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Abstract

We study the mixed 't Hooft anomaly of the subsystem symmetries in the exotic
BF theory and the foliated BF theory in 241 dimensions, both of which are fractonic
quantum field theories describing the equivalent physics. In the anomaly inflow mecha-
nism, the 't Hooft anomaly of the subsystem symmetries can be cancelled by combining
a subsystem symmetry-protected topological (SSPT) phase in one dimension higher.
In this work, we construct the exotic and foliated BF' theories with background gauge
fields and the exotic and foliated forms of the SSPT phases using the foliated-exotic
duality. In the foliated form, we see that the non-topological operator can be viewed as
a symmetry-like operator. We also show that the SSPT phases with different foliation
structures cancel the same anomaly. This may provide a clue to the characterization
of the 't Hooft anomaly of subsystem symmetries.
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1 Introduction

Certain new types of phases of matter have attracted much attention in recent years. The
phases have characteristic excitations that cannot move in space: fracton, or can only move
along a certain dimensional submanifold like a line: [ineon, or a plane: planon. They are
called fracton phases (See for reviews [1-3]). Fracton phases were originally motivated by
quantum storage and glassy dynamics [4-6].

The excitations with characteristic mobility originate from subsystem global symmetry,
which is one of the generalized global symmetries [7], whose symmetry operator is supported
on a submanifold of a certain shape in spacetime. The submanifolds are partially topological;
that is, they can only be deformed in certain directions, and the symmetry operators on
different submanifolds that cannot be deformed to each other are independent [8]. Fracton
phases have been studied not only as lattice models (earlier studies are in [5,9-11]), but also
as effective continuum quantum field theories (QFTs) based on tensor gauge fields [12-29].
Such fractonic QFTs have discrete rotational symmetry and the tensor gauge fields respect
the rotational symmetry. Related to the lattice-like spatial symmetry, fractonic QFTs exhibit
UV/IR mixing; the low-energy IR physics depends on some microscopic quantities in short-
distance UV physics. As a result of this phenomenon, the tensor gauge fields can have
some singularities and discontinuities in certain directions [15-17]. Subsystem symmetry in
fractonic QFTs is studied in the context of generalized global symmetries, and also related
to multipole symmetry [30,31], non-invertible symmetry [32] and Symmetry TFT [33].

Although tensor gauge fields can describe some fracton phases, the QFTs constructed
from foliation structure also exhibit fractonic features, and such QFTs are called foliated
QFTs [30,31,33-41]." A foliation is a decomposition of a manifold into an infinite number
of submanifolds: leaves. In the foliated QFT context, we consider foliations where the inter-
sections of leaves form a lattice-like structure. Foliated QFTs contain foliated gauge fields,
which are considered as lower form gauge fields on the leaves, and bulk gauge fields, which
interact with foliated gauge fields. In contrast to foliated QFTs, we call fractonic QFTs with
tensor gauge fields exotic QFTs. Some foliated QFTs are equivalent to the corresponding
exotic QFTs [30, 33,36, 38,39]: this is called the foliated-exotic duality. For example, the
low-energy theory of the X-cube model [11] is described by both of the exotic and foliated
BF theory in 3+1 dimensions [17,35], and the tensor gauge fields in the exotic BEF theory
explicitly correspond to the foliated and bulk gauge fields in the foliated BF theory [38].”
This structure is specific to fracton phases, and is considered as a new type of duality.

On another topic, consider a d-dimensional QFT with a global symmetry G. The global
symmetry acts on a charged object as a global transformation. Then, we can couple the
global symmetry to a background gauge field A for GG, and replace the parameter of the global

1Some lattice models can also be constructed by using foliation structure. They describe the foliated
fracton phases [42-46].

2These fractonic BF theories are similar to the ordinary relativistic BF theory [47-49] and have several
analogies with it.



transformation with a local parameter, which is absorbed in the gauge transformation of A.
In this situation, the partition function may not be invariant under the local transformation
A — AY:

Z[A9] = @49 7] 4] (1.1)

If the function a(A, ¢g) cannot be canceled by a local counterterm of A and g, the QFT is said
to have an 't Hooft anomaly [50]. Due to the non-invariance of the partition function, we
cannot sum over the background gauge field A; the global symmetry cannot be gauged. In the
anomaly inflow mechanism [51], an 't Hooft anomaly in a d-dimensional QFT is captured by
a classical field theory in d+1 dimensions. In relativistic QFTs, the classical field theories are
called invertible field theories [52] or symmetry-protected topological (SPT) phases [53,54].
In this case, the classification of anomalies is interpreted as the classification of SPT phases
in terms of generalized cohomology [55, 56].

Then, what about the case of subsystem symmetry? In some exotic theories [25] and
simple foliated theories [36], anomalies of the subsystem symmetries are captured by clas-
sical field theories called subsystem symmetry-protected topological (SSPT) phases [57,58].
However, the relation between 't Hooft anomalies of subsystem symmetry and SSPT phases
is obscure. For example, the foliation structure of the bulk SSPT phase is not canonically
determined [25]. This fact obstructs the classification of anomalies of subsystem symmetry.

In this paper, we discuss the Zy X Zy mixed 't Hooft anomaly® of subsystem symmetries
in the exotic and foliated BF theory in 2+1 dimensions [15,38]. Although they are equivalent,
it is easier to couple the exotic BF theory to background tensor gauge fields and construct
the 3+1d exotic SSPT phase with two simultaneous foliations that cancels the 't Hooft
anomaly of it. After constructing them, we will assume field correspondences between the
exotic and foliated BF' theories extending the previous result without background gauge
fields [38], and construct the 2+41d foliated BF' theory coupled to background foliated and
bulk gauge fields. In the foliated BF' theory, we find that the non-topological operator
is considered as a symmetry-like operator. Next, using the field correspondences, we will
construct the foliated form of the 3+1d SSPT phase with two foliations that cancels the
't Hooft anomaly of the foliated BF' theory. Finally, we will construct a bulk SSPT phase
with three simultaneous foliations. In the foliated form, it is simple to construct the SSPT
phase with three foliations from the SSPT phase with two foliations we have constructed.
In the exotic form, on the other hand, the relation between the two SSPT phases is not
manifest. Here we will construct the exotic form of the SSPT phase with three foliations
via the foliated-exotic duality. This can be seen as a systematic way to construct exotic
QFTs with different foliation structures. In addition, we will see that these two foliated
SSPT phases are connected via a smooth deformation. This fact is considered as a hint for
characterizing 't Hooft anomalies of subsystem symmetry.

3If two global symmetries can be gauged respectively, but cannot be gauged simultaneously, the system
is said to have a mixed ’t Hooft anomaly.



Organization

The organization of the rest of the paper is as follows.

In Section 2, we will consider the anomaly of the 2+1d exotic BF' theory. In Section 2.1,
we review the the 241d exotic BF theory and its subsystem symmetries [15,38]. In Section
2.2, we consider the 24+1d exotic BF' theory coupled to background tensor gauge fields. In
Section 2.3, we construct the exotic form of the 3+1d SSPT phase with two foliations that
cancels the anomaly of the 2+1d exotic BF' theory.

In Section 3, we will consider the anomaly of the 24-1d foliated BF theory [38]. In Section
3.1, we review the 2+1d foliated BF theory and the foliated-exotic duality in the foliated and
exotic BF theories. In Section 3.2, we expand the field correspondences to the background
gauge fields and construct the 241d foliated BF' theory coupled to background foliated and
bulk gauge fields. In Section 3.3, we convert the SSPT phase with two foliations from the
exotic form into the foliated form.

In Section 4, we will discuss changing the foliation structure from two foliations to three
foliations. The SSPT phase with three foliations also cancels the same anomaly of the 2+1d
exotic/foliated BF' theory. In Section 4.1, we see the change is easily carried out in the
foliated SSPT phase. In Section 4.2, we convert the SSPT phase with three foliations from
the foliated form into the exotic form by assuming field correspondences.

2 Anomaly in the 241d Exotic BF Theory

In this section, we review the exotic BF theory in 2+1 dimensions [15, 38], which is the
low-energy effective QFT of the Zy plaquette Ising model [59], and consider the two types
of subsystem symmetries and their mixed 't Hooft anomaly. Due to the anomaly, we cannot
gauge both of the subsystem symmetries simultaneously. This anomaly can be canceled
by a classical field theory in one dimension higher, which is called a subsystem symmetry-
protected topological (SSPT) phase [57,58]. We will consider the mixed 't Hooft anomaly
and the SSPT phase associated with the 2+1d exotic BF theory. In the literature [25], they
studied the mixed 't Hooft anomaly and the SSPT phase associated with the 3+1d exotic
BF theory, and we basically proceed in parallel with that.

2.1 Exotic BF Theory and Symmetries

We take a three-torus of lengths [°, I', [? as a Euclidean spacetime and the coordinates
(2%, 2, 2%) on it. We consider the exotic BF theory, whose rotational symmetry is only the
90 degree ones. Such a theory has tensor gauge fields, each of which is in a representation of
the 90 degree rotation group Z,. Irreducible representations of Z, are one-dimensional ones
1, (n =0,%£1,2), where n is the spin. The 2+1d exotic BF theory contains a compact scalar

¢'2 in the representation 1, and a U (1) tensor gauge fields (A, A1) in the representations
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(19, 12). Their gauge transformations are

52y 312 4 ol — 2, (2.1)
AO — AO + 800./ , .
A — A+ 010, (2.3)

where m* is an z¥-dependent gauge parameter valued in integers, and « is a gauge parameter

in the representation 1o. The gauge parameter a has its own gauge transformation: o —
a + 2n' + 2mn?, where n* is an z¥-dependent gauge parameter valued in integers. Due to
constant parts of m* and n*, @12 and « can be regarded as U(1)-valued: ng512 ~ &12 + 2,
a ~ a~+27. These tensor gauge fields and parameters can have particular types of singularities
and discontinuities [15, 38].

