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A NOTE ON GENERALIZED SPHERICAL MAXIMAL MEANS
FENG ZHANG

ABSTRACT. The goal of this note is to provide an alternative proof of Theorem 1.1 (i)
in [4], that is, if n > 2 and M® is bounded on L?(R") for some o € C and p > 2, then
we have

1—n

{ 1 1n}
Rea > max + -, .
2 PP

1. INTRODUCTION

In [§], Stein introduced the generalized spherical maximal means
M f(z) = sup [ A7 f ()],
>0

where A? f(x) is defined as
1 a—1
A1) = gy [ A=) s

The generalized spherical means are defined a priori only for Rea > 0. A direct calcula-
tion (see [10, p. 171] and [5, Appendix A]) implies

— -~ -~

APF(&) = FOm e ™7 T o (27[18]) = ()M (£€), (1.1)
where Jsz denotes the Bessel function of order 5. Recall that for § € C and r > 0, the
Bessel function Jz(r) is given by

- (-1 1 7\ 2+8
e '_]Z% jl TG+B+1) (5) '

For more details we refer the readers to [11, Chapter II]. Thus, the definition of A f can
be extended to a € C via (LT)). In particular, one can recover the averages over Euclidean
balls and the classical spherical means by taking o = 1 and o = 0, respectively. Stein [§]

proved that M® is bounded on LP(R") if
1<p§28undRe()z>1—n—i-ﬁ (1.2)
p

or

9 _
2<p<oand Rea > n.

(1.3)

The conditions in (L2) are optimal, see [9, p. 519]. Applying this result, Stein showed
that M° is bounded on LP(R"™) whenever p > n/(n — 1) and n > 3. Later, Bourgain
obtained the LP(R?)-boundedness of M? for p > 2 in [I]. Based on the local smoothing
estimate, Mockenhaupt, Seeger and Sogge [6] provided an alternative proof of Bourgain’s
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result and improved the range of p in (L3)) when n = 2. Miao, Yang and Zheng [5] made
a further improvement by using the Bourgain-Demeter ? decoupling theorem [2], that
is, M* is bounded on LP(R™) if

<2(n+1) 1-n 3—-n

2§p_ﬁandRea> 1 + 2

or

72(n+1) <p<ooand Rea > 1—n'
n—1 P

In [7], Nowak, Roncal and Szarek obtained some optimal results for the generalized
spherical maximal means on radial functions when n > 2 and a > (1 —n)/2. Recently,
Liu, Shen, Song and Yan [4] established the following necessary conditions for the LP(R™)-
boundedness of M* and showed these conditions are almost optimal when n = 2.

Theorem 1.1. Let n > 2 and p > 2. If M* is bounded on LP(R™) for some o € C, then
one of the following conditions holds

(i) 2<p<2n/(n—1) and Rea > (1 —n)/2+ 1/p;

(ii)) p>2n/(n—1) and Rea > (1 —n)/p.

The aim of this note is to provide an alternative proof of Theorem [LII To show
Theorem [Tl Liu, Shen, Song and Yan [4] tested M“ on some functions whose Fourier
transform concentrate on the direction €; := (1,0,---,0) to avoid the interference be-
tween eV =2 f and e~#V=A f. In this note, we will test M® on

J/C;\(f) = €72Wi|£|x()\71‘£‘)‘§‘ilma

for a € C and large A. The function e=2"¢l allows us to obtain the main term of A% f{(x)
for some x and ¢. To show Theorem [[1] (i), we employ the main idea in [3]. Observe that

do(Az) = /S g () (1.4)

is almost a constant when A|x| is small. Thus, we obtain the main term of A{f(x)
when A|z| is small, from which Theorem [[] (i) follows. For Theorem [[1] (ii), we choose
2 < |z| <3 and t, := |z| + 1. By the asymptotic expansion of ([[4)), we find the main
term of A¢ f{*(x) and further deduce Theorem [LT] (ii).

Throughout this article, each different appearance of the letter C' may represent a
different positive constant and is independent of the main parameters. We write A < B
if there is C' > 0 such that A < CB, and write A ~ B when A < B < A. fmeans
the Fourier transform of f. We denote by yg the characteristic function of E for any
EcCR",.

2. THE PROOF OF THEOREM [.1]

In this section, we establish Propositions and 2.3 from which Theorem [LI] follows
immediately. We first recall the following asymptotic expansion for the Bessel function

Jo(r) = r712e" (bog + Erp(r)] + 72 [dog + Eap(r)], r>1,  (2.1)
where by g, do g are suitable coefficients and i g(r), E (1) satisfy

(&) B+ |(£) Bt

+ <rNlr >
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for any N € N. The following fact (see [9, p. 347]) will be useful in the proof,
o (€) = 2| C~ Ty o (2mE]). (2:2)
We first show the following lemma.

Lemma 2.1. Suppose x € C*(R), x =1 on [3/4,5/4] and x > 0. Fora € C and X\ > 0,
define
Fr(€) = e (A e gl e
Then for p > 1,
1l oy S AHD/2V,

Proof. By a change of variable, we deduce

f;\x(l‘) — )\n-‘,—i Ima/ / 627ri7")\ar~9d0_(Q)G—ZWiTAX(T)Tn—1+iImadr'
0 Sn—1

Note that
/ ™l 45 () = / Al i (0) := I(N|x|r) (2.3)
S§n—1 S§n—1
is a smooth function. Thus, a simple integration-by-parts argument shows

/()] < Cya™v (2.4)
when |z| < AL
If |z] > A71, by (1) and ([Z2), we have

|f§{(ﬂf)‘ g )\(1+n)/2‘x|(17n)/2 ( / e27rir)\(\:v\fl)a+<27rr)\‘x|)X<T>T(n71)/2+ilmadr

