arXiv:2404.10131v1 [cond-mat.quant-gas] 15 Apr 2024

Rotational Superradiance in a Time-Reversal Symmetry-Broken Quantum Gas inside

an Optical Cavity

Natalia Masalaeva®t2* and Farokh Mivehvar ®% T

Y Institut fiir Theoretische Physik, Universitit Innsbruck, A-6020 Innsbruck, Austria
2 Institut fiir Experimentalphysik, Universitit Innsbruck, A-6020 Innsbruck, Austria

Appearance of quantized vortices in a superfluid and a Bose—Einstein condensate (BEC) stems
from their nontrivial response to broken time-reversal symmetry (TRS). Here we show that breaking
of the TRS by, for example, rotation or an external synthetic magnetic field in a transversely-driven
BEC coupled to a single mode of an optical cavity modifies drastically Dicke-superradiance and
self-ordering phenomena in this system. In particular, photon scattering from the pump laser
into the cavity is amplified by the rotational motion of the BEC, leading to so-called ‘rotational
superradiance’—in a loose analogy to black-hole physics—with distinct critical scaling properties.
Another notable finding is that cavity photons mediate long-range, periodic attractive interactions
among the vortices, which compete with pair-wise logarithmic repulsive vortex interactions and
deform the Abrikosov triangular vortex lattice favoring a stripe-like pattern. Remarkably, the rota-
tion of the BEC and topological properties of the vortex lattice can be monitored nondestructively

through the cavity output field.

Introduction.—Invariance under the time-reversal sym-
metry (TRS) indicates equivalence between two direc-
tions of motion in time [1]. For charged particles such
as electrons, the TRS can be broken by, e.g., an applied
external magnetic field. This leads to a wealth of intrigu-
ing phenomena, ranging from the integer and fractional
quantum Hall effects to fractal energy spectra of Hofs-
tadter’s butterfly [2]. Such phenomena are naturally ab-
sent in charge-neutral particles as they do not minimally
couple to electromagnetic gauge potentials, and hence
the TRS is respected. However, this restriction can be
overcome and the TRS can also be broken in charge-
neutral systems like ultracold atomic gases by making
use of the Coriolis force in a rotating frame. Besides ex-
ploiting rotation, numerous other techniques exist now to
mimic various types of minimal gauge couplings for neu-
tral quantum particles and hence to break the TRS [3, 4].

Undoubtedly, the response of an atomic Bose—Einstein
condensate (BEC) to a synthetic magnetic field pierc-
ing the BEC and breaking the TRS is intriguing: Quan-
tized vortices form inside the BEC, where the phase of
the condensate wave function has singularities in vor-
tex cores and correspondingly the density falls to zero in
these points [5-7]. This is intimately related to the super-
fluid nature of the BEC and is reminiscent of the behav-
ior of rotating superfluid helium. At low temperatures,
these vortices are arranged in a triangular “Abrikosov”
lattice [8] due to pairwise logarithmic repulsive interac-
tions between the vortices [9, 10]. Such vortices and vor-
tex lattices have been created in BECs through different
experimental techniques [11], including rotation and stir-
ring [12-18], phase imprinting [19-21], and engineering a
synthetic gauge field [22, 23].

During the past two decades, there has been a tremen-
dous effort to study the celebrated Dicke-superradiance
and self-ordering phenomena in quantum gases inside
optical cavities [24]. Superradiance and corresponding

self-organization in the original forms have already been
experimentally observed with both bosonic [25-29] and
fermionic [30, 31] quantum gases inside cavities. Many
extensions to the original models have also been imple-
mented experimentally [32-34]. On the theoretical side,
numerous novel directions have been explored as well, in-
cluding possibilities for simulating dynamical gauge po-
tentials for quantum gases [35-39]. Despite all these theo-
retical and experimental developments, one fundamental
question has been completely overlooked: What happens
to superradiance and self-ordering if the TRS is explicitly
broken (by a minimal-gauge-coupling-like effect)? In this
Letter, we address this intriguing question in the context
of many-body cavity QED and find a wealth of intriguing
phenomena.