The exotic BF Lagrangian is*
N
Lo= 59" (oAr = D2 Ao) (2.4)
T

The equations of motion are

N .
%alaml? =0, (2.5)
N .

gaogbu - 0, (26)
N

o (O0Ar — D102 A0) = 0. (2.7)

Let us discuss symmetries. The subsystem symmetries are described by the partially
topological gauge-invariant defects and operators. Since the fractonic theory is not fully
rotational invariant, the time and space directions must be treated in different manners even
in Euclidean spacetime. This fact implies that we have two types of symmetries: space-like
symmetry and time-like symmetry [27]. A space-like symmetry has a charged operator in
space, and the corresponding symmetry operator acts on the charged operator. On the other
hand, a time-like symmetry has a time-like charged defect, whose manifold is a trajectory of
an infinitely heavy particle, and the corresponding symmetry operator in space can remotely
detect the time-like defect.”

The exotic BF' theory has two types of space-like subsystem symmetries. One is the Zy
electric global symmetry that is generated by the symmetry operator

V]z] = exp {iq@m] . (2.8)

4The subscript e means that the theory is written by using tensor gauge fields, which we call the exotic
form. Also, the subscript f, which will appear later, means that the theory is written by using foliated gauge
fields and bulk gauge fields, which we call the foliated form.

5In relativistic Euclidean QFT, which has the full rotational spacetime symmetry, time-like symmetry and
space-like symmetry are not distinguished.



The charged operators are the strip operators
Wl {S2li| = exp [Z%l d$2d$1A12] s (29)
SZ
W,y [522] — exp [2 f deld:cQAlQ] , (2.10)
SQ

where S5 is a two-dimensional strip with a fixed width along the z* direction in the (2!, 2?)-
plane. V[z] acts on W [Sﬂ as

VIg]W [S§]| V2] = N W [S5]  if af <af <af, (2.11)

where S¥ has the width of [2%, 2%]. The Zy electric global symmetry is a space-like subsystem
symmetry on a zero-dimensional submanifold. For the action on the field, V'[z] acts as

A = A1a + A2, (2.12)

where Aq; is a flat Zy field, which satisfies
, 2
§ dvdathi e T2 (k) = (1,2),2,1), (2.13)
SZ

so then Ay can be written as Ajp = %’r (%Glnl(xl) + l%@gng(ﬁ)), where ng(z*) is an 2*-
dependent single-valued function valued in integers.

The other space-like symmetries are the Zy dipole global symmetries that are generated
by the strip operators W;[S5] in (2.9) and (2.10). The charged operator is V|[z] in (2.8), and
the actions are

Wi [S’ﬂ V ]z Wy [Sﬂ_l e U R R (2.14)
For the action on the field, W, [Sﬂ acts as
¢ — ¢ + A2, (2.15)

where A'? is valued in 27Z/N, so A'? can be written as A'> = 27 (n; (2') + na(2?)), where

ni(x") is an x*-dependent single-valued function valued in integers.

From the actions (2.11) and (2.14), each symmetry operator is the charged operator of
the other, which is similar to the symmetries in the ordinary BF theory [47-49]. From this
fact, we expect that the two types of subsystem symmetries have a mixed 't Hooft anomaly.

We also have a time-like symmetry whose charged defect describes a fracton, which is
called the Zy tensor symmetry. The symmetry operator is a quadrupole operator:

T [C’P’re(’t(x%, x%,az%,x%)} = exp [—z’AlgdA)lQ(x},:E%, 3, x%)} ) (2.16)



where Apd2(a}, ab . a3) = 9%k, ) — (o} a%) — (et a3) + 52 (a1 2), and
C17" Y (zh, 2, 22, 22) is a rectangle whose vertices are the four points above. This operator

is a product of the operators V = exp [iqgw] localized at the corners of the rectangle. The
charged defect is

F[CY% = exp lz jéco d:);OAO] , (2.17)

where CY is a closed one-dimensional loop along the time z° direction. The deformation of

CY would break the gauge invariance of the defect, which means that this defect describes a
fracton that cannot move alone in space. The operator T' [011 arect (gl gl a2, x%)} detects the

fracton defect F[CY] as
T |C1*"* (a1, 23,23, 3) | - FICY] = e /N F[CY], (2.18)

12,rect ~ : = [ ~12,rect
when C} =" (x], 23, 23, x3) surrounds C}.% For the action on the field, T [C’l N (21, 2, 23, x%)]

acts as

AO — AO + AQ , (219)
where Ag is a Zy field, which satisfies
27
dz’Ay € =7 2.20
f, 4 € G2, (2:20)

so then Ag can be written as Ay = 27 (n1(z!) + no(2?)), where ng(z*) is an z*-dependent

single-valued function valued in integers [27].

In addition, we can construct the defect that describes a dipole of fractons separated in
the ¥ direction. A dipole of fractons can be represented as

@5
F[CY(ak, x| F[CO(x, 29)] 7 = exp [Z% / d:poda:kﬁkAO] : (2.21)
oy Jay

where CY¥(z',2?) is a closed loop along the z° direction at a point (x!,2?) in space, and
(k,j7) = (1,2),(2,1). This defect is partially topological, that is, it can be deformed to the
strip defect

Wk7dip [Sg’dip} = exp [Z fgk,dip (dl’od$kakAo + d.TjdﬂﬁkAlz)] s (222)

where S5* is now a two-dimensional strip with a fixed width along the z* direction in

spacetime.

5The edges of a rectangle Clu’re“(x%, 23, 22 22) cannot be remotely detected by other operators, but the
operator T[C’11 2rect (z1,23,22, 22)] is actually an operator on a rectangle. In fractonic theory, operators are
not necessarily remotely detectable unlike ordinary topological order or topological field theory [38]



2.2 Coupling to the Background Tensor Gauge Fields

In this section, we couple the subsystem symmetries to background gauge fields and replace
the parameters of the symmetry actions on the fields with local transformations. Then, the
local transformations are absorbed into the gauge transformations of the background gauge
fields. To gauge these symmetries, one has to sum over configurations of the gauge fields.
If the partition function is not invariant under the gauge transformations, we cannot gauge
all the symmetries at the same time, indicating a mixed 't Hooft anomaly. We will see that
the partition function of the 24+1d exotic BF' theory is indeed not gauge invariant and the
subsystem symmetries have a mixed 't Hooft anomaly.

The tensor time-like symmetry 7' [C% 2rect (g al a2, ﬂcg)} and the electric space-like sym-

metry V[:U] are coupled to the U(1) gauge field Cp12 in 1. The dipole symmetries W, are
coupled to the U(1) gauge fields (C12, C) in (1,,1y). We will see later that the background
gauge transformations of Cy2 and (é&z, C’) are absorbed into the local transformations of
(Ag, Aj2) and $'2. The tensor gauge fields (Ag, Ap) transform as

Ay — Ao+ Ao, (2.23)
A12 — A12 + A12 , (224)

where Ay and Ayy are background gauge parameters. Then, the background gauge transfor-
mations of Cpiq is

0012 — 0012 + 80A12 — 8182A0 . (225)
The tensor gauge field &12 transforms as
$'? = ¢+ A, (2.26)

where A2 is a background gauge parameter. Then, the background gauge transformations
of (C}% C) are

Cl2 = O 4 9oA®2, (2.27)
C — C+ 010,A". (2.28)

The Lagrangian including the background gauge fields is

aio 21 AN R N
Le [0012, 0327 C} “or [¢12(30A12 — 010,49 — Cor2) + A12052 + AOO} ( )
) ) 2.29
N A A N
+ %X(aoo — 010,C4%) + Z7>A(120012 3
T 2T

Since the symmetries coupled to the U(1) gauge fields are Zy symmetries, we need terms
of x and {'? that are dynamical fields, so that the U(1) gauge fields Cpip and (C32,C) are
restricted to Zy gauge fields. y is U(1)-valued, and {'? is 27Z-valued. Their dynamical



gauge transformations are

X — X+ a, (2.30)

= P+ 2mmt — 2@ (2.31)

Under the background gauge transformations, the Lagrangian transforms as

A N iN A N A
05Le [Conz, €%, € = o [A(O0Anz — 010240 — Conz) + Mia( G5 + A™)

+Ao(C + 0102A"2) + A0 A" + Ag010,A "] (2.32)
N [« : ~ A .
— 22—71_ [—Auoou + A12(C%2 + 80A12) —+ AO(O + 8182/\12)] .
If Coip and (Ag, A2) are absent or (C22,C) and A'? are absent, the partition function is
invariant. So we can gauge the one side of the symmetry solely, but we cannot gauge both

of the symmetries simultaneously. It is a mixed 't Hooft anomaly for subsystem symmetries
ZN X ZN [25]

2.3 Exotic SSPT Phase in 3+1 Dimensions

We saw the exotic BF theory in 2+1 dimensions has the mixed 't Hooft anomaly. This
anomaly can be canceled by a classical field theory in one dimension higher, which is the
continuum description of what is called a SSPT phase. We consider the SSPT phase in 3+1
dimensions with the coordinates (z°, 2!, 2%, z%) (the range of 2% will be mentioned later). The
foliation structure [34-36] of the SSPT phase is 2! and z* foliations, so it is a fractonic system
with two simultaneous foliations.” The SSPT phase has the 90 degree discrete rotational
symmetry Z4 for (z',2?) and the continuous rotational symmetry SO(2) for (z°,z!) as the

spacetime rotational symmetry. This theory has the background gauge fields (Co12, C312, Cjog))
and (C12,C,C12), which are representations of Zy x SO(2). Corz, Ca12, C22 and €12 are in

A

1, of Zy, C'is in 1y of Z, and Cjyg) is an anti-symmetric tensor of SO(2). To restrict these

fields to Zy, we introduce dynamical gauge fields 52 in 15 and (B, S12, 83) in (1o, 1s, 1o).
The background gauge transformations of (Coi2, C312, Clog)) are

Coiz = Coi2 + OgA12 — 102\, (2.33)
Cs12 = Cs19 + 0313 — 01023, (2.34)
0[03] — 0[03] + 60A3 — 83A0 . (235)

"The foliation structure is similar to the lattice. We will explain foliation in Section 3.1. For example, z'
foliation on a three dimensional space is a decomposition into an infinite number of planes orthogonal to the
2! direction, so the space has lattice-like structure in the 2! direction.



