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CRAMÉR’S MODERATE DEVIATIONS OF MODULARITY IN

NETWORK

YU MIAO AND QING YIN

Abstract. Complex networks play a crucial role in understanding physical, biolog-

ical, social and technological systems. One of the most relevant features of graphs

representing real systems is community structure. In this paper, for a specific par-

tition of a given network, we prove the Cramér’s moderate deviations of modularity

for the partition when the size of the network gets large.

1. Introduction

The modern science of networks has brought significant advances to our understand-

ing of complex systems. Existing networks often display a high level of local inhomo-

geneity, with high edge density within certain groups of nodes and low edge density

between these groups. A relevant feature of networks is community structure. Detect-

ing communities is of great importance in understanding, analyzing, and organizing

networks, as well as in making informed decisions (see [1, 11, 16, 18]).

Many approaches have been proposed for detecting community structure in networks.

For example, Fortunato [8] provided some striking examples of real networks with com-

munity structure. In order to distinguish meaningful structural changes from random

fluctuations, Rosvall and Bergstrom [21] presented a solution to this problem by using

bootstrap resampling accompanied by significance clustering. Lancichinetti et al. [12]

described a measure aimed at quantifying the statistical significance of single commu-

nities. Zhang and Chen [26] introduced a statistical framework for modularity based

network community detection. Under this framework, a hypothesis testing procedure

is developed to determine the significance of an identified community structure. Ma

and Barnett [14] proved that the largest eigenvalue and modularity are asymptotically

uncorrelated, which suggests the need for inference directly on modularity itself when

the network is large.

Li and Qi [13] proposed a way of evaluating the significance of any given partition

by considering whether this particular partition can arise simply from randomness

under the assumption that there is no underlying community structure in the network.

They further described the global null hypothesis called free labeling. Under this null

hypothesis, they derived the asymptotic distribution of modularity. Moreover, they
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performed a simulation study to validate the asymptotic behavior and further used

some well-known real network data for illustration. The significance of the partition is

defined based on this asymptotic distribution, which can help assess its goodness. Two

different partitions can also be compared statistically. Simulation studies and real data

analyses are performed for illustration. The model for a specific partition of a given

network is as follows.

We consider an undirected graph G consisting of n vertices {v1, v2, · · · , vn} and m

edges {e1, e2, · · · , em}. Let Aij be the number of edges between vertex vi and vertex

vj , for 1 ≤ i, j ≤ n, and ki(n) denote the degree of vertex vi, which is the number of

edges connected to vertex vi (for convenience, we write ki instead of ki(n)). In this

paper, we discuss a simple graph, for which Aij is 0 or 1 if i 6= j and Aii = 0. Then it

is easy to see that

ki =

n
∑

j=1

Aij =

n
∑

j=1

Aji, for 1 ≤ i ≤ n

and
n
∑

i=1

ki = 2m, for 1 ≤ i ≤ n.

Let C denote a partition of network G (using the existing community detection method,

see Fortunato [8]), i.e., each vertex vi (1 ≤ i ≤ n) is associated with a group label or

color ci ∈ {1, 2, · · · , K}, where K is the total number of communities by the partition,

and we denote C = (c1, c2, · · · , cn). Newman [17] introduced the following modularity

of the partition C,

Qn(C) =
1

2m

∑

i,j

(

Aij −
kikj
2m

)

δci,cj =
1

2m

∑

i,j

Bijδci,cj , (1.1)

where

δci,cj =

{

1 if ci = cj

0 otherwise

and

Bij = Aij −
kikj
2m

, 1 ≤ i, j ≤ n. (1.2)

It is not difficult to check that −1 < Qn(C) < 1, and Qn(C) is the weighted sum of

Bij over all pairs of vertices i, j that fall in the same groups. It measures the extent

to which vertices of the same type are connected to each other in a network.

For a given partition C of the network, we are interested in whether this parti-

tion could be obtained by randomly assigning colors to the vertices. The global null

hypothesis H0 is that the colors are assigned to vertices randomly, regardless of the

structure of the network. The probability that a given vertex is labeled as group 1 is

p1 = |Col(1)|/n, where Col(1) is the cardinality of the set of vertices with color 1; the

probability is p2 = |Col(2)|/n for group 2, and so on. For any 1 ≤ k ≤ K, it is easy to

check that

p1 + p2 + · · ·+ pK = 1, pk ≥ 0.



CRAMÉR’S MODERATE DEVIATIONS OF MODULARITY IN NETWORK 3

The labeling of different vertices is assumed to be independent so H0 is also called free

labeling.

Assume that the partition C = (c1, c2, . . . , cn) is a random vector, where c1, c2, . . . , cn
are independent identically distributed random variables, and have the following dis-

tribution

P(c1 = j) = pj , 1 ≤ j ≤ K.

Denote

p(l) =

K
∑

k=1

plk, for l = 1, 2, · · · (1.3)

and

h̄(ci, cj) = δci,cj − pci − pcj + p(2), 1 ≤ i 6= j ≤ n. (1.4)

In this case, we denote Qn(C) by Qn to avoid confusion. Li and Qi [13] proved the

following asymptotic normality of Qn under some conditions:

Qn − µn

σn

d−→ N(0, 1), (1.5)

where µn and σ2
n are given by

µn = E[Qn] = −1− p(2)
4m2

n
∑

i=1

k2
i , (1.6)

σ2
n = V ar(Qn) =

p(2) + p2(2) − 2p(3)

2m2

∑

1≤i 6=j≤n

B2
ij +

p(3) − p2(2)
m2

n
∑

i=1

B2
ii. (1.7)

Yin et al. [25] proved the moderate deviation principle of the modularity estimator for

the specific partition of a given network. Miao and Yin [15] studied the Berry-Esseen

bound and strong law of large numbers of modularity in network when the size of the

network gets large.

