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Abstract

This paper addresses the geometric optimization problem of the first Robin
eigenvalue in exterior domains, specifically the lowest point of the spectrum of
the Laplace operator under Robin boundary conditions in the complement of a
bounded domain. In contrast to the Laplace operator on bounded domains, the
spectrum of this operator is not purely discrete. The discrete nature of the first
eigenvalue depends on the parameter of the Robin boundary condition. In two
dimensions, D. Krejcirik and V. Lotoreichik show that the ball maximizes the
first Robin eigenvalue among all smooth, bounded, simply connected sets with
given perimeter or given area, provided the eigenvalue is discrete.

We extend these findings to higher dimensions. The discrete spectrum of the
Laplace operator under Robin boundary conditions can be characterized through
the Steklov eigenvalue problem in exterior domains, a topic studied by G. Auch-
muty and Q. Han. Assuming that the lowest point of the spectrum is a discrete
eigenvalue, we show that the ball is a local maximizer among nearly spherical
domains with prescribed measure. However, in general, the ball does not emerge
as the global maximizer for the first Robin eigenvalue under either prescribed
measure or prescribed perimeter.

Keywords: Exterior Domain, Shape Optimization, Robin Eigenvalue, Steklov
Eigenvalue, Isoperimetric Inequality

1 Introduction

Finding the optimal shape of an object to make it as efficient as possible is a naturally
occurring question. In mathematical terms, this means to identify the set that mini-
mizes a given functional among all sets that satisfy given constraints. Specifically, our



focus lies in the optimization of eigenvalues of elliptic operators. In this paper, we are
concerned with optimizing the lowest point of the spectrum of the Robin Laplacian,
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For bounded domains, the situation is well known. For n > 2, a > 0, D. Daners shows
in [11] that the ball Bg minimizes A among all bounded Lipschitz domains Q C R™
with |2 = |Bg|. For @ < 0, M. Bareket conjectures in [6] that the ball maximizes
the first eigenvalue among all smooth, bounded domains with prescribed measure.
This is proven not to be true in general. A counterexample is given in [12, Theorem
1] by P. Freitas and D. Krejcirik. However, this counterexample does not prove the
statement false if « is close to zero. Furthermore, it is shown in [12, Theorem 2] that, for
sufficiently small |a|, the ball is a maximizer among all bounded, planar C?-domains.
In electromagnetic and gravitational field theories, questions often arise about the
solution of boundary value problems involving the Laplacian, which includes the occur-
rence of such problems on unbounded domains. Thus, we are interested in studying
whether similar inequalities apply to the Robin eigenvalue on the complement of a
bounded domain. We define Q! := R™\ Q2. The outer unit normal, pointing out of €2,
is denoted by v, and d,u = (Vu,v) is the derivative in normal direction. Throughout
the paper, we assume that Q% is connected. We consider the eigenvalue problem

Au+Iu=0 in Qext,
{ (2)

—Oyu+au=0 on 09,

where @ € R. We understand (2) as a spectral problem for the self-adjoint operator
associated with the bilinear form

a: Wh2(Q%0) x WH2(Q%) - R, a(u,v) := /

(Vu, Vv) dx+a/ uwodS. (3)
Qext

o0

This operator is called the Robin Laplacian in exterior domains and is denoted by
—A®™ In contrast to bounded domains, the embedding W1h2(QeF) «s L2(Qext)
is not compact. Thus, we can neither conclude that —Agm has compact resolvent
nor a purely discrete spectrum. Indeed, in [18, Proposition 1], D. Krejcirik and V.
Lotoreichik show that there is a nonempty essential spectrum of —Agm, given by

Oess (—Affm) = [0,00)

for all @« € R, n > 2 and for all bounded, smooth domains € such that Q¢ is con-
nected. However, it still makes sense to characterize the lowest point of the spectrum
by

Joext |Vul|? dz + « fBQ |u|?dS
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If the discrete spectrum is not empty, A¥(2%") is negative and coincides with the lowest
eigenvalue. If there is no discrete eigenvalue, then A{(2°**) = 0, where in this case we
do not know if the infimum is attained. Provided A (Q%) is a discrete eigenvalue, D.
Krejcirik and V. Lotoreichik show in [19, Corollary 5] that the ball maximizes A{ (")
in dimension n = 2 among all smooth, bounded, simply connected open sets with
given measure and among all smooth, bounded, simply connected open sets with given
perimeter. In dimension n > 3 the ball does not maximizes A§(Q°*) anymore. Thus,
for dimension n > 3, they define M(Q) := ﬁ o M1 dS, where M denotes the
mean curvature of 92, and show in [19, Theorem 6] that the ball maximizes the first
Robin eigenvalue among all convex, smooth, bounded open sets with M(2) = M(Bg).
We show that the ball, although no longer the global maximizer, is a local
maximizer of A\§(Q°*") among all domains with prescribed measure in any dimension.
First we characterize the existence of a discrete eigenvalue of the Robin Laplacian
in exterior domains. To this end, we consider for n > 3, the Steklov eigenvalue problem
— 3 ext
{A; 2 in Qe (5)

—0yu = pu  on ON.

In [4], G. Auchmuty and Q. Han illustrate that solutions of (5) are in general not in
L2(Q°%Y). Thus, they construct the Hilbert space E'(Q%), the space of finite energy
functions. Considering (5) in E1(2°**), we obtain a well posed problem.

In Section 2.1, we characterize the discrete spectrum of the Robin Laplacian in
exterior domains, depending on . We show that A{(2°*%) is a discrete eigenvalue if
and only if @ < — 1 (Q%), where p1 (Q°%) denotes the first eigenvalue of (5). Provided
that A§(Q2%%Y) is a discrete eigenvalue, we are interested in optimizing A$(Q°**) among
all domains of given measure or given perimeter.

Before we discuss this geometric optimization problem, we demonstrate in Section
2.2 the continuity of A¢(Q%*) and u1(Q%*) with respect to the Hausdorff metric,
which implies the existence of an optimal domain in a suitable collection of subsets of
R™. Furthermore, we establish in Section 2.3, a monotonicity result for A{(Q%") and
11 (Q%) concerning a specific type of domain inclusion. This implies that achieving
optimality within a given perimeter results in optimality within a given measure.

Comparing A (B®") with AY(E°*"), where B is a ball and F is an ellipsoid with
equal measure, we demonstrate in Section 2.4 that the ball cannot be the global
maximizer of A¥(22°) among all smooth domains with given measure. Leveraging the
monotonicity discussed in Section 2.3, this extends to the ball not being the global
maximizer among smooth domains with a prescribed perimeter.

Lacking a global approach, we study how local perturbations affect the eigenvalue.
By proceeding similar to [5], as described in Section 3.1, we derive formulas for the
first and second variations of A{(2°**) in Section 3.2. Using the second variation, we
show in Section 3.3 that the ball maximizes A§(Q2°*') locally among all nearly spherical
domains with prescribed measure. To accomplish this, we establish in section 3.3.1
a new inequality, to the best of our knowledge, for the ratio of Bessel functions. In
Section 3.4, we derive a quantitative inequality.

Some results of this paper have been published previously in [8].



2 Basic Properties of the Robin Eigenvalue in
Exterior Domains

If 2 is a bounded domain, it holds A{(2) < 0 if and only if o < 0. This can easily
be seen by inserting a constant test function into (1). Thus, one might guess that for
a < 0 it holds A$(Q%*) < 0. It turns out that this condition is not sufficient in general.
In [19, Proposition 2|, it is shown that there exists a nonpositive constant a*(Q2°*")
such that A\{(Q%*) is a discrete, negative eigenvalue of (2) if and only if o < a*(Q%F).
More precisely, it holds

a*(QY) =0 for n € {1, 2},
a*(Q*) < 0 for n > 3.

If o < o*(Q2°), Le. AY(Q°) is a discrete eigenvalue, it can be shown by standard
methods that A¢(Q°*") is simple and the corresponding eigenfunction can be chosen
strictly positive. Since these properties are important for further calculations, we start
by characterizing o*(Q%") for n > 3 in more detail. The results of Section 2.1 have
been published beforehand in [8, Section 2].

2.1 Characterization of a*(°*t)

As in [2, Proposition 2.1], it can be shown that A{(2°**) is continuous in .. Combined
with Af(Q") < 0 & a < a*(Q2°), this means that
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Because 0 € g (—Agm)7 we don’t know if the infimum is attained. Nevertheless,
for all u € W12(Q°*) it holds

0 §/ |Vu|2dx+a*(QeXt)/ lu|? dS,
Qext o9

which suggests that —a*(Q°**) could potentially be a Steklov eigenvalue.

A. Auchmuty and Q. Han consider in [4] the exterior harmonic Steklov eigenvalue
problem (5) for dimensions n > 3. For @ = Bpg, the radial solutions of (5) are of
the form u(x) = ¢1 + co|z|>~". Here, u € L*(B%") does not hold true in general. To
solve this problem, they define the space of finite energy functions E*(£2°**) to be the
subspace of L (2°*') of functions that satisfy

loc
1. Vu € L?(Q%4R"),
2. u decays at infinity which means S, := {z € Q°" : |u(x)| > ¢} has finite measure
for all ¢ > 0.



In addition, E*(2°*) is a Hilbert space with respect to the inner product

1

UF, 9 aomty = / (V. Vgyde+ [ fgds.
Qext 109 Jaq

Furthermore, they prove that the boundary trace operator v : E1(Q%™') — L2(9Q)
is compact. Using the methods of [14, Chapter 8], it can be shown that the first
Steklov eigenvalue j is simple and its corresponding eigenfunction u; € E(Q%) is
of constant sign. Moreover, since 7 : E*(Q°**) — L2(99) is compact, the spectrum is
purely discrete and we have a sequence of eigenvalues
Ml(QeXt) S ﬂ2(QeXt) S

)

accumulating at co. On the basis of these properties, we can characterize a*(Qx*).

Theorem 1. Let ju1 (%) be the first eigenvalue of (5). Then, a* (%) = —puy (7).

