0.5 and
1y = 0 (panel (b)). We use J(p) = (£p + ) [11 cos (2¢) + 15 sin (2¢) ]
and u/A = 103.

To show that the inverse proximity effect induces the
momentum-dependent spin splitting in the superconductor,
we present the spin-asymmetry of the spectral functions
At(w, px,0)—A|(w, py,0) inFig. 6. As one can see, there is a
noticeable momentum-dependent spin-splitting. The structure
of the splitting is nontrivial for small values of the altermagnetic
strength #; ~ A/u, see Fig. 6(b). A more detailed evolution of
the spin-splitting with the altermagnetic strength is shown in
Fig. 9, see Appendix A.

We cross-verify the spectral properties of NM-SC and AM-
SC bilayers in a lattice model, see Appendix B for the details of
the model. The key features of the spectral properties of the NM-
SC and AM-SC bilayers are the same in the functional-integral
approach and in a tight-binding lattice model, cf. Figs. 5(a)
and 10 as well as Figs. 6 and 11.

C. Seebeck coefficient and figure of merit

By using the formalism developed in Sec. IIT A, we calculate
the thermoelectric response of the AM-SC-AM heterostructure.
In view of a complicated structure of the full Green’s function
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FIG. 6. The difference between the spin-up and spin-down spectral
functions, A¢ (w, px,0)— Al (w, px, 0) as a function of the deviations
from the Fermi momentum épx = pr — px. Panels (a) and (b)
correspond to 1| = 0.075 X A/u and 71 = 0.5 X A/, respectively. We
use |#|/A = 0.5, 1, =0, and u/A = 10°.

(31), see also Egs. (32)—(34), we focus on numerical results.

We present the Seebeck coefficient S and the figure of merit
ZT in Fig. 7. As in the effective model, see Fig. 4, the Seebeck
coefficient and the figure of merit are peaked for small values
of the altermagnetic strength th) ~ A/u. The double-peak
structure of ZT is more pronounced in the rigorous model
compared to the effective model with the second peaks (i.e., at

|t§L) | = A/w) being of the same order of magnitude as those at
1] s A/u; cf. Figs. 4(b) and 7(b).

The treatment of the inverse proximity effect based on the
functional-integral approach introduces the dependence on the
inter-layer tunneling constant |¢(%)|. As one can see from Fig. 8,
larger values of the tunneling constant are beneficial for the
thermoelectric response. However, the Seebeck coefficient and
the figure of merit show the saturation behavior at |¢(&)| ~ A.

As in the effective model, there is a strong dependence
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~0.10f
-0.15

1th)/a=1
t=0.9
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FIG. 7. The Seebeck coefficient S (panel (a)) and the figure of merit
ZT (panel (b)) as a function of the altermagnetic parameter tgL) for

a few values of T. We use t](R) =0.9, téR) =0, t)|/A =1, and
/A =103

on the relative orientation of the spin-polarized lobes in the
altermagnets. In presenting the results for the thermoelectric
response, we focus on the case of maximal spin splitting where
the altermagnetic lobes are normal to the interface both in the
bilayer and the altermagnetic contact. Rotation away from this
configuration decreases the effective spin splitting and, as a
result, reduces the thermoelectric response.

Thus, as one can see comparing Figs. 4 and 7, the effective
model and more rigorous treatment of the inverse proximity
effect based on the functional integration agree well in the
key aspects of the thermoelectric response such as the values
of the altermagnetic splitting corresponding to the largest
thermoelectric response.

IV. DISCUSSION AND SUMMARY

In this paper, we investigated the thermoelectric response
of the altermagnetic-superconductor heterostructures. We
showed that altermagnets provide a viable way to achieve a
sizable thermoelectric response that, unlike previously stud-
ied ferromagnet-superconductor heterostructures, is free of
any magnetic fields. The latter property allows for better
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FIG. 8. The dependence of the Seebeck coefficient S (panel (a))
and the figure of merit Z7T (panel (b)) on the altermagnetic strength
at a few values of the inter-layer tunneling strength |1(L)]. Colored
lines correspond to |t(L) |/A ={0.1,0.25,0.5,0.75, 1,2, 10}. We use
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miniaturization, which is important for spintronic devices.

