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Abstract. In this paper, we investigate the quasi-particle (QP) relaxation of strongly

disordered superconducting resonators under optical illumination at different bath

temperatures with the Rothwarf and Taylor equations and the gap-broadening theory

described by the Usadal equation. The analysis is validated with various single-photon

responses of Titanium Nitride (TiN) microwave kinetic inductance detectors (MKIDs)

under pulsed 405 nm laser illumination. The QP relaxation in TiN is dominated by

QPs with energy below the energy gap smeared by the disorder, and its duration is still

inversely proportional to the QP density. The QP lifetime versus temperature can be

fitted. The relaxation of the resonator can be further modeled with QP diffusion. The

fitted QP diffusion coefficient of TiN is significantly smaller than expected. Our result

also shows a significant increase in QP generation efficiency as the bath temperature

increases.

1. Introduction

Strongly disordered superconductors have been widely used for superconducting

resonators for photon detection in astrophysics[1, 2, 3, 4] and qubit readout in quantum

circuits[5]. They are particularly favored for microwave kinetic inductance detectors[6]

(MKIDs) in the optical and near-infrared bands because of their high quality and high

resistivity for better optical efficiency[2, 7, 8].

Compared to aluminum superconducting resonators[9], MKIDs made of strongly

disordered superconductors show a different QP relaxation process under optical

illumination. First, the QP relaxation in these MKIDs shows a very fast QP relaxation

after photon absorption as the bath temperature (Tbath) decreases[2, 7, 8, 10]. Second,

their resonance frequency shift versus Tbath is proportional to the optical power (Popt)

under steady illumination[3, 11], while the resonance frequency of MKIDs made of

superconductor described by BCS theory[12] is proportional to[9]
√
Popt. Third, the
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response in the optical band is much smaller than expected[8, 13, 14]. Fourth, the

density of states (DoS) of the QPs below the energy gap (∆) is not zero due to the

energy gap being smeared by the disorder[15]. Thus, many QPs with energy less than

∆ would be in the disordered superconductors. However, the response of these QPs to

the optical illumination remains unknown.

In this paper, we investigate the QP relaxation time in strongly disordered

superconductors with the single-photon response of TiN MKIDs at 405 nm. We show

that the QP relaxation in TiN under optical illumination at low temperatures still follows

the Rothwarf and Taylor (RT) equations[16] despite the observed anomalous response.

We have also obtained an analytical solution of RT equations for superconductors with

relatively slow relaxation at low temperatures with various phonon-trapping factors. We

further considered QP diffusion in the superconductor and fitted the diffusion coefficient

(Dqp) and the pair-breaking coefficient (η), showing there is a significant increase in η as

the bath temperature increases, which can be the reason for the increasing responsivity

of TiN under illumination observed elsewhere[13]. The fitted Dqp is significantly smaller

than expected, which can be why the QPs relax quickly after the photon absorption.

MKIDs in the optical and near-infrared bands are usually high-quality lumped

superconducting resonators[7, 10, 17, 18, 19, 20] that are made of an interdigitated

capacitor (IDC) and a meander. Photons (ℏω > 2∆) absorbed in the meander break

Cooper pairs and generate QPs, recombining into Cooper pairs and emitting phonons

within the QP lifetime. The extra QPs increase the kinetic inductance and lower the

resonance frequency. Such a response can be read out in the phase and amplitude of

the resonator by a probing tone at the resonance frequency.

2. Superconducting Gap Broadening

The gap broadening of disorder superconductors is formulated by the Usadal equations

as[15, 21, 22]

iE sin θ +∆cos θ − αd sin θ cos θ = 0, (1)

where sin θ and cos θ are the quasi-classical disorder-averaged Green’s functions. E

is the energy relative to the Fermi level. The QP DoS can be obtained as ρqp(E) =

N0Re{cos θ}. The case αd = 0 corresponds to the BCS DoS with a peak at E = ∆.

When αd > 0, the superconducting gap will be broadened, and there would be nonzero

DoS for E < ∆. It means there are QPs with E < ∆. The complex superconductivity

σ = σ1 − iσ2 can be obtained via Nam’s theory[23] as

σ1

σn

=
1

ℏω

∫ −Eg

Eg−ℏω
g1(E,E ′)[1− 2f(E ′)]dE

+

∫ ∞

Eg

g1(E,E ′)[f(E)− f(E ′)]dE
(2)
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σ2

σn

=
1

ℏω

∫ ∞

Eg−ℏω
g2(E,E ′)[1− 2f(E ′)]dE

+

∫ ∞

Eg

g2(E
′, E)[1− 2f(E)]dE, (3)

with g1 and g2 as

g1 =Re{cos θ(E)}Re{cos θ(E ′])}
+Re{cos θ(E)}Re{cos θ(E ′)}

g2 =Im{cos θ(E)}Re{cos θ(E ′)}
+ Im{i sin θ(E)}Re{i sin θ(E ′)}

E ′ = E + ℏω and f(E) the Fermi-Dirac distribution, and Eg is the effective energy gap

where the DoS starts to be positive and σn is the normal-state conductivity, equations

1.3a or 1.3b in [23].

Thus, phonons with energy above 2Eg can break the cooper pairs in TiN but with

a lower probability.