We consider a two-dimensional (2D) BEC, harmoni-
cally trapped in the longitudinal plane of a standing-wave
cavity. The BEC is coupled to an off-resonant mode of
the cavity and is further driven dispersively by a trans-
verse pump laser oriented perpendicular to the plane of
the BEC, thus ensuring the pump field has no position
dependence in the BEC plane. A synthetic magnetic field
pointing in the same direction as the pump laser pierces
the BEC, hence breaking the TRS and altering the under-
lying nature of the system fundamentally. Our most no-
table finding is that the Dicke superradiant (SR) thresh-
old decreases when the rotational energy of the BEC in-
creases as a function of the increasing synthetic gauge
field as shown in Fig. 1(a). In other words, rotation of the
BEC resulted from the broken TRS enhances SR scatter-
ing, reminiscent of the amplification of a wave scattered
off a fast rotating absorbing body [40, 41], such as ro-
tating black holes [42-45], at the expense of rotational
energy [46]. Motivated by this analogy, we loosely refer
to the enhancement of Dicke SR scattering by rotation
in our system as ‘rotational superradiance’ [47]. We also
show that, in turn, the critical synthetic magnetic field
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for single-vortex stability in the BEC is decreased dras-
tically in the SR regime as illustrated in Fig. 1(b). This
is due to the emergent cavity potential, which breaks the
rotational symmetry and allows for the angular momen-
tum to be pumped into the system via photon scattering
processes. We then examine both the steady state and
dynamical response of the system across these thresholds
as shown in Figs. 2 and 3. For chosen parameters, the
SR phase transition as a function of the gauge field (i.e.,
rotation) exhibits a series of first-order transitions, while
as a function of the pump has a second-order nature—
but with a very different scaling behavior compared to
the original SR phase transition. Another key finding
is that cavity photons mediate long-range, periodic at-
tractive interactions among vortices, which compete with
logarithmic repulsive vortex interactions and distort the
Abrikosov triangular vortex lattice, favoring self-ordered
striped vortex patterns.

Model—Consider a harmonically-trapped 2D BEC in
the z-y plane, pierced with an external uniform synthetic
magnetic field B = Be, along the z axis. The BEC is lo-
cated inside an optical cavity oriented along the x axis
and is coupled with strength G(z) = Gg cos(k.z) to a sin-
gle standing-wave mode of the cavity, with k. = 27 /A, =
we/c being the wavenumber of the mode. The BEC is
further driven with rate )y by a transverse pump laser
with frequency wj, along the z axis. Both the cavity and
pump fields are far off-resonance so that atomic excited
states are not populated significantly and only low-lying
momentum states are excited. In this regime the BEC
order parameter ¥(r,t; A, a) = \/nexp(if) obeys a gen-
eralized Gross—Pitaevskii equation (GPE) [24],

a _ 2
iha—i} = % +V(r,a)+ gon| ¥, (1)

where M is the atomic mass, gy the strength of two-
body contact interactions, and A(r) = B(—y,x,0)/2 the
external time-independent synthetic vector potential in
the symmetric gauge (with the synthetic charge set to
one for simplicity) minimally coupled to the momentum
operator p, breaking the TRS of the system. This exter-
nal gauge potential can readily be implemented via var-
ious available techniques [4], such as two-photon Raman
processes [22] or rotation of the BEC [12-18] which also
results in an extra anti-trapping potential. For concrete-
ness, we consider the former case here and present the
latter case in detail in Supplemental Material (SM) [48].

The potential V(r,a) = Vi(r) + Var(z,a) is com-
posed of two terms: A symmetric harmonic trap
Vie(r) = Mw?r?/2 with the trap frequency wi, and an
emerged, dynamical cavity optical lattice Vsgr(z, ) =
hU|a)? cos?(kex) + 2hnRe(a) cos(kez).  Here, a(t;n)
denotes the coherent amplitude of the cavity field
determined self-consistently using the atomic density

n(r,t; A, «) via [24, 49],

i%—? =— (AC + ik — U/n(r) cos? (k) dmdy) a

+7 / n(r) cos(k.x) dedy, (2)

where A, = w, — w, is the pump-cavity detuning, & the
field decay rate, U = G2/A,, and n = GoQo/A, (with
A, being the detuning of the pump laser from an atomic
excited state). Since the dynamics along z is completely
frozen due to the strong confinement, the potential aris-
ing from the pump laser in the z-y plane is merely a
constant, Q3/A,, and has thus been omitted in V(r, a).

In the following, we study the intricate interplay of su-
perradiance and the synthetic background gauge poten-
tial (or equivalently “rotation”) in our system and show
that a wealth of intriguing phenomena appears. This is
due to the fact that, on the one hand the atomic den-
sity n(A, a) depends directly on the gauge potential .4
and the cavity field a;, while on the other hand the cav-
ity field a(n) depends directly on the atomic density n
and hence indirectly on the gauge potential A. First,
we focus on the steady-state physics of the system, by
setting dyp = —ipp/h (with p being the chemical po-
tential) and d;ov = 0 in Egs. (1) and (2), respectively.
Afterwards, nonequilibrium dynamics of the system are
examined through the full coupled equations of motion,
Egs. (1) and (2). We refer interested readers to SM for
the details of numerical calculations [48].

Throughout this paper, the units for length, frequency,
and energy are given by an, = +/h/(Mwy,), wy and
hwy, respectively. We also introduce the parameter ( =
ano/Ac characterizing the ratio between the size of the
BEC and the wavelength of the cavity mode.