Proof. To prove the theorem, we show the two inequalities a*(Q%) < —pp (Q°*') and
O[* (Qext) Z — 1 (Qext).
Beginning with the first inequality, we can characterize (%) as

1 () = inf ||VU||2L2(Qext) (6)
u€ EH(QY),

1l 22 g0 =1

and since W12(Qxt) C F1(Q%), we immediately obtain

—pp (Q6) > — inf Vul|2s qext -
pa( ) = weW (9. | ||L2(Q )
1

lullF2 o0y =
This implies a* (Q%) < —pq (25Y).
To prove the reversed inequality, we approximate the first eigenfunction of
the Steklov eigenvalue using functions with compact support. Let u; be the first
eigenfunction of (5), with uy € E*(Q°") and ||u1||r2(90) = 1. Then,

0= / |Vug |2 dz — pq (Q°F).
Qext

To approximate u; by smooth functions with compact support, we utilize a result
from G. Lu and B. Ou, proven in [21, Proof of Theorem 5.2, Proposition 2.2]. For a
function u € W,-2(Q°%) with |Vu| € L2(Q°), they define

loc

u) = lim —————— udz
( )oo R—o0 ‘QexthR| QextNBg



and show that w := u— (u)_, can be approximated by smooth functions, i.e. for every
€ > 0 there exists ¢Yr € C°(R™) with yr(z) =1 for |z| < R, such that

/ |Vw — V(wir)*dz < e.
Qext

Since EX(Qe<) € L7-7 (Q°%) (see [4, Corollary 3.4]), we obtain

f | |d 1 n—2 nt2

ex Ul X n 2n 21

Q cmtaR < - (/ ‘ul‘f_a dx) (/ 1dx>
|Qex n BR| |Qex N BR| QextNBpr QextNBpr

n—2
2n
nt2 2n
= |QEXt ﬂBR| 7 1 (/ |u1 n—2 dx) .
QextNBpr
n+2

Since "2—22 —1 <0, it holds limpg_, o |Q2™*NBg| =27 ~1 = 0. Also, since u; € L%(Qe"t)7
we have

n—2

2n
Jim / = de) = | e
R‘)OO QeXtﬁBR Lﬂ,—2 (Qext)

Thus, u; — (u1),, = w1 can be approximated by u19r. By choosing R large enough,
such that ¢(x) =1 for all x € 9Q, we have

/ (upr)*dS = [ w3dS=1.
oN o

For a < —pu1 (Q2%%), we can choose R large enough such that ¢ := uy 1 € WH2(Qet)
satisfies

_ cht —« N
[ votas— @) = [ (9op - [uPae < HEDZE )
Therefore, we obtain
N Qext
/ |Vé|? de + a/ |92 dS < E(a) + p1 (™) + o = (@) +a < 0.
Qext o0 2
Thus, o < —pu1 (Q2°Y) implies A¢(Q%Y) < 0. Hence, a* (Q%) = —puy (Q%Y). O

Analogous calculations for higher eigenvalues lead to the following corollary.

Corollary 1. Let i (Q%) denote the k-th eigenvalue of (5). The Robin Laplacian
has k discrete eigenvalues if and only if o < — g (7).

As an example, we consider ) = Bg. Here, it is possible to find an explicit formula
for o*(Q%) (see [19, Proposition 3]): For a < a*(B$%®) the first eigenvalue A\§(BE")



is negative and simple, so the corresponding eigenfunction has to be radial. Thus, (2)
becomes

(7)

for r = R,

u(r) + 2L/ (r) + Au(r) =0 for r € (R, 0),
—u'(r) +au(r) =0

where u’ denotes the derivative of u with respect to r. For n > 2, the solution of (7)
is given by

n—

T Kus(rV=)), c€R, (8)

u(r) =cr™

where K, denotes the modified Bessel function of second kind (see Appendix A). The
boundary condition yields a relation between o and A. Using (A4), we obtain

Kz (RV=))

_W(R)
CTUR) HK%(R\/T)\)'

This equation indeed provides a unique relation between o and A. To prove this, we
define for m = g, k € N, the mapping

Km+l(z)

m:(0,00) = R, z+— —z————~
and show that f,, is strictly monotonically decreasing. Since Ra = fnT—2 (R\/—)\),
this yields the desired uniqueness between o and A. Using (A4) and (A2), we obtain

2
2 2Bmi1(2) _ (2Kmi1(2)
z°+ 2m Km(Z) ( K'm(z) )

L hn(2) =

z
From (A10), we obtain ZI{T*(IZ()Z) > m + vm? + z2 > 2m. Furthermore, the mapping

x + 2mx — 22 is strictly monotonically decreasing on (m, oc) and we conclude

d 24 2m (m4+Vm?+ 22) — (m+ Vm? +22)°

az/m?) < : (9)
Thus, the mapping
Kn(Ryv—X
A —V = A—2 ( )
K anz(R\/—)\)
is strictly monotonically increasing for A € (—o00,0). For R = 1 and different n,

this relation is shown below in Figure la. Since it seems more natural to express A
depending on «, we also plot the inverse relation in Figure 1b.
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Fig. 1: Relation between o and \; for the n-dimensional unit ball.

To determine «o*, we have to determine limy_,oa(A). We use the asymptotic
behavior of the Bessel functions, (A6) and (A8) and obtain for n > 3,

( ) r(2)2"7
foz2 (RV =X ) = —9
lim a(\) = lim —2—— = lim —vV -\ (7 /\)2_24 __n
A—0 A—0 R A—0 r(2s2)2" 7 R

n—2

(RV=X) 2

and in view of the monotonicity, we obtain A <0 & «a < f”T?Q, which implies

n—2
7

o (B = - (10)

On the other hand, for Q2 = Bp, the first eigenvalue of (5) is given by p1 (Bg&t) = 222
which confirms Theorem 1.

2.2 Continuity

In order to show existence of optimal or critical domains, it is often helpful to have
continuity of the eigenvalue. In this section, we show that the mappings € > A (QXt)
and  — p1(Q%) are continuous with respect to the Hausdorff metric. In particular,
in view of Theorem 1, the continuity of u1 (Q2°") allows us to deduce that o < a*(Q8*")
implies @ < o* (") for all domains € in a neighborhood of €.

Definition 1. Let D C R" be a given bounded subset of R™. Then, we define

X = {Q C D, Qis a convexr domain with OS2 € C2} .



We denote the Hausdorff metric of two domains A, B € X by
0(A,B):=inf{e¢>0: AC B, and BC A.},

where B. := Upep{z € R : ||z — b|| < e}.

The definition of the Hausdorff metric requires less regularity of the boundary, but
for now we are only interested in the smooth setting. To prove continuity with respect
to the Hausdorff metric, we need the following extension result.

Lemma 1. Let Qo € X and let (), € X such that lim,, s (2, Q) = 0. If
(Um) pen C WH2(QEY) fulfills |[uml|wr2en < K1 (independent of m), there exist
extensions Uy, € WH2(R™) with up () = tm () for x € Q" and ||ium||wi2@n) < Ko
(independent of m).

Proof. We choose R,r > 0 such_that B, C Q,, and Q C Bp for all m € No. We
consider the bounded domains Q,, := Q% N Bg. Since 2, is convex, {1, fulfills the
cone property, given in [9, Definition 2]. Hence, [9, Theorem II.1] yields that there is
i ion Uy, , i.e. there exists a sequence u,, € W12(R")

with [t ||lwi2@n) < K3 and up, (2) = up(z) for o € Q... Thus, we define

() = Um(z) for z € Bp,
" Y um(z)  for e QX

and obtain |21 2 ey < 1Tml312 () + 1T B2y < K3+ K7 = K3 O

Using the previous lemma, we can proceed similar to D. Bucur and F. Gazzola in
[7, Theorem 5.1] to prove the continuity of the Steklov eigenvalue.

Lemma 2. Let n > 3. The mapping
fl X — R, Q— Ml(Qemt)

is continuous with respect to the Hausdorff metric.

Proof. The proof is structured as the proof of [7, Theorem 5.1]: We consider a sequence
() men € X that converges in the Hausdorff metric. We start by proving the upper
semicontinuity. This gives an upper bound for the sequence of eigenfunctions corre-
sponding to u1 (285", which allows us to deduce the existence of a weakly convergent
subsequence. This can be used to infer the convergence of up (QSX").

We start by proving the upper semicontinuity. Let (2,),,c.y C X be a sequence
with 1im,, oo 6(2m, Q) = 0 and we choose r, R > 0 such that B, C Q,,, Q,, C Br
for all m € Ny. In addition, we consider a sequence (t,)men C R with lim,, 00ty = 1
and Qo C t,, Q. Then, (£,Q,)%" C QF* and any u € E1(QF) fulfills

lim |Vu|? do = / |Vu|*dr and  lim u?dz = / u? da.
Qg At ) GIoN

m—oo (£ Q) ot m—oo



Hence, for any u € E1(Qg), it holds

IVullfa (0 IVUllZ20ge)

lim sup g1 (£ Q) ™) < lim

m—00 m—ro0 Hu||2L2(a(thm)) B ||u||%2(aﬂo).

ext
Since pg (£, Q) = %, we obtain

p (Q5) > limsup g (6,255 ) = limsup pg (7).

m—r o0 m—r oo

In the second step, we prove the lower semicontinuity. With u,, € E1(QS), we
denote a sequence of functions satisfying ||um||z2(sq,,) = 1 and

IV UMHQL?(Q%t)

() = = Va2 aeze

HumHLz(an)

By the upper semicontinuity, there exists a K > 0 such that u; (") < K. Therefore,
: 2 1 1 T
it holds ||um|\E1(er,ft) S K+ o < K+ g By [4, Corollary 3.4], there exists a
constant Cq, such that

: 1
— l|Um m ext) < K
CQm H HL" 2 (Qext) Hu HEl(Q ) 4+ — | ‘

In view of the construction of Cq, , it can be chosen independent of m since €2,,, C Bpg.
Thus, there exists a constant K7 with

||| < K.

L%(Q%{th )y — || m||Ln 7 (Qext)

Since ;=5 > 2, the Holder inequality leads to

1_ 1
[t 22 055y < 12550 Brl 25 | <|Br\ B:[" K.

'n 2 (SZexth )
Thus, there exists a constant Ky > 0, independent of m with |[um |[w1.2(Qextnpy) < Ko

Analogous to Lemma 1, there are extensions of u,,, denoted by i, € W12(Bg), such
that ||, ||w12(py) < Ks. Furthermore, we define the function u,, € E'(BS*") by

() Um(z) ifx € Br\ By,
U () =
um(z) i € QL.

Then, since the trace operator on Bg N B! is bounded, we have

— _ / 1
HUmHEl(Bﬁxt) < C\|um||W1,2(BﬁxthR) + HumHEl(Q%ﬂ) < CKg + ./ K+ W

10



Hence, there is a subsequence - again denoted by u,, - which is weakly convergent.
We denote the limit by @ € E1(B&t). Let y,, denote the characteristic function on
Q% and y denotes the characteristic function on Q§**. For any ¢ € C§°, it holds

/ |Vﬁ;\¢dx—/ Vil da

Q:.;l(t ngt

= [ Vil — Vil
Bi’(t

< +

/ (V| — V&) xmbde
Bext

/ Vil (xom — ) .
Bext

The last integral obviously vanishes for m — co. Furthermore, |Vu,,|—|Vu| converges
weakly to zero and y,,¢ converges strongly to x¢. Thus, the first integral also vanishes
for m — oo. Hence, |V, |xm converges weakly to |Vau|y in L?(B&*). In view of the
lower semicontinuity of the L?-norm with respect to weak convergence, we obtain

i 0 [Vt 3 gy = Hinf [ V32 sty > [NV ) = 193 e
For the boundary integral, we can use [7, (5.5)], i.e.

lim u?,dS :/ u?dsS.
m=0 JoQ,, 80

Therefore, we obtain

V122 gt

= TRl o0,

lim inf 71, @) > (5.

