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DIFFERENTIAL OPERATORS ON BERGMAN SPACE ON

BOUNDED SYMMETRIC DOMAINS

JENS GERLACH CHRISTENSEN AND CHRISTOPHER BENJAMIN DENG

Abstract. We classify self-adjoint first-order differential operators on weighted
Bergman spaces on the N-dimensional unit ball BN and D2 of 2 × 2 complex
matrices satisfying I −ZZ∗ > 0. Our main tools are the discrete series repre-
sentations of SU(N, 1) and SU(2, 2). We believe that our observations extend
to general bounded symmetric domains.

1. Introduction

In a recent paper [2], the authors showed that all first order self-adjoint dif-
ferential operators on weighted Bergman space on the unit disc come from the
holomorphic discrete series representation. The purpose of the present paper is to
test if this result generalizes to to higher dimensional and higher rank bounded
symmetric domains. In particular, we show that this is the case for the Bergman
space on the (rank 1) unit ball Bn in Cn and the rank 2 space D consisting of
2 × 2 complex matrices with operator norm less than 1. We believe this gives us
enough reason to claim that our observations extend to general bounded symmet-
ric domains. The proof of this claim eludes us at this stage. It further begs the
question if we can give a Lie/representation theoretic classification of higher order
self-adjoint differential operators on Bergman spaces.

2. Background and statement of main result

2.1. Lie groups and representations. Let G be a Lie group with Lie algebra
g and let π be a representation of the group on a Hilbert space H . The space of
smooth vectors H∞

π is the (dense in H) collection of vectors v for which x 7→ π(x)v
is a smooth mapping from G to H . For every X ∈ g we get an operator π(X) with
domain H∞

π defined by

π(X)v =
d

dt

∣∣∣
t=0

π(exp(tX))v.

This operator is densely defined and skew-symmetric, and therefore it is closable.
The closure will be denoted π(X) and it is skew-adjoint (see [6]).

2.2. Bounded symmetric domains of type AIII. In this paper we will restrict
ourselves to bounded symmetric domains D consisting of complex N ×M matrices
Z for which I − Z∗Z > 0. The group G = SU(N,M) consists of block matrices

x =

[
a b
c d

]
with determinant 1, a is N × N , b is N × M , c is M × N and d is

M ×M and which satisfy a∗a− c∗c = IN×N , a∗b = c∗c and b∗b − d∗d = −IM×M .
The group G acts transitively on the domain D by the action

x · Z = (aZ + b)(cZ + d)−1.
1
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The subgroup K that fixes the origin o consists of matrices

[
a 0
0 d

]
, in S(U(N)×

U(M)) and the domain D can be identified with the homogenous space G/K. The
complex Jacobian J(x, Z) of the mapping Z 7→ x · Z is given by

J(x, Z) = det(cZ + d)−(N+M),

By the chain rule J(xy, Z) = J(x, y · Z)J(y, Z).

2.3. Bounded symmetric domains and Bergman spaces. Define the func-
tion h(Z) = det(I − Z∗Z) which is strictly positive on D and satisfies h(x · Z) =
|J(x, Z)|2/(N+M)h(Z). The weighted Bergman space Ap

ξ(D) is the space of holo-
morphic functions on D for which

∫

D

|f(Z)|ph(Z)ξ dZ < ∞

and it contains constant functions (is non-zero) when ξ > −1. It forms a Banach
space when equipped with the norm

‖f‖p,ξ =
(∫

D

|f(Z)|ph(Z)ξ dZ

)1/p

.

When p = 2 the space A2
ξ(D) is a Hilbert space with inner product

〈f, g〉 =
∫

D

f(Z)g(Z)h(Z)ξ dZ

and the norm in this case will be denoted simply ‖f‖ξ. For ξ > −1 the holomorphic
discrete series represention πξ of G on A2

ξ(D) is given by

πξ(x)f(Z) = det(cZ + d)−(ξ+N+M)f(x−1 · Z)

when x−1 =

[
a b
c d

]
. This (projective) representation is unitary and irreducible.

Notice that it is only a representation of G if ξ is an integer, but that it defines a
projective representation of the universal cover of G in other cases. In this paper, we
will only concern ourselves with differential operators arising from the Lie algebra
g, so this distinction between the groups is irrelevant.

2.4. First order differential operators. For multi-indices α and functions fα ∈
A2

ξ(D) we define a first order differential operator L : A2
ξ(D) → A2

ξ(D) to be of the
form

L = f0 +
∑

|α|=1

fα∂
α.

This operator has domain D(L) consisting of polynomials in N variable (N is the
dimension of the ambient CN ) and it is thus densely defined. We will now show
that if L is symmetric, then the functions fα are polynomials of degree |α| + 1 or
less. This relies on the fact that homogeneous polynomials of differing degree are
orthogonal in A2

ξ(D) (see [4] and the fact that D is circular [5]).

Proposition 1. Let L = f0 +
∑

|α|=1 fα∂
α be a first order differential operator on

A2
ξ(D) with polynomials as domain. If L is symmetric, then fα is a polynomial of

degree less than or equal to |α|+ 1.
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Proof. Let p = 1, and let q be a monomial of degree two or higher. Then Lp =
f0 so 〈Lp, q〉 = 〈f0, q〉. On the other hand Lq is a polynomial of degree one or
higher, so 〈p, Lq〉 = 0. Since the monomials form a basis for A2

ξ(D) (not necessarily

orthogonal), and 〈f0, q〉 = 0 for any monomial of degree greater than or equal to
two, f0 has degree less than or equal to one.

Repeating the argument with p = zα of degree one and q of degree three or
higher, we can conclude that fα has degree two or less. We get that Lp = f0z

α+fα,
and since f0z

α has degree two or less, then 〈Lp, q〉 = 〈fα, q〉. Moreover, Lq has
degree two or higher, so 〈p, Lq〉 = 0, and this concludes the argument. �

2.5. Main results. We finally have sufficient background to state our main results.
Moving forward, the domain D will be either the unit ball BN = {z ∈ CN : |z| < 1}
or the domain D2 of 2× 2 complex matrices Z for which I − Z∗Z > 0. Let A2

ξ(D)

be the corresponding Bergman space. G will be the group SU(N, 1) in the case of
BN and SU(2, 2) in the case of D2. Lastly, πξ will be the corresponding discrete
series (projective) representation of the group G whose Lie algebra will be denoted
g. We seek to prove the following:

Theorem 1. For the two domains BN and D2, the closure of any first order self-
adjoint differential operator on A2

ξ(D) is equal to c + iπξ(X) for some real c and
some X ∈ g.

In the case of the unit ball, we also show that

Theorem 2. The operator L̃ :=
∑N

j=1 zj
∂

∂zj
+ c with c not being 0 or a negative

integer extends to a linear homeomorphism between A2
ξ(B

N ) and A2
ξ+2(B

N ).

3. Verification of results

We will use the fact that monomials of differing homogeneous degrees are orthog-
onal to derive the form of the first order differential operator L = f0+

∑
|α|=1 fα∂

α.

In fact, we will only need monomials of order 2 or less to show that L agrees with
c + iπ(X) for some c ∈ R and X ∈ g. We know all such operators are symmetric
on H∞

π which contains polynomials, and therefore the symmetry of L restricted
to polynomials follows automatically. This saves a lot of time over the approach
utilized in [7] for the case of the unit disk.

3.1. General observations. Later we will need the following characterization of
the smooth vectors for πξ due to [1]. Notice that any holomorphic function f can
be decomposed as f =

∑∞
k=0 fk where fk is a homogeneous polynomial of degree

k.

