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We introduce “Berry-dipole semimetals”, whose band degeneracies are characterized by quantized Berry
dipoles. Through a two-band model constructed by Hopf map, we reveal that the Berry-dipole semimetals
display a multitude of salient properties distinct from other topological semimetals. On the boundary, we find
that the first-order Berry-dipole semimetal harbors anomalous paired Fermi arcs with the same spin polarization,
even though the layer Chern number is zero, and the second-order Berry-dipole semimetal hosts dispersionless
hinge arcs. In the bulk, we find that the low-energy Berry-dipole Hamiltonian near the band node has a quadratic
energy dispersion and peculiar Berry curvature, which give rise to rather unique characteristics in the intrinsic
anomalous Hall effect, orbital magnetization and Landau levels. Our study shows that Berry-dipole semimetals
are a class of topological gapless phases supporting rich intriguing physics.

Over the past decade, topological semimetals in three
dimensions (3D), including nodal-point and nodal-line
semimetals, have been intensively and extensively investi-
gated both in theory and in experiment [1H6]. The Weyl
semimetal (WSM) is a paradigmatic nodal-point semimetal
attracting particular interest [[/H14]]. The band degeneracy in
WSMs, known as Weyl node (or point), is a singularity of the
Berry curvature and a topological object whose stability does
not need symmetry protection [15]. The low-energy Hamil-
tonian near the Weyl node, which resembles the relativistic
Weyl Hamiltonian, gives rise to a linear energy dispersion and
a Berry curvature structure whose momentum dependence is
reminiscent of the field distribution of a magnetic monopole
in real space [[L6L[17]. Because of the relativistic linear disper-
sion and monopole-like Berry curvature, WSMs carry a di-
versity of peculiar properties, such as open Fermi arcs [7]] and
chiral Landau levels [18}[19]], and serve as a fertile playground
to investigate exotic electromagnetic field responses [20H26]]
and interaction-driven phases [27-29].

Since the Weyl node acts as a charge of Berry flux, a natu-
ral question is whether one can extend the concept of charge
to dipole. Naively, when there are two Weyl nodes with op-
posite charges, one may expect that they naturally consist of
a Berry dipole. However, such a picture is rather trivial since,
in WSMs, the Weyl nodes with opposite charges always show
up in pairs [30H32]]. More importantly, the physics remains
dominated by the Weyl Hamiltonian, without the need of a
dipole picture. Interestingly, a dipole can also be point-like,
and the local and global properties of a point dipole are com-
pletely different from a point charge. Therefore, an extension
to point Berry dipole would be nontrivial.

A point dipole is formed by two opposite point charges that
are infinitely close. If there is no symmetry protection, how-
ever, the collision of two Weyl nodes with opposite charges
will cause an annihilation of them. Recent works have shown
that if two Weyl nodes are related by a mirror symmetry, their
annihilation is avoided [33], and a point Berry dipole will
form when they meet at the mirror plane. Furthermore, it was
found that the critical point between two different 3D crys-
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FIG. 1. Schematic of a first-order Berry-dipole semimetal [(a)] and
a second-order Berry-dipole semimetal [(b)]. The quadratic energy
dispersion near the Berry-dipole node is sketched in the middle. In
(a) and (b), the k. -planes in yellow correspond to 2D Hopf insulators
(HIs) and second-order topological insulators (SOTIs), respectively,
and the k. -planes in gray correspond to normal insulators (NIs). The
blue and red lines (dots) refer to the solutions of d.(k) = 0 and
ds(k) = dy(k) = 0 at the k., = 0 plane, respectively, which illus-
trate why the yellow planes are topologically nontrivial.

talline Hopf insulators is also a point Berry dipole [34]. In-
spired by the existence of point Berry dipole, in this work we
introduce the concept of “Berry-dipole semimetal” (BDSM).
Rather than as the critical point of two 3D crystalline Hopf in-
sulators, we find that, using the dimension-reduction picture,
the Berry-dipole node can also show up at the plane separating
2D Hopf-insulator/second-order-topological-insulator planes
and normal-insulator planes in the 3D Brillouin zone (see
the illustration in Figs[T(a) and [T(b)), just like that the Weyl
node sits at the plane separating 2D Chern-insulator planes
and normal-insulator planes [35]. With this observation in
mind, we use the Hopf map to construct a two-band model
that can realize both first-order and second-order BDSMs. As
expected, we find that the boundary and bulk states of the
BDSMs exhibit many salient properties distinct from other
topological semimetals.

General theory.—The Hopf map refers to a map from 3-
sphere (S3) to 2-sphere (S?). Mathematically, this map can be
described by a map from a two-component complex spinor to
a three-component real vector. Denoting the complex spinor



as ¢ = ((1,¢2)7 and the real vector as d = (dg,dy,d.),
they are related by the formula, d = (fo(, where o =
(04, 0y,0,) are the Pauli matrices. To be more explicit,

dy = 2Re((7C2), dy = 2Im(¢{C2), dz = |Gi|* = [G*. (D)

Using d; to construct a two-band Hamiltonian, H(k) =
d(k) - o, it has been demonstrated that diverse distinctive
topological phases can be realized by appropriately choos-
ing the complex spinor. Notable examples include 3D Hopf
insulators [36-42]], 3D nodal-link semimetals [43-45], 3D
dipolar WSMs [46]], 2D second-order topological insula-
tors/superconductors [47-49], and Hopf defects harboring
Majorana zero modes in 2D trivial superconductors [S0]. In
this work, we choose

Ci(k) = A(sink, +isinky),
Co(k) = 6(cosky, —cosky) +i(M —t Z cos k;).(2)

i=ay,z

As will be shown below, when 6 = 0, the two-band model can
realize both first-order and second-order BDSMs, depending
on whether ¢ is zero or finite.

First-order BDSM.—WEe first consider the case with 6 = 0.
The components of the Hamiltonian are then given by

de(k) = 2\M(k)sink,, d,(k) = 2A\M (k) sin k,,
= Msin?k, + \sin? k, — M?(k). (3)

Here we have introduced M (k) = (M —t3_,_,  _cosk;)
to shorten the notation, and the lattice constants are set to unit
throughout this work for notational simplicity. The energy
spectra of the Hamiltonian are

Ey(k) = £[\*(sin® k;, + sin® k) + M3 (k)]. 4)

Apparently, the energy bands harbor nodes if M (k) has ze-
ros on the four high symmetry k. axes passing (k;, k,) =
(0/7,0/m7). Without loss of generality, we consider ¢ <
M < 3t, then there are two band nodes at k,, =
x(0,0,arccos(M/t — 2)), where x = +. To know the prop-
erties of the band nodes, we determine the low-energy Hamil-
tonians around the two band nodes, which read

Hx<q) = 2X’UUZQzQyUz + QXUUZqu:pUy
+* (g2 + qp) —vidt)os, (5)

where v = X\, v, = t\/1 — (M/t —2)? and q = (¢z,qy, q-)
denotes the momentum measured from the corresponding
node. The low-energy spectra are

Byx(q) = £[v*(¢; + q5) +v2eZ]. ©)

Obviously, the low-energy spectra are quadratic in all direc-
tions, which is distinct from the Weyl and Dirac semimetals
hosting a linear dispersion near the band nodes.