In a similar way, we obtain the continuity of the Robin eigenvalue.
Theorem 2. Let a < o*(QE*) = —u1 (L) for a fized Qo € X. The mapping

f2: X = R, Q= AF(Q)

is continuous with respect to the Hausdor[f metric at .

Proof. Let (Q)men € X be a sequence as in the proof of Lemma 2. Since fi is
continuous with respect to the Hausdorff metric, the condition a < o*(Q§*") implies
a < o*(Q) for all sufficiently large m. Without restriction, we can assume that
a < a* (2850 holds for all m € Ny.

We start by proving the upper semicontinuity. To this end, we consider a sequence
(tm)men C (1,00) with lim,, ooty = 1 and Qo C ¢, Q. If up denotes the

11



eigenfunction corresponding to AY(28*"), we obtain, analogously to Lemma 2,

[i qee [VuolPdz+a [y, o  ugdS
AF(QF) = lim (tn P > lim sup A (£, Q55°).
1( 0 ) o0 j;ngext ’U,gdﬂi = m_mop 1( m=fm )

=

With A{™ (£, Q%) = F-AF(Q%"), and the continuity of a - A$(Q°*"), we obtain

1
A Q) > lim sup A (£, Q55" = lim sup ﬁx\i’"a(Q%’ft) = lim sup A§(QSXY).
m—00 m—oo Uy, m—o0

It remains to show the lower semicontinuity. Let u,, € W12(Q%*) be the eigenfunction
corresponding to A¢(QX*) with ||tm|r2(s0,,) = 1. Due to the upper semicontinuity,
there exists a K7 > 0 such that

IVttmllz2@ge) + S mQn) +a

12 >
||Um||%2(9%t) ||um|\%2(9%t)

)

where we used (6) for the second step. Since we assumed a < o*(Q), it holds
w1 (2% + a < 0. Thus, it holds

: 2 Q) o] [ (QF) + o
n}gnoo ||um||L2(Q%t) < mlgnoo 2K, N 2K, .

Furthermore, ||Vum||2L2(er,;t) < —a because A{(Q8Y) < 0. Hence, there is a con-
stant Ky > 0 with [|wm,[|lwi2qexty < K. In view of Lemma 1, there are extensions
Uy, € WH2(BEY) Of tyy, With ||ty || 1.2 (gexry < K. Thus, there is a weakly convergent
subsequence with limit & € W12(B&*). Analogous to Lemma 2, it holds

liggofHVUmHZL?(Q%t) = IEIEEOHHXmV@H%%BgXt) > ||XV17||2L2(B;:xt) = Hvani‘z(ggxt)
and

/ a;qsdx—/ i da :/ T — T da
Qext Qgxt Bext

< / (Um — U) Xmp dw| + / g (Xm — x) dz|.
Bf"‘t Bf"‘t
Analogous to Lemma 2, we obtain
lim inf||um||%2(ﬂext) = lim inf ||Xmﬁ:1”2L2(Bext) 2 ||Xﬂ”%2(3ext) = ||m|%2(9cxt)-
m—»00 m m—00 7‘ T Y

12



In total, considering HvumH%Z((zext) + aHumH%z(an) < 0, we obtain

. )
lim inf A%(QS) > lim inf IVl gy + alltmllZa0,,)
m—oo m = mssco

~12
HUHL‘z(QSXt)
(IV@][7 2 ety + all@]]Z
_ L2(QE)V )2 L2(09Q0) > )\?(QSXt)
HUHLz(ngt)

Thus, the lower and the upper semicontinuity of fo are shown. O

The continuity of f; and f; allows us to conclude the existence of an optimal
domain. However, in Definition 1, we imposed the condition 2 C D, where D is a
bounded domain. To deduce the existence of a global maximizer, one must ensure that
a minimizing sequence cannot become arbitrarily thin. Currently, we are unable to
guarantee this and the example in Section 2.4 indicates that this could be problematic.

Corollary 2. Among all domains Q@ € X with the same measure as the unit ball,
there exists a domain Qq, that mazimizes pq ().

For a < a*(Q§") = —pa (Q§™), there is a domain 1, mazimizing A$(Q") among
all domains X with the same measure as the unit ball.

Proof. We set X :={Q € X :|Q| = |By|}. Let () men C X be a sequence such that

lim i (Q7") = sup pa (7).
m—00 QEX

Since 2, C D, the Blaschke selection theorem gives the existence of a converging
subsequence (in the Hausdorff metric). Thus, the supremum is attained.

Now, let a < a*(Q§*) and let (Q,),,cy € X be a sequence such that

lim A (QSF) = sup AJ(QF).

m—r 00 QG)?

Since a < a*(QEY), we have continuity. Again, the Blaschke selection theorem gives
the existence of a converging subsequence. Thus, the supremum is attained. O

2.3 Monotonicity

In this section, we present a monotonicity result with respect to a certain kind of
domain inclusion. We proceed analogues to [15], where T. Giorgi and R.G. Smits give
a similar result for the first Robin eigenvalue on bounded domains.

Theorem 3. Let Q2 CR™ be a Lipschitz domain and B, C ). Then,
() < u(BE) forn > 3.
Forn=2and a <0 orn >3 and a < —py (BE™), it holds

AF(Q51) < A7 (BE).
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Proof. Let ¢ denote the eigenfunction corresponding to A$(B&*). The function ¢ is
radial and we write ¢(z) = f(|z|). We define the function

Vo), v(y))
oly)

where v(y) denotes the outer normal on 9. Since f'(|y|) < 0 and (%, v) < 1, it holds

a:00—->R, y—

(Vo(y),v) = <f;—‘f’<|y|>,u> — f'<|y|><§|,u> > F(lyl)-

Thus, a(y) > J}/((‘l‘;"l)). In view of (9), —J;/((;)) is monotonically decreasing, which implies

Furthermore, ¢ solves the equation

A+ AG(BEN$ =0  in Q¢ C Bt
—Oyp+ap=0 on 9f).

Thus, integration by parts yields

_ Joe [VOPda+ [,G67AS [ [V6[ o+ [, 007 dS
B erxt ¢2 dx erxt ¢2 d:r
S St |Vul? dz + a Joq u?dS
T uewn2(Qext) Jooxs u? d

AT(BY)

= AF(Q).

The inequality for the Steklov eigenvalue is a consequence of A§(2°*") < A\§(B&**) and
AY(Q) < 0 & a < —ug (). O

However, monotonicity with respect to domain inclusions does not hold true in
general, even if we consider convex domains, as demonstrated in the following example.

Remark 1. For a > 0, let S, := (a,a)? € R%. For a — —oo0, it holds
NP(SE) < AF(BE™) and A7 (S5) < A7 (B{™).
2

Proof. In [17, Theorem 1.1], K. Kovaiik, and K. Pankrashkin show an asymptotic
behavior for the Robin eigenvalue, which yields

A(Q%) = —a? + (n — 1) Hpay (N + 0(a) as o — —co (11)

for domains Q C R™ with 0Q € C%!. Here, Hpnax denotes the maximal mean curvature.
Note that H(Q™') = —H(Q), i.e. Hpax(Q%) is the maximal (minimal in absolute
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value) curvature of 9Q°*. Thus, it holds
Hpox (BSY) = =1 and  Hyppoy (S™*) = 0 for all a > 0.

Based on the results from Section 2.2, we can approximate S, by smooth domains.
Therefore, we obtain

Hipax (BYY) = —a? —a +o(a) and Hpay (SY) = —a? + o(a).

Since S = C By C 51, this shows that in general there can be no monotonicity with
2

respect to domain inclusion. O

2.4 Global Optimization

In dimension n = 2, the ball is the global maximizer of A$(Q%*) among all smooth,
bounded, simply connected sets {2 with given perimeter or given area. In higher dimen-
sions, this is not true anymore. D. Krejcirik and V. Lotoreichik construct in [18, Section
5] a convex domain ) with 9 € C1'! and |Bg| = || such that

AT Q) > \Y(BS') as a — —oc.
Following this idea, we construct for n > 3 a convex domain F C R" with |E| = |Bg|

and OF € C* such that Ay (E®Y) > A\§(BE*) for a sufficiently negative. For a € (0,1)
and n > 3, we consider the hyperellipsoid

E(a) == {a? eR"™: (azy)? —l—imi < 1} :
k=2

Due to [20, Theorem B], the principal curvatures of 0E(a) are given by

1 a?
and K,_1 =

- V1+a*(a? —1)a? (1+a2(a? —1)a?)

K1 = ...=Kp_2

o

Therefore, the mean curvature of dF(a)®™" equals

n—2 + a?
\/1+a2(a271)m§ (1+a2(a271)w%)

n—1

[N

H(x) =

Since a? — 1 < 0, this becomes maximal (minimal in absolute value) for z; = 0 with

n—2+ a?

Hipe(B(0)) = ===
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It holds that [E(a)| = 1[B,| = ‘B% . Thus, we want to compare A$ (B®!) and
A (E(a)®™*), where B := B#. Using (11), we obtain

A(E(a)®™) = —a® — (n — 2+ a*)a + o(a),
A (B = —a? — a(n — 1) Ya + o(a).

For small a and n > 3, it holds
n—2+a*>(n-1)¥a. (12)

Thus, it holds that A§(E(a)®**) > A\{ (B®") for « sufficiently negative. Thus, the ball
is not in general the maximizer of the first Robin eigenvalue among all smooth convex
domains with given measure.

If the ball maximized A$(Q°**) among all smooth domains with given perimeter,
every domain Q with [0Q| = |0Bg, | would fulfill A{(Q*) < A\}(Bg"). Let Bg, be
the ball such that |Q| = |Bg,|. The classic isoperimetric inequality yields Ry < Rj.
Thus, Theorem 3 yields AY(R$**) < AY(R$*") and we obtain

AT(Q7) < AT(RY™) < AT(RS™),

which means that the ball also maximizes A& (2°*") among all smooth domains with
given measure. So the ball is neither the global maximizer of the first Robin eigenvalue
under measure nor under perimeter constrains for all a.

However, (12) is not true for a close to 1, i.e. E(a) close to B;. Hence, the ball
might be a local maximizer of \§*(Q%).

3 Domain Variations in Exterior Domains

In the absence of a global approach, our study focuses on the effect of local pertur-
bations on the eigenvalue. For bounded domains, the concept of domain variations
is explained in [16] by A. Henrot and M. Pierre. Similarly, C. Bandle and A. Wag-
ner apply this approach in [5], demonstrating its applicability to a range of problems.
In this paper, we proceed in a similar way. Notably, some of the results presented in
Section 3 have already been published in [8].