3. Rothwarf and Taylor Equations

RT equations are a general phenomenological description of the dynamics between QPs

and phonons for various superconductors[24, 25, 26, 27, 28] as

dn

dt
= I + βP −Rn2

dP

dt
= −β

2
P +

Rn2

2
− γ(P − P 0

T ) (4)

where n = n(t) and P = P (t) are the concentrations of QPs and phonons in the

superconductor, β = 2/τB is the pair-breaking rate caused by the phonon absorption,

τB is the time a phonon breaks a cooper pair, and R is the QP recombination rate with

the creation of a phonon. I is the background QP generation rate per unit volume. P 0
T

is the concentration of phonons in thermal equilibrium at temperature T with I = 0,

γ = 1/τes is their decay rate τes is the time phonons takes to escape to the substrate.

P 0
T = Rn2

T/β and nT is the thermally excited QP density as

nT (T ) = 4N0

∫ ∞

0

f(E, T )ρ(E, T )dE, (5)

where f(E, T ) is the Fermi-Dirac distribution and ρ(E, T ) is the DoS of the QPs. N0 is

the single spin density on the Fermi level. Factor 4 accounts for two possible electronic

spins and the integration of DoS from −∞ to ∞. Here all the phonons with ℏω > 2Eg

are taken into account for the broadened superconducting gap. And we still consider

that the number of the QP generated by a photon with energy Eph as

δn =
ηEph

∆V
, (6)
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with η the pair-breaking efficiency and V the volume of the superconductor, as the QP

DoS shows a maximum at E = ∆.

By neglecting the spatial fluctuation of the QP density in TiN[29], the steady-

state (dn/dt = 0 and dP/dt = 0) QP density nqp and PT can be obtained as[30]

nqp =
√
ΓI/R + (nT )2, and PT = I/2γ + P 0

T , where Γ = (1 + β/2γ) is the so-called

phonon trapping factor[31].

Eq. (4) can be approximated as[26, 27]

n(t) = n1(t) + n2(t)− ns (7)

n1 describes the dynamic for the superconductor to reach a quasi-stationary state,

in which the QPs density in the superconductor reaches the maximum ns and starts

to recombine back to Cooper pairs. n2 describes the relatively slow procedure[27]

(d2n/dt2 ≪ dn/dt) in which the superconductor recovers from the perturbation. At

low temperatures (T ≪ Tc, Tc is the critical temperature of the superconductor), n1, n2

and ns are solved as follows[27]

n1(t) =
β

R

[
−1

4
− 1

2ξ
+

1

ξ

1

1−Kexp(−βt/ξ)

]
(8)

n2(t) = nqp

(
1 + κe−t/τqp

1− κe−t/τqp

)
(9)

ns =
β

4R
(
2

ξ
− 1) (10)

with the QP relaxation time τqp as

τqp = Γ/(2nqpR), (11)

and

1

ξ
=

√
1

4
+

2R

β
(n0 + 2P0) (12)

K =
(4Rn0/β + 1)− 2ξ−1

(4Rn0/β + 1) + 2ξ−1
(13)

κ = (ns − nqp)/(ns + nqp) < 1 represents the magnitude of perturbation of the QP

density in the superconductor.

n0 = nqp+δn and δn = ηEph/V∆ is the change of the initial QP density with Eph the

photon energy, η the pair-breaking efficiency and V the volume of the superconductor.

P0 is the initial phonon density as

P0 = PT +
δP

1 + 2γ/β
(14)

where δP is the initial change of the phonon density. We introduce a factor (1 + 2γ/β)

to account for the phonon loss when QP density reaches the maximum. δP > 0
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Figure 1. Analytical solution of Eq. (4) at low temperatures. (−−), (−·) and (· · · · ·)
corresponds to δP = 0, δP = (1 − η)E/2V∆ and P0 = PT + δP after initial photon

absorption. P0 = PT + δP corresponds to γ/β = 0, which is referred as strong

bottleneck condition[27]. This condition is usually not met for superconductors at

extremely low temperatures.

will lead to an increase in QP density after photon absorption[26]. Eq. (9) shares

the same expression by Wang et al[32] (Eq. (2)), but with a different meaning of κ.

Eq. (9)-(14) are valid for different phonon trapping factors and are compared with the

numerical solution of Eq. (4), which are shown in Fig. 1. Here the case with δP = 0,

δP = (1 − η)Eph/(2V∆) with η = 0.57 are compared, which is a typical value for

Cooper-pair breaking detectors [33], primarily constrained by the fact that phonons will

not further break Cooper pairs when their energy is less than the binding energy of the

Cooper pairs.. The situation γ/β = 0, which corresponds to the original condition[27]

for Eq. (7) to (11) is also included for comparison. This condition is usually not met for

superconductors at extremely low temperatures as τB is relatively long. The QP density

increases after photon absorption for δP > 0, as observed in MgB2[26]. Here, we set

δP = 0 for simplicity mainly for two reasons. First, after the superconductor absorbs a

photon in the optical band, the created phonons with energy more significant than the

Debye energy will escape to the substrate immediately[18]. Second, the response time of

MKIDs τres = Q/πfr is on the order of 1 µs, where Q is the quality of the resonator, fr
is the resonance frequency. Thus, it is difficult to determine the value of δP from pulse

relaxation. A separate measurement of a TiN film with femtosecond spectroscopy[26] is

necessary to determine the value of δP , the recombination rate R, and the pair breaking

rate β.
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4. MKIDs Transient Response

