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Thermal equilibrium states of local quantum many-body systems are notorious for their spatially
decaying correlations, which place severe restrictions on the types of many-body entanglement struc-
tures that may be observed at finite temperatures. These restrictions may however be defied when
an out-of-equilibrium steady state is considered instead. In this paper, we study the entangle-
ment properties of free fermions on a one-dimensional lattice that contains a generic charge- and
energy-conserving noninteracting impurity, and that is connected at its edges to two reservoirs with
different equilibrium energy distributions. These distributions may differ in either temperature,
chemical potential, or both, thereby inducing an external bias. We analytically derive exact asymp-
totic expressions for several quantum information measures – the mutual information, its Rényi
generalizations, and the fermionic negativity – that quantify the correlation and entanglement be-
tween two subsystems located on opposite sides of the impurity. We show that all these measures
scale (to a leading order) linearly with the overlap between one subsystem and the mirror image of
the other (upon reflection of the latter about the impurity), independently of the distance between
the subsystems. While a simple proportionality relation between the negativity and Rényi versions
of the mutual information is observed to hold at zero temperature, it breaks down at finite temper-
atures, suggesting that these quantities represent strong long-range correlations of different origins.
Our results generalize previous findings that were limited to the case of a chemical-potential bias at
zero temperature, rigorously demonstrating that the effect of long-range volume-law entanglement
is robust at finite temperatures.

I. INTRODUCTION

Nonequilibrium condensed matter systems produce a
rich landscape of physical phenomena, its exploration
ceaselessly revealing behaviors that do not fall under
the auspices of traditional equilibrium statistical mechan-
ics. As we strive to chart the contours of this land-
scape, we are thus called to construct novel theoretical
formalisms that could effectively capture such peculiar
effects. For quantum many-body systems, a perspective
that has emerged in recent years, rooted in quantum in-
formation theory, has been immensely conducive to the
formulation of a theoretical language that could encom-
pass far-from-equilibrium physics. This perspective uses
measures of the amount and the spread of quantum in-
formation stored in the state of a system as probes for
nonequilibrium many-body phenomena, allowing to de-
scribe these phenomena quantitatively, as well as to unify
their description across different theoretical models.

As a marked example for the success of this approach,
the proneness of a closed quantum system to reach local
thermal equilibrium (or to avoid it) after a nonequilib-
rium quench has been repeatedly shown to be closely
connected to the dynamics of entanglement and to the
entanglement structure of energy eigenstates [1–9]. Ad-
ditionally, quantum information measures can be used to
distinguish integrable systems from nonintegrable ones.
Following a quench, measures of the correlation between
two disjoint subsystems of an integrable system will ex-
hibit a transient peak even when the subsystems are sep-
arated by a large distance, while in a nonintegrable sys-
tem the height of this peak practically vanishes already
at a modest separation [7, 10–12], a clear signature of

information scrambling [13–15].
These long-range quantum correlations within an inte-

grable system can be made stationary rather than tran-
sient, if one considers an open system instead of a closed
one. Several recent studies [16–20] have revealed ex-
amples of steady states of open free-fermion systems in
which the mutual information (MI, a correlation measure
that will be precisely defined below) between subsystems
follows a volume law, meaning that it scales linearly with
the size of the subsystems in question. Such scaling of
the MI is exclusive to nonequilibrium systems: for two
subsystems comprising a system at thermal equilibrium,
their MI is known to adhere to an area law [21], meaning
that it scales linearly with the size of their shared bound-
ary (we note that at a zero-temperature ground state this
area law may be violated, but only to a logarithmic or-
der in subsystem size [22–24]; such a logarithmic viola-
tion has also been predicted for a nonequilibrium state
beyond zero temperature [25, 26]).

All of these recent studies considered the steady state
of a system that is subjected to an external chemical-
potential bias, and that is characterized by inhomogene-
ity: Refs. [16, 17] considered fermions in a disordered
potential, relating the scaling of the MI to the phase
transition of the 3D noninteracting Anderson model;
Refs. [18, 20] examined a quantum variant of the 1D
symmetric simple exclusion process, where fermions ex-
perience random hopping between lattice sites; and in
Ref. [19] we looked at a 1D tight-binding model host-
ing a noninteracting impurity, and investigated the zero-
temperature correlations between subsystems on oppo-
site sides of the impurity. Refs. [16, 19] have additionally
shown that the volume-law scaling applies also to the
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fermionic negativity, a genuine measure of quantum en-
tanglement between subsystems (a precise definition is
given below).

In this context, Ref. [19] is distinct in that it consid-
ered the correlation between spatially separated subsys-
tems. We have shown there that the extensive scaling of
the MI and the negativity holds even in the long-range
limit, where the distance between the subsystems is much
larger than their lengths, provided that their distances
from the impurity are similar. This remarkable entan-
glement structure is generated by fermions occupying the
excess energy states of the edge reservoir with the higher
chemical potential, and it stems from the coherence be-
tween the reflected part and the transmitted part of each
fermion that is scattered off the impurity.

The emergence of extensive long-range entanglement
in the steady state of an inhomogeneous free system is
close in spirit to the aforementioned transient MI peak in
a post-quench homogeneous integrable system, as both
phenomena arise due to the absence of decoherence in
the system, and the consequent ability of particles (or
quasi-particles) to carry quantum information over large
distances while unobstructed. It is therefore natural to
ponder to what extent the mechanism observed in the
case of Ref. [19] is general, and may lead to similar en-
tanglement structures in steady states beyond that par-
ticular case.

In this work, we make progress in this direction by
studying the same free-fermion model as in Ref. [19], but
considering a more general form of the external nonequi-
librium bias. Instead of assuming that the edge reservoirs
are at zero temperature with different chemical poten-
tials, we relax the assumption by requiring simply that
the energy distributions in the two reservoirs are differ-
ent. This includes the possibility of finite-temperature
reservoirs, and in particular the steady state formed due
to a temperature bias with no net particle current.

We analytically derive the asymptotic forms of the
MI and negativity within the steady state, and find the
same volume-law scaling as the one observed in the zero-
temperature case: the two quantities scale linearly with
the mirror-image overlap between the two subsystems;
that is, the number of overlapping lattice sites between
one subsystem and the mirror-image of the other, when
reflected about the location of the impurity. On our way
there, we also obtain exact expressions for families of
quantities that generalize the MI and negativity, which
are collectively referred to as Rényi generalizations, and
which contain additional information on the correlation
structure of the steady state. Our results thus contribute
also to the growing body of analytical work on quantum
correlations in many-body systems containing impurities,
both in and out of equilibrium [27–38].

The paper is structured as follows. In Sec. II we present
the definitions of the quantum information measures that
lie at the center of our analysis, and explain their impor-
tance in general. In Sec. III we describe the model of
interest and define the subsystems for which correlation

measures are to be computed. Sec. IV contains our main
analytical results, as well as a discussion of their physical
implications and an intuitive explanation enabling their
natural interpretation. The details of the derivation of
these results appear in Sec. V, which is supplemented by
three technical appendices. We conclude the paper with
Sec. VI, which summarizes our main messages and looks
ahead at future directions of research.

II. REVIEW OF RELEVANT QUANTUM
INFORMATION QUANTITIES

The following section provides a brief review of the
quantum information quantities studied in this work, in-
cluding their formal definitions and their meanings in
terms of many-body correlations. Throughout this sec-
tion, we will use the notation ρX to refer to the reduced
density matrix of some subsystem X, which is the den-
sity matrix left following a partial trace of the system
density matrix over the degrees of freedom of Xc, the
complement of X.

We first define the von Neumann entropy of subsystem
X as

SX = −Tr[ρX ln ρX ] , (1)

and its nth Rényi entropy as

S
(n)
X = 1

1 − n
ln Tr[(ρX)n] . (2)

These quantities satisfy limn→1 S
(n)
X = SX , a relation

which is commonly used to extract the von Neumann
entropy, as Rényi entropies tend to be more directly ac-
cessible, both in terms of analytical computation as well
as in terms of experimental measurement [39–43]. When
the total state of the system is pure, the von Neumann
and Rényi entropies quantify the entanglement between
X and Xc [44]; our current work, however, deals in gen-
eral with states that are globally mixed.

The correlation between any two disjoint subsystems
X1 and X2 can be quantified through their mutual infor-
mation (MI), defined as

I = SX1 + SX2 − SX1∪X2 . (3)

The MI is non-negative by its definition, and serves as a
measure of the total classical and quantum correlations
between X1 and X2 [45]. In analogy to the von Neumann
entropy, the MI can be expressed as the n → 1 limit of
the quantity

I(n) = S
(n)
X1

+ S
(n)
X2

− S
(n)
X1∪X2

, (4)

to which we refer as the Rényi mutual information (RMI).
The RMI vanishes when X1 and X2 are completely uncor-
related (i.e., when ρX1∪X2 = ρX1 ⊗ ρX2), but is generally
problematic as a measure of correlations between subsys-
tems, as it lacks certain desirable properties: unlike the
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MI, the RMI may increase under local operations (i.e.,
operations restricted to either X1 or X2), and it can also
be negative [46, 47]. However, the accessibility of the
Rényi entropies makes the RMI a useful tool in the ex-
traction of the MI, and, as we will show, in our case of
interest the MI and the RMI follow a similar scaling law.

There are also alternative definitions of index-
dependent quantities that generalize the MI, from which
the latter can be obtained through analytic continuation.
One such quantity, which was recently studied in the con-
text of quantum field theories [48], is the Petz-Rényi mu-
tual information (PRMI):

D(n) = 1
n − 1 ln Tr

[
(ρX1∪X2)n (ρX1 ⊗ ρX2)1−n

]
. (5)

The PRMI is a positive measure of correlations which
satisfies limn→1 D(n) = I. It provides a set of bounds
on the correlation function of any pair of operators in
which one operator is supported on X1 and the other is
supported on X2 [21, 48].