The background gauge transformations of (C12, (', C12) are

Cl2 = C2 + 9y, (2.36)
CAY — é + (9182]\12 , (237)
Ci2 = CI2 + 9502, (2.38)

The background gauge transformations of 52 and (8o, 12, 33) are

312 N 5’\12 _I_ AlQ’ (239)
Bo = Bo — Ao, (2.40)
Bi2 = Bz — M2, (2.41)
By — B3 — As. (2.42)

In addition, 32 and (Bo, P12, B3) have dynamical gauge transformations:

B2 5 B2 4 218t — 2782, (2.43)
Bo — Bo + Dos (2.44)
Bia = P2 + O10ss, (2.45)
B3 — B3 + 035, (2.46)

where 5* is an x*-dependent gauge parameter valued in integers, and s is a gauge parameter
in 10.

The SSPT phase is described by the Lagrangian
LsspT,e {00127 Ca12, Clog) o2, C, Cgﬂ
_ N s
Cor

+ Z;:: [50 (336Y — 818203}2> + B2 (@30&2 — ao(j%?) — B3 (606* — (91826'32”

(95Co12 — oCisro — 010:Cog))
(2.47)

iN . A A
+ o (0012052 — C315C5% + 0[03}C> :

If the theory is on spacetime without a boundary, it is gauge invariant. However if spacetime
has a boundary, the partition function of the 34+1d SSPT phase is not invariant. From the
anomaly inflow mechanism [51], this variation is expected to be canceled by the anomaly of
the 241d exotic BF theory on the boundary (2.32). To see this, we put the SSPT phase
on the region 2 > 0 with the boundary x* = 0. From the gauge invariance, the boundary
conditions of 312, By and (1o are

B2 4529 =0, (2.48)
Bo las=0 =0, (2.49)
B2 |zs=0 = 0. (2.50)

10



On the boundary, we put the 2+1d exotic BF' theory coupled to the background gauge fields
(2.29), and the background gauge fields in the 3+1d SSPT phase are related to those in the
2+41d exotic BF theory as

Csspr,012 |23=0 = Crom2 (2.51)
CYS%PT,O |23—0 = CA%QF,O ) (2.52)
Csspr |z8=0 = Cr - (2.53)

Note that while the background gauge fields in the 34+1d SSPT phase are restricted to Zy
tensor gauge fields by the dynamical fields 312 and (Bo, P12, P3), those in the 241d exotic BF'
theory are restricted by the dynamical fields y and ¥'2. Then, under the background gauge
transformations, the Lagrangian transforms as

tN «
SoLsspre = 5 N2 (0C02 — QoCinz — 010:Cpy)

+ o (=20 (050 = 210:C37) — Arz (05C32 — 30C32) + Az (00C — 010,C32))]
T ) ) )
+ 227 (Cor205A1? — Ci1200A + Cposy010,A 1
+ (8pA12 — D192Mg) CL2 — (95A15 — D1D2A3) CE2 + (9yAs — D3Mg) C
+(B0A12 — 010270) DA™ — (03712 — 010275) DA™ + (DA — D3A) Dr10:A12)

N i ) ) )
- ’2703 [A12Ch15 — A€ — A1pCi? — Mg DA™ — ApBo A2
(2.54)

Thus on the boundary 2% = 0, the term

N ) ) ) )
dySsspre == [ da®dadr* - [R2Co = Mia(CR? 4+ BA'2) = o(C + 21:A")] - (2.59)

x3=0
arises. This boundary term matches the 't Hooft anomaly of the 2+1d exotic BF' theory
(2.32) on the boundary z® = 0. Therefore we can cancel the 't Hooft anomaly of the 2+1d
exotic BF theory on the boundary by the gauge-variation of the 3+1d SSPT phase on the
bulk.®

3 Anomaly in the 24-1d Foliated BF' Theory

In this section, we first review the foliated BF' theory in 2+1 dimensions [38] and then
consider its mixed 't Hooft anomaly. The mixed 't Hooft anomaly is considered to be the
same one as the exotic BF' theory in 241 dimensions in Section 2 from the foliated-exotic

8The anomaly (2.32) and the boundary term (2.55) have the same sign, so we have to consider the SSPT
partition function Zsspr,.e = [dBd3 eSssPT.e

11



duality. To see this anomaly, we have to couple the subsystem symmetries of the foliated
BF theory to background gauge fields, but in the foliated form, its construction is non-
trivial. In Section 3.2, we will determine field correspondences between background tensor
gauge fields and background foliated gauge fields, and construct the foliated BF Lagrangian
coupled to the foliated background gauge fields. Along the way, we will discuss a new type of
symmetry-like operator. Next, in Section 3.3, we will construct the foliated SSPT phase in
3+1 dimensions from the exotic SSPT phase in Section 2.3 using the field correspondences.
The foliated SSPT phase is the foliated form of the exotic SSPT phase, so then we will have
established the foliated-exotic duality of the 34+1d SSPT phase.

3.1 Foliated BF Theory and Field Correspondences

Again we take a three-torus of lengths 19, I!, [? as a Euclidean spacetime and the coordinates
(2% 2, 2%) on it. We consider a BF theory on the two-dimensional spatial manifold that
is regarded as a stack of an infinite number of one-dimensional spatial submanifolds. These
submanifolds are called leaves and such a structure of a decomposition of a manifold is called
a codimension-one foliation. A QFT on such a manifold is called a foliated QFT (FQFT)
[34-36]. A codimension-one foliation is characterized by a one-form foliation field e, which is
orthogonal to the leaves. Here we consider two simultaneous flat foliations e* = da* (k = 1, 2),
where the indices k indicate the direction of the foliations.

The foliated BF' theory in 241 dimensions contains two types of foliated gauge fields,
which are regarded as gauge fields on the leaves, and bulk gauge fields interacting with the
foliated gauge fields on each leaf [34-36,38]. The foliated gauge fields are U (1) foliated A-type
(1+1)-form gauge fields A* A da* and U(1) foliated B-type zero-form gauge fields B*.° The
bulk gauge fields are U(1) one-form gauge fields a and b. The gauge transformations of the
foliated gauge fields are

AR N da® — AR A da® 4 d¢F A da® (3.1)
B* — B* 4+ 27i* — 1, (3.2)

where (¥ A da* is a (0+1)-form gauge parameter, £* is an 2*-dependent gauge parameter
valued in integers, and p is a zero-form bulk gauge parameter. The gauge parameter ¢* A dz*
has its own gauge transformation (¥ A dz* — (¥ A da® 4 27d€F, where €F is an z¥-dependent
gauge parameter valued in integers. The gauge transformations of the bulk gauge fields are

2
a—a+ds— (Fda, (3.3a)

k=1

b—b+du, (3.3b)

where k are zero-form bulk gauge parameters that have their own gauge transformations.
The gauge transformation of k is K — k + 2w + 2m€2, where €% are the parameters for the

9We use the words A-type and B-type used in [38].
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transformation of ¢*. Note that the constant modes of ¥ make s a U(1)-valued parameter.
These foliated gauge fields and bulk gauge fields can have particular types of singularities
and discontinuities. (See [38] for more details.)

The foliated BF Lagrangian is

N & . N
Ef:Z—Z(dBk+b)AAkAdxk+Z2—b/\da, (3.4)
s

21 ]

where N is an integer. Due to the BF' couplings, these U(1) gauge fields are Higgsed down
to ZN'

The equations of motion are

N A
%(dB’“ +b)Ada* =0, (3.5)
N
N
%dAk Ada* =0, (3.7)

N 2
— (Z AP N da® + da> =0. (3.8)
k=1

™

This foliated BF theory is equivalent to the exotic BF theory under field correspondences,
which is called a foliated-exotic duality [38,39]. To show this duality, we must integrate out
the time component of the fields by, A} and A2 in the foliated BF theory, then solve the
equations of motion for b; and by, and plug them into the Lagrangian. However, from the
form of the couplings, this manipulation leads to the same result as integrating out b; and
by instead of A} and A2, then solving the equations for A} and A2, and plugging them in.
Here we integrate out b for simplicity, and then we can use the equation of motion (3.8), or
in components,

N
%@4(1) + 60a1 — Glag) =0 y (39)
N
g(Ag + 0()@2 - 82a0) =0 y (31())
N
%(Aé — A% + 82a1 — 81@2) =0. (311)

The correspondences between the tensor gauge fields and the foliated and bulk gauge fields
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are'?

Ay~ ag, (3.12)
OpAo ~ AL+ opay,, (k=1,2), (3.13)
Ay ~ Aé + Ohay = A% + O1as , (3.14)
o2~ B — B2, (3.15)

Note that the gauge transformations (*dz* and p in the right hand sides cancel out, so the
degrees of freedom of the fields are consistent. In addition, we have correspondences between
the gauge parameters

a~k, (3.16)
mk ~ % (3.17)
nk o~ ¢k, (3.18)

Then, the exotic BF' Lagrangian can be transformed to the foliated BF Lagrangian after
integrating out b:

IN ~
L= §¢12(80A12 — 010, 4))
ﬂ
2
IN

2

12

(B! — B)(8yA12 — 0102 40)

12

B [00(A} + 0har) — 0(Aj + Ooar)]
(3.19)

= o~ [~00B' Ay + 0, B Aj + 00 B* A} — 0, B A3
N 2 .

