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On the Li—Zheng theorem

Gennadiy Feldman

Abstract. By the well-known I. Kotlarski lemma, if &1, &2, and {3 are independent real-valued random
variables with nonvanishing characteristic functions, L1 = &1 —&3 and Lo = £ —&3, then the distribution
of the random vector (L1, Lg) determines the distributions of the random variables &; up to shift.
Siran Li and Xunjie Zheng generalized this result for the linear forms Ly = & + a2y + a3és and
Ly = by&s + b3&3 + &4 assuming that all &; have first and second moments, § and {3 are identically
distributed, and a;, b; satisfy some conditions. In the article, we give a simpler proof of this theorem.
In doing so, we also prove that the condition of existence of moments can be omitted. Moreover, we
prove an analogue of the Li-Zheng theorem for independent random variables with values in the field
of p-adic numbers, in the field of integers modulo p, where p # 2, and in the discrete field of rational
numbers.
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1. Introduction

In the article [5] dedicated to the characterization of the gamma and the Gaussian distribution I. Kot-
larski proved the following lemma: Let &1, &, and £3 be independent real-valued random variables
with nonvanishing characteristic functions, and let Ly = & — &3 and Ly = & — £3. Then the distri-
bution of the random vector (L1, Ls) determines the distributions of the random variables &; up to
shift. The characterization theorems proved in [5] remained known only to mathematicians who deal
with characterization problems of mathematical statistics. At the same time, a number of studies that
are far from characterization problems are based on Kotlarski’s lemma. See, e.g., [6], where numerous
articles with references to Kotlarski’s lemma including in economics literature, are mentioned. We
especially pay attention to the important article by C.R. Rao [7]. In particular, he considered n inde-
pendent real-valued random variables §; with nonvanishing characteristic functions, the linear forms
Li = a& + -+ apkn, Lo = b1& + -+ + b&, and proved that under some natural conditions on
the coeflicients aj, b; the characteristic function of the random vector (L1, L2) determines the char-
acteristic functions of the random variables &; up to factors of the form exp{P;(y)}, where P;(y) is a
polynomial of degree at most n — 2. Kotlarski’s lemma follows from this Rao theorem. Note also that
some generalizations of Rao’s theorem were studied in [1], see also [2, §15], for locally compact Abelian
groups. The proof of Rao’s theorem is based on the following statement on solutions of a functional
equation.

Lemma 1.1. Let aj, b;, j =1,2,...,n, be nonzero real numbers such that a;b; # a;b; for all i # j.

Consider the equation
n

Z%(aﬂt +bjv) = A(u) + B(v), wu,v€eR,

j=1
where ¥;(y), A(y), and B(y) are continuous complez-valued functions on R. Then 1;(y) are polynomial
on R of degree at most n.
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This lemma is well known. In fact, the lemma was first used, although it was not explicitly
formulated, in the works by Skitovich and Darmois, where the Gaussian distribution on the real line
is characterized by the independence of two linear forms of n independent random variables. Two
different proofs of the lemma and some generalizations can be found in [4, §1.5].

In article [6], Siran Li and Xunjie Zheng proved the following statement.

Li—Zheng theorem. Let U and V be random variables with nonvanishing characteristic functions.
Assume that

U=X+aZi +0Zs, V=Y +cZ +dZ,

where X, Y, Z1, and Zo are independent random variables with well-defined first and second moments,
Z1 and Zy are identically distributed, and a, b, ¢, and d are nonzero real constants which are known.
Suppose that ac # —bd and (a,c) # (—=b, —d). Then, the joint distribution of (U, V') uniquely determines
the distributions of X, Y, Z1, and Zs up to a change of location.

Our article consists of three parts. In the first part, we give a simpler proof of the Li-Zheng theorem
and show that it essentially follows from Lemma [Tl In doing so, we also prove that the condition of
existence of moments of the random variables X, Y, Z1, and Z5 can be omitted. In the second part, we
prove an analogue of the Li—Zheng theorem for independent random variables with values in the field
of p-adic numbers. In the third part, we prove an analogue of the Li—Zheng theorem for independent
random variables with values in the field of integers modulo p, where p # 2, and in the discrete field
of rational numbers. For the proof of the corresponding theorems we solve some functional equations
on the character group of the additive group of the field.

2. Real-valued random variables

Let us formulate the Li—Zheng theorem in more familiar for us notation. In doing so, we omit the
condition of existence of moments of independent random variables.