As the current distribution in the meander is almost uniform, the first-order time-

dependent phase response of the MKID δϕ relative to the center of its resonance circle

on the IQ plane is the convolution[34, 35, 36] between the detector response and the

QP’s temporal and spatial relaxation n(x, t), which is

δϕ =

∫ t

0

∫
V

ϕ0

τres
e−(t−τ)/τresδn(v, τ)dvdτ, (15)

ϕ0 =
2αQℏω
π∆0V

· dσ2

dnqp

, (16)

where ω = 2πfr is the angular frequency, α is the kinetic inductance fraction, ∆0 is

the energy gap of the superconductor at absolute zero, and σ2 is the imaginary part of

the complex conductivity σ = σ1 − jσ2 of the superconductor. dσ2/dnqp is estimated

numerically with Eq. (3) for TiN.

Table 1. Main Parameters for TiN MKIDs

Tc d Lk ρn* Qi αd Q fr α

(K) (nm) (pH/□) (µΩ·cm) (k) (∆0) (k) (GHz)

TiN1K 0.84 60 84 330 9.0 0.12 6.3 3.182 0.98

TiN2K 2.1 15 61 140 18 0.092 13.1 2.625 0.85

TiN4K 4.0 25 30 210 49 0.132 8.7 4.009 0.60

*ρn is measured at before the superconducting transition.

For sufficiently large t (usually on the order of 10 − 20 µs, depending on the QP

lifetime) after photon absorption, the QPs diffusion can be neglected. By inserting

Eq. (7) into Eq. (15), the temporal phase response of the resonator solved analytically

is expressed as

δϕ =2nqpϕ0V

∞∑
m=1

τqpκ
m

τqp −mτres

(
e−mt/τqp − e−t/τres

)
(17)

We neglected the contribution of n1(t) − ns as the time scale is on the order of

nanoseconds, much shorter than τres. For τres ≪ τqp, Eq. (17) can be further simplified

as

δϕ ≈ 2nqpϕ0V

(
κe−t/τqp

1− κe−t/τqp
− κ

1− κ
e−t/τres

)
. (18)

The first term in Eq. (18) is the same as the result obtained by Fyhrie et al. [37] with

an assumption that QP lifetime saturates at low temperatures[38]. Eq. (18) has been
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used to fit the relaxation for QP relaxation for different MKIDs[37, 10]. The procedure

to obtain Eq. (15) to (18) can be found in Appendix A

τqp fitted only by exponential decay will decrease when κ increases. For κ → 1, the

higher-order terms κme−mt/τqp in Eq. (17) become dominant because they have a weight

of κm in the series and lead to faster relaxation of the resonator with a relaxation time

of τqp/m. Thus, the QP relaxation shows a second relaxation at low temperatures when

the QP density in the superconductor is low. The resonator follows an exponential decay

when κ decreases, as κ → 0, only the first term in the series in Eq. (17) is essential.

In this case, the QP relaxation in MKIDs approaches the exponential decay, and the

relaxation time fitted from exponential decay will be close τqp as the temperature rises.

5. MKIDs Characterization

We investigate the QP relaxation in TiN MKIDs with different critical temperatures

by fitting the single photon relaxation at λ = 405 nm. The detailed parameters for

TiN MKIDs are listed in Table 1, where d is the TiN film thickness. The TiN films are

deposited on sapphire substrates by magnetron sputtering, which are then patterned

into resonators using photolithography and reactive ion etching. The films’ internal

quality factor Qi is relatively low as they are fabricated on sapphire[13, 14, 39], which is

probably due to the lattice mismatch on their interface. The MKIDs design of TiN1K

can be found in the Appendix B The design of TiN2K and TiN4K can be found in our

previous publication[13].

The MKIDs are characterized in a pulse tube-pre-cooled adiabatic demagnetization

refrigerator (ADR)[40]. A niobium cylinder shields the stray magnetic field and sheets

of metglas 2714a around MKIDs. A pulsed 405 nm laser illuminates the MKIDs through

an optical fiber. The MKIDs are read by a standard homodyne mixing scheme with

a readout power of about 2 dB below bifurcation. The pulse response of the MKID

is sampled by an oscilloscope at 100 MHz and processed by a Wiener optimal filter to

generate the photon-counting statistics with the average pulse phase response as the

template. More details on the measurement setup can be found in Appendix C.

The measured height pulse statistics with two different optical illumination powers

are shown in the inset of Fig. 2 for TiN1K , in which the first two peaks correspond to

0-photon and 1-photon. We obtain 0-photon and 1-photon responses by averaging the

hundreds of events in the full-width-at-half-maximum (FWHM) in the corresponding

peaks. The 0-photon event corresponds to a non-zero background phase response

that is due to electrical crosstalk from the surrounding pixels, phonons from the

surrounding pixels through the substrate, as well as the photon absorbed in the Nb

ground plane and the Nb feedline, as its rise time is around 3.5 µs and is much longer

than τres ≈ 0.6 µs. The pulse statistics shift towards the right, which indicates a more

significant background response. The 0-photon can be reduced using a microlens array[2]

above the meander or continuous illumination[18]. We used a pulsed illumination as it

better captures the pulse response’s rising edge and the multi-photon events.
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Figure 2. The 1-photon and the 0-photon responses averaged from the FWHM of the

corresponding peak in the pulse statistics of the measured MKID for Popt = 5 dBm.