Given that the MI does not distinguish between clas-
sical and quantum correlations, it is desirable to study a
measure that is sensitive only to the latter. Such a mea-
sure is given by the fermionic negativity [49] (inspired by
the logarithmic negativity [50, 51]), defined as

E = ln Tr
√

(ρ̃X1∪X2)†
ρ̃X1∪X2 , (6)

where the operation ρX1∪X2 → ρ̃X1∪X2 is the fermionic
partial transpose (which is equivalent to a partial time-
reversal transformation, applied to either X1 or X2). The
negativity E measures the entanglement between X1 and
X2 within any mixed state of X1 ∪X2, and is particularly
useful when this state is Gaussian, as in this case its
computation is significantly simplified [49, 52, 53], as we
further explain in Sec. V. Again, one can introduce an
index-dependent quantity, the Rényi negativity, which
generically is easier to compute and measure. The Rényi
negativity is defined for any even integer n as

E(n) = ln Tr
[(

(ρ̃X1∪X2)†
ρ̃X1∪X2

)n/2
]

, (7)

and satisfies limn→1 E(n) = E . Beyond being auxiliary
quantities for the computation of the negativity, the
Rényi negativities can be used to reconstruct the neg-
ativity spectrum [54, 55], i.e., the spectrum of ρ̃X1∪X2 .
However, it is not itself a proper measure of correlations
between X1 and X2, as it may be nonzero even when
these subsystems are not correlated: if the state ρX1∪X2

is separable, then E(n) = (1 − n) S
(n)
X1∪X2

, meaning that
E(n) is nonzero if ρX1∪X2 is also mixed.

III. THE SYSTEM AND ITS STEADY STATE

Here we define precisely the model and the nonequi-
librium state that are the subject of this work, and set

up the notation with which we will express our analytical
results.

We consider a one-dimensional lattice, the sites of
which can be occupied by free spinless fermions. The
lattice is connected at its edges to two reservoirs of free
fermions, both of which at equilibrium: the left reservoir
is characterized by a chemical potential µL and a tem-
perature TL, and the right reservoir is characterized by a
chemical potential µR and a temperature TR. The lattice
itself is modeled as a tight-binding chain which is ho-
mogeneous almost everywhere. The homogeneity of the
chain is broken only in a small region near its center, a
region which constitutes a noninteracting impurity that
conserves the number of particles. The model is therefore
governed by a Hamiltonian of the form

H = −η

∞∑
m=m0

[
c†

mcm+1 + c†
−mc−m−1 + h.c.

]
+Hscat, (8)

with η > 0 being a real hopping amplitude, cm being
the fermionic annihilation operator associated with the
site m, m0 being some fixed integer, and Hscat being the
term associated with the impurity. Hscat is a combination
of quadratic terms of the form c†

mcm′ , with the indices
m, m′ being limited to the region −m0 ≤ m, m′ ≤ m0,
or possibly associated with additional sites attached to
this region from the side. Realistically, the lattice must
be finite considering its attachment to edge reservoirs,
but the infinite sum appearing in Eq. (8) is still a valid
representation if we interpret the correlation structure
that we discover as pertaining to a region around the
impurity that is much smaller than the actual length of
the lattice.

The single-particle energy eigenbasis of the Hamilto-
nian in Eq. (8) is generically comprised of bound states,
that are exponentially localized at the impurity, and of
extended states [56]. The effect of the bound states is
negligible when considering correlations between subsys-
tems that exclude the impurity, as we do in this work,
and we therefore ignore those states. The form of the
extended states, on the other hand, is what gives rise
to the unusual entanglement structure that we find here.
Outside the impurity region, this form can be concisely
represented by a unitary scattering matrix S(k) of size
2 × 2 [57], defined for any 0 < k < π:

S(k) =
(

rL(k) tR(k)
tL(k) rR(k)

)
. (9)

The diagonal entries of S(k) are reflection amplitudes,
and its off-diagonal entries are transmission amplitudes.
We let R = |rL|2 = |rR|2 and T = |tL|2 = |tR|2 denote
the reflection and transmission probabilities, respectively.
Since S(k) is unitary, T (k) + R(k) = 1.

The extended states |k⟩ are parameterized by the mo-
mentum coordinate k with 0 < |k| < π, and are asso-
ciated with the single-particle energy spectrum ϵ(k) =
−2η cosk. They are comprised of left scattering states,
defined for any 0 < k < π by the wavefunction
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(a)

(b) (c)

Figure 1. (a) A schematic illustration of the model, with an exemplary choice of subsystems. A long one-dimensional chain
of lattice sites is homogeneous almost everywhere, apart from a small middle region (represented by the larger circle) which
constitutes a noninteracting impurity, and spans the sites with indices −m0 ≤ m ≤ m0. At its distant edges, the system is
attached to two free-fermion reservoirs with temperatures Ti and chemical potentials µi (i = L,R), giving rise to Fermi-Dirac
energy distributions fi(ϵ) (Eq. (12)). The subsystems AL and AR, on opposite sides of the impurity, are marked by black empty
rectangles, with the length and distance from the impurity of Ai denoted by ℓi and di, respectively. Āi = {m| − m ∈ Ai} are
the mirror images of the subsystems with respect to the middle of the chain, and ℓmirror (defined in Eq. (15)) is the length of
the overlap between one subsystem and the mirror image of the other. (b) The homogeneity-breaking impurity induces the
scattering of an incoming wavepacket, concentrated around a certain energy. This creates a transmitted part and a reflected
part with (generally energy-dependent) amplitudes t and r (respectively), such that the two parts are coherently correlated.
(c) At each energy where, as a result of the nonequilibrium bias, there is an excess of particles coming from one of the
edge reservoirs, entanglement between mirroring regions in the chain is generated due to the coherent correlation between
the counter-propagating scattered parts. The number of wavepackets shared by the mirroring regions is proportional to their
length, leading to volume-law entanglement.

⟨m|k⟩ =
{

eikm + rL(|k|) e−ikm m < −m0,

tL(|k|) eikm m > m0,
(10)

together with right scattering states, given for any −π <
k < 0 by

⟨m|k⟩ =
{

tR(|k|) eikm m < −m0,

eikm + rR(|k|) e−ikm m > m0.
(11)

The form of the wavefunctions inside the impurity region
is irrelevant when considering correlations between sub-
systems that exclude this region. Their form outside the
impurity region clearly depends only on the scattering
matrix in Eq. (9).

The many-body nonequilibrium steady state of the sys-
tem is determined by the single-particle energy distribu-
tions of the two edge reservoirs. In each reservoir, a state
with energy ϵ is occupied with the probability fi(ϵ) (with
i = L,R), which is given by the equilibrium Fermi-Dirac
distribution:

fi(ϵ) = 1
exp [(ϵ − µi)/Ti] + 1 . (12)

In what follows, we will express these distributions as
functions of k, i.e., fi(k) = fi(ϵ(k)). Within the lattice,
an energy eigenstate |k⟩ is therefore occupied according
to the distribution f̃(k), defined as

f̃(k) =
{

fR(k) k < 0,

fL(k) k > 0.
(13)

In other words, if we let ck denote the annihilation op-
erator associated with the single-particle state |k⟩, the
nonequilibrium steady state ρNESS of the system is given
by

ρNESS =
∏

k

[
f̃(k) c†

kck +
(

1 − f̃(k)
)

ckc†
k

]
, (14)

which is a Gaussian state.
Throughout the rest of the paper, we address the cor-

relations between two subsystems, denoted by AL and
AR, as measured by the different quantities reviewed
in Sec. II. The interval AL is located to the left of
the impurity and spans the sites m with −dL − ℓL ≤
m + m0 ≤ −dL − 1, while the interval AR is located
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to the right of the impurity and spans the sites m with
dR +1 ≤ m−m0 ≤ dR +ℓR. Thus, ℓi denotes the number
of sites in Ai, and di represents the number of sites sepa-
rating the impurity region from the nearest boundary of
Ai (i = L,R). The length scales ℓi and di are assumed
to be much larger than 2m0 + 1, which is the size of the
impurity.

As will become apparent when discussing our results, it
is also useful to introduce notations for the mirror images
of these subsystems: we let Āi = {m| − m ∈ Ai} denote
the set of sites obtained by reflecting the sites in Ai about
the middle site m = 0, which also marks the center of
the impurity. We can then refer to either ĀL ∩ AR or
AL ∩ ĀR as the mirror-image overlap between the two
subsystems, i.e., the overlap between one subsystem and
the mirror image of the other. Finally, we let ℓmirror =∣∣ĀL ∩ AR

∣∣ =
∣∣AL ∩ ĀR

∣∣ denote the length of this overlap,
which is equivalent to defining

ℓmirror = max{min{dL +ℓL, dR +ℓR}−max{dL, dR} , 0} .
(15)

The length scale ℓmirror is the one with respect to which
the correlation measures that we consider exhibit their
volume-law scaling. Importantly, it depends on the dis-
tances dL and dR of the subsystems from the impurity
only through dL − dR.

A schematic illustration of the system appears in
Fig. 1(a), where we also show an example for a choice
of AL and AR, and indicate the associated length scales.

IV. EXACT RESULTS

In this section we present the main results of our work,
which are the exact formulae for the leading-order asymp-
totics of the correlation measures defined in Sec. II, when
applied to the model and subsystems defined in Sec. III.
We discuss the interpretation of these analytical formulae
and their various limits, and compare them to numeri-
cal results. The derivation of the analytical results is
detailed in Sec. V.

Our analysis shows that the nth RMI between AL and
AR scales as

I(n) ∼ ℓmirror

1 − n

π∫
0

dk

2π

{
ln[(T fL +RfR)n+(1−T fL −RfR)n]

+ ln[(RfL +T fR)n+(1−RfL −T fR)n]

− ln[(fL)n + (1−fL)n] − ln[(fR)n + (1−fR)n]
}

,

(16)

while the PRMI is given by

D(n) ∼ ℓmirror

n − 1

π∫
0

dk

2π
ln
[
T

(
(fL)n

(T fL +RfR)n−1 + (1−fL)n

(1−T fL −RfR)n−1

)(
(fR)n

(RfL +T fR)n−1 + (1−fR)n

(1−RfL −T fR)n−1

)

+ R

(
(fL)n

(RfL +T fR)n−1 + (1−fL)n

(1−RfL −T fR)n−1

)(
(fR)n

(T fL +RfR)n−1 + (1−fR)n

(1−T fL −RfR)n−1

)]
. (17)

By taking the limit n → 1 of either Eq. (16) or Eq. (17), we obtain the MI, which reads

I ∼ ℓmirror

π∫
0

dk

2π

{
− (T fL +RfR) ln(T fL +RfR) − (1−T fL −RfR) ln(1−T fL −RfR) + fL ln fL + (1−fL) ln(1−fL)

− (RfL +T fR) ln(RfL +T fR) − (1−RfL −T fR) ln(1−RfL −T fR) + fR ln fR + (1−fR) ln(1−fR)
}

. (18)

Furthermore, the fermionic negativity between the two
subsystems is found to scale as

E ∼ ℓmirror

π∫
0

dk

2π
ln
[
fL + fR − 2fLfR

+
√

[1 − fL − fR + 2fLfR]2 + 4T R (fL − fR)2
]
. (19)

Thus, the measures in Eqs. (16)–(19) all scale linearly

with ℓmirror, signaling volume-law long-range correlation
and entanglement between the two subsystems (recall
that ℓmirror depends only on dL − dR, hence the use of
the term “long-range”).