= S ST dBY A AR A it
2 o

We return b, and then we get the foliated BF' Lagrangian

N 2 Nk k k N 2 k k
Li=_——=> dB"NA"Ndz" + —bA D A" Nda" +da) . (3.20)
2T 2m =

Using the field correspondences, we can also derive the gauge-invariant operators and
defects in the foliated BF' theory. The symmetry operator associated with the Zy electric
global symmetry is

Vix] = exp [i(B' = B?)] . (3.21)

10The symbol ~ means that the correspondence between the gauge fields or parameters in the exotic theory
and the foliated theory.
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The strip operators associated with the Zy dipole global symmetries are
Wi [S5] = exp lz fk (A’“ A dx® + d(akdxk)>] , (k=1,2). (3.22)
SQ

The quadrupole operator associated with the Zy tensor time-like symmetry is
T {C’llme(:t(x%,x%, 7, x%)} = exp |:—iA12(B1 — B?)(al, xé,xf,x%)} . (3.23)

The fracton defect is

F[C?] = exp lz 72 : a] . (3.24)

3.2 Coupling to the Background Foliated Gauge Fields

In Section 2.2, we coupled the symmetries in the exotic BF theory to the background tensor
gauge fields. Since the foliated BF' theory is equivalent to the exotic BF' theory, it should
be possible to couple the foliated BF theory to the same set of the background gauge fields.
However, in the case of the foliated theory, the structure of symmetry operators seems to be
more complicated and it is non-trivial to find appropriate couplings. Here we construct the
foliated BF' Lagrangian including background foliated and bulk gauge fields using the field
correspondences in the foliated-exotic duality.

The exotic BF' Lagrangian coupled to background tensor gauge fields is

L [0012, Ca?, C’} =Lepr+ Loy + Lex, (3.25a)
tN |4 A N
Lepr = o [Cbu(aoAm — 010540 — Co12) + A12Cy° + AOC} , (3.25b)
Ley = ;]7\: V" Corz (3.25¢)
iN A A12
»Ce,x = gx((%C’ — 816200 ) (325(1)

Firstly, we consider the BF part L.pr. Under the equations of motion (3.9)—(3.11), the
exotic Lagrangian is equivalent to the foliated Lagrangian. When coupled to background
gauge fields, we assume that the background gauge transformations of the foliated gauge
fields are

AR N da® — AR A da® 4+ N A da (3.26)
a—a+ A, (3.27)
B* — B+ )k, (3.28)

where \* A dz® is a (1+1)-form gauge parameter, \ is a one-form gauge parameter and PUBE
a zero-form gauge parameter. For the background gauge invariance, we demand that the b
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equations of motion be

1N
g(Aé -+ 80&1 — 81a0 — COl) = O, (329)
1N
ﬂ(A?) + 80a2 — 82a0 — 602) = 0, (330)
N, 9
g(AQ — Al -+ 32611 — (91@2 + 012) = O, (331)

instead of (3.9)—(3.11), or in the differential form,

Z(ZA’“/\d:vkdea—c) =0, (3.32)
2r \( o
where ¢ is the two-form gauge field that has a background gauge transformation
2
c—ct+dh+ > N Adat. (3.33)
k=1

Then, we have the new field correspondences including ¢

Ay ~ ag, (3.34)
OAg =~ Af + oay — cop, (k=1,2), (3.35)
Ay ~ Ay + Ooay = A + D1ag — 1o, (3.36)
2~ B' — B%. (3.37)

Due to c¢q2, the £ = 1 and k = 2 foliated gauge fields are not treated symmetrically. From
(2.23), (2.24), (2.26), (3.26)—(3.28) and (3.33), we derive correspondences between the back-
ground gauge parameters

AO ~ Ao, (338)
A12 >~ )\; + (92)\1 s (339)
AR~ 332 (3.40)

Note that A\? and Ay do not appear.

Using the field correspondences, L. pr can be written as
iN , » - A R
'Ce,BF >~ % [(Bl — BQ)(&)A% — GQA(l) + 82601 — 0012) + (A% + 82&1)0&2 + (I()O} s (341)
where we can replace gAY — Oy A} + Oacor and A} + Ooay with 9gA3 — 01 A2 + O1cos — Docia
and A? + 01ay — c1 respectively.
Since A* A dz¥, B¥ and a are the foliated gauge fields and the bulk gauge fields in the

foliated theory, we want to substitute some background foliated and bulk gauge fields for the
background tensor gauge fields Cyio and (Cg?, C). Therefore we introduce a U(1) foliated A-
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type (2+1)-form background gauge field C* Adz* (k = 1,2), a U(1) foliated B-type one-form
background gauge field C* (k = 1,2) that obeys C’,’j = 0, and a bulk two-form background
gauge field &5 dz'dz?. Then, we assume correspondences between the background gauge
fields including ¢ as'!

Corz ~ C&g + Oaco1 = C§1 + 01co2 — Oocia, (3.42)
C~Cl-C2, (3.43)
é ~ 81@21 - 82612 -+ 612 . (344)

Note that the field correspondence of C is the same form as that of B in the foliated BF
theory with two foliations in 341 dimensions [39]. To impose Cé2+82001 = C’gl +01¢oo — OyC2,
we must add to the Lagrangian the term %h >2_(CF A da* — dc) where h is a zero-form
dynamical field, which has a dynamical gauge transformation

h— h+ 21w+ i, (3.45)

where w is a gauge parameter valued in an integer, which is canceled by the gauge transfor-
mation of ¥* mentioned later. The background gauge transformations of C* A dz*, C* and
C1p are

C* A da® — C* A da® + dNF A da® (3.46)
CF = CF 4 al -, (3.47)
12 — G2 + (dD)12, (3.48)

where 7 is a one-form gauge parameter. Under the assumption, £, pr can be written as

tN 4 >
Lo = (B (90 A3 — 045 — Cpy) — B (00AT — 01 AS — C)) (3.49)
+(A} + 0ha1)Cy — (AT + Oras — c12)CF + ag(01Cy — 0.0 + 612)} '
Integrating the C¥ term by parts, we substitute
ag(01Cy — 0,C7) = —Biag Cy + Dyao CF (3.50)

~ —(A(l) + 80a1 — 601)021 + (Ag + (%aQ — 602)012 .

HUnder the 90 degree rotation ! — 22, 22 — —z!, the C fields transform as Cpo — —Cpi2 and
Cly +» —C2,, and the C fields transform as C}? — —C}2, C — C, C} < C2, C3 — —C% and C? — (1.
Thus the rotational transformations on the both sides are compatible.
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Then, we can obtain

N & A A
Lopr 25 Y [ B5 (dA" = CF) ndo* = CF A (A A da* + d(anda®))|
T k=1 (3.51)

iIN I A A A
+ gaoclg dgl’ + g(Colczl — 002012 — clgCOQ)d?’x,

where d®>z = dz°dz'dz?. We will see later that the term
iN
27

(COlé’Ql — 602012 — Clgég) d3$ (352)

can be dropped by combining the bulk SSPT phase as a counterterm, so we drop it here.
Restoring the b term and adding the h term, we get the foliated BF' Lagrangian including
the background gauge fields:

iN &2

Lipr =53 =B (dAF — C%) N da® — CF A (AP A da® + d(agda?))]
T =1
iN iN 2 iN_ [
+ %aoclgd?’x—i- %b/\ (gAk A dx® + da — c) + Eh <kz::10k Adzk — dc) ,
(3.53)
or integrating it by parts,
iN & Ak Ak k k. Ak ik k Ak k
Lipr =5 > (dBF — C* 4 b) A AF A da® + BYCF A da® — CF A d(ardat))|
. v N (3.54)
YN e B _ s k ko
+27Taoclgdx—|—27rb/\(da c)—|—27rh<kZIC A dx dc) :
Then, b has the background gauge transformation
b—b—1, (3.55)

which is canceled by the background gauge transformation # of C* and ¢ up to a background
term as

o
k

N

[(=C* 4 b) A AR A da® — CF A d(arda®)| + agtrs d*z + b A (da — c)}

Il
=

3.56
o A d(ardz®™) + ao(di) 1o d*x — 0 A (da — ¢ (3.56)

Il
Mw

b
Il

1
ANcC.

Il
>

The background foliated gauge fields C* Adx* are coupled to the Zy electric symmetry (3.21),
the background bulk gauge field ¢ is coupled to the Zy tensor time-like symmetry (3.23),
and the background foliated gauge fields C* are coupled to the Zy dipole symmetries (3.22).
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From the term %aoélg d3x, we can say the background gauge fields ¢, dz'dz? is coupled
to the fracton defect F[CY] = exp [z 3?09 a}. In addition, the quadrupole operator associated

with the Zy tensor time-like symmetry (3.23) can be written as

{012 rect( i ZL’;, JI%, x%)} = exp [—Z'Alg( — B2)(I1, l‘é, ZE% I%)}

(3.57)
= exp [z f b}
0112,rect

by using the equations of motion (3.5), and then the symmetry action (2.18) can be written
as

T [ (ak, ah, 23, 3)] - FICY) = e >V Py (3.59)

in the foliated form [35,38]. Actually, T [012 et (gl xl a2, x%)] acts on the gauge field b, but
we can formally interpret the background gauge transformation of b (3.55) as being passively
acted by the defect F[C}]. If ¥ were not a local transformation, this transformation would not
be a symmetry transformation in the original 24-1d foliated BF' theory (3.4). Moreover, the
fracton defect F[CY] is not topological, so the defect is not a symmetry operator. However,
this situation is similar to that of global symmetries, so we call the fracton defect a symmetry-
like passive action operator.

The remaining {'? and x terms can also be written as foliated forms. As for L.y, we
assume correspondences between the dynamical field {12

P~ =X, (3.59)

where ¥* (k = 1,2) are z*-dependent dynamical fields valued in integers. Their dynamical
gauge transformations are

= XF 2t + 27w, (3.60)

where t* and w are canceled by the gauge transformations of B* and h respectively. Then,
we rewrite Ly as

Loy = o ¢2Corz
tN 1 “
~ o [ (Cly + Dacon) = K*(C3y + Ohcon — oca)| (3.61)
N it
2T

As for L., we use x and introduce dynamical (0+1)-form fields x*dz" (k = 1,2) as

ox = x". (3.62)
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Their dynamical gauge transformations are

X=X +k, (3.63)
X" = X+ Ot (3.64
Then, we can rewrite L, as
Ee:X = Zsz(ﬁoC 0162012)
iN 1 A2 A2 A
~ %x [81 (800 — 8200> — 82(8001 — 816'0) + (90012}
iN A N ) (3.65)
= ? {81)((—6002 + 8200) + 32)((3001 — 8100) + XaoClg}
1N

= 277- (Z Xkdx /\dC +X80€12d SL’> .