Theorem 3. The smooth vectors for πξ are the holomorphic functions f =
∑∞

k=0 fk
for which for any n there is a constant Cn > 0 such that the norm ‖fk‖ξ <
Cn(1 + k)−n for all k = 0, 1, 2, . . . .

This classification can be used to verify the following result, which we have not
found a reference for, and we therefore include a proof.

Proposition 2. The polynomials are a core (essential domain) for πξ(X).

Proof. We need to verify that if A is πξ(X) restricted to the polynomials, then A
is the same as πξ(X). This is the same as showing that if f ∈ H∞

πξ
, then there is a
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sequence of polynomials pn converging to f for which Apn = π(X)pn converges of
πξ(X)f .

First note that due to the classification of smooth vectors, if f =
∑

k fk, then the
series is absolutely convergent in H (

∑∞
k=0 ‖fk‖ ≤ C

∑∞
k=0(1+k)−2) and therefore

it converges in H . This means that pn =
∑n

k=0 fk converges to f . Now, f − pn is
also a smooth vector, and πξ(X)(f − pn) will be a smooth vector.

Notice that

πξ(X)f(Z) =
d

dt

∣∣∣
t=0

πξ(e
tX)f(Z) =

d

dt

∣∣∣
t=0

det(c(t)Z + d(t))−(ξ+N+M)f(e−tX · Z)

where e−tX =

[
a(t) b(t)
c(t) d(t)

]
. The derivative of det(cZ + d)−(ξ+N+M) at t = 0 is a

polynomial in the entries of Z, and therefore the product rule show that πξ(X) will
be of the form

πξ(X) = p0 +
∑

|α|=1

pα∂
α

where p0 and pα are polynomials in the entries of Z and ∂α is a partial derivative
(of order 1) in the coordinates of Z.

Therefore πξ(X)(f − pn) cannot contain any power less than n, i.e. πξ(X)(f −
pn) =

∑
k≥n gk where gk is a polynomial of homogeneous degree k. The series∑

k≥n gk converges absolutely (same argument as before), so πξ(X)(f − pn) con-
verges to 0 which finishes the proof. �

3.2. The case of the Unit Ball. We will denote tuples z ∈ CN as z = (z1, · · · , zN).
Let H(BN ) be the space of all holomorphic functions on the unit ball

B
N = {z ∈ C

N | |z|2 := |z1|2 + · · ·+ |zN |2 < 1}.
As mentioned in [3, 9], we can identify BN with the unit ball in R2N , and thus equip
the measure dν = 2Nr2N−1 drdπN , where dπN is the rotation-invariant surface
measure on the sphere S2N−1 ⊆ R2N normalized by πN (S2N−1) = 1. Define the
weighted measure

dνξ(z) :=
Γ(N + ξ + 1)

N !Γ(ξ + 1)
(1− |z|2)ξ dν(z).

For ξ > −1, this is a probability measure and therefore the weighted Bergman space
defined by

Ap
ξ(B

N ) :=

{
f ∈ H(BN )

∣∣∣∣ ‖f‖Ap

ξ
:=

(∫

D

|f(z)|p dνξ(z)
)1/p

< ∞
}

is non-trivial for ξ > −1.
In this paper we will mostly focus on the Hilbert space A2

ξ(B
N ) with inner

product

〈f, g〉ξ :=
∫

BN

f(z)g(z) dνξ(z).

The monomials zn form an orthogonal basis, where |n| =
∑N

k=1 nk and n! =∏N
k=1 nk! for n = (n1, · · · , nN ) ∈ NN

0 . We also denote the norm on this space
by ‖ · ‖ξ, and make note that

‖zn‖2ξ =
Γ(N + ξ + 1)n!

Γ(N + ξ + 1 + |n|) .



DIFFERENTIAL OPERATORS ON BERGMAN SPACE ON BOUNDED SYMMETRIC DOMAINS5

Proposition 3. Let fα ∈ A2
ξ(B

N ) be denoted fα(z) =
∑

β∈NN
0
aβαz

β where α ∈ NN .

The operator L = f0 +
∑N

k=1 fek
∂

∂zk
with domain D(L) = P (BN ) is symmetric if

and only if

f0 = a00 + (N + ξ + 1)

N∑

j=1

a0ejzj ,(3.1)

fek = a0ek +
N∑

j=1

(aejekzj + a0ejzjzk)(3.2)

where the coefficients satisfy

a00, a
ek
ek

∈ R, aek0 = (N + ξ + 1)a0ek , aejek = aekej .(3.3)

Proof. Assume that L is symmetric. It is enough to work with the monomials, since
they form an orthogonal basis for P (BN ). For any n ∈ NN

0 ,

Lzn =




∑

β∈NN
0

aβ0 z
β +

∑

|α|=1

∑

β∈NN
0

aβαz
β∂α



 zn

=
∑

β∈NN
0

aβ0 z
β+n +

∑

|α|=1

∑

β∈NN
0

aβα(α · n)zβ+n−α.

Then, we have for all m ∈ NN
0 that

〈Lzn, zm〉ξ =
∑

β∈NN
0

aβ0 〈zβ+n, zm〉ξ +
∑

|α|=1

∑

β∈NN
0

aβα(α · n)〈zβ+n−α, zm〉ξ

and that

〈zn, Lzm〉ξ = 〈Lzm, zn〉ξ
=
∑

β∈NN
0

aβ0 〈zβ+m, zn〉ξ +
∑

|α|=1

∑

β∈NN
0

aβα(α ·m)〈zβ+m−α, zn〉ξ.

By assumption, the two expressions must be equal, so using orthogonality,

am−n

0 +
∑

|α|=1

am+α−n
α (α · n)


 ‖zm‖2ξ =


an−m

0 +
∑

|α|=1

an+α−m
α (α ·m)


 ‖zn‖2ξ

where terms with indices that have negative components are set to 0. Notice that

f0 = Lz0 =
∑

β∈NN
0

aβ0z
β =

∑

β∈NN
0


a−β

0 +
∑

|α|=1

aα−β
α (α · β)


 ‖1‖2ξ

‖zβ‖2ξ
zβ

= a00 +
∑

|β|=1

a0β
‖1‖2ξ
‖zβ‖2ξ

zβ = a00 + (N + ξ + 1)
∑

|β|=1

a0βz
β.

Similarly, we can see that for γ = (0, · · · , 0, 1, 0, · · · , 0),
fγ = (L− f0)z

γ

=
∑

|α|=1

∑

β∈NN
0

aβα(α · γ)zβ+γ−α
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=
∑

β∈NN
0







aγ−β
0 +

∑

|α|=1

aγ+α−β
α (α · β)



 ‖zγ‖2ξ
‖zβ‖2ξ

− αβ−γ
0



 zβ

= aγ0
‖zγ‖2ξ
‖1‖2ξ

+ (a00 + aγγ − a00)z
γ +

∑

|β|=1
β 6=γ

aγβz
β

+

(
2a0γ

‖zγ‖2ξ
‖z2γ‖2ξ

− aγ0

)
z2γ +

∑

|β|=2
β 6=2γ

(
a0β−γ

‖zγ‖2ξ
‖zβ‖2ξ

− aβ−γ
0

)
zβ.