Crriticalities.—Let us start by examining the critical
behavior of the system in the vicinity of the SR phase
transition and the single-vortex nucleation. We illustrate
the SR threshold 7.(B) as a function of the synthetic
magnetic field in Fig. 1(a), and the critical synthetic mag-
netic field B.(n) for the single vortex nucleation as a func-
tion of the pump laser in Fig. 1(b); see also SM for the
details [48].

The SR threshold 7.(B) shows an intriguing behav-
ior: It decreases as the gauge field B increases, exhibit-
ing discrete drops in specific values of B. These plunges
correspond to changes in the number of vortices in the
system, quantified by the average of the z component of
the angular momentum operator L, = xp, — yps, as also
shown in Fig. 1(a) with respect to the right axis. Such
behavior indicates that rotation of the BEC driven by
B enhances the tendency of SR photon scattering [50].
This is reminiscent of the amplification of a wave scat-
tered off a fast rotating absorbing body at the expense
of rotational energy, first predicted by Zel’dovich for a
rotating conducting cylinder [40, 41] and then extended
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FIG. 1. Critical behavior of the system: The SR threshold
\/Nnc (the red line with respect to the left axis) and the
average of the z component of the angular momentum per
particle (L.)/NF (the orange dashed line with respect to the
right axis) as a function of the synthetic magnetic field B (a),
and the critical gauge field B. (the olive-green curve with
respect to the left axis) and the absolute value of the rescaled
cavity-field amplitude |a|/v/N (the blue dashed curve with
respect to the right axis) as a function of the pump strength
v/ N7 (b). Numbers in (a) indicate the amount of vortices in
the steady-state BEC density profile n(r) and the insets show
typical densities n(r) for indicated parameters. The other
parameters are set to (NU, A, k) = (=1,—5,2) wir, Ngo =
150hwirai, /¢, with ¢ = 0.9.

to rotating black holes [42-45]—all in a close analogy to
the Penrose mechanism for extracting rotational energy
from a rotating black hole by a massive body [46]. A
similar effect has also been predicted for sound waves
in flowing (quantum) fluids containing vortices [51-59],
where a vortex can be imagined as a sonic black hole
analog [60-62]. Indeed, such rotational superradiance of
sound waves has been recently observed in water with a
draining vortex [63] and in air with a rotating absorb-
ing disk [64]. In a close analogy to these phenomena,
we loosely designate the enhanced SR photon scattering
due to the gauge field B as ‘rotational superradiance’ [47].
This amplification in our system can be attributed on the
one hand to density inhomogeneities caused by vortices,
which only minimally seed the SR photon scattering as
shown in SM [48]. On the other hand and most impor-
tantly, the density response of the system in the presence
of B is determined by Landau-like states [65], which is
fundamentally different from the response of a BEC to
usual self-ordering in plane-wave or Bloch basis [66].

The critical magnetic field B.(n) for a vortex to be
energetically favored and nucleate inside the BEC also
exhibits interesting features, as depicted in Fig. 1(b). Al-
though B.(n) is almost independent of the pump power
in the normal phase VN7 < 6wy, it reduces signifi-
cantly by increasing n in the SR state. This is due to
the emerged intracavity potential Vg (x,«) which cre-
ates density modulation for the BEC, thus decreasing
the energy barrier for a vortex to enter the BEC through
a density minimum similar to a recent experiment with a
dipolar supersolid [67]. In the deep SR phase, the BEC
separates into disjoint 1D tubes and hence B, almost sat-
urates.
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FIG. 2. SR phase transition: The steady-state field amplitude
|a|/v/N (blue line with respect to the left axis) and the an-
gular momentum (L.)/Nh (orange dashed line with respect
to the right axis) as functions of the synthetic gauge field B
for the fixed pump strength \/Nn = 6.5w¢r (a), and of \/NU
for fixed B = 1.5Mws, (b). The inset (a.i) shows the BEC
density profile n(r) for B = 0.6Mwy,, while (b.i-ii) illustrate
the BEC phase profile (r) for v N1 = Twi, and 7.81ws,, re-
spectively. All the other insets in (a) and (b) depict typical
n(r) for indicated parameters. The other parameters are the
same as Fig. 1.

Steady-state phase diagrams.—We now examine the
steady-state behavior of the system across the SR phase
transition. Let us commence by looking at the response
of the system at a fixed 7 as a function of increasing B.
We fix the value of the pump strength at vV N7 = 6.5w,
which is below the SR threshold in the absence of the
gauge field vV N7.(B = 0) ~ 8.1w,; see Fig. 1(a). As can
be seen from Fig. 2(a), for B < 0.8 Mwy, the BEC den-
sity n(r) contains no vortex [i.e., (L) = 0 as indicated
by the right axis of Fig. 2(a)] and there is no real pho-
ton inside the cavity. The BEC density follows closely
the Thomas-Fermi distribution as depicted in Fig. 2(a.i)
for B = 0.6 M wy,.