3.1 Basic Concepts

Let © C R"™ be a connected, bounded, and smooth domain. For a fixed tq > 0, let
D : (—to,to) x R™\ 2 — R™ be smooth in ¢ and z. Then, we call (Q§Xt)\t|<tov given by

QP = B(t,Q°),

a family of perturbations of Q. If Q%* maximizes a functional G : A — R, where A
is a suitable collection of subsets of R™ and Q$** € A for all |¢| < to, then the mapping
t — G(Q8**) must have a maximum at ¢ = 0.
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To apply this to A§(Q), we assume that 9Q € C>5,0 < 3 < 1, and ® is of the form

2

O(t,x) =z + tv(z) + gw(x) + f(t,x), (13)
where v, w, f(t,-) € C*#(R"\ Q) and f(t,x) = o(t?) as t — 0 . In addition, we assume
(a) the mapping ®(t,-) — id has compact support,

(b) HM - < C(Q) for all |t| < ty and C(Q) is defined in Lemma 3,
(¢) @ is a Hadamard perturbation, i.e. v = (v,v)v and w = (w,v)v.

The Jacobian matrix of ®(¢, ), i.e. (D®(t,)), ; :== %ﬂc’:)i, equals

D®(t,x) = I +tDu(x) + %Dw(x) + Df(t,z).

Applying Jacobi’s formula for determinants, as in [5, Section A.1], results in

J(t,x) ;= det (DO(t,x))
t2 [div(v(z))? + div(w(z)) — tr ((Dv(z))?)]
2

=1+ tdiv(v(z)) + +9(t, ),

where g(t,z) = o(t?). Given the condition (b), there exists a constant ¢ > 0 that
remains independent of the specific perturbation, such that |g(¢,x)| < c|t|. Conse-
quently, we can choose ty such that J(t,z) > 0 for all |[¢{| < to and for all x € Q.

Thus, ®(¢,-) : Q¢ — Q&Y is a local diffeomorphism. To show that ®(¢,-) is a global
diffeomorphism, it remains to show that it is bijective.

Lemma 3. Let geo : 92 x 92 — R denote the geodesic distance between to points on
the boundary. We define the quantity

L. geo(z,y)

= sup .
z,y€0Q,x#Yy |l‘ - y‘

If we choose C(Q) < m in condition (b), then ®(t,-) : Q" — Q£ is bijective.

Proof. We start by assuming that for a fixed |¢| < to, there exist x1, 72 € Q% such
that ®(t,21) = ®(¢,z2) and x1 # zo. In addition, we define (¢, z) := w Then,

x1 — 2o+ P(t,x2) — D¢, 27)
t

21 — 2| = |t :|t|‘<f>(t,w1)—<f>(t7x2) .

We can construct a piecewise continuously differentiable curve ¢ : [0,1] — R\ © such
that ¢(0) = z1, (1) = x2 and |[¢’'(s)| is constant. Specifically, this curve can be chosen

17



such that [¢/(s)| < L(Q)|z1 — 2. With g: [0,1] — R™, g(s) := ®(t,¢(s)) ,we have

N N 1
o = al = I [B,20) = Bt,20)] = Il lo0) ~ a0 = 1| | (6) s

1
< to/ [[D®(t,-)|| Lo (exty |10 (5)] ds < toC(Q)L(Q)|w2 — x4
0

Thus, the choice of C(2) < ﬁ contradicts x1 # xa. O

Hence, for f € L'(Q¢Y), it holds

(x)dx = f(®(t,x)) J(t,z)da.
Q?xt Qext

This formula is a direct consequence of the transformation formula applied to bounded
domains and condition (a). Similarly, we can transform boundary integrals. Assuming
0f) is smooth, it can be represented by local coordinates, i.e. let V' C R"™ be an open
set such that VN aQ = {Z(€) : € € U € R*'}. Define the matrix G € R(»~Dx(n-1)
by G := (T¢,, T¢,), where T¢, is the derivative of Z(¢) with respect to &;. Then, the
surface element is given by dS = /det(G) d¢, i.e.

/ f(x)dS = / FEE) VARG () de
Vo U

holds for any continuous function f. There is a finite covering of open sets {V;};
and a partition of unity {p;}, such that

[ t@as=3 [ famas

i=1 ;MO

This yields a formula for the surface element on the entire boundary. The boundary
of ; can locally be written as

_ ~ _ t? e
{70 =70 + 0+ St + o) v cr),
Thus, the surface element on 9, equals dS; = /det(K) d¢, where K € R(»—Dx(n=1)
is defined as Kj; = (Y, ye;). To express dS; in the form dS; = m(t,z)dS, we

introduce the matrices A, B € R(*=1*(=1) "given by

Aij =(Te,, V¢;) + (Te; 5 Ve, ),
B j :=2(vg,, V¢;) + (We,, Te;) + (Te,, We, ).
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Then, K = G +tA+ £ B+ o(t?) = G (1 FGTIA+ %G*lB) + o(t?). This implies

m(t,z) = \/7@;((2)) = [det <I+tG1A + t;GlB)] i + o(t?). (14)

Simplifications of m(t,z) can be found in [5]. Thus, for f € C°(9€2;), we obtain

(x)dS; = f(®(t,z)) m(t,x)dS.
o9 a0

Condition (c) imposes no restrictions, as any perturbation can be expressed as a
Hadamard perturbation by a reparameterization of the boundary, as demonstrated in
[5, Theorem 2.1]. Moreover, for f € Wh2(Qext) g € W12(Qext: R"), it holds

fdivigyde = [ flg.—v)dS — / (9. Vf) dr,
o0 Qext

Qext

where v denotes the outward-pointing normal to €2, meaning —v represents the outer
unit normal of the exterior domain.

The derivative of a function u with respect to t, called the first variation, is denoted
by 4. We define the volume or measure of Q; as V(¢) := [R™ \ Q¢**|. A perturbation
satisfying V(O) = 0, is called measure preserving of first order. Using the divergence
theorem and considering J (0, z) = div(v(z)), this can be characterized as

V(0)=0s [ (v,v)dS=0.
o0

If additionally V' (0) = 0, the perturbation is called measure preserving of second order.
The barycenter of a bounded domain 2 C R" is defined as ﬁ fQ xdz. A perturbation

satisfies the barycenter condition if the barycenter is unchanged in first order. As in [5,
Definition 2.5], this condition is, for measure preserving perturbations, equivalent to

/ (v,v)xdS = 0.
a0

We often consider a family of perturbations () and a family of functions

|t‘<t0’
(w(y; 1)) 1<t where u(:, ) : Qext — R. Since the domain of u depends on t, it is useful

to consider u(z,t) := u(®(t,x),t) : Q" — R. Assuming u is smooth in ¢, it holds

d
7u(q)(ta .T), t) = <vyu(y7 t) |y:<I>(t,m)’ atq)(tv .’IJ)> + atu(ya t) ‘y:@(t,r) .

Uz, t) = 4

We define the shape derivative as u'(x) := dyu(x, t)|t:0 and obtain

u(z,0) = (Vu(z,0),v(z)) + o' (z). (15)
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3.2 Domain Variation for the Robin Eigenvalue

To analyze the behavior of the first Robin eigenvalue in exterior domains, we apply
the methods outlined in Section 3.1. To this end, consider a family of perturbations
QX = (¢, Q) satisfying conditions (a)-(c), and let o < o*(Q°*). In view of
Lemma 2, we can choose to such that a < o*(Q§**) holds for all |¢| < to. Consequently,

{Ayu(y, t) + Au(y,t) =0 in Q¢ (16)

=0y, u(y,t) + au(y,t) =0  on 9,

has a simple, negative eigenvalue Af(¢) for all |¢| < to. We proceed as in [5, Section 4]
to transform (16) to a problem on Q¢ i.e. transforming the equation

X3 (t) / uly, 1) dy = / auly, ) dS; + / Vuly, ) dy
Qgxt o9 Qext

into an equation involving integrals over Q°** and 9. By introducing the transforma-
tions y = ®(¢, z) and u(x,t) = u(P(t, x),t) we, immediately obtain

/ u(y,t)*dy = / u(x, t)2J(t, z) da,

Q?xt Qext

/ u(y, t)*ds; :/ u(z,t)*m(t, ) dS.
o9, a0

For the last integral, we use the chain rule, where we write d,, short for 8 -. Denoting
W, as the inverse of ®(t,-), and using 3 ‘%1 = 0y, (¥1); (2(t,2)), we have

n

8yku( t)= 8yku(\pt( ),t) = Z O, u(z, t)ayk (T0)i (B(L, ),
i=1
which leads to
\Vu(y,t) Z Oy (W) (B (t, 2)) Dy, (1) Dy, (U1) j(D(t, 7)) Dy, U, ).
1,5,k=1
Thus, we can define
=D 0y (V)i R(t,2))0,, (V1) ;((t,2))] T (1, 2)
k=1
and deduce

/ |Vu(y, t)|? dy —/ Z Op,u(w, )0y, u(x, t) Ay 4(t, ) de.
Qgxt Qext

i,j=
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This results in

Joe 22 i.j—1 Oz, 0(2, 1) 0 U, 1) Ay 5 (1, z)dz + o [, u(z, t)*m(t, z) dS

AT ( 17
( ) erxtu Iyt)ZJ(t,fL') dx ( )
or alternatively, if we define
LA(t"T) = Z axj (Aiaj(t7x)aﬂﬁi) and auA(t,m) = Z l/iAi,j(tvm)amjv
i,5=1 Q=1
we obtain that (16) is equivalent to
L, oz, t) + X (t)u(z, t)J(t,z) =0 in Qext, (1)
auA(t ©) (1' t) + ozm(t I) ( ,t) =0 on Of).

In [10, Theorem 5.5, p. 489], it is demonstrated that when A{ is a simple eigenvalue,
the associated eigenfunction is analytic in ¢. Moreover, J, A and m are smooth in ¢ since
00 and ® are smooth. Consequently, we are able to differentiate (17) with respect to ¢.

3.2.1 First and Second Variation

The expressions for the first and second variation of A§(¢) can be obtained analogously
to those for the Robin eigenvalue on bounded domains, as discussed in [5, Section 11].
The proofs of Corollary 3 and Theorem 4 are given in Section B. Notably, the formula
for the first variation is independent of the shape derivative, allowing a straightforward
evaluation if the eigenfunction is known.