= aγ0
‖zγ‖2ξ
‖1‖2ξ

+ (a00 + aγγ − a00)z
γ +

∑

|β|=1
β 6=γ

aγβz
β

+

(
2a0γ

‖zγ‖2ξ
‖z2γ‖2ξ

− aγ0

)
z2γ +

∑

|β|=1
β 6=γ

(
a0β

‖zγ‖2ξ
‖zβ+γ‖2ξ

− aβ0

)
zβ+γ

=
aγ0

N + ξ + 1
+ (a00 + aγγ − a00)z

γ

+
∑

|β|=1
β 6=γ

aγβz
β +

∑

|β|=1

(
a0β

N + ξ + 2

N + ξ + 1
− aβ0

)
zβ+γ.

Since L is assumed to be symmetric,






a00 = a00 ∈ R from (|n|, |m|) = (0, 0),

am0 = (N + ξ + 1)a0m from (|n|, |m|) = (0, 1), (1, 0),

amn = anm from (|n|, |m|) = (1, 1),m 6= n,

amm = amm ∈ R from (|n|, |m|) = (1, 1),m = n,

which gives us the equality

fγ = a0γ +
∑

|β|=1

(aβγz
β + a0βz

β+γ)

as desired.
Assume L satisfies (3.1, 3.2, 3.3), so

L =


a00 + (N + ξ + 1)

∑

|β|=1

a0βz
β




+
∑

|α|=1


a0α +

∑

|β|=1

(aβαz
β + a0βz

β+α)


 ∂α

where the coefficients satisfy the relations

a00, a
α
α ∈ R, aα0 = (N + ξ + 1)a0α, aβα = aαβ
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where |α|, |β| = 1 and α 6= β. For any n ∈ NN
0 ,

Lzn =



a00z
n + (N + ξ + 1)

∑

|β|=1

a0βz
β+n





+
∑

|α|=1



a0αz
n−α +

∑

|β|=1

(aβαz
β+n−α + a0βz

β+n)



 (α · n).

By orthogonality of the zn and conjugate symmetry of inner products,

〈Lzn, zn〉ξ =



a00 +
∑

|α|=1

aαα(α · n)



 ‖zn‖2ξ = 〈zn, Lzn〉ξ,

〈Lzn, zγ+n〉ξ = (N + ξ + 1 + |n|)a0γ‖zγ+n‖2ξ = 〈zn, Lzγ+n〉ξ,
〈Lzn, zn−γ〉ξ = a0γ(γ · n)‖zn−γ‖2ξ = 〈zn, Lzn−γ〉ξ,

〈Lzn, zγ1+n−γ2〉ξ = aγ1

γ2
(γ2 · n)‖zγ1+n−γ2‖2ξ = 〈zn, L〉zγ1+n+γ2

ξ

where |γ|, |γ1|, |γ2| = 1 and γ1 6= γ2. Also, 〈Lzn, zm〉 = 〈zn, Lzm〉 = 0 for all other
m. Since n ∈ NN

0 is arbitrary, this concludes that L is symmetric. �

Proof of Theorem 1 for the unit ball. Now, we approach finding the operators using
the holomorphic discrete series representation of SU(N, 1). For any element x ∈
SU(N, 1) denoted

x :=

[
a b
cT d

]

where a ∈ MN , b, c ∈ CN and d ∈ C, consider the representation πξ(x) : A2
ξ(B

N ) −→
A2

ξ(B
N ) given by

πξ(x)f(z) :=
1

(−〈z, b〉+ d)N+ξ+1
f

(
a∗z − c

−〈z, b〉+ d

)
,

where 〈·, ·〉 here is the usual inner product on CN . It is known that (πξ,A2
ξ(B

N )) is a

unitary representation of SU(N, 1) when ξ > −1 is an integer. Moreover, it defines
a unitary representation of the universal covering group of SU(N, 1) for all ξ > −1.
In this paper we do not need to make a distinction between these groups, since their
Lie algebras are the same and the exponential mapping is a local diffeomorphism.
Let a general X ∈ MN+1 be denoted with entries

X :=




x1,1 · · · x1,N+1

...
. . .

...
xN+1,1 · · · xN+1,N+1


 .

Then, X ∈ su(N, 1) if and only if




x1,1 · · · x1,N −x1,N+1

...
. . .

...
...

xN+1,1 · · · xN+1,N −xN+1,N+1


 =




−x1,1 · · · −xN+1,1

...
. . .

...
−x1,N · · · −xN+1,N

x1,N+1 · · · xN+1,N+1



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and tr(X) = 0, i.e.,

X =




x1,1 x1,2 x1,3 · · · x1,N−1 x1,N x1,N+1

−x1,2 x2,2 x2,3 · · · x2,N−1 x2,N x2,N+1

−x1,3 −x2,3 x3,3 · · · x3,N−1 x3,N x3,N+1

...
...

...
. . .

...
...

...
−x1,N−1 −x2,N−1 −x3,N−1 · · · xN−1,N−1 xN−1,N xN−1,N+1

−x1,N −x2,N −x3,N · · · −xN−1,N xN,N xN,N+1

x1,N+1 x2,N+1 x3,N+1 · · · xN−1,N+1 xN,N+1 −∑N
j=1 xj,j




where xj,j ∈ iR for j ∈ {1, · · · , N}. Equivalently, X ∈ su(N, 1) if and only if





xj,j ∈ iR if j ∈ {1, · · · , N},
xj,k = −xk,j ∈ C if j > k and j ∈ {2, · · · , N},
xj,k = xk,j ∈ C if j = N + 1 and k ∈ {1, · · ·N}.

Let Ej,k denote the (N + 1) × (N + 1) matrix with 1 in the (j, k) entry and 0’s
elsewhere. A basis for su(N, 1) is the collection of matrices

{iEj,j − iEN+1,N+1 | 1 ≤ j ≤ N},
{Ej,k − Ek,j | j < k, 2 ≤ k ≤ N},
{iEj,k + iEk,j | j < k, 2 ≤ k ≤ N},
{Ej,N+1 + EN+1,j | 1 ≤ j ≤ N},
{iEj,N+1 − iEN+1,j | 1 ≤ j ≤ N}.

These basis elements give us the operators

πξ(iEj,j − iEN+1,N+1︸ ︷︷ ︸
X

j
1

) = −i(N + ξ + 1)− 2izj
∂

∂zj
−

N∑

ℓ=1
ℓ 6=j

izℓ
∂

∂zℓ
,

πξ(Ej,k − Ek,j︸ ︷︷ ︸
X

j,k
2

) = −zk
∂

∂zj
+ zj

∂

∂zk
,

πξ(iEj,k + iEk,j︸ ︷︷ ︸
X

j,k
3

) = −izk
∂

∂zj
− izj

∂

∂zk
,

πξ(Ej,N+1 + EN+1,j︸ ︷︷ ︸
X

j
4

) = (N + ξ + 1)zj + z2j
∂

∂zj
− ∂

∂zj
+

N∑

ℓ=1
ℓ 6=j

zℓzj
∂

∂zℓ
,

πξ(iEj,N+1 − iEN+1,j︸ ︷︷ ︸
X

j
5

) = i(N + ξ + 1)zj + iz2j
∂

∂zj
+ i

∂

∂zj
+

N∑

ℓ=1
ℓ 6=j

izℓzj
∂

∂zℓ
.