Theorem 2.1. Let &1, &2, &3, and &4 be independent real-valued random variables with nonvanishing
characteristic functions. Let aj, b;, j = 2,3, be nonzero real numbers such that azby # —azbs and
(ag,b2) # (—ag,—bs). Consider the linear forms Ly = & + aséa + aszés and Lo = bo&o + bs&s + &4. If
the random variables & and &3 are identically distributed, then the distribution of the random wvector
(L1, La) determines the distributions of the random variables &5, j =1,2,3,4, up to shift.

Proof. 1. Let n1, 12, 13, and 714 be independent real-valued random variables with nonvanishing
characteristic functions. Assume that 12 and 73 are identically distributed. Denote by u; and v; the
distributions of the random variables §; and n; and by fi;(y) and 2;(y) their characteristic functions.
Put My = n1 + asne + agns and Ms = bane + bsnsg + m4. Suppose that the distributions of the
random vectors (L1, Lo) and (M, M) coincide. Taking into account that the random variables &; are
independent and fi;(y) = E [eiﬁjy], the characteristic function of the random vector (Lj, L) can be
represented in the form

E [ei(Llu-i-sz)} - B [ei((&+a2£2+a3€3)u+(b2§2+b3€3+§4)v)]

— E [eiﬁlueiﬁg(agu—kbgv)eiﬁg(agu—i—bgv)ei&w] _ E |:ei§1ui| E |:ei§2(a2u+bzv)] E |:ei53(a3u+bgv)i|

¥ E [eiﬁw] = ju1(u)fio(asu + byv) iz (agu + byv)jia(v), w,veR. (1)



Analogically, the characteristic function of the random vector (M7, Ms) is of the form
E [ei(MlquM?”)} = D1 (u)(agu + bav)ig(asu + bsv)og(v), w,v € R. (2)

It follows from (II) and (2)) that the random vectors (L1, Lo) and (M7, Ms) have the same characteristic
functions and hence they are identically distributed if and only if the characteristic functions fi;(y)
and 7;(y) satisfy the equation

ﬂl(’u)ﬂg(CLQU + bQU)ﬂg(aggu + b3’U)[L4(’U) =1 (u)ﬁg (CLQU + b2’U)I>3((13’LL + bgv)ﬁ4(v), u,v € R. (3)

Set
f](y) = ﬁ](y)/ﬂ](y), %(y) = lnfj(y)7 Jj=1234 (4)

Since the characteristic functions fi;(y) and 7j(y) do not vanish, (3] is equivalent to the fact that the
functions f;(y) satisfy the equation

fi1(u) fa(agu + bov) f3(asu + bgv) fa(v) =1, u,v € R. (5)

Note that we obtained equation (Bl without assuming that the random variables £ and &3 and also
19 and 73 are identically distributed.
It follows from (Bl that the functions ;(y) satisfy the equation

P1(u) + Pa(agu + bav) + P3(asu + bsv) + Pa(v) =0, w,v € R. (6)
Rewrite this equation in the form
o (agu + bov) + s3(asu + bgv) = A(u) + B(v), u,v € R. (7)

2. First assume that agbs # agbe. Then by Lemma [[LI] the functions v,(y) and 3(y) are
polynomial of degree at most 2. Taking into account that 12(0) = 13(0) = 0, we have

Vi(y) = o;y* + Bjy, yER, j=2.3, (8)

where o, 3; are complex numbers. Substituting (8)) into (@) and setting first v = 0 and then v = 0 in
the obtained equation, we infer

$i(y) =o;y° + Bjy, yER, j=14, (9)
where o, §; are complex numbers. Substitute (§) and (@) into (6). We get from the received equation
o1u® + oo(agu + byv)? + o3(azu + b3v)* + o4v? =0, u,v € R. (10)

It follows from (0] that
o9a9by + o3azbs = 0. (11)

Since & and &3 are identically distributed and 7o and n3 are also identically distributed, we have
f2(y) = fis(y) and x(y) = 5(y), y € R. Hence ¥o(y) = ¥3(y), y € R. This implies in particular
that o9 = 03. Inasmuch as agbs + agbs # 0 by the conditions of the theorem, we get from (III) that
o9 = 03 = 0. Then it follows from (I0) that o1y = o4 = 0. Thus



In view of @), ¥;(—y) = 1;(y) for all y € R and (I2]) implies that §; = ia;, where a; are real numbers.
Hence f;(y) = ¢'®Y. Thus we proved that

i(y) = fij(y)e’ ™Y, yeR.
It follows from this that
vj =y * Bayy §=1,2,3,4,

where E,, ;18 the degenerate distribution