Theorem 4. The first and second variation of Ay are given by

/Qw (Vu(z A(t, 2)Vi(z, t) — X () u(z, t)2J(t) dz

+a/mu (t, ) ds, (19)
A (t :/ (Vii(z, )" At, 2)V(z, t) — 2(Vi(x, )T At, 2)Vi(z, t) de

QPTf

—|—a/89u ) — 2m(t, z)u(z, ) dS

) /Q e, £2J(t, @) — u(x, )iz, t)J(t, z) do

_A%() /Q 020, ) — i, 12 (1, 2)

Evaluating A (t) at t = 0 allows a significant simplification. The resulting formula
depends only on the eigenfunction, a, and the mean curvature of 9€2. We use the
notation u(z) := u(z,0) and omit arguments of the function where context permits.
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Corollary 3. It holds
A (0) = — / (0.0) [|Vuf? — 2026 + au?(n — 1) H(Q) — A¢(0)u?] dS,  (20)
o0

where H(Q) = —H(Q) denotes the mean curvature of 92t

If we consider Q2 = Br C R” for n > 2, the first eigenfunction is given in (8). Since
u is radial and H is constant on OBp, it holds

|Vul?> — 20%u® + au?(n — 1) H(BE®) — A (0)u? = const on OBg.
In view of —d,u(z) + au = 0 on B, we obtain |Vu|? = (9,u)? = a?u? and it holds

H(B§') = —+. Hence, by defining K := o + oz + A¥(0) and writing u(R) as u(z)
for € OBpg, (20) simplifies to

n—1

A¢(0) = u?(R) (a2 + o + A?(O)) /BQ@, v)dS =u*(R)K [ (v,v)dS. (21)

ble)
Given V(0) = Joq (v, v) dS, we obtain A¢(0) = w*(R)KV(0). Thus, A¢(0) vanishes
for all measure preserving perturbations of the ball. To determine whether the ball is

a local minimizer, maximizer, or neither, we are interested in the sign of the second
variation. In addition to conditions (a) - (c), we now also assume

(e) ® is measure preserving of second order, i.e. V(0) = V(0) =0,
(f) @ satisfies the barycenter condition, i.e. [, (v,v)zdS = 0.

A useful property of the shape derivative arises from differentiating (18) with respect
to t, as elaborated in [5, (6.2.12), Lemma 6.1]. This leads to the following lemma.

Lemma 4. Let u denote the first eigenfunction of (16) for Q = Bg. Then, u’ satisfies

Au' + A¢(0)u' =0 in B,
—-ou' + av' = —Ku({v,v) on OBp.

We can use Lemma 4 as in [8, Corollary 3.6], to simplify the second variation,
detailed in Section B. The result is

A¢(0) = 2u®(R)aK . (v,1)2dS + au®(R)S(0) — 2Q(u'), (22)

where S(t) := |0€2;] and

ou') := /B VP =R (0) (u)? dz + / (u)? ds. (23)

OBRr

The main challenge at this stage is determining the sign of A§(0).
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3.3 The Sign of the Second Variation for the Ball
Due to the technical complexity of calculating 5\?(0), we introduce the following
notation, where y = f,(z) and R?K = a,,(z) as per (8).

Definition 2. For a < a* and A} < 0, we set y := —aR and z := /—A¥(0)R.
Furthermore, we define the functions

. Ky (@)
fn 1 (0,00) = (n—2,00), xﬁxm,
ap : (0,00) = R, e fol@)? — (n— 1) fu(z) — 2%

3.3.1 Inequalities Involving the Modified Bessel Functions

We start by establishing some useful inequalities involving f,, and a,. While (A10)

provides a lower bound for the ratio of Bessel functions, the subsequent lemma intro-
2

duces an alternative lower bound. Specifically, for W

(A10), and as z tends to infinity, it becomes sharp.
Lemma 5. For all z € (0,00) and n > 3, it holds that

< z, Lemma 5 enhances

Kn Z) n—1
2
—= = >4 ——.
Ko (2) fnlz) 2 24 =
Proof. We prove the statement by induction. To this end, we consider n = 3,...,6

separately. The Bessel functions of half integer order can be expressed by elementary
functions (see e.g. [1, Chapter 9]), yielding

Te ? Te fz+1 Te *224+3243

vz B =\ o e s

Hence, Lemma 5 directly follows for n € {3,5}. From [23, Remark 3.11], we obtain

Ki(z) =

2(z+1)2 Ko(z 15249246
z§22+)1) < ngzg < Z(L+$ . Therefore,
_ Ko(x) 24172 3 1 3
f4(z)7ZK1(Z) Tz r1 S Tetopayn Y
By using KI?;ES) - K;g;;(lg) + %, we obtain
K (z) z(4z + 3) 5 152 + 18 5
=4 gy 2B ¥S o Detls 5
S S e RN A R NS TR TR

Thus, Lemma 5 is shown for 3 < n < 6. For n > 7, the recurrence relation (A2) yields

Kp(z)  Kuma(2) .
Ko (o) = ZK% B +n—-2= 750 +n—2. (24)

2

fu(z) =2
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Assuming f,,(z) > z + %51, we obtain

n+4-—1 22 n+3
z)—2— = +n+2—z—
f+a(2) 2 fnya(2)
2
3
— Z2Z +n+2—z—n;—
Fulm) T
B 1 ) 11 4 on+1
rar () [ e =)
S 1 n—1 9 n 1 3, an+1
Tnf) z 5 z nz+n 272

Thus, the statement is shown by induction. O

Lemma 5 does not hold for n = 2, since, by (10), lim,_, f2(z) = 0. The following
lemma demonstrates the negativity of K.

Lemma 6. For all z € (0,00),n > 2 it holds that a,(z) < 0.

Proof. We assume there exists a zo > 0 with a,(29) = 0, and denote f,(z0) = yo.
Then, it holds y3 — (n — 1)yo — 2% = 0, which is equivalent to zo = v/y2 — (n — 1)yo.
This implies

fn ( g — (n— 1)yo) = Yo-

Using (A10), we obtain

fn( y%—(n—l)yo> —yo<n;1+\/(n_41)2+y§—(n—1)yo—yo

n—1

2

_n71+
) Yo

2
} —yo=0.

Here, we used (10), i.e. yo > lim,_,o fn(2) = n—2. Hence, a,(2) has no zeros in (0, c0).
For n > 3, we have lim,_,¢ a,(2) = —(n — 2) < 0, and a,(z) is continuous. Thus,
an(z) < 0 for all n > 3 and z € (0, 00).
For n = 2, the asymptotic behavior of the Bessel functions for small arguments,
as given in (A6), yields

w2l%) = (Z?JE?)Q 2228 — —ln(%) — (—ln(g) = 1) )

where v is Euler’s constant. Hence, az(z) is also negative for small z, and we conclude
az(z) < 0 for all z > 0. O
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While Lemma 6 provides an upper bound for a,,, we also establish a lower bound
in the next lemma.

Lemma 7. For all z > 0, n > 2, it holds that

i)z {1 rnz @)

Proof. To prove the claim by induction, we establish the statement separately for
n=3,...,6. For odd n, we have, analogously to the proof of Lemma 5 ,

2
Ks(z K3 (z 1\? 1
ag(z):<z 2()> -2z 2()_22:(224— ) _9.E T — 2% =1,
P

Ki(z) Ki(z) z
Ky (2)\* K3(x) , 22 6:-3
e (ZK;<z>> RGeS e T

For even n, we utilize (24) to obtain

22 ? 22 o [ 22 1
w0 (g2 a2 (e )
Now, (A10) with m = 0 yields fa(z) < 3 + 4/ + 22. Therefore,
N S < + ! -
f3(z)  fa(2) (%4_ /i+z2)2 %—&- i—&-zz

Thus, we can conclude a4(z) > —2. Proceeding in the same manner yields

aﬁ(z)_<;(2z)+4>2 (ff(2)+4> 4+22(f§(;+;(’z)1>.

As before, (A10) yields fi(z) < 2 + \/ﬁ which implies ag(z) > —4.
The same procedure applies for any n > 3, i.e.

ania(2) = (n+2+ 2f”(z)(z)>2 (n+4-1) <n+2+22f"(2)> — 22

22 4+ nf, 22 +nfn(2)
2
—(n () + 22 2 —z
<+2>+( R R0+ 2= (=020 =)

—(n+2)+ m (z an(2) —|—nfn(z)) .
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Assuming a,(z) > —(n — 2), the last bracket is positive because of
22a,(2) +nfi(z) > —2%(n — 2) + n2? =227 > 0,

where we used f,,(z) > z (see (A10)). Thus, (25) follows inductively for all n > 3.
We now consider the case n = 2. Assuming the existence of a positive z such that
f3(2) — fa(z) — 22 + § = 0, we would have

This expression is only well-defined for z > % By [23, Theorem 3.10] it holds

1 1 1
14— ) > =4+ a2 — =
fz(x)>x<+2x+;)>2+ S

Thus, we conclude fa(z) > 1 + /22 — 1. Consequently, f3(z) — f2(2) =22 +4 =0

has no solution. Furthermore, we observe lim,_o f5(2) — fa(z) — 22 + 3 = 1, thereby

confirming the statement. O

3.3.2 Series Expansion

To evaluate the sign of the second variation, we adopt the approach outlined in [5,
Section 8|, which entails representing v’ and (v,r) in an appropriate orthonormal
basis. To this end, we employ the Steklov eigenvalue problem

{Aqﬁk FAY(0)pr =0  in BE, 26)

—0y 9k + agp = pr¢r,  on OBg.

For A$(0) # 0, the corresponding bilinear form

a: Wh2(Q%) x WH2(Q™Y) 5 R, (u,v) — (Vu, Vvydx — /\T‘(O)/ uvdz
Qext Qext

fulfills

min{1, AT (0) [}l ey < alu, w) < max{1, AT (0)[H]ullfyr.2(gexe)-
Hence, (26) possesses a sequence of eigenvalues (x ),y accumulating at infinity. The
corresponding eigenfunctions (¢x),cy C Wh2(Qext) form an orthogonal basis, as dis-

cussed in [3, Section 4]. Consequently, we can write u' = Y 7°  cxdr. Notably, in
contrast to Section 2.1, we operate within the space W12(Q°*) instead of E'(Q°).
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To solve (26), we set x = 7 - £ for r € [R,00),£ € S"! and use the ansatz
o(x) = a(r)b(§). Expressing the Laplace operator as

02 n-—-109 1

A=
(‘37“2Jr r Or

where Agn-1 denotes the Laplace-Beltrami operator, we obtain

d2a(r) L P 1da(r)
dr? rdr

+ A?(O)a(r)} + @Aan b(&).

r2

A(x) + A3 (0)b() = b(E) [

We set b(€) = Y%.:(€), representing the i—th spherical harmonic of degree k € Ng. The
dimension of the space of spherical harmonics of degree k is given by

Qe n+k—1 _(n+ k—3
ke n—1 n—1 )’
and {Yj ; }reng.i=1....d, is an orthonormal basis of L?(0By). Furthermore, it holds

Agnlek’i(ﬁ) + k(n +k— 2)Y/€,i(€) = 0.

Hence,

d%a(r) n—1da(r) a(r)
dr? * rodr 2 F

Ag(x) + AT (0)¢(x) = b(E) (n+k—2)+ A7 (0)a(r) ] .

