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Abstract

The Lindblad equation, which describes Markovian quantum dynamics under
dissipation, is usually derived under the weak system-bath coupling assumption.
Strong system-bath coupling often leads to non-Markov evolution. The singular-
coupling limit is known as an exception: it yields a Lindblad equation with an
arbitrary strength of dissipation. However, the singular-coupling limit requires
high-temperature limit of the bath, and hence the system ends up in a triv-
ial infinite-temperature state, which is not desirable in the context of quantum
control. In this work, it is shown that we can derive a Markovian Lindblad
equation for an arbitrary strength of the system-bath coupling by considering
a new scaling limit that is called the singular-driving limit, which combines the
singular-coupling limit and fast periodic driving. In contrast to the standard
singular-coupling limit, an interplay between dissipation and periodic driving
results in a nontrivial steady state.
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1 Introduction

The control of quantum many-body systems far from equilibrium is a central topic in
modern physics. For this purpose, well-designed periodic driving has been utilized in
the Floquet engineering, which has shown growing interest in recent years [1-3]. It has
also been recognized that dissipation due to the coupling to a bath can also be used
to create novel phases of matter, which triggers an active research on the dissipation
engineering [4, 5.
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The theory of open quantum systems provides us a framework to incorporate
the effect of dissipation [6]. In the Markovian regime, the dynamics of a dissipative
quantum system is simply described by a Lindblad equation (or a GKSL equation
named after Gorini, Kossakowski, Sudarshan [7], and Lindblad [8]). However, the
Lindblad equation is usually valid only for weak system-bath couplings, which strongly
limits the potential utility of the dissipation engineering. In the strong-coupling regime,
on the other hand, non-Markovian processes significantly affect the dynamics [9], and
the time-evolution equation becomes much more complicated. As a result, it is in
general difficult to theoretically predict what happens in the strong-coupling regime,
which is not a desirable feature in the context of quantum control.

In this paper, we show that the interplay of strong coupling to a fast bath and
high-frequency periodic driving can generate strong yet Markovian dissipation. In
such a situation, a simple Lindblad equation with a nontrivial steady state is derived
for strong system-bath couplings. This result opens a new possibility of controlling a
quantum many-body system via strong Markovian dissipation.

In the following, we explain the setup in Sec. 2.1. In Sec. 2.2, we present a deriva-
tion of a Lindblad equation under the Born-Markov approximation for many-body
open quantum systems periodically driven by external fields. In the standard deriva-
tion of the Lindblad equation, the secular approximation (also called the rotating-wave
approximation) is used [6], but it is known that the secular approximation is problem-
atic for many-body systems. For example, the Born-Markov-secular Lindblad equation
cannot describe a nonequilibrium steady state with a finite current in the bulk [10]. To
overcome this difficulty, several derivations of the Lindblad equation have been pro-
posed [10-15]. We here present a new derivation of the Lindblad equation without using
the secular approximation. Although the derived equation is identical to the universal
Lindblad equation obtained in Ref. [14], our derivation clarifies the importance of a
coarse-graining procedure, which is not so obvious in the original derivation. We will
see that there are two extreme situations in which the Born-Markov approximation is
Justified, which are discussed in Secs. 2.3 and 2.4, respectively. It turns out that, in both
cases, the steady state is described by a thermal Gibbs state e~BeitHerr / Trg ¢ =Ber Herr
where Heﬁ: is the effective system Hamiltonian (a time-averaged Hamiltonian in an
appropriate rotating frame) and S is the inverse effective temperature, which is
not necessarily identical to the inverse temperature of the bath. In Sec. 3, we give a
main result showing that strong Markovian dissipation can be realized by combining
fast periodic driving with strong coupling to a fast bath. We introduce a new scaling
named as the singular-driving limit in the derivation. Remarkably, the derived Lind-
blad equation can have a nontrivial steady state. We summarize our work and discuss
future prospects in Sec. 4.