A well-known characteristic of the Weyl node is that an in-
tegral of the Berry curvature over a closed surface enclosing

it is quantized. The quantized value corresponds to the first-
class Chern number and labels the topological charge of the
Weyl node. For the low-energy Hamiltonians in Eq.(3)), their
Berry curvatures are given by [51]]

2v2v§qzq
[v2(¢2 + ¢2) + v2q2)?

QY (q) = -2 (q) = - (7)

The superscript “c/v” stands for conduction/valence band.
The form of the Berry curvatures resembles the field distribu-
tion of a z-direction point dipole, therefore, this kind of band
node is dubbed Berry-dipole node [34}152].

A notable property of the dipole Berry curvatures in Eq.(7)
is that an integral over a closed surface enclosing the dipole is
equal to zero, while an integral over the upper half (g, > 0)
or lower half (¢, < 0) of the closed surface leads to a nonzero
but opposite quantized value [34} 511, i.e.,

1
©(q) . IS —
o Q) (q) - dS = F1. (8)

q=20

The above result is a reflection of the fact that the Berry dipole
is formed by two opposite and infinitely close Berry charges.
From Eq.(7), one can also see that the two low-energy Berry-
dipole Hamiltonians lead to the same Berry curvature, which
means that the two Berry dipoles are the same. This fact sug-
gests that the net Berry dipole does not need to vanish like the
net Berry charge in WSMs.

In WSMs, another well-known characteristic is the open
Fermi arcs (isoenergy contour of the surface states’ energy
spectrum) connecting the projections of the bulk Weyl nodes
in the surface Brillouin zone. A popular picture adopted to un-
derstand the origin of Fermi arcs in WSMs is that the Hamil-
tonians on the 2D momentum planes lying between the Weyl
nodes describe Chern insulators with chiral edge states [33].
For here the BDSM, we find that the Chern number in each
2D plane between the two Berry-dipole nodes is zero. Nev-
ertheless, we find that, these 2D planes are topologically non-
trivial and support a pair of gapless edge states, which form a
pair of Fermi arcs on each side surface, as shown in Figs[2{a-
d). While the paired feature of Fermi arcs resembles the
scenario in Dirac semimetals (DSMs) [53, [54]], the two sys-
tems are essentially different. In DSMs, a pair of Fermi arcs
will carry opposite spin textures as they are related by time-
reversal symmetry (TRS). In contrast, here the BDSM lacks
TRS, and we find that the pair of Fermi arcs carry the same
spin polarization, as shown in Fig[2[d).

How to understand the counterintuitive existence of a pair
of Fermi arcs when the layer Chern number is zero and the
TRS is absent? We find that the two-band Hamiltonian at a
given k. plane between the two Berry-dipole nodes in fact
describes a 2D two-band Hopf insulator [S5], a class of fixed-
band topological insulators beyond the ten-fold way classifi-
cation just similar to its 3D counterpart [36,56-58]]. Here we
provide an intuitive picture to understand why these 2D layer
Hamiltonians with a fixed k. are topologically nontrivial and
host a pair of gapless edge states. To start, it is instructive to
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FIG. 2. (a) High symmetry points in the surface Brillouin zone. H
refers to the location where one Berry-dipole node is projected. The
energy spectra along the two paths in orange and light blue are plot-
ted in (b) and (c). (d) Fermi arcs (red lines) and the projection of
bulk Fermi surface (dark blue rings) on the right x-normal surface.
The chemical potential is chosen to be p = 0.05. The green arrows
denote the spin polarizations on the Fermi arcs. Common parameters
are M =15, A=¢t=1and = 0.

note the following three facts. First, a system is topologically
nontrivial as long as it cannot be adiabatically transformed to
an atomic insulator without the close of bulk or boundary en-
ergy gap. Second, the first-order topology can change only
when the bulk energy gap gets closed. Third, the bulk en-
ergy gap of the BDSM Hamiltonian can only get closed when
d.(k), dy(k) and d. (k) simultaneously vanish at some points
of the Brillouin zone. These three facts imply that the zero-
value contours of d, , (k) determine whether it is topologi-
cally nontrivial or not. In Fig[I] we have plotted the contours
satisfying d. (k) = 0 and the ones simultaneously satisfying
dy(k) = 0 and d, (k) = 0 at the k, = O plane. Apparently,
if the latter ones are fixed, the former ones cannot adiabati-
cally be made vanishing without the close of bulk energy gap.
This suggests that the 2D Hamiltonian at the k, = 0 plane
must be topologically nontrivial as it cannot be adiabatically
transformed to an atomic insulator (all zero-value contours are
absent) if one fixes two of the three d;(k) terms. For conve-
nience, we dub Hamiltonians with such zero-value contour
configurations as conditionally obstructed Hamiltonians.

Notably, we find that the dimension of the boundary states
of these 2D layer Hamiltonians between the two Berry-dipole
nodes is the same as the dimension of the zero-value contours
lying between the zero-value contours satisfying d.(k) = 0
which cause obstruction. When the dimension is one, the
boundary states are 1D propagating edge states; When the
dimension is zero, the boundary states are 0D corner states
as will be shown in the next section discussing second-order
BDSM. As the Chern number is zero, the 1D edge states must
show up in pair and be counter-propagating like the scenario
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FIG. 3. (a) Energy spectra manifesting second-order topology. Pe-
riodic (open) boundary directions in the z (z and y) direction. (b)
The probability density profile of the four zero-energy bound states
at k. = 0. Parametersare M = 1.5, A\ =¢=1,and 6 = 0.2.

in a quantum spin Hall insulator [S9H61]]. The pair of edge
states for the series of 2D layer Hamiltonians between the two
Berry-dipole nodes consists of the pair of Fermi arcs of the
3D BDSM.

The existence, stability and spin polarization of the pair of
edge states can further be understood via a 1D topological in-
variant. The lattice Hamiltonian in Eq.(3) has a Cj. rotation
symmetry. Therefore, without loss of generality, we consider
the £, = 0 line in a k, plane for an illustration. On this high
symmetry line, the Hamiltonian reduces as

H(ks, ko) = 22M (ky, k.) sink, 0,
+[\%sin? ky — M2 (ky, k)]0, (9)

where M (ky, k,) = M —t—t cos ky—t cos k.. H(ky, k) has
chiral symmetry as {o,,, " (ky, k,)} = 0. Therefore, the topo-
logical boundary states on the z-normal surfaces can be char-
acterized by a k.-dependent winding number [58]], W (k).
Since the two terms are just the real and imaginary part of
the complex function, [Asin k, + iM (ky, k2)]2, W(k,) = 2
as long as M(k,,k.) = 0 has a solution for k, € (0,7).
W (k,) = 2 explains the existence and stability of the edge-
state spectrum crossing at k,, = 0 even without TRS, as shown
in Fig[2(b). On the other hand, since the zero-energy bound-
ary states are also the eigenstates of the chiral symmetry op-
erator, the spin polarizations of the two zero-energy states en-
forced by W (k,) = 2 on the same z-normal surface will take
the same direction, leading to that the pair of Fermi arcs on
a given side surface carries the same spin-polarization at the
neutrality condition.