The photon absorption in the meander is obtained by removing the 0-photon event

calculated by Eq. (19). The inset shows the pulse statistics illuminated with two

different optical powers.

Due to the high resistivity of the TiN film, the diffusion length of the QPs

l =
√

Dqpτqp is much shorter than the total length of the meander, as the QP diffusion

coefficient[41] is Dqp = DN

√
2kBT/π∆, with DN = σn/e

2N0, σn the normal state

conductivity. Therefore, the 0-photon and the photon absorption in the meander can

be considered independent. The 1-photon response (δI1, δQ1) can be decomposed as

the summation of the 0-photon response (δI0, δQ0) and the photon absorption (δIph,

δQph) in the meander in the in-phase and quadrature plane as

δI1 = δI0 + δIph, δQ = δQ0 + δQph. (19)

After removing δI0 and δQ0, the phase response of the photon absorption can be

calculated, as shown in Fig. 2, which has a shorter relaxation time than the 0-photon

response and a very fast relaxation after the photon absorption. And they are the same

for the two optical powers.

We fit the resonance frequency shift δfr/fr and the QP relaxation time τqp versus

Tbath together with the superconducting gap broadening with the disorder to obtain Γ/R,

αd, the measure of the disorder of the superconductor and a parameter to calculate the

DoS of the QPs in TiN, I, the background QP generation rate in Eq.̃(4) and Tqp, the

temperature of the QPs. The resonance frequency shift based on the Mattis-Bardeen

theory[42] is added for comparison. The resonance frequency versus the Tbath can be

fitted as[43] δfr/fr = αδσ2/2σ2 for thin film, as shown in Fig. 3-(A). The inset shows

the broadened DoS at T = Tc. The QP lifetime shown in Fig. 3-(B) is fitted with



9

���� ���� ���� ���� ��	�
�	�����


���

���

��	

��


� �
��
��
�

���

�
��� �
�	� �
���

�����

�
��

����

�	��

�

��
���
��

�
�

���

���
�
���

�
�	�

�
���

����

����

����

����

��
���

��
���

��
��
��

��
��

��� ��� ��� ���
����

�

�

	

� �
���

�

Figure 3. (A): Measured frequency shift versus Tbath/Tc for different MKIDs as

shown in Table 1. The dashed line is the fitted frequency shift with the disorder. The

dashed dot line (−·) is calculated with the standard Mattis Bardeen theory[42]. The

inset shows the broadened DoS at T = 0.1Tc. The dashed dot line shows the DoS

for the BCS superconductor. (B): Fitted QP lifetime with Eq. (17) from the single-

photon response of different MKIDs versus Tbath/Tc. The dashed line is fitted with

τqp = Γ/2nqpR versus temperature. The right axis shows the ratio of the QPs above ∆

in nqp, calculated as 4N0

∫∞
∆

f(E, T )ρ(E, T )dE/nT (Tqp). nT (Tqp) is calculated with

(5).

phase relaxation starting from the half of the maximum of the pulse response[10] with

Eq. (17). Eq. (11) is fitted to the measured values of the QP lifetime versus Tbath.

We assume a Kapiza boundary[44] on the interface between the TiN and the

sapphire as

Pd = ΣAs

(
T 4
qp − T 4

bath

)
, (20)

where Σ is a material constant, As is the area of the meander and Pd is the dissipated

microwave power in the resonator due to the internal loss[45]. Tbath refers to the

temperature of the sapphire substrate and is considered the same as that of the
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thermometer. Here, we neglect the temperature difference between QPs and phonons in

the superconductor as we do not observe significant QP lifetime saturation[46, 47]. Tqp

is expected to be higher than phonon temperature in the superconductor when Tbath is

low due to the thermal decoupling between the electrons and phonons. The obtained

Tqp is about 120 mK, 273 mK, and 400 mK for TiN1K , TiN2K and TiN4K respectively

at Tbath = 50 mK. Although the phonon temperature is overestimated, the equivalent

temperature of the QPs remains reasonable[48, 46]. It can be seen that Fig. 3-(B) that

the QPs with energy less than ∆ dominate, and we can also expect that when Tbath is

low compared to Tc, the QP dynamic of TiN deviates from the BCS theory as the ratio

of QPs with energy less than ∆ increases. The detailed fitting procedure can be found

in the Appendix D.

6. Quasi Particle Diffusion

We further analyze the QP diffusion by introducing the diffusion term in the RT

equations as[49]

dn

dt
= Dqp∇2n+ I + βP −Rn2

dP

dt
= Dph∇2P − β

2
P +

Rn2

2
− γ(P − P 0

T ) (21)

Dqp and Dph are the diffusion coefficients for the QPs and phonons.

It is observed that as long as the QP lifetime τqp is kept the same, the solution of

Eq. (4) will be the same for different Γ. Thus, with the fitted Γ/R, Tqp, I and αd, nqp

can be calculated. R can be obtained if we assume a value for β and η. As we don’t

observe high energy resolving power in our MKIDs, Γ is set to be on the order of 1. We

further assume Dph = 0 the phonon diffusion is negligible. In this case, by neglecting the

process of 2D QP diffusion to 1D after photon absorption, the measured pulse response

of MKIDs can be fitted with the result numerically obtained by solving Eq. (4) and (15)

in 1D with two fitting parameters, the quasi-particle diffusion coefficient Dqp and the

pair breaking efficiency η with a proper initial condition.

