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ABSTRACT

We estimate the coronal density of Capella using the O VII and Fe XVII line systems in the soft X-ray regime
that have been observed over the course of the Chandra mission. Our analysis combines measures of error due to
uncertainty in the underlying atomic data with statistical errors in the Chandra data to derive meaningful overall
uncertainties on the plasma density of the coronae of Capella. We consider two Bayesian frameworks. First, the
so-called pragmatic-Bayesian approach considers the atomic data and their uncertainties as fully specified and
uncorrectable. The fully-Bayesian approach, on the other hand, allows the observed spectral data to update the
atomic data and their uncertainties, thereby reducing the overall errors on the inferred parameters. To incorporate
atomic data uncertainties, we obtain a set of atomic data replicates, the distribution of which captures their
uncertainty. A principal component analysis of these replicates allows us to represent the atomic uncertainty
with a lower-dimensional multivariate Gaussian distribution. A t-distribution approximation of the uncertainties
of a subset of plasma parameters including a priori temperature information, obtained from the temperature-
sensitive-only Fe XVII spectral line analysis, is carried forward into the density- and temperature-sensitive O VII
spectral line analysis. Markov Chain Monte Carlo based model fitting is implemented including Multi-step
Monte Carlo Gibbs Sampler and Hamiltonian Monte Carlo. Our analysis recovers an isothermally approximated
coronal plasma temperature of ≈5 MK and a coronal plasma density of ≈1010 cm−3, with uncertainties of 0.1
and 0.2 dex respectively.

Keywords: Stellar: corona – Statistics: methods

1. INTRODUCTION

The active binary Capella (α Aur Aa+Ab, G8 III+G1 III; dis-
tance 13 pc) is the brightest stellar coronal X-ray source be-
sides the Sun. While slow variations over time scales of
months and years are observed, the system is remarkably
steady at short time scales; for instance, no flares have been
observed to occur on it. The Capella spectrum is rich in
emission lines formed over a broad temperature range, and
its modelling is complex as multiple temperature and density
components are present. Nevertheless, its emission measure
distribution is dominated by plasma at temperatures in the
∼5 MK regime (Brickhouse et al. 2000; Argiroffi et al. 2003;
Gu et al. 2006), allowing the coronal modeling to be use-
fully simplified. High-quality spectroscopic observations of
solar and stellar coronae in the X-ray and extreme ultravio-
let, usually combined with high quality atomic data, have a

tremendous capability for estimating fundamental plasma pa-
rameters like temperature distributions and densities. In these
analyses, it is crucial to account for the reliability of atomic
data for interpreting and modeling X-ray observations (Kall-
man & Palmeri 2007), as uncertainties in the atomic data are
likely to be the prominent sources of error in the spectral
analysis and have widespread implication on spectral mod-
els of stars (Brickhouse et al. 1995, 2000). Thus, ignoring
atomic uncertainty not only can lead to underestimation of
the variance of plasma parameters but also can cause serious
bias in their estimates.

In this work, we aim to understand the effect of the uncer-
tainties in the atomic data and how these uncertainties in the
underlying atomic physics propagate to the determination of
plasma parameters. We use Capella as the exemplar object
to apply our methods. While a sensible physical interpre-
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tation of the Capella coronae is still lacking, empirically its
emission is observed to be stable, with slow flux variations
over time scales of months, and the emission dominated by a
near-isothermal plasma. Capella is well-suited for testing the
application of incorporating atomic data errors, both because
its emission model can be usefully simplified, and because a
great deal of data have been collected on it, thus minimizing
the effect of statistical fluctuations. Capella has been widely
used as a calibration target with Chandra, accumulating sev-
eral hundred Mega seconds of high-quality high-resolution
exposure time with the Chandra gratings. With its small tem-
poral variability, long exposures can be combined to obtain
a high S/N dataset, which minimizes statistical uncertainty
and provides an opportunity to explore systematic effects in
the modeling and interpretation of the spectrum. In fact, this
portends an issue that will become increasingly prevalent in
the coming era of X-ray telescopes with large collecting ar-
eas and high spectral resolution. In summary, we focus here
on characterizing the effects of uncertainties in atomic emis-
sivities in establishing the temperature and plasma density of
the coronae of Capella. We demonstrate a statistically prin-
cipled method that incorporates atomic data uncertainties to
estimate these quantities.

Over the years, there has been wide recognition of the im-
portance of accounting for systematic uncertainties, includ-
ing instrument calibration (e.g., Drake et al. 2006; Lee et al.
2011; Xu et al. 2014; Marshall et al. 2021) and atomic data
(e.g., Foster et al. 2010; Yu et al. 2018; Heuer et al. 2021).
Systematic uncertainties are often ignored due to a lack of ro-
bust and principled methods that can handle them, as well as
a lack of characterization of their magnitudes. But ignoring
them can introduce biases in the estimation of model parame-
ters and/or result in the underestimation of their variance, and
thus lead to erroneous interpretations of astrophysical data.

Incorporating systematic uncertainties is a complex problem.
Drake et al. (2006) first proposed a bootstrap-type method
to account for systematics arising from instrument effective
area uncertainties, by relying on a large sample of possi-
ble calibration values, and demonstrated that such systematic
uncertainty can be propagated to parameter estimates. Lee
et al. (2011) used a principal component analysis (PCA) to
efficiently model such a high-dimensional large calibration
sample with a low-dimensional distribution and developed
a pragmatic-Bayesian method to account for calibration un-
certainty for the Chandra effective area within a comprehen-
sive spectral analysis of high-energy spectra. The pragmatic-
Bayesian method bases inference for the calibration products
only on prior information provided by calibration scientists
and their experiments; it ignores information in the current
data that might narrow calibration uncertainty. Xu et al.
(2014) enabled a more principled approach, a fully-Bayesian

method, that dynamically reweights the calibration sample to
favor calibration products that are more consistent with the
current data and thus allows the data to narrow the calibration
uncertainty. Compared with the pragmatic-Bayesian method,
the fully-Bayesian method allows the data to simultaneously
provide information for estimation of the model parameters
and for the calibration product. Along with valid estimates of
calibration uncertainty, the parameters can be estimated ac-
curately and efficiently by making fully use of information in
large-count observed spectra.

In Yu et al. (2018) we developed a Bayesian framework to
address the complex problem of conducting spectral analyses
that properly account for uncertainty in atomic data. Specifi-
cally, we developed methods for propagating uncertainties in
Fe XIII emissivities to estimate the uncertainties in electron
densities using ratios of several EUV emission lines observed
by Hinode EIS in a solar active region. The approach was the
first to provide an estimate on the uncertainty in each atomic
rate, based on the scatter in the values obtained from similar
calculations. It relied on a large sample of line emissivities
calculated by randomly varying the atomic rates within the
bounds of the estimated uncertainties. A similar approach is
adopted by Del Zanna et al. (2019) to study uncertainties in
derived plasma parameters from N IV lines. This work takes
advantage of a simplification to the model stemming from
the fact that the lines considered have the same temperature
dependency, so the temperature factor can be ignored in the
analysis. The high intensity and high S/N solar data also al-
lowed us to use Gaussian (rather than Poisson) models and
to ignore background contamination and contributions form
the continuum. Yu et al. (2018) provides both a pragmatic-
Bayesian approach (where the spectral data provide no infor-
mation for the choice of the atomic physics information) and
a fully-Bayesian method where the atomic sample is dynami-
cally reweighted to favor atomic data that are more consistent
with the spectral data.

Here, we deploy and compare pragmatic and fully-Bayesian
methods to account for uncertainties in atomic data in the
context of high-energy spectral analysis, focusing particu-
larly on the accumulated Chandra grating data of Capella.
The statistical models we develop are significantly more so-
phisticated than those in Yu et al. (2018) in that they account
for the Poisson nature of the X-ray count data, background
contamination, and continuum contributions. From a plasma
analysis perspective, the model accounts for the effects of
atomic data uncertainties in the estimations of both plasma
temperature and plasma density, and takes an important step
towards a full modeling of the emission measure distribution.
We apply our models to ensembles of spectral lines that ei-
ther depend only on the plasma temperature or on density
(with some temperature dependence), and show how we can
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iteratively update the plasma parameter estimates. Thus, we
develop broadly applicable techniques in handling systematic
atomic errors and produce a road map for extending them to
account for even more complex cases.

We begin, in Section 2, by outlining the Capella data and the
form our astrophysical models would take if the atomic data
were known without errors or uncertainty. Section 3 then de-
scribes the nature of uncertainty in the atomic data, how we
quantify it, and how we use PCA to avoid sparsity and inter-
polate within the sample. Our pragmatic and fully-Bayesian
statistical framework and our approach to a combined analy-
sis of Fe XVII and O VII spectral lines is laid out in Section 4.
Our analyses of the Capella spectra appear in Section 5 and
the results are discussed in Section 6. The work is summa-
rized in Section 7. The details of the optimization algorithm
is in Appendix A, and a comparison between the Gibbs and
Hamiltonian Monte Carlo methods are in Appendix B.

2. MODELING CORONAL EMISSION USING FIXED
ATOMIC DATA

We begin with spectral models for a generic ion under the
assumption that the necessary atomic data are known with-
out uncertainty. In Section 3 we address uncertainty in the
atomic data. Table 1 provides a glossary of the notation used
is this article. Where it adds clarity, we place an “X” in the
superscript of quantities that are ion specific to represent the
generic ion. When we discuss particular ions, this super-
script is replaced accordingly, for example, with “Fe” for the
Fe XVII model and “O” for the O VII model.

2.1. Chandra data

Capella has been observed with several gratings1 and detec-
tor2 combinations on board Chandra during the course of
its mission. Here, we limit our analyses to the ACIS de-
tectors. Together with the +ve and −ve order dispersion
spectra, these yield 4 distinct datasets (see Table 2). The
datasets are accumulated over several years of individual ob-
servations (see Marshall et al. 2021). Here we primarily use
the HETGS+ACIS-S dataset, specifically the MEG +ve or-
der (amp) to illustrate our analysis. Where available, data
from the other datasets3 are used to either validate the results

1 There are two grating spectrometers on board Chandra: the HETGS
(High-Energy Transmission Grating Spectrometer) and the LETGS (Low-
Energy Transmission Grating Spectrometer).

2 Capella data has been obtained using the HETGS and ACIS-S (Ad-
vanced CCD Imaging Spectrometer spectrosocpic array) and the HRC-I
(High Resolution Camera imaging array); and using LETGS with the ACIS-
S and HRC-S (High Resolution Camera spectroscopic array) combinations.
In this study we consider only the ACIS-S datasets.

3 The HEG does not have significant effective area over the wavelength
range of interest relevant to O ions (see Sec 2.2). In fact its sensitivity has
decreased with time due to the build up of contamination on ACIS-S, and
thus can be used only for the first stage Fe analysis.

Table 1. Glossary of symbols used in the text.