Second-order BDSM.—When § becomes finite, if one only
keeps the leading order terms, the low-energy Berry-dipole
Hamiltonians retain their forms in Eq.(3). Although the §
term has a negligible effect on the low-energy bulk physics,
its effect on the zero-value contour configurations is dra-
matic, and so as its effect on the boundary states. Once
0 # 0, the ring-shape zero-value contour lying between the
two zero-value contours of d, (k) immediately becomes four
separated points, as shown in Fig[T(b) (more detailed discus-
sions are given in Supplemental Material [62]). This kind
of 2D conditionally obstructed Hamiltonians correspond to
second-order topological insulators/superconductors [47]. In-



deed, considering open boundary conditions in x and y direc-
tions, we find one zero-energy bound state per corner when
ks € {(kn,—)z: (Kn,+)=}, as shown in Fig[3| If one restores
the 3D perspective, these zero-energy bound states consist of
four hinge Fermi arcs. The above results suggest that the §
term will gap out the surface Fermi arcs and lead to the pres-
ence of hinge Fermi arcs. In other words, it renders a direct
transition from a first-order BDSM to a second-order one.

The bulk-hinge correspondence in the second-order BDSM
shares more similarity with a second-order DSM than a
second-order WSM. In a second-order DSM, hinge Fermi arcs
can also be obtained by appropriately gapping out the helical
surface Fermi arcs [63]]. In contrast, the hinge Fermi arcs in
a second-order WSM cannot directly be descended from the
chiral surface Fermi arcs as they are not gappable [64H67]. In
addition, if there are only two Weyl nodes in a second-order
WSM, the coexistence of surface and hinge Fermi arcs is in-
evitable.

Intrinsic ~ anomalous  Hall  effects and  orbital
magnetization.—Besides the boundary states, the quadratic
energy dispersion and dipole Berry curvature of the low-
energy Hamiltonian can give rise to intriguing measurable
effects. Here we explore the intrinsic anomalous Hall effects
and zero-field orbital magnetization that are directly related
to the Berry curvature. In 3D, the intrinsic anomalous Hall
conductivity tensor has three independent components, and
they are connected to the Berry curvature according to the
formula [|68]] (hereafter we restore the reduced plank constant)

_é d’q o)
%—ggg arp el (Bea)s (10

where n is the band index and f(E, ,,) is the Fermi-Dirac dis-
tribution function. Considering the zero-temperature limit and
a small positive u so that the low-energy Hamiltonian gives a
very accurate description, we find o,.(1) = 0y.(1) = 0,
and [62]

2¢? m 2¢? Dy,
R o S o (]
where Dp, = 2,/n/v. has the geometric interpretation

as the z-axis diameter of the elliptic Fermi surface. For
the two-band Hamiltonian, the orbital magnetic moment is
simply related to the Berry curvature [69], ie., m,(q) =
(e/h)EX7+(q)Q§<c)(q). Notably, we find m,, .(0,0,¢;) is a
constant and can be expressed as [62]

—2ev? eh

== —2—— = 22U} 12
mx,z(oa 0, QZ) 7 2M;(y) wp, (12)

where My = W?[0%E) 1 /0q3 )]~ = h*/2v%, is the zy-
plane effective mass of the conduction-band electrons. We
emphasize that this result is different from that of massive
Dirac fermions at the band edge where the factor 2 before the
effective Bohr magneton p% is absent [69]. The zero-field
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FIG. 4. (a-b) Landau levels under a z-direction magnetic field. (c-d)
Landau levels under an z-direction magnetic field. (a) g. = 0, (b)
B. =1,(c) gz =0, (d) B = 1. Shared parameters are v = 1 and
v, = 0.5. e = h = 1 is adopted in all figures.

orbital magnetization is given by [70]

M d3
Z/ @)+

2e pd2 e s M .
= 7%371'21122 = 2npupi= gUmy(M)Z, (13)

e (q)

M) L (i~ By @)

where n = /2 /(312v%0,) is the total electron density in the
weakly doped regime. The result indicates that all electrons
contribute the same magnetization.

Anisotropic behaviors of Landau levels.—Landau levels
(LLs) are of particular interest in the study of topological
semimetals as they can reveal the Berry phase of the Fermi
surface [71H73]]. Since the dipole Berry curvature is quite
anisotropic, one can expect that remarkable anisotropic be-
haviors will show up in the LL structure, even when the zero-
field energy spectra are isotropic. Indeed, based on the low-
energy Berry-dipole Hamiltonian, we find that, when the mag-
netic field is along the rotation symmetry axis, i.e., z axis, the
LLs are analytically solvable and the result is [62]

EX,O(QZ) = U2/12B *quga
Eyni(q:) = v*/15 £ @2/l +v2¢2), n > 1,(14)

where g = /hi/eB is the magnetic length and n is an integer
labeling the LLs. A salient feature of the above LLs is that all
of them are separated and have a linear dependence on the
field strength, as shown in Figs[a) and f{b). In contrast,
when the magnetic field changes to the = direction, we find
that the exact LLs cannot be analytically obtained, but in the
small g, regime, the LLs take the approximate form [62[]

Ex,l:l:(‘]w) = :I:\/ngvz/l%;qxv

Ex,n:l:(q:r:) = i[anvz/ZQB + Gn’UquL n 2 27 (15)



where F,, = 2y/n(n—1), G, = (2n — 1)/2y/n(n —1).
Compared to the z-direction case, a remarkable difference is
that the two middle LLs cross at ¢, = 0. The numerically
determined exact LLs show that the two middle LLs form a
1D nonlinear Dirac cone, as shown in Figs4|c) and [d(d).

Discussions and conclusions.—We have introduced
BDSMs into the family of topological semimetals and
shown that they carry many salient characteristics both in
boundary physics and in bulk physics. This concept can
also be generalized to superconducting systems just like
other semimetals [74]. Although condensed-matter material
realizations might be challenging, the implementation of the
proposed BDSMs is realistic in many artificial systems with
high flexibility, such as circuit systems which have recently
realized the very related Hopf insulators [42]].
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The supplemental material contains detailed calculations for various physical properties near the Berry-dipole node, including
the anomalous Hall conductivity, orbital magnetic moment, orbital magnetization, and the Landau levels. Three sections are in
order: (I) Hamiltonian and band topology; (IT) Topological and physical properties associated with the low-energy Berry-dipole
Hamiltonains; (IIT) Anisotropic Landau levels for the low-energy Berry-dipole Hamiltonians.