We may immediately observe another property that
these measures all share: their volume-law terms van-
ish if, for all momenta k ∈ [0, π], either fL(k) = fR(k)
or T (k) ∈ {0, 1}. The first condition corresponds to
the absence of a nonequilibrium bias at the energy ϵ(k),
while the second translates into the impurity being triv-
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Figure 2. The mutual information and negativity between AL and AR in the resonant level model, under a temperature bias
and with no chemical-potential bias, setting µL = µR = 0. In all panels, the subsystem lengths are fixed to be ℓL = 100 and
ℓR = 200, while their relative distance from the impurity dL − dR is varied. Note that di + 1

2 ℓi, appearing in the label of the
horizontal axis, is the distance from the midpoint of Ai to the impurity (i = L,R). Continuous lines represent analytical results
(computed from Eqs. (18) and (19) for the MI and negativity, respectively), while dots represent numerical results (computed
in the limit di/ℓi → ∞, as explained in Subsec. V A 2). In each panel, between the two vertical dotted lines the values of
dL − dR are such that ĀL ⊂ AR (i.e., maximal mirror-image overlap), and between the two vertical dashed lines they are such
that ĀL ∩ AR ̸= ϕ (i.e., nonzero mirror-image overlap). Top panels: (a) The MI and (b) the negativity for different values
of the impurity on-site energy ϵ0, with TL = 2η and TR = η. Bottom panels: (c) The MI and (d) the negativity for different
values of the temperature bias ∆T = TL − TR, with TR = 0.5η and ϵ0 = η.

ial, meaning perfectly transmissive or perfectly reflective,
at that energy. In contrast, if these conditions fail to ap-
ply (for a nonzero-measure subset of [0, k]) – i.e., in the
presence of both a nonequilibrium bias and nontrivial
scattering – then the volume-law terms in Eqs. (16)–(19)
are all positive. The bias and the nontrivial scattering by
the impurity are therefore necessary and sufficient condi-
tions for the emergence of the observed strong long-range
entanglement in the steady state.

These two conditions together also render the func-
tions T fL+RfR and RfL+T fR incompatible with equi-
librium distributions; that is, none of them can be
written using an effective temperature and an effective
chemical potential. These two functions are featured in
Eqs. (16)–(18) as the arguments of entropic functions
(e.g., −x ln x − (1 − x) ln(1 − x) in Eq. (18)) that oth-
erwise tend to arise when calculating entropic measures
for some equilibrium state, with the appropriate equilib-
rium distribution as their argument. The nonequilibrium
nature of the steady-state correlations is thus made con-
spicuous by the mathematical structure of Eqs. (16)–(18).

As in the zero-temperature case, the origin of the
volume-law long-range correlations can be interpreted
by considering that, at each energy participating in the
nonequilibrium bias, there is an excess of particles in-
coming from one reservoir rather than the other. A
wavepacket representing each such particle splits at the
impurity into a coherent superposition of two counter-
propagating wavepackets, with the superposition ampli-
tudes determined by the scattering matrix (illustrated in
Fig. 1(b)). With the two wavepackets moving uninter-
ruptedly with group velocities of the same magnitude,
they generate entanglement between faraway sites that
have an equal distance from the impurity. This effect
would have been canceled within the many-body state if
the same current of particles at that energy had flowed
in the opposite direction, yet the nonequilibrium bias en-
sures that this is not so. Given the stationary rate of in-
coming particles, mirroring regions share such correlated
wavepackets in a manner proportional to their length (il-
lustrated in Fig. 1(c)). The only difference between this
interpretation and the more specific picture of the zero-
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Figure 3. The mutual information and negativity between AL and AR in the resonant level model, under a chemical-potential
bias and with no temperature bias, setting TL = TR = η. In all panels, the subsystem lengths are fixed to be ℓL = 100 and
ℓR = 200, while their relative distance from the impurity dL − dR is varied. Note that di + 1

2 ℓi, appearing in the label of the
horizontal axis, is the distance from the midpoint of Ai to the impurity (i = L,R). Continuous lines represent analytical results
(computed from Eqs. (18) and (19) for the MI and negativity, respectively), while dots represent numerical results (computed
in the limit di/ℓi → ∞, as explained in Subsec. V A 2). In each panel, between the two vertical dotted lines the values of
dL − dR are such that ĀL ⊂ AR (i.e., maximal mirror-image overlap), and between the two vertical dashed lines they are such
that ĀL ∩ AR ̸= ϕ (i.e., nonzero mirror-image overlap). Top panels: (a) The MI and (b) the negativity for different values of
the impurity on-site energy ϵ0, with µL = −µR = 1.5η. Bottom panels: (c) The MI and (d) the negativity for different values
of the chemical-potential bias ∆µ = µL − µR, with µR = 0 and ϵ0 = η.

temperature case is simply that, in the latter, there is a
certain window of energies in which particles emerge only
from one of the reservoirs, while in the former particles
possibly emerge from both reservoirs and still generate
entanglement due to an occupation bias.

There is, however, a noteworthy quantitative differ-
ence in the results between the zero-temperature case
and the more general scenario. By plugging TL = TR = 0
into Eqs. (16) and (19), we recover the results that
were reported in Ref. [19] for the RMI and the neg-
ativity. That is, letting k+ = max{kF,L, kF,R} and
k− = min{kF,L, kF,R} denote the Fermi momenta of the
two reservoirs (with kF,i = ϵ−1(µi)), we obtain

I(n) ∼ ℓmirror

1 − n

k+∫
k−

dk

π
ln[T n + Rn] , (20)

and find that the negativity and the n = 1/2 RMI satisfy
(to the leading order) the simple relation E ∼ 1

2 I(1/2).
This relation is observed in (interacting or noninter-
acting) integrable systems following zero-temperature

quenches, which are described by the quasi-particle pic-
ture [11], and in the post-quench early-time dynamics of
local systems in general [58]. The relation E ∼ 1

2 I(1/2)

would have stemmed trivially from the definitions of the
two quantities had AL ∪ AR been in a pure state, but is
otherwise nontrivial [59]. It may be interpreted as indi-
cating that the correlations between the two subsystems
are, to the leading order, purely quantum [58].

In contrast, as can be seen from a direct examination
of Eqs. (16) and (19), this relation between the negativ-
ity and the 1

2 -RMI breaks down if at least one of the
reservoirs is at a finite temperature. A similar break-
down of this relation was observed in nonequilibrium
scenarios involving dissipation [60, 61], as well as in a
steady state ensuing from a finite-temperature quench
[26]. In a similar vein, at zero temperature we find that
the result for the PRMI in Eq. (17) is simply reduced to
D(n) ∼ I(3−2n), also implying that E ∼ 1

2 D(5/4); again,
such relations would have been satisfied trivially had the
state of AL ∪ AR been pure [48]. This simple propor-
tionality relation of the PRMI to either the RMI or the
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Figure 4. The Petz-Rényi mutual information between AL and AR in the resonant level model, setting ϵ0 = η. In all panels, the
subsystem lengths are fixed to be ℓL = 100 and ℓR = 200, while their relative distance from the impurity dL −dR is varied. Note
that di + 1

2 ℓi, appearing in the label of the horizontal axis, is the distance from the midpoint of Ai to the impurity (i = L,R).
Continuous lines represent analytical results (computed from Eq. (17)), while dots represent numerical results (computed in
the limit di/ℓi → ∞, as explained in Subsec. V A 2). In each panel, between the two vertical dotted lines the values of dL − dR

are such that ĀL ⊂ AR (i.e., maximal mirror-image overlap), and between the two vertical dashed lines they are such that
ĀL ∩ AR ̸= ϕ (i.e., nonzero mirror-image overlap). Top panels: The PRMI D(n) for (a) n = 2 and (b) n = 0.5 in the case
of a temperature bias and with no chemical-potential bias. Results are plotted for different values of the temperature bias
∆T = TL − TR, with TR = 0.5η and µL = µR = 0. Bottom panels: The PRMI D(n) for (c) n = 2 and (d) n = 0.5 in the case of
a chemical-potential bias and with no temperature bias. Results are plotted for different values of the chemical-potential bias
∆µ = µL − µR, with µR = 0 and TL = TR = η.

negativity again breaks down at finite temperatures.
To illustrate our results, in Figs. 2–3 we plot the ana-

lytical expressions for the MI and negativity (Eqs. (18)
and (19), respectively) for a specific choice of an impurity
model. We focus on a resonant level model, substituting
m0 = 0 and Hscat = ϵ0c†

0c0 into Eq. (8), such that only
the middle site of the chain constitutes the impurity. It is
straightforward to check that in this case the momentum-
dependent transmission probability is given by

T (k) = sin2k

sin2k + (ϵ0/2η)2 . (21)

As a corroboration of our analytical calculation, we also
plot numerical results for the MI and negativity. These
are computed in the long-range limit di/ℓi → ∞ with
dL − dR kept fixed (a limit by which the analytical ex-
pressions are unaffected), via an exact diagonalization of
the two-point correlation matrix restricted to AL ∪ AR,
as we further elaborate in Subsec. V A 2.

Fig. 2 shows the results for a pure temperature bias,
where we plot the MI and negativity for a fixed bias and
different values of the impurity on-site energy ϵ0, and
vice versa. In Fig. 3 we present a similar analysis, only
with a pure chemical-potential bias at a finite tempera-
ture instead of a temperature bias. In both figures, we fix
the subsystem lengths ℓL and ℓR and vary dL − dR, going
between no mirror-image overlap and maximal mirror-
image overlap. We find an excellent agreement between
the numerical results and the analytical leading-order
asymptotics.

In both figures, one may easily observe that a larger
nonequilibrium bias typically leads to stronger correla-
tions, which is indeed natural considering our interpre-
tation of the results. The dependence on the impurity
on-site energy ϵ0 is more intricate, since a change in ϵ0
affects the transmission probability across the entire en-
ergy spectrum. Interestingly, by examining the top pan-
els of Fig. 2, one sees that it is possible to find two values
of ϵ0 such that the MI obtained for one is larger than
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the MI obtained for the other, while the negativity in
the former case is smaller than in the latter. Such “non-
monotonicity” between the MI and the negativity is a
finite temperature effect, given that at zero temperature
it is forbidden due to the simple relation between the
negativity and the 1

2 -RMI. It is therefore a manifesta-
tion of the MI capturing strong long-range correlations
beyond the quantum coherent correlations captured by
the negativity.