Let us recall the development of the Cramér moderate deviations as follows. Let

(ηi)i≥1 be a sequence of independent and identically distributed centered real random

variables satisfying Cramér’s condition:

E exp {c0|η1|} < ∞, (1.8)

where c0 is a positive constant. Denote Eη21 = σ2 and Sn =
∑n

i=1 ηi. Cramér [2]

established an asymptotic expansion of the probabilities of moderate deviations for the

partial sums, that is, for all 0 < x = o(n1/2),
∣

∣

∣

∣

∣

ln
P (Sn/(σ

√
n) > x)

1− Φ(x)

∣

∣

∣

∣

∣

= O

(

1 + x3

√
n

)

, as n → ∞, (1.9)

where Φ(x) is the standard normal distribution function. Cramér’s moderate deviations

for sums of independent random variables have been studied by many authors, (see, for

instance, Feller [7], Petrov [19] and [20], Sakhanenko [22], Saulis and Statulevičius [23]

and Statulevičius [24]). Grama and Haeusler [10] developed a new approach for proving

large deviation results for martingales based on a change of probability measure. It
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extends to the case of martingales the conjugate distribution technique due to Cramér.

Fan et al. [4] gave an expansion of large deviation probabilities for martingales, which

extends the classical result due to Cramér to the case of martingale differences satis-

fying the conditional Bernstein condition. Fan et al. [5] proved a Cramér moderate

deviation expansion for martingales with differences having finite conditional moments

of order 2+ρ, ρ ∈ (0, 1], and finite one-sided conditional exponential moments. Fan [3]

derived Cramér-type moderate deviations for stationary sequences of bounded random

variables. Fan and Shao [6] extended the classical Cramér result to the cases of normal-

ized martingales and standardized martingales, with martingale differences satisfying

the conditional Bernstein condition.

Based on the above discussions, the main purpose of this paper is to establish

Cramér’s moderate deviations of modularity in network by using the martingale ap-

proximation and Cramér’s moderate deviations for martingales from Fan [3] and Fan

and Shao [6]. The paper is organized as follows, our main results are stated and dis-

cussed in Section 2. In Section 3, the preliminary lemmas are stated. Proofs of main

results are obtained in Section 4. Throughout the paper, the symbol M denotes a

positive constant which is not necessarily the same one in each appearance.

2. Main results

In order to obtain the main results, we need to introduce the following symbols:

δn =

(

p(2) + p2(2) − 2p(3)

m

)1/2

, (2.1)

εn =
2max1≤i≤n ki

√

m(p(2) + p2(2) − 2p(3))
, (2.2)

ηn =

√

64emax1≤i≤n ki
√

m1/2(p(2) + p2(2) − 2p(3))
=

√
32e

√

p(2) + p2(2) − 2p(3)

√
εn (2.3)

and

γn =
4emax1≤i≤n ki

√

m(p(2) + p2(2) − 2p(3))
= 4eεn. (2.4)

Theorem 2.1. Assume that the degree sequence {ki, 1 ≤ i ≤ n} satisfy the following

conditions: εn = o(1) as n → ∞,

ηn ≤ 1

2
and εn ≤ 1

8e
for all n. (2.5)

Then it holds that for all 0 ≤ x = o(η−1
n ),

∣

∣

∣

∣

∣

ln
P

(

Qn−µn

δn
> x

)

1− Φ(x)

∣

∣

∣

∣

∣
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≤ M
(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

≤ M
(

x3ηn + x2η2n| ln ηn|+ (1 + x)ηn| ln ηn|
)

.

Moreover, the same result holds true when replacing Qn − µn is replaced by µn −Qn.

Remark 2.1. For the degree sequence {ki, 1 ≤ i ≤ n}, we assume that there exists a

sequence {ln, n ≥ 1} such that

d1ln ≤ ki ≤ d2ln for 1 ≤ i ≤ n,

where

d1 =
(p(2) + p2(2) − 2p(3))

2

654e2
and d2 =

(p(2) + p2(2) − 2p(3))
2

644e2
.

If ln ≤ (log n)5, then for any n ≥ 1,

ηn =

√

64emax1≤i≤n ki
√

m1/2(p(2) + p2(2) − 2p(3))
≤ 1

2
n−1/4(log n)5/4 ≤ 1

2
.

Similarly, we have εn ≤ 1/(8e). Hence, (2.5) holds.

Remark 2.2. Another example is that for every 1 ≤ i ≤ n, the degree ki of vertex vi
can be controlled uniformly by some positive constant, i.e.,

max
1≤j≤n

kj ≤
(p(2) + p2(2) − 2p(3))

1/2

16e
,

then εn < 1/(8e). Moreover, if

max
1≤j≤n

kj ≤
p(2) + p2(2) − 2p(3)

256e
,

then ηn ≤ 1/2.

Remark 2.3. For the network G considered in the present paper, since Aii = 0 and

Aij ∈ {0, 1} for i 6= j, then we have

0 ≤ m ≤ n(n− 1)/2 and 0 ≤ max
1≤i≤n

ki ≤ n− 1.

Notice that, if max
1≤i≤n

ki = n
√

(p(2) + p2(2) − 2p(3))/(16e), then εn ≥ 1/(8e). If max
1≤i≤n

ki =

n(p(2) + p2(2) − 2p(3))/(64e), then ηn ≥ 1
2
. Hence, Theorem 2.1 does not hold.

From Theorem 2.1, we have the following result about the equivalence to the normal

tail.

Corollary 2.1. Under the conditions in Theorem 2.1, it holds that for all 0 ≤ x =

o(η−1
n ),

P

(

Qn−µn

δn
> x

)

1− Φ(x)
= 1 + o(1). (2.6)

Moreover, the same result holds true when replacing Qn − µn is replaced by µn −Qn.



6 Y. MIAO AND Q. YIN

Corollary 2.2. Under the conditions in Theorem 2.1, we have

sup
x∈R

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

≤ Mηn| ln ηn|.

Remark 2.4. Assume that the degree sequence {ki, 1 ≤ i ≤ n} satisfies the following

condition:
max1≤i≤n ki√

m
≤ Mn−1/2,

then, we derive that

sup
x∈R

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

≤ Mn−1/4 log n.

Next we give the Cramér moderate deviation for the normalized sums
Qn − µn

σn

.