Notice that Y ∈ su(N, 1) if and only if there are aj1, a
j,k
2 , aj,k3 , aj4, a

j
5 ∈ R, such that

Y =

N∑

j=1

[aj1X
j
1 + aj4X

j
4 + aj5X

j
5] +

N∑

k=2

k−1∑

j=1

[aj,k2 X
j,k
2 + aj,k3 X

j,k
3 ].
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Thus, any self-adjoint operator coming from the representation of su(N, 1) is given
by iπξ(Y), which has form

i




N∑

j=1

[aj1πξ(X
j
1) + aj4πξ(X

j
4) + aj5πξ(X

j
5)] +

N∑

k=2

k−1∑

j=1

[aj,k2 πξ(X
j,k
2 ) + aj,k3 πξ(X

j,k
3 )]





and can be expanded to

(N + ξ + 1)

N∑

j=1

[
aj1 + (iaj4 − aj5)zj

]

+

N∑

j=1


(−iaj4 − aj5) +


2aj1 +

N∑

ℓ=1
ℓ 6=j

aj1


 zj + (iaj4 − aj5)z

2
j +

N∑

ℓ=1
ℓ 6=j

(iaℓ4 − aℓ5)zℓzj




∂

∂zj

+

N∑

k=2

k−1∑

j=1

[
(−iaj,k2 + aj,k3 )zk

∂

∂zj
+ (iaj,k2 + aj,k3 )zj

∂

∂zk

]

︸ ︷︷ ︸
(∗)

where (∗) can be written as

N∑

ω=1

[
ω−1∑

ℓ=1

(iaℓ,ω2 + aℓ,ω3 )zℓ +

N∑

ℓ=ω+1

(−iaω,ℓ
2 + aω,ℓ

3 )zℓ

]
∂

∂zω
.

Thus, we have the equivalent expression for iπξ(Y):

iπξ(Y) =


N + ξ + 1

N + 1

∑

|α|=1

aαα + (N + ξ + 1)
∑

|β|=1

a0βz
β




+
∑

|α|=1


a0α +

∑

|β|=1

(
aβαz

β + a0βz
β+α

)


(
α ·
(

∂

∂z1
, · · · , ∂

∂zN

))

where aαα ∈ R. Notice that any operator in Theorem 3 can be attained via trans-
lating a iπξ(Y) by some scaled identity, i.e.,

L = iπξ(Y)−



N + ξ + 1

N + 1

∑

|α|=1

aαα − a00





where a00 ∈ R, which shows that (πξ,A2
ξ(B

N )) generates all the first-order self-

adjoint differential operators on A2
ξ(B

N ).

Remark 1. Kehe Zhu in [8] asked if there exists self-adjoint A,B on A2
ξ(D) (D the

unit disk) such that [A,B] = λI for λ ∈ C\{0}, where I is the identity operator. We
showed in [2] that this is not possible if we required A,B be first-order self-adjoint
differential operators. The answer is also negative when extended to A2

ξ(B
N ), as

that would require aαα to be 0 for every |α| = 1, which means N+ξ+1
N+1

∑N
ω=1 a

α
α = 0

as well.
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Proof of Theorem 2 for the unit ball. To avoid introducing too many variables,
we will re-use functions f, g for different parts of this proof. It should be clear
to the reader when the functions are being re-defined. Let f ∈ A2

ξ(B
N ) and let

f(z) :=
∑

β∈NN
0
aβzβ. Notice that (c+|β|)2

(N+ξ+2+|β|)(N+ξ+1+|β|) converges to a positive

number as |β| → ∞, so there is C > 0 such that

1

C
≤ (c+ |β|)2

(N + ξ + 2 + |β|)(N + ξ + 1 + |β|) ≤ C.

Then, it follows that

‖L̃f‖ξ+2 =
∑

β∈NN
0

(c+ |β|)2|aβ |2‖zβ‖2ξ+2

=
∑

β∈NN
0

(c+ |β|)2 (N + ξ + 2)(N + ξ + 1)

(N + ξ + 2 + |β|)(N + ξ + 1 + |β|) |a
β |2‖zβ‖2ξ

≤ (N + ξ + 2)(N + ξ + 1)C
∑

β∈N
N
0

|aβ |2‖zβ‖2ξ

= (N + ξ + 2)(N + ξ + 1)C‖f‖2ξ < ∞,

so L̃f ∈ A2
ξ+2(B

N ), hence L̃ is well-defined. Let f, g ∈ A2
ξ(B

N ), where f(z) :=∑
β∈NN

0
aβzβ and g(z) :=

∑
β∈NN

0
bβzβ. Clearly,

L̃f(z) = L̃g(z) ⇐⇒
∑

β∈NN
0

(c+ |β|)aβzβ =
∑

β∈NN
0

(c+ |β|)bβzβ ⇐⇒ aβ = bβ

for all β ∈ NN
0 , so L is injective. Now, let f ∈ A2

ξ+2(B
N ) and denote f(z) :=

∑
β∈NN

0
aβzβ. Let us define g(z) :=

∑
β∈NN

0

aβ

c+|β|z
β, which is well-defined because

c is not 0 nor a negative integer, hence c+ |β| 6= 0 for all β ∈ NN
0 . Since

‖g‖2ξ =
∑

β∈NN
0

|aβ |2
(c+ |β|)2 ‖z

β‖2ξ

≤ C

(N + ξ + 2)(N + ξ + 1)

∑

β∈NN
0

(N + ξ + 2)(N + ξ + 1)|aβ |2
(N + ξ + 2 + |β|)(N + ξ + 1 + |β|)‖z

β‖2ξ

=
C

(N + ξ + 2)(N + ξ + 1)

∑

β∈NN
0

|aβ |2‖zβ‖2ξ+2

=
C

(N + ξ + 2)(N + ξ + 1)
‖f‖2ξ+2 < ∞,

so g ∈ A2
ξ(B

N ). Since L̃g(z) = f(z), we have that L̃ is surjective. Finally, let

f ∈ A2
ξ(B

N ) and let f(z) =
∑

β∈NN
0
aβzβ. Then,

(N + ξ + 2)(N + ξ + 1)

C

∑

β∈NN
0

|aβ |2‖zβ‖2ξ
︸ ︷︷ ︸

=‖f‖2
ξ
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≤ (N + ξ + 2)(N + ξ + 1)
∑

β∈NN
0

(c+ |β|)2
(N + ξ + 2 + |β|)(N + ξ + 1 + |β|) |a

β|2‖zβ‖2ξ
︸ ︷︷ ︸

=‖L̃f‖2
ξ+2

≤ (N + ξ + 2)(N + ξ + 1)C
∑

β∈NN
0

|aβ |2‖zβ‖2ξ
︸ ︷︷ ︸

=‖f‖2
ξ

thus L̃ is continuous. The argument for L̃−1 is linear, and continuity follows from

the same argument using the C bounds. Thus L̃ is a linear homeomorphims.

3.3. The case of the Generalized Unit Disk. In this section we consider the
domain of complex 2 × 2 matrices Z for which I − Z∗Z is positive definite which
is the same as assuming I − ZZ∗ > 0. First, we will describe how the integral
over D2 can be written as a iterated integral over two unit balls B2 in C2. Let

Z =

[
z1 z2
z3 z4

]
= [V | W ] so I − ZZ∗ is equivalent to I − V V ∗ −WW ∗ > 0. Since

V V ∗ ≥ 0 we get that I −WW ∗ is positive definite. Therefore, I −WW ∗ = T for
some positive definite operator T . Then T is diagonalizable and there is a unitary
matrix U and a diagonal matrix D such that U∗TU = D. We will find U and D in
terms of z1, z3. Notice

I − V V ∗ =

[
1− |z1|2 −z1z3
−z1z3 1− |z3|2

]

which has eigenvalues λ = 1 − |z1|2 − |z3|2 and 1. The orthonormal eigenvectors

are v1 = 1√
|z1|2+|z3|2

[
z1
z3

]
and v2 = 1√

|z1|2+|z3|2

[
−z3
z1

]
. Thus

I − V V ∗ =
1

|z1|2 + |z3|2
[
−z3 z1
z1 z3

] [
1 0
0 1− |z1|2 − |z3|2

] [
z3 z1
z1 −z3

]

So we can let U = 1√
|z1|2+|z3|2

[
−z3 z1
z1 z3

]
and

D =

[
1 0
0 λ

]

Notice that
√
T = U∗

√
DU and if we replace W by

√
TW1, then I − V V ∗ −

WW ∗ = I − V V ∗ −
√
TW1W

∗
1

√
T = T −

√
TW1W

∗
1

√
T =

√
T (I − W1W

∗
1 )
√
T .