Data and Instruments
Symbol Description
{. . . } Generic notation to denote a set of

objects
I observation index
g grating index (h for HETG, l for LETG)
o order (m for −ve, p for +ve)
Y Observed source counts
Z Observed background counts
D Full data, D = (Y,Z)

w Observed wavelength channel
W Set of wavelength channels
H Number of wavelength channels
η ratio of background to source collecting

area
T Exposure time
R Line response function (LRF)
A Instrument effective area

Atomic
Symbol Description
ϵ Emissivity
ε Transformed Emissivity, εFe = ln(ϵFe)

and εO = ln(ϵO)

M Collections of emissivity realizations
v Principal components (PCs) of M
β Eigenvalues of PCs, representing scal-

ing of each component
r Multivariate standard Gaussian vari-

able, used to generate M from PCs
(·)X Superscript represents ion, O or Fe

Modeling
Symbol Description
indep∼ Indicates sampling that is independent

and follows the specified distribution.
log() := log10() Unless otherwise specified, log is as-

sumed to be base 10

ln() natural log
n, log n Plasma electron density
V Plasma volume
T, log T Plasma electron temperature
θgo Model parameters, θgo = (θSgo, θBgo)

θSgo Plasma parameters, θFe
Sgo = (V, log T)

and θOSgo = (log n, V, log T)

θBgo Background parameters
f Spectral-line flux at the telescope
s Expected line count
κ Expected continuum count
ω (True) wavelength
Ω = {ωl} Set of (true) wavelengths
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or describe the magnitude of systematic calibration uncer-
tainty.

For all observations, we download the event files from the
Chandra archive (Rots et al. 2002) and reprocess them using
the tools in CIAO (Fruscione et al. 2006) to obtain the dis-
persion wavelengths for each event, and extract the source
and background events within the default regions suggested
for each grating+detector combination. These events are then
binned into histograms with bin widths of ∆w = 0.005 Å.
We also compute the effective area at each wavelength and
combine them, weighted by the exposure times of each ob-
servation (see Tables 3 and 4).

2.2. Ion selection and atomic models

Emission measure techniques applied to Capella have indi-
cated that the bulk of emission is narrowly peaked around 6
MK (see, e.g., Brickhouse et al. 2000; Argiroffi et al. 2003;
Desai et al. 2005). Such estimates have been obtained with
different atomic data but have relied on the common assump-
tion of thermal electron distributions and ionization equilib-
rium. Therefore we simplify the problem by approximat-
ing the coronal plasma as being isothermal and iso-density,
and considering a targeted set of lines that are well-suited to
estimate the plasma temperature and density. We consider
only the strongest lines from the two low-temperature ions,
Fe XVII and O VII. We note that some discrepancies in the in-
tensities of higher-temperature lines of Fe XVIII and Fe XIX
in the soft X-rays (around 100 Å) are present, as discussed in
(Desai et al. 2005; Träbert & Beiersdorfer 2021). Such dis-
crepancies could be due to a complex temperature structure
of the hotter plasma, and are not discussed here.

Fe XVII produces the strongest emission lines in the X-rays.
For astrophysical plasma densities, this ion does not have
metastable levels, i.e., the line intensities have strictly the
same density dependence. So the analysis we perform here
is similar to that we carried out in Yu et al. (2018), as the line
intensities, except from a scaling factor, only depend on one
plasma parameter (the temperature instead of the density in
this case). Del Zanna (2011) uses solar spectra to show for
the first time that accurate temperatures can be obtained from
these Fe XVII X-ray lines, using the more recent atomic rates
also adopted here (previously, factors of two discrepancies
among the strongest lines were present).

We stress that the measurement of the electron temperature
using the Fe XVII lines is independent of the assumption
of ionization equilibrium. The only assumption is that elec-
trons have thermal (Maxwellian) distributions. A very strong
departure from the thermal distribution would need to be
present to significantly affect the line intensities. Some de-
partures are likely present, but have not been observed in the
X-rays even in large solar flares. If large departures were

present, they would mostly affect the ionization and recombi-
nation rates, and shift the formation temperature of the ions,
while the effects on the relative intensities of the Fe XVII
lines would be smaller, see e.g., examples in Dudík et al.
(2019) and references therein

To measure the electron densities for Chandra MEG/HEG
data the best choice are the He-like Ne and O triplets,
although collisionally-dominated plasma such as those of
Capella, the line intensities depend on both density and tem-
perature, see e.g., the review by Del Zanna & Mason (2018).

The neon lines are strongly blended with high-temperature
lines from several ions in the Capella spectrum (see, e.g.,
Ness et al. 2003), and are only sensitive to high densities,
so we have opted for the widely used O VII X-ray lines to
obtain an estimate of the density. As the line emissivities de-
pend on both electron density and temperature, in this case
the analysis is more complex.

Our analysis is carried out in two stages, with the first fo-
cusing on estimating the coronal temperature using density-
insensitive lines from Fe XVII (Del Zanna, G. 2011, see list
in Table 3), and the second using density-sensitive lines of
O VII (see list in Table 4) to estimate both the plasma tem-
perature and plasma density. The temperature estimate in the
second stage is strongly constrained by the temperature in the
first stage; the posterior density from the analysis of Fe XVII
lines is used as an informative Bayesian prior for the analysis
of O VII lines.

2.3. Notation

Observations are obtained intermittently, with a separate de-
tector and grating combination for each epoch (I). With the
HETG, we obtain two independent and simultaneous grat-
ing arm observations (g=HEG and g=MEG) and one with
LETG (g=LEG). Each grating arm also generates two inde-
pendent and simultaneous order pairs (conventionally rep-
resented as o=+1 and o=−1). Each observation comprises
of a background-contaminated source count YIgo(w) and a
pure background count ZIgo(w) in each of several detector
channels w which correspond to the recorded photon wave-
lengths. These cover distinct regions in wavelength, with
wFe ∈ [11.1, 17.2] and wO ∈ [17.3, 22.2], corresponding
to where the lines from each of the ions X ∈ {Fe,O} are
present. Summing over the available observations we obtain
Ygo(w) =

∑
I YIgo(w) and Zgo(w) =

∑
I ZIgo(w). For

each of the LX ∈ {LFe, LO} spectral lines of interest, we
typically select a set of channels that straddle the nominal
location of the line to account for the line spread function
(LSF). We denote the resulting set of HX observed channels
wavelengths for each subset by

WX = {wX
h , h = 1, . . . ,HX} (1)
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Table 2. Chandra datasets† of Capella

Grating+Instrument Accumulated Grating Dataset Wavelength BACKSCAL‡

Exposure [ks] Arm coverage [Å]
HETGS+ACIS-S 622.5 MEG+1 amp ≈1-35 1

MEG−1 amn

HEG+1 ahp ≈1-18 1
HEG−1 ahn

LETGS+ACIS-S 140.9 LEG+1 alp ≈1-45 15.625
LEG−1 aln ≈1-45

† : The specific observations used here are listed at https://doi.org/10.25574/cdc.228
‡ : Ratio of the areas in which background and source counts are collected.

and the full data set by

DX
go = {(Y X

go (w), Z
X
go(w)),w ∈ WX} . (2)

Let θXgo = (θXSgo, θ
X
Bgo) describe the model parameters for ion

X and grating-order pair go, where θXBgo represents the back-
ground parameter (assumed constant for each ion-grating-
order (X, g, o) combination), θXSgo = (ngo, V

X
go ,T

X
go) rep-

resents the plasma parameters: election density, n, volume,
V , and electron plasma temperature, T. The volume and
temperature are tagged here by the ion X because they are
computed separately for the corresponding lines LX (n is es-
timated only for the lines LO). We include go in the subscript
of θSgo because we analyze each grating-order pair separately
and compare the results. For numerical stability, descriptive
simplicity, and future compatibility (when the emission mea-
sure would be parameterized by several shape parameters;
see Section 2.4 below) we often use the alternative parame-
terization for the source parameters,

θXSgo = (log ngo, V
X
go , log T

X
go) . (3)

2.4. DEM, Emissivity, and Source Flux

The flux emitted by the source can be separated into two
components, a temperature distribution of emission measures
(DEM) that is reliant on the properties of the emitting mate-
rial (plasma density and volume occupied by plasma at dif-
ferent temperatures), and an emissivity function (ϵ(ω; T,n))
that arises from atomic physics. The emissivity describes the
power emitted by a unit volume of plasma at a given temper-
ature, T (typically between ≈106−7 K, and density, n (typi-
cally ≪1014 cm−3), at a wavelength ω from both line tran-
sitions and continuum emission. This emission is optically
thin, i.e., emitted photons escape without scattering and ab-
sorption.

The DEM allows us to describe the physical conditions in
the corona, specifically through a measure of the volume V

of plasma that exists at a given density and temperature,

DEM(n,T, V ) = n2(T)
dV (n,T)

dlog T
. (4)

In most analyses of stellar coronae, an isodensity plasma is
assumed, with V (n,T) = V (T). In this work, we further
assume an isothermal plasma, which is a reasonable approx-
imation in the case of Capella (see Section 1), with

plasma volume = V · δ(log Tiso − log T) , (5)

where δ(x − x0) is the Dirac delta function, with value 1 if
x = x0 and 0 otherwise, fixing the plasma temperature at
Tiso and the total emission measure at

EM =

∫
DEM(n,T,V) dlog T = n2V . (6)

Thus, different values of log T describe coronae of differ-
ent temperatures4, which consequently yield (see below) dif-
ferent model spectra sIgo(w; θSgo) and κIgo(w; θSgo) (see
Equations 9 and 11).

Combining the emissivity and the DEM, the flux from a line
l at intrinsic wavelength ωl, incident at the telescope from a
source at distance d∗ can be written (using Equations 4 to 6)

4 In general, the shape of the DEM can be described as a continu-
ous or discrete function with many parameters. For example, a coronal
loop can be characterized as a power-law in T, with 3 parameters, as
DEM(T;α1, α2, α3) = α1 ·Tα2 for T < α3 (notice that one more param-
eter is needed than in the case of the isothermal plasma). Other forms, such
as multiple isothermal components, log-normals, mixtures of log-normals,
piecewise power-laws, Chebyshev polynomials, etc., may be used. Addi-
tional parameterization to describe variations in n are also possible, though
as a practical matter for lines that are not density sensitive, n2 and V are
degenerate in total emission measure EM . In any case, the parameteri-
zation must be sufficiently constrained such that the number of estimated
parameters does not exceed the number of data points. In the discussion in
Section 3, we also include PCA parameters to describe the uncertainties in
the atomic emissivities, and they must also be included in the total count of
parameters. This is one of the reasons we limit our analysis to an isothermal
and isodensity plasma. The lines list must be expanded if a more complex
DEM shape is to be modeled.

https://doi.org/10.25574/cdc.228
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as

f(ωl; θSgo)=
1

4πd2∗

∫
ϵ(ωl; ngo,Tgo) DEM(n,T, V ) dlog T

=
n2go
4πd2∗

∫
ϵ(ωl; n,T)

dV (T)

dlog T
dlog T

=
n2go · Vgo

4πd2∗
ϵ(ωl; ngo, log Tiso,go) , (7)

where θSgo = (log ngo, log Vgo, log Tiso,go). Similarly, the
continuum emission can be computed as

c(ω; θSgo)=
n2go · Vgo

4πd2∗
×

[ϵff + ϵfb + ϵpc] (ω; ngo, log Tiso,go) , (8)

where ϵff , ϵfb, and ϵpc represent the free-free (Bremsstrahlung),
free-bound (radiative recombination), and psuedo-continuum
(arising from unresolved weak lines) components. Notice
that we explicitly include the subscripts denoting grating
and order to emphasize that the parameter estimates are ob-
tained for specific datasets. Going forward, for the sake of
simplicity, we shall drop the subscripts and include them
only if there is ambiguity, and further use log T to represent
log Tiso.