The key ingredients necessary for the thermoelectric ef-
fect include (i) the induced altermagnetic spin-splitting in the
superconductor via the inverse proximity effect and (ii) the
spin-selective tunneling between the proximitized supercon-
ductor and an electric contact, see Fig. 1. The former allows
for broken particle-hole symmetry for each of the spin species
and the latter allows one to distinguish between the spin-split
particles. We achieve the spin-splitting in a 2D superconductor
by proximitizing it with a 2D altermagnet. The spin-selective
tunneling is realized by coupling the obtained altermagnet-
superconductor bilayer to another 2D altermagnet; the planar
interface introduces the directional dependence and allows us
to use the momentum-dependent spin splitting of altermagnets.
We underline that to observe this effect experimentally, it is
not necessary to use an altermagnet close to an actual 2D limit
(i.e., extremely thin films): we have performed the calculations
in 2D for simplicity, as it is the smallest dimension that allows
us to capture the altermagnetic characteristic features. The
thermoelectric effects predicted here persist even in 3D.

In our modeling of the inverse proximity effect in the
altermagnet-superconductor bilayer, we used an effective model
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with a momentum-dependent exchange field, see Eq. (4) in
Sec. IT A, and a more rigorous functional-integral approach,
see Sec. III. The simplicity of the effective model allows for
reasonably compact and transparent expressions for the ther-
moelectric coefficients, see Egs. (15) and (16). As a measure
of the thermoelectric effect, we use the Seebeck coeflicient
S and the figure of merit ZT defined in Eqs. (11) and (12),
respectively. The corresponding results are shown in Fig. 4.
As in the case of ferromagnetic heterostructures, see Sec. II B
and Fig. 3, the figure of merit is a nonmonotonic function
of the altermagnetic field strength J;, reaching its maximum,
however, at parametrically small values JpA/u ~ 1. Another
hallmark feature of altermagnets is the strong dependence on
the orientation of crystallographic axes: the thermoelectric
effects are maximal if one of the spin-polarized lobes of the
altermagnetic Fermi surfaces is normal to the interface, see
Fig. 1. The thermoelectric response is reduced if the lobes are
rotated away from this configuration.

The results of the effective model are in good qualitative
agreement with those obtained via the functional-integral ap-
proach, see Secs. IIT A and III C. Indeed, comparing Figs. 4
and 7, we note a similar shape and magnitude of S and ZT;
some finer features, such as the structure of the peaks, are,
however, different. The stronger interlayer coupling is bene-
ficial for the thermoelectric response, however, the Seebeck
coefficient and the figure of merit saturate when the coupling
is of the order of the superconducting gap. In all models, the
thermoelectric response is enhanced at lower temperatures.
The enhancement, however, is restricted by broadening effects,
which are inevitably present in realistic materials, see Fig. 3(c).
Quantitatively, we find that both S and ZT can reach useful
magnitudes in the altermagnetic case, but both of these quanti-
ties are consistently smaller compared to what is obtained when
using ferromagnets instead. Thus, the question of whether al-
termagnets or ferromagnets are most beneficial when it comes
to thermoelectric effects with superconductors comes down to
a trade-off: one can either get large thermoelectric effects, with
the drawback of disturbing magnetic stray fields restricting
miniaturization, or one can get moderate thermoelectric effects
completely void of magnetic fields.

In addition to the thermoelectric response, we apply the
functional-integral approach to study the spectral properties of
altermagnet-superconductor bilayers. The results of Sec. III B
reveal the formation of the minigap in the DOS determined
by the interlayer tunneling strength, see Eq. (40) and Fig. 5(a).
As with the thermoelectric response, the altermagnetic spin-
splitting has the most pronounced effect at small values of
altermagnetic strength and leads to the closure of the mini-
gap, see Fig. 5(b). The spin-splitting induced by the inverse
proximity effect in the superconducting part of the AM-SC
bilayer can be probed via the spectral function, see Fig. 6. The
obtained results for the spectral properties are corroborated in
a lattice model of the AM-SC bilayer, see Figs. 10 and 11 in
the appendix.