Finally, we note that the derivation of the analytical
formula for the PRMI, given in Eq. (17), relies on a recent
conjecture [62] relating to the asymptotics of a certain
class of determinants (see details in Subsec. V D). This
fact calls for a verification of Eq. (17), by comparing it
to an independent numerical computation. In Fig. 4 we
plot D(n) for two values of n and for various instances of
a nonequilibrium bias, finding in all cases that Eq. (17)
agrees nicely with the numerical result.

V. ANALYTICAL DERIVATION

The following section describes the derivation of the
results appearing in Sec. IV. In Subsec. V A we recall
general useful expressions for quantum information mea-
sures in terms of two-point correlation functions, that
apply when the many-body state is Gaussian. Regarding
the correlation function between sites in AL ∪ AR for our
state of interest, we also recall its limit when the two sub-
systems are distant (originally derived in Ref. [19]), and
explain the importance of this limit within our calcula-
tions. Subsequently, in Subsec. V B we derive the forms
of the Rényi entropies composing (via Eq. (4)) the RMI,
leading to Eq. (16); in Subsec. V C we derive the form of
the negativity, given in Eq. (19); and in Subsec. V D we
derive the form of the PRMI, reported in Eq. (17).

A. Reduction to two-point correlations

The analysis we present in this paper relies on the fact
that, for any fermionic Gaussian many-body state (such
as the one studied here), subsystem entropies and nega-
tivities are fully determined by the spectrum of two-point
correlation matrices restricted to the subsystems of in-
terest. This amounts to an exponential reduction of the
numerical computational cost, and in many cases also al-
lows to derive analytical expressions through the use of
asymptotic techniques related to the structure of these
correlation matrices.

For the steady state defined in (14), the two-point cor-
relation function between any two sites can be written
as

〈
c†

jcm

〉
=

π∫
−π

dk

2π
f̃(k) ⟨k|j⟩ ⟨m|k⟩ . (22)

A similar expression for the two-point correlation matrix
applies to any Gaussian state, upon determining the ap-
propriate single-particle states |k⟩ that diagonalize the
density matrix and their corresponding occupation fac-
tors f̃(k).

1. General relations for fermionic Gaussian states

Let CX denote the two-point correlation matrix re-
stricted to a subsystem X, meaning that its entries are
given by

〈
c†

jcm

〉
with j, m ∈ X. The Rényi entropies of

subsystem X satisfy [63]

S
(n)
X = 1

1 − n
Tr ln[(CX)n + (I − CX)n] . (23)

For the purpose of calculating Rényi entropies analyt-
ically, we use the relation in Eq. (23) in two different
ways. First, we may expand the logarithm in the form of
a power series, yielding

S
(n)
X = 1

1 − n

∞∑
s=1

(−1)s+1

s
Tr
[
{(CX)n + (I − CX)n − I}s]

.

(24)
This expression implies that it suffices to produce a gen-
eral formula for the moments of the correlation matrix,
i.e., to derive the asymptotics of

Tr[(CX)p] =
∫

[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)
[∑

m∈X

⟨m|kj−1⟩⟨kj |m⟩

]
,

(25)

for any positive integer p (we identify k0 = kp). In
our case of interest, this indeed can be done in princi-
ple through the stationary phase approximation (SPA)
[64], on which we elaborate in Subsec. V B.

The second way in which we may use Eq. (23) is
through the root decomposition of the polynomial zn +
(1 − z)n, which leads to the following expression:

S
(n)
X = 1

1 − n

n−1
2∑

γ=− n−1
2

ln det
[
I +

(
e2πiγ/n − 1

)
CX

]
.

(26)
Then, the asymptotic analysis of the entropies can be
carried out if one has access to the asymptotics of the
determinants in Eq. (26), which is in fact true if CX has
a Toeplitz (or block-Toeplitz) structure, since in such a
case the Szegö-Widom asymptotic formula can be em-
ployed [65]. As we explain below, this required structure
arises in our computation even when the restricted cor-
relation matrices of the subsystems of interest do not
possess it themselves.

The treatment of Rényi negativities is closely analo-
gous to that of Rényi entropies. For a fermionic Gaus-
sian state, negativities between two subsystems X1 and
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X2 can be expressed using CX1∪X2 and a transformed
two-point correlation matrix given by

CΞ = 1
2

[
I − (I + Γ+Γ−)−1 (Γ+ + Γ−)

]
, (27)

where we defined the covariance matrices

Γ± =
(

±iI|X1| 0
0 I|X2|

)
(I − 2CX1∪X2)

(
±iI|X1| 0

0 I|X2|

)
,

(28)
assuming that the first |X1| indices designating the en-
tries of CX1∪X2 correspond to the sites of subsystem X1.
Using the matrix defined in Eq. (27), Rényi negativities
can be written as [49, 52, 53]

E(n) = Tr ln
[
(CΞ)n/2 + (I − CΞ)n/2

]
+ n

2 Tr ln
[
(CX1∪X2)2 + (I − CX1∪X2)2

]
. (29)

Additionally, in Ref. [19] we showed that an equivalent

way of writing this equality is

E(n) = Tr ln

 n−1
2∏

γ=− n−1
2

(I − Cγ)

 , (30)

where we introduced for γ = − n−1
2 , − n−3

2 , . . . , n−1
2 the

notation

Cγ =

(1 − e
2πiγ

n

)
I|X1| 0

0
(

1 + e
−2πiγ

n

)
I|X2|

CX1∪X2 .

(31)
As in the case of the Rényi entropies, the relation to

the correlation matrix in Eq. (30) can be used within two
different approaches to access the asymptotics of Rényi
negatvities. In the first approach, we consider the series
expansion of Eq. (30),

E(n) =
∞∑

s=1

(−1)s+1

s
Tr


n−1

2∏
γ=− n−1

2

(I − Cγ) − I


s  ,

(32)
and observe that it reduces the computation to that of
an arbitrary joint moment of the modified correlation
matrices Cγ , that is, a joint moment of the form

Tr
[
Cγ1 . . . Cγp

]
=

∫
[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)
[(

1 − e
2πiγj

n

)∑
m∈X1

⟨m|kj−1⟩ ⟨kj |m⟩ +
(

1 + e
−2πiγj

n

)∑
m∈X2

⟨m|kj−1⟩ ⟨kj |m⟩

]
,

(33)

with p being a positive integer. Eq. (33) bears clear re-
semblance to Eq. (25), and similarly its asymptotic form
can be estimated in our case of interest using the SPA
(see details in Subsec. V C). The second approach, which
is analogous to the one that uses Eq. (26) in the case of
the Rényi entropies, simply rewrites Eq. (30) as

E(n) =
n−1

2∑
γ=− n−1

2

ln det[I − Cγ ] , (34)

where again the asymptotics of the determinants can be
analytically calculated provided a certain structure of the
modified correlation matrices Cγ .

Lastly, we mention that, for a Gaussian state, the
PRMI between X1 and X2 (defined in Eq. (5)) can also
be efficiently expressed using restricted two-point corre-
lation matrices. Indeed, the PRMI can be written as [48]

D(n) = 1
n − 1Tr ln

[
(CX1∪X2)n (CX1 ⊕ CX2)1−n

+ (I − CX1∪X2)n (I − CX1 ⊕ CX2)1−n

]
. (35)

Eq. (35) is somewhat similar in its form to Eq. (23) for
the Rényi entropy and Eq. (29) for the Rényi negativity,
and indeed all of these formulae provide efficient ways to
numerically calculate the quantities that they represent.
However, the fact that the matrices CX1∪X2 and CX1 ⊕
CX2 in general do not commute makes it difficult to bring
Eq. (35) to a form akin to Eq. (26) or Eq. (34), and thus
hinders the direct use of the same asymptotic techniques.

2. Long-range limit of two-point correlations

Since we focus on sites outside of the impurity region
(such that |j| , |m| > m0), Eqs. (10) and (11) can be
used to write down the matrix element in Eq. (22) ex-
plicitly. Furthermore, this explicit expression becomes
simpler when considering its long-range limit, i.e., when
taking di/ℓi → ∞ with dL − dR kept fixed. As explained
in Ref. [19], we may use the Riemann-Lebesgue lemma
to omit contributions to the matrix element that vanish
in this limit, since they correspond to Fourier compo-
nents with a diverging index. The two-point correlation
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function is then given by

〈
c†

jcm

〉
−→



∫ 0
−π

dk
2π f̃(k) e−i(j−m)k +

∫ π

0
dk
2π

[
f̃(k) T (k) + f̃(−k) R(k)

]
e−i(j−m)k j, m ∈ AR,∫ 0

−π
dk
2π f̃(−k) ei(j−m)k +

∫ π

0
dk
2π

[
f̃(−k) T (k) + f̃(k) R(k)

]
ei(j−m)k j, m ∈ AL,∫ π

0
dk
2π

[
f̃(k) t∗

L(k) rL(k) + f̃(−k) tR(k) r∗
R(k)

]
e−i(j+m)k m ∈ AL and j ∈ AR,∫ π

0
dk
2π

[
f̃(k) tL(k) r∗

L(k) + f̃(−k) t∗
R(k) rR(k)

]
ei(j+m)k j ∈ AL and m ∈ AR.

(36)

The analytical results presented in Sec. IV depend on
dL and dR only through dL − dR, and in particular hold
in the long-range limit, a fact which arguably constitutes
the most remarkable aspect of our results. Accordingly,
the numerical results to which we compared them in
Sec. IV (see Figs. 2–4) were computed using two-point
correlation matrices with their entries taken to the long-
range limit given in Eq. (36). The exact diagonalization
of the appropriate restricted correlation matrices allows
to directly use the n → 1 limits of Eqs. (23) and (29),
as well as Eq. (35), to numerically compute entangle-
ment entropies, the fermionic negativity and the PRMI.
Moreover, the simplified correlation structure of Eq. (36)
turns out to be essential for a central step in our analyt-
ical derivation, even though this derivation begins from
the full expression in Eq. (22) for the two-point correla-
tion function; we elaborate on this point in the following
subsections.