2.5. The Basic Model

We model the counts Ygo(w) as a combination of the ex-
pected counts due to individual spectral lines, the continuum,
and the background. First, the expected spectral-line count
in channel w under a spectral model with parameter θSgo is
given by

sIgo(w
X ; θXSgo) =

LX∑
l=1

Rgo(w
X |ωl)·AIgo(ωl)·f(ωl; θ

X
Sgo)·TI ,

(9)
where the sum is over the wavelengths of the LX analyzed
spectral lines, i.e., ΩX = {ωl, l = 1, · · · , LX}, Rgo(w|ωl)

is the Line Response Function (LRF) of the instrument with
grating-order pair go, AIgo(ωl) is the effective area of the
instrument with observation I and grating-order pair go,
f(ωl; θ

X
Sgo) is the spectral-line flux at the telescope at (true)

wavelength ωl, and TI is the exposure time of observation
I . For computational efficiency, we use an analytical LRF
appropriate for Chandra gratings, specifically5

Rgo(w|ω) =
Γ(ν+1

2 )

σ
√
νπΓ(ν2 )

[
1 +

(w − ω)2

νσ2

]− ν+1
2

, (10)

5 This choice of LRF is a better representation of the point spread function
(PSF), integrated over the cross-dispersion direction, see Equation 9.1 of the
Chandra Observatory Proposers’ Guide, https://cxc.harvard.edu/proposer/
POG/html/chap9.html#tth_sEc9.3.3. This functional form conveniently al-
lows us to adjust for distortions due to detector non-uniformity or contam-
ination by weak lines, by allowing the width σ to be adjusted to match the
observed widths. The value of ν = 4 is a useful intermediate functional

which is the probability density function of a generalized t-
distribution with degrees of freedom ν ≡ 4, location param-
eter ω, and scale parameter σ, which is ≈0.0115 for the amp
dataset6. Because the instrument is not perfect, the particular
values of ω and σ can differ for different spectral lines.

The expected continuum count in channel w is

κIgo(w
X ; θXSgo) =

H∑
h=1

δ(wX − ωh) ·AIgo(ωh) · c(ωh, θ
X
Sgo) · TI , (11)

where {ωh} is a binning of the true wavelenghts that coin-
cides with W , and c(ωh,T) is the continuum flux at the tele-
scope at wavelength ωh and temperature T. Note that since
the continuum is smooth over the widths of the LRF, espe-
cially around the lines of interest, we simplify our numerical
estimation by ignoring the LRF for the continuum in Equa-
tion 11.

Thus, for each grating-order pair, we model the observed
counts as

Ygo(w
X) | θXSgo, θXBgo

indep∼ Poisson
(
sgo(w

X ; θXSgo)+

κgo(w
X ; θXSgo) + θXBgo

)
,

(12)

Zgo(w
X) | θXBgo

indep∼ Poisson
(
ηgo · θXBgo

)
, (13)

where
indep∼ indicates independent observation from a

given distribution, sgo(w
X ; θXSgo) =

∑
I sIgo(w

X ; θXSgo),
κgo(w

X ; θXSgo) =
∑

I κIgo(w
X ; θXSgo), θ

X
Bgo represents the

expected background count, and ηgo is the ratio of back-
ground and source collection areas, which are each computed
as the sums over the observations of the product of the expo-
sure times and the geometric areas over which the respective
counts are collected.

The modeling is carried out separately for each subset {wX}
of ions, and for each grating-order combination (g, o). For
simplicity, we assume that the shape of the expected contin-
uum count is fixed, i.e., κgo(w; θSgo) is known in advance
for each channel w at a given θSgo and that the expected
background count is the same across channels for a given
{X, g, o} combination.

Because we conduct analyses separately for each ion-grating-
order combination, from here on we simplify notation by

form between a heavy-tailed Lorentzian (ν = 1) and a broad core Gaussian
(ν ≫ 1) profiles, and is held fixed here to avoid making substantial changes
to the adopted calibration.

6 See Table 8.1 of the Chandra Observatory Proposers’ Guide, https://cxc.
cfa.harvard.edu/proposer/POG/html/chap8.html#tth_tAb8.1

https://cxc.harvard.edu/proposer/POG/html/chap9.html#tth_sEc9.3.3
https://cxc.harvard.edu/proposer/POG/html/chap9.html#tth_sEc9.3.3
https://cxc.cfa.harvard.edu/proposer/POG/html/chap8.html#tth_tAb8.1
https://cxc.cfa.harvard.edu/proposer/POG/html/chap8.html#tth_tAb8.1
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suppressing the superscript X and subscript go except where
specific clarification is required.

2.6. Preprocessing the spectral data

We preprocess the full Chandra dataset in order to focus the
analysis on the lines of interest and to minimize the impact
of systematic effects like contamination from nearby lines
and atomic and calibration uncertainties on line locations and
widths.

First, we filter the data to include only those channels nearest
to the nominal locations of the lines of interest. The typ-
ical width used is ±4 channels, corresponding to ±0.02 Å
for ACIS spectra. Furthermore, we omit lines and channels
where contamination from a nearby line could affect the es-
timated flux; for instance, we omit the 16.004 Å Fe line be-
cause it is weak and contaminated by a nearby O VII line
(Del Zanna, G. 2011). This results in a collection of non-
contiguous ranges of channels W (see Equation 1), with
H = 100 channels used in the Fe XVII analysis and H = 112

channels used in the O VII analysis.

Second, because the detectors are not perfectly calibrated, we
may observe small mismatches (≲5 mÅ, which corresponds
to the native pixelization on ACIS) between the nominal and
estimated locations of the lines of interest, as well as between
the estimated line widths and those expected from the instru-
ment LRF. We carry out fits to the spectra by adjusting the
LRF separately for each line in each grating. We accomplish
this by first constructing a predicted count spectrum condi-
tional on a fixed log T and n (log T = 6.739 for Fe XVII,
log T = 6.571 and log n = 9.310 for O VII) in order to en-
sure that the lines in the predicted spectrum are correct iden-
tifications and to minimize wavelength drifts due to contam-
inating lines that may appear at different temperatures and
densities. We obtain minimum χ2 estimates of the location
and scale parameters, ω and σ, of the LRF given in Equa-
tion 10 for each line-grating combination. The fitted values
for Fe XVII and O VII amp spectral lines appear in Tables 3
and 4, respectively. The fitted values for other line-grating
combinations appear in Appendix C. The results for the LRF-
adjusted amp Fe XVII and O VII spectral data appear as solid
black lines in Figure 1, illustrating a much improved overall
fit. Notice that the counts around the 16.004 Å line, which
has been ignored in the analysis, are shown in Figure 1, but
an improved LRF fit has not been carried out for it.

3. UNCERTAINTIES IN THE ATOMIC DATA

The models in Section 2 assume that the emissivities are
known without uncertainty. Here we describe our prelim-
inary analyses to quantify their uncertainty. The result is
a collection of M realizations of the atomic line emissivi-
ties that represent the population of possible curves. We de-

Table 3. A summary of the best-fit scale, σ̂, best-fit location, ω̂, and
nominal location, ω, of LRF for each Fe XVII amp spectral line.

ω (Å) ω̂ (Å) σ̂ effective area (cm2ksec)
11.129 11.131 0.0090 14560

11.250 11.253 0.0085 13640

12.124 12.122 0.0105 10570

12.264 12.267 0.0105 10010

13.825 13.827 0.0115 6024

13.890 13.891 0.0110 5894

15.013 15.013 0.0090 3335

15.262 15.262 0.0090 2866

15.453 15.454 0.0125 2826

16.336 16.337 0.0105 2395

16.776 16.777 0.0085 2094

17.051 17.048 0.0080 1918

17.096 17.092 0.0075 1908

Table 4. A summary of the best-fit scale σ̂, best-fit location, ω̂, and
nominal location, ω, of LRF for each O VII amp spectral line.

ω (Å) ω̂ (Å) σ̂ effective area (cm2ksec)
17.396 17.3964 0.0123 1692

17.768 17.7724 0.0148 1461

18.627 18.6319 0.0103 1130

21.602 21.6030 0.0112 313.6

21.805 21.8044 0.0056 252.3

22.101 22.0995 0.0073 182.4

note the collection by MX = {ϵX(m)(ω; n,T), ω ∈ Ω,m =

1, . . . ,M}, where m indexes of the emissivity realizations.
From a statistical perspective, we view M as a sample from
the prior distribution of the emissivities, see Sections 3.3 and
4.

3.1. Uncertainties in the atomic data for Fe XVII

Following the Fe XIII study of Xu et al. (2014), we compare
the atomic rates calculations of Loch et al. (2006) and Liang
& Badnell (2010) to provide an estimate of the uncertainty
for each individual rate. Ideally, one would use more than
two calculations to estimate uncertainties in atomic rates.
However, only these two scattering calculations are of a
similar level of sophistication. They both adopt the close-
coupling R-matrix suites of codes (see the UK APAP net-
work7 website), originally developed for the Iron Project.
Loch et al. (2006) includes 139 states (up to n=4) in their
close-coupling expansion (CCE). The orbitals are determined
from a Dirac-Fock structure calculation using the GRASP
program, developed by I. Grant and collaborators (see e.g.,

7 www.apap-network.org
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Figure 1. Describing the calibration alignment adjustments for
the Fe XVII (top panel) and O VII (bottom panel). The shaded
histograms depict the observed amp counts spectrum (Table 2) over
wavelength bins (of size 0.005 Å) in the lines of interest. The gaps
between lines are excluded for the sake of visibility, and the lines
of interest are marked. The dashed red curves depict the nominal
LRF, and the solid black curves show the LRF adjusted to remove
wavelength and width misalignments (see text). The heights of each
LRF are arbitrarily scaled to match the observed intensity in each
line.

Parpia et al. 1996). Liang & Badnell (2010) employ a larger
target, with a CCE including 209 states (up to n=5). Their
R-matrix calculation adopt the ICFT approximation (see a
review by Badnell et al. 2016), while the target orbitals are
determined using the AUTOSTRUCTURE program (Badnell
2011). We note that the level ordering of the two calcula-
tions is not the same.

Liang & Badnell (2010) find that their main atomic rates are
similar to those of Loch et al. (2006). Indeed Del Zanna
(2011) shows that the line emissivities obtained from these
two sets of rates are very similar, and uses them to show for
the first time that the Fe XVII lines can be used to measure
the electron temperature. Using the best solar observations of
the X-ray lines, Del Zanna (2011) finds very good agreement
(within 10 percent) between predicted and measured line in-
tensities for an isothermal plasma. The long-standing dis-
crepancies that have been present when distorted wave (DW)
calculations were adopted were finally resolved, although we
note that problems in modelling other plasma are still being
highlighted in the literature (see, e.g., Kühn et al. 2020). The
main differences with the DW calculations are caused by res-
onances that significantly increase the collision strengths of
the 2p–3s transitions, the same problem that was resolved for
the Fe XVIII lines (Del Zanna 2006).