I. HAMILTONIAN AND BAND TOPOLOGY

In the main text, the two-band Hamiltonian for the 3D Berry-dipole semimetal is constructed by the Hopf map
H(k) = d(k) - o, (S

where o = (0,0, 0.) are the Pauli matrices, and d = (d,, d,, d.) with each component determined by d; = ¢ fo;C. Cisa
complex spinor, i.e., { = ((1,¢2)". In this work we choose
G = A(sinky + isink, ) (S2)
G2 = 0(cosky — cosky) M —t Z cos k;) (S3)

1=x,Y,%

The explicit form of the resultant Hamiltonian reads

H(k) = 2\ |dsink,(cosk, — cosky) + sink, (M —t Z cosk;)| o
i=x,y,2
—2\ [dsinky(cos ky — cosky) —sink, (M — ¢ Z cosk;)| oy
i=w,y,2
+ [ A2 (sin2 k, + sin® ky) — 62(cos k, — cos ky) —t Z cosk;)*| oz, (S4)
i=x,Y,2

and the corresponding energy spectra are

E.(k) =+ | \*(sin® k, + sin® k) + 0% (cos k, — cosky) —t Z cosk;)”| . (S5)

1=T,Y,2

Let us first consider the case with 6 = 0. Accordingly, the Hamiltonian reduces to

H(k) = 2Asink, (M —t Z cosk;)o, + 2Asin k(M — ¢ Z cos k;)
1= =T,Y,z 1= =T,Y,z
+ [ A\%(sin® k,, + sin® ky)— (M —t Z cosk;)*| 0. (S6)
7/ T,Y,z

It is easy to find that the above form has Cy, rotation symmetry. This discrete symmetry will extend to a continuous U (1)
rotation symmetry in the continuum limit (consider the low-energy counterpart of the lattice Hamiltonian), which suggests that
the boundary physics will not depend on the direction with open boundary conditions. Focusing on the bulk, it can readily be
found that, if |M/3t| < 1, doubly degenerate band nodes exist and they are located at one or two of the four high-symmetry
k. lines passing (kg, ky) = (0/7,0/m). Without loss of generality, we consider M € (t,3t) with ¢ chosen to be positive. For



this case, two band nodes are located at k,, ,, = x(0, 0, k), where ko = arccos(M /t — 2), and x = %1 refers to the two nodes
respectively.

A convenient way to understand the topological property of the 3D Hamiltonian in Eq.(S6) is to view it as a stacking of 2D
Hamiltonian along the k. direction. In this way, k. acts as a parameter of a 2D Hamiltonian H (k,, ky) For the convenience of
discussion, we introduce the notation #y_ (ks, k) to denote the 2D Hamiltonian at a given k.. For Hy,_ (k. k), it belongs to
the A class in the ten-fold way classification [56| 57], thereby it is characterized by the first-class Chern number as long as it is
fully gapped. In terms of the formula,

O, d(k
Cilke) = = /,ﬁdk Ld’% o dig(li)x L) (S7)

where d(k) = |d(k)|, one can find that the Chern number C; (k) is always zero for these gapped planes, i.e., k, # +ko. The
vanishing of Chern number suggests that the 2D Hamiltonian at a given k, does not host chiral edge states. However, we find
that this is not equivalent to stating that H,_ (k,, k) is topologically trivial.

We find that there are two ways to see that the system in fact carries nontrivial topology. The first way is based on a dimension
reduction perspective. Concretely, we note that the 2D Hamiltonian has chiral symmetry along the high symmetry lines with
ky = 0/m or k, = 0/m, so that a winding number can be assigned to characterize the effective 1D Hamiltonian Hy,_(k; =
0/m, ky) or Hy_ (ks, ky, = 0/m). In terms of the formula[58],

1 ™

Wih(ke) = = | dky TS, ke = 0/ )k, Ha (ke = 0/m, k),
1 g _
Well(k) = = | dkaTelS, M5 ke by = 0/7)0k, H, (ko by = 0/)) (S8)

where S, = oy, satisfies {Sg, Hi, (kz = 0/7,ky)} = 0and S, = o, satisfies {Sy, Hi, (kz, ky = 0/m)} = 0, one obtains

|Wo””>< z>|—|W<y>< =2,
W (k) = WP (k) = 0, ko < k| < 75
W“)( k) = W(y)(k) 0, —m<k, <. (S9)

k _kO < kz < kO;
k

The nontrivial values of Wo(w) (k) and Wéy) (k) for —kg < k, < ko indicate that there are two bound states at one z(y)-normal

edge when k, (k;) = 0. Combining the fact that the Chern number is always trivial, one can immediately figure out that there
should exist a pair of counter-propagating edge states, which can simultaneously be consistent with the absence of chiral edge
states and the existence of two bound states at a given boundary momentum. By calculating the energy spectra under open
boundary conditions in the = direction for a fixed k. in the regime —k¢ < k, < ko, we do find the expected pair of counter-
propagating edge states, as shown in Figa). In contrast, when kg < |k.| < , no edge state is found (see Figb)), which
is consistent with the winding number obtained. The isoenergy contours of the pair of counter-propagating edge states form the
two surface Fermi arcs connecting the projections of the bulk Fermi surfaces enclosing the Berry-dipole nodes.

The second way to see that the 2D Hamiltonian #y, (k,, k,) has nontrivial topology is through the configurations of the
zero-value contours of the terms in the Hamiltonian. The logic behind is that all terms of the Hamiltonian are anticommuting
with each other, so the bulk energy gap can get closed only when their zero-value contours share common points. On the
other hand, it is known that the change of first-order topology must undergo a closure of the bulk energy gap. Therefore, if
the zero-value contours of the d; , . terms form a configuration that cannot be adiabatically (without closing the bulk energy
gap, or equivalently, the zero-value contours do not cross at a common point) deformed to a trivial configuration, the 2D
Hamiltonian describes a topological insulator phase. What is a trivial configuration? It is known that a trivial phase means that
it is adiabatically connected to an atomic insulator. The simplest atomic insulator corresponds to the absence of hopping, and
only on-site potentials or couplings within one unit cell exist. For such an atomic insulator, if it is described by a two-band
Hamiltonian, no d, , . terms will have zero-value contours. Therefore, a trivial configuration means that the zero-value contours
of the d . terms can be adiabatically deformed to vanish without the closure of energy gap.