Theorem 2.2. Under the conditions in Theorem 2.1, it holds that for all 0 ≤ x =

o(η−1
n ),

∣

∣

∣

∣

∣

ln
P

(

Qn−µn

σn
> x

)

1− Φ(x)

∣

∣

∣

∣

∣

≤ M
(

x3ηn + x2η2n| ln ηn|+ (1 + x)ηn| ln ηn|
)

(2.7)

and
P

(

Qn−µn

σn
> x

)

1− Φ(x)
= 1 + o(1). (2.8)

Moreover, the same results hold true when replacing Qn − µn is replaced by µn −Qn.

Corollary 2.3. Under the conditions in Theorem 2.2, we have

sup
x∈R

∣

∣

∣

∣

∣

P

(

Qn − µn

σn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

≤ Mηn| ln ηn|.

3. Some important lemmas

Let (ξi,Fi)i=0,...,n be a finite sequence of martingale differences, defined on a prob-

ability space (Ω,F ,P), where ξ0 = 0, {∅,Ω} = F0 ⊆ . . . ⊆ Fn ⊆ F are increasing

σ-fields and (ξi)i=1,...,n are allowed to depend on n. Set

X0 = 0, Xk =

k
∑

i=1

ξi, k = 1, . . . , n.

Then (Xi,Fi)i=0,...,n is a martingale. Denote by 〈X〉 the quadratic characteristic of the
martingale X = (Xk,Fk)k=0,...,n, that is

〈X〉0 = 0, 〈X〉k =
k
∑

i=1

E(ξ2i |Fi−1), k = 1, . . . , n.

In the sequel we shall use the following conditions:
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(i) There exists a number εn ∈ (0, 1
2
] such that

|E
(

ξki |Fi−1

)

| ≤ 1

2
k!εk−2

n E
(

ξ2i |Fi−1

)

, for all k ≥ 2 and 1 ≤ i ≤ n;

(ii) There exist a number ηn ∈ (0, 1
2
] and a positive constant M such that for all

x > 0,

P (|〈X〉n − 1| ≥ x) ≤ M exp
{

−xη−2
n

}

.

In the proof of Theorem 2.1, we need the following Cramér’s moderate deviations

for martingales, which is a simple consequence of Theorem 2.2 of Fan and Shao [6].

Lemma 3.1. ([6, Remark 2.1]) Assume that the conditions (i) and (ii) are satisfied.

Then for all 0 ≤ x = o(min{ε−1
n , η−1

n }), we have
∣

∣

∣

∣

∣

ln
P(Xn > x)

1− Φ(x)

∣

∣

∣

∣

∣

≤ M
(

x3(εn + ηn) + (1 + x) (ηn| ln ηn|+ εn| ln εn|)
)

.

Lemma 3.2. ([9, (2.16)]) If ξ1, ξ2, . . . , ξn are centered and independent random vari-

ables, then for any p ≥ 2,

E

∣

∣

∣

∣

∣

n
∑

i=1

ξi

∣

∣

∣

∣

∣

p

≤ 2p(p− 1)p/2E

(

n
∑

i=1

ξ2i

)p/2

.

Lemma 3.3. Under the conditions in Lemma 3.2, if there exist positive constants

{bi, 1 ≤ i ≤ n}, such that |ξi| ≤ bi for all 1 ≤ i ≤ n, then for any x > 0, we have

P

(∣

∣

∣

∣

∣

n
∑

i=1

ξi

∣

∣

∣

∣

∣

≥ x

)

≤ exp

{

2− x

2eFn

}

, (3.1)

where

Fn =

(

n
∑

i=1

b2i

)1/2

.

Proof. From Lemma 3.2, we have

E

∣

∣

∣

∣

∣

n
∑

i=1

ξi

∣

∣

∣

∣

∣

p

≤ 2p(p− 1)p/2E

(

n
∑

i=1

ξ2i

)p/2

≤ 2ppp

(

n
∑

i=1

b2i

)p/2

=: (2Fn)
ppp.

Let p = x/2eFn for any x > 4eFn. By using the Markov’s inequality, we have

P

(∣

∣

∣

∣

∣

n
∑

i=1

ξi

∣

∣

∣

∣

∣

≥ x

)

≤ exp

{

− x

2eFn

}

.

Moreover, for any 0 < x < 4eFn, we have

P

(∣

∣

∣

∣

∣

n
∑

i=1

ξi

∣

∣

∣

∣

∣

≥ x

)

≤ exp

{

2− x

2eFn

}

.

Hence, for any x > 0, (3.1) holds. �
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Lemma 3.4. ([9, (2.18)]) Let X1, X2, · · · , Xn be a sequence of independent identically

distributed random variables, and for any 1 ≤ i, j ≤ n, hi,j(u, v) : R2 → R be mea-

surable and symmetric with respect to its arguments. For any 1 ≤ i 6= j ≤ n, assume

that E(hi,j(Xi, Xj)|Xj) = 0, E(hi,j(Xi, Xj)|Xi) = 0 and E|hi,j(X1, X2)|p < ∞ for some

p ≥ 2. Then we have

E

∣

∣

∣

∣

∣

∑

1≤i<j≤n

hi,j(Xi, Xj)

∣

∣

∣

∣

∣

p

≤ 4pppE

(

∑

1≤i<j≤n

h2
i,j(Xi, Xj)

)p/2

.

Lemma 3.5. Under the conditions in Lemma 3.4, if there exist positive constants

{ai,j, 1 ≤ i, j ≤ n}, such that |hi,j(u, v)| ≤ ai,j for all 1 ≤ i, j ≤ n and all u, v ∈ R,

then for any x > 0, we have

P

(∣

∣

∣

∣

∣

∑

1≤i<j≤n

hi,j(Xi, Xj)

∣

∣

∣

∣

∣

> x

)

≤ exp

{

2− x

4eDn

}

, (3.2)

where

Dn =

(

∑

1≤i<j≤n

a2i,j

)1/2

.

Proof. From Lemma 3.4, we have

E

∣

∣

∣

∣

∣

∑

1≤i<j≤n

hi,j(Xi, Xj)

∣

∣

∣

∣

∣

p

≤ 4ppp

(

∑

1≤i<j≤n

a2i,j

)p/2

=: (4Dn)
ppp.

Let p = x/(4eDn) for any x > 8eDn. Then, by the Markov’s inequality, we have

P

(∣

∣

∣

∣

∣

∑

1≤i<j≤n

hi,j(Xi, Xj)

∣

∣

∣

∣

∣

> x

)

≤ exp

{

− x

4eDn

}

.