The emissivity of a spectral line is proportional to the pop-
ulation of the upper level and the spontaneous transition

probability (i.e., the radiative rate). Fe XVII does not have
metastable levels, which implies that the intensities of the
lines all have the same dependence on the electron density.
Moreover, its states are mostly populated only by collisional
excitation (CE) from the ground level, 2s2 2p6 1S0. Only the
levels No.2 and 4, the 2s2 2p5 3s 3P2,0, reach a very small
relative population of 10−4 at a high density of 1013 cm−3.
Thus, for completeness and simplicity we built an ion model
that includes only the CE from these two states, as well as
the ground state.

A comparison of the thermally-averaged cross-sections cal-
culated by Loch et al. (2006) and Liang & Badnell (2010)
at 2 MK shows that most transitions from these three states
differ by between 1 and 20%, with the weaker ones progres-
sively diverging by large factors. We set a lower limit to the
uncertainty of 5% and an upper limit of 100%.

Regarding the radiative rates, for most cases differences be-
tween the Loch et al. (2006) and Liang & Badnell (2010)
values are between 1 and 30%. For the CE rates, we set a
lower limit to the uncertainty of 5% and an upper limit of
100%.

We obtain 1000 Monte-carlo calculations of line emissivities,
by randomly varying (independently) the two sets of atomic
rates (CE and radiative), using a modified version of the CHI-
ANTI8 version 10 (Del Zanna et al. 2021) codes. We use the
IDL function randomn to randomly vary each rate within its
estimated uncertainty. We assume a normal distribution, in
the sense that if, e.g., an uncertainty is 10%, then 95% of
the simulated values vary within ± 20%. We take the atomic
rates of Loch et al. (2006) as a baseline.

3.2. Uncertainties in the Atomic Data for O VII

As the calculations are relatively simple to run, we adopt a
different approach for O VII. Specifically, we run a series
of ICFT R-matrix calculations to estimate the scatter in the
atomic rates and hence their uncertainties. We use a target
structure from AUTOSTRUCTURE, including in the CCE 49
states up to n = 5. The Thomas-Amaldi-Fermi scaling pa-
rameters for the bound orbitals in the central potential model
are set to 1. The exchange calculation is performed up to
J=16.5 while the non-exchange calculation is performed up
to J=35.5, followed by a top-up calculation for higher par-
tial waves. 80 continuum basis orbitals are used, giving a
smallest maximum basis-orbital energy of 298.6757 Ryd-
bergs. Different energy meshes are used for the inner and
outer calculations. Dipole and Born limits are used from the
last calculated energy points up to infinite energy to calculate

8 https://www.chiantidatabase.org

https://www.chiantidatabase.org


UNCERTAINTIES IN ATOMIC DATA 9

the effective collision strengths. This is used as a baseline
calculation.

We then vary the scaling parameters randomly to obtain
ten further different targets, bound by the hydrgen-like and
lithium-like structures. As the CE and radiative rates are di-
rectly related to the target structure, we carry out ten ICFT
R-matrix calculations, to obtain ten different sets of rates.
Despite the significantly large variations in the target struc-
ture, differences in the rates and line emissivities are rela-
tively small, of the order of a few percent. To apply a similar
procedure as for the Fe XVII, we take an uncertainty esti-
mated from the maximum difference among the 11 calcula-
tions for each rate. We set a lower limit for the uncertainty as
2%, and an upper limit of 80%, for both the CE (considering
the values at 1 MK), and the radiative rates. We generated
10, 000 Monte-carlo calculations of line emissivities, by ran-
domly varying (independently) the two sets of atomic rates,
as in the Fe XVII case. As we are interested in the strongest
X-ray lines from he-like O, and as they are sensitive to both
electron temperatures and densities, we have performed the
calculations over a grid of temperatures and densities.

3.3. PCA-based model for atomic uncertainties

We propose a statistical model for the collections of emis-
sivity realizations, MFe and MO, in order to more readily
incorporate them into our analyses. Specifically, we propose
reduced-dimension multivariate Gaussian distributions. Fol-
lowing Lee et al. (2011) we use principal component analysis
(PCA) to identify a low-dimensional orthogonal linear trans-
formation of the emissivites that maintains the bulk of the
variability exhibited in MFe and MO.

To improve the quality of the principal component Gaus-
sian models for MFe and MO we transform the individ-
ual emissivity replicates using a variance stabilizing trans-
form. Specifically, we compute ln ϵ and carry out a PCA in
the transformed emissivity space.9 We demonstrate below
in Sections 3.3.1 and 3.3.2 that the adopted ln transforma-
tion works well empirically, i.e., the 68% and 95% quantiles
of the PC reconstructed emissivities match the quantiles of
the original replicate sets MFe and MO well (see Figures 2
and 3. We denote the transformed variables by ε and their
means across the realizations in MFe and MO by

ε̄X = ln ϵ
X

=
1

M

M∑
m=1

ln(ϵ(m)) with ϵ(m) ∈ MX . (14)

9 A variance stabilizing transform maps a function f(y) such that the
dependence of the variance on the value of f(y) is reduced. This can hap-
pen when fluctuations are fractional relative to the value, and taking the log
makes the scatter the same at all levels. Other transforms, like

√
ϵ, are also

apposite. We choose the log transformation because of the large dynamic
range present in the emissivities.

Similarly, we let ΣFe be a diagonal matrix with diagonal ele-
ments equal to the variances across MFe of the components
of the tranformed Fe XVII emissivity. ΣO is defined analo-
gously.

Working on the transformed scales, and before applying
PCA, we standardize each variable by subtracting off the
mean and dividing by the standard deviation of each vari-
able10. With PCA, we are able to reduce the dimension of
the (transformed) Fe XVII emissivities from 308 to 7 while
preserving 55% of the total variance of the standardized vari-
ables. For the O VII emissivities, we can reduce the di-
mension from 7038 to 6 while preserving 97% of the vari-
ance. Mathematically, we represent the Gaussian model for
the emissivities in terms of a random replicate, εXrep, from the
model, where X ∈ {Fe, O}, again using ε to emphasize the
transformed scales. Specifically,

εXrep(r
X) = ε̄X +

(
ΣX

)1/2 J∑
j=1

rXj βX
j vXj , (15)

where J is the reduced-dimension of the Gaussian model
(i.e., J = 7 for MFe and J = 6 for MO), vX1 , . . . , vXJ are
the first J principle components with corresponding scales
βX
1 ≥ βX

2 ≥ . . . ,≥ βX
J , rX = (rX1 , . . . , rXJ ) represents

the PCA projections, and we model rX as a J-dimensional
mean-zero multivariate Gaussian with variance-covariance
matrix equal to I , the identity matrix (i.e., unit variances and
uncorrelated). In the the spectral analyses described in Sec-
tion 4, we summarize the Gaussian models for MFe and MO

as prior distributions on rFe and rO, respectively:

rFe ∼ MV Gaussian(0, I) and (16)

rO ∼ MV Gaussian(0, I). (17)

In Equation 15, εXrep(r
X) is written as a function of r to

emphasize that under the model we can compute the high-
dimensional emissivity as a linear function of the low dimen-
sional rX . Because rX follows a multivariate Gaussian dis-
tribution, so does its linear, function εXrep(r

X), albeit a de-
generate Gaussian. As described in Sections 3.1 and 3.2, we
obtain 1000 and 10, 000 replicate emissivity curves for MFe

and MO respectively. We discuss the fit of the reduced-
dimension multivariate Gaussian distributions to MFe and
MO in Sections 3.3.1 and 3.3.2.

As detailed in Section 4, we account for uncertainty in the
emissivity curves by treating rFe and rO as unknown model

10 Specifically we apply PCA to the sets{(
ΣX

)− 1
2
(εX(m) − ε̄X), for m = 1, . . . ,M

}
,where X ∈ {Fe, O}.
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parameters with prior distributions given in Equations 16 and
17 and that are estimated (with error bars) from the data.
They enter the statistical model of Section 2.5 via the ex-
pected spectral-line counts, sIgo(w; θSgo) and thus we in-
clude r as an argument of sIgo where appropriate.

3.3.1. Gaussian Prior on Fe XVII Emissivity

Figure 2 illustrates the PCA-based Gaussian model for MFe

(on the natual log scale). The complex structure of the
Fe XVII emissivities is illustrated in Figure 2 (top panel).
A random selection of six ln ϵ(m) from MFe are plotted as
colored dashed lines and compared with the average over the
transformed MFe, i.e., ln ϵ

Fe
, plotted as a solid black line.

The light, dark, and darker gray areas represent the point-
wise full range, middle 95%, and middle 68.3% of the 1, 000
transformed emissivity curves in MFe. The ensemble MFe

forms a complex tangle that appears to defy any systematic
pattern. Figure 2 (middle panel) is the same as the top panel
except it plots the residuals, ln ϵ(m)− ln ϵ

Fe
, in order to mag-

nify the structure in MFe. The dashed, dot-dash, and dot-
ted lines, in Figure 2 (bottom panel) superimpose the point-
wise full range, middle 95%, and middle 68.3% intervals of
1000 emissivity curves sampled under the Gaussian model
on the corresponding intervals of MFe (shades of gray). The
correspondence between MFe and the PCA-based Gaussian
model is quite good, especially for the 68.3% intervals.

3.3.2. Gaussian Prior on O VII Emissivity

Figure 3 illustrates the PCA-based Gaussian model for MO

(on the ln scale). Significant compression is achieved be-
cause only 6 principle components are needed to capture 97%
of the variability in MO. Each panel corresponds to one of
the O VII spectral lines and plots the residuals ln ϵ(m)−ln ϵ

O
;

the mean, ln ϵ
O

, is plotted as a solid black curve. (On the
residual scale, the mean is always zero.) The dashed, dot-
dash, and dotted lines plot point-wise intervals for the full
range, middle 95%, and middle 68.3% of 10, 000 replicates
sampled under the PCA-based Gaussian model. The light,
dark, and darker gray areas give the same intervals for the
10, 000 transformed emissivity curves in MO. The corre-
spondence between MO and the PCA-based Gaussian model
is quite good, especially for the 68.3% intervals.

4. STATISTICAL MODEL AND INFERENCE

Here we describe how we combine the Fe XVII and O VII
spectra (tabulated in DFe and DO, respecively) to estimate
the plasma parameters, log n, log V , and log T, the back-
ground parameters θFeB and θOB , and the parameters describing
the Fe XVII and O VII emissivities (using rFe and rO via the
PCA-based model described in Section 3.3).