For the two-band Hamiltonians concerned here, to see whether the configuration is topological or trivial, we find it is most
convenient to plot the zero-value contours satisfying d, = 0 and the ones simultaneously satisfying d, = d, = 0. The former in
general is lines in the 2D Brillouin zone, and the latter is in general points. Representative configurations for —kqg < k, < kg are
shown in Figs[S2|(a) and [S2{b), and representative configurations for kg < |k.| < 7 are shown in Figs[S2(c) and [S2(d). From
the two figures in the upper row, it is easy to see that if one fixes the zero-value contours satisfying d, = d,, = 0, the two rings
satisfying d, = 0 cannot be deformed to vanish without crossing the contours satisfying d, = d, = 0. The crossing, however,
corresponds to a closure of the bulk energy gap. This indicates that the configurations in Figs[S2[a) and [S2{b) are conditionally
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FIG. S1. Energy spectra at a given k.. Open boundary conditions are applied in the x direction. (a) k, = 0, a pair of counter-propagating
gapless edge states is found. (b) k. = ko + 0.5, there is no edge state. Other parameters are M = 1.5,¢ = A = 1 and § = 0. For this set of

_ 2
parameters, ko = .
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FIG. S2. Zero-value contours of the d.., dy and d. terms at a given k. plane. The blue lines refer to the contours satisfying d. = 0, and the red
lines and dots refer to the contours satisfying d, = d, = 0. The two configurations in (a) and (b) are topological since the blue lines cannot
be annihilated unless crossing the red line when |k | < ko. In contrast, when ko < |k.| < 7, the annihilation of the two blue lines is feasible,
as shown in (c). In (d), the zero-energy contours for d, = 0 are already annihilated. In (a-d), the values of k. are 0, ko — 0.5, ko + 0.5, and 7
in order. Other parameters are the same as those in Figs[ST}

obstructed to a trivial configuration. Therefore, the Hamiltonian corresponding to configurations in Figs[S2|a) and[S2[(b) must be
topologically nontrivial in some way. As revealed by numerical calculations, the nontrivial topology manifests as the existence
of a pair of counter-propagating gapless edge states even though the system does not have time-reversal symmetry. In contrast,
the configurations in Figs[S2{c) and [S2d) apparently belong to the class of trivial configurations, and numerical calculations
also confirm the absence of any type of gapless edge states.

Now we discuss the effects of the terms involving 6. When § becomes nonzero, the chiral symmetry on the high symmetry
lines k, = 0/m or k,, = 0/ are broken. As a consequence of the lift of the protecting symmetry, the pair of counter-propagating
gapless edge states are gapped, as shown in Fig[S3|a). However, the system remains to be topologically nontrivial. In the regime
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FIG. S3. (a) Energy spectra with nonzero ¢ and open (periodic) boundary conditions in the x (y) direction. The edge states become gapped.
(b) Four zero-energy states (red dots in the inset) are found when open boundary conditions are set in both = and y directions. The probability
density profile of the four zero-energy states are sharply localized at the corners. (c) The zero-value contours of d,, dy, and d.. The four red
dots between the two blue lines obstruct their annihilation without the closure of energy gap. The parameters in (a-c) are M = 1.5,t = A =1,
k. =0,and § = 0.2.

—ko < k. < ko, we find that the Hy_ (k,, ky) now describes a second-order topological insulator [47]. When both = and
y directions take open boundary conditions, there are four zero-energy states, one per corner, as shown in Fig[S3|b). Again
plotting the configurations of the zero-value contours of the d, , . terms (see Fing_TKc)), we find that, similar to the case with
0 = 0, the configuration remain to be conditionally obstructed to a trivial configuration. The only difference between the two
cases with = 0 and 0 # 0 is that for the former, the annihilation of the two rings satisfying d, = 0 are obstructed by a 1D
ring satisfying d, = d, = 0, while for the latter, their annihilation is obstructed by four OD points satisfying d, = d, = 0.
Interestingly, the dimension of the zero-value contours lying between the two zero-value contours satisfying d, = 0 has a
one-to-one correspondence with the dimension of the boundary states. The result indicates that once the § term is finite, the
system transits from a first-order BDSM to a second-order BDSM. Since all these 2D planes for —ky < k., < kg correspond
to a second-order topological insulator with corner states, these corner states consist of four hinge arcs at the charge neutrality
condition after reconsidering the system as a 3D system.

II. TOPOLOGICAL AND PHYSICAL PROPERTIES ASSOCIATED WITH THE LOW-ENERGY BERRY-DIPOLE
HAMILTONAINS

A. Topological property of the Berry-dipole nodes

Above we have shown that when ¢ # 0, the topological boundary states have a dramatic change in comparison with the case
with § = 0. However, when focusing on the low-energy physics near the band nodes, the terms involving § are unimportant since
their leading-order contribution to the energy spectra is of fourth order in momentum, while the leading-order contributions from
other terms are second order in momentum. Therefore, we disregard all terms involving . Performing a Taylor expansion near
the band nodes at k,, ,, up to second order in momentum, one obtains

Hy(q) = X200.4y (200 + X200:2q:0y + [0 (4} + q;) — v2¢2] 0, (S10)

where v = A\, v, = ty/1 — (M/t —2)%, ¢ = (42, qy, g-) denotes the momentum measured from the corresponding band node,
and x = = refer to the two band nodes located at k,, ,, = x(0,0,arccos(M/t — 2)). The energy spectra of the low-energy
continuum Hamiltonian are

Ey+(q) =+ V(¢ +qp) +v243] (S11)

where =+ refer to the conduction and valence bands, respectively. Obviously the energy spectra are quadratic in all directions.
Accordingly, the Fermi velocities near the nodes are linear in momentum,

oE
vx() = ’gj;@ = +2(0°q;, v*gy, v2g:). (812)

Noteworthily, v, +(g) is independent of  as the energy spectra do not depend on x.
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Despite the fact that the two low-energy Hamiltonians associated with the two nodes are different, the Berry curvatures are
the same. In 3D, the Berry curvature has three components and can be viewed as a vector. The Berry curvature vector near the
nodes is

_21}21)3(]2 a
2 )
EXHr

©(q) = ) () —
where the superscript “c(v)” refers to the conduction (valence) band. Interestingly, the momentum dependence of the Berry
curvature resembles the field distribution of a dipole. Since the Berry curvatures for the conduction and valence bands are
exactly opposite for the two-band model, below we focus on the conduction band for a detailed investigation. It is easy to find
that an integral of the Berry curvature over an isoenergy close surface identically vanishes, i.e.,

1

C = — Q9 .ds
2m Ex +=n X
1 20202
= =5 202 2Zq/Z 53124 45
27 Ey +=p [U (qm + qy) + Uzqz]

1
= ~5-23 # 20%v%q.q - dS,
H Ey +=p

1 /// 2 2
I V- (2v°vZq.q)dq.dqy,dq.
271—:”’2 Ey +<p ( ) !
1
5 W 8U2U§de%dqu%
2rp ey <

8 S
3 /// 4-dqdqydq.. (S14)
27”’6 Ex,+<ﬂ

At the last step, we have rescaled the momentum, i.e., ¢, = vqy, ¢y = vqy, and ¢, = v.q,. Accordingly, F, = v (g2 +
qy) +v2q? = G2 + q; + G2, suggesting that the volume is enclosed by a sphere in the rescaled momentum space. Changing the
Cartesian coordinates into the spherical coordinates, one obtains the integral

8 g e g~
C = - 2 /// q,qugcdqyd(h
27(’“ Ex +<p

8 v T 27
= — 5 / d(j/ d9/ déq® cos 0 sin 0
2mp Jo 0 0

= f/ dfsin 20 = 0. (S15)
0

The vanishment of C' suggests that the net Berry monopole charge within the surface is zero. However, it is easy to see that the
integral over the upper-half surface (¢, > 0, or say 0 < 6§ < 7/2) or the lower-half surface (¢, < 0, orsay 7/2 < 6 < m)is
quantized to a nonzero value,

/2

Cy = —/ dfsin20 = —1,
0

c_. = f/ dfsin26 = 1. (S16)
w/2

The result suggests that the band node acts as a point dipole which, pictorially, is formed by the overlap of one monopole and
one antimonopole in a mirror symmetric way [34].