Therefore, a(r) must satisfy

d?a(r) da(r)n—1 _k(k+n-—2)

e S—a(r) + A$(0)a(r) =0,

leading to

a,i(r) =Pk,i7‘_";2K% ( —)\‘f‘(O)T> +Qk,i7”_%21% <\/ —)\(11(0)7”> )

with pgs, qr,; € R. In view of the asymptotic behavior of the Bessel functions given in
(A7) and (A8), we have to choose gi; = 0 to ensure that ¢ € L?(Q°"). Hence, it holds

n—2
— s bk + adr ~dr (rTKinﬂz’f*Z( *)\(11(0)7”)) N
= n—2 (67
Pri rT 2 K7L+22k—2( =2 (0)r)

b, VO (VO
Kn+22k—2 (\/ —)\‘1)‘(0)7")

+ a.
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Thus, the boundary condition of (26) yields

: Kusn(2) FAORTONN:

()_ 7_E_
HBralz) =« RK"H“(Z) R~ R R R

(27)

As this is independent of i, we write puy, := py, ;. Additionally, the eigenvalues ji;, exhibit
the same ordering as the spherical harmonics as demonstrated in the next lemma. In
particular, Lemma 8 shows that ux(z) > 0 for £ > 1 and z € (0, 00).

Lemma 8. Let n > 2. The Steklov eigenvalues are ordered analogously to the spherical
harmonics, i.e. pug(2) < pu41(2) holds for all k € Ny and z € (0,00).

Proof. For k € N, the inequality ugy1(2) > ux(2) is equivalent to

frvoks2(2) = 1> fryor(2)
2

z
S —+n+2k—-1>f, z
Foron(2) Jnion(2)

e 22+ (n+2k — 1) foror(2) = foror(2)?2 >0
& —aptar(z) >0.

In Lemma 6 it has been established that a,,(z) < 0 for all z € (0,00),m > 2. Since
o = 0, it remains to show p; > 0. But analogously we obtain p; > 0 < —a, > 0.
Hence, the assertion is proven. [

As mentioned earlier, we express the shape derivative in terms of eigenfunctions
of (26) to determine the sign of the second variation. If v/ = >"77 Zfﬁl Ck,i®k,i, and

we define by, ; := _CI’?;’&), the boundary condition of Lemma 4 implies
o0 dk c (b a(b c M o0 dk
S »- ”’” i) ZZ C O = D D it
ki — k,z¢k,z~
k=0 i=1 k=0 i=1 k=0 i=1

An illustration of such perturbations can be found in [8, Section 3.3.1]. Since the
spherical harmonics of degree 0 are constant functions, we obtain

oo dg
¢0,jv(0) :/ <U v (bO]dS Zzbk ld)k‘ z(z)O,] ds
9Br 9BR p—3 =1
oo dyg oo dg
—Zme/ Drido5 S =33 bridkods = boy-
k=2 i=1 k=2 i=1

Thus, ® is measure preserving if and only if by ; = 0 (and therefore also ¢,; = 0) for
all 1 <7 < dp. Similarly, by incorporating spherical harmonics of degree 1, we have

® satisfies the barycenter condition < b, ; =0 for all 1 <¢ <d;.
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In summary, assuming that the perturbation is measure preserving and satisfies

the barycenter condition, we obtain the representations
oo dg
(28)

oo dg
=3 eriths and (v,0) =D by it
k=21i=1 k=2 i=1

with by ; = Icfu”‘ . We insert this representation into (22). Integration by parts yields

Q(u') = / Ve[ = 22(0) (uf)? dar + a/
Byt 8Br

(W)* ds

:/ (—o,u' + au')u' dS
OBRr
oo dy o d:D
Ji (_au¢k,i + a¢k7i)> Z Z Cp,gPpq | S

k=2 1i=1 p=2q=1
oo dg

oo dp oo dp

_Zzzchqckzﬂk/ (bk:’b(bpqu chkwu‘k
k=2 1i=1

k=2 i=1 p=2 q=1

Additionally, it holds
o dp oo dg

oo dg
/ (v,v)2dS = ZZZZ@“M/ qﬁququdS S b
OBRr k=21i=1

k=2 i=1 p=2q=1
(2.3.28)] and [5, Lemma 13.1].

The second variation of the surface, S(0 (0) is given in [5,
Assuming the perturbation is measure preserving of second order, it holds

oo d co d
S(O):%szk(nJrk 2)bz. Zib
k=21=1 k=2 1i=1

Inserting this into (22) results in

v)?dS + au?(R)S(0) — 2Q(u’)

(29)

A% (0) =2au(R)*K (v,
OBRr
oo dg oo dy
ZZ[QK—I— kEn+k—2)— (n—l} —22201“1%
k=21=1 k=2 im1
oo dg

= au — |k(n —2)—(n— - W

—};; (R) [2K + 5 lkln+k —2) 1)]} B - 2
oo dg 5
R)? ot k-2 — (1) -2
kzzgm [21( + = [k(n+k—2)—(n—1)] 2%}1; 25
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Supposing L(a,n, k, R) := [ZKoz + g k(n+k—2)—(n—1)] - 25—:} < 0 holds for
all a < a*,n > 2,k > 2 and R > 0, we can conclude that the second variation is
negative. To show L(a,n, k, R) < 0, we use the inequalities from Section 3.3.1.

Theorem 5. For alln >2, R> 0 and a < o*(BE?) it holds that A\§(0) < 0.
Proof. Considering Definition 2 and R?K = a,,, we obtain

wk(z)L(a,n, k, R)
=— 29%(2 Rpp(2) = 2a5(2)? — yRux(2)[k* + (n — 2)k — (n — 1)]
= — 2a,(2)* — yRu(2) [2an(2) + k> + (n — 2)k — (n — 1)] .

For n = 2, it holds that
R*py(2)L(a,n, k, R) = —2a2(2)? — yRuk(2) [2a2(2) + k* — 1] .
Using Lemma 7, i.e. as(z) > —%, we obtain 2as(z) + k? — 1 > k% — 2 > 0. Hence,
L(e,2,k,R) < 0 holds for all k > 2, R > 0 and o < o*(BE®).
For n > 3, we distinguish two cases.
Case 1: k > 3. Due to Lemma 7, i.e. a,(z) > —(n — 2), it holds
2, (2)+ k> +(n—2)k—(n—1)> (k—=3)n+k?>—2k+5>0.
Thus, we conclude

Rpi(z)L(a,n, k, R) = —2a,(2)? — yRui(2) [2a,(2) + k* + (n — 2)k — (n — 1)] <0.

Case 2: k£ = 2. For n < 5, the same reasoning as in Case 1 applies. However, for
n > 6, the calculations become more intricate. It holds

1
L(a,n,2,R) < 0 < a,(2)? + Rus(2)yan(2) + Rug(z)y% >0

- (an<z> + R‘”(Z)y)Z _ (Bua(2)y)”

n+1
+RM2(Z)ZUT >0

o (an(z) + Rm}”’)z + RMQ;i)y (n+ 1- W) > 0.

We aim to prove Y < n+ 1, which makes the last inequality clearly valid, thus
proving L(a,n,2, R) < 0. Because of

ZK% (Z) K% (Z)Z KnT-M (Z)Z Kn+4 (Z)Z
Rusz(2)y = Koz (2) (—KH(Z) + Koa () —2) =y ( y+ m —2) :

2 2

Rpa(2)y
2
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it holds

n+1—wzn+1—y<—y+zf%ﬁ—2>.

2 2 KnTH z
Applying (A2 btain zoE 9423 d a2 Py oy
pplying (A2), we o talnz@—n—k —|—z@an ZKnTu(Z)_ny-kz?' us,
R 2
71—|—1>L2)y<:>n—|—1>g —-y+n+ =Y .
2 2 ny + 22

Given lim,_,oy = lim,_¢ f,(2) = n — 2, and considering (A8), we have

2 2
. Y Y . Y Y
il—%n—’—l 2< y+n+ny+22)>0’ Zlggon—l—l 2( y+n+ny+22>>0

. . . . 2
Furthermore, the function “2(2Z)y is continuous. Thus, if n+ 1 — ¥ (fy +n+ ﬁ)

has no zeros, we obtain n +1 > R”%(z)y. Since z > 0, the only possible zero occurs at

V—(ny —2n —2)ny(ny — y> — 2n — 2))
ny — 2n — 2 ’

zZ0 —

However, according to (A10),

n—2 [(n—2)2

fulzo) =y > ——+ Ay

1 _ 3(0 — 2(_fas2 3
(g gy T3P = 2) A2y 4 Ay 4+ 6) + 04y +129) )

2 ~2+(y—2)n

This expression can only be negative if n — 2 — 2y < 0. Consequently,

1 — Sy —2 2(—4y2 4+ 4 493 + 12
L 8+ n3(y — 2) + n?(—4y? + 4y + 6) + n(4y> + 12y) 50
-2+ (y—2)n

—8 4+ n3(y —2) + n2(—dy2 + 4 43 + 12

o 8+ n3(y — 2) + n?(—4y? + 4y + 6) + n(4y> + y)>2y—n+2
24 (y—2)n

8y(2n +y +2)

> 0.
-2+ (y—2)n

The numerator is obviously positive, and so is the denominator by the assumption
y>n—2andn >3. Thus,n+1— % (fy +n+ m’j%) has no zeros. Consequently,
L(a,n,2,R) < 0 is shown, concluding the proof. O
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Combining Theorem 5 and (21) yields that the exterior of the ball maximizes
A (2% locally among all nearly spherical domains with prescribed measure. However,
the neighborhood of Br in which the ball maximizes A$(22°*") might depend on the
particular perturbation. We conjecture that an appropriate choice of condition (b)
(page 17) addresses this issue.

Remark 2. For k =1, the perturbation is volume preserving. Consequently, the first
variation remains zero. Regarding the second variation, we obtain

Ry (2)L(c,n, 1, R) = —2a,,(2) (an(2) + yRui(2)) .

Due to

YR () = Ful2) (= fu(2) + Frsa() — 1) = Ful2) (—fn(Z) T [f() n n} - 1)
a2+ (= Dfa) + 2 = —an(2),

we obtain L(a,n,1, R) = 0. This is in line with the idea that spherical harmonics of
degree 1 merely shift the domain, implying that the first eigenvalue remains unchanged.

3.4 Quantitative Inequalities

To derive a quantitative inequality for A (¢), we want to find an inequality of the form
AT(0) = AT (t) > ¢[S(t) — S(0)] for [t| small, (30)

where S(¢) := S(Q;) = |0 and ¢ is independent of the perturbation. It is known that
the unique minimizer of the surface area, among all domains with prescribed volume,
except translations, is the the ball. Consequently, we have S(t) — S§(0) > 0 for t # 0.
Furthermore, inequalities for S(¢) —S(0) are known which involve the geometry of €,
see e.g. [13]. To achieve (30), we follow a similar approach as outlined in [5, Section
10]. In order to determine ¢, we need Lemma 9. The proof has the same structure as
the proof of Theorem 5. A detailed proof of Lemma 9 can be found in [8, Lemma 3.17].

For the remainder of this section, we assume n > 2, and we assume that ® is

ext

perturbation of BE® satisfying the conditions (a) - (f) (page 17, 22). Additionally, we
assume that o < o* (") for all |t| < .

Lemma 9. It holds

S(0) A3(0)  au(R)* S(0)

X0 30) = ntl )

To prove (30), we introduce the following notations.
Definition 3. For |t| < tg we define
S(t)

8S(1) 1= Sy — 1 X (1) =

AT ()
AT(0)

ONS (2)
5S(t)

—1, 6(t) :=
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Using the first two definitions, §(¢) equals ()

S(0) AT(0)=AT (1)
bound for § gives the desired inequality, as shown in Theorem 6.