4.1. Accounting for uncertainty in the emissivities.

Following Yu et al. (2018) we consider two strategies for
accounting for emissivity uncertainty. The pragmatic-Bayes
approach, averages inference over the PCA-based prior dis-
tributions presented in Section 3.3. Specifically, pragmatic-
Bayesian inference is based on

p(θ | DFe,DO, rFe, rO) p(rFe, rO), (18)

where θ represents the source and background parameters as-
sociated with both the Fe XVII and O VII spectra. The fully-
Bayesian approach, on the other hand, is based on the full
posterior distribution,

p(θ | DFe,DO, rFe, rO) p(rFe, rO | DFe,DO). (19)

Notice that the pragmatic-Bayesian approach does not use
the spectral data to update the posterior distributions of the
emissivities and leaves the uncertainty and estimation of the
emissivities completely in the hands of the preliminary analy-
sis conducted by atomic physicists. This approach avoids any
biasing of the estimated emissivities that might stem from
potential misspecification of the spectral models, systematic
uncertainties associated with the spectral analysis, or pecu-
liarities associated with the spectral data. In contrast, the
fully-Bayesian analysis uses the spectral data to update and
learn the emissivities. We generally expect both strategies to
be more reliable than the standard practice of ignoring uncer-
tainty in the emissivities. The fully-Bayesian approach gen-
erally provides smaller statistical errors than the pragmatic
strategy in that it more fully utilizes the spectral data. The
trade offs between the two methods are discussed and illus-
trated in Lee et al. (2011), Xu et al. (2014), and Yu et al.
(2018).

Under either strategy, our Bayesian inference is based on
a Monte Carlo (MC) sample from the target distribution,
i.e., Equation 18 for the pragmatic-Bayes approach and
Equation 19 for the fully-Bayesian approach. Obtaining
an MC sample from the pragmatic-Bayesian target distri-
bution is somewhat simpler because we can first sample
rFe and rO directly from their respective prior distributions
and then employ a Markov chain Monte Carlo (MCMC)
technique to sample the five-dimensional distribution p(θ |
DFe,DO, rFe, rO). The fully-Bayesian strategy deploys
MCMC to jointly sample p(θ, rFe, rO | DFe,DO, rFe, rO).
The dimension of this distribution depends on the number of
principal components we deploy for the emissivity model.
Using 7 and 6 principal components for Fe XVII and O VII,
respectively, yields a 16-dimensional fully-Bayesian poste-
rior distribution.

We employ two MCMC algorithms to obtain MC samples
from the target posterior distributions, a four-step Gibbs sam-
pler with adaptive Metropolis (detailed in Appendix A) and a
Hamiltonian Monte Carlo (HMC) sampler (Neal et al. 2011).
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Figure 2. Comparing MFe with its PCA-based Gaussian model. Top panel: light, dark, and darker gray areas give point-wise intevals for the
full range, middle 95%, and middle 68.3% of MFe on the ln scale. Six randomly selected curves from MFe are plotted as colored dashed
curves and ln ϵ

Fe
is plotted as a solid black curve. Middle panel: same as top panel, but plotting the residuals, ln ϵ(m) − ln ϵ

Fe
. Bottom Panel:

Dashed, dot-dash, and dotted lines compare point-wise intervals for the full range, middle 95%, and middle 68.3% of 1, 000 replicate emissivity
curves sampled under the PCA-based Gaussian model with the same intervals of MFe (shades of grey).
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(again on the ln scale). The dashed, dot-dash, and dotted lines provide the same intervals for 10, 000 replicate emissivity curves generated under
the PCA-based Gaussian model. In each panel, the horizontally-arranged blocks correspond to the values of the equally-spaced temperature
grid, log T ∈ (5.8, 8.0). Within each log T block, log n increases from left to right in the interval (8.0, 13.0).
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We implement HMC using the Stan computing platform11.
Having two independent algorithms allows us to cross check
and verify our numerical results.

4.2. Combining Fe XVII and O VII analyses to estimate the
plasma parameters

We conduct the spectral analysis in two stages, first analyzing
DFe and then DO. To facilitate this, we separate the param-
eters into those that appear only in the model for DFe, i.e.,
θFe = (rFe, θFeB ), those that appear only in the model for
DO, i.e., θO = (rO, log n, θOB), and those that appear in both
models, θO,Fe = (log V, log T). (Here we mingle the plasma
and the background parameters together for simplicity.)

Under the fully-Bayesian strategy, our primary aim is to
study the posterior distribution,

p(θO, θFe, θO,Fe | DO,DFe)

∝ p(DO | θFe, θO, θO,Fe,DFe) · p(θFe, θO, θO,Fe | DFe)

= p(DO | θO, θO,Fe) · p(θO) · p(θFe, θO,Fe | DFe),

(20)

where the proportional expression follows from Bayes The-
orem and the equality from the conditional independence of
DFe and DO given the parameters, that DO does not depend
on θFe, that DFe does not depend of θO, and from our as-
sumption that θFe, θO, and θO,Fe are a priori independent,
see Section 4.3.

Equation 20 is the road map for our two-stage analysis:

Stage 1: DFe | θFe, θO,Fe, (21)

Stage 2: DO | θO, θO,Fe. (22)

In Stage 1 we obtain a MC sample from the last factor in
Equation 20, the posterior distribution of θFe and θO given
DFe. In Stage 2, treating this posterior as a prior distribution,
we recognize Equation 20 as the product of the likelihood
of DO and two independent priors, one for θO and one for
(θFe, θO,Fe). The Stage 1 analysis uses DFe as the source
of information for the plasma volume and temperature (i.e.,
for θO,Fe). The resulting marginal posterior distribution for
θO,Fe is subsequently used as a prior distribution, along with
an independent prior for the plasma density, in the State 2
analysis of DO. As described in Section 4.4, we construct a
parametric approximation to p(log V, log T | DFe) in order
to simplify its use as a prior distribution in Stage 2.

We take the same two-stage approach when conducting a
pragmatic-Bayesian analysis. An express similar to that in
Equation 20 can be derived by conditioning throughout on

11 https://mc-stan.org

rFe and rO and multiplying by p(rFe, rO). Both stages of the
analysis are conducted following the pragmatic strategy. In
Stage 1, for example, we sample rFe from its prior distribu-
tion and then update the other parameters (i.e., log V , log T,
and θFeB ) via MCMC conditional on rFe.

4.3. Prior Distributions

We assume that the model parameters are a priori indepen-
dent, i.e., that the joint prior distribution can be written

p( log V, log T, log n, rFe, rO, θFeB , θOB)

= p(log V ) p(log T) p(log n) p(rFe) p(rO) p(θFeB ) p(θOB).

(23)

Marginally, we assume log V , log T, and log n are uniformly
distributed, rFe and rO follow multivariate standard Gaussian
distributions, and θFeB and θOB follow Gamma distributions,
specifically,

p(log V ) =
1

4
for 30 ≤ log V ≤ 34, (24)

p(log T) =
1

2.1
for 5.8 ≤ log T ≤ 7.9, (25)

p(log n) =
1

7
for 8 ≤ log n ≤ 13, (26)

θFeB ∼ Gamma(shape = 0.5, rate = 2), (27)

θOB ∼ Gamma(shape = 0.5, rate = 2), (28)

and the prior distributions for rFe and rO are given in Equa-
tions 16 and 17.

4.4. Stage 1: Analysis of Fe XVII Lines

The likelihood function for the Stage 1 Fe XVII spectral anal-
ysis is given by Equations 12 and 13. Specifically, given θFe

and θO,Fe, the source and background counts are Poisson for
each w ∈ WFe,

Y Fe(w)
indep∼ Poison

(
sFe(w; θFeS ) + κFe(w) + θFeB

)
, (29)

ZFe(w)
indep∼ Poison

(
η · θFeB

)
. (30)

where θFeS = (log V, log T, rFe). Combining the likelihood
under Equations 29 and 30, and the prior distributions, given
in Equations 24 – 28, via Bayes theorem, we obtain the joint
posterior distribution, p(log V, log T, rFe, θFeB | DFe).

Because we carry the joint posterior distribution of log V and
log T forward to use as the a prior distribution in Stage 2,
we must obtain an analytical approximation. In the numeri-
cal results described in Sections 5.1.3, we use two analytical
models, specifically a multivariate Gaussian distribution and
a multivariate t-distribution. We denote the analytical ap-
proximation p̂(log V, log T | DFe).

https://mc-stan.org
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4.5. Stage 2: Analysis of O VII Lines

Again following Equations 12 and 13, the likelihood function
for the Stage 2 O VII spectral analysis is determined by the
Poisson models,

Y O(w)
indep∼ Poisson

(
sO(w; θOS ) + κO(w) + θOB

)
, (31)

ZO(w)
indep∼ Poisson

(
η · θOB

)
. (32)

for each w ∈ WO, where θOS = (log V, log T, log n, rO);
Equations 31 and 32 are both conditional on θO and θO,Fe.
We obtain the Stage 2 posterior distribution by combing this
likelihood with the prior distributions given in Section 4.3,
but with the joint prior distribution for log V and log T re-
placed by p̂(log V, log T | DFe) as obtained in the Stage 1
analysis.

5. ANALYSIS

5.1. Stage 1 – Analysis of Fe XVII Lines

5.1.1. Fe XVII Simulation Studies

We begin with a simulation study conducted to validate our
models and methods. Out aim is to evaluate our method’s
ability to recover the ground-truth plasma parameters from
Fe XVII counts. To this end, we generate several replicate
sets of source and background counts using realistic values
for the model parameters (i.e., the ground truth).

The ground-truth parameters values are set equal to the
posterior means obtained in our fully-Bayesian analysis
of the Capella data, described in Section 5.1.2, i.e., we
set log V = 31.17, log T = 6.75, θFeB = 11.11, and
rFe = (6.15, 5.38,−4.45,−7.20, 8.49, 3.54, 0.81) for the
J = 7 principal components. The emissivity is computed
via Equation 15 with r set to this value of rFe. We simulate
30 sets of source and background photon counts for each
channel from the Poisson distributions in Equations 29 and
30. Each replicate data set is fit with our proposed method
using HMC via Stan to obtain a sample from the joint pos-
terior distribution of all unknown model parameters. For
each replicate, we obtain 1000 draws by running the HMC
sampler for 6000 iterations and discarding the first 5000 as
burn-in.

The results of the simulation study are presented in Fig-
ure (4). Posterior means for each of the 30 simulated datasets
are indicated by brown squares, with dark and light brown
horizontal bars representing 68% and 95% posterior inter-
vals, respectively. The ground-truth values of the model pa-
rameters are indicated by the red vertical lines. The coverage
rates of the 68% and the 95% posterior intervals for all pa-
rameters are approximately 68% and 95%, respectively, an
indication that our Bayesian methodology has desirable fre-
quentist properties. Further, the profile of the expected pho-
ton counts (not shown) shows strong agreement with that of
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Figure 4. Stage 1 Fe XVII Simulation Study. The posterior
means (brown squares) along with 68% and 95% posterior intervals
(dark and light brown horizontal bars) for each of the 30 simulated
Fe XVII datasets. The ground-truth parameter values are marked as
red vertical lines. Apparent misalignment between some of the pos-
terior means and the ground-truth values is an indication of a small-
sample bias. Yu (2020, Figure 6.10 and 6.11) numerically verified
that this discrepancy dissipates as the exposure time increases.

the simulated counts, and examination of the standardized
residuals did not reveal any worrisome patterns or deviation
from independent white noise. The fact that the posterior
means (brown squares) of log T, log V , and some compo-
nents of rFe are on average misaligned with their ground-
truth values is an indication of a small-sample bias. Yu (2020,
Figure 6.10 and 6.11) numerically verified that this apparent
bias dissipates as the exposure time increases. Overall, the
simulation results demonstrate the strength of our method-
ology for recovering the plasma parameters from observed
data.