B. Intrinsic anomalous Hall effect

As the Berry-dipole nodes carry nontrivial Berry curvatures, a direct physical observable effect is the intrinsic anomalous Hall
effect. In 3D, the general formula for the Hall current contributed by Berry curvature is given by

2 3
e = 52 et (S17)
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where the subscript a of j, labels the direction of the current, n the band index, f the Fermi-Dirac distribution function, and &,
the component of the electric field in the ¢ direction. Here we focus on the zero-temperature limit, so that f is reduced as a step
function, i.e., f(E,(q)) = ©(n — E,(q)). Again viewing the Hamiltonian as a parameter dependent 2D Hamiltonian, it is easy
to find that the 2D Hamiltonians Hy, (k,, k.) and Hy,, (K., k-) have an effective spinless time-reversal symmetry. This suggests
that the Hall conductivities o, and o, vanish identically. Only the 2D Hamiltonians #_ (ks, k) lack time-reversal symmetry,
so only 0, can be nonzero. Also focusing on a positive and small y, since all gapped £, planes have trivial Chern number, the
occupied band has vanishing contribution to o,. Therefore, we can just focus on the upper band. In the weakly-doped regime,
04y can be determined by using the low-energy Hamiltonians around the two band nodes. Since the two band nodes have the
same Berry curvature and energy spectra, they have the same contribution to o,,.. The result is thereby given by

Guy(1t) = Z /// =00 (@O~ By 4 (a)

/// dqf”d%dqm“)( O~ B+ 1 (a)

dqmdq dqz 20%02¢?
= /// y (qg +q ) +U2q2]2@(‘u7 E+7+(q))
T Y z4z
d(dedeq,z 2qz 2
fwz /// 1O =7
2m ~4 2 :
2¢2 . 24" cos” 0 sin 0
~ G / dq/ JEES

B 262 8T\l 24\f S18)
T @m)Bhw, 3 h3mu.

Interestingly, |/7z/v. has the geometric interpretation as the radius of the Fermi surface in the z direction. Defining the diameter
parameter D, = 2,/j1/v., we reach the expression in Eq.(11) of the main text,

6 2DFz

1
“h 3 (519)

Oay(1t) =
Before ending this section, it might be interesting to give a comparison with the Hall conductivity in an ideal Weyl semimetal
with only one pair of Weyl nodes at the same energy. For the latter, the Hall conductivity also has a connection with one
geometric quantity, the distance between the two Weyl nodes [35]. Concretely, when the Fermi energy crosses the Weyl nodes,
it is known that the Hall conductivity is proportional to the separation between the two Weyl nodes in the momentum space, i.e.,

62 Akl

0ij = h J €ijl o

(S20)
where Ak; denotes the separation between the two Weyl nodes in the [ direction. If one varies the chemical potential but still
keeps the system in the weakly doped regime, o;; will retain its value since the low-energy Weyl Hamiltonian of the form,
Hig) = Y, ; Vij¢i0;, has emergent time-reversal symmetry which forces the vanishment of the leading-order contributions
from the Berry curvature.

C. Orbital magnetic moment and orbital magnetization

In the semiclassical theory, the self-rotation of a wave packet leads to an orbital magnetic moment. The orbital magnetic
moment is given by [68]]

. e
m(q) = —ig, (Vqul x [H(q) — E(q)]|Vqu) , (s21)
where |u(q)) and F(q) are the cell-periodic Bloch function and eigenenergy of the Hamiltonian (q), respectively. For a
two-band Hamiltonian, H(q) = d(q) - o, m(q) has a simple relation with the Berry curvature [69],

ed(q)

ma(q) = —=l(q), (S22)
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where d(q) = |d(q)|, and ,(q) is the o component of the Berry curvature vector. Let us also focus on the low-energy Berry-
dipole Hamiltonian and the upper band. Since the Berry curvatures and energy spectra for the two low-energy Berry-dipole
Hamiltonians are also the same, their orbital magnetic moments are the same. Focusing on any one of them, the orbital magnetic
moment is given by

2ev?v2q.q
m(q) = — c . (523)
h[v?(qz + q3) + v2¢Z]
Interestingly, the z-component of the orbital magnetic momentum on the ¢, axis is a constant,
2 2
m.(0,0,q.) = ———. (S24)
Despite being gapless, an effective mass can be defined for the quadratic band structure,
-1
0°E B2 PE\TT W
* :h2 = —_— ]\4*:]&2 —_— = —F=. 525
" <3q3<y> ) 2027 ( dg2 > 202 (529
Accordingly, the result in Eq.(S24) can be reexpressed as
eh eh
z\Y, U, 4z) = — = -2 :72*, S26
m(0,0,¢:) M* M Hp (526)
z(y) z(y)

where 7 has the interpretation as an effective Bohr magneton. Interestingly, the orbital magnetic moment is twice of the
effective Bohr magneton, which is different from the 2D massive Dirac fermion whose orbital magnetic moment at the band
edge is equal to one effective Bohr magneton [69].

Based on the orbital magnetic moment and Berry curvature, the zero-field orbital magnetization is given by [[70]

d3q eQ(q
M = [ S50 @) [m@+ L - d@)] s27)
(2m) h
Using the relation in Eq.(S22), one obtains
d3q ed(q) e
M = ——=0O(p—d Q —(pn—d
) = [ 00— dta)) | “4L02a) + - dla)
= [ D6 da)naa) 529
- h (27T)3 /’L q q),
Following the calculations in Eq.(S18), one immediately obtains
3/2
e u>’s
M(p)=—= 2
(1) F 320, (529)
In the weakly doped regime, for each Berry-dipole node, the contribution to the electron density is
"o / o O — (V*(4 +qp) +v2¢2))
(27’()3 x Y z4z
1 d3q
= O(u — ¢
UZUZ / (271_)3 (/’L q )
3/2
I
= = S30
672020, (530)
Using the above result, the orbital magnetization can be reexpressed as
2 2
M(p) = — ‘Z’ ns = —2nu’2. (S31)

Interestingly, the result indicates that all electrons have the same quantized contribution. If the contributions from two Berry-
dipole nodes are both taken into account, the total orbital magnetization is

M (i) = 2M (1) = —2n7 132, (S32)

where np = 2n is the total electron density. By further using the results in Eq.(ST8), Eq.(S29) and Eq.(S32), a connection
between the orbital magnetization and the Hall conductivity can be built, which reads

Mr.. (1) = B0y (). ($33)
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III. ANISOTROPIC LANDAU LEVELS FOR THE LOW-ENERGY BERRY-DIPOLE HAMILTONIANS
A. Landau levels formed in a z-direction magnetic field

When the energy dispersion is isotropic, usually, the resulting Landau levels will not rely on the direction of the magnetic

field. Two paradigmatic examples are the Schrodinger Hamiltonian H(q) = % and the Weyl Hamiltonian H(q) = fivg - 0.
However, as will be shown below, even the energy dispersion is isotropic for the low-energy Berry-dipole Hamiltonian, the
Landau levels show remarkable anisotropy when the magnetic field is applied in different directions.