While in the present paper, we focused on the case of 2D
altermagnets and superconductors, the obtained results could
be straightforwardly extended to the case of 3D junctions and
more complicated geometries of the contacts. For concreteness,



we use altermagnets with a d-wave symmetry of the spin-split
Fermi surfaces as a representative example. However, we expect
qualitatively the same results for g- and i-wave altermagnets.
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Appendix A: Spectral functions in AM-SC bilayer

In this Section, we present the spectral functions for a wider range of the inter-layer coupling parameters, see Fig. 9.
Altermagnetism is manifested in a spin-splitting of energy levels, which is manifested in the difference between the spin-up and
spin-down spectral functions. With the rise of the altermagnetic strength, the spin-split energy levels overlap and rearrange
allowing for crossings at w = 0, see Fig. 9(b). The intensity of these crossings diminishes at stronger altermagnetic parameters
ultimately leaving only a single set of parabolic bands for the momenta near the Fermi level, see Figs. 9(e) and 9(f).
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FIG. 9. The difference between the spin-up and spin-down spectral functions, Aq(w, px,0) — A (w, px,0) as a function of the deviations from

the Fermi momentum ép = pr — px. In all panels, we use |t|/A =0.5,1; =0, and u/A = 103.
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Appendix B: Lattice model

We consider a Bogoliubov-de Gennes lattice model given by the following Hamiltonian:

1 <t <t AnwaM  —Tiayer0z ® I | (€0 o, NW/AM
= - 9 x>Py>
H 2 Z (cpx,py,NM/AM cpx,py,SC) —TlayerOz ® 112 hSC c ’ (B 1)
Px,Py px,py,SC
where we have introduced the basis
CPx,PyJﬂyer,T
~ Cp py,layer,|
¢ wor = | T (B2)
Px»Dy,layer Cc
= Px,—Ppy,layer,T
CT
—Px,—py,layer,|
and the block elements
hnmam = [—27(cos px +cos py) — ploy ® Ip — [271(cos px — cos py) o, ® o (B3)
hsc = i(Alayer0'+ - Arayera-_) ® oy. (B4)

Here 0 = 0, 2 icy, ® is the Kronecker product, 7 is the in-plane tight-binding hopping parameter, Tjayer couples the two layers in
the bilayer, while 7; determines the strength of the altermagnetic term. The gap in the bilayer structure is obtained self-consistently
using the gap equation

1
Atayer = Ny Ny Z U<cpx,pyJayer,chpxrpyJayer,l>’ (B5)

Px,Py

expressed through the operators which diagonalize the Hamiltonian. The attractive interaction U is taken to be non-zero only in
the SC layer.

1. Superconducting DOS and minigap formation

Using the model defined above, we consider a superconductor-normal metal bilayer. The DOS in the superconductor is shown
in Fig. 10 for an attractive strength U = 37 with a chemical potential u = —27. The in-plane system dimension was 500 x 500
momentum modes.

In the limiting case of vanishing interlayer coupling (7jayer = 0), the SC depicts a gap Ag ~ 0.457. While the magnitude is
unrealistic, it is chosen to make the appearance of the minigap feature more prominent. As the coupling between layers becomes
non-zero, the SC gap is affected. We observe the emergence of the minigap structure inside the original SC gap, discussed in
Sec. III B. In agreement with the analytical result in Eq. (40), the inter-layer tunneling opens a minigap in the DOS that increases
with the tunneling strength, cf. Figs. 5(a) and 10.

2. AM/ SC bilayer and spin-split spectral function

We consider now an SC-AM bilayer with an aim to quantify the momentum-dependent spin-splitting induced by the AM in
the SC layer. The difference between spin-up and spin-down spectral functions is shown in Fig. 11. We use U = 37, u = -27,
Tlayer = 0.257 and various strengths of the AM parameter 7. The system consists of 250 X 250 momentum modes. Note that the
evolution of the spectral functions is similar in linearized and lattice models, cf. Figs. 9 and 11.

Thus, we showed that the key features of the spectral properties of the NM-SC and AM-SC bilayers are the same in the
functional-integral approach and in a tight-binding lattice model.
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