When B 2 0.8 M wy,, it becomes energetically favorable
for a vortex to nucleate in the center of the BEC and cor-
respondingly the average angular momentum (L) jumps
from zero to one. Concurrently, the BEC scatters con-
structively some small amount of photons from the pump
into the cavity, which in turn modulates slightly the BEC
density due to the emergent Vsgr(x, «); see the density
inset above the (L,) = 1 plateau in Fig. 2(a). This is
consistent with the SR-threshold 7.(B8) behavior shown
in Fig. 1(a): By increasing B beyond 0.8 Mwy,, the SR



threshold reduces drastically from approximately 7.8wy,
to 5.1wi,. The chosen pump strength VN7 = 6.5wg
then lies above the threshold and the system, therefore,
enters the SR phase. Note that the SR order parameter
« exhibits a discrete jump across the phase transition,
revealing its first-order nature.

By further increasing B more vortices appear in the
BEC, as shown by the density insets and quantified by
increasing (L.). As expected, (L,) is no longer quan-
tized at integer values [68]. Although the pump strength
is fixed VN7 = 6.5w¢,, the BEC scatters more photons
into the cavity due to increased rotational motion of the
cloud and density inhomogeneities, hence further justify-
ing the chosen name ‘rotational superradiance’. Equiv-
alently, this can be explained in another complementary
way: By increasing B, the SR threshold 7.(B) decreases
further [see Fig. 1(a)] and, therefore, for a fixed pump
strength 7 the system goes deeper into the SR regime.
It is interesting to note that the cavity field a exhibits a
series of step-like first-order transitions as B increases, in
complete accordance with (L,).

We now inspect the behavior of the system at a fixed
B as a function of the pump strength n. The gauge field
is fixed at B = 1.5Mwy,, which stabilizes three vortices
inside the BEC density in the absence of the cavity field,
as shown by the leftmost density inset of Fig. 2(b). For
weak pump strengths VN7 < 4.5wi,, the system is in
the normal state as shown in Fig. 2(b). By increasing 7,
the SR phase sets in. Unlike the SR phase transition re-
sulted from increasing B, the SR phase transition here as
a function of the increasing pump strength 7 is second or-
der. However, the scaling behavior |a(B = 1.5Mwy,)|
(n — me) obtained numerically [48] by fitting the cavity
field above the SR threshold is very different from the
common SR scaling |a(B = 0)| o (n —1.)/? [69]. This
implies that B changes the universality class of the SR
phase transition.

Interestingly, the average angular momentum (L. ) also
grows continuously in the SR regime with increasing 7,
since the emerged cavity potential Vsg(x, «) breaks the
rotational symmetry of the system, allowing for the angu-
lar momentum to be pumped into the system via photon
scattering processes. Although B is fixed, deep in the SR
regime two more vortices remarkably nucleate in the BEC
density [see the rightmost density inset of Fig. 2(b)], indi-
cated by the discrete jump in (L) around v/ N7 ~ 7.8w,.
Likewise, this can be accounted for by noting Fig. 1(b):
By increasing the pump strength, B.(n) decreases sub-
stantially in the SR regime and, therefore, for a fixed 5
more vortices are favored in the BEC density. Note also
that the discrete jump in (L) is accompanied by a small
discrete jump in a.

Vortex properties and nondestructive probing.—In the
absence of the cavity field, vortices in the BEC form an
Abrikosov triangular lattice owing to pairwise logarith-
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FIG. 3. Nonequilibrium dynamics of the system: The time
evolution of |a|/v/N (blue curves with respect to the left
axis) and (L.)/NF (orange dashed curves with respect to the
right axis) after the linear ramp of B from 0 to 1.4Mwy, dur-
ing initial 300/ws, seconds at fixed VN1 = 8.2wir (a), and
\/Nn from 0 to 7.9w¢r during initial 400/wyr seconds at fixed
B = 1.5Mw, (b). All insets in (a) and (b) depict typical BEC
density profiles n(r) for indicated times. The other parame-
ters are the same as Fig. 1.

the vortices [6]. As we show in SM [48], similar to cavity-
mediated inter-atomic interactions, cavity photons also
mediate long-range periodic attractive interactions o
n? >_i; cos(kew;) cos(kew;) among the vortices as well as
repulsive interactions between atoms and wvortices. The
interplay between these two types of inter-vortex interac-
tions, the contact collisional and cavity-mediated inter-
atomic interactions, as well as cavity-mediated atom-
vortex interactions determines single vortex properties
as well as the vortex-lattice structure. Regarding the
single vortex properties, most notably the vortex core—
which in the absence of the cavity field is symmetric
and determined by the contact interactions—is squeezed
along the x direction by increasing the strength of the
cavity-mediated atom-vortex interaction. More details,
including a figure, are presented in SM [48]. At the same
time, when the cavity-mediated periodic vortex interac-
tions become strong enough to overcome the logarithmic
repulsive vortex interactions, the triangular vortex lattice
deforms into a stripe-like pattern as can be seen from the
density insets of Figs. 2(a) and (b), reminiscent of vortex-
lattice deformation in dipolar quantum gases [70, 71].