To impose (3.62), we should add a term of dynamical bulk gauge fields éydx’dz! and
Coodz’dx?, and then we have the form

N
Liy = ! (Z Xkdx AdCF + XOoC12 d x)

2 =
IN
to- [001(X — dox) — Coa(x' — 31X)] (3.66)
N 2 ~
= 255 [Fda® A (dCF + @) + xde]
27 1

where the background gauge transformations of ¢y, and ¢go are
o1 — Co1 + (dD)o1 , (3.67)
602 — 602 + (dﬁ)og . (368)

Note that we combine the background gauge field ¢;5 and the dynamical gauge fields ¢y,
and ¢yo into ¢. To obtain the exotic theory, we must integrate out ¢y, and Cps.

After all, we have constructed the 2+1d foliated BF Lagrangian coupled to the back-
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ground gauge fields. The full Lagrangian is
Ef [Ck A diL’k, ék, C, 612:|
N 2 . . . ~
_ 127 (dBF — C* +b) A AF A da® + BE CF A da® — CF A d(ayda®)]
T k=1
iN o iN iN (S (3.69)
+ 27ra0012d x+ 27rb/\ (da —c) + 27Th <kz::10 A dz" —dc
iN & wk vk k k 7.k Ak o4 A
+%Z [—X C" AN dx® + x"dx® N (dC +c)+xdc} .
k=1
Under the background gauge transformations, it transforms as
N 2 R . N .
5oLt :27 S°[(@B* — €+ b) A NE A da® 4 BRAN A da® 4+ RE(CF + dAF) A dat
k=1
—C*F N d(Mda®) — (dNF = D) A d(apda® + Apda®)]

N 1N
+ %ao(dl/)lg d T+ 7/\0(0 + dl/)lg d T

iN iN
+b/\(—Z)\k/\d:Ek>—2V/\(da—C—Z)\k/\d:B> (3.70)
27

k=1 k=1
ZN
27r 1

o N
[CF A da — (CF + dd) A N A da* + d(Aeda™) }] + LAOCH B

2
+ﬁ/\<c+d)\+2)\k/\d:p’“) :

k=1

Note that to derive this formula from the exotic one (2. 32) by using the field correspondences,
we have to take into account the dropped term (0010 - C()QC — 01202)

3.3 Foliated SSPT Phase in 3+1 Dimensions

In Section 2.3, we saw that the mixed 't Hooft anomaly in the 2+1d exotic BF theory are
canceled by the 3+1d exotic SSPT phase. In this section, we construct a description of the
foliated SSPT phase that is equivalent to the exotic one with two foliations by determining
field correspondences. Again we take the coordinates (20, zt, 2%, 23).

First, we introduce background foliated gauge fields C* Adx* (k = 1,2) and a background
bulk gauge field ¢, and assume correspondences between the background tensor gauge fields
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(Cor2, C312, Clog)) in the exotic SSPT phase and CF A dx*, c as

Corz = Ciy + Oacor = C§y + Dico2 — ocra ( )
C319 ng + Oocs1 = Cg?l + 0ic30 — 0312, ( )
Clos] ~ co3 (3.73)
01Clp3) ~ Cs + O3co1 — Ooesy ( )
02Clo3) ~ C3 4 D3c0p — Oocaa ( )

where C* Adx* is a U(1) foliated A-type (2+1)-form gauge field and ¢ is a U(1) bulk two-form
gauge field. These correspondences are consistent with the ones between the background
gauge fields in the 2+1d exotic and foliated BF' theories. To impose the constraints for
C* A dz* and ¢, we add the term £p A (22:1 CF A dx* — dc) to the Lagrangian where p is
a dynamical one-form field. p has a dynamical gauge transformation p — p + dv, where ¥ is

a zero-form gauge parameter. The background gauge transformations of C* A dz* and c are

CP N da® — C* Nda® + dN ANda®,  (k=1,2), (3.76)
2

c—c+di+ Y A Ada, (3.77)
k=1

where \¥ A dz¥ is a (1+1)-form gauge parameter and A is a one-form gauge parameter. We
have correspondences between background gauge parameters:

AO ~ >\07 (378)
JVESH W (3.79)
A12 ~ /\% + 32/\1 . (380)

Next, we introduce background foliated gauge fields C* (k = 1,2) and a background
bulk gauge field ¢, and assume correspondences between the background tensor gauge fields
(CE2,C,CE) in the exotic SSPT phase and C*, é;5 as

C2~ (-2, (3.81)
é ~ 81021 - 82(512 + 612, (382)
C2~ (-2, (3.83)

where C* is a U(1) foliated B-type one-form gauge field and é15 da'dz? is a U(1) bulk two-
form gauge field. Their background gauge transformations are

CF = CF 4 al\r — b, (3.84)
¢ — C1o + (dD) 12, (3.85)

where ¥ is a zero-form gauge parameter and © is a one-form gauge parameter. Similarly, we
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can get correspondences between background gauge parameters:

A2~ A 32 (3.86)

To restrict C' and CA'A fields to Zy in the exotic SSPT phase, we have introduced the
dynamical gauge fields 3'2 and (S, B12, 33). We also introduce dynamical gauge fields 3%,
B A dax®, 5, and assume correspondences

B2~ Bt — B (3.87)
OBo = By + 0oB + cor,  (k=1,2), (3.88)
0Py = By + 03B+, (k=1,2), (3.89)

Bra = By + a3y = B} + 0152 + cr2, (3.90)

where 3% is a foliated B-type zero-form gauge field, 8 A da is a foliated A-type (1+1)-form
gauge field and [ is a bulk one-form gauge field. Moreover, to impose the constraint for
B% A dz¥, B and ¢, we introduce a bulk dynamical two-form gauge field ¢;;dxdz? ((i,7) =

(0,1),(0,2),(0,3),(2,3),(3,1)), and add the term % (Zzzl BE A dxF 4+ dB + c) A € lepp=0 tO
the Lagrangian. Their background gauge transformations are

B — BE+ A, (3.91)

BE A da® — B A dat — NEA da® (3.92)

B—=0-A, (3.93)

Cij = G5+ (dD)i;,  ((1,7) # (1,2)). (3.94)

They also have dynamical gauge transformations:

BE — BF 4 orak — o, (3.95)
BE A dat — BF A da® + duF A da® (3.96)
2
B—B+du—Y u'da", (3.97)
k=1

¥ is an a*-dependent gauge parameter valued in integers, u*da* is a (0+1)-form

gauge parameter, s is a zero-form gauge parameter, and 0 is the gauge parameter of p. They
correspond to the dynamical gauge parameters of 3'2 and (8o, B12, 33) as

where 4

12

g8~ ah (3.98)
u. (3.99)

12

S

Let us construct the foliated Lagrangian describing the 34+1d SSPT phase. The exotic
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SSPT phase with two foliations is described by the Lagrangian (2.47)

Lsspr,e {0012, Ci12, Clog) C32, C, é§2] = Lospres T Lsspres + Lssprece (3.100a)
Lospres = 2]7\:312 (830012 — 0yC312 — 81820[03]) , (3.100b)
Lssprep = [50 (05C = 210:C32) + Prz (05C32 — 00C32) — B5 (00C — 210,C32)]
(3.100¢)
Legprece = ;]7\: (0012(:&2 - 0312652 + C[os]é) . (3.100d)

Using the correspondences above, we can rewrite it in terms of the foliated fields. As for
Lospre s and Lsspres, we have

IN 4
‘CSSPT,e,B 2551 [83<052 + a2001) - 80(C§2 + 82031) - 82(053 + O3co1 — 80031)}

N
— 22752 [53(031 + O1co2 — Opc12) — 30(0531 + 0132 — O5¢12)

—81 (ng + 83602 — 80032”

N 2
;—ZﬁdekAdx

(3.101)

and
ESSPT,e,,B
~ ”7\: B0 (9501C3 — 0502CF + Dstrn — 0105C5 + 010:C3)
+ B1z (05C% — 0503 — 0Ci + uC3)

B (0001C5 — 002CF + Botrz — 010.C) + 010,CF)|
~ 22]7\: [ (60 + 8051 + COl) (8365 - aQC%) - (Bg + 8062 + 002) (—83012 + 310:?)
+ Bod3C12 + (52 + 8251) (336% - 3oé§) + (512 + 0102 + 012> (—83002 + 30@?)

+ (B3 + 03P + c31) (aoég — 0,C5) + (B3 + 03P + csa) (—06C + 01CF) — Badoia]
ZN [

N 2 .
k=1
N A N N N
+ ;7 [—Col ((93021 — 8203) + 002(83012 — 810??) — 012((9303 — 6005)
+031 (8()(721 — 8203> — C32(80€’12 — 8163)} d4x
(3.102)

where d*z = dz%dz'dz?dz®. For later convenience, we have left the total derivative term.
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For the constraints for C* A dz* and ¢, adding the term

N (2
"(ZB’“/\da;’wdﬁJrC)A%m—O
2r \izh

N 2 N

o &= 2m

(3.103)

)
¢12=0

we have

Lsspr ip
N 2 A
- 7’27 lz BY A da® A (dCF +8) + B A de + (e A é)|612°]
k=1

N 2 A
Ha lz D (Bda®) A (dC" + é)] (3.104)
2 =
IN . R . A R A
+ o [—001 (33021 — 32&%) + 602(83012 — 8103?) — 012(8303 _ 8003?)
+c51(00C3 — 0:C5) — exn(0CE — CF)] |

where we dropped the 2°-, 2'- and z?-derivative term. Note that we combine the background
gauge field ¢;5 and the dynamical gauge fields ¢; ((¢,7) = (0,1),(0,2),(0,3),(2,3),(3,1))
into ¢. To obtain the exotic theory, we must integrate out the dynamical parts ¢&; ((i,7) =
(0,1),(0,2),(0,3),(2,3),(3,1)).