B. Asymptotics of Rényi entropies

1. Entropies of AL and AR

In deriving the asymptotic form of the Rényi entropies
for the two intervals AL and AR, we will rely on their
relation with correlation matrix moments, which was in-
troduced in Subsec. V A. Following the same methodol-
ogy as the one that guided the analysis in Ref. [19], we
substitute the eigenstate wavefunctions in Eqs. (10) and
(11) into the expression for the correlation matrix mo-
ment given in Eq. (25). We employ the identity

r+s∑
m=r+1

exp[im (kj−1 − kj)] = s Wr

(
kj−1 − kj

2

)

×
1∫

0

dξ exp[is (kj−1 − kj) ξ] ,

(37)

where we defined Wr(x) = 1
sin x xei(2r+1)x, in order to

bring the pth correlation matrix moment to the general

form

Tr[(CAi
)p] =

∑
−→τ ,−→σ ∈{0,1}⊗p

G(−→τ , −→σ ) , (38)

with

G(−→τ , −→σ ) = ℓi
p

∫
[−π,π]p

dpk

(2π)p

∫
[0,1]p

dpξ g−→τ ,−→σ

(−→
k
)

× exp

iℓi

p∑
j=1

((−1)τj−1kj−1 − (−1)σj kj) ξj

 .

(39)

The particular forms of the functions g−→τ ,−→σ depend on
the scattering matrix associated with the impurity, as
well as on the occupation factor f̃(k) associated with
the reservoirs. Importantly, however, these functions are
independent of ℓi.

In Ref. [19] we performed the asymptotic analysis of
moments that were brought to the same form as in
Eq. (38). This was done by applying to the integrals
in Eq. (39) the SPA, according to which leading-order
contributions arise from stationary points of the func-
tion appearing inside the exponent. There, we showed
that in Eq. (38) only the terms with −→τ = −→σ may have a
leading-order O(ℓi) contribution to the moment, whereas
terms with −→τ ̸= −→σ have an O

(
ℓi

0) contribution at most.
The leading-order asymptotics is furthermore given by
the formula

Tr[(CAi
)p]

∼ ℓi

π∫
−π

dk

2π

∑
−→σ ∈{0,1}⊗p

g−→σ,−→σ

(
k, (−1)σ1+σ2k, . . . , (−1)σ1+σpk

)
,

(40)

which we can then express more explicitly using the
particular functions g−→τ ,−→σ that satisfy the equality in
Eq. (38). In Appendix A we go through the details of
the computation, arriving at the following asymptotic
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formulae:

Tr[(CAL
)p] ∼ ℓL

[ π∫
0

dk

2π
(fL(k))p

+
π∫

0

dk

2π
(R(k) fL(k) + T (k) fR(k))p

]
,

Tr[(CAR
)p] ∼ ℓR

[ π∫
0

dk

2π
(fR(k))p

+
π∫

0

dk

2π
(T (k) fL(k) + R(k) fR(k))p

]
. (41)

Finally, by substituting Eq. (41) into the power series
expansion in Eq. (24), we obtain the following expressions
for the Rényi entropies of AL and AR:

S
(n)
AL

∼ ℓL

1 − n

π∫
0

dk

2π

{
ln[(fL)n + (1 − fL)n]

+ ln[(RfL + T fR)n + (1 − RfL − T fR)n]
}

,

S
(n)
AR

∼ ℓR

1 − n

π∫
0

dk

2π

{
ln[(fR)n + (1 − fR)n]

+ ln[(T fL + RfR)n + (1 − T fL − RfR)n]
}

. (42)

2. Entropies of AL ∪ AR

For convenience, we introduce here the notations A =
AL ∪ AR and ∆ℓi = ℓi − ℓmirror (i = L,R). Similarly to
the case of the intervals AL and AR, the Rényi entropies
of their union A can be computed by using the SPA to
produce a general asymptotic expression for an integer
moment of CA, and by subsequently summing the power
series in Eq. (24). The application of the SPA in this
case, however, is considerably more intricate technically.
Instead, we choose to rely on the SPA only to prove a
simple relation between moments of CA and moments of
other restricted correlation matrices, a relation that leads
to a useful decomposition of Rényi entropies of A.

In Appendix B we employ the SPA (essentially re-
peating an argument that we originally introduced in
Ref. [19]) to show that, to a leading order, the moments
of CA can be decomposed into a sum of independent con-
tributions in the form

Tr[(CA)p] ∼ ∆ℓL

ℓL

Tr[(CAL
)p] + ∆ℓR

ℓR

Tr[(CAR
)p]

+ Tr[(Cmirror)p] , (43)

where Cmirror is the restricted two-point correlation ma-
trix of the subsystem Amirror =

(
AL ∩ ĀR

)
∪
(
ĀL ∩ AR

)
,

i.e., the subsystem containing all sites in AL that have
mirroring sites in AR and vice versa. For the first two
moments appearing in the right-hand side of Eq. (43) we
can use the result of Eq. (41), while a separate treatment
is required for the moment of Cmirror.

The matrix Cmirror is of size 2ℓmirror × 2ℓmirror, and, as
already mentioned, its moment can be estimated asymp-
totically for ℓmirror ≫ 1 using the SPA, as was indeed
done in Ref. [19] for the zero-temperature case. There
is, however, an alternative approach that simplifies the
calculation. The SPA analysis presented in Appendix B
shows that, to a leading order, the moment of Cmirror is
independent of max{dL, dR}, which determines the ab-
solute distance of the mirroring sites from the impurity
region. This implies that we may take the limit di → ∞
(with dL − dR kept fixed) and the leading-order value of
the moment will remain the same. Since this is true for
any moment of Cmirror, it is true (by virtue of Eq. (24))
also for the Rényi entropies of Amirror. In other words,
Eqs. (24) and (43) allow us to write

S
(n)
A ∼ ∆ℓL

ℓL

S
(n)
AL

+ ∆ℓR

ℓR

S
(n)
AR

+ S
(n)
mirror, (44)

with S
(n)
mirror designating the nth Rényi entropy of Amirror,

and to regard Amirror as the union of two mirroring in-
tervals that are infinitely far apart.

Following this reasoning, we can invoke the long-
range limit of the two-point correlation function given in
Eq. (36), which leads to a simplified structure of Cmirror.
Expressing the relation between S

(n)
mirror and Cmirror us-

ing Eq. (26), this simplified structure enables the use of
a powerful asymptotic technique. Indeed, using Eq. (36)
we can arrange the long-range limit of Cmirror in the form
of ℓmirror × ℓmirror blocks, each of size 2 × 2, with the en-
tries of the block Φ(j,m) (j, m = 1, . . . , ℓmirror) depending
only on the difference j − m; in that form, Cmirror is a
block-Toeplitz matrix. The explicit form of the block
Φ(j,m) can be conveniently written as

Φ(j,m) =
π∫

−π

dk

2π
Φ(k) e−i(j−m)k, (45)

where the entries of the 2×2 block symbol Φ(k) are given
by

Φ11 =
{

f̃(−k) −π < k < 0,

f̃(−k) T (k) + f̃(k) R(k) 0 < k < π,

Φ22 =
{

f̃(k) −π < k < 0,

f̃(k) T (k) + f̃(−k) R(k) 0 < k < π,

Φ12 =
{

0 −π < k < 0,(
f̃(k) − f̃(−k)

)
tL(k) r∗

L(k) 0 < k < π,

(46)

and Φ21 = Φ∗
12. Note that we used the fact that t∗

RrR =
−tLr∗

L due to the unitarity of the scattering matrix.
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Next, we observe that in each determinant featured in
Eq. (26) appears a block-Toeplitz matrix with the block
symbol I2 +

(
e2πiγ/n − 1

)
Φ. The Szegö-Widom formula

[65] states that, given a block-Toeplitz matrix Tℓ[Ψ] de-
fined by a continuous block symbol Ψ(k) and comprised
of ℓ × ℓ blocks, the leading-order large-ℓ asymptotics of
its determinant is given by

ln det Tℓ[Ψ] ∼ ℓ

π∫
−π

dk

2π
ln det Ψ(k) . (47)

Accordingly, we find that

ln det
[
I +

(
e2πiγ/n − 1

)
Cmirror

]
∼ ℓmirror

π∫
−π

dk

2π
ln det

[
I2 +

(
e2πiγ/n − 1

)
Φ(k)

]

= ℓmirror

π∫
−π

dk

π
ln
[
1 +

(
e2πiγ/n − 1

)
f̃(k)

]
, (48)

and then, by summing over the index γ in Eq. (26), we
obtain

S
(n)
mirror ∼ ℓmirror

1 − n

π∫
−π

dk

π
ln
[(

f̃(k)
)n

+
(

1 − f̃(k)
)n]

.

(49)
Finally, combining Eqs. (42), (44) and (49), we may write
the Rényi entropies of subsystem A as

S
(n)
A ∼ ℓL + ℓmirror

1 − n

π∫
0

dk

2π
ln[(fL)n + (1−fL)n]

+ ℓR + ℓmirror

1 − n

π∫
0

dk

2π
ln[(fR)n + (1−fR)n]

+ ∆ℓL

1 − n

π∫
0

dk

2π
ln[(RfL +T fR)n + (1−RfL −T fR)n]

+ ∆ℓR

1 − n

π∫
0

dk

2π
ln[(T fL +RfR)n + (1−T fL −RfR)n] .

(50)

Eqs. (42) and (50), when combined, lead to the expres-
sion in Eq. (16) for the RMI.

We conclude this part by noting that the approach
we took to compute the entropies of A can be similarly
used for the computation of the entropies of AL and AR.
That is, instead of using the SPA throughout the entire
computation – estimating exactly the correlation matrix
moments and then summing the power series in Eq. (24)
– we can use the SPA only to show that S

(n)
Ai

is inde-
pendent of di to a leading order. Then, we can rely on

this fact to compute S
(n)
Ai

through Eq. (26) by substitut-
ing the long-range limit of CAi

, which is of a Toeplitz
form, as can be checked via Eq. (36). The Szegö-Widom
formula can therefore be used to complete the calcula-
tion. Nevertheless, the direct application of the SPA to
the computation of correlation matrix moments is rela-
tively simple in the case of AL and AR, and we chose
to present these two different variations of our analytical
methodology in order to emphasize its versatility.

C. Asymptotics of Rényi negativities

Here we address the calculation of the Rényi negativity
E(n), which yields upon analytic continuation the asymp-
totics of the negativity, reported in Eq. (19). The deriva-
tion of E(n) largely parallels that of S

(n)
A (A = AL ∪ AR)

discussed in Subsec. V B. We will again use the notation
∆ℓi = ℓi − ℓmirror (i = L,R).