T AT S(1)-S(0)
Theorem 6. We define

M (1) = A3(0) = tA¢(0) = 555 (0)|
Cy ;= sup 3
It <to ¢

)

S(t) — 8(0) — t8(0) — %S(O)]
Cy := sup

[t|<to

t3
Then, for every e > 0 and |t| < min { —52A£1(0), 550(2) , to}, it holds

AE(0) — AS(t) > —au(R)?

S(t)—S(0)1—¢

n+l 1+¢&
Proof. Considering S(0) = A¢(0) = 0, we obtain
s = MO =N L 0 + 53O +£C_ FA0) +£C,
' AT(0) = A2 (0) A0
55ty = SO—SO) t8(0) + 58(0) +£3C,  L8(0) + 13C,
SO~ AT (0) AT(0)
This leads to
2 3¢ (0 . .
5(t) > %A§$’*ﬁAﬁm__ §(0) —A$(0) —2tCy
- 2 §(0 3 Ca - _hya o
£33 + 1355 AT(0) S(0) +2tCy
By choosing |t| < min {%?1(0), ZLC(S)

}, and considering Lemma 9, it holds
5(t) > &m-dﬁm+dﬁm_8@wwn—s>meS@1—5
T A0) S(0)+e8(0)  AX(0)S(0) L+e —

nt+l A(0)1+e
Since §(t) =

_ S(0) AT(0)=AT(H)
AF(0) S()=5(0)

we obtain

A$(0) = A¢(t) . —au(R)?1—¢
SH-8(0) = n+l 1+e

O
the inequality holds true, can be chosen independently of the specific perturbation.

We cannot assure that the values of Cy and Cs, and thus the interval for ¢, where
Nonetheless, we expect that the condition (b) can effectively address this problem.
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Appendix A Properties of Bessel Functions

The properties of the modified Bessel functions, presented in this section, are well
known and can, for example, be found in [1, Chapter 9]. For m € Rx¢, the modified
Bessel functions I,,,(z) and K,,(z) are defined as the canonical solutions of

2 2f(x) | df(x)
. dz? e dz

— (2® +m?) f(x) = 0. (A1)
They satisfy the recurrence relations

2m + 2)K,11 ()

Kpio(z) = - + K (x), (A2)
T (A3)

Differentiating these functions with respect to = yields

e Kon(@) = (o) + P and F1 @) = )+

(A4)

The Bessel functions have the following asymptotic behavior. For x — 0, it holds

1 z\™
Im(x)%m@) ’ )
= (%) +v) form=0,

where v denotes the Euler constant. For x — oo, we have the asymptotic behavior

R

Kon(z) = \/Zem (1 + 4m82x* L, (m? 2253’2"2 —9 o (;)) . (AS8)

A relation between K, and I, is given by

Ko (@)1 (0) = 1 + (@) Ko (). (A9)

A useful inequality for the ratio of Bessel functions is proven in [22, Theorem 1,
Theorem 5] by J. Segura: For 2 > 0,m > 0 it holds that

SE

m? Koy ya(2) <m+1+ (m+1)?

— 2 < 2, A10
1 +x _acK @ S 2 1 +x ( )

+

MB

For m # 0, inequality (A10) is strict.

34



Appendix B Variation of the Robin Eigenvalue

In this section, we partly omit, in favor of readability certain arguments of a function
if it is obvious from the context.

Proof of Theorem 4. The proof is similar to the calculations of the variation of the
Robin eigenvalue on bounded domains given in [5, Section 9.1.2 and Section 9.1.3].
We use the normalization [[u(t)|2(qexty = 1, which implies

= % - a*(t)J(t)dz = /Qext ()A(t)J (1) + T2 () (1) da. (B11)

0

Therefore, it holds

X (t) = /Q (V)" AWVt de +a / @2 (t)m(t) dS.

[5}9)

If we differentiate this expression with respect to ¢, we obtain
. . T .
Ao (t) = / 2 (va(t)) AVE(t) + (V)T A Va(t) dz
Qext

+a / 2u(t)u(t)m(t) + > (t)r(t) dS.
o0

In order to eliminate expressions containing ﬁ, we multiply (18) with 7 and integrate
over Q%% which yields

A (8) / SO (1) de = — / () Laii(t) da.
Qext Qext
In view of Lt = div(AVu), we can use integration by parts and obtain

u(t)(A)Va(t), v) dS + / (A()Va(t), Va(t)) dz

Qext

AT(t) /Q u(t)u(t)J(t) dz = /

o2

= / U(t)Dy o, (L) dS + / (Vut)TA(t)Va(t) dz
oN

Qext

:a/ u(t)ym(t)u(t) dS+/ (Vu(t)TA®t)Va(t) dz,
o0 Qext

where we inserted the boundary condition in the last equality. Thus, we obtain

AS(t) = /Q (Va)" A@)Va(t) + 228 O)u(t)a(t)J (t) dz + o /6 . w2 (t)m(t) ds.

Using the normalization (B11), we obtain (19).
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For the second variation, we differentiate (19) with respect to ¢ and obtain

i) = [ (vam)" Aova +2 (Vi) AV da

+a [ @)in(t) + 2u(t)u(t)m(t) dS
o

- }\;‘(t)/ U3 (t)J(t) da — /\;%(t)/ WA ()J () + 2u(t)u(t)J (t) da.
Qext Qext
To simplify this expression, we differentiate (18) with respect to ¢, which leads to

{L Aw(t) + Lagyi(t) + A (@)E(0)T(0) + Mot [it) () + a0 Jn)] =0 in o,
By, () = By () + i (t)(t) + am(D)ii(t) = 0 on Q).

Multiplying this equation with % and integrating over Q¢ yields
0= / u(t) div(A(H)Va(t)) + u(t) div(A¢) Va(t)) de
Qext
+ / GOABUE) T (2) + (DAL () [a(t)J(t) + a(t)j(t)} da.
Qext
After integration by parts and using the boundary condition, we obtain
0=— / i(t) [aoi(0)i(r) + am(ii(r)] s
o
- / (Vu)TA@)Va(t) + (V)T At)Va(t) dz
Qext

+ / GOABUL) T (£) + (DAL () [a(t)J(t)+a(t)J(t)} da.
Qext

Finally, adding this two times to )\‘1" yields the claimed formula for the second variation.
O

Proof of Corollary 3. From Theorem 4, we obtain

AS(0) = /Q (Vu)" A(0)Vu — A$(0)u?J(0) dz + /6 . u*i(0) dS.

It holds J(0) = div(v) and from [5, (2.3.19)] we conclude for Hadamard perturbations

m(0) = (n — 1)H (v, —v). Furthermore, in [5, Lemma 4.1] it is shown that A; ;(0) =
div(v)d; j — 0jv; — O;v;, where 0; is short for 0,,. Hence, it holds

/Q (Vo) AO)Vuda -2 / Au(Vu, ) dz

Qext
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:/ div(v)|Vul? dz — 2/ Z (Oiu)(0;u)(Oyv;) de — 2 Au(Vu,v)dz
Qext Qext i,j:l Qext

:/ div(v)|Vul* + (v, V(|Vul?)) dz — 2/ (Vu, V((Vu,v))) + Au(Vu,v) dz
Qext Qext

=— / (v, V)| Vul* = 20,u(Vu,v) dS,
a0

where we used integration by parts in the last step. Therefore, using Au = —A¢(0)u
in Q% we obtain

A (0) = — /(99(1}, V)| Vul* = 2(9,u)(Vu,v) + au?(n — 1)H(v,v) dS
+2 Au(Vu,v)dz — AF(0) / u? div(v) dz
Qext Qext
=— /89@, V)| Vul? = 2(8,u)(Vu,v) + au?(n — 1)H(v,v)dS
—227(0) /Qext w(Vu,v)dx — A (0) /Q u” div(v) dz.

ext

Using again integration by parts, the last integral can be transformed to

- u? div(v dx:/ v, Vu? dx—f—/ u?(v,v)dS.
| avae= [ @ ge)des [ )

=2uVu

Under the assumption v = (v, v)v and in view of the boundary condition, it holds that
(0,u){Vu,v) = o?u?(v,v). Hence, (20) follows. O

Proof of (22). Inserting ¢ = 0 into Theorem 4 and using A(0) = I, xn as well as
m(0) = J(0) = 1 yields

¢ (0) :/B (V)" A(O)Vu—2|V'iZ(0))|2dm+a/aB u?1n(0) — 2u(0)* dS

— A\ w2 J(0) — u(0)udx — A& u?J(0) — 21(0)% dz.
50 [ 0~ iOudz x50) [ 2Ji0) 207

Using (15), i.e. u(0) = (v, V) + v/, we obtain

A (0) = (V)" A(0)Vu — 2|V ((v, Vu) + o')|? dz

ext
BR

a u?m(0) — 2((v, Vu) +u')*dS
OBRr

— A{(0) /Bext u?J(0) — 2((v, V) + u')? dz.

+
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With Q(v) as in (23) and using S(0) = S50 (0) dS, the second variation becomes
AT (0) =/ (Vu)" A(0)Vu = 2|V ((v, V) [* = 4V ((v, Vu)), V') dz
Byt
+ au?(R)S(0) — Qa/ (v, Vu)? + 2(v, Vu)u' dS

OBRr

—A3(0) /Bext u?J(0) — 2((v, Vu)? + 2(v, Vu)u') dz — 2Q(u). (B12)

We transform the remaining domain integrals into boundary integrals. To this end,
we proceed similar to [5, Section 6.5.1]. By [5, Lemma 4.1], it holds

A; ;(0) = [(div(v))? — Tt (Dy(Dy)T) + div(w)] 6;,; — 2div(v) [(95v;) + (9;v;)]
+2> (Okvi) (D50) + (k) (Dr01) + (Okvi) (rvy) — (Dywy) — (Djwy).
k=1

Therefore, it is straight forward to verify that

(V)" A(0)Vu = [(div(v))? — Tr (Dy(D,)T) + div(w)] |Vul? — 4div(v)(Vu, D, V)
+ 4((D,)"'Vu, D, Vu) 4 2(D,Vu, D,Vu) — 2(Vu, D,,Vu).