The initial QPs are assumed to be Gaussian distributed with σ0 on the order of

the thickness of the film. The Gaussian distribution is taken as the QP density should

be continuous and symmetrical after the initial photon absorption, and it is a good

approximation of the Dirac function. Dqp is almost independent of σ0, while η shows

a strong dependence as the initial relaxation rate of QP after the photon absorption is

proportional to n2
qp. The σ0 is chosen to have η smaller than 0.6. We consider that τqp

for TiN4K is too short and that the initial 2D QP diffusion is essential. The 1D diffusion

model doesn’t hold for TiN4K . We fix[50] N0 = 6.0 × 1010 eV −1µm−3, a value needed

to be determined experimentally for our film by measuring the diffusion constant in the

normal state. The detailed fitting procedure can be found in Appendix E.

The single photon response fitted with Eq. (4) and (15) is shown in Fig. (4)-(A)

for TiN1K and TiN2K at Tbath = 50 mK, which shows that the fast QP relaxation term
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Figure 4. (A): Measured and fitted resonator relaxation for TiN1K and TiN2K at

Tbath = 50 mK with 1-D diffusive RT equations. The inset shows the pulse in the

log scale. (B): The fitted diffusion coefficient versus normalized temperature. The

solid line is calculated as Dqp = DN

√
2kBT/π∆. The dashed line is calculated as

Dqp = 4
nqp

∫∞
∆

DEf(E)ρqp(E)dE. (C) The fitted photon to QP conversion efficiency

η at different temperatures. The error bar corresponds to one standard deviation σ

and is obtained when χ2 increases by about 2.3, corresponding to σ for two parameter

fitting.
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can be well modeled.

The fitted Dqp versus Tbath is shown in Fig. (4)-(B). It is about two orders smaller

than the theoretical value for two reasons. First, we have considered the QPs with energy

less than ∆ and still assume the QP density follows the Fermi-Dirac distribution. The

number of these QPs significantly outnumbered the QPs with E > ∆, as is shown in

Fig. 3-(B). The diffusion coefficient of the QPs is energy-dependent, such as for the BCS

superconductor[51],

DE = DN

√
1− (∆/E)2. (22)

Thus, the diffusion coefficient of the low-energy QPs should be significantly lower than

those with energy larger than ∆. Second, there is a spatial distribution of the ∆ in

the TiN[52], which makes the QPs more difficult to diffuse. The Dqp we obtained can

be interpreted as the average Dqp over the QPs with different energy. As QP diffusion

dispersion is not known for TiN, Eq. (22) is taken for calculation. Then, the averaged

diffusion coefficient can be calculated as

Dqp =
4

nqp

∫ ∞

∆

DEf(E)ρqp(E)dE, (23)

which is in qualitative agreement with the fitted QP diffusion coefficient. Essentially, we

treat the QPs with E < ∆ as ”trapped” QPs, which are consistent with the arguments

for the anomalous response in TiN[7, 3].

A direct measurement of the QP diffusion coefficient of TiN at low temperatures is

needed to investigate the diffusion coefficient further. The low diffusion coefficient can

be the reason for the response of the MKIDs made of disordered superconductors being

small[13, 14].

We focus on how η evolves with Tbath in Fig. 4-(C). η tends to increase when Tbath

increases especially for TiN2K . One of the possible reasons for the rise of η is due

to the presence of the two-level system (TLS) on the interface between the TiN and

the sapphire, which absorbs part of the photon energy[19]. As Tbath increases, TLS

saturates, and then η increases. Another possible reason is when the temperature is

low, the phonon generated by the recombination of the QPs with energy less than ∆

has a lower probability of breaking Cooper pairs. When Tbath increases, the percentage

of QPs with energy above ∆ increases, increasing η. Additionally, an increase in Tbath

boosts the Dqp, resulting in more QPs being detected by the resonator. With the n2

term influencing the recombination rate in the RT equation, a higher Dqp translates

to slower QP relaxation. In this case, η will increase as the temperature increases,

consistent with the previous publications[3, 13, 14], where an increase of responsivity of

the MKIDs has been observed when Tbath rises. The fitted η shows large uncertainty as

η is mainly related to the maximum of the pulse, which usually shows large uncertainty.

We show how η and Dqp affect the response of MKIDs in Fig. 5 and Fig. 6. It can

be seen that Dqp significantly affects the pulse response.

The increase in η versus Tbath could be one of the reasons why the frequency change

of TiN MKIDs versus optical illumination is proportional to Popt in the continuous
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Figure 5. MKIDs response with different η for TiN2K at Tbath = 50 mK. The inset

shows the maximum of the pulse versus η. Dqp is fixed with value shown in Fig. 4-(B)

illumination in the millimeter wave range. For the continuous illumination, the

change in QPs in the superconductor is δnqp = ηPoptτqp/(∆V ). With Eq. (11),

τqp = Γ/[2(nqp + δnqp)R]. Then, δnqp can be solved as

δnqp = −nqp

2
+

1

2

√
n2
qp +

2η(Popt)PoptΓ

R∆V
. (24)

Here we put η as a function of Popt to indicate its temperature dependence. If η increases

with Popt, the responsivity of MKIDs would increase with Popt, as is observed in previous

publications[3, 11]. We consider it necessary to solve the full kinetic equations[53] to

investigate better the rising edge of the pulse response of MKIDs and better understand

the temperature dependence of η.