We first consider that the external magnetic field is applied in the z direction. Focusing on the orbital effect, the low-energy
Berry-dipole Hamiltonian subjected to a z-direction magnetic field becomes

V(12 4+ 102) — 0v2¢?  —2ixvv.q. (11, +ilL,)
— T Yy z4z zZ41z z Y
Hy(q) ( 2ixvv,q, (I, —ill,) —v? (12 + 10,)% + v2¢? ) (834)
where II,, = ¢, + 6’22 and IT, = ¢, + e’gy. To be specific, we choose the Landau gauge, A = (A,, A, A,) = B(0,z,0). As
[T, Hy] = —i%, it is convenient to use the Landau ladder operators,
) t : t
szi(a—"_a‘ )7 (a_a )7 (S35)

11, =
V2ip Y V2p

where a and a' are bosonic annihilation and creation operators satisfying [a,a] = 1, and [g = 4/ % is the magnetic length. In
terms of the Landau ladder operators, the Hamiltonian can be rewritten as

2 A .
< ;’TB(Zn +1) —v2¢? —Zﬂzﬁvvzqzcﬂ )

Hy(q:) =
x(2:) 2\/§i%vvzqza —;}TZ(ZfL +1) + v3g?
B

(S36)

where 7 = ala.
The Landau levels are determined by solving the eigenvalue equation H, v, = F, 1. Choosing the following trial eigen-
functions

'(/JXJMX — ( Uy, na |n> ) , (537)

Uy na [N — 1)

where o = 4, and |n) with the integer n > 0 satisfies a' |[n) = v/n +1|n+ 1) anda|n) = \/n|n — 1) forn > Land a |0) = 0.
For n > 1, one can find

2 2 2 2,22
v v v2v
EX,na((Iz) = 2 +a\/<2n —v§q§> +8n Zqzv
B

1% 1%
v2 V2
=7+ a(znZT +02¢%), (S38)
B B
and
@) 1 . Zn% —v2q2 @) =i 1 . Zn% —v2q2 39)
Uy na\dz = - +o— 7U,na ,) = XX — —a—2 |,
B B
For n = 0, we have
h2v?
Eyo(4:) = 5~ —vid, (S40)
B
and
Uy0 = ( |g> ) . (S41)

Three salient properties of the Landau levels are: (i) the Landau levels are quadratic in ¢, and linear in the field strength
(F x 1152); (ii) all Landau levels are separated from each other; (iii) the 0-th Landau level always cross £/ = 0 twice. The first
two properties are similar to the Landau levels for non-relativistic electrons. The last property can be understood by noting that
the Berry-dipole node corresponds to an overlap of two Weyl nodes with opposite chiralities.
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B. Landau levels formed in an z-direction magnetic field

Since the low-energy Berry-dipole Hamiltonian has a continuous rotation symmetry about the ¢, axis, when the magnetic
field is applied in the zy plane, the Landau levels will not depend on the specific direction of the field in the zy plane. Therefore,
we focus on the case that the magnetic field is applied in the x direction. To simplify the calculation, we first do a unitary
transformation to the low-energy Berry-dipole Hamiltonian,

Hy(q) = Uty (qU

= ZXUUZQyQZUy + 2x0v,q.q.0; + [U2 (qg + qqi) - U?Qg] Og, (542)
where the unitary operator reads
1 11
U\/§<z—z> (S43)

After taking the effect of the magnetic field into account, the Hamiltonian becomes

’H;((q) = xovs(IL,IL, + ILIL) )0y, + 2x0v.q.11.0. + [v*(¢2 + IT2) — 02112 ] 0, (S44)

where IT, = ¢, + 8‘2” andIl, = q, + e‘gz. To be specific, we again choose the Landau gauge, A = (0, 4,, A,) = B(0,0,y). It

is worth noting that, since II, and II, do not commute, we have adopted symmetrization when the two operators show together,
ie., 211,11, — (HyHZ + Hzﬂy). Similar to the previous case, it is convenient to use the Landau ladder operators,

v, 1 v 1
I, =4/=— NI, =1 —(a—al). 4
v =4 gy (@t a) Il =iy /5 (a—ah) (S45)

Here we have performed a rescaling of the operators to eliminate the anisotropy of the velocity in the yz plane. Taking the above
expressions back into Eq.(S44)), one obtains

, . VU, V2030, VU,
Hy(a) = ixpg-la® = (@), +ix=—du(a — al)o. + {v2q5+ - [0* + (@)?]] o, (S46)
B B

The exact Landau levels for the above Hamiltonian cannot be analytically obtained. Below we adopt a perturbation approach to
approximately determine the analytical form of the Landau levels. Concretely, we divide the Hamiltonian into two parts,

Holg:) = O +H M (qa), (S47)
where
HO = ix [~ (@] oy + 57 [0+ (a)?] o
B B
) 0 5 [a?(14 ) + (a)2(1 - x)] )
= | 5 @0+ @)+ )] 0 ’
and
’ A /2 3
’Hx(l)(ql.) = v¥¢?0, +ix U gz(a —al)o,. (549)

lp

As ’H;((O) has no dependence on g, and 7—[;(1) (¢.) depends on ¢, it is justified to treat 7-[;(1) as a perturbation when ¢, is small,
the regime that we are mostly interested in.

As the Hamiltonians for the two Berry-dipole nodes are different, we analyze them separately. Let us first study the case with
x = 1. The Hamiltonian (S48) for this case reduces as

’(()) o 2’U’UZ 0 CL2
o = ((aT)Q 0 ) (S50)

’H;((i)l is analytically solvable. Adopting the trial wave function,

Pl = ( Una |n = 2) ) : (S51)

Unea |72
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and solving the eigenvalue equation H (O)li/Jna = €na 7(1(2, we find that, for n > 2,

QUUZ /771 — w(o) \/§ (a |T|Ln; 2) ) 7 (S52)

where a = +. For n = 0 and n = 1, there are two degenerate Landau levels at zero energy, i.e. g = €; = 0, with their wave

functions given by
©_ (0 ©_ (0 ) <53
0 ( |O> ) s 1 ( ‘1> . ( )

These two degenerate Landau levels at zero energy can be understood by noting that the low-energy Berry-dipole Hamiltonian
at the high-symmetry momentum plane g, = 0 reduces to a quadratic Dirac Hamiltonian which has been extensively studied in
the context of bilayer graphene [73]. The quadratic Dirac Hamiltonian has the property that the Berry phase along a closed path
around the node is 27, or equivalently, the winding number is 2 as the reduced Hamiltonian has chiral symmetry. The winding
number can protect two robust zero-energy states.