Let us reiterate that the behavior of the cavity field as
a function of the gauge field and the pump laser, a(B)
and «(n), bears a strong resemblance to that of the aver-
age angular momentum (L,) of the BEC. In particular,
discrete jumps in (L), which indicate topological defor-
mation of the vortex lattice, are accompanied by discrete
jumps in the cavity field. Therefore, this provides the
possibility for the nondestructive monitoring of topologi-
cal properties of a vortex lattice in a BEC and quantum-
Hall-like states through the cavity output field [72-74].

Nonequilibrium dynamics.—Finally, we turn our atten-
tion to studying dynamical responses of the system to
the magnetic-field and pump-laser changes, respectively.
To this end, we start with the steady state of the sys-
tem for fixed v/ Nn = 8.2w, and no gauge field B = 0
[cf. Fig. 1(a)]. The steady state is a density-modulated
striped SR state as shown by the first density inset in



Fig. 3(a). The gauge field B is then ramped from zero to
1.4Mwy, during the first 300/wy, seconds and kept con-
stant afterward. As expected, (L) increases and accord-
ingly vortices enter the BEC, especially through density
minima as shown by the density insets; see also SM for
an animation of the real-time dynamics [75]. Remark-
ably, the system quickly cools down to almost its steady
state via the cavity dissipation channel. Small amplitude,
high-frequency oscillations stem from atomic excitations
that do not couple to the cavity field, such as kinetic-
energy excitations in the y direction. The dynamical re-
sponse of the system also reveals the rotational superradi-
ance where photon scattering into the cavity field « is am-
plified by almost 70% owing to the rotational motion of
the BEC. Note that, however, the density distortion due
to the nucleated vortices is just minimal as the vortices
sit in the already existing BEC density minima. This
hints that this SR amplification should originate chiefly
from the fundamental change of the response function of
the system due to the TRS-breaking gauge field 5. As
Fig. 3(a) illustrates, the nonequilibrium dynamics of the
BEC during the vortex nucleation can be monitored non-
destructively and faithfully via the cavity-output field.

We carry out similar analyses for the linear ramp of
the pump strength at fixed B as depicted in Fig. 3(b).
The BEC is initially in the normal phase containing three
vortices as shown by the first density inset in Fig. 3(b).
Consequently, the system evolves into the SR phase char-
acterized by nonzero o and emergent density modulation.
It is interesting to note that in the early stage of the dy-
namics, the three vortices rearrange clearly due to the
emergent cavity-mediated inter-vortex interactions. As
expected, angular momentum is also pumped into the
system, and two additional vortices nucleate; see SM for
an animation of the dynamics [75].

Concluding remarks.—We showed that breaking the
TRS has fundamental consequences in the SR phase
transition and self-ordering. In particular, superradi-
ance can be amplified by rotation in our setup, although
the incident pump field has no angular momentum as in
the original model [40, 41]. Our proposal can readily
be implemented in any quantum-gas—cavity-QED lab-
oratory [25-31] by incorporating well-established tech-
niques for breaking the TRS and creating vortices in
quantum gases [12-22]. Many intriguing fundamental
questions still remain to be explored in our model, in-
cluding hysteresis effects, the nature of polaritons and
collective excitations, the accuracy of rotation measure-
ments, and a pump field with orbital angular momen-
tum [76, 77]. It is also interesting to extend this model
to multi-mode cavity settings, where cavity-mediated in-
teractions can be shaped due to multi-mode superradi-
ance [78-80]. We leave addressing these interesting ques-
tions to future works.
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SUPPLEMENTAL MATERIAL

Here we present the details of numerical calculations, investigation of the steady-state behavior of a rotating BEC-
cavity system in the rotating frame (which includes an anti-trapping potential), derivation of the cavity-mediated
long-range interactions, a heuristic discussion regarding photon scattering from a vortex as a density inhomogeneity,
the scaling behavior of the coherent cavity field in the vicinity of the SR phase transition, vortex properties in the
presence of the cavity-mediated interactions, and an open-access web reference to animations of the real-time dynamics
of the system.