The CC part is rewritten as

N

Losprecc ~o :(032 + 02c01)C5 — (C3) + Dico2 — oc12)C3

v
_(0312 + 82031)65 + (0531 + 81032 — 83012)ég -+ 003(81021 — 82012 + 612)}
iN

T or

r2
Z Ok A Ck N d[L‘k + 612003 d4ZE‘|
Lk=1

Z’N A A A A
+ g [82601 Og} — (81002 — 80612)03% — 82631 C& + (61632 — 83612)03
—(83001 — 80031)65 -+ (83002 — 80C32)él2} d4l’.

(3.105)
Then, combining the last term with the last term of (3.104), we have
ﬂ [83 (—C()lé’1 + COQé2 — 01202)} d4I . (3106)
o 2 1 0

We will put the SSPT on the region 2® > 0 and the foliated BF theory on the boundary
23 = 0. Then, the z3-derivative term cancels out the boundary term (3.52), so we drop this
term.
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Finally, we obtain the foliated form of the SSPT phase with two foliations in 3+1 dimen-
sions:

Lsspr ¢ [C’k Adz®, CF e, 612}

N 2 . R
:’{Z [5kdOkAd:c’“+6’“/\da:’“A(d0k+é)} +5/\dé}

2m =1
N2 ) N2 (3.107)
+d lZQ Z(ﬁkdgjk)/\(dck—{—é)] +22—7T lZC’k/\C’“/\d:pknLc/\é]
k=1 k=1

.N 2
-I—ZQTTp/\ <ZCkAdxk—dc> .

k=1

As in the case of the exotic SSPT phase, if the theory is on spacetime without a boundary;,
it is gauge invariant. However if spacetime has a boundary, the partition function of the
3+1d SSPT phase is not invariant. From the anomaly inflow mechanism [51], this variation
is expected to be canceled by the anomaly of the 2+1d foliated BF' theory on the boundary
(3.70). To see this, we put the foliated SSPT phase on the region x3 > 0 with the boundary
2% = 0. From the gauge invariance, the boundary conditions of 3*, 8* A dz* and S are

(B" = B)s=0 =0, (3.108)
Bolzs=0 =0, (3.109)

(B2 + 32B1)]as—0 = 0, (3.110)

(BY + 0162 + c12)|3—0 = 0, (3.111)

which are consistent with the boundary conditions in the exotic SSPT phase. On the bound-
ary, we put the 2+1d foliated BF theory coupled to the background gauge fields (3.69), and
the background gauge fields in the 3+1d SSPT phase are related to those in the 2+1d foliated
BF theory as'?

Clipr lasmo = Chip, (3.113)
CSSPT |23=0 = CBF , (3.114)
CssPT 12 |23—0 = CBF12 - (3.115)

Note that while the background gauge fields in the 3+1d SSPT phase are restricted to Zy
tensor gauge fields by the dynamical fields 5%, % A dx* and 3, those in the 2+1d foliated BF
theory are restricted by the dynamical fields ¥*, x* dz* and . Then, under the background

120n the boundary, ésspr,01 and ésspr 02 do not arise. Then, these have no relation to ¢gr1 and égr oo.
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gauge transformations, the Lagrangian transforms as

iN &k o k _ \k k Ak o4 N A
SyLsspre = 5 > [\ dCF Ada® — N A dab A (dCF + 8)] — A A de
2T 2m
N 2 N
—d l’; S (A da®) A (dCF + a)]
T k=1
iN 2 NG ~ k k Ak NG ~ k k
+ > [(dN = D) ACF Nda® + (CF 4+ dN — D) AdN A da
27Tk:1[

) ) (3.116)
+ (dHZAk’Ada:’f) Aé+ <c+dA+ZAMdmk> /\dﬁ]
k=1 k=1
iN - e . .
—d {2 > [MCE At — (CF + dA*) A (N A dab + (0 da¥)]
T k=1

iN iN 2
+%>\0012d3$ + 57 A (c +dA+ D> AA dmk) } :

k=1

Thus on the boundary, the term

N [ o
8,555pT e = — / dxodxldﬁ;—ﬂ {Z (AECH A da — (CF + dF) A (W A da® + (A da))|
k=1

2
FAolrod’ s + D A <c +dA+ YA A dmk> }
k=1
(3.117)

arises. Note the total derivative term in (3.107) contribute to the boundary z* = 0 as a
counterterm, so that the boundary term of the 3+1d foliated SSPT phase matches the 't
Hooft anomaly of the 2+1d foliated BF theory (3.70) on the boundary x3 = 0. Therefore
we can cancel the 't Hooft anomaly of the 24-1d foliated BF' theory on the boundary by the
gauge-variation of the 3+1d foliated SSPT phase on the bulk.
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4 Change of Foliation Structure

In Section 3.3, we obtained the 3+1d foliated SSPT phase with two foliations:
Lispr [Ck Ada*, CF, e, é12}

. 2
:ZN{Z [Bkdc’f/\daz’wrﬁ’“/\dx’“/\(dé’“+é)} +6Adé}

2 o

N & A iN [ A (4.1)
+d [ZZ(ﬁkdxk)A (dC’“+é)] + 2L [ZC’“/\C”“/\CZ&:’“—#—C/\@]

2T o 21 | &

.N 2
+ A (ZC”“/\d:ck—dc> .

27 =

Here we change the foliation structure from two foliations e* = da* (k = 1,2) to three
foliations e* = da* (k = 1,2,3). By adding gauge fields with k¥ = 3 and modifying the gauge
transformations, we can easily construct the 3+1d foliated SSPT phase with three foliations.
The SSPT phase with a boundary also cancels the mixed 't Hooft anomaly of the 241d
foliated BF' theory on the boundary. The situation where other (exotic) SSPT phases with
different foliations cancel the same anomaly appears in [25].

Then, we will assume field correspondences between the foliated and exotic SSPT phases
with three foliations, and convert from the foliated SSPT phase with three foliations to the
exotic one. While it is non-trivial to construct the exotic form of the 34+-1d SSPT phase with
three foliations from the one with two foliations, we can construct it via the foliated form.
It is a systematic way to construct the exotic form using the foliated-exotic duality.

4.1 Foliated SSPT phase with three foliations

Firstly, we construct the 3+1d foliated SSPT phase with three foliations. We introduce a
U(1) background foliated A-type (2+41)-form gauge fields C* A da* (k = 1,2,3) and a U(1)
background bulk two-form gauge field ¢ with background gauge transformations

CF ANda* — CF Nda® +d\F AN da®, (k=1,2,3), (4.2)
3

c—c+dh+ > A Ada, (4.3)
k=1

where \¥ A dz¥ is a (1+1)-form gauge parameter and \ is a one-form gauge parameter. As in
the case of two foliations, to impose the constraints for C* A dz* and ¢, we include the term
DpA (22:1 CF A dx* — dc) in the Lagrangian, where p is a dynamical one-form field. p has a
dynamical gauge transformation p — p 4+ dv, where ¥ is a zero-form gauge parameter. Next,
we introduce U(1) background foliated B-type one-form gauge fields c* (k = 1,2,3) and
a U(1) background bulk gauge field ¢; dz'da? ((i,7) = (1,2),(2,3),(3,1)) with background
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gauge transformations

CF = CF +a\k — b, ,
Cij = G+ (dD)iy,  ((4,7) = (1,2),(2,3),(3,1)), (4.5)

where A is a zero-form gauge parameter and » is a one-form gauge parameter. To restrict
Ck A da®, CF and & ((i,7) = (1,2),(2,3),(3,1)) to Zy, we introduce a dynamical foliated
B-type zero-form gauge fields 3% (k = 1,2, 3), a dynamical foliated A-type (1+1)-form gauge
fields B¥ Adz* (k = 1,2,3) and a dynamical bulk one-form gauge field 3. Moreover, to impose
the constraint for 8% A dz* and 3, we introduce a bulk dynamical two-form gauge field
¢ijdxtd? ((i,7) = (0,1),(0,2),(0,3)), and include the term 2 (Zzzl BF A dx* +dB + c) A

2
C|eyp=éos=q,=0 in the Lagrangian. Their background gauge transformations are

Br — BF 4 NF (4.6)
BE N da® — BF A da® — NF A dat (4.7)
f—=B=A, (4.8)
Gy — & + (dD)i;,  ((i,5) = (0,1),(0,2),(0,3)). (4.9)
They also have dynamical gauge transformations:
Br — B 4 omak — 0, (4.10)
BF A da® — BF A da® + duf A dat (4.11)
B — B+ du— iukdmk, (4.12)

k=1

where 0* is a 2*-dependent gauge parameter valued in integers, u*dz* is a (0+1)-form gauge

parameter, s is a zero-form gauge parameter, and ? is the gauge parameter of p. Then, the
3+1d foliated SSPT phase with three foliations is written as

‘C%SPT,f {Ck A da®, CFc, é1, a3, é31}
N (S ra N
= ;—W {Z B dC* A da + B¥ A da A (dCF + )] +B/\dé}

k=1
N 3 R N 3 R (413)
+d [22 > (B da®) A (d0k+é)] +;— (ZC’“/\C’“/\dm’“JrcAé)

k=1 T \k=1

.N 3
—I—;—p/\ (ZC’“/\dwk—dC> .
T

k=1

If the theory is on spacetime without a boundary, it is gauge invariant. As in the case
of the SSPT phase with two foliations, if spacetime has a boundary, the partition function
of the 3+1d SSPT phase with three foliations is not gauge invariant and the variation is
canceled by the anomaly of the 2+1d foliated BF theory on the boundary (3.70). To see
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this, we put the foliated SSPT phase on the region 2% > 0 with the boundary 2® = 0. From
the gauge invariance, the boundary conditions of 3%, ¥ A dz* and 3 are

(B" = B*)|a3=0 = 0, (4.14)
Bolas=0 =0, (4.15)

(B2 4+ 021) 30 = 0, (4.16)