7. Conclusion

In conclusion, we have modeled the single-photon relaxation process of TiN MKIDs

on sapphire with the diffusive Rothwarf and Taylor equations and the gap-broadening

theory based on the Usadal equation for disordered superconductors. Our results

qualitatively show the QPs with energy less than ∆ dominate the QP relaxation. The

QP diffusion coefficient leads to fast relaxation of QPs after the photon absorption

observed in different materials.
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shows the maximum of the pulse versus Dqp. η is fixed with value shown in Fig. 4-(C)
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Appendix A. MKIDs Responsivity

The response of MKIDs to excess QPs can be expressed as

dϕ =
dϕ

dωr

· dωr

dL
· dL
dσ2

· dσ2

dnqp

· δNqp

V
(A.1)

with[54] dϕ/dωr the change of phase due to the change of the resonance frequency, and

dωr/dL the resonance frequency change due to the change of the inductance as

dϕ

dωr

=
4Q

ωr

(A.2)

dωr

dL
= −αωr

2Lk

(A.3)

with L = Lg + Lk the total inductance in the resonator, α = Lk/L the fraction of the

kinetic inductance and Lg is the geometrical inductance. α is close to 1 for TiN. ωr

is the resonant frequency. For a thin film superconductor, the kinetic inductance is

Ls = 1/(σ2ωd) and d is the film thickness[43], thus,

dL

dσ2

= −Lk

σ2

(A.4)



15

With[43] σ2/σn ≈ π∆0/(ℏω) and σn the normal state conductivity, Eq. (A.1) can be

expressed as

dϕ =
2αQℏω
π∆0σn

· dσ2

dnqp

· δNqp

V
(A.5)

Here, δNqp is the change of the QP number in the resonator, and it can be expressed as

the convolution with the detector response as

δNqp =

∫ t

0

∫
V

e−(t−τ)/τres

τres
δn(v, τ)dxdτ (A.6)

where V is the volume of the meander, τres = Q/πfr is the response time of the resonator.

By substituting Eq. (A.5) into Eq. (A.6), Eq. (15) in the main text can be obtained, as

δϕ =

∫ t

0

∫
S

ϕ0

τres
e−(t−τ)/τresδn(s, τ)dsdτ.

ϕ0 =
2αQℏω
π∆0V

· dσ2

dnqp

For TiN, we calculate the dσ2/dnqp numerically with Eq. (3) in the main text. For a

BCS superconductor, dσ2/dnqp can be calculated as

dσ2

dnqp

= −σn
πS2

2N0ℏω
, (A.7)

S2 = 1 +

√
2∆0

πkBT
e−ξI0(ξ) (A.8)

with ξ = ℏω/2kBT and I0 is the Bessel function of the first kind.

For sufficiently large t (usually on the order of 10-20 µs, depending on the

QP lifetime) after photon absorption, the spatial distribution of the δn(x, t) can be

neglected. Thus, with Eq. (9), δn(t) can be expressed as

δn(t) = nqp

(
1 + κe−t/τqp

1− κe−t/τqp

)
− nqp

=
2κnqpe

−t/τqp

1− κe−t/τqp

= 2nqp

∞∑
m=1

κme−mt/τqp (A.9)

By substituting Eq. (A.9) into Eq. (15), we obtain Eq. (17) as

δϕ =
ϕ0V

τres

∫ t

0

e−(t−τ)/τres2nqp

∞∑
m=1

κme−mt/τqpdt

=
2nqpV ϕ0

τres

∞∑
m=1

κme−t/τres

∫ t

0

e
−mτ

τqp
+ τ

τres dt

= 2nqpV ϕ0

∞∑
m=1

κm τqp
τqp −mτres

(
e−mt/τqp − e−t/τres

)
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Nb

TiN

Figure B1. MKIDs design for TiN1K . The meander is made of TiN. The rest of the

resonator and the feedline are made of Niobium.

For τqp ≫ τres, we obtain Eq. (18) as

δϕ ≈ 2nqpV ϕ0

∞∑
m=1

κm
(
e−mt/τqp − e−t/τres

)
= 2nqpV ϕ0

(
κe−t/τqp

1− κe−t/τqp
− κ

1− κ
e−t/τres

)
(A.10)

Appendix B. TiN1K MKIDs Design

The detailed design of MKIDs with TiN1K is shown in Fig. B1. The measured TiN

MKID is one of the first pixels in a 1000-pixel array. The meander line is made of

sputtered 60 nm TiN on sapphire with a film resistivity of about ρn = 330 µΩ · cm
(Rs ≈ 55.0 Ω/□) and its size is 40.5 × 38.5 µm2 with a strip width of 2.5 µm and a

gap of 0.5 µm. The total length of the meander is about 520 µm. The IDC is made

of niobium, and its size is about 120 × 90 µm2 with both strip width and spacing of

1.2 µm. The niobium film is 100 nm with a critical temperature of around 9.2 K and a

kinetic inductance of about 0.2 pH/□.