In Subsec. V A we explained that the Rényi negativity
E(n) can be expressed as a series of joint moments of
the form given in Eq. (33) (with X1 and X2 standing
for AL and AR, respectively), such that by computing a
general expression for these joint moments we can obtain
an expression for E(n). As we explain in Appendix B, a
decomposition of the joint moments which is analogous
to Eq. (43) (used in the computation of S

(n)
A ) is possible

here due to the same SPA argument. Within the steady
state of interest and to a leading order, the joint moments
satisfy

Tr
[
Cγ1 . . . Cγp

]
∼ ∆ℓL

ℓL

 p∏
j=1

(
1 − e

2πiγj
n

)Tr[(CAL
)p]

+ ∆ℓR

ℓR

 p∏
j=1

(
1 + e

−2πiγj
n

)Tr[(CAR
)p]

+ Tr
[
Cmirror,γ1 . . . Cmirror,γp

]
, (51)

where Cmirror,γ is a modified version of Cmirror (the latter
was defined right below Eq. (43)), given by Eq. (31) with
X1 = AL ∩ ĀR and X2 = ĀL ∩ AR. Substituting Eq. (51)
into the power series expansion of the Rényi negativity
in Eq. (32), we find upon summation that

E(n) ∼ (1 − n)
[

∆ℓL

ℓL

S
(n)
AL

+ ∆ℓR

ℓR

S
(n)
AR

]
+ E(n)

mirror, (52)

with E(n)
mirror standing for the negativity between the two

mirroring intervals comprising Amirror, i.e., AL ∩ ĀR and
ĀL ∩ AR.

Moreover, as with the moments of Cmirror (see the
discussion following Eq. (43)), the argument laid out in
Appendix B implies that joint moments of the matrices
Cmirror,γ are independent of the distance between AL∩ĀR

and ĀL ∩AR, such that we may assume that this distance
is much larger than ℓmirror and use the long-range limit of



14

the two-point correlation function (given in Eq. (36)) to
express the entries of Cmirror. Consequently, the matrices
Cmirror,γ can be written as block-Toeplitz matrices with
ℓmirror × ℓmirror blocks of size 2 × 2 each. The associated
block symbol is given by

Φγ(k) =
(

1 − e
2πiγ

n 0
0 1 + e

−2πiγ
n

)
Φ(k) , (53)

with Φ being the block symbol of Cmirror, the entries of
which are given explicitly in Eq. (46).

We may now exploit the block-Toeplitz structure of the
matrices Cmirror,γ to obtain the asymptotics of E(n)

mirror,

given the relation in Eq. (34) between these matrices and
the Rényi negativity. Employing the Szegö-Widom for-
mula of Eq. (47), in Appendix C we compute the leading-
order asymptotics of ln det[I − Cmirror,γ ] and perform the
summation over the index γ in Eq. (34), finding that

E(n)
mirror ∼ ℓmirror

π∫
−π

dk

2π
ln
[(

f̃(k)
)n

+
(

1 − f̃(k)
)n]

+ ℓmirror

π∫
0

dk

2π
ln Yn(k) , (54)

where we defined

Yn = [T fL + RfR − fLfR]n + [RfL + T fR − fLfR]n +

√[1−fL −fR +2fLfR

2

]2
+ T R (fL −fR)2 + 1−fL −fR

2

n

+

√[1−fL −fR +2fLfR

2

]2
+ T R (fL −fR)2 − 1−fL −fR

2

n

. (55)

Finally, by combining Eqs. (52) and (54), we arrive at the desired expression for the Rényi negativity between AL

and AR:

E(n) ∼ ℓmirror

π∫
0

dk

2π
ln Yn + ℓL

π∫
0

dk

2π
ln[(fL)n + (1 − fL)n] + ℓR

π∫
0

dk

2π
ln[(fR)n + (1 − fR)n]

+ ∆ℓL

π∫
0

dk

2π
ln[(RfL + T fR)n + (1 − RfL − T fR)n] + ∆ℓR

π∫
0

dk

2π
ln[(T fL + RfR)n + (1 − T fL − RfR)n] . (56)

The fermionic negativity in Eq. (19) is obtained by taking
the n → 1 limit of the above expression.

D. Asymptotics of Petz-Rényi mutual information

In this part, we briefly summarize the calculation lead-
ing to Eq. (17), which states the analytical form of the
PRMI D(n) between AL and AR. The derivation is more
conjectural compared to those discussed in Subsecs. V B
and V C, owing to the difficulty (which was already men-
tioned in Subsec. V A) in applying the same analytical
techniques to the expression in Eq. (35) of the PRMI in
terms of two-point correlation matrices. The validity of
the final result is corroborated by its comparison to nu-
merical results, presented in Fig. 4 and discussed at the
end of Sec. IV.

Like in the case of Eqs. (24) and (32), Eq. (35) can be
expanded to a power series, reducing the calculation of
the PRMI to that of joint moments of CA and CAL

⊕CAR
.

By the same argument that is detailed in Appendix B,
at the leading order these moments can be decomposed
into independent contributions from Amirror, AL \ĀR and
AR \ ĀL; since the matrices CA and CAL

⊕ CAR
are iden-

tical when projected onto either AL \ ĀR or AR \ ĀL, the
contributions from these two subsystems fall off, leaving
us with

D(n) ∼ 1
n − 1 ln det

[
(Cmirror)n (

CAL∩ĀR
⊕ CĀL∩AR

)1−n

+ (I − Cmirror)n (I − CAL∩ĀR
⊕ CĀL∩AR

)1−n
]
.

(57)

Furthermore, due to the same logic presented in Ap-
pendix B regarding similar moments of correlation ma-
trices, D(n) should be independent (at the leading order)
of the distance between AL ∩ ĀR and ĀL ∩ AR, meaning
that we can regard this distance as infinite, as we have
done in Subsecs. V B and V C. Then, recalling Eq. (36),
we see that both Cmirror and CAL∩ĀR

⊕ CĀL∩AR
are of
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a block-Toeplitz form: the former is represented by the
block-symbol Φ given in Eq. (46), while the latter is rep-
resented by a block-symbol Φ× given by (Φ×)ij = δijΦij .

In general, a product of two block-Toeplitz matrices is
not itself a block-Toeplitz matrix. This fact prevents us
form directly using the Szegö-Widom formula of Eq. (47)
to estimate the scaling of Eq. (57) (it is also what led
us to first express Rényi entropies and negativities as in
Eqs. (26) and (34), so that the Szegö-Widom formula
could be in fact employed). Instead, we use a recent con-
jecture that generalizes the Szegö-Widom formula. Let
Ψ1, Υ1, . . . , Ψp, Υp be block-symbols of the same size, and
let Tℓ[Ψj ] , Tℓ[Υj ] (j = 1, . . . , p) be the block-Toeplitz ma-
trices generated by them (each comprised of ℓ2 blocks).
Then, it was conjectured in Ref. [62] that

ln det

I +
p∏

j=1
Tℓ[Ψj ] (Tℓ[Υj ])−1


∼ ℓ

π∫
−π

dk

2π
ln det

I +
p∏

j=1
ΨjΥj

−1

 . (58)

Applying this conjecture to Eq. (57), we obtain

D(n) ∼ ℓmirror

n − 1

π∫
−π

dk

2π
ln det

[
(Φ)n (Φ×)1−n

+ (I − Φ)n (I − Φ×)1−n

]
. (59)

It is not difficult to express the integer powers of Φ(k)
and Φ×(k): the latter is diagonal for all k, and the former
is diagonal for k < 0, while for k > 0 one may check that

(Φ)n =
(

RfL
n + T fR

n tLr∗
L (fL

n − fR
n)

t∗
LrL (fL

n − fR
n) T fL

n + RfR
n

)
. (60)

Therefore, by substituting the explicit expressions for Φ
and Φ× into Eq. (59), it is straightforward to finally ar-
rive at Eq. (17).

VI. SUMMARY AND OUTLOOK

This paper advances our program for exploring the
correlation and entanglement structure of nonequilib-
rium steady states, focusing on the steady state of bi-
ased free fermions in one dimension in the presence of
a homogeneity-breaking impurity. The results reported
here extend those of Ref. [19], by showing that the phe-
nomenon of stationary volume-law long-range entangle-
ment arises not only for a chemical potential bias at zero
temperature, but more generally given any difference be-
tween the equilibrium distributions of the two edge reser-
voirs that impose the nonequilibrium bias. In particular,
this strong long-range entanglement is found to be robust
even at finite temperatures. We offered an intuitive ex-
planation for the source of the phenomenon, attributing

it to the coherence between the transmitted and reflected
parts of wavepackets occupying each single-particle en-
ergy mode, provided that the two scattering states that
correspond to the same energy are not simultaneously
occupied.

Our analysis produced exact leading-order asymptotic
expressions for various bipartite quantum information
quantities, computed for two subsystems located on op-
posite sides of the impurity. Most notably, this includes
exact formulae for the fermionic negativity (quantify-
ing entanglement) and the mutual information (quanti-
fying the combined classical and quantum correlations)
between the two subsystems. Additional analytical ex-
pressions were derived for Rényi negativities, the Rényi
mutual information, and the Petz-Rényi mutual infor-
mation, where the latter is itself a proper measure of
inter-subsystem correlations. All of these analytical re-
sults were obtained without assuming a specific struc-
ture of the impurity (other than requiring that it will
be quadratic and charge-conserving), and are expressed
solely in terms of the scattering probabilities associated
with the impurity, and of the equilibrium energy distri-
butions of the reservoirs.

The exact expressions for the volume-law terms of the
negativity and the mutual information vanish either in
the absence of the nonequilibrium bias, or if the impu-
rity perfectly transmits or perfectly reflects each particle,
but are positive otherwise. In this sense, the model we
studied can be regarded as a minimal model giving rise
to volume-law long-range entanglement, seeing that the
bias and the locally broken homogeneity, which are essen-
tially the defining features of the model, constitute the
necessary and sufficient conditions for the phenomenon.
The analytical expression for the mutual information also
nicely captures the local nonequilibrium energy distribu-
tion that arises due to the combination of the bias and
the scattering, as indeed required in order to violate the
thermal equilibrium area law of the mutual information.

Furthermore, we found a proportionality relation (at
the leading volume-law order) between the negativity, the
1
2 -RMI and the 5

4 -PRMI, which holds at zero temperature
but breaks down otherwise. As we elaborated in Sec. IV,
this relation indicates that the strong long-range corre-
lations are entirely of a quantum coherent nature, while
its breakdown signals a significant contribution to these
correlations beyond what is quantified by the negativ-
ity. Like in other free-fermion models where this relation
was observed to break down [26, 60, 61], this effect oc-
curs in our case when the global state of the system is
mixed; this property is however insufficient in general, see
e.g. Ref. [66]. The precise conditions for the breakdown
of this proportionality relation, as well as its operational
meaning, remain to the best of our knowledge subjects
of open questions.