5.1.2. Application to Observed Capella Fe XVII Counts

Turning to the analysis of Capella, as discussed in Sec-
tion 2.6, for an observed dataset from grating MEG and pos-
itive order, denoted by amp, we consider H = 100 channels
for L = 13 spectral lines. The weak Fe line at 16.004 Å,
which is also blended with an O VIII line, has been excluded
from the analysis (see Section 2.6).
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We fit the model summarized in Section 4.4 using the four-
step Gibbs sampler12 described in Appendix A for the
pragmatic-Bayesian analysis and using HMC with Stan13

for the fully-Bayesian analysis. (We compare the perfor-
mance of the four-step Gibbs sampler with that of HMC in
the fully-Bayesian analysis in Appendix B.)

Figure 5 compares the marginal posterior densities of the
model parameters obtained from the pragmatic (amber) and
the fully (green) Bayesian analyses. As expected, incorpo-
rating the prior uncertainties of the emissivities under the
pragmatic-Bayesian analysis yields wider marginal posterior
densities as compared with the fully-Bayesian analysis. The
latter uses the data to narrow the posterior uncertainty in rFe

which in turns is expected to narrow the uncertainty in the
plasma parameters. For log T and log V , there is little over-
lap between the two posterior densities.

This indicates that these parameters are particularly sensitive
to uncertainty in the emissivities and that the observed line
counts add considerable informative regarding likely values
of the emissivities.

The Gaussian approximation that we use for the prior distri-
bution on the emissivities (see Section 3.3) includes apprecia-
ble probability beyond the range of the ensemble, MFe. This
allows the fully-Bayesian posterior distributions of some
components of rFe to be centered as far as eight standard
deviations from their prior means, e.g., r4 and r5 in Figure 5.
The effect of this on the 13 Fe XVII line emissivities is il-
lustrated in Figure 6, where the data-driven (fully-Bayesian)
posterior means (green lines) differ substantially from the
default CHIANTI values (red lines) in some cases, particu-
larly for the lines at 13.89Å, 12.12Å, and 15.01Å where the
posterior means are sometimes outside of the range of MFe.
The data-driven estimates of the atomic emissivities for the
15.01Å and 12.12Å lines are about 30% smaller and about
100% larger, respectively, than their default CHIANTI val-
ues. The estimated emissivities for the other lines are much
closer to their default values.

The top panel of Figure 7 compares the observed counts (yel-
low) in the source exposure with expected counts (green) ob-
tained using the fully-Bayesian posterior means of the model
parameters. The good alignment between the two is mag-

12 We obtain an MC sample of size 2 million from a single chain obtained
with the four-step Gibbs Sampler (for both the pragmatic and fully-Bayesian
approaches). As described in Appendix A, the first 1000 iterations are used
to tune an adaptive Metropolis update. The first half of the remaining itera-
tions is discarded as burn-in.

13 We ran four independent HMC chains with randomly-selected starting
values, each for 6000 iterations. The first 5000 iterations of each chain are
discarded as burn-in. Multiple chains with dispersed starting values are run
to check that consistent convergence is achieved.
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Figure 5. Stage 1 Fe XVII Analysis: Comparison of the posterior
distributions of the model parameters obtained with the pragmatic
(green) and the fully (amber) Bayesian analyses.

nified in the middle panel which omits gaps in wavelength
(i.e., those wavelengths not considered in our analyses) to
allow examination of details of the spectral profiles. The
dashed black curve represents the contribution of the con-
tinuum counts to the spectrum, which is about 51 counts per
channel on average with a larger contribution at shorter wave-
lengths. Standardized residuals ( Data-Model√

Data
) are shown in the

lower panel, with the majority of the points falling within ±2.
Notice, however, that the residuals for individual lines tend
to have a characteristic triangular shape (most obviously at
15.01 Å), which suggests that the adopted LRF (Equation 10)
is too broad compared to the true LRF, and that a better match
to the observed profiles could be obtained with ν < 4. How-
ever, the residuals also indicate that the total fluxes in the
lines are estimated to a precision of approx5%, so we deem
it unnecessary to try to improve the fits further.

5.1.3. Results Based on Capella Fe XVII Line Counts

Our estimates of the plasma parameters based on their fully-
Bayesian posterior samples are log V = 31.158± 0.003 and
log T = 6.732±0.005. As discussed in Section 4.4, we carry
the marginal posterior distribution, p(log V, log T | DFe),
from Stage 1 forward as a prior distribution for the plasma
parameters in Stage 2. To facilitate this, we consider two an-
alytic approximations: a bivariate Gaussian distribution and a
bivariate t-distribution with 4 degrees of freedom. The func-
tional form of the univariate t-distribution is given in Equa-
tion 10.



16 YU, KASHYAP, DEL ZANNA, VAN DYK, STENNING, ET AL.

lo
g 

ε

−9.6
−9.4
−9.2
−9.0
−8.8
−8.6
−8.4

15.01

lo
g 

ε

−9.5
−9.4
−9.3
−9.2
−9.1
−9.0
−8.9

17.05

lo
g 

ε

−9.6
−9.5
−9.4
−9.3
−9.2
−9.1 17.1

lo
g 

ε

−9.6
−9.4
−9.2
−9.016.78

lo
g 

ε

−10.2
−10.0

−9.8
−9.6
−9.4
−9.2
−9.0 15.26

lo
g 

ε

−10.5
−10.0
−9.5
−9.012.12

lo
g 

ε

−10.5

−10.0

−9.5 12.26

lo
g 

ε

−10.5

−10.0

−9.513.82

lo
g 

ε

−10.8
−10.6
−10.4
−10.2
−10.0 15.45

lo
g 

ε

−11.0
−10.5
−10.0
−9.511.25

lo
g 

ε

−11.0
−10.5
−10.0

−9.5 11.13

lo
g 

ε

−11.2
−11.1
−11.0
−10.9
−10.8
−10.7
−10.6

16.34

lo
g 

ε

log T
6.5 6.6 6.7 6.8 6.9 7 7.1 7.2 7.3 7.4 7.5

−11.2
−11.0
−10.8
−10.6
−10.4
−10.2

13.89
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atomic data in MFe. The red curve is the default value from the CHIANTI and the green curve is the emissivities preferred by the data (i.e., the
posterior mean) obtained with the fully-Bayesian analysis.
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Figure 7. Comparison of the expected Fe XVII line profiles with the
observed counts from amp. The top panel compares the expected
photon counts computed with the model parameters set to their
fully-Bayesian posterior means (green) with the observed counts
(yellow). Lines of interest are marked ’*’. The middle panel mag-
nifies the top panel by focusing on the wavelength ranges covered
by the lines of interest. It is constructed by removing wavelength
gaps not included in the analyses to more closely compare the spec-
tral profiles. The wavelength are reported at the top of each line.
The dashed black curve represents the contribution of the contin-
uum counts to the spectrum. The bottom plot represents the stan-
dardized residuals, i.e., the difference between the observed counts
and their expected value under the model divided by the square root
of the expected counts (since the counts are modelled as Poisson).

The approximations are compared in Figure 8 via their 68%
(solid) and 95% (dashed) joint probability contours and via
their marginal distributions, with amber representing the
Gaussian approximation and green the t-approximation. An
MC sample of (log V, log T) from the fully-Bayesian pos-
terior is plotted in grey. The contours and marginal distribu-
tions of the t-approximation are wider than those of the Gaus-
sian approximation, owing to the heavier tails of the t distri-
bution. (Note particularly the 95% contours of the joint dis-
tribution.) This is by design as the t approximation is meant
to be conservative. When carrying the approximation for-
ward to Stage 2, a conservative approximation allows for pos-
sible systematic errors/differences between the Fe XVII and
O VII datasets. Thus, we use the bivariate t-approximation in
our Stage 2 analysis of O VII. Yu (2020) has also checked the
sensitivity of the results to the specification of the prior distri-
bution by comparing a two dimensional t-distribution with a
two dimensional Gaussian distribution and two independent
uniform distributions on (log V, log T).
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Figure 8. Comparison of the Gaussian and t approximations to the
Stage 1 Fe XVII fully-Bayesian posterior distribution of log V and
log T. Lower Left: 68% (solid) and 95% (dashed) posterior con-
tours are plotted for the Gaussian (amber) and t (green) approxima-
tions and compared with an MC posterior sample plotted in grey.
The corresponding marginal distributions are plotted along the top
and the right (using the corresponding axes).

5.2. Stage 2 – Analysis of O VII Lines

5.2.1. O VII Simulation Studies

We conduct a second simulation study to validate our Stage 2
(O VII) analysis. As in the simulation described in Sec-
tion 5.1.1, we generate several replicate sets of source and
background counts using realistic values for the model pa-
rameters (i.e., the ground truth). Further, the values of the
temperature and the volume are assumed to be the same in
both stages.

The ground-truth parameter values are set to log V = 31.17,
log T = 6.75, log n = 9.43, θOB = 0.93, and rO =

(−1.18, 0.61, 2.36, 0.77, 2.92,−0.77) for the J = 6 princi-
pal components. These values are obtained from an initial
fit of the observed O VII line counts, except that the ground-
truth of log V and log T are the same as in the Fe XVII sim-
ulation study. We simulate 30 sets of source and background
O VII photon counts for each channel using the Poisson dis-
tributions in Equations 31 and 32. The t approximation to
p(log V, log T | DFe) described in Section 5.1.3 is used as
the prior distribution for (log V, log T)

We again use HMC via Stan for model fitting to obtain a sam-
ple from the fully-Bayesian posterior distribution described
in Section 4.5 for each of the 30 simulated sets of O VII line
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Figure 9. Stage 2 O VII Simulation Study. The posterior means
(blue squares) along with 68% and 95% posterior intervals (black
and light blue horizontal bars) for each of the 30 simulated O VII
datasets. The ground-truth parameter values are marked as red ver-
tical lines. The apparent small-sample bias diminishes as exposure
time increases (Yu 2020, Figure 6.10 and 6.11)

counts.14 The results of the simulation are presented in Fig-
ure 9. Posterior means for each of the 30 simulated datasets
are indicated by blue squares, with dark and light blue hori-
zontal bars representing the 68% and 95% posterior intervals,
respectively. The ground-truth values of the model parame-
ters are indicated by red vertical lines. As in the Fe XVII
simulation study, the apparent bias attenuates with large ex-
posure times (Yu 2020, Figures 6.10 and 6.11).

5.2.2. Application to Observed Capella O VII Counts using
Fe XVII-based Prior Distribution

As discussed in Section 2.6, our observed O VII data from
are comprised of source and background exposures in H =

112 channels corresponding to L = 6 spectral lines. We
fit the model summarized in Section 4.5 using the four-step
Gibbs sampler15 for the pragmatic-Bayesian analysis and us-
ing HMC with Stan16 for the fully-Bayesian analysis.

14 For each replicate data set, we ran four independent HMC chains with
random starting values, each for 4000 iterations. The first 3000 iterations of
each chain are discarded as burn-in.

15 The four-step Gibbs sampler was implemented as in the Fe XVII
pragmatic-Bayesian analysis, but run for only 1 million iterations.