(B2 + 0151 + c12)|e8—0 = 0. (4.17)

On the boundary, we put the 241d foliated BF' theory coupled to the background gauge
fields (3.69), and the background gauge fields in the 3+1d SSPT phase are related to those
in the 2+1d foliated BF theory as

Clpr N da" |s_g = Chp Nd2®,  (k=1,2), (4.18)
ééCSPT |z3:0 = CA’EF ) (k =1, 2) ) (419)
CSSPT |23=0 = CBF, (4.20)
CssPT,12 [e3=0 = CBF12 - (4.21)
Then, under the background gauge transformations, the Lagrangian transforms as
N 3 N . N
0 Lisprr = oo O [MdCH A da® — N A da A (dCF +2)] - SEA A de
’ 21 2m
N 3 .
—d [Z > (A dz®) A (dCF + é)]
2
N 3 R R R
DU (@8 = 2) A CF Adat 4 (CF A — D) A dAF A dat]
21
(4.22)
iN 5 iN 3
o AN+ Y N A" ) et = [e+dh+ Y N Ada® ) Adp
2 k=1 2m k=1

N 3 R . R
= af 3 IO Adat = (CF 4 i) A (8 )
k=1

+22—)\0612d3x + DA <c +dA+ > NA dx’f> } :
i k=1

On the boundary z® = 0, the terms containing dx?, such as the foliated fields with k = 3, do
not appear, so we have

N (2 . )
3yS3spre = — / dxodxldﬁ;—ﬂ {Z [Ak CF A dz® — (CF 4+ dN) A (AF A da® + d(\, dxk)]
k=1

3
FAolrod’ s + D A <c +dA+ YA A dmk> } :

k=1
(4.23)
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This expression is the same as the boundary term of the 3+1d foliated SSPT with two
foliations (3.117), and matches the 't Hooft anomaly of the 2+1d foliated BF' theory (3.70)
on the boundary 2® = 0. Therefore we can also cancel the 't Hooft anomaly of the 2+1d
foliated BF' theory on the boundary by the gauge variation of the 341d foliated SSPT phase
with three foliations on the bulk.

An ’t Hooft anomaly of an ordinary global symmetry in a relativistic QFT corresponds to
a field theory in one dimension higher from the anomaly inflow [51], and such field theories
are called invertible field theories [52]. Invertible field theories are the low-energy effective
field theories of the symmetry-protected topological (SPT) phases [53,54], which cannot be
smoothly deformed into trivially gapped systems while preserving the symmetry.

In the case of the subsystem symmetries, the 34+1d SSPT phases with two foliations and
three foliations represent the same phases from an anomaly point of view. The rotational
symmetry of the SSPT phase with two foliations is the 90 degree rotation Z, with respect to
(z', 2%) and the z* direction has no foliation. On the other hand, the rotational symmetry of
the SSPT phase with three foliations is the 90 degree rotation S; with respect to (2!, z2, 23).
On the boundary 2% = 0, both reproduce the 90 degree rotational symmetry Z, in the
exotic/foliated BF' theory in 241 dimensions. Furthermore, the SSPT phase with three
foliations (4.13) is smoothly deformed into the one with two foliations (4.1) while preserving
the rotational symmetry Z, under the deformation ¢ = da3 — 0, that is 33, B3Adz®, C3 Ada®
and C? go to 0."* Therefore, an 't Hooft anomaly of a subsystem symmetry in a fractonic
QFT is considered to correspond to a certain deformation class of the SSPT phases and
foliation structures. This gives an implication for the characterization of 't Hooft anomalies
of subsystem symmetry.

4.2 Exotic SSPT phase with three foliations

In Section 4.1, we derived the foliated SSPT phase with three foliations simply by adding
the k£ = 3 foliation terms. Here assuming field correspondences, we determine tensor gauge
fields of the SSPT phase with three foliations and construct the exotic Lagrangian describing
the SSPT phase with three foliations.

To derive the exotic form, we must integrate out ¢gq1, Co2, Coz and p in the foliated form,
and then we can use the equations of motion

;Z(ﬁ; - ﬁf + 0,0 —0:8; —cij) =0, ((4,7) = (1,2),(2,3),(3,1)), (4.24)
iN (3
— Ck/\dk—d>:()_ L5
21 <Z v (4.25)

The fractonic theory with three simultaneous foliations ef = da* (k = 1,2,3) has the

I3Precisely, we must consider the version where the bulk gauge fields ¢ are not dynamical. This fact implies
that we cannot apply the same discussion cannot be applied to the exotic SSPT phases.
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90 degree rotational symmetry S, in 341 dimensions. Then, tensor gauge fields of such a
theory are in representations of Sy. Irreducible representations of Sy are 1, 1’, 2, 3 and 3/,
and we use the notation in [16]. Firstly, we introduce U(1) background tensor gauge fields
(Colg,C()Qg,Cogl) in 3’ and (01(23), 02(31), 03(12)) in 2 satisfying 01(23) + 02(31) + 03(12) = 0,
and assume correspondences

COU = Cé] + ajCOi = C(J)z + az‘C()j - aocij ) ((Zaj) = (17 2)7 (27 3)7 (37 1)) ) (426)
CZ(Jk) = C’ij: - Cl]gz - aicjk + akcij ) ((1737 k) = (17 27 3)7 (27 37 1)7 (37 1, 2)) ) (427)
0r14
1 .
5 (Cimy = Ciwy) = Cf = Bicje, ((1,5.k) = (1,2.3),(2,3,1), (3,1,2). (4.28)

where we have used (4.25) and actually we have restricted ¢ to zero. Their background gauge
transformations are

Coij — Coij + Ool\ij — 0i0;M0,  ((3,7) = (1,2),(2,3),(3,1)), (4.29)
Ok(zg) — Ok(zy) + 2akAij - azAjk - ajAkl ) ((Zaj7 k) = (17 2) 3)7 (27 37 ]->a (3’ 17 2)) ) (430>

where the background gauge parameters Ay and (A, Aoz, Ag;) are in the representation 1
and 3’ respectively. Then, we have correspondences

AO ~ )\0, (431)

Next, we introduce U(1) background tensor gauge fields (C‘é@f’), (?3 (1) £302) ) in 2 satisfy-

ing C'(23) 4 C26Y) 1 302 = o, (C12,C%, (%) in 3’ and (C’l,C’Q,C’S) in 3, and assume
correspondences

Co =G =G ((i,.k) = (1,2,3),(2:3,1),(3,1,2), (4.33)

CiCE—CF ) (G5, k) = (1,2,3),(2,3,1),(3,1,2)), (4.34)

Cr = 9,C1 = 9;C) +¢;, ((i,4,k) = (1,2,3),(2,3,1),(3,1,2)). (4.35)

Note that the gauge transformations # in the right hand sides cancel out, so the degrees of
freedom of the fields are consistent. Their background gauge transformations are

Co) = CF 1 9, ARD (i, 4, k) = (1,2,3),(2,3,1), (3,1,2)), (4.36)
C — C 4 AR D (4,5, k) = (1,2,3),(2,3,1),(3,1,2)), (4.37)
CF = CF + 0,0;AM) | ((4,5,k) = (1,2,3),(2,3,1),(3,1,2)), (4.38)

A 1(23)

where the background gauge parameters (A2 A26D A302)) are in the representation 2

14W€ can use (0[12]3, 0[23]1, 0[31]2) in 2 satlbfylng C[”]k = % (Cl(jk) — Cj(kl)) and Cz(]k:) = Cl]]k C[kz
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satisfying A1®3 4+ A26D 4 A3012) = (. Then, we have correspondences
A o N =N (0,4, k) = (1,2,3),(2,3,1), (3, 1,2)). (4.39)

In addition, to restrict C' and C fields to Zy, we introduce dynamical gauge fields
(5129, 5260 3302)) in 2 satisfying 51?9 + 526D 4 5302 = 0, (Bo1, oo, fos) in 3 and
(B12, B3, P31) in 3, and assume correspondences

B0 o BT B, (6, 4,k) = (1,2,3),(2.3,1),(3,1,2)), (4.40)

BOk = 6(])C + a()ﬂk + Cok ) (k - ]-) 27 3) ) (441>

Bij = B; + a]ﬁz = BZJ + 625] + Cij » ((Zv]) = (17 2)7 (27 3)’ (3’ 1)) ) (442>

and use 3 as a field in the representation 1. Their background gauge transformations are

RO — R ARG (0,5 k) = (1,2,3),(2,3,1),(3,1,2)) , (4.43)

Bo = Bo — Ao, (4.44)

Box = Bor — OkNo, (kK =1,2,3), (4.45)

ﬁij — ﬂij - Aij ) ((27]) = (17 2)7 (27 3)7 (37 1)) . (446)

They also have dynamical gauge transformations

BRI —y BRI oomgt —oxsl | ((i,4, k) = (1,2,3),(2,3,1),(3,1,2)), (
Bo = Bo + Dos (4.48
Bok — Bok + OkOos, (k=1,2,3), (
Bij = By + 0i0;s,  ((i,7) = (1,2),(2,3),(3,1)), (

where 8% is a zF-dependent gauge parameter valued in integers, and s is a gauge parameter
in 1, and we have

k

12

g~k (4.51)
u. (4.52)

S

12

Using these field correspondences, we construct the exotic Lagrangian describing the 3+1d
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SSPT phase with three foliations. As for the [,SSPT £5 part, we have

3 3N3 k gk
‘CSSPTf,B ZB dC* A dz*

1
~ Eﬁl [830012 — 02Cp31 — 550(03(21) - 02(31))}
iN 1
— gﬁ [830012 — 01Cn23 — 580(03(12) - 01(23))} (4.53)
IN 4 1
- 753 [(910023 — 02C031 — 530(01(23) — 02(31))}

Z prea) (akoou 3aock<ij>) ,

(4,7,k)

where the sum for (7, j, k) is over (4,7, k) = (1,2,3),(2,3,1),(3,1,2). Note that terms of the
gauge field ¢ cancel out. As for the L¥gpy ;5 part, we have