Moreover, for any 0 < x < 8eDn, we have

P

(∣

∣

∣

∣

∣

∑

1≤i<j≤n

hi,j(Xi, Xj)

∣

∣

∣

∣

∣

> x

)

≤ exp

{

2− x

4eDn

}

.

Hence, for any x > 0, (3.2) holds. �

Lemma 3.6. ([13, Lemma 4]) Define oij =
∑n

l=1AilAjl for 1 ≤ i, j ≤ n. Then

∑

1≤i,j≤n

o2ij ≤ max
1≤j≤n

kj

n
∑

i=1

k2
i .

4. Proofs of main results

Proof of Theorem 2.1. Since
n
∑

i=1

Bij =

n
∑

j=1

Bij = 0,
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we can deduce that

∑

1≤i 6=j≤n

Bij =
∑

1≤i,j≤n

Bij −
n
∑

i=1

Bii = −
n
∑

i=1

Bii

and

Qn =
1

2m

n
∑

i=1

Bii +
1

2m

∑

1≤i 6=j≤n

Bijh̄(ci, cj)

+
1

2m

∑

1≤i 6=j≤n

Bij(pci + pcj)−
p(2)
2m

∑

1≤i 6=j≤n

Bij

=
1 + p(2)
2m

n
∑

i=1

Bii +
1

m

∑

1≤i<j≤n

Bij h̄(ci, cj)−
1

m

n
∑

i=1

Biipci

=
1− p(2)
2m

n
∑

i=1

Bii +
1

m

∑

1≤i<j≤n

Bijh̄(ci, cj)−
1

m

n
∑

i=1

Bii(pci − p(2)). (4.1)

Combining (1.6), (2.1) and the above equation, it holds that

Qn − µn

δn
=

1

mδn

∑

1≤i<j≤n

Bijh̄(ci, cj)−
1

mδn

n
∑

i=1

Bii(pci − p(2))

=
1

mδn

∑

1≤i<j≤n

Aijh(ci, cj)−
1

2mδn

∑

1≤i<j≤n

kikj
m

h(ci, cj)

+
1

2mδn

n
∑

i=1

k2
i

m
(pci − p(2)). (4.2)

Denote

Tn =
1

mδn

n
∑

j=1

j−1
∑

i=1

Aijh(ci, cj) =:
1

mδn

n
∑

j=1

znj. (4.3)

Let Fj = σ(c1, c2, . . . , cj) denote the σ-algebra generated by {c1, c2, . . . , cj} for 1 ≤ j ≤
n. Since E(h̄(ci, cj)|Fj−1) = E(h̄(ci, cj)|ci) = 0 for any 1 ≤ i < j ≤ n, it is easy to see

that

E (znj |Fj−1) = 0 for 2 ≤ j ≤ n.

Therefore, for each n ≥ 2, {znj, j = 2, . . . , n} forms a martingale difference with

respect to {Fj}. Then (Ti,Fi)i=0,...,n is a martingale and

〈T 〉n =
1

m2δ2n

n
∑

j=1

E
(

z2nj |Fj−1

)

.

Next, we will verify that Tn satisfies the conditions (i) and (ii) in Lemma 3.1. By

using (2.1) and the fact |h(ci, cj)| ≤ 2, then for 1 ≤ j ≤ n, we can derive

1

mδn
|znj| =

1

mδn

∣

∣

∣

∣

j−1
∑

i=1

Aijh(ci, cj)

∣

∣

∣

∣

≤ 2kj
mδn

≤ 2max1≤j≤n kj
√

m(p(2) + p2(2) − 2p(3))
= εn.
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Hence, from the condition (2.5), the condition (i) holds. Since Aij ∈ {0, 1}, we have

A2
ij = Aij . It is enough to get that

1

m2δ2n

n
∑

j=1

E
(

z2nj |Fj−1

)

=
1

m2δ2n

n
∑

j=1

E





(

j−1
∑

i=1

Aijh(ci, cj)

)2
∣

∣

∣
Fj−1





=
1

m2δ2n

n−1
∑

i=1

n
∑

j=i+1

AijE

(

(

h(ci, cj)
)2 |Fj−1

)

+
2

m2δ2n

∑

1≤i<l≤n−1

n
∑

j=l+1

AijAljE
(

h(ci, cj)h(cl, cj)|Fj−1

)

.

For every 1 ≤ i < j ≤ n, define

Uni =
n
∑

j=i+1

AijE

[

(

h(ci, cj)
)2 |Fj−1

]

, (4.4)

then {Uni, 1 ≤ i ≤ n− 1, n ≥ 2} is an array of independent random variables with

|Uni| ≤ 4
n
∑

j=i+1

Aij, 1 ≤ i ≤ n− 1

and

1

m2δ2n

n−1
∑

i=1

EUni =E

[

1

m2δ2n

n−1
∑

i=1

n
∑

j=i+1

AijE

(

(

h(ci, cj)
)2 |Fj−1

)

]

=
1

m2δ2n

n−1
∑

i=1

n
∑

j=i+1

AijE

[

E

(

(

h(ci, cj)
)2 |Fj−1

)]

=
1

m2δ2n

n−1
∑

i=1

n
∑

j=i+1

AijE

[

E

(

(

δci,cj − pci − pcj + p(2)
)2 |Fj−1

)]

=
1

m2δ2n

n−1
∑

i=1

n
∑

j=i+1

AijE

[

E

(

(

δci,cj − pci
)2

+
(

p(2) − pcj
)2

+2
(

δci,cj − pci
)

(

p(2) − pcj

)

|Fj−1

)]

=
1

m2δ2n

n−1
∑

i=1

n
∑

j=i+1

AijE

[

E

(

δ2ci,cj + p2ci − 2δci,cjpci + p2(2) + p2cj − 2p(2)pcj

+ 2δci,cjp(2) − 2δci,cjpcj − 2p(2)pci + 2pcipcj |Fj−1

)]

=
1

m2δ2n

n−1
∑

i=1

n
∑

j=i+1

AijE
[

pci − 3p2ci + 2p(2)pci − p2(2) + p(3)
]

=
1

2m2δ2n

(

p(2) + p2(2) − 2p(3)
)

∑

1≤i,j≤n

Aij
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=
2m

2m2δ2n

(

p(2) + p2(2) − 2p(3)
)

= 1. (4.5)

For 1 ≤ i < l ≤ n, denote

H i,l(ci, cl) :=
n
∑

j=l+1

AijAljE
(

h(ci, cj)h(cl, cj)|Fj−1

)

, (4.6)

then, by using the fact |h(ci, cj)| ≤ 2, we can derive

∣

∣H i,l(ci, cl)
∣

∣ ≤ 4
n
∑

j=l+1

AijAlj.