Since
√
T is self-adjoint and strictly positive, I − ZZ∗ is positive definite if and

only if I −W1W
∗
1 is. Notice that I −W1W

∗
1 > 0 is equivalent to 1 −W ∗

1W1 > 0,
so this is the same as requiring W1 do be in the unit ball B of C2. Lastly note that
det(I−Z∗Z) = det(I−ZZ∗) = det(

√
T (I−W1W

∗
1 )
√
T ) = det(T )(1−W ∗

1W1) and
det(T ) = 1 − V ∗V . Equip the domain with the Euclidean measure dZ inherited
from C4 (or R8). Then, for ξ > −1,

∫

D2

f(Z)h(Z)ξ dZ =

∫

D2

f(Z)(det(I − ZZ∗))ξ dZ

(3.4)

=

∫

B2

∫

B2

f([V |
√
TW1]) det(T ) det(T )

ξ(1−W ∗
1W1)

ξ dV dW1
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=

∫

B2

(1− V ∗V )ξ+1

∫

B2

f([V |
√
TW1])(1−W ∗

1W1)
ξ dW1 dV

Since the ball B2 is invariant under multiplication by a unitary matrix, we get

∫

D2

f(Z)| det(T )|ξ dZ =

∫

B2

(1−V ∗V )ξ+1

∫

B2

f([V | U
√
DW1])(1−W ∗

1W1)
ξ dW1 dV.

Denoting Zn = zn1

1 zn2

2 zn3

3 zn4

4 , we have

〈Zn, Zm〉ξ =

∫

B2

zn1

1 zm1

1 zn3

3 zm3

3

(
√
|z1|2 + |z3|2)n2+n4+m2+m4

(1− |z1|2 − |z3|2)ξ+1

∫

B2

(
√
λz1z4 − z2z3)

n2(
√
λz1z4 − z2z3)

m2

(
√
λz3z4 + z1z2)

n4(
√
λz3z4 + z1z2)

m4(1− |z2|2 − |z4|2)ξ dW dV

=

n2∑

α=0

m2∑

β=0

n4∑

γ=0

m4∑

ϕ=0

(
n2

α

)(
m2

β

)(
n4

γ

)(
m4

ϕ

)
(−1)n2+m2−(α+β)

∫

B2

zn1+α+m4−ϕ
1 zm1+β+n4−γ

1 zn3+m2−β+γ
3 zm3+n2−α+ϕ

3

(
√

|z1|2 + |z3|2)n2+n4+m2+m4

(1− |z1|2 − |z3|2)ξ+1+ 1
2
(α+β+γ+ϕ) dV

∫

B2

z
n2+n4−(α+γ)
2 z

m2+m4−(β+ϕ)
2 zα+γ

4 zβ+ϕ
4 (1− |z2|2 − |z4|2)ξ dW.

We know that the monomials on the unit ball are orthogonal, which means that for
the above integral to be non-zero, the following relations must all hold:

n1 + α+m4 − ϕ = m1 + β + n4 − γ,

n2 + n4 − (α+ γ) = m2 +m4 − (β + ϕ),

n3 +m2 − β + γ = m3 + n2 − α+ ϕ,

α+ γ = β + ϕ.

Combining the relations, we get that the inner-product is only non-zero when

n2 + n4 = m2 +m4,

n1 + n2 = m1 +m2,

n2 +m3 = n3 +m2.

Also, by combining the three relations above, we get that

n1 + n2 + n3 + n4 = m1 +m2 +m3 +m4,

which also shows the already known statement that monomials of different homoge-
nous degrees are orthogonal.

Proposition 4. Let fα ∈ A2
ξ(D

2) be denoted fα(z) =
∑

β∈N4
0
aβαz

β where α ∈ N4
0.

If the operator L = f0 +
∑4

k=1 fek
∂

∂zk
with domain D(L) = P (D2) is symmetric,
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then

(∗)





f0 = a00 + (ξ + 4)
∑4

k=1 a
0
ekz

ek ,

fe1 = a0e1 + ae1e1z
e1 + ae2e1z

e2 + ae3e1z
e3 + a0e4z

e2+e3 +
∑

k 6=4 a
0
ek
ze1+ek ,

fe2 = a0e2 + ae2e2z
e2 + ae2e1z

e1 + ae3e1z
e4 + a0e3z

e1+e4 +
∑

k 6=3 a
0
ek
ze2+ek ,

fe3 = a0e3 + ae3e3z
e3 + ae2e1z

e4 + ae3e1z
e1 + a0e2z

e1+e4 +
∑

k 6=2 a
0
ek
ze3+ek ,

fe4 = a0e4 + ae4e4z
e4 + ae2e1z

e3 + ae3e1z
e2 + a0e1z

e2+e3 +
∑

k 6=1 a
0
ek
ze4+ek

with a00, a
ei
ei ∈ R, aei0 = (ξ + 4)a0ei , ae1e1 + ae4e4 = ae2e2 + ae3e3 .

Proof. Assume L is symmetric, so given n,m ∈ N
N
0 , we have 〈Lzn, zm〉ξ = 〈zn, Lzm〉ξ.

This equality is the same as
∑

|α|≤1

∑

β≥0

aβαcα,γ〈zβ+γ−α, zρ〉ξ =
∑

|α|≤1

∑

β≥0

aβαcα,ρ〈zγ , zβ+ρ−α〉ξ,

where

cα,γ =





1 α = 0

α · γ γ − α ≥ 0

0 else.

Plugging in different values of n and m it is possible to determine the properties of
the coefficients of L. Below is a table summarizing the relations and which m and
n were used to derive them.

Number Relation Deriving the Relation

(1) a00 ∈ R n = m = 0

(2) aei0 = (ξ + 4)a0ei n = ei,m = 0

(3) aeiei ∈ R n = m = ei

(4) a
e5−i
ei = 0 n = 2ei,m = ei + e5−i and (5)

(5) a
ej
ei = aeiej n = ei,m = ej

(6) a
ej
ei = a

e5−i
e5−j n = ei + e5−i,m = ei + ej

(7) a2eiei = a0ei n = 2ei,m = ei

(8) a
2ej
ei = 0 n = 2ei,m = ej

(9) a
ei+e5−i
ei = 0 n = ei + e5−i,m = ej and (2) and (10)

(10) a
ej+e5−j
ei = a0e5−i

n = ei + e5−i,m = ei

(11) a
ei+ej
ei = a0ej n = ei + ej ,m = ei and (2)

(12) a
e5−i+ej
ei = 0 n = ei + ej ,m = e5−i

(13) aeiei + a
e5−i
e5−i = a

ej
ej + a

e5−j
e5−j n = ei + e5−i,m = ej + e5−j

where 1 ≤ i ≤ 4 and j 6= i, 5 − i. Combined with Proposition 1, we have our
desired L.
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In the process we have used the following norms

‖z0‖2ξ =
π4

2(ξ + 2)(ξ + 3)
,

‖zei‖2ξ =
π4(ξ + 1)!