16 HMC was implemented as in the Fe XVII fully-Bayesian analysis, but
each chain was run for only 4000, half of which were discarded as burn-in.
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Figure 10. Stage 2 O VII Analysis: Comparison of the posterior
distributions of the model parameters obtained with the pragmatic
(amber) and the fully (blue) Bayesian analysis.

Figure 10 compares the marginal posterior distributions ob-
tained with the pragmatic and fully-Bayesian techniques for
log T, log V , θFeB , log n, and each component of rO. The
fully-Bayesian posterior distributions are narrower for log n
and log V and those of log T, log V , and log n, are shifted
relative to their pragmatic counterparts, indicating that these
parameters are sensitive to the emissivities (that are learned
from the data with the fully-Bayesian approach).The poste-
rior and prior distributions of the components of rO are more
aligned than those of rFe (compare Figures 5 and 10), al-
though the prior and posterior means differ by about three
standard deviations in some cases, e.g., rO3 and rO5 . Thus,
there are cases where the data-driven fully-Bayesian esti-
mates of the emissivities deviates appreciably from the CHI-
ANTI default, e.g., line 21.602 Å, see Figure 11.

Our estimates of the plasma parameters based on the two-
stage fully-Bayesian posterior distributions are log V =

31.178 ± 0.010, log T = 6.701 ± 0.010, and log n =

9.980 ± 0.020. Figure 12 replicates the model diagnos-
tics given for the Stage 1 Fe XVII analysis in Figure 7 for
the Stage 2 O VII analysis. We again find a good match be-
tween the observed counts and the expected counts under the
model (computed using the posterior means of the model pa-
rameters). Here, the contribution of the continuum counts in
the spectrum is about 6 counts per channel on average. The
bottom panel of Figure 12 shows that about 82% of the stan-
dardised residuals are within the 95% confidence interval,
(−2, 2), validating our model fit.
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Figure 11. Emissivitiy ratios (relative to the default) for the six O VII lines. The grey lines represent the ratios of the 10, 000 realizations of
the O VII CHIANTI atomic data. The red curve corresponds to the default CHIANTI value (whose ratio with itself is one). The green curve is
the data-driven estimate, i.e., the posterior mean of the emissivity curve under the fully-Bayesian analysis. The emmissivities are plotted as a
function of log n and log T. In each panel, the horizontally-arranged blocks correspond to the values of the equally-spaced temperature grid,
log T ∈ (6.5, 7.5). Within each log T block, log n increases from left to right in the interval (9, 11).

6. DISCUSSION

6.1. Interpreting the estimated log T and n

Stellar coronal EMs are known to be multi-thermal, and
Capella is no exception. However, repeated analyses and ob-
servations have shown that there is a strong excess in EM
around log T ≈ 6.8 (Brickhouse et al. 2000, Argiroffi et
al. 2006), which justifies our approximating the DEM by
isothermal plasma. Nevertheless, we caution against overin-
terpreting the estimates found here, especially for log T. Our
goal is to demonstrate the magnitude of the effect of atomic
data uncertainties, whose main effect is to broaden the uncer-

tainty in the estimates. Note that in the absence of accounting
for such systematic uncertainties, the uncertainties are driven
solely by statistical fluctuations, which contribute < 0.3% to
the error, or < 0.02 dex and are obviously unrealistic. As we
see from Figure 10, the uncertainty in log T is ≈0.04 dex and
that in n is ≈0.1 dex.

6.2. Advantages and Limitations

We have developed a method that integrates X-ray spectral
analysis and atomic line emissivity uncertainties to com-
pute plasma parameters like temperature and number den-
sity. While the structure of the algorithm is complex, due to
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Figure 12. Comparison of the expected O VII line profiles with
the observed counts from amp. The three panels are the same as in
Figure 7, except that expected total counts are indicated with a red
curve and observed counts in blue.

the inclusion of diverse streams of data flow, and the compu-
tational cost is high, this method codifies the foundation of a
process that allows for a flexible approach to high-resolution
gratings analysis. Our method is designed to be extensible to
new datasets, and we demonstrate here that it produces esti-
mates that are reasonable.

In order to focus the analysis on the specifics of the algo-
rithm, we use a simplified model of the emission, i.e. adopted
an isothermal approximation. However, several previous
studies have found that the emission from Capella is well
described by a near-isothermal distribution, and indeed our
analysis results are consistent with previous estimates.

The plasma number density estimate relies on the density-
and temperature-sensitive lines of O VII for which we
strongly constrain the temperature using a prior-stage analy-
sis of the density-insensitive lines from Fe XVII. Each stage
of the analysis is thus insensitive to uncertainties in ioniza-
tion balance.

The atomic emissivity uncertainties are computed here
through physically motivated methods. While the sets of
emissivity tables that describe the deviations can be resource
heavy, reducing their dimensionality with PCA allows us to
interpolate within this high-dimensional sparsely sampled
space.

The observational dataset we use is of Capella, with Chandra
data combined across several years of observations to have

high S/N. Capella is a steady, but not invariable, source. This
has the direct consequence that statistical uncertainties are
relatively small, and we are able to explore the effect of sys-
tematic effects arising from atomic emissivity uncertainties.
We do not account for either intrinsic source variability or
calibration uncertainties here, but we compute the plasma
parameters for different grating and detector combinations,
with the resulting scatter consistent with calibration and vari-
ability.

While we use Chandra gratings spectral data here, our
method easily generalizes to future high-resolution calorime-
ter spectra such as those expected from XRISM (XRISM
Science Team 2022; Ishisaki et al. 2022), Athena (Barret
et al. 2022), Arcus (Smith 2020), LEM Kraft et al. 2022, etc.

6.3. Comparison across grating datasets

The Chandra observations of Capella form a unique high
spectral resolution dataset with very long exposures (see Ta-
ble 2). Because of the huge number of photons that are ob-
served, statistical noise has a negligible contribution to the
uncertainty intervals compared to sources of systematic er-
ror such as atomic emissivity uncertainties, calibration un-
certainties, and approximations in the astrophysical model of
the coronal structure. Above, we have focused primarily on
characterizing the effects of atomic emissivity uncertainties
using the amp dataset. There are other sets that can be used,
such as the amn (obtained simultaneously with amp), as well
as alp and aln, each of which are obtained simultaneously
with the other. These datasets provide a natural opportunity
to explore the stability of our algorithm and assess how much
systematic effects still remain. We show the results of the
analyses carried out the same way as for amp on these other
datasets in Figures 13, 14, and 15. These figures demonstrate
that the individual line profiles are well fit, and the residuals
are well behaved for all cases.

The fully Bayesian posterior density distributions of the
plasma parameters from all the different datasets are shown
in Figure 16. Several characteristics of the results are appar-
ent:
(1) The main contributor to the differences seen in the loca-
tions of the modes is calibration errors between the different
instruments. It is instructive to compare the magnitudes of
these differences to the improvement achieved by accounting
for atomic data errors, as illustrated in the widths of the pos-
terior densities of the pragmatic and fully Bayesian methods
shown in Figures 5 and 10. For both Fe XVII and O VII,
∆logT ≈ 0.2, and for O VII, ∆ log n ≈ 0.4, comparable to
the offsets between instruments, ∆ logT ≈ 0.05− 0.3 and
∆ log n ≈ 0.1− 0.4. We thus conclude that atomic data un-
certainties contribute as much to the systematics of parameter
estimates as instrument calibration uncertainties.
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Figure 13. Summary of the analysis of the amn dataset. Upper three
panels depict the analysis of Fe XVII as in Figure 7, and the bottom
three panels depict the analysis of O VII as in Figure 12.

(2) In the Fe XVII results, the posterior densities of log T are
in distinct clusters, with am[p/n] overlapping significantly
with each other but well separated from al[p/n], which have
a small but non-zero overlap. These clusters straddle the
nominal location of the spike in the Capella DEM at log T =

6.8, and are offset by ≈ −0.1,+0.2 dex. Note that we ex-
pect systematic differences due to calibration uncertainties of
as much as ±10% between the ACIS-S+HETG and ACIS-
S+LETG configurations (Marshall et al. 2021), which is con-
sistent with the estimated differences. Furthermore, this dif-
ference could also be due to attributed to intrinsic variability
in Capella: the am[p/n] data were obtained regularly over a
variety of epochs (1999-aug, 2000-mar, 2001-feb, 2002-apr,
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Figure 14. Summary of the analysis of the alp dataset, with a sim-
ilar arrangement as in Figure 13.

2003-sep, 2004-sep, 2005-mar, 2006-apr, 2008-apr, 2009-
apr, 2009-nov, 2010-dec, 2011-dec, 2013-dec, 2014-dec,
2016-jul, 2018-dec) while the al[p/n] data were obtained
intermittently during only three epochs (1999-nov, 2007-apr,
and the latter half of 2016) (see Marshall et al. 2022); thus,
some of the difference can be attributed to intrinsic differ-
ences in the high-energy emission in Capella (Dupree et al.
1993).
(3) In the O VII log T estimates, the range of variation across
datasets is smaller at ≈ 0.1 dex, and the modes of the poste-
rior densities are lower than in the Fe XVII case. The largest
change is for al[p/n] estimates, which go from +0.2 dex
to ≈ −0.1 dex relative to log T = 6.8. These differences
from Fe XVII could be a consequence of our assumption of
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Figure 15. Summary of the analysis of the aln dataset, with a sim-
ilar arrangement as in Figure 13.

isothermality of the corona: the observed O VII fluxes could
be obtained from a lower-temperature DEM component than
the Fe XVII fluxes. While cognizant of the systematic shift
this can produce between Fe XVII and O VII estimates of
log T, the result from the latter are nevertheless robust, since
in the two-stage analysis we allow the prior propagated from
Fe XVII to have broader tails than the posterior density, and
the O VII estimates of log T are obtained independently.
(4) The estimated plasma densities are in the range ≈9 −
25×109 cm−3, with the individual posterior distributions off-
set by ≈0.2-0.3 dex from each other. The range and offsets
are again consistent with expected calibration uncertainties.
(5) The estimated densities suggest that the corresponding
volume of emission is small, ≈1031 cm3. Most of the emis-

sion likely comes from the G8 III component (Ishibashi et al.
2006; Bozzo et al. 2023) which has a radius of ≈12 R⊙, and
thus a total surface area of ≈1025 cm2. Thus, if the coro-
nal emission is uniformly distributed over the surface, for
an estimated volume V ≈ 1.6×1031 cm3, its thickness is
only ≈20 km, significantly smaller than the pressure scale
height for 5 MK plasma, and is thus unrealistic. Therefore
the emission must be patchy and concentrated in a few areas,
and considering the lack of observed rotational modulation
in Capella, must be located in the polar region.

7. SUMMARY

In this work, we have developed a statistical method to incor-
porate atomic data uncertainties while estimating the tem-
perature and density of coronal plasma in Capella, using
high-resolution and long-duration observations made using
the Chandra gratings.