Details of numerical calculations: Steady states and thresholds

To find the steady state of the system we self-consistently solve the following system of coupled equations

oy [(p—A)?

_ n [ n(r) cos(k.x) daedy
Ao+ ik — U [n(r) cos?(kex) dudy’

ih

Olgg

(S1)

using imaginary-time evolution. Taking into account the highly non-convex energy landscape of the system with many
local minima [10, 81, 82], we perform simulations with various initial conditions for each given set of parameters, and
then select the solution with the lowest total energy including the free cavity-photon energy —A.|a|?>. We find that in
the SR regime the lowest energy solutions always correspond to the case where the SR potential Vsgr (z, «) is (positive)
maximum in the center x = 0. Stationary solutions are verified subsequently via real-time evolution, by adding some
initial perturbations to the solutions.

As initial states, we take different modifications of the Thomas-Fermi wave function 1rr(r) = /[urr — Vir(r)]/90
with prr being the 2D Thomas-Fermi chemical potential [83]:

/wrp(r) = Q/JTF (r>62m’7€(r)’

Yy (r) = Ppp(x)eldrerentv/),

'(pmv(r) ¢TF (I‘) Z quiq arctan(y/x)’ (82)
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where R(r) is a random number at position r and ¢ is the charge of the vortex. We also consider as the initial state
the superposition ), ¢, (r) of wave functions of the form 1), (r) o (z + iy)me’(z2+yz)/2.

To find the threshold 7.(B) for the SR phase transition, we solve Egs. (S1) for a given value of B on some range
of n starting from different initial conditions. We then compare the solutions and select the one that has the lowest
total energy as explained above. The SR threshold 7.(B) is passed when the condition |a|/v/N > 0.01 is satisfied.
Similarly, we find the critical value of the synthetic magnetic field, B.(n), for the single vortex nucleation.

Steady-state phase diagram of the rotating BEC-cavity system

As was mentioned in the main text, the external gauge potential A can also be implemented by rotating the whole
system (i.e., BEC plus the cavity) with angular velocity Q,ot = Qiote, around the z axis. In the rotating frame,
the 2D BEC order parameter (r, t; Qot, ) = /nexp(if) is then determined via the generalized Gross—Pitaevskii
equation,

W _[p°

"o = \am

+V(r,a) — Qot L, + gon | ¥, (S3)

where L, = (zpy — yp,) is the z component of the angular momentum operator. The potential V(r,a) = Vi, (r) +
Vsr (2, @) now consists of the harmonic trap potential Vi, (z, y) = Mw? (2% + ey?)/2 with the trap frequency wy, and a
weak anisotropy €, and an emerged, dynamical cavity optical lattice Vsg (z, ) = AU|a|? cos? (k.x) +2hnRe() cos(k.x)
as before.
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FIG. S1. Rotational SR in the rotating BEC-cavity system: The steady-state field amplitude |a|/v/N (blue line with respect
to the left axis) and the z component of the average angular momentum per particle (L.)/N# (orange dashed line with respect
to the right axis) as a function of the angular velocity Qo for the fixed pump strength VN 1 = 4.5wty. The inset in the left top
corner shows the BEC density profile n(r) for Qyot = 0.4ws,. All the other insets depict typical n(r) for the indicated number
of vortices in the obtained steady states. The other parameters are set to (NU, A., k) = (—0.8, =5,2) wir, Ngo = 50hwrai, /¢2,
with ¢ = 0.75, and € = 1.03.
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The Gross—Pitaevskii equation (S3) can be recast as,

0 - A)?
’Lh% = % + V(I‘, a) + Wrot (I‘) + gon lb, (84)

where A(r) = MQot(—y,2,0) is an effective vector gauge potential and Wi (r) = —MQ2 (2% + y?)/2 an anti-
trapping (centrifugal) potential. As one can see, this additional anti-trapping potential Wi (r) is the only difference
between the system rotating around the z axis and the BEC pierced with an effective magnetic field B = Be,,
described by Egs. (S1). In the following, we investigate whether this additional anti-trapping potential Wy (r) has
any major effect in the SR phase transition.

To obtain the steady-state phase diagram, similar to the one presented in Fig. 2(a) in the main text, we perform a
self-consistent imaginary-time evolution of the system as explained in the previous section. The results are presented
in Fig. S1 where we have fixed the value of the transverse pump strength v N7 = 4.5w, below the SR threshold
in the absence of rotation, such that for small values of £2,,; the BEC is in the normal phase. As can be seen from
Fig. S1, for Qo1 < 0.5wy,; the BEC density n(r) follows closely the Thomas-Fermi distribution containing no vortices
and the cavity field is in the vacuum state.