2(ξ + 4)!
,

‖z2ei‖2ξ =
π4(ξ + 1)!

(ξ + 5)!
,

‖zei+ej‖2ξ =
π4(ξ + 1)!

2(ξ + 5)!
, j 6= i, 5− i

‖zei+e5−i‖2ξ =
π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!
,

and fact that the inner product for α < β with |α| = |β| = 2 satisfies

〈zα, zβ〉ξ =
{
−π4(ξ+1)!

6(ξ+5)! α = e1 + e4, β = e2 + e3,

0 else

as desired.
�

Proof of Theorem 1 for the generalized disk. For x ∈ SU(2, 2) and A,B,C,D ∈ M2,
denoted

x−1 :=

[
A B
C D

]
,

consider the discrete series representation πξ(x) : A2
ξ(D

2) −→ A2
ξ(D

2) given by

πξ(x)f(Z) = det(CZ +D)−(ξ+4)f((AZ +B)(CZ +D)−1).

Similar to the case of SU(N, 1), the representation (πξ,A2
ξ(D

2)) is a unitary repre-
sentation and it defines a unitary representation of the universal covering group of
SU(2, 2). Again, we do not need to make a distinction between these groups, since
their Lie algebras are the same and the exponential mapping is a local diffeomor-
phism.

We now approach finding the differential operators that come from the Lie Al-
gebra representation of SU(2, 2). Note that W ∈ su(2, 2) if and only if




w1,1 w1,2 −w1,3 −w1,4

w2,1 w2,2 −w2,3 −w2,4

w3,1 w3,2 −w3,3 −w3,4

w4,1 w4,2 −w4,3 −w4,4


 =




−w1,1 −w2,1 −w3,1 −w4,1

−w1,2 −w2,2 −w3,2 −w4,2

w1,3 w2,3 w3,3 w4,3

w1,4 w2,4 w3,4 w4,4




and tr(W ) = 0, i.e.,

W =




w1,1 w1,2 w1,3 w1,4

−w1,2 w2,2 w2,3 w2,4

w1,3 w2,3 w3,3 w3,4

w1,4 w2,4 −w3,4 −∑3
j=1 wj,j



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where wj,j ∈ iR. Then, a basis for su(2, 2) is the collection of matrices

A1 =




i 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −i


 ,A2 =




0 0 0 0
0 i 0 0
0 0 0 0
0 0 0 −i


 ,A3 =




0 0 0 0
0 0 0 0
0 0 i 0
0 0 0 −i


 ,

A4 =




0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0


 ,A5 =




0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0


 ,A6 =




0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0


 ,

A7 =




0 0 0 0
0 0 0 0
0 0 0 i
0 0 i 0


 ,A8 =




0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0


 ,A9 =




0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0


 ,

A10 =




0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0


 ,A11 =




0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0


 ,A12 =




0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0


 ,

A13 =




0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0


 ,A14 =




0 0 0 0
0 0 i 0
0 −i 0 0
0 0 0 0


 ,A15 =




0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0


 ,

and the corresponding skew-adjoint operators from the Lie Algebra are

πξ(A
−1
1 ) = (ξ + 4)i+ iz1

∂f

∂z1
+ 2iz2

∂f

∂z2
+ iz4

∂f

∂z4
,

πξ(A
−1
2 ) = (ξ + 4)i+ iz2

∂f

∂z2
+ iz3

∂f

∂z3
+ 2iz4

∂f

∂z4
,

πξ(A
−1
3 ) = −iz1

∂f

∂z1
+ iz2

∂f

∂z2
− iz3

∂f

∂z3
+ iz4

∂f

∂z4
,

πξ(A
−1
4 ) = z3

∂f

∂z1
+ z4

∂f

∂z2
− z1

∂f

∂z3
− z2

∂f

∂z4
,

πξ(A
−1
5 ) = z2

∂f

∂z1
− z1

∂f

∂z2
+ z4

∂f

∂z3
− z3

∂f

∂z4
,

πξ(A
−1
6 ) = iz3

∂f

∂z1
+ iz4

∂f

∂z2
+ iz1

∂f

∂z3
+ iz2

∂f

∂z4
,

πξ(A
−1
7 ) = −iz2

∂f

∂z1
− iz1

∂f

∂z2
− iz4

∂f

∂z3
− iz3

∂f

∂z4
,

πξ(A
−1
8 ) = −(ξ + 4)z1 + (1− z21)

∂f

∂z1
− z1z2

∂f

∂z2
− z1z3

∂f

∂z3
− z2z3

∂f

∂z4
,

πξ(A
−1
9 ) = −(ξ + 4)z2 − z1z2

∂f

∂z1
+ (1 − z22)

∂f

∂z2
− z1z4

∂f

∂z3
− z2z4

∂f

∂z4
,

πξ(A
−1
10 ) = −(ξ + 4)z3 − z1z3

∂f

∂z1
− z1z4

∂f

∂z2
+ (1− z23)

∂f

∂z3
− z3z4

∂f

∂z4
,

πξ(A
−1
11 ) = −(ξ + 4)z4 − z2z3

∂f

∂z1
− z2z4

∂f

∂z2
− z3z4

∂f

∂z3
+ (1− z24)

∂f

∂z4
,
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πξ(A
−1
12 ) = (ξ + 4)iz1 + i(1 + z21)

∂f

∂z1
+ iz1z2

∂f

∂z2
+ iz1z3

∂f

∂z3
+ iz2z3

∂f

∂z4
,

πξ(A
−1
13 ) = (ξ + 4)iz2 + iz1z2

∂f

∂z1
+ i(1 + z22)

∂f

∂z2
+ iz1z4

∂f

∂z3
+ iz2z4

∂f

∂z4
,

πξ(A
−1
14 ) = (ξ + 4)iz3 + iz1z3

∂f

∂z1
+ iz1z4

∂f

∂z2
+ i(1 + z23)

∂f

∂z3
+ iz3z4

∂f

∂z4
,

πξ(A
−1
15 ) = (ξ + 4)iz4 + iz2z3

∂f

∂z1
+ iz2z4

∂f

∂z2
+ iz3z4

∂f

∂z3
+ i(1 + z24)

∂f

∂z4
.

Since Y ∈ su(2, 2) if and only if there are a1, · · · , a15 ∈ R such that

Y =
15∑

k=1

akπξ(Ak),

then any self-adjoint operator coming form the representation of su(2, 2) has form

iπξ(Y) = i

15∑

k=1

akπξ(Ak).

If L is an operator satisfying (∗) from Proposition 4, then we can choose ai’s to
satisfy the following system of equations:

a0e1 = −a12 + ia8, a0e2 = −a13 + ia9,

a0e3 = −a14 + ia10, a0e4 = −a15 + ia11,

ae1e1 = a3 − a1, ae2e2 = −2a1 − a2 − a3,

ae3e3 = a3 − a2, ae4e4 = −a1 − 2a2 − a3,

ae2e1 = a7 + ia5, ae3e1 = −a6 + ia4,

i.e., we choose the ai’s in the following way:

a1 = −ae1e1
2

− ae2e2 − ae3e3
4

, a2 =
ae1e1
2

− ae2e2
4

− 3ae3e3
4

, a3 =
2ae1e1 − ae2e2 + ae3e3

4
,

a4 = Im(ae3e1), a5 = Im(ae2e1), a6 = −Re(ae3e1),

a7 = Re(ae2e1 ), a8 = Im(a0e1), a9 = Im(a0e2 ),

a10 = Im(a0e3), a11 = Im(a0e4), a12 = −Re(a0e1),

a13 = −Re(a0e2), a14 = −Re(a0e3), a15 = −Re(a0e4).