0 ) s

where a™ are standard symbols of order 0. There are now two subcases.
Case (i) If ||z| — 1| > A7!, by (ZH) and a simple integration-by-parts argument, we
obtain

+ / 6727rir)\(\:v\+1)a7 (27TT)\‘1’|)X(T)T(nil)/2+ilmad7'

0

+

£ (@) S AR o] = 1)V S Al = DY (2.6)

for any N € N, where in the second inequality we used

1
|zl = 1] = -

4
Case (ii) If ||z| — 1| < A\7!, ([ZF) implies that
£ (@) S AHD2 || o2, (2.7)
Thus, combining ([24]), (2.0]), (27) and the fact
r
— <1
ANr—1) —

for r > 0 with |r — 1| > 1, we have

||f§v||LP(Rn) < \(+n)/2=1/p.

This finishes the proof. 0

Now, we prove the following proposition.
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Proposition 2.2. Let o« € C and p > 2. If M* is bounded on LP(R™), then

1 —
Rea > n.
p

Proof. By ([2.1) and (23], we have

A(leA (x) — gotly\n/2+1-Rea / 19()\r|x|)e_zm)‘rx(r)Jn/ng_l(27?)\T)T"/2_Readr
0

— )\(n+1)/2Rea/ 19()\7"SL’|)X<T) (bl,a + e—4m’>\rd1,a + CL1<)\7’)) p(n—1)/2-Rea g
0

3

=: ZIi(x, A),

i=1
where
lar (M) < ()7 A > 1.
Suppose c¢g is small enough and |z| < cpA~!. Obviously,
| I3(z, \)| S Alnmh/2-Rea (2.8)

It remains to estimate [;(z, A) and Io(z, A). Without loss of generality, we may assume
bi.o = dy o = 1. Integrating by parts, we obtain

[Tz, N)] S A (2.9)

for any N € N.
For I,(x, A), by the mean value theorem, we deduce

/ (O(r|z|) — 1) x (r) rin=D/2mReagyel < 0,
0

from which it follows that

|1 (z, \)| > CAHD)/2-Rea (2.10)
By (2.8)-(210), we conclude

AT fa(w)] = CAHD/2Rea
which further implies

45 a2 CACH/ETeel,
Combining this fact with the assumption and Lemma 2], we see
\(nt1)/2=Rea—n/p < \(nt+1)/2=1/p
Thus, the proof is complete. O
Finally, we consider x ~ 2 and obtain the following proposition.

Proposition 2.3. Let o« € C and p > 2. If M* is bounded on LP(R™), then

1—-n 1

p

Rea >
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Proof. As in Proposition 2.2 we have
AP f () =7T_O‘+1)\"/2+1_ReO‘t_"/Q_O‘H/ / eQ’W'Mng(Q)Jn/2+a_1(27rt)\r)
0 Jsn1

2Ty (1) pd/2-Reagy.
It follows from (2.1)) that
Jin_a)a(r) =17 12e"c; + 172 ey +ay(r), 1> 1,
where
lag(r)] < r7?2 r > 1
Based on this fact and ([22]), for |2 Azr| > 1, we deduce
/ 1 2N o () = (27?)1/2\)\xr|(1’”)/2 (6”2’”\”‘01 + 67“2”)‘”‘61) + az(|2mAxr|),
e
where
las(|2mAzr|)| < [Aar|~"HD/2,
Without loss of generality, we assume ¢; = e; = 1. Similarly,
Inj24a—1(2mtAr) = (27rt)\r)_1/2 (€i27rt>\TC2,a + e_m’r”reza) + ago(2mtAT),  2mtAr > 1,
where
|aga(2rtAr)| < ()72

For the sake of simplicity, we may assume ¢y, = €2, = 1. Thus, we get

/ 1eQﬂm'/\reda(é’)Jn/ﬂa,l(27Tt)\r)
S”: (tAr) Y2 | =0/ (ei27r)\r(\x\+t) | gizmar(al—t) | gizmAr(~lzl+t) | 6i27r)\r(—\x\—t))
+ a5 o(t, A, |z|,7),
where
las.o(t, A, |z|,7)] < A HD/2,

Hence,
A?fg(l‘) _ ﬂ_—a—l—l)\n/2+1—Reat—n/2—a+1 /OO[(t)\’I“)_l/2|)\ZL‘T|(1_n)/2 (6i27r>\r(|ar|+t) + ei27r)\r(\x\—t)
0

+ €i27r)\r(—|$|+t) + €i27r)\r(—|az|—t)) + CL5,a<t, )\7 ‘SL’|, T,)]e—ﬂﬂ)\rx (T) Tn/Z—Reosz

5
=: Zli(x,t, A).
i=1

For 2 <|z| < 3, we choose t, := |z|+ 1. For I5(x,t,,\), we have

‘[5(377 tm, )\)‘ g )\n/2+17Rea /oo Af(n+2)/2X(T)Tn/2fReadr 5 )\*Rea.
0

Note that the phase functions of I (z,t,, A), Ir(x, t,, ) and I4(x,t,, \) do not have critical
points, which implies

Lz, t,, N S AV, i=1,2,4.
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For the main term I3(x,t,, \), we obtain

|Ig($, tac, >\)| = ﬂ-—Rea+1)\1—Reat§C1—n)/2—Rea|x|(1—n)/2/ T—Reax(r)dr Z Cl)\l_Rea
0

for some C; > 0. Thus, we deduce

A7 SR ()] = Copt e

when A is large enough. By the assumption and Lemma 2.1l we conclude

1 n—1
- <
P

+ Rea.

This completes the proof. O
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