We stress that while, for concreteness, we treated a
particular choice for the energy dispersion relation, our
analysis does not depend on it, and should be applicable
to any gapless free-fermion model. Similarly, given that
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our results are expressed directly using the energy dis-
tribution functions of the edge reservoirs, more general
forms can be chosen for these distributions, and they need
not necessarily be of the Fermi-Dirac form.

Along with the physical insights produced by this
work, it also showcases the versatility of the analytical
machinery that we put forward in Ref. [19], and used
here to generalize our original results. It is reasonable
to expect that the same method would be useful for
similar investigations concerning different noninteracting
fermionic models. This method should also be appropri-
ate for calculations of quantities that address the inter-
play of charge conservation with steady-state correlations
across the impurity, namely the full counting statistics
[67–69] and charge-resolved entanglement measures [70–
77].

Another worthwhile pursuit could be the analytical
study of subleading corrections beyond the volume-law
asymptotics derived here. Indeed, such corrections of-
ten have universal forms that disclose fundamental phys-
ical attributes of the system in question [22, 78, 79]. In
Ref. [80] we already derived the exact forms of the log-
arithmic corrections to the leading terms of correlation
measures in the case of zero temperature, finding that
they can become comparable to the volume-law terms
when the chemical-potential bias is small enough. While
the method used in Ref. [80] is not immediately suit-
able to tackle the case of finite temperatures, we note
that the zero-temperature exact expressions are similar
in their structure to the asymptotic expressions for the
same quantities in ground states of conformal field the-
ories [24, 81]. Thus, the well-known finite-temperature
scaling in the case of the latter (which is logarithmic in
the temperature) could presumably provide guidance in
calculating subleading contributions in the case of the
nonequilibrium steady state.

On a more ambitious note, we reiterate the resem-
blance between the stationary behavior of the MI and the
negativity studied here and the transient long-range peak
of these quantities following a nonequilibrium quench
of closed integrable systems [7, 10–12]. Even though
the latter include interacting models, this transient phe-
nomenon is explained by the quasiparticle picture, which
portrays information spreading as a process mediated by
independent pairs of counter-propagating quasiparticles
[5, 82]. It is tempting to conjecture that the long-range
volume-law scaling we reported here, considering an open
biased system, would also apply to integrable interacting

systems containing an impurity [38]. The success or fail-
ure of this conjecture could offer a glimpse into the limits
of validity of the quasiparticle picture [83, 84].

The effects of integrability breaking, which in the case
of the quench scenario destroys the long-range coherence
of information propagation [12], are likewise an excit-
ing prospective subject for future research. Integrability
could be broken either by the impurity [85–87] or in the
bulk of the model, and each case could potentially lead to
a quantitatively different scaling of quantum correlation
measures. The impact of decoherence and dissipation
on the phenomenon that we described certainly merits a
separate consideration as well [31, 88, 89], as do possible
similar studies applied to steady states of conformal field
theories [37, 90, 91]. Finally, we note that these various
questions can be studied experimentally using any quan-
tum simulation platform that offers local density resolu-
tion [41, 92, 93].
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Appendix A: Moments of correlation matrices
restricted to AL and AR

In this appendix we detail the method used to com-
pute integer moments of CAL

and CAR
(the two-point

correlation matrices restricted to AL and AR, respec-
tively), leading to Eq. (41). The method relies on the
stationary phase approximation (SPA) [64], and the cal-
culation is almost identical to the one performed in the
zero-temperature case, which was detailed in Ref. [19]; we
provide the details of the calculation in the more general
case for the sake of completeness. We focus our discussion
on moments of CAR

, with the corresponding computation
for CAL

being virtually equivalent.
We begin by introducing the following notations:
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Ξ00(kj−1, kj) = tL(|kj−1|) t∗
L(|kj |) WR

(
kj−1 − kj

2

) 1∫
0

dξ eiℓR(kj−1−kj)ξ,

Ξ11(kj−1, kj) =
1∫

0

dξ

{
WR

(
kj − kj−1

2

)
eiℓR(kj−kj−1)ξ + rR(|kj−1|) r∗

R(|kj |) WR

(
kj−1 − kj

2

)
eiℓR(kj−1−kj)ξ

}

+
1∫

0

dξ

{
r∗

R(|kj |) WR

(
−kj−1 − kj

2

)
e−iℓR(kj−1+kj)ξ + rR(|kj−1|) WR

(
kj−1 + kj

2

)
eiℓR(kj−1+kj)ξ

}
,

Ξ01(kj−1, kj) = tL(|kj−1|)
1∫

0

dξ

{
WR

(
kj−1 + kj

2

)
eiℓR(kj−1+kj)ξ + r∗

R(|kj |) WR

(
kj−1 − kj

2

)
eiℓR(kj−1−kj)ξ

}
, (A1)

where WR(x) = Wm0+dR
(x) (recall the definition of Wr,

given just below Eq. (37)). We also define the functions

Ξ̃00(kj−1, kj) = T (|kj |)
1∫

0

dξ eiℓR(kj−1−kj)ξ,

Ξ̃11(kj−1, kj) =
1∫

0

dξ

{
eiℓR(kj−kj−1)ξ

+ R(|kj |) eiℓR(kj−1−kj)ξ

}
,

Ξ̃01(kj−1, kj) = tL(|kj |) r∗
R(|kj |)

1∫
0

dξ eiℓR(kj−1−kj)ξ ,

(A2)

as well as Ξ10(kj−1, kj) = Ξ01(kj , kj−1)∗ and
Ξ̃10(kj−1, kj) = Ξ̃01(kj , kj−1)∗. Next, we substitute the
eigenstate wavefunctions in Eqs. (10) and (11) into the
general expression for a correlation matrix moment in
Eq. (25). Using the identity given in Eq. (37), this yields

Tr[(CAR
)p] = ℓR

p

∫
[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)

×
∑

−→a ∈{0,1}⊗p

p∏
j=1

[
Ξaj−1aj

(
kaj−1 , kaj

)
Θ
(
kaj

)]
,

(A3)

where Θ(x) is the Heaviside step function, and we defined
kaj

= (−1)aj kj . It is readily seen that Eq. (A3) can be
cast in the general form given in Eq. (38), and therefore
the result of Eq. (40), which stems from the SPA, can be
directly applied to obtain the leading-order asymptotics
of the correlation matrix moment.

Eq. (40) dictates that the summands G(−→τ , −→σ ) in
Eq. (38) that contribute to the leading order are only
those with −→τ = −→σ . Furthermore, it constrains the
integration variable

−→
k in the integral expression for

G(−→σ , −→σ ) (see Eq. (39)) to a subdomain where kσj−1 =
kσj for 1 ≤ j ≤ p. This constraint entails a consid-
erable simplification of Eq. (A3) when considering it
only up to the leading order. Indeed, the aforemen-
tioned integration subdomain would eventually corre-
spond to the vanishing of the terms kj−1 ± kj appear-
ing inside the exponents in Eq. (A1). However, the term
kj−1 +kj does not vanish if kj−1, kj > 0, while each term
Ξaj−1aj

(
kaj−1 , kaj

)
Θ
(
kaj−1

)
Θ
(
kaj

)
in Eq. (A3) vanishes

due to the step functions unless kaj−1 , kaj
> 0. We may

therefore omit from the functions defined in Eq. (A1) the
integrals where kj−1 + kj appears in the exponent. Due
to the same subdomain constraint, we may also substi-
tute kj−1 = kj into all ξ-independent factors appearing in
Eq. (A1). This step is captured by replacing in Eq. (A3)
the functions Ξaj−1aj with the functions Ξ̃aj−1aj , where
the latter were defined in Eq. (A2) (note that we used
the fact that Wr(0) = 1).

Therefore, to a leading order we may write

Tr[(CAR
)p] ∼ ℓR

p

∫
[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)

×
∑

−→a ∈{0,1}⊗p

p∏
j=1

[
Ξ̃aj−1aj

(
kaj−1 , kaj

)
Θ
(
kaj

)]
.

(A4)

Casting this in the form of Eq. (38) and omitting integrals
G(−→τ , −→σ ) with −→τ ̸= −→σ , we have
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Tr[(CAR
)p] ∼ ℓR

p

∫
[−π,0]p

dpk

(2π)p

∫
[0,1]p

dpξ

p∏
j=1

f̃(kj) eiℓR(kj−1−kj)ξj + ℓR
p

∫
[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)

×
∫

[0,1]p

dpξ
∑

−→a ∈{0,1}⊗p

p∏
j=1

{
Θ
(
kaj

)
exp
[
iℓR

(
kaj−1 −kaj

)
ξj

] 1 + (−1)aj
[
T
(
kaj

)
−R

(
kaj

)]
2

}
, (A5)

which then, using Eq. (40), leads to the result

Tr[(CAR
)p] ∼ ℓR

0∫
−π

dk

2π

(
f̃(k)

)p

+ ℓR

π∫
0

dk

2π

(
T (k) f̃(k) + R(k) f̃(−k)

)p

.

(A6)

As mentioned before, the calculation of the moments of
CAL

is equivalent, yielding a result similar to Eq. (A6),
up to replacing ℓR with ℓL and f̃(k) with f̃(−k). This
can also be written in the form given in Eq. (41).

Appendix B: Stationary phase approximation for
moments of correlation matrices restricted to A

In this appendix, we lay out the argument that leads to
the decomposition of correlation matrix moments given
in Eqs. (43) and (51) for the subsystem A = AL ∪AR. For
this purpose, we assume that the length scales ∆ℓL, ∆ℓR

and ℓmirror are all large, and that they scale linearly with
the same large parameter ℓ. We define ∆ℓ− = |dL − dR|
and ∆ℓ+ = |ℓL + dL − ℓR − dR|; note that ∆ℓ± corre-
spond to ∆ℓL and ∆ℓR, with the specific correspondence
depending on the relative positions of ĀL (the mirror
image of AL) and AR. We also write ℓmirror = αmℓ and
∆ℓ± = α±ℓ.

The core of the argument is related to the large-ℓ
leading-order asymptotics of integrals of the following
form (adopting the notation kaj = (−1)aj kj from Ap-
pendix A):

G−→α (−→τ , −→σ ) =

 p∏
j=1

(αjℓ)

 ∫
[−π,π]p

dpk

(2π)p

∫
[0,1]p

dpξ g
(−→

k
)

× exp

iℓ

p∑
j=1

(
kτj−1 − kσj

)
(αjξj + βj)

 .