Then L can be written as

L = iπξ(Y) + (3a1 + 3a2) + a00

when the right hand side is restricted to the polynomials.
Since the polynomials are a core for πξ(Y) it follows that if L satisfies (∗) of

Proposition 4 then L is symmetric.

Remark 2. Notice that this argument uses representation theory to overcome the
difficulty of showing that L satisfying (∗) of Proposition 4 is symmetric. This is
especially useful as we avoid calculating inner products of monomials above degree
2 (recall that the inner products of monomials with same homogenous degree may
not be orthogonal on D2). In some sense this means that we just need L to be
symmetric with respect to polynomials of low degree (which is not a dense set).
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Appendix A. Relations

For n = m = 0, we have

〈Lz0, z0〉ξ =
∑

β∈N4
0

aβ0 〈zβ , z0〉ξ = a00‖z0‖2ξ = a00
π4

2(ξ + 2)(ξ + 3)
,

〈z0, Lz0〉ξ =
∑

β∈N4
0

aβ0 〈zβ , z0〉ξ = a00‖z0‖2ξ = a00
π4

2(ξ + 2)(ξ + 3)
,

so a00 = a00 ∈ R. For n = ei and m = 0, we have

〈Lzei , z0〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ei , z0〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · γ)〈zβ+γ−α, z0〉ξ

= a0ei‖z
0‖2ξ = a0ei

π4

2(ξ + 2)(ξ + 3)
,

〈zei , Lz0〉ξ =
∑

β∈N4
0

aβ0 〈zβ , zei〉ξ = aei0 ‖zei‖2ξ = aei0
π4(ξ + 1)!

2(ξ + 4)!
,

so aei0 = (ξ + 4)a0ei . For n = ei and m = ei, we have

〈Lzei , zei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ei , zei〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · ei)〈zβ+ei−α, zei〉ξ

= a00‖zei‖2ξ + aeiei‖z
ei‖2ξ = a00

π4(ξ + 1)!

2(ξ + 4)!
+ aeiei

π4(ξ + 1)!

2(ξ + 4)!
,

〈zei , Lzei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ei , zei〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · ei)〈zβ+ei−α, zei〉ξ

= a00‖zei‖2ξ + aeiei‖zei‖2ξ = a00
π4(ξ + 1)!

2(ξ + 4)!
+ aeiei

π4(ξ + 1)!

2(ξ + 4)!
,

so it follows that aeiei = aeiei ∈ R. For n = ei and m = ej , we have

〈Lzei , zej〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ei , zej 〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · ei)〈zβ+ei−α, zej〉ξ

= aejei ‖zej‖2ξ = aejei
π4(ξ + 1)!

2(ξ + 4)!
,

〈zei , Lzej〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ej , zei〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · ej)〈zβ+ej−α, zei〉ξ

= aeiej‖zei‖2ξ = aeiej
π4(ξ + 1)!

2(ξ + 4)!
,

which gives the relation a
ej
ei = aeiej . For n = 2ei and m = ei, we have

〈Lz2ei , zei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+2ei , zei〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · (2ei))〈zβ+2ei−α, zei〉ξ

= 2a0ei‖z
ei‖2ξ = a0ei

π4(ξ + 1)!

(ξ + 4)!
,
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〈z2ei , Lzei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ei , z2ei〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · ei)〈zβ+ei−α, z2ei〉ξ

= aei0 ‖z2ei‖2ξ + a2eiei ‖z2ei‖2ξ = aei0
π4(ξ + 1)!

(ξ + 5)!
+ a2eiei

π4(ξ + 1)!

(ξ + 5)!
,

so we have that a2eiei = (ξ + 5)a0ei − aei0 = aei0 . For n = 2ei and m = ej , we have

〈Lz2ei , zej〉 =
∑

β∈N4
0

aβ0 〈zβ+2ei , zej 〉+
∑

|α|=1

∑

β∈N4
0

aβα(α · (2ei))〈zβ+2ei−α, zej 〉 = 0,

〈z2ei , Lzej〉 =
∑

β∈N4
0

aβ0 〈zβ+ej , z2ei〉+
∑

|α|=1

∑

β∈N4
0

aβα(α · ej)〈zβ+ej−α, z2ei〉

= a2eiej ‖z2ei‖2 = a2eiej

π4(ξ + 1)!

(ξ + 5)!
.

which gives us a
2ej
ei = a

2ej
ei = 0. For n = m = 2ei, we have

〈Lz2ei , z2ei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+2ei , z2ei〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · (2ei))〈zβ+2ei−α, z2ei〉ξ

= a00‖z2ei‖2ξ + 2aeiei‖z
2ei‖2ξ = (a00 + 2aeiei)

π4(ξ + 1)!

(ξ + 5)!
,

〈z2ei , Lz2ei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+2ei , z2ei〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · (2ei))〈zβ+2ei−α, z2ei〉ξ

= a00‖z2ei‖ξ + 2aeiei‖z2ei‖2ξ = (a00 + 2aeiei)
π4(ξ + 1)!

(ξ + 5)!
,

yielding no new relations. For n = 2ei and m = ei + e5−i, we have

〈Lz2ei , zei+e5−i〉ξ =
∑

β∈N4
0

aβ0 〈zβ+2ei , zei+e5−i〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · (2ei))〈zβ+2ei−α, zei+e5−i〉ξ

= 2ae5−i
ei ‖zei+e5−i‖2ξ = 2ae5−i

ei

π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!
,

〈z2ei , Lzei+e5−i〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+e5−i), z2ei〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + e5−i))〈zβ+(ei+e5−i)−α, z2ei〉ξ

= aeie5−i‖z2ei‖2ξ = aeie5−i

π4(ξ + 1)!

(ξ + 5)!
,

which gives us a
e5−i
ei = aeie5−i

3
ξ+4 , and combined with the relation aeiej = a

ej
ei , gives

us that a
e5−i
ei = aeie5−i = 0. For n = 2ei and m = ei + ej, we have

〈Lz2ei , zei+ej 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+2ei , zei+ej 〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (2ei))〈zβ+2ei−α, zei+ej 〉ξ
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= 2aejei ‖zei+ej‖2ξ = aejei
π4(ξ + 1)!

(ξ + 5)!
,

〈z2ei , Lzei+ej 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+ej), z2ei〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + ej))〈zβ+(ei+ej)−α, z2ei〉ξ

= aeiej‖z2ei‖2ξ = aeiej
π4(ξ + 1)!

(ξ + 5)!
,

yielding no new relations. For n = 2ei and m = ej + e5−j, we have

〈Lz2ei , zej+e5−j 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+2ei , zej+e5−j 〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (2ei))〈zβ+2ei−α, zej+e5−j 〉ξ

= 2ae5−i
ei 〈zei+e5−i , zej+e5−j 〉ξ = ae5−i

ei

π4(ξ + 1)!

3(ξ + 5)!
,

〈z2ei , Lzej+e5−j 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ej+e5−j), z2ei〉ξ

+
∑

|α|=1

∑

β∈N
4
0

aβα(α · (ej + e5−j))〈zβ+(ej+e5−j)−α, z2ei〉ξ = 0,

which yields no new relations. For n = ei + e5−i and m = ei,

〈Lzei+e5−i , zei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(γ+e5−i), zei〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + e5−i))〈zβ+(ei+e5−i)−α, zei〉ξ

= a0e5−i
‖zei‖2ξ = a0e5−i

π4(ξ + 1)!