This represents the culmination of the second phase of our
program to handle atomic uncertainties, following on from
Yu et al. (2018), who developed a method to incorporate
atomic emissivity uncertainties in estimating solar coronal
plasma densities. Here, we directly model the observed
counts in selected lines from Fe XVII (Table 3) and O VII
(Table 4) in Capella, obtained in various grating order and
detector combinations (Section 2.1), using an isothermal ap-
proximation to the DEM. Variants of atomic line emissivities
of the selected lines are constructed as Monte Carlo samples:
for Fe XVII, this is obtained by varying the collision strengths
and decay rates randomly within a realistic uncertainty range,
obtained by comparing different compilations (Section 3.1);
and for O VII we first carry out ICFT R-matrix calculations
with different, randomly scaled parameters to alter the energy
separations between levels and obtain different realizations
of the rates and use them to construct the Monte Carlo emis-
sivity samples (Section 3.2). These sample sets of randomly
generated line emissivities are then decomposed using a Prin-
cipal Components analysis, with up to 7 (for Fe XVII) and up
to 6 (for O VII) components kept which explain ≳50% of
the variance (Section 3.3). This not only allows a dramatic
reduction in the dimensionality of the atomic emissivity ta-
bles, but also allows a more fine-grained exploration of the
space of atomic emissivity variations by effectively interpo-
lating within the sample sets. We carry out the analysis in
two stages, first estimating the plasma temperature alone us-
ing the density-insensitive Fe XVII lines (Sections 4.4,5.1),
and use the resulting posterior density to define an informa-
tive prior density for the second stage which uses the O VII
line fluxes to derive estimates of both plasma temperature and
plasma density (Sections 4.5,5.2).

We carry out analyses that both accept the randomly gener-
ated atomic emissivities as unalterable as well as allowing
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Figure 16. Comparison of estimated plasma temperatures and densities over different datasets. The amp, amn, alp, and aln analyses are shown
as orange, green, blue, and pink curves respectively. The left panel shows the posterior density estimates of the plasma temperature log T
resulting from the first stage analysis of Fe XVII data. The middle and right panels show the plasma density log n and plasma temperature log T
after the second stage analysis of O VII data.

the data to select the better performing deviations among the
emissivities (the pragmatic and fully Bayesian techniques re-
spectively, see Section 4). We apply the method to the com-
bined datasets of Capella obtained with Chandra between
1999 to 2020, obtained with both the +ve and −ve orders of
ACIS-S/MEG (amp, amn) and ACIS-S/LEG (alp, aln). Note
that we do not use the HEG due to its lack of sufficient ef-
fective area over the O VII range. We find that the Fe XVII
analysis estimates a coronal plasma temperature of ≈5 MK,
with significant deviations required in the atomic emissivi-
ties based on the differences seen in the fully Bayesian pos-
terior densities compared to the pragmatic Bayesian poste-
rior densities (Figure 5). The O VII analysis reinforces the
plasma temperature estimate of ≈3-5 MK, and further es-
timates a plasma density of ≈ 1010 cm−3, without requir-
ing significant changes to the underlying atomic emissivities
(Figure 10). A plasma emission volume of ≈1.5×1031 cm3

is required in both cases, suggesting that the coronal plasma
is either spread thinly (the combined surface area of the bi-
nary is ≈1.5×1025 cm2) or is localized. A comparison of the
results across the different spectral datasets shows that the re-
sults are consistent within expected calibration uncertainties
(Figure 16).

The next phase in our program is to model functional forms
of the DEM, with more than one parameter required to de-
termine its shape as a function of temperature while incor-
porating atomic data uncertainties. This will require the
use of more species of lines, since otherwise the number of
PCA components used to describe the uncertainties in atomic
emissivity must be decreased, as otherwise the problem be-
comes overdetermined. Thus, attendant uncertainties in ion
balance and composition would also have to be included in
such an analysis.

Facilities: This paper uses a list of Chandra datasets,
obtained by the Chandra X-ray Observatory, contained
in Chandra Data Collection (CDC) 228

Software: CIAO (https://cxc.harvard.edu/ciao/; Fruscione
et al. 2006); PINTofALE (Kashyap & Drake 2000); CHI-
ANTI (Del Zanna et al. 2021); R (https://cran.r-project.org;
R Core Team 2022); Stan (https://mc-stan.org; Stan Devel-
opment Team 2023).
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APPENDIX

A. A FOUR-STEP GIBBS SAMPLER

In this section we describe the Gibbs sampler used to obtain Monte Carlo samples from the posterior distributions given in
Section 4.1. The Gibbs sampler is used to cross check and verify numerical results obtained with Stan.

To derive this Gibbs sampler we write the posterior distribution in terms of the (unobserved) background counts, YB(w), that
contaminate the (observed) source counts, Y (w), where as in Section 2.3, w indexes the recorded photon wavelength. We denote
the collection of contaminating background counts by YB = {YB(w),w ∈ W}. Yu (2020) shows that we can obtain a Monte
Carlo sample from the target posterior, p(YB, θS, θB, r | Y, Z), via the Four-step Gibbs Sampler the implements the following
steps at iteration (i)

Step 1 —For each w in W , sample

YB(w)
(i) | Y (w), θ

(i−1)
S , θ

(i−1)
B , r(i−1) ∼ Binomial

(
Y (w),

θB
θB + s(w, θS, r) + κ(w, θS)

)
where θ

(i−1)
S = (log n(i−1), log V (i−1), log T(i−1))

Step 2 —Sample

θ
(i)
B | Z, Y (i)

B ∼ Gamma

 H∑
j=1

Z(wj) +

H∑
j=1

YB(wj) + αB , H(η + 1) + βB

 ,

where we specify the prior distribution θB ∼ Gamma
(
αB = shape = 0.5, βB = rate = 2

)
in Section 4.3.

Step 3 —Update r(i). For the pragmatic-Bayesian methods this simply involves sampling from the prior distributions given in
Equations 16 and 17 for the Fe XVII and O VII analyses, respectively. For the fully-Bayesian methods, we update r(i) via a
Metropolis step (Metropolis et al. 1953; Hastings 1970) with an adaptive jumping rule (Rosenthal et al. 2011), as described in
Equations (5.36)-(5.39) of Yu (2020) for the Fe XVII analysis, and analogously for the O VII analysis.

Step 4 —Update θ
(i)
S via a Metropolis step with an adaptive jumping rule, as described in Equations (5.32)-(5.35) of Yu (2020)

for the Fe XVII analyses and Equations (6.31)-(6.33) of Yu (2020) for the O VII analyses.

For the first 1000 iterations, the adaptive jumping rules in Steps 3 and 4 are d-dimensional multivariate normal distributions with
means set equal to the current value of the corresponding parameter and with variance-covariance matrix set equal to 0.12Σ0/d,
where Σ0 is a diagonal matrix with diagonal entries equal to the prior variances of the corresponding parameters. The initial 1000
draws are used to tune the adaptive Metropolis. Specifically, starting with iteration 1001, we follow Roberts & Rosenthal (2009)
and use a mixture of two d-dimensional multivariate Gaussian distributions for the jumping rules. Both multivariate Gaussian
distributions are centered at the current value of the parameter being updated, one with variance-covariance matrix equal to
that of the diagonal scaled prior used in the initial draws and the other matrix set equal to 2.382Σ/d, where Σ is the empirical
variance-covariance matrix of the full history of the chain. The mixture component corresponding to the prior distribution is
given weight 0.05 and the empirical variance-covariance matrix of the second component is updated every fiftieth iteration to
reduce computational costs.

B. COMPARISON OF ALGORITHMS AND OUTPUT DATA ANALYSIS

We consider two algorithms that can be used to obtain a MC sample from the fully-Bayesian posterior distribution, the four-step
Gibbs Sampler and HMC via Stan. As a diagnostic, we compared the results of both and found good alignment of the marginal
distributions of each of the model parameters in the Fe XVII analysis described in Section 4.4, see Figure 17. In our numerical
results, HMC exhibits much lower autocorrelations (along the Markov chain) and thus required a much smaller MC sample which
can be obtained much more quickly. Thus HMC approach is preferred.

C. LRF PARAMETER ESTIMATES OF OTHER LINE-GRATING COMBINATIONS

The below tables present the minimum χ2 estimates of the location and scale parameters, ω and σ, of the LRF given in Equation 10
for Fe XVII and O VII spectral lines of other line-grating combinations, amn, alp, and aln. The corresponding effective areas are
also provided.
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Figure 17. Comparison of the MC samples obtained with he four-step Gibbs Sampler (blue) and the HMC (green) deployed for a fully-Bayesian
analysis of the Fe XVII Capella line counts. The panels compare the marginal histograms and provide quantile-quantile plots of the samples.
The 45-degree lines (equal quantiles) are plotted in red. The two samplers give consistent results.

Table 5. A summary of the best-fit scale, σ̂, best-fit location, ω̂, and nominal location, ω, of LRF for each Fe XVII amn spectral line.

ω (Å) ω̂ (Å) σ̂ effective area (cm2ksec)
11.129 11.131 0.0080 15340

11.250 11.252 0.0080 14750

12.124 12.132 0.0090 11170

12.264 12.266 0.0090 10730

13.825 13.826 0.0105 5302

13.890 13.892 0.0095 5399

15.013 15.014 0.0090 7737

15.262 15.262 0.0085 7274

15.453 15.453 0.0125 6920

16.336 16.334 0.0085 5557

16.776 16.776 0.0080 4895

17.051 17.051 0.0080 4537

17.096 17.096 0.0075 4508
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Table 6. A summary of the best-fit scale, σ̂, best-fit location, ω̂, and nominal location, ω, of LRF for each Fe XVII alp spectral line.

ω (Å) ω̂ (Å) σ̂ effective area (cm2ksec)
11.129 11.132 0.0130 4428

11.250 11.250 0.0500 4371

12.124 12.128 0.0160 4064

12.264 12.267 0.0200 4026

13.825 13.827 0.0170 3671

13.890 13.896 0.0210 3654

15.013 15.010 0.0180 3365

15.262 15.258 0.0165 3300

15.453 15.449 0.0210 3245

16.336 16.326 0.0310 2966

16.776 16.774 0.0155 2824

17.051 17.049 0.0170 2740

17.096 17.093 0.0140 2733

Table 7. A summary of the best-fit scale, σ̂, best-fit location, ω̂, and nominal location, ω, of LRF for each Fe XVII aln spectral line.

ω (Å) ω̂ (Å) σ̂ effective area (cm2ksec)
11.129 11.133 0.0155 3236

11.250 11.250 0.0500 3160

12.124 12.132 0.0145 2849

12.264 12.271 0.0165 2774

13.825 13.828 0.0175 1987

13.890 13.900 0.0305 2035

15.013 15.017 0.0170 1886

15.262 15.265 0.0170 1723

15.453 15.449 0.0175 1714

16.336 16.333 0.0500 1474

16.776 16.778 0.0150 1338

17.051 17.054 0.0160 1266

17.096 17.098 0.0145 1258

Table 8. A summary of the best-fit scale σ̂, best-fit location, ω̂, and nominal location, ω, of LRF for each O VII amn spectral line.

ω (Å) ω̂ (Å) σ̂ effective area (cm2ksec)
17.396 17.3990 0.0127 4035

17.768 17.7804 0.0223 3618

18.627 18.6299 0.0108 3257

21.602 21.6029 0.0103 1565

21.805 21.8055 0.0084 1446

22.101 22.0995 0.0085 1294
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