Furthermore, for 1 ≤ i < l < j ≤ n, since

E
[

h(ci, cj)h(cl, cj)
]

= E
[

E
[(

δci,cj − pci − pcj + p(2)
) (

δcl,cj − pcl − pcj + p(2)
)

|Fj−1

]]

= E

[

E

[

δci,cjδcl,cj − δci,cjpcl − δci,cjpcj + δci,cjp(2) − δcl,cjpci + pcipcl + pcipcj − pcip(2)

−δcl,cjpcj + pcjpcl + p2cj − pcjp(2) + δcl,cjp(2) − p(2)pcl − p(2)pcj + p2(2)|Fj−1

]]

= E

[

E

(

δci,cl
pci + pcl

2
− pcipcl − p2ci + pcip(2) − pcipcl + pcipcl + pcip(2) − pcip(2)

− p2cl + pclp(2) + p(3) − p2(2) + pclp(2) − pclp(2) − p2(2) + p2(2)|ci
)]

= E

[

E

(

δci,cl
pci + pcl

2
− pcipcl − p2ci + pcip(2) − p2cl + pclp(2) + p(3) − p2(2)|ci

)]

= 0,

(4.7)

then we have

2

m2δ2n

∑

1≤i<l≤n−1

EH i,l(ci, cl)

=
2

m2δ2n

∑

1≤i<l≤n−1

E

[

n
∑

j=l+1

AijAljE
(

h(ci, cj)h(cl, cj)|Fj−1

)

]

=
2

m2δ2n

∑

1≤i<l≤n−1

n
∑

j=l+1

AijAljE
[

h(ci, cj)h(cl, cj)
]

= 0.

Therefore, it follows that

P (|〈T 〉n − 1| ≥ x)

= P

(∣

∣

∣

∣

∣

1

m2δ2n

n
∑

j=1

E(z2nj |Fj−1)− 1

∣

∣

∣

∣

∣

≥ x

)

≤ P

(∣

∣

∣

∣

∣

1

m2δ2n

n−1
∑

i=1

n
∑

j=i+1

AijE

(

(

h(ci, cj)
)2 |Fj−1

)

− 1

∣

∣

∣

∣

∣

≥ x

2

)
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+ P

(∣

∣

∣

∣

∣

2

m2δ2n

∑

1≤i<l≤n−1

n
∑

j=l+1

AijAljE
(

h(ci, cj)h(cl, cj)|Fj−1

)

∣

∣

∣

∣

∣

≥ x

2

)

= P

(∣

∣

∣

∣

∣

1

m2δ2n

n−1
∑

i=1

(Uni − EUni)

∣

∣

∣

∣

∣

≥ x

2

)

+ P

(∣

∣

∣

∣

∣

2

m2δ2n

∑

1≤i<l≤n−1

H i,l(ci, cl)

∣

∣

∣

∣

∣

≥ x

2

)

. (4.8)

Firstly, consider the first part. By using the Lemma 3.3, for any x > 0, we deduce that

P

(∣

∣

∣

∣

∣

1

m2δ2n

n−1
∑

i=1

(Uni − EUni)

∣

∣

∣

∣

∣

≥ x

2

)

≤ exp











2− xm2δ2n

32e

(

∑n−1
i=1

(

∑n
j=i+1Aij

)2
)1/2











≤ exp











2−
xm(p(2) + p2(2) − 2p(3))

32e

(

∑n−1
i=1

(

∑n
j=i+1Aij

)2
)1/2











≤ exp

(

2−
x(p(2) + p2(2) − 2p(3))

√
m

32e
√

max1≤i≤n ki

)

. (4.9)

Next, combining Lemma 3.5 and 3.6, for any x > 0, we have

P

(∣

∣

∣

∣

∣

2

m2δ2n

∑

1≤i<l≤n−1

H i,l(ci, cl)

∣

∣

∣

∣

∣

≥ x

2

)

≤ exp











2− xm2δ2n

64e

(

∑

1≤i<l≤n−1

(

∑n
j=l+1AijAlj

)2
)1/2











≤ exp











2−
xm(p(2) + p2(2) − 2p(3))

64e

(

∑

1≤i<l≤n−1

(

∑n
j=l+1AijAlj

)2
)1/2











≤ exp

(

2−
x(p(2) + p2(2) − 2p(3))

√
m

64emax1≤i≤n ki

)

. (4.10)

From (4.8), (4.9) and (4.10), we have

P (|〈T 〉n − 1| ≥ x) ≤ M exp

(

−
x(p(2) + p2(2) − 2p(3))

√
m

64emax1≤i≤n ki

)

.
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Let

η2n = 64e max
1≤i≤n

ki/(
√
m(p(2) + p2(2) − 2p(3))),

then, for all x > 0, we have

P (|〈T 〉n − 1| ≥ x) ≤ M exp
{

−xη−2
n

}

.