However, for slightly faster rotation 2,4t 2 0.5wt,, the solution containing a vortex becomes stable, and the cavity
field « is correspondingly populated. By further increasing the angular velocity €2,,4 more vortices appear in the BEC
and, consequently, more photons are scattered into the cavity mode. As expected, no fundamental change occurs due
to the anti-trapping potential Wit (r), except that the BEC expands as it rotates faster. Therefore, our proposed
model for the rotational superradiance can be implemented in different setups.

Cavity-mediated long-range interactions

The cavity-mediated interactions can be obtained by integrating out the photonic degree of freedom and rewriting
the Hamiltonian only in terms of atomic operators [24]. The cavity-induced effective interaction Hamiltonian then
takes the following form,

Heog it = // D(z, 2" )n(r)n(r’)drdr’, (S5)

where

_ 2hAn?

D(z,z') = AT 2

cos(kez) cos(kez'). (S6)
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FIG. S2. Photon scattering from vortices. (a) The steady-state field amplitude |a|/v/N as a function of the synthetic gauge
field B for different fixed pump strengths VN7 = 3w, (dark blue dashed line) and v/ N7 = 6.5wi, (light blue solid line). The

BEC density profile n(r) for \/ﬁn = 3wsr (b) and \/Nn = 6.5wer (¢) at B = 1.8 Mwtr. The other parameters are the same as
in Fig. 1 in the main text.

By decomposing the total atomic density n(r) = no(r) —n,(r) into the vortex-free part ng(r) and the vortex density
n,(r) (note the minus sign preceding n, which accounts for the ‘holes’ in the total density n), the cavity-induced
interaction Hamiltonian (S5) can be recast as,

Hegr—int = // D(z, 2" )no(r)no(r")drdr’ + //D(m,x’)nﬂ(r)nv(r’)drdr' - 2// D(x, 2" )ng(r)n, (r')drdr’.  (ST)

Here, the first term corresponds to the conventional cavity-mediated, long-range periodic inter-atomic interactions.
The second term represents all-to-all periodic interactions among vortices, mediated by cavity photons. The last term
in Eq. (S7) can be interpreted as an interaction between atoms and vortices—or ‘matter’ and ‘anti-matter’. The
character of these interactions is determined by the sign of the cavity detuning A.. For our chosen parameters where
A, < 0, while the first two interactions are attractive, the last interaction between atoms and vortices is repulsive
(note the preceding minus sign in the last term).

Photon scattering from a vortex as a density inhomogeneity

In Fig. 2(a) in the main text, by increasing B slightly beyond 0.8 Mwy,, a single vortex is nucleated in the center
of the BEC density and the system simultaneously enters the SR regime. One might then conclude that the density
inhomogeneity caused by the vortex plays the main role in the SR photon scattering. We address this important issue
in this section and show that the photon scattering from the density inhomogeneity caused by a vortex sitting in the
BEC center is not significant in general.

To evaluate the contribution of the vortex to the photon scattering process we introduce the order parameter,

0= /n(r) cos(kex) dedy = /no(r) cos(kex) dedy — /nv(r) cos(kex) dedy = O — O, (S8)

where we again decompose the total atomic density n(r) = no(r) — n,(r) into the vortex-free part ng(r) and the
vortex density n,(r). The order parameter © asymptotically approaches one deep in the SR regime VNI — 00 [84].
We fix the pump strength to VN1 = 3wy, in the following. As a reference point, in the absence of the synthetic
magnetic field B = 0 (i.e., no vortex) the order parameter is close to zero © = Oy ~ 2 x 107°. On the other
hand, for the synthetic magnetic field B = Mwy, which stabilizes a single vortex in the center of the BEC, the order
parameter takes the value © ~ —0.007. This allows us to evaluate the input of the vortex to photon scattering as
0, =0)—0 ~ —0 = 0.007, implying that the density inhomogeneity caused by the vortex only minimally seeds the
SR photon scattering. In other words, having a vortex which creates a density inhomogeneity does not necessarily
guarantee SR photon scattering. This confirms that the rotational superradiance studied in this manuscript is not a
pure consequence of photon scattering from density inhomogeneities caused by vortices. Rather, it is a novel effect
related to the fundamental changes of the system due to the broken TRS by the gauge field B.
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FIG. S3. Scaling behavior of the cavity field a/\/ﬁ at the fixed synthetic magnetic field B = 1.5Mwy, as a function of
the pump strength \/Nn around the SR threshold \/Nnc ~ 4.5wir. Fitting the data numerically yields the relation |a(B =
1.5thr)\/\/ﬁ o \W(n — nc)ﬁ/wtr, with the critical exponent 3 = 1.

To further show this point, we also present in Fig. S2(a) the steady-state field amplitude |a|/v/N as a function of the
synthetic gauge field B for VN7 = 3wy, (the dark blue dashed curve). For comparison, we also include the behavior of
the system for the pump strength v N7 = 6.5we, (the light blue solid curve), which is the same as in Fig. 2(a) in the
main text. By increasing the synthetic magnetic field B more vortices appear in the BEC (the indicated numbers in
the plot). However, for the lower pump strength VN1 = 3wy, the number of photons scattered into the cavity mode
stays almost below the SR condition (Ja|/v/N > 0.01 is the numerical SR transition in our calculations as discussed
in the first section above), even for the steady state containing four vortices. This again reinforces our conjecture of
minimal photon scattering from density inhomogeneities caused by vortices. Let us also note that for v Nn = 3we,
the cavity-mediated interactions are insignificant compared to the strong pumping regime v N7 = 6.5w;,, and the
vortex-lattice structure is hence determined mainly by pairwise logarithmic interactions in the former case; cf. the
BEC density profiles with four vortices for vNn = 3wy, and v/Nn = 6.5w, in Fig. S2(b) and (c). This, in turn,
accounts for the decrease of the cavity field amplitude in the case of VN7 = 3wy, for the steady state containing
four vortices by increasing B, as the logarithmic interactions rearrange vortices to accommodate the forthcoming fifth
vortex, hence reducing SR photon scattering.

Scaling behavior of the coherent cavity field as a function of the pump strength

In this section, we explore numerically the scaling behavior of the coherent cavity field ||/ VN at the fixed synthetic
gauge field B = 1.5Mw;, as a function of the pump strength /N7 in the vicinity of the SR phase transition v N7, ~
4.5wy,. To this end, we fit the data in the pump interval \/Nn € [4.5wyr, bwty| as shown in Fig. S3 and obtain the
scaling relation |a(B = 1.5Mwy,)|/vV'N < VN (1—n.)? Jwir, with the critical exponent 8 = 1. This is in sharp contrast
to the common SR scaling | (B = 0)|/v'N o VN (1 — 1.)'/? Jwi, where the critical exponent is 1/2.

Vortex core structure

For a rotating BEC, the vortex core size is intimately related to the healing length [85]. In the Thomas-Fermi limit
the vortex core radius grows by increasing €),.¢, as rotation reduces the condensate density due to the anti-trapping
potential Wi (r) = —MQ2 (22 + y?)/2. In the case of an external synthetic magnetic field B, the anti-trapping
potential is, however, absent, and the vortex core size is less affected by B. Therefore, in our system studied in the
main text any change in the vortex core structure can be attributed to the cavity-mediated interactions, Eq. (S7).

In Fig. S4, we show the ratio between the vortex size along the y axis to the vortex size along the x axis, A, /A,
for the increasing value of the pump strength v/Nn at the fixed value of the synthetic magnetic field B = Mwy,,
corresponding to a single vortex at the center of the BEC. As a vortex size along a given axis, we take the distance
between the two density maxima on the opposite sides of the vortex. For small pump strengths, the cavity-mediated
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FIG. S4. Vortex core structure: The ratio between the vortex size along the y axis to the vortex size along the = axis, Ay/Az,
(green solid curve with respect to the left axis) and the vortex size along the z axis to the wavelength of the cavity mode, Az /A,
(orange dashed line with respect to the right axis) as functions of the pump strength V/Nn for the fixed synthetic magnetic
field B = Mw, (a). By increasing the pump strength, the cavity-mediated interactions become stronger and lead to a notable
squeezing of the vortex core along the x direction. The density profiles for \/Nn = 51w (b) and \/]Vn = 8wir (¢). Note how
the vortex is deformed in panel (c) by the cavity-mediated interactions. The other parameters are the same as in Fig. 1 in the
main text.

interactions are small and, hence, the vortex is almost symmetric Ay/A, =~ 1. By increasing the pump strength,
the cavity-mediated interactions (S7) become stronger. In particular, the cavity-mediated attractive inter-atomic
interactions favor a \.-periodic density modulation along the x direction, where A, is the cavity wavelength. On the
other hand, since the cavity-mediated atom-vortex interactions are repulsive, they lead to A./2 separation between
the atomic density and the vortex (in general, vortices) along the = direction. Therefore, the vortex tends to localize
within a density minimum, in order to minimize the cavity-mediated atom-vortex interaction energy. In the deep SR
regime, the vortex is strictly localized within a density minimum, resulting in a significant squeezing of the vortex
along the x axis as can be seen from Fig. S4. The compression of the vortex along the = direction within a density
minimum can readily be seen by the ratio A, /A, as also shown in Fig. S4 with respect to the right axis.

Animations of the real-time dynamics of the system

The animations of the real-time dynamics of the system ensuing the ramp of the synthetic magnetic field B and
the pump field v N7, corresponding to Figs. 3(a) and (b) in the main text, can be found in the open-access Zenodo
repository [75].
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