Appendix C. Measurement Setup

The detailed measurement setup for the MKIDs is shown in Fig. C1. The MKIDs are

characterized in a two-stage pulse tube pre-cooled adiabatic demagnetization refrigerator
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(ADR) at Laboratoire Astropaticule & Cosmologie (APC). The stray magnetic field is

shielded by a niobium cylinder that is 1.5 mm thick and sheets of metglas 2714a around

MKIDs. The niobium cylinder is thermalized on the 1 K stage and encloses the entire

0.1 K stage. The MKIDs are read by a standard homodyne mixing scheme. The

input signal is generated by a signal generator (SMA100A). It is first attenuated by a

programmable attenuator (RCDAT-8000-60) at room temperature and then attenuated

20 dB, 10 dB, and 20 dB (XMA-2082 series) on 4 K, 1 K, and 100 mK before being

fed into MKIDs. The output signal from MKIDs is first amplified by an LNA (LNF-

LNC0.3 14B) on the 4K stage and amplified further by two room temperature amplifiers

(ZVA-183W-S+). The signal is down-converted to DC by an IQ mixer (AD(0.4-6.0))

and then sampled by an oscilloscope (HDO6034). Two double DC blocks (SD3463)

are placed between the 4K and 1K stages to operate the heat switch in the cryostat.

The readout power is estimated to be around -100 dBm at the input of the detector.

The MKIDs array is illuminated by an optical fiber placed 35 mm above the pixels.

The 405 nm laser (LP405C1) is modulated by a 250 Hz pulse from the pulse generator

(TG5012A) of a width of 50 ns. The output power of the laser is estimated to be a few

pW outside the cryostat, attenuated by a digital step attenuator (DD-100 series from

OZ optics). The pulse response of the MKID is sampled by an oscilloscope (HDO6034)

at 100 MHz.

4K
LNF-LNC0.3_14B

-20dB

1K 0.1K70K

MKIDs

NbTi Coax

CuTi Coax 
35dB

-10dB

RCDAT-8000-60

300K

Laser

LP405C1

15dB

Pulse Generator

TG5012A

30dB

ZVA-183W-S+AD(0.4-6.0)

Oscilloscope

HDO6034

DD-100 Nb shield

Metglas 2714A

-20dB

SMA100B

XMA - 2082- 20dB

Double 

DC Block

Figure C1. Detailed measurement Setup for the MKIDs

Appendix D. Resonance frequency shift and QP lifetime fitting

We first fit the quality factor Q, resonant frequency fr and the coupling quality factor

Qc from the transmission of the resonator S21 as

S21 = ae−2πjfτ [1− Q/Qce
jϕ0

1 + 2jQ(f − fr)/fr
] (D.1)

where a is the amplitude of the transmission. τ is the time delay on the cable. ϕ0 is the

parameter to account for the mismatch of the resonator to the circuit.
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Figure D1. QP lifetime τqp fitting for TiN2K at Tbath = 50 mK.

The QP lifetime is fitted from the pulse relaxation from the half of the maximum

using Eq. (17) in the main text, which we rewrite here as

δϕ = 2V nqpϕ0τqp

∞∑
m=1

κm

τqp −mτres

(
e−mt/τqp − e−t/τres

)
.

We show an example of fitting the QP lifetime τqp for TiN2K at Tbath = 50 mK using

Eq. (17) in Fig. D1.

We assume the QPs and the phonons to be of the same temperature and assume a

Kapiza boundary on the interface between the TiN and the sapphire substrate as

Pd = ΣAs

(
T 4
qp − T 4

bath

)
,

where ΣAs is a material constant, and P is related to the power absorbed in the

resonator[45] as

Pd = ηr
Pr

2

4Q2

QiQc

Qi

Qi,qp

(D.2)

where Pr is the readout power for the resonator, ηr is the fraction of the energy in the

resonator that is dissipated, Qi, Qc, Q is the internal quality factor, the coupling quality

factor, and the loaded quality factor respectively. Q = QiQc/(Qi + Qc). We consider

Qi of the MKIDs to be dominated by the QPs and Qi,qp = Qi.

Thus, Tqp can be calculated as

Tqp = (
ηr∑
As

Pr

2

4Q2

QiQc

+ T 4
bath)

1/4 (D.3)
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We set ηr/ΣAs as a fitting parameter and used Qi and Qc fitted from S21 to obtain

Tqp.

We followed the procedure in the thesis by Coumou[55] to calculate the density of

states of the QPs with the disorder αd. We rewrite the Usadal equation Eq. 1 as

iE sin θ +∆cos θ − αd sin θ cos θ = 0

To calculate ∆(T ), the Matsubara representation of these equations is used as

∆ cos θn − ωn sin θn − α sin θn cos θn = 0 (D.4)

with θn = θ(ωn) and

∆ ln

(
Tc

T

)
= 2πkBT

∞∑
m=0

(
∆

ωm

− sin θn) (D.5)

Where ωm = (2m+1)πkBT are the Matsubara frequencies andm = 0, 1, 2, .... Eq. (D.4)

and Eq. (D.5) need to be solved iteratively for all the frequencies until the convergence

is reached. Once the ∆(T ) is solved, sin θ(E) and cos θ(E) can be obtained from Eq. 1.