2(ξ + 4)!
,

〈zei+e5−i , Lzei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ei , zei+e5−i〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · ei)〈zβ+ei−α, zei+e5−i 〉ξ

= a
e5−i

0 ‖zei+e5−i‖2ξ
+ a

ei+e5−i
ei ‖zei+e5−i‖2ξ + a

ej+e5−j
ei 〈zej+e5−j , zei+e5−i〉ξ

= a
e5−i

0

π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!

+ a
ei+e5−i
ei

π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!
− a

ej+e5−j
ei

π4(ξ + 1)!

6(ξ + 5)!
,
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thus giving us a
ej+e5−j
ei = a0e5−i

+ (ξ + 4)a
ei+e5−i
ei = a0e5−i

. For n = ei + e5−i and
m = ej ,

〈Lzei+e5−i , zej 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(γ+e5−i), zej 〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + e5−i))〈zβ+(ei+e5−i)−α, zej〉ξ = 0,

〈zei+e5−i , Lzej 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ej , zei+e5−i〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · ej)〈zβ+ej−α, zei+e5−i 〉ξ

= a
e5−j

0 〈zej+e5−j , zei+e5−i〉ξ
+ a

ei+e5−i
ej ‖zei+e5−i‖2ξ + a

ej+e5−j
ej 〈zej+e5−j , zei+e5−i〉ξ

= −a
e5−j

0

π4(ξ + 1)!

6(ξ + 5)!

+ a
ei+e5−i
ej

π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!
− a

ej+e5−j
ej

π4(ξ + 1)!

6(ξ + 5)!
,

giving us a
ej+e5−j
ei = a

e5−i

0
1

ξ+4+a
ei+e5−i
ei

1
ξ+4 = a0e5−i

+a
ei+e5−i
ei

1
ξ+4 . Combining with

previous relations, we get that a
ei+e5−i
ei = 0, which gives the relation a

ej+e5−j
ei =

a0e5−i
. For n = m = ei + e5−i, we have

〈Lzei+e5−i , zei+e5−i〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+e5−i), zei+e5−i〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + e5−i))〈zβ+(ei+e5−i)−α, zei+e5−i〉ξ

= a00‖zei+e5−i‖2ξ + aeiei‖zei+e5−i‖2ξ + ae5−i
e5−i

‖zei+e5−i‖2ξ

= (a00 + aeiei + ae5−i
e5−i

)
π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!
,

〈zei+e5−i , Lzei+e5−i〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+e5−i),〉 ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + e5−i))〈zβ+(ei+e5−i)−α, zei+e5−i〉ξ

= a00‖zei+e5−i‖ξ + aeiei‖zei+e5−i‖ξ + a
e5−i
e5−i‖zei+e5−i‖ξ

= (a00 + aeiei + a
e5−i
e5−i)

π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!
,

which yields no new relations. For n = ei + e5−i and m = ei + ej ,

〈Lzei+e5−i , zei+ej 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+e5−i), zei+ej 〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + e5−i))〈zβ+(ei+e5−i)−α, zei+ej 〉ξ
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= aeje5−i
‖zei+ej‖ξ = aeje5−i

π4(ξ + 1)!

2(ξ + 5)!
,

〈zei+e5−i , Lzei+ej 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+ej), zei+e5−i〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + ej))〈zβ+(ei+ej)−α, zei+e5−i 〉ξ

= a
e5−i
ej ‖zei+e5−i‖2ξ + a

e5−j
ei 〈zej+e5−j , zei+e5−i〉ξ

= a
e5−i
ej

π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!
− a

e5−j
ei

π4(ξ + 1)!

6(ξ + 5)!
,

which gives us the relation a
ej
ei = a

e5−i
e5−j . For n = ei + e5−i and m = ej + e5−j , we

have

〈Lzei+e5−i , zej+e5−j 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+e5−i), zej+e5−j 〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + e5−i))〈zβ+(ei+e5−i)−α, zej+e5−j 〉ξ

= a00〈zei+e5−i , zej+e5−j 〉ξ + aeiei〈z
ei+e5−i , zej+e5−j 〉ξ

+ ae5−i
e5−i

〈zei+e5−i , zej+e5−j 〉ξ

= −(a00 + aeiei + ae5−i
e5−i

)
π4(ξ + 1)!

6(ξ + 5)!
,

〈zei+e5−i , Lzej+e5−j 〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ej+e5−j), zei+e5−i〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ej + e5−j))〈zβ+(ej+e5−j)−α, zei+e′
i〉ξ

= a00〈zej+e5−j , zei+e5−i〉ξ + a
ej
ej 〈zej+e5−j , zei+e5−i〉ξ

+ a
e5−j
e5−j 〈zej+e5−j , zei+e5−i 〉ξ

= −(a00 + a
ej
ej + a

e5−j
e5−j )

π4(ξ + 1)!

6(ξ + 5)!
,

which gives us that aeiei + a
e5−i
e5−i = a

ej
ej + a

e5−j
e5−j . For n = ei + ej and m = ei, we have

〈Lzei+ej , zei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+ej), zei〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + ej))〈zβ+(ei+ej)−α, zei〉ξ

= a0ej‖z
ei‖2ξ = a0ej

π4(ξ + 1)!

2(ξ + 4)!
,

〈zei+ej , Lzei〉ξ =
∑

β∈N4
0

aβ0 〈zβ+ei , zei+ej 〉ξ +
∑

|α|=1

∑

β∈N4
0

aβα(α · ei)〈zβ+ei−α, zei+ej 〉ξ

= aej )0‖zei+ej‖2ξ + a
ei+ej
ei ‖zei+ej‖2ξ = (a

ej
0 + a

ei+ej
ei )

π4(ξ + 1)!

2(ξ + 5)!
,
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thus (ξ + 5)a0ej = a
ej
0 + a

ei+ej
ei , and using previous relations, gives us a

ei+ej
ei = a0ej .

For n = ei + ej and m = e5−i,

〈Lzei+ej , ze5−i〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+ej), ze5−i〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + ej))〈zβ+(ei+ej)−α, ze5−i〉ξ = 0,

〈zei+ej , Lze5−i〉ξ =
∑

β∈N
4
0

aβ0 〈zβ+e5−i , zei+ej 〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · e5−i)〈zβ+e5−i−α, zei+ej 〉ξ

= a
ei+ej
e5−i ‖zei+ej‖2ξ = a

ei+ej
e5−i

π4(ξ + 1)!

2(ξ + 5)!
,

which gives us a
e5−i+ej
ei = a

e5−i+ej
ei = 0. For n = ei+ ej and m = ei+ e5−i, we have

〈Lzei+ej , zei+e5−i〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+ej), zei+e5−i〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + ej))〈zβ+(ei+ej)−α, zei+e5−i 〉ξ

= ae5−i
ej ‖zei+e5−i‖2ξ + ae5−j

ei 〈zej+e5−j , zei+e5−i〉ξ

= ae5−i
ej

π4(ξ + 1)!(ξ + 4)

6(ξ + 5)!
− ae5−j

ei

π4(ξ + 1)!

6(ξ + 5)!
,

〈zei+ej , Lzei+e5−i〉ξ =
∑

β∈N4
0

aβ0 〈zβ+(ei+e5−i), zei+ej 〉ξ

+
∑

|α|=1

∑

β∈N4
0

aβα(α · (ei + e5−i))〈zβ+(ei+e5−i)−α, zei+ej 〉ξ

= a
ej
e5−i‖zei+ej‖2ξ = a

ej
e5−i

π4(ξ + 1)!

2(ξ + 5)!

which gives us no new relations.
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