‘CgSPTi,B
iN [& A iN & R
= — lz BE A dz® A (dCF 4 ¢6) + B A da] +d [ > (B dz®) A (dCF + a)]
2 ] 21 ]
N N N N N
= L {(521 + 021)(05C5 — 00C3) + (BF + 01 B2 + c12)(—33C5 + 9o C3)
(53 + 8352)(—806’12 + 816'3) + (53 + 033 + 023)(8oéf’ — (91613’)
+( + 8153)(_8003 + 826’8) + (6; + 8351 + 031)(80(721 — 826’5)
+(BL + 001 + co1)(02C% — D5CL + 203) + (B2 + 9pfa + c2) (9302 — 102 + é3)
(

+(83 + 003 + c03) (D105 — 0yC3 + 19) + Bo(D1éas + Dol + @3512)} (4.54)

iN . . R . R )
+ ﬁ [—C12(_8303 + 8003?) - 023(8005) — 810(:)3) — 031(30021 _ 82001)

_001(8QC'§ — 81621 + Ca3) — 002(63012 — 31C'§ + C31) — 003(616‘5’ — 826’f + @12)}
iN A (i pi . ) A )
~ 2— Z {ﬁ”(akcg( 7 0 C J) + 5016(@0]]6 — 8JC’Zk + Cij) + 5051@%}

T (k)
- szi [—c12(=05CF + 0C3) = cas(@CF = D1CF) — e51(9C5 — 0:C7)
—con(02C5 — 0105 + as) — con(05CF — D1C5 + 1) — cos (5 — 0CF + 612)} .
In this formula, we can write
0,CF = 0,CF + &y = 0(CF = C) + 9,(C] = CF) + 0,C; = 9,C] + &

Aps y A 4.55
>~ 810]“ + @Cﬂc + Ck 5 ( )
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and

Z Olij = > [914(31-(5} — 0,CY + &) + 0:0;(Cf — éfc)}

(4,3,k) (4,3,k)

. Ny (4.56)
= > (8:C* + 9,0,C7),
(:3,k)
so we derive the Ligpr , 5 part
N Z
Lipres = %;X:WM@Qy’ aww+5%(Cm+acﬂ+0%+@ﬁmj+aacw}
(iJJC)

+ 27 |: Cu(-&g,ég —+ 8oé'§) — ng(aoé’f) — 816’3) — 031(806‘21 — 826’5)

—c01(02C3 — D1C) + b33) — con(05CF — D15 + E31) — cos(D1C5 — 0aCF + 1))
(4.57)

Regarding the ﬁgspr cc bart, we can write as

3
3 N i & Y
ESSPTfCC glglc /\O /\dl‘ "‘270/\0

IN A N N N N
= 5 (0005 = CisCs + O3y — Cou 05 + CiuC
+C5,CF — CHLCY + C3HC3 + C3C + coréas + contar + 003012)

iN i g 1 .

o > [COij(Ck = C0) + 3 (G — Cj(ki))c('f]
(i7]7k)

ZN A1 A1 A1 A2

g { — 82601 03 -+ (83001 — 80631)0 — (—82031)0 + (81002 — 80012>03

— 83C02 6'12 — (—83612>é§ + (82603 80623>C — 810030 ( 81623)63

+ co1Ca3 + Co2C31 + 603612}
iN

2r (4.9,k)
+ 22]7\: { — Oacon CA% + (0301 — 80031)0 (— (‘32@31)0 + (Drco2 — 50012)6'2
— 03C02 012 - (—33012)é§ + (Oaco3 — 30023)0 — 810030 (— 81623)6’3

+ Cp1Co3 + Co2C31 + C03012} .

12

12

o1 (i
[COijCl] _ gck(ZJ)C(I;( J):l

(4.58)

Combining the last terms of (4.57) and (4.58) and dropping the x°-, x!- and z3-derivative
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terms, we have
iN
2m
As in the case of the SSPT phase with two foliations, we have to add the term (3.106) when

converting the SSPT phase from the foliated form to the exotic form, and this term cancels
out.

83 (COlég — 002012 -+ 612ég> . (459)

After all, we have constructed the exotic SSPT phase with three foliations in 3+1 dimen-
sions:

Ab(i) Aii A
Lispr [COija Chij), Cra) ¢, Cﬂ

I AL 1
0,7,k
T 27 > [8:5(0:Co"™ — 80CY) + Bor(BCH + 9,07 + CF) + By(0C* + 9,:0,C)]
(i.5,)
iN a1 A (i
5 X |Gl - SCuin e

(i.3:k)
(4.60)

As in the other cases, if the theory is on spacetime without a boundary, it is gauge
invariant. If spacetime has a boundary, the partition function is not gauge invariant and the
variation is canceled by the anomaly of the 241d exotic BF' theory on the boundary (2.32).
To see this, we put the exotic SSPT phase with three foliations on the region z3 > 0 with
the boundary #® = 0. From the gauge invariance, the boundary conditions of 3@, o, S
and [, are

B0 |50 =0, (4.61)
B2 |z3=0 =0, (4.62)
Bolus=0 = 0. (4.63)

On the boundary, we put the 2+1d exotic BF' theory coupled to the background gauge fields
(2.29), and the background gauge fields in the 3+1d SSPT phase with three foliations are
related to those in the 2+1d exotic BF theory as

Cssprm2 |es—0 = CBro12 5 (4.64)
A3(12 A

Csép%,o le3=0 = Crg (4.65)

Csspr les=0 = Car - (4.66)
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Then, under the background gauge transformations, the Lagrangian transforms as

3
0 ESSPT e

=0 % WO (940 - 300G

T (i)
N AR(id a A Ny N N a
; [~ 2505 = 8,C) = 9 Ag(BCM + 9,07 + OF) — Ao(AC* + 0,0,C)]
T

+5- D [(301\1';' — 0:0;00)CY + (Coyy + oAy; — aiajA(])akAk(ij)}

(6,5,k)

iN 1 N
— o 2 5 2060 = 0 = 08)C6 + (Crip + 20y — Oilkji — 03 Aki) oA |
(4,5,k)
ZN 3(12) A3(12) A3 2 3(12) 2 3(12)
504 (A0 Copy — A1 — ApC® — App0p A1 — Ag210,A%02)]
(4.67)
where we have used equations such as
37 (0khij + O ji + 9A)Co ™ = 37 9A;(Co 4 CJF) 4 G
(i,3,k) (i.j,k) (4.68)

=0.
Thus, on the boundary 2% = 0, the term
5gSgSPT,e
- / dxodxldng [A302Ch15 — Ao (G312 + A1) — Ag(C* + 10,4 |

(4.69)

arises. From the boundary conditions (4.64)—(4.66), the background gauge parameters also
satisfy

Asspro |z3—0 = ABFo, (4.70)
Asspr.12 |23=0 = Agra2, (4.71)
Ag(SllgTO |x3 0 — A1182F0 (4-72)

on the boundary, and then it matches the 't Hooft anomaly of the 2+1d exotic BF' theory
(2.32). Therefore we can also cancel the 't Hooft anomaly of the 2+1d exotic BF theory on
the boundary by the gauge-variation of the 3+1d exotic SSPT phase with three foliations on
the bulk.

In the foliated form, the SSPT phase with two foliations (4.1) are related to the one with
three foliations (4.60) in a rather simple way. On the other hand, in the exotic form, relation
between the SSPT phase with two foliations (2.47) and three foliations (4.60) is non-trivial.
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To convert the SSPT phase from the foliated form to the exotic form, we must integrate
out Co1, Co2, Co3 and p. However, in the case of the foliated SSPT phases, they are smoothly
deformed into each other preserving the 90 degree rotational symmetry Z, provided that
the bulk gauge field ¢ is not dynamical. Thus we cannot naively deform the exotic SSPT
phase with two foliations into the one with three foliations. This is an obscure point of the
deformation.

5 Conclusion

In this work, we have discussed the mixed 't Hooft anomaly of subsystem symmetry in the
exotic and foliated BF' theories in 2+1 dimensions and the SSPT phases in 341 dimensions
that cancel it via the anomaly inflow. We have constructed the exotic and foliated SSPT
phases with two and three foliations respectively by using the foliated-exotic duality. Along
the way, we have shown the non-topological operator can be considered as a symmetry-like
operator. We have also seen that both of the SSPT phase with two foliations and three
foliations match the same 't Hooft anomaly of the exotic/foliated BF' theory, and have
pointed out that this fact may be a clue for characterizing 't Hooft anomalies of subsystem
symmetry.

One of the future directions is to further investigate the anomaly inflow for subsystem
symmetries. In this paper, we have considered the 3+1d SSPT phase with two foliations
el = dr' and €* = dz? with the 2+1d exotic/foliated BF theory with two foliations on
the boundary 22 = 0. If the boundary is 22 = 0, the boundary theory would be the 2+1d
exotic/foliated BF theory with one foliation. Furthermore, it is interesting to put the SSPT
phase on the region 2> > 0 and z® > 0 with the boundary 22> = 0 and 2®> = 0 with a
corner. This situation is related to higher-order SSPT phases [60-62], where the anomaly
theory would arise on the corners or hinges. Even if the SSPT phase we have considered
does not have the corner theory, there may be effective field theories of such higher-order
SSPT phases, and finding them is also an interesting topic. These studies will be connected
to larger goals, which are the characterization of the 't Hooft anomaly and the classification
of SSPT phases.

The other direction is to expand the foliated-exotic duality. There are gapless fractonic
theories (e.g., the ¢ theory [15]) in the exotic form, but the corresponding foliated QFTs have
not yet been found. Moreover, it is interesting to consider relation between exotic/foliated
theories and other topics on fractonic theory, such as the boson-fermion duality with sub-
system symmetry [63], the infinite-component Chern-Simons-Maxwell theory [64,65], and
the non-invertible duality interfaces with subsystem symmetries [66]. Since exotic form and
foliated form have different manifest structure, clarifying the correspondences will lead to a
deeper understanding of fractonic QFTs and subsystem symmetries.
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