With sin θ(E) and cos θ(E), the imagery part of complex conductivity σ = σ1− jσ2 can

be calculated with Eq. (3) as

σ2

σn

=

∫ ∞

Eg−ℏω
g2(E,E ′)[1− 2f(E ′)]dE

+

∫ ∞

Eg

g2(E
′, E)[1− 2f(E)]dE

with g2 = Im{cos θ(E)}Re{cos θ(E ′)} + Im{i sin θ(E)}Re{i sin θ(E ′)}, E = E + ℏω
and Eg is effective energy gap with the DoS starts to be positive. With the calculated

density of state ρ(E) = N0Re(cos(θ(E))), the QP density in the superconductor can be

calculated with Eq. (5) at Tqp as

nT (Tqp) = 2N0

∫ ∞

−∞
f(E, Tqp)ρ(E, Tqp)dE,

nqp =

√
Γ

R
I + n2

T (D.6)

With Eq. (11), τqp = Γ/(2nqpR), and δf/f = αδσ2/2σ2, τqp and the resonance

frequency shift can be fitted together with F1 = Γ/R, F2 = ηr/(
∑

As), F3 = αd and

F4 = I as the fitting parameters. We find γI/R is negligible.

Appendix E. Pulse fitting

In this section, we describe how we fit the single photon pulse response of MKIDs. We

rewrite Eq.(21) for easy reference.

dn

dt
= Dqp∇2n+ I + βP −Rn2

dP

dt
= Dph∇2P − βP/2 +Rn2/2− γ(P − P 0

T )



20

� ��� ���
��������

�

��

��

��

	�


�

��
�

��

�

�� ����
�������� ����
��
�� ���
�������� ���
��

Figure E1. Comparison with simulation result with same β/γ but different β and γ

To solve Eq.(21), we need to know the Dqp, β, R, I and P 0
T . From the fitting of τqp

versus temperature, we have obtained value F1 = Γ/R, which is

F1 = (1 +
β

2γ
)/R (E.1)

As long as we keep the same F1, the solution of Eq.(21) remains the same. This is

reasonable as once F1 is fixed, the τqp will be fixed with the same QP density. We assume

that τes = 0.35 ns and τB = 0.25 ns to keep the β/γ on the order of 1 for both TiN1K

and TiN2K as we don’t observe R with our detector[10]. In Fig. E1, we show when

the β/γ is kept the same, the solution is the same τes strongly depends on the acoustic

mismatch between the superconductor and the substrate[56]. It is almost constant

versus temperature[57]. We list the measured values τes of different commonly used

superconductors for easy reference. For a film with a thickness of 60 nm, it is estimated

to be 0.48 ns for niobium[57], around 0.5 ns for NbN depending on substrates[58], and

0.19 ns for aluminum on silicon[30]. τB is also considered a constant as its change can be

negligible in the measured temperature range[56]. In this case, we obtain τ0 = 248 ns and

28 ns for TiN1K and TiN2K respectively, to be on the order of the measured values[50],

which is calculated as[46]

τ0 = (
2∆

kBTc

)3
1

4∆N0R
(E.2)

Here, we list the detailed parameters for fitting the pulse response in Table E1.

With the P 0
T = Rn2

T/β calculated from Eq. (5), I fitted Appendix D, and an

assumption that Dph = 0, we can fit Eq.(21) for Dqp and the pair-breaking efficiency η

with a proper initial condition.
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Table E1. Parameters for pulse fitting for TiN1K and TiN2K @ Tbath = 50 mK

Parameters TiN1K TiN2K comment

Tc 0.84 K 2.1 K The critical temperature

αd 0.12 0.092 The measure of the disorder of the flim

d 60 nm 15 nm The film thickness

τB
a 0.25 ns 0.25 ns The pair-breaking time

fr 3.182 GHz 2.625 GHz The resonance frequency

τ0 248 ns 28 ns The electron and phonon interaction time

τes
a 0.35 ns 0.35 ns The phonon escape time

Q 6.3k 13.1k The quality factor of the resonator.

V 78 µm3 2.55 µm3 The volume of the inductor.

R 5.90× 10−18s−1 2.23× 10−17s−1 The QP recombination rate

tqp 121 mK 273 mK The equivalent temperature of the QPs

σ0
b 100 nm 60 nm The variance of the initial QP distribution.

a These two values are assumed to obtain the Γ. Then, by fitting the QP lifetime versus Tbath

with Eq. (11), R can be obtained. τes for both films are kept the same for simplicity as we

are not able to determine τes in both from our measurement.
b The value is obtained to set η to be smaller than 0.6.

Appendix E.1. Initial Condition

The QPs generated by the absorbed photon in MKIDs is

δNqp =
ηEph

∆
(E.3)

where Eph = 3.06 eV for a 405 nm photon.

We assume the QPs are Gaussian-distributed with σ0. Then, the initial density of

the QPs as

δNqp = wd

∫ l/2

−l/2

1

σ0

√
2π

e
− x2

2σ2
0 dx (E.4)

where w is the width of the strip, d is the film thickness and l is the length of the

meander. The Gaussian distribution is taken for simplicity as the QP density should be

continuous and symmetrical after the initial photon absorption, meanwhile it is a good

approximation to the Dirac function.

Appendix E.2. 1D-Diffusive RT equation

We solve the 1D-Diffusive RT equation for nqp and keep only η and Dqp as the fitting

parameter. We show the fitting χ2 for the pulse TiN2K at Tbath = 50 mK in Fig. E2.
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Figure E2. Fitting χ2 for TiN2K at Tbath = 50 mK
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