Hence, from Lemma 3.1, for all 0 ≤ x = o (min{ε−1
n , η−1

n }) = o(η−1
n ), we have

∣

∣

∣

∣

∣

ln
P(Tn > x)

1− Φ(x)

∣

∣

∣

∣

∣

≤ M
(

x3(εn + ηn) + (1 + x) (ηn| ln ηn|+ εn| ln εn|)
)

. (4.11)

By using (4.2), it holds that

P

(

Qn − µn

δn
> x

)

= P

(

1

mδn

(

∑

1≤i<j≤n

Aij h̄(ci, cj)−
∑

1≤i<j≤n

kikj
2m

h̄(ci, cj) +
n
∑

i=1

k2
i

2m
(pci − p(2))

)

> x

)

≤ P

(

Tn > x(1 − γn| ln γn|)
)

+ P

(

− 1

mδn

∑

1≤i<j≤n

kikj
2m

h̄(ci, cj) >
x

2
γn| ln γn|

)

+ P

(

1

mδn

n
∑

i=1

k2
i

2m
(pci − p(2)) >

x

2
γn| ln γn|

)

(4.12)

and

P

(

Qn − µn

δn
> x

)

= P

(

1

mδn

(

∑

1≤i<j≤n

Aij h̄(ci, cj)−
∑

1≤i<j≤n

kikj
2m

h̄(ci, cj) +

n
∑

i=1

k2
i

2m
(pci − p(2))

)

> x

)

≥ P

(

Tn > x(1 + γn| ln γn|)
)

− P

(

1

mδn

∑

1≤i<j≤n

kikj
2m

h̄(ci, cj) >
x

2
γn| ln γn|

)

− P

(

− 1

mδn

n
∑

i=1

k2
i

2m
(pci − p(2)) >

x

2
γn| ln γn|

)

.

From Lemma 3.5 and

γn =
4emax1≤i≤n ki

√

m(p(2) + p2(2) − 2p(3))
, (4.13)

we deduce that for any x > 0,

P

(

− 1

mδn

∑

1≤i<j≤n

kikj
2m

h̄(ci, cj) >
x

2
γn| ln γn|

)
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≤ P

(

∣

∣

∣

∣

1

mδn

∑

1≤i<j≤n

kikj
2m

h̄(ci, cj)

∣

∣

∣

∣

>
x

2
γn| ln γn|

)

≤ exp











2− mδnγn| ln γn|x

4e
(

∑

1≤i<j≤n

k2i k
2

j

m2

)1/2











≤ exp

{

2− mδnγn| ln γn|x
4emax1≤i≤n ki

}

= exp {2− | ln γn|x} . (4.14)

Moreover, for any x > 0, by using Lemma 3.3 and (4.13), we have

P

(

1

mδn

n
∑

i=1

k2
i

2m
(pci − p(2)) >

x

2
γn| ln γn|

)

≤ P

(

∣

∣

∣

∣

1

mδn

n
∑

i=1

k2
i

2m
(pci − p(2))

∣

∣

∣

∣

>
x

2
γn| ln γn|

)

≤ exp

{

2− m2δnγn| ln γn|x
2e (
∑n

i=1 k
4
i )

1/2

}

≤ exp

{

2− m3/2δnγn| ln γn|x
2emax1≤i≤n k

3/2
i

}

≤ exp

{

2− 2m1/2| ln γn|x
max1≤i≤n k

1/2
i

}

≤ exp {2− | ln γn|x} . (4.15)

Notice that for all x ≥ 0 and |τ | ≤ 1
2
,

1− Φ(x+ τ)

1− Φ(x)
= exp

{

θ
√
2π(1 + x)|τ |

}

(4.16)

and
1√

2π(1 + x)
e−x2/2 ≤ 1− Φ(x) ≤ 1√

π(1 + x)
e−x2/2, (4.17)

where |θ| ≤ 1. From (4.11)-(4.17), we deduce that for all 1 ≤ x = o (η−1
n ),

P

(

Qn−µn

δn
> x

)

1− Φ(x)

≤
P

(

Tn > x(1 − γn| ln γn|)
)

1− Φ(x)
+

P

(

− 1
mδn

∑

1≤i<j≤n
kikj
2m

h̄(ci, cj) >
x
2
γn| ln γn|

)

1− Φ(x)

+
P

(

1
mδn

∑n
i=1

k2i
2m

(pci − p(2)) >
x
2
γn| ln γn|

)

1− Φ(x)
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≤
P

(

Tn > x(1 − γn| ln γn|)
)

1− Φ
(

x(1− γn| ln γn|)
) ·

1− Φ
(

x(1− γn| ln γn|)
)

1− Φ(x)

+
P

(

− 1
mδn

∑

1≤i<j≤n
kikj
2m

h̄(ci, cj) >
x
2
γn| ln γn|

)

1− Φ(x)

+
P

(

1
mδn

∑n
i=1

k2i
2m

(pci − p(2)) >
x
2
γn| ln γn|

)

1− Φ(x)

≤ exp
{

M
(

x3(εn + ηn) + (1 + x)(εn| ln εn|+ ηn| ln ηn|)
)}

×
1− Φ

(

x(1 − γn| ln γn|)
)

1− Φ(x)

+
2e2

1− Φ(x)
exp {−| ln γn|x}

≤ exp
{

M
(

x3(εn + ηn) + (1 + x)(εn| ln εn|+ ηn| ln ηn|)
)}

× exp
{

θ
√
2π(1 + x)xγn| ln γn|

}

+M(1 + x) exp{x2/2} exp {−| ln γn|x}

≤ exp
{

M
(

x3(εn + ηn) + (1 + x)(εn| ln εn|+ ηn| ln ηn|)
)}

× exp
{

Mx2γn| ln γn|
}

+M(1 + x) exp

{

x2

2
− | ln γn|x

}

≤ exp
{

M
(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|)
)}

, (4.18)

where the last line follows by

(1 + x) exp

{

x2

2
− | ln γn|x

}

≤ M exp
{

x3εn
}

.

By an argument similar to the proof of the above equation, we deduce that for all

1 ≤ x = o(η−1
n ),

P

(

Qn−µn

δn
> x

)

1− Φ(x)
≥ exp

{

−M
(

x3(εn+ηn)+x2γn| ln γn|+(1+x)(εn| ln εn|+ηn| ln ηn|)
)}

.

(4.19)

Hence, combining (4.18) with (4.19), we have, for all 1 ≤ x = o(η−1
n ),

∣

∣

∣

∣

∣

ln
P

(

Qn−µn

δn
> x

)

1− Φ(x)

∣

∣

∣

∣

∣

≤ M
(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|)
)

≤ M
(

x3ηn + x2η2n| ln ηn|+ (1 + x)ηn| ln ηn|
)
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Next, we consider the case where x ∈ [0, 1]. It follows that (4.11) holds also for −znj .