Additionally, it holds
IV ((v, Vu))|? = (D, Vu, D,Vu) 4+ 2(D,Vu, (D*u)v) + ((D*u)v, (D*u)v),
where D?u is the matrix given by (D?u); ; = 9;0;u. Furthermore, it holds
(V((v, Vu)), V') = div((v, Vu)Vu') — (v, Vu)Au'.
Thus, we obtain
(Vu)" A0)Vu — 2|V ((v, Vu)) |2 — 4(V((v, Vi), Vi')
= [(div(v))? = Tr (Dy(Dy)") + div(w)] [Vul* — 4div(v)(Vu, D, Vu)
+4((Dy)"Vu, D,Vu) + 2(D,Vu, D, Vu) — 2(Vu, D,, Vu)
— 2 [(D,Vu, D,Vu) + 2(D,Vu, (D*u)v) + ((D*u)v, (D*u)v)]
— 4 [div({v, Vu)Vu') — (v, Vu) Au']
= [(div(v))® = Tr (Dy(Dy)")] |Vul® = 2(Vu, D\, Vu) + div(w)|Vul?
— 4div(v)(Vu, D,Vu) + 4((D,) T Vu, D,Vu)

— 4(D,,Vu, (D*u)v) — 2((D*u)v, (D*u)v)
—4div((v, Vu)Vu') + 4(v, Vu) Au'.
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We examine the terms separately. To this end, we define

By = [(div(v))2 = Tr (Dy(Dy)T)] [Vul?,

By := — 2(Vu, D, Vu) + div(w)|Vul|?,

E3 := — 4div(v)(Vu, D, Vu) + 4((D,)" Vu, D, Vu)
— 4(D,Vu, (D*u)v) — 2((D*u)v, (D*u)v),

Ey :=—4div({v, Vu)Vu') + 4(v, Vu) Au'.

A straightforward calculation shows that first, it holds that

Ey =div ([vdiv(v) — (DU)TUHVU|2) — 2div(v)(v, D*uVu) + 2((D,) v, D*uVu),
By =div (w|Vu|* = 2Vu(w, Vu)) + 2Au(w, Vu),

and for E3, we use the identity

— div(v)(Vu, D,Vu) — (D,Vu, (D*u)v = div [Vu(v, D,Vu) — v(Vu, D, Vu)]
+ ((D*u)v, (D,)TVu) — (D) Vu, D,Vu) — Au(v, D, Vu) — (D) v, (D*u)Vu).

Hence, F1 4+ E5 equals

div ([v div(v) — (Do) ]| Vul?) + 4 div [Vu(v, D, Vu) — v(Vu, D, V)]
— 4Au(v, D, Vu) + 2div [Vu((D*u)v,v)] — 2Au(v, (D*u)v)
= 2div [v((D*u)v, Vu)] .

In total, we obtain that F1 + Fs + E3 + E4 equals

div [[vdiv(v) — (D) "0])|Vul? + 4 (Vu(v, D, Vu) — v(Vu, D, Vu))]
+ 2div [—v((D*u)v, Vu) + Vu((D*u)v,v) — 2 [(v, Vu) V']

+ div [w|Vu|® — 2Vu(w, Vu)]

+ 2Au(w, Vu) + 4(v, Vu)Au' — 2Au(v, (D*u)v) — 4Aul{v, D,Vu).

Using integration by parts, we obtain that f B FEi+ Ey + E3 + E4dr equals
- /BB |Vul|? (v div(v) — (D) v, v) + 4(v, D, Vu)(Vu,v) — 4(Vu, D, Vu)(v,v)dS
R
-2 /83 (D*u)v, Vu)(—v,v) + ((D*u)v,v)(Vu,v) — 2(v, Vu)(Vu',v) dS
- / |Vul?(w, v) — 2(w, Vu)(Vu, v) dS
OBRr

+2 Aulw, Vu) + 2(v, Vu)Au' — Aulv, (D*u)v) — 2Au(v, D, Vu) dz.

ext
BR
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Since w is radial, it holds Vu = (d,u)v. Thus, (v, D,Vu)d,u — (Vu, D,Vu){v,v) =0
and we obtain

Ey+Es+ Es+ Eydx

Bt
=— / |Vul?(vdiv(v) — (Dy) v, v)dS
OBr
- 2/ (D*u)v, Vu)(—v,v) + ((D*u)v,v)(Vu,v) — 2(v, Vu)(Vu',v) dS
dBr
- / |Vul?(w, v) — 2(w, Vu)(Vu,v) dS
OBRr

+ 2/ Aulw, Vu) + 2(v, Vu)Au' — Au(v, (D*u)v) — 2Au(v, D, Vu) dz.
Byt

For the last integral in (B12), we use J(0) = div [vdiv(v) — (Dy)"v + w] and
div [vu(Vu,v)] — (Vu,v)? — u{(D*u)v,v) — u{v, D,Vu) = u(Vu,v) div(v).
Therefore, we obtain

u?J(0) =u? div [vdiv(v) — (Dy) v + w]
=div [u*(vdiv(v) — (Dy)"v 4+ w)] = 2u [(Vu,vdiv(v) — (D) v + w)]
=div [u*(vdiv(v) — (D,)Tv + w)| = 2u [(Vu, —(D)" v + w)]
— 2 [div [vu(Vu,v)] — (Vu,v)? — w{(D*u)v,v) — uv, D,Vu)] .

Thus, it follows
/ u?J(0) — 2((v, Vu)? + 2(v, Vu)u') dz
Byt
=— / uw?(vdiv(v) — (Dy) v 4+ w,v)dS — 2/ u(Vu,v)div(v) de
OBRr Bgct
— 2/ w(Vu, —(Dy) v 4+ w) + (v, Vu)? + 2(v, Vu)u' dz
BgE*
=— / u?(vdiv(v) — (Dy)Tv +w,v)dS + 2/ u(Vu, v){v,vydS
OBRr 9BRr

+ Q/Bem(v,v (u{Vu,v)) da

— 2/ uw(Vu, —(Dy) v+ w) + (v, Vau)? + 2(v, Vu)u' dz.
By

40



Together with
(0, V (u{Vu,v))) = (Vu,v)? + u((D*u)v,v) + u(v, D, Vu),

we obtain
/ u?J(0) — 2((v, Vu)? + 2(v, Vu)u') dz
Byt
=— / u? (v div(v) — (Dy) v +w, v) — 2u(Vu,v) (v, v) dS
OBRr
+ Z/Bext u((D*u)v,v) + u{v, D, Vu) — [w(Vu, —(Dy)"v + w) + 2(v, Vu)u'] da
=— / w? (v div(v) — (Dy) v+ w, v) — 2u(Vu,v){v,v) dS
dBr

+ 2/ u{(D*u)v,v) + 2u{v, D, Vu) dx — 2/ w(Vu, w) + 2(v, Vu)u' dz.
Bgxt B

ext
R

Inserting this into (B12) and using Au = —A§u yields

Xf(O) =— /aB |Vu|2 [div(v){v,v) — (v, (Dy)v) + (w,v)] dS

- 2/ (D*u)v, Vu) (v, v) + ((D*u)v,v)d,u — 2(v, Vu)(Vu',v) dS
9Br

+ 2/ (w, Vu)d,udS + au?(R)S(0) — 2a/ (v, Vu)? + 2(v, Vu)u' dS
6BR aBR

+ AT(0) /83 u* (v div(v) — (Dy) v + w,v) — 2u(Vu,v) (v, v) dS

+22%(0) /

ext
BR

2(v, Vu)u' dz + 2/ 2(v, Vu)Au' dz — 29 (u')

Bt
=— /aB UVUP _ A?(O)uz] [div(v){v,v) — (v, (Dy)V) + (w,v)] dS

— 2/ —{((D*u)v, Vu) (v, v) + ((D*u)v,v)0,u — 2(v, Vu)(Vu/,v) dS
OBr

+ 2/ (w, Vu)d,udS + au?(R)S(0) — 2a/ (v, Vu)? + 2(v, Vu)u' dS
9Br o

Br

—A%(0) /33 2u(Vu,v){v,v)dS

+22%(0) /

ext
BR

2(v, Vu)u' dz + 2/ 2(v, Vu)Au' dz — 29(u').

ext
BR
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Using

(D*u)v,v)0,u — ((D*u)v, Vu) (v, v)
=((D*u)v, (v, V)1)dyu — {(D*u)v, (Byu)v) (v, v) =0,

the second variation becomes
)\?(0) = / [|Vu|2 — A?(O)uﬂ [div(v){(v,v) — (v, (Dy)v) + (w,v)] dS
9Br

—2X3(0) / w(Vu,v)(v,v)dS + 4/ (v, Vu) [0,u" — au'] dS
BBR aBR

- Qa/ (v, Vu)?dS + 2/ (w, Vu)d,udS + au?(R)S(0)
8BR 8BR

+ 4/ (v, Vu) AF(0)u" + Au'] doz — 2Q(u').
Byt

In view of Lemma 4, u’ satisfies

Au' 4+ Afu' =0 in B,
—-ou' 4+ o' = —Ku(R)(v,v) on dBg.

Hence, we obtain

A%(0) = — /BB [[Vau? = A$(0)u?] [div(v)(v,v) — (v, (Dy)v) + (w,v)] dS

—277(0) / u(Vu,v)(v,v)dS + 4K (v, Vu) (v, v)udS
8BR 8BR

- 20(/ (v, Vu)? dS + 2/ (w, Vu)d,udS + au?(R)S(0) — 2Q(u').
8BR 8BR
Using that v and 0, u are constant on By as well as d,u = au, we have

)\‘f‘(O) = — [a2u2(R) — A?(O)uQ] /83 div(v){v,v) — (v, (Dy)v) + (w,v)dS

2% (0)au2(R) /

OBr
—203u?(R) /BB (v,v)*dS + 2a2u2(R)/ (w,v) dS + au®(R)S(0) — 2Q(u).

OBRr

(v,v)? dS—|—4Kau2(R)/ (v,v)*dS
OBRr

The first integral vanishes because of

/ div(v) (v, 1) — (v, (Dy)) + (w, v) dS = — / J(0) de = 7(0) = 0.
8BR Bewt
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Thus, we obtain
33(0) =202 (R)ar [-A3(0) + 2K — o] / (v, )2 dS
OBRr

+ 20%u*(R) /63 (w,v)dS + au*(R)S(0) — 20(u').

In [16, (5.56)], A. Henrot and M. Pierre show that for f € C*(952), it holds

fdivaa(v)dS = —(v,V7f)+ (n—=1)f({v,v)HdS,
OBRr OBRr

where divgg(v) = [div(v) — ((Dy)v,v)] and V7 f := V f — (V f,v)v. Since we consider
a Hadamard perturbation, it holds

<’U,VTf> = <'U,Vf> 7<U7<Vf’l/>’/> = <<U71/>I/,Vf> 7<U7<Vf’l/>’/> =0.

Since v is the outer normal of Br, we have H = %. Thus, for f = (v,v), we obtain,

/ (v,v) divoq(v)dS = (n — 1) (v, V>2% ds. (B13)
8Br

OBRr

Because of V(0) = 0, it holds that 0 = Jog,, div(v)(v,v) = (v, (Dy)v) + (w,v)dS.
Hence, we obtain '

—
S
\
—_
~—
—~
<
S

Thus, it finally holds

33(0) =22 (R)ar [-A3(0) + 2K — o] /d (was
—2a2u2(R)nl_% ! /QB (v,)2dS + au?(R)S(0) — 20(x)

=2u*(R)aK (v,v)2dS + au?(R)S(0) — 2Q(u).
OBr
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