Based on the wave functions of the analytically solvable part, now we determine the correction from the perturbation part.

First, we project ’H;((i)l (¢.) onto the basis spanned by {1/),(3.2} and obtain the matrix elements,

1) (1 0
H L, o (@) = QEDHD (g0)0). (S54)
By a straightforward calculation, one can find that the nonzero elements are H;((i)1 (01)(%) = —iv203v,q. /1B,
(1 (1 "1 ) ‘ s\Yy
H;:)L(o,gi)(%) = H)C(:)L(Lgi)(%) = +02¢3/V2, Hx(:)l,(lﬂi)(qz) = —i\/2v%v.¢, /1B, and forn > 2,
(1) V20,
Hx11,[noz,(n+1)5] (QI) = 1 213 Qm(\/n +1-— O‘B\/n - 1)a
(1) V20, — —
Hx:l,[(nJrl)oc,n,B] (Qx) =1 2lB Qz( n+1-— O‘ﬁ n-— 1)7
(1) 9,22
Hy=1nant2)p) (02) = BV dz/2,
(1) _
Hx=1,[(n+2)a,n[3](q$) = av’q?/2. (S55)
For notational simplicity, we define A, = —iv2v3v.q,/lp, B = 2/\/§ and A+ = —ivV203u,q,(vVn+1 £
vn—1)/(2lg) for n > 2. If one chooses the basis to be {7,/1(0) 7,/153_), . 111n+,1/)7(L0), ...}, one can find that the

corresponding matrix form of ”szl (gz) s

0O A, B -B 0 0 0 0 0 0 -
AA 0 A, A, B -B 0 0 0 0 -
B A7 0 0 A Ay F -Z% 0 0 -
-B A} 0 0 Ay A H % 0 0 -
0 B A A, 0 0 As_ As, % —%-
HO)=| O B A A 00 s A Gy m s ($56)
0 0 F & oA AL 00 0 A Ay oo
0 0 —% —% A, AL 0 0 Ay Ay
0 0 0 0 % % A A3 00
0 0 0 0 -4 %A, A 0 0

In this basis, 7—[ 1 is diagonal, i.e., 7—[ 1 = diag{0,0, €24, €2, ..., €nt, €n_,...}. Adding ”H,;(i)l and H;C(i)l(qm) together, one
obtains the total Hamlltoman and then a direct diagonalization of the total Hamiltonian can numerically determine the exact
form of the Landau levels.

In the following, we use perturbation theory to obtain an approximate but analytical expression of the Landau levels. Since
there are two degenerate Landau levels at ¢, = 0, we first perform a unitary transformation to the Hamiltonian. The unitary
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matrix has the form

9

Y2 N2 000
V2L Y2 0000
0 0 1000
Uu=| 0 0 0100 (S57)
0 0 0010
0 0 0001

The action of U on 7-[;6(2)1 does not change it, i.e., 7:[;((0 1= UTH 0) U = 7-[ 1- While the action of U on ", _1(qx) leads to

~1

HY (6:) = UH D (q.)U

€1t 0 C. —-Cp -¥2B ¥2ip 0 0 0 0 -
0 - —iCy iC. B 2B 0 0 0 0 -
C_ iCy 0 0 Ay Agy % —% 0o 0 -
-C, —iC_ 0 0 Aoy Aol % —% 0 0 -
iR 2R Ay Ay 0 0 Ay A BB
- 2p 2B A3 A5 0 0 A3 4 L L. (S58)

0 0 % % A5 AL 0 0 Ay Ay o
0 0 & -5 Ay A 0 0 Ay A

0 0 0 0 % % A Ay, 000

0 0 0 0 -% -~ A A 0 0

where €1+ = +1/203v,¢,/Ip, and C1 = /2(B £ iA1)/2. After this operation, we can rearrange the Hamiltonian into two

parts, i.e., ’HX 1 = Haq + Hp, where

Hq = diag{er,€1—, €24, €2y ooy €nty €n—ynn by
0 0o C. -Cp -¥B 2B 0 0 0 0 -
0 0 —iCy iC- B -¥2B 0 0 0 0 -
C_ iCy 0 0 Ay Agy % —% 0o 0 -
-C, —iC_ 0 0 Ay A B L 0 0 -
V2B B A3 Az, O 0 Ay Ay F -5

H, = | 5B B A3 A0 0 A A L -5 (S59)
0 0 £ % A Ay, 00 0 Ay Agp -
0 0 -5 -5 A AL 0 0 Ay Ay
0 0 0 0 = &AL AL 000
0 0 0 0 —% —% A, A5 00

Now we use perturbation theory to obtain the correction from H,, to the energy levels of H,4. The result is
Ena = €na + Z na mﬂ‘ > (S60)
m£n,3 €na — €EmpB

For the four Landau levels most close to &2 = 0, their explicit expressions are

V2v3v, |C_|? |C4|?
B4 (qz) = —EB1-(q2) = m T e avme. T oS szz
15 4= 2 qz +
B2 B2
+ (S61)

+
2[\/21)3112(1 N 2\/2:112] 2[\/21131)2 s + 2\/7;%]

lB x lB
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and
. N Yo C_ P2 C 2
2+(Qm) - 27<qx> - ZQB 2v/2vv, V2030, 2/2vv, + V2v3v,
l’% B qx li}’g B Gz
| Ay |? |Agy 2
[2\/;1:1)2 o 2\/162;1)2] [2\/?281)1)2 + 2\/1%1)2]
B? B?
+2[2\/§va _ 2\/ﬁvvz] + 2[2\/51)1)2 + 2\/ﬁvv2]' (S62)
U5 U5 U5 U5
If only the leading order term in momentum is kept, one obtains the following compact expressions of the Landau levels,
V2030,
El:l:(q:z:) = =+ I T
B
2y/n(n — 1)vv, 2n—1
Eni(q:) = %] ( ) + ( ) 2¢2], n > 2. (S63)

1% 2¢y/n(n—1)

Notably, the above results indicate that the two Landau levels most close to zero energy are of linear dispersion and cross at zero
energy, which is fundamentally different from the gapped behavior of the Landau levels when the magnetic field is applied in
the z direction. Furthermore, here the Landau levels are symmetric about 2 = 0, which is also different from the Landau levels
when the magnetic field is applied in the z-direction. Interestingly, here the crossing characteristic of the two linear Landau
levels is reminiscent of the two linear zeroth Landau levels of a 3D Dirac Hamiltonian. However, a big difference is that the
two linear zeroth Landau levels associated with a Dirac node are of opposite spin polarizations, in contrast, here the two linear
Landau levels associated with a Berry-dipole node are of the same spin polarization.

Similar steps can also obtain the Landau levels for the other Berry-dipole Hamiltonian. The Landau levels are of the same
structure. The main difference is that the Landau levels will have different spin polarizations.

(
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