Thus, from (4.11), (4.17) and the inequality |ex − 1| ≤ |x|e|x|, we have

sup
|x|≤2

∣

∣

∣
P (Tn > x)− (1− Φ(x))

∣

∣

∣

≤ sup
|x|≤2

(

1− Φ(x)
)∣

∣

∣
eM(x3(εn+ηn)+(1+x)(ηn| ln ηn|+εn| ln εn|)) − 1

∣

∣

∣

≤ sup
|x|≤2

M
(

1− Φ(x)
)(

x3(εn + ηn) + (1 + x) (ηn| ln ηn|+ εn| ln εn|)
)

≤ M
(

εn + ηn + ηn| ln ηn|+ εn| ln εn|
)

≤ M
(

εn| ln εn|+ ηn| ln ηn|
)

.

By using (4.16), we have
∣

∣

∣

(

1− Φ(x+ γn| ln γn|)
)

−
(

1− Φ(x)
)∣

∣

∣

=
(

1− Φ(x)
)

∣

∣

∣

∣

∣

(

1− Φ(x+ γn| ln γn|)
)

(

1− Φ(x)
) − 1

∣

∣

∣

∣

∣

≤ M

1 + x
exp{−x2/2}

∣

∣

∣
exp{M(1 + x)γn| ln γn|} − 1

∣

∣

∣

≤ M

1 + x
exp{−x2/2}(1 + x)γn| ln γn| exp{(1 + x)γn| ln γn|}

≤ Mγn| ln γn|.

Hence, from the inequality |ex − 1| ≤ |x|e|x|, (4.14), (4.15) and the above inequality,

we deduce for all x ∈ [0, 1],

P

(

Qn − µn

δn
> x

)

−
(

1− Φ(x)
)

≥ P

(

Tn > x+ γn| ln γn|
)

−
(

1− Φ(x)
)

− P

(

1

mδn

∑

1≤i<j≤n

kikj
2m

h̄(ci, cj) >
1

2
γn| ln γn|

)

− P

(

− 1

mδn

n
∑

i=1

k2
i

2m
(pci − p(2)) >

1

2
γn| ln γn|

)

≥ P

(

Tn > x+ γn| ln γn|
)

−
(

1− Φ(x+ γn| ln γn|)
)

−
∣

∣

∣

(

1− Φ(x+ γn| ln γn|)
)

−
(

1− Φ(x)
)∣

∣

∣

− P

(

1

mδn

∑

1≤i<j≤n

kikj
2m

h̄(ci, cj) >
1

2
γn| ln γn|

)

− P

(

− 1

mδn

n
∑

i=1

k2
i

2m
(pci − p(2)) >

1

2
γn| ln γn|

)
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≥ −M
(

εn| ln εn|+ ηn| ln ηn|
)

−
∣

∣

∣

(

1− Φ(x+ γn| ln γn|)
)

−
(

1− Φ(x)
)∣

∣

∣

− P

(

1

mδn

∑

1≤i<j≤n

kikj
2m

h̄(ci, cj) >
1

2
γn| ln γn|

)

− P

(

− 1

mδn

n
∑

i=1

k2
i

2m
(pci − p(2)) >

1

2
γn| ln γn|

)

≥ −M
(

εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|
)

.

Similarly, we derive for all x ∈ [0, 1],

P

(

Qn − µn

δn
≥ x

)

−
(

1− Φ(x)
)

≤ M
(

εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|
)

.

From (4.17), we have

P

(

Qn−µn

δn
> x

)

1− Φ(x)
− 1 ≤ M

1− Φ(x)

(

εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|
)

≤ M(1 + x)
(

εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|
)

,

which implies

P

(

Qn−µn

δn
> x

)

1− Φ(x)
≤ 1 +M(1 + x)

(

εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|
)

≤ 1 +Mx3(εn + ηn) +Mx2γn| ln γn|

+M(1 + x)
(

εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|
)

.

Then for all x ∈ [0, 1], it holds that

ln
P

(

Qn−µn

δn
> x

)

1− Φ(x)

≤ ln
(

1 +Mx3(εn + ηn) +Mx2γn| ln γn|+M(1 + x)(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

≤ M
(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

.

Similarly, we derive for all x ∈ [0, 1],

ln
P

(

Qn−µn

δn
> x

)

1− Φ(x)

≥ −M
(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

.

Therefore, for all x ∈ [0, 1], we have

∣

∣

∣

∣

∣

ln
P

(

Qn−µn

δn
> x

)

1− Φ(x)

∣

∣

∣

∣

∣
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≤ M
(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

≤ M
(

x3ηn + x2η2n| ln ηn|+ (1 + x)ηn| ln ηn|
)

,

which implies the desired result for all 0 ≤ x = o(η−1
n ). �

Proof of Corollary 2.1. By using Theorem 2.1, we have

ln
P

(

Qn−µn

δn
> x

)

1− Φ(x)
≤ M

(

x3ηn + x2η2n| ln ηn|+ (1 + x)ηn| ln ηn|
)

,

which implies that

P

(

Qn−µn

δn
> x

)

1− Φ(x)
≤ exp

{

M
(

x3ηn + x2η2n| ln ηn|+ (1 + x)ηn| ln ηn|
)}

.

Then (2.6) holds for all 0 ≤ x = o(η−1
n ). �

Proof of Corollary 2.2. Let κn = min{ε−1/4
n , η

−1/4
n , γ

−1/4
n } = η

−1/4
n , then we have

sup
x∈R

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

≤ sup
|x|≤κn

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

+ sup
|x|>κn

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

≤ sup
|x|≤κn

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

+ sup
x<−κn

P

(

Qn − µn

δn
≤ x

)

+ sup
x<−κn

Φ(x)

+ sup
x>κn

P

(

Qn − µn

δn
> x

)

+ sup
x>κn

(

1− Φ(x)
)

. (4.20)

By Theorem 2.1, (4.17) and the inequality |ex − 1| ≤ |x|e|x|, we deduce that

sup
|x|≤κn

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

≤ sup
0<x≤κn

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
> x

)

−
(

1− Φ(x)
)

∣

∣

∣

∣

∣

+ sup
−κn≤x<0

∣

∣

∣

∣

∣

P

(

Qn − µn

δn
≤ x

)

− Φ(x)