(B1)

Here, (αj , βj) ∈ {(α−, 0) , (αm, α−) , (α+, α− + αm)} for
each 1 ≤ j ≤ p, and the form of the function g might
depend on −→τ , −→σ or −→α , but not on ℓ. In Ref. [19] we

have found, based on the SPA, that an integral of the
form of G−→α (−→τ , −→σ ) can scale linearly with ℓ only if α1 =
α2 = . . . = αp; otherwise, limℓ→∞ G−→α /ℓ = 0, even when
−→τ = −→σ . Intuitively, this happens because when −→τ = −→σ
and all the αj are the same, then the stationary points of
the function inside the exponent in Eq. (B1) constitute
the entire line ξ1 = ξ2 = . . . = ξp, while they are reduced,
at most, to an isolated point in

−→
ξ -space if αj−1 ̸= αj .

Consider now the integer moments of the matrix CA,
expressed as in Eq. (25). The sum over m ∈ A in Eq. (25)
can be split in the following way:∑

m∈A

⟨m|kj−1⟩⟨kj |m⟩

=
∑

m∈ĀL∩AR

[⟨−m|kj−1⟩⟨kj |−m⟩ + ⟨m|kj−1⟩⟨kj |m⟩]

+
∑

m∈ĀL\AR

⟨−m|kj−1⟩⟨kj |−m⟩ +
∑

m∈AR\ĀL

⟨m|kj−1⟩⟨kj |m⟩ .

(B2)

Next, we define d− = min{dL, dR}, d+ = max{dL, dR}
and W−(x) = Wm0+d−(x) (recall the definition of Wr,
given just below Eq. (37)). After substituting the eigen-
state wavefunctions of Eqs. (10)–(11) into the first sum
on the right hand side of Eq. (B2), this sum can be
brought to an integral form using the identity

m0+d++ℓmirror∑
m=m0+d++1

eim(kj−1−kj) = αmℓ W−

(
kj−1 − kj

2

)

×
1∫

0

dξ eiℓ(kj−1−kj)(αmξ+α−),

(B3)

which is equivalent to Eq. (37). Similarly, for the two
other sums appearing on the right hand side of Eq. (B2),
we may use Eq. (37) directly with r = m0 + d− and
s = ∆ℓ−, as well as the fact that

m0+d++ℓmirror+∆ℓ+∑
m=m0+d++ℓmirror+1

eim(kj−1−kj)

= α+ℓ W−

(
kj−1 − kj

2

) 1∫
0

dξ eiℓ(kj−1−kj)(α+ξ+α−+αm).

(B4)
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In all, it is clear that the substitution of the wavefunc-
tions from Eqs. (10)–(11) into the expression in Eq. (25)
leads to the pth moment of CA being written as a sum of
integrals of the form given in Eq. (B1). The observation

we cited from Ref. [19] means that we can ignore all of
the integrals where the entries of −→α are not all the same,
such that to a leading order we have

Tr[(CA)p] ∼
∫

[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)

 ∑
m∈ĀL∩AR

[⟨−m|kj−1⟩⟨kj |−m⟩ + ⟨m|kj−1⟩⟨kj |m⟩]


+

∫
[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)

 ∑
m∈ĀL\AR

⟨−m|kj−1⟩⟨kj |−m⟩

+
∫

[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)

 ∑
m∈AR\ĀL

⟨m|kj−1⟩⟨kj |m⟩

 ,

(B5)

or simply

Tr[(CA)p] ∼ Tr[(Cmirror)p]

+ Tr
[(

CAL\ĀR

)p]
+ Tr

[(
CAR\ĀL

)p]
. (B6)

Since AL \ ĀR and AR \ ĀL are just portions of AL and
AR with lengths ∆ℓL and ∆ℓR, respectively, and given
that the correlation matrix moments of these subsystems
scale linearly with their lengths, we have in fact arrived
at Eq. (43).

Moreover, we may observe that the moment of Cmirror
does not depend (to the leading order) on the absolute
distances of the subsystems from the impurity. Indeed,

if we use the identity in Eq. (B3) when substituting the
wavefunctions into the first integral in Eq. (B5), we see
that the dependence on the distance enters only through
the function W−. However, as we explained in Appendix
A, the SPA always constrains the argument of that func-
tion to vanish in its contribution to the leading order term
of the asymptotics. Since W−(0) = 1, we conclude that
the leading order term does not depend on the distance.

Finally, we note that the argument that lead to
Eq. (B5) can be applied also to the joint moments given
in Eq. (33). Indeed, it is straightforward to check that
by repeating the steps that were taken in the case of the
moments of CA, one obtains that, to a leading order,

Tr
[
Cγ1 . . . Cγp

]
∼

∫
[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)

 ∑
m∈ĀL∩AR

[(
1 − e

2πiγj
n

)
⟨−m|kj−1⟩⟨kj |−m⟩ +

(
1 + e

−2πiγj
n

)
⟨m|kj−1⟩⟨kj |m⟩

]
+

∫
[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)
(

1 − e
2πiγj

n

) ∑
m∈ĀL\AR

⟨−m|kj−1⟩⟨kj |−m⟩


+

∫
[−π,π]p

dpk

(2π)p

p∏
j=1

f̃(kj)
(

1 + e
−2πiγj

n

) ∑
m∈AR\ĀL

⟨m|kj−1⟩⟨kj |m⟩

 . (B7)

This yields Eq. (51), again by relying on the linear scaling
with ℓi of moments of CAi . As in the case of the moments
of Cmirror, the integral in the first row of Eq. (B7) is
independent of the distance of the mirroring sites from
the impurity, by virtue of the same SPA argument.

Appendix C: Rényi negativity from the
Szegö-Widom formula

Here we delineate the derivation of Eq. (54), which
states the asymptotic scaling of the Rényi negativity be-
tween two mirroring intervals of length ℓmirror, in the
limit of infinite distance between them and the impurity.

We begin by using the block-Toeplitz structure of the
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matrix I − Cmirror,γ , which is generated by the block-
symbol I2 − Φγ , where Φγ is defined in Eq. (53). The

Szegö-Widom formula given in Eq. (47) yields the asymp-
totics of the determinant of this matrix:

ln det[I − Cmirror,γ ]
ℓmirror

∼
π∫

0

dk

2π

{
ln
[
1−
(

1−e
2πiγ

n

)
fL

]
+ ln

[
1−
(

1+e
−2πiγ

n

)
fR

]
+ ln

[
1 −

(
1−e

2πiγ
n

)
(RfL +T fR)

−
(

1+e
−2πiγ

n

)
(T fL +RfR) +

(
1−e

2πiγ
n

)(
1+e

−2πiγ
n

)
fLfR

]}
. (C1)

Now, using the expression in Eq. (34) for the Rényi neg-
ativity in terms of determinants, we obtain

E(n)
mirror ∼ ℓmirror

π∫
0

dk

2π

{
ln[(fL)n + (1 − fL)n]

+ ln[(fR)n + (1 − fR)n] + ln Xn(k)
}

, (C2)

where we introduced the notation

Xn =
n−1

2∏
γ=− n−1

2

[
1 −

(
1 − e

2πiγ
n

)
(RfL + T fR)

−
(

1 + e
−2πiγ

n

)
(T fL + RfR)

+
(

1 − e
2πiγ

n

)(
1 + e

−2πiγ
n

)
fLfR

]
. (C3)

Comparing Eq. (C2) to Eq. (54), we observe that what
remains to be done is to prove the equality Xn(k) =
Yn(k), where the definition of the function Yn appears
in Eq. (55). To do so, we will temporarily stop viewing
fL, fR and T as functions of k, and instead regard Xn

and Yn as polynomials of degree n in the variable T (re-
call that R = 1 − T ), with fL and fR being some fixed
parameters. Recall that n is taken to be an even integer,
such that Yn is indeed a polynomial in T even though
its definition formally contains non-integer powers of T ,
as these powers cancel out when summing the different
terms in Eq. (55).

To prove that Xn and Yn are identical as polynomials
in T , it suffices to show that they agree at a certain point,
say T = 0, and that they have the same n roots when T
is seen as a complex variable. The former requirement is
simpler: it is easy to check that substituting T = 0 into
both polynomials (i.e., into Eqs. (55) and (C3)) yields

Xn(T = 0) = [(fL)n + (1 − fL)n] [(fR)n + (1 − fR)n]
= Yn(T = 0) . (C4)

As for the latter requirement regarding the equality
between the roots of the two polynomials, we may extract
these roots using the fact that in Eq. (C3) Xn is already
written as a product of terms that are linear in T . Its n

roots are thus given by

Tγ =

[
1 −

(
1 − e

2πiγ
n

)
fL

] [
1 −

(
1 + e

−2πiγ
n

)
fR

]
(

e
2πiγ

n + e
−2πiγ

n

)
(fL − fR)

. (C5)

For convenience, we also define Rγ = 1 − Tγ . Now we
must show that Yn(Tγ) = 0 for all γ. Indeed, one may
check that the substitution of Tγ into the first two square-
bracketed summands in Eq. (55) yields

[TγfL + RγfR − fLfR]n + [RγfL + TγfR − fLfR]n

=

1 −
(

1 − e
2πiγ

n

)
(fL + fR) − 2e

2πiγ
n fLfR

e
2πiγ

n + e
−2πiγ

n

n

+

1 −
(

1 + e
−2πiγ

n

)
(fL + fR) + 2e

−2πiγ
n fLfR

e
2πiγ

n + e
−2πiγ

n

n

.

(C6)

On the other hand, we observe that[
1 − fL − fR + 2fLfR

2

]2
+ TγRγ (fL − fR)2

=


(

e
−2πiγ

n − e
2πiγ

n

)
1−fL−fR

2 + fL + fR − 2fLfR

e
2πiγ

n + e
−2πiγ

n

2

,

(C7)

which is equivalent to the statement that√[
1 − fL − fR + 2fLfR

2

]2
+ TγRγ (fL − fR)2

= ± e∓ 2πiγ
n

e
2πiγ

n + e
−2πiγ

n

[
1 −

(
1 ∓ e± 2πiγ

n

)
(fL + fR)

∓ 2e± 2πiγ
n fLfR

]
∓ 1 − fL − fR

2 . (C8)

Thus, using the identities in Eqs. (C6) and (C8) as well
as the fact that

(
e

2πiγ
n

)n

= −1 for all γ, we conclude
that in fact Yn(Tγ) = 0 for all γ, which completes the
proof.
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