2 Preliminaries

2.1 Setup

Suppose a periodically driven system S in contact with a bath B. The Hamiltonian of
the total system T is written as

Hr(t) = Hs(t) + Hp + Hi, (1)

where Hg (t), Hpg, and Hj are the Hamiltonian of the system, that of the bath, and the
interaction Hamiltonian, respectively. We assume Hg(t) = Hg(t+T), where T’ denotes
the period of the driving field, and the corresponding frequency w is defined as w =
27 /T. By assuming that the total system is isolated from the external environment,
the density matrix pr(t) of the total system at time ¢ obeys the Liouville-von Neumann
equation:

Sor(t) = il pr (1) @

Throughout this work, we consider fast periodic driving, where the frequency w is
much larger than any characteristic local energy scale of the system S. Fast periodic
driving can have nontrivial effects in the case of strong driving or resonant driving,
each of which is explained in the following.

Strong driving: The system Hamiltonian is given by

Hs(t) = Ho+ V(t) + wf(wt)A, (3)

where f(0) € R is a periodic function satisfying f(0) = f(0 + 2x). It is assumed that
w is large compared with any other characteristic local energy in Ho + V(t) The last
term w f(wt)A is a strong periodic driving field, whereas V(t) is an additional periodic
driving field with V (t) = V(t + T).

Resonant driving: The system Hamiltonian is given by

Hs(t) = Hy + V(t) + wN, (4)

where V(t) = V(t+T), and N is an operator such that every eigenvalue of it is integer.
Again, we assume that w is large compared with a characteristic energy of Ho + V' (1).

Periodic oscillations with the period T = 27/w can be resonant with the term wN,
which brings about nontrivial effects for large w.

In either case, it is convenient to move to a rotating frame via a periodic unitary
transformation U(t) = U(t + T') to extract nontrivial effects of periodic driving. We
choose U(t) = eF@HA in the strong driving, where F() = f(f dd’ f(¢'), whereas

U(t) = ¢ Nt in the resonant driving. In either case, Eq. (2) is written in the following



form in the rotating frame:

%pg@ — —i[AR (1), pR(1)), (5)

where p& = U(t)pr(t)UT(t) and
Hi(t) = HE(t) + Hp + H'(1) (6)

with HR(t) = UT(t)(Ho 4V (t))U(t) and HE(t) = Ut (t) HiU (t). We define an effective
Hamiltonian as the time average of the system Hamiltonian in the rotating frame:

Ao = %/T dt AR (t) = %/T arUt(e) (Ho + V(1) U() (7

0 0

and the effective driving field as Veg(t) = f[g‘(t) — Heg. Tt should be noted that the
interaction Hamiltonian depends on time in the rotating frame, which can generate
nontrivial dissipative effects [16].

Later, we always consider the problem in an appropriate rotating frame, and hence
we omit the superscript R for notational simplicity.

2.2 Derivation of a Lindblad equation

The state of the system S is characterized by the reduced density matrix pg(t) =
Trg pr(t), where Trg denotes the partial trace over the bath degrees of freedom. We
assume that the bath is in thermal equilibrium. The theory of open quantum systems
gives a framework of deriving an approximate equation of motion of psg(t) from the
exact Liouville-von Neumann equation.

Without loss of generality, the interaction Hamiltonian Hy (t) is expressed as

mH=Y Xtev;=) Y X,V (8)
=1 : =

where )A(l(t) = Zﬁzfoo )A(Lmeim“’t is an Hermitian operator acting to the system S

and Y; is an Hermitian operator acting to the bath B. Because of the Hermiticity of
X;(t), we have XiT,m = X _m. It should be noted that we can recover the case of

undriven systems by putting Xi,m = 0 for all m # 0.
We define

Xz,m(t) — eiﬁefftXi,mefiﬁefft7 }/};(t) — einIBti};efilfIBt. (9)

The bath correlation function is given by

By (1) = Trn[Vi(1)V; pn), (10)



where pg = e’ﬁﬁB/TrB [e’ﬁﬁB] is the equilibrium state of the bath at the inverse
temperature 8. More generally, we define multi-time correlation functions as

(I)il,iQ,...,il (tl, tg, e ,tl> = TI‘B [}/“ (t1>}/i2 (t2> e }/il (U)PB] (11)

We assume the existence of the bath correlation time 7 such that
D, in, iy (1, b2, ... t) = 0 if there is k € {1,2,...,1} such that |[t; —t;| > 75 for any
J# k.

Let us introduce other two timescales 7 and 71y. Here, 7 corresponds to the
relaxation time due to dissipation. Roughly speaking, g is given by the inverse of the
dissipation strength, which is proportional to the square of the system-bath coupling
in the Born-Markov regime (see Sec. 2.2). On the other hand, 7y is the heating time
due to the external field Veﬁ:(t) For high-frequency driving, g is usually exponentially
small in frequency [17-20]. In deriving a Lindblad equation, we make the following
key assumptions:

® 73 < 7R. In this case, the Born-Markov approximation is justified.! A
e r < 1. In this case, we can ignore the effect of the effective driving field Vog(t)
since heating is immediately dissipated into the environment.

Under these assumptions, the reduced density matrix obeys the following Floquet-
Redfield equation [16]

d n oo

&PS@) = —i[He, ps(t)] — Z Z [Xim, Ri,—mps(t) — ps(t)Rj,m]’ (12)

1=1 m=—o0

where
Ri,m = E / ds Xj7m(_s)€—imwsq)ij(s). (13)
j=1"0

Equation (12) is still not of the Lindblad form, but we can find a Lindblad equation
approximating Eq. (12) without any further drastic approximation like the secular
approximation. A key idea leading to the Lindblad equation is to introduce a coarse
graining time At satisfying 78 < At < 7r.2 We do not take care about fast oscillations
with frequencies 2 with QA¢ > 1.

Let us decompose the operator )A(iﬁm as

Xim =) Ximl®, Xim[Q= > la){al Xim [b) (8], (14)
Q a,b:E,—E,=Q

In the Born approximation, we truncate the expansion in terms of the interaction Hamiltonian at the
second order. It turns out that the smallness parameter € of this expansion is given by € = \/78/7R.

2 A similar coarse-graining procedure was considered in previous works [11, 12], but the derivation pre-
sented here differs from the previous ones. The resultant Lindblad equations are therefore also different.
Remarkably, the Lindblad equation derived in the present work [see Eq. (23)] is described by only n jump
operators, whereas the previous ones have exponentially many jump operators for large system sizes.



where |a) is an energy eigenstate with an energy eigenvalue E, of ﬁeﬁr, ie., Hog la) =
E, |a). We then find X; ,,,(t) = > ¢, Xim[Q]e¥. As a result, in the interaction picture,
Eq. (12) is written as

n o0

d i(Q — * —i(Q +mw)s % %
CCEED YD DD WL IR I i R
ij=1m=—00 Q.0 0
_/O ds ei(Q+mw)s‘I)ji(S)*[Xj7m[Ql], PIXi,m[Q]T]} ,
(15)

where pr(t) = etfent pg(t)e~Heit Let us define 4(c) and 7(e) as matrices whose matrix
elements are given by

Yij (E) = / dt q)ij (t>€7ist and Mg (E) = 7% / dt sgn(t)@ij (t)eiist, (16)
respectively. It should be noted that 4(¢) and 7j(e) are Hermitian at any e: ;;(¢) =
~v;i(e)* and n;; () = n;:(e)*. It is also shown that 4(¢) is positive semidefinite (i.e. every
eigenvalue is non-negative). The Fourier-Laplace transform of ®;;(¢) is then expressed
as

| a0 = Jrsle) + in o) (7)
0

By substituting Eq. (17) into Eq. (15), we obtain

%Pl(t) =>. 2> ei(Q/_Q)t{ — i (Q + mw) [Xiam[Q]TXj,m[Q']va}

ij=1 m=—oc0 Q,Q

#(8 1m) (VI K 1 = 1Kl ) |
+ i i D IEA L (9,) [Xj,m[Q’], pIXi,m[Q]T} : (18)

ij=1 m=—o00 Q.0
where
1 .
Aijm (2, Q) = 5 i (4 mw) =i (Q +mw)] =i [0 (Q 4+ mw) — 0i; (Q + mw)] .
(19)

We now perform the coarse graining. In the coarse-grained timescale At, the factor
e =Dt ig averaged out when |Q—Q'| > At~!. Thus, the contribution from the terms
with [Q — €| > At~ is negligible. On the other hand, when | — Q'] < A7 < 75!,



we have?
/O ds e—i(Q-{-mw)s(I)ij (S) ~ /0 ds e—i(Q/-i-mw)s(I)ij (S), (20)

which implies
F(Q 4+ mw) =~ 4(Q +mw) and 7H(Q+ mw) ~ H(Q + mw). (21)

As a result of the above argument, we can perform the following replacements for any
pair of Q and ' in Eq. (18):

A+ mw), 5( +mw) = 32(Q 4+ mw)y2(Q + mw),
Q-+ ) (22)
5 +mw | .

N(Q + mw), HQ + mw) — 4 <

Here, 4/2(¢) is the square root of #(e) satisfying > _, ['}1/2(5)]% ['}1/2(5)]@ =
i (€)-

By using Eq. (22), Eq. (18) is reduced to the following non-secular Lindblad
equation:

d o ) n oo . . 1. .
&pS(t) = 7Z[Heﬁ‘ + HLSva] + Z Z (Lk,mpSLLm - i{LL,mLk,m; PS}) ) (23)
k=1m=—occ
where

His=> 3> (% + mw) X[ X ] (24)

i om Q.

is the Lamb-shift Hamiltonian and

Lim =303 [+ me)] Kil®) (25)

i=1 Q

is the jump operator.

In this way, as long as 75 < 7g < 71 holds, which is the same condition required
for deriving the Floquet-Redfield equation, we can obtain the non-secular Lindblad
equation. We here emphasize that the non-secular Lindblad equation differs from the
familiar Born-Markov-secular Lindblad equation. In general, the secular approxima-
tion requires the condition 6E~! < 7r, where §F is a typical energy-level spacing of
H..Ina many-body system, dE' is exponentially small in the system size, and hence

3Equation (20) is derived as follows. Since the bath correlation function ®;;(t) vanishes for t > g,
we find [°ds eTHQFmDsp, (5) ~ [7B dse”H ™26, (5). By using the condition |Q — Q'|rs < 1,
we obtain fOTB ds eii(n+m“)5<l>¢j(s) ~ fOTB ds efi(9/+m“’)sefi(ﬂfn/)5¢’ij(s) ~ fOTB ds eii(n/+m“’)511>ij(s).
We can thus conclude Eq. (20).



the condition of §E~! < 7R is unrealistic in macroscopic systems [16]. On the other
hand, Eq. (23) is derived without the secular approximation.

We should remark that Eq. (23) is essentially identical to the universal Lindblad
equation derived by Nathan and Rudner [14]. In our derivation, it is made clear that
the coarse-graining procedure plays a key role, which is not so obvious in the original
derivation.

So far, the timescale 7g for the intrinsic evolution of the system S has not appeared
in the discussion. Here, 74 ! corresponds to a characteristic local energy scale of Heg.
In the following, we discuss two extreme situations in which the condition 5 < T
holds in Secs. 2.3 and 2.4.

2.3 Weak-coupling regime

First, we consider the case of 13,7¢ < 7r, which corresponds to a weak system-
bath coupling.? In this case, dissipation is so weak that the dissipative term Dpg can
be regarded as a small perturbation. If the steady-state solution pgs of Eq. (23) is
expanded as pgs = Z;O:O Pk, where py represents the kth order term with respect to
the perturbation, it is shown that the leading-order term pq is diagonal in the energy
basis, i.e., po = >, Pa |a) (a|, where P, > 0and ) P, = 1. Here, { P, } are determined
by solving the following equations:

Z (Wabe - WbaPa) = Oa (26)
b(a)

where the “transition rate” Wy, is defined as

Wab = > %ij(Ea — By + mw) (a X m[b) (0] X],|a) (27)
g m

which is non-negative because the matrix +;;(¢) is positive semidefinite.

For weak dissipation, pss =~ po = Y, Pala)(al. If the system described by
He.g is chaotic, it is expected that it obeys the eigenstate thermalization hypothesis
(ETH) [21, 22], which states that any energy eigenstate |a) is locally equivalent to a
thermal Gibbs state pg! = e=Paflet / Trg[e=FeHeir] at the inverse temperature 3, corre-
sponding to the energy E,, i.e., 3, is determined by the condition of Trg[Heg psl] = E,.
Thus, if the fluctuation of the energy in the state pg is subextensive, which is expected
to hold in any realistic state of a macroscopic system, pg is locally equivalent to a ther-
mal Gibbs ensemble at a certain temperature [23] even though the detailed-balance
condition is violated in Eq. (26) under periodic driving [24, 25].% It means that weak
dissipation just controls the temperature of the equilibrium system: we cannot go
beyond equilibrium phenomena. Thus, dissipation engineering is strongly limited in
the weak-coupling regime.

4We distinguish the weak-coupling regime discussed here from the ultra-weak coupling regime §E~ ! <«
TR, in which the secular approximation is justified.

5The condition that the populations {P,} are truely given by the Gibbs distribution P, o e PFa where
B is the inverse temperature of the bath, is discussed in Refs. [26, 27].



2.4 Strong-coupling regime

Next, we consider the case of 715 < 75, 7. The condition of 75 < 7g implies that the
dynamics of the bath is much faster than that of the system of interest. Since 79 ~ T
(or even TR <K Tg), dissipation is comparable or even stronger than a characteristic
energy of the system S.

It should be noted that the condition of 75 < 79 requires a high temperature of
the bath. Indeed, for an equilibrium bath, v;;(¢) obeys the Kubo-Martin-Schwinger
(KMS) relation

%ij(€) = ji(—e)e ™. (28)

This implies that ~;;(¢) should change when ¢ changes by an amount of Ae ~ 371
Since 7;;(g) =~ 7i;(¢ + Ae) as long as |Ae| < 75", we conclude 8 < 7. From this
argument, we find that 75 < 79 implies § < 7g, which means that the bath must have
an infinitely high temperature. As a consequence, the system S will eventually reach
a boring infinite-temperature state, pgs o fs, where fs is the identity operator acting
to the Hilbert space of the system S.

The above conclusion is confirmed by considering a delta-correlated bath with
®,;(t) = vi;0(t). Equation (28) requires 8 = 0 and 7;; = 7;; € R. In this case, the
dissipative part of Eq. (23), which is denoted by Dpg, reads

n oo R . 1 N N
Dps=)_ D> % (Xj,mstim - g{XimXaum’PSQ : (29)

ij=1m=—00

By using Xi,m = )A(J’_m, we can see that Dpg vanishes when pg o fs, and hence, the
Lindblad equation has an infinite-temperature steady state.
Mathematically, a delta-correlated bath is realized in the singular-coupling

limit [28]: the Hamiltonian of the total system is written as
Hyp = Hs + A\ 2Hg + A\ Hj (30)

and taking the limit of A — 0 and 8 — 0 with 3/A? held fixed.

The singular-coupling limit was first studied by Hepp and Lieb [29]. Palmer [28] rig-
orously proved, without any approximation such as the Born-Markov approximation,
that the dynamics of a finite quantum system that is linearly coupled to a free-fermion
bath is described by a Lindblad equation in the singular-coupling limit.

It should be remarked that a fine-tuned Lindblad equation in the singular-coupling
limit can have a nontrivial steady state besides the infinite-temperature state. For
example, if one can design jump operators {X;,,,} in Eq. (29) so that D(|¢) (¢)]) =0
for an eigenstate |1) of Heg, the Lindblad equation has a pure steady state [¢) (1)].
Such a steady state is called a dark state in quantum optics and quantum-information
theory [30], which is useful in the reservoir engineering.



3 Strong Markovian dissipation leading to a
nontrivial steady state

As we have already seen in the previous section, strong coupling to a fast bath with
78 — +0 (i.e. the singular coupling) in general leads to the trivial infinite-temperature
state unless the system-bath coupling is fine-tuned. In this section, we show that
strong Markovian dissipation that leads to a nontrivial steady state is realized without
fine tuning by combining singular coupling to a bath and fast periodic driving in an
appropriate way, which is mathematically described by the singular-driving limit.

3.1 Singular-driving limit

In the following, we consider the situation of
w T~ < T8, TR (31)

To realize this situation, we introduce a scaling parameter A such that

- 1

. N 1. w ~
HT(t) = Heg + Hg + _Hl(t)a w = Fa 6 = )‘26’ (32)

A2 A

where © and B are the scaled frequency and the scaled inverse temperature. We will
take the limit of A\ — +0 with @ and /3 held fixed.

Without the driving field, this limit reduces to the singular-coupling limit discussed
in Sec. 2.4. In Eq. (32), the driving frequency is also scaled with A, which gives rise to
nontrivial effects. We shall call the limit of Eq. (32) the singular-driving limit.

In the singular-driving limit, the bath is delta-correlated. The bath correlation
function ®;;(t) is given by

1 e 2 A e 2 A e_ﬁﬁB 1 =~ t
Bi(t) = — Trg | BN Yot/ Ny, — | — —¢,. [ — 33
i) = 33 Tre le ‘ i) |~ tu\x) Y
where .
By (1) = Tr | ot fifiory, ¢ (34)
i () = By e Y ————— 3
J B JTYB[e_ﬂHB]

is the rescaled bath correlation function. We assume that ®;;(t) is a smooth function
of t and satisfies [ dt |®;;(t)| < +o0.
In the limit of A — +0, we have, for € independent of A,

/ dt @, (t)eHEHmw)t :/ dt(i)ij(t)e—iakzte—imazt
0 0

e o) - o 1
S / Aty (1)~ = 155(®) + i (m). (35)
0

10



We therefore find
li 37 = Ni' 0 d li 37 = NZ" D).
mﬁo vij (€ + mw) = 7;;(m@)  an \ 1r20 nij (e + mw) = 7;; (M) (36)

By substituting them into Eq. (23), we obtain

d
dtpsi ?

e+ Y iy () XL, K psl
i m
- N 5 S
+ 35 5 m) (Rl = G Kmerst) @0
ij m
The KMS relation yields
"N)/ij (m(:]) = ’;/ji(fmd))eiﬁmw, (38)

which implies that 4;;(md) is not a constant as long as BCu is nonzero, and therefore
can generate a nontrivial nonequilibrium steady state. In the derivation of Eq. (37),
the weak coupling between the system S and the bath B has not been assumed.
Equation (37) is valid even for the strong coupling regime, 7 ~ 7R, where the steady

state is not necessarily described by a thermal Gibbs state e‘BCffHCff/ Trs [e‘BCffﬁcff].

3.2 A pedagogical example

We discuss a simple example of the Lindblad equation in the singular-driving limit.
Let us consider a resonantly driven spin 1/2 in contact with a boson bath, where the
Hamiltonian of the total system in the static frame is given by

1 1
Hr(t) = h*6° + w5® + € cos(wt)o™ + 15 > wpalar + a > gelan +af),  (39)
k k

where 6% (o = x,y,z) is the Pauli matrix, a (&;2) is the annihilation (creation)

operator of bosons of mode k in the bath, wy, is the energy of a boson of mode k, and
gr € R is the coupling constant between the system (the spin 1/2) and the boson of
mode k. We assume that w > 0.

In the rotating frame generated by the unitary operator U t) = et the
Hamiltonian is given in the form Heg + Veg(t) + (1/A2)Hp + (1/)\) Hy(t) with
Heog = h*6° + ga—m, Ve (t) = g(&JreQi“’t + 67 e T
(40)

IA{B = Zwk&]z&k, ﬁl(t) = (5’+€iwt + 5'7671.“”5) ng(a‘k + &11)7
l k

11



where 6% = (67 +i6Y)/2. According to Eq. (8), we express the interaction Hamiltonian

in the form Hi(t) = (X1 + X_1e7®*) @ Y, where X; = 67, X_; = 6™, and

Y =3, grlax +a}).
By using the notation ny = 7(£®) and v = ¥(+£®), Eq. (37) is written as

d P e
&Ps(t) =—1 |:Heff - %U ,Ps}
(41)

. O R A . 1. .
+ 74 <0+ps0 - {6 0+7Ps}>+7 (0 psot —5{o7e 795}),

which is the Lindblad equation in the singular-driving limit. By using the bath spectral
density J(w) = >, g76(w — wg), the constants y4 and 7y are explicitly given by

2] (@)
=47 42
L (42)
wnd © 1 J(ulsen)
w|)sgn(w
=P d — 43
e /_oo YOFa ew_1 (43)

where P f denotes the Cauchy principal value integral. One can easily confirm that
v+ satisfies Eq. (38), i.e., 74 /v- = e 7%,

The dissipator in Eq. (41) has the following interpretation: the spin flips from down
to up state with rate v4 and from up to down state with rate y_. When v, # v_, a
nontrivial steady state is realized.

Let us compare Eq. (41) with the Lindblad equation obtained in the standard
singular-coupling limit, in the latter of which we fix the driving frequency w and take
the limit of A — 40 with 3 = 8 /A% held fixed. This limiting procedure is equivalent
to put @ = 0 in the singular-driving limit, and hence we have v = y_ =: 7 and
1N+ = n—. We therefore have

d A R o 1 .. U 1 ...
&Ps(t)Z—Z[Heff,Ps]JFV(UersU —5{0 U+,Ps})+7<0 PSU+_§{U+U ,Ps})

= —i[Hegr, ps] + % (6%pso™ — ps) + % (6Yps6? — ps) - (44)

In this equation, the transition from down to up state and its inverse transition occur
with the same rate 7, and the steady state is the trivial infinite temperature state. Only
when the driving frequency scales as A™2, two transition rates v+ can have different
values.

In the singular-driving limit, the dissipator does not depend on the system Hamil-
tonian ﬁeg, and hence Eq. (41) is straightforwardly extended to many-body systems.
Instead of Eq. (39), we consider the following Hamiltonian of the total system in the

12



periodic boundary condition:

L
Hy(t) =Y [J6767,, + h*67 + € cos(wt)67 |
=1

(45)

L L
1 R 1 . . N
b S il 30 Yo+ )
=1 k

i=1 k

This Hamiltonian expresses the quantum spin-1/2 chain, each site of which is in contact
with its own boson bath. The Lindblad equation in the singular-driving limit reads

L
d 5 N+ — 1 g
s = [HeH_T 'E—l 67, ps

L
T A
+V+Z <Ui+/)Sai - 5{01' U;rapS})
i=1

: (46)

J |
+y- Y (02- pso; — 5{0’1-*01- aﬂs}>a

i=1

where the effective Hamiltonian is now given by

NJ a0

L
Heg =) (J&f&iirl + W67 + &f) : (47)
=1

and the constants vy and ny are respectively given by Egs. (42) and (43).

Equation (46) can have a nontrivial steady state that is not written in the form of
Gibbs state pg = e~ PettHerr / Trg[e~FertHett] for any choice of Beg. This fact is clearly
seen by considering the case of h* = 0. In this case, the system Hamiltonian [Eq. (47)]
corresponds to the transverse-field Ising model, which possesses the Zs symmetry
(6F,67,67) — (6F,—67,—67) for all i. As a result of the Z; symmetry, the thermal
expectation value of 67 is zero at any finite value of : Trs[67pc] = 0. In contrast,
Eq. (47) breaks the Z; symmetry when ny # n_ or S4 # S_, and hence the steady
state pgs of Eq. (47) has a nonzero value of Trg[67 pss]. This fact clearly shows that
the steady state of Eq. (47) is not given by the thermal Gibbs state.

4 Discussion

In this paper, we have introduced the singular-driving limit, which allows us to derive
the Lindblad equation that is valid even in the strong dissipation regime. Remarkably,
the derived Lindblad equation can have a nontrivial steady state in contrast to that in
the conventional singular-coupling limit. Although we only present a simple example
in Sec. 3.2, theoretical framework presented in this paper would be used to design
nontrivial steady states of open quantum many-body systems in future works.
Theoretically, the strong-coupling thermodynamics has received recent inter-
ests [31, 32], and the result of this work should be relevant to this general problem.
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Without the driving field, the steady state under strong coupling to an equilibrium
bath is described by the mean-force Gibbs state [33-36]

Trg [e_ﬂ(ﬁs+ﬁB+ﬁI):|

PMFG = (48)

Trsp [e*ﬁ(ﬁSJFHBJFﬁI)} ,

which is nothing but the reduced density matrix of the Gibbs state of the total
system. The mean-force Gibbs state describes the correction to the bare Gibbs
state e#Hs / Trg[e#Hs] due to the system-bath coupling, and its property has been
intensively investigated in recent years.

In this paper, we consider a system under strong coupling to an equilibrium bath
and the fast periodic driving, the latter of which is expressed as a time-dependent
interaction Hamiltonian in the rotating frame. It is a future problem to give a general
expression of the steady-state density matrix in such a situation by extending the
notion of the mean-force Gibbs state to the time-dependent interaction Hamiltonian.
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