∣

∣

∣

∣

∣

≤ sup
0<x≤κn

M
(

1− Φ(x)
)(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|

+ γn| ln γn|)
)

+ sup
−κn≤x<0

MΦ(x)
(

|x|3(εn + ηn) + x2γn| ln γn|

+ (1 + |x|)(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

≤ sup
0<x≤κn

M

1 + x
e−x2/2

(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|
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+ γn| ln γn|)
)

+ sup
−κn≤x<0

M

1− x
e−x2/2

(

|x|3(εn + ηn) + x2γn| ln γn|

+ (1 + |x|)(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

≤ sup
0<x≤κn

{

M

x

(

x3(εn + ηn) + x2γn| ln γn|
)

+M(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

}

+ sup
−κn≤x<0

{

M

|x|
(

|x|3(εn + ηn) + x2γn| ln γn|
)

+M
(

εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|
)

}

≤ sup
0<x≤κn

M
(

x2(εn + ηn) + xγn| ln γn|+ (εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

+ sup
−κn≤x<0

M
(

x2(εn + ηn) + |x|γn| ln γn|+ (εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

≤ M
(

ε3/2n + η3/2n + γ3/4
n | ln γn|+ εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|

)

≤ M
(

εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|
)

≤ Mηn| ln ηn|. (4.21)

In addition, from the inequality (4.17), it is easy to see that

sup
x>κn

(

1− Φ(x)
)

= sup
x<−κn

Φ(x) =Φ(−κn) = 1− Φ(κn)

≤ 1√
π(1 + κn)

e−κ2
n/2 ≤ Mηn| ln ηn|.

(4.22)

Using (4.21) and (4.22), we have

sup
x<−κn

P

(

Qn − µn

δn
≤ x

)

= P

(

Qn − µn

δn
≤ −κn

)

≤ Mηn| ln ηn|+ Φ(−κn) ≤ Mηn| ln ηn|. (4.23)

Similarly, it holds that

sup
x>κn

P

(

Qn − µn

δn
> x

)

≤ Mηn| ln ηn|. (4.24)

Therefore, combining the inequalities (4.20)-(4.24) together, the desired result is ob-

tained. �

Proof of Theorem 2.2. It follows from (1.2) that

∑

1≤i 6=j≤n

B2
ij =

∑

1≤i 6=j≤n

(

A2
ij +

k2
i k

2
j

4m2
− 2Aij

kikj
2m

)

=
∑

1≤i 6=j≤n

Aij +
∑

1≤i 6=j≤n

k2
i k

2
j

4m2
−

∑

1≤i 6=j≤n

2Aij
kikj
2m

= 2m+
∑

1≤i 6=j≤n

k2
i k

2
j

4m2
−

∑

1≤i 6=j≤n

Aij
kikj
m

.



20 Y. MIAO AND Q. YIN

Since V ar(pc1 − p(2)) = p(3) − p2(2), from (1.7), (2.1) and the above equality, we deduce

σ2
n =

p(2) + p2(2) − 2p(3)

2m2

∑

1≤i 6=j≤n

B2
ij +

p(3) − p2(2)
m2

n
∑

i=1

B2
ii

≥
p(2) + p2(2) − 2p(3)

2m2

∑

1≤i 6=j≤n

B2
ij

=
p(2) + p2(2) − 2p(3)

2m2

(

2m+
∑

1≤i 6=j≤n

k2
i k

2
j

4m2
−

∑

1≤i 6=j≤n

Aij
kikj
m

)

≥
p(2) + p2(2) − 2p(3)

m

(

1−
∑

1≤i 6=j≤n

Aij
kikj
2m2

)

≥
p(2) + p2(2) − 2p(3)

m



1− 1

2m2

√

∑

1≤i 6=j≤n

A2
ij

√

∑

1≤i 6=j≤n

k2
i k

2
j





≥
p(2) + p2(2) − 2p(3)

m



1−

√

(
∑n

i=1 k
2
i )

2

2m3





≥
p(2) + p2(2) − 2p(3)

m

(

1−
√
2max1≤i≤n ki√

m

)

≥ δ2n

(

1−
√
2max1≤i≤n ki√

m

)

. (4.25)

Note that

∣

∣

∣

∣

∣

ln
P

(

Qn−µn

σn
> x

)

1− Φ(x)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

ln
P

(

Qn−µn

δn
> xσn

δn

)

1− Φ(x)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

ln





P

(

Qn−µn

δn
> xσn

δn

)

1− Φ
(

xσn

δn

) ·
1− Φ

(

xσn

δn

)

1− Φ(x)





∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

ln
P

(

Qn−µn

δn
> xσn

δn

)

1− Φ
(

xσn

δn

)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

ln
1− Φ

(

xσn

δn

)

1− Φ(x)

∣

∣

∣

∣

∣

. (4.26)

From Theorem 2.1, (4.25) and (4.16), we have

∣

∣

∣

∣

∣

ln
P

(

Qn−µn

δn
> xσn

δn

)

1− Φ
(

xσn

δn

)

∣

∣

∣

∣

∣

≤ M
(

x3(εn + ηn) + x2γn| ln γn|+ (1 + x)(εn| ln εn|+ ηn| ln ηn|+ γn| ln γn|)
)

(4.27)
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and
∣

∣

∣

∣

∣

ln
1− Φ

(

xσn

δn

)

1− Φ(x)

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

ln
1− Φ

(

x
(

1−
√
2max1≤i≤n ki√

m

))

1− Φ(x)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

ln exp

{

θ
√
2π(1 + x)x

√
2max1≤i≤n ki√

m

}∣

∣

∣

∣

∣

≤ M(1 + x)xεn ≤ M(1 + x)xη2n. (4.28)

Hence, from (4.26), (4.27) and (4.28), we deduce that

∣

∣

∣

∣

∣

ln
P

(

Qn−µn

σn
> x

)

1− Φ(x)

∣

∣

∣

∣

∣

≤ M
(

x3ηn + x2η2n| ln ηn|+ (1 + x)ηn| ln ηn|
)

,

which implies that (2.8) holds. �

Proof of Corollary 2.3. The proof of Corollary 2.3 is similar to the proof of Corollary

2.2, so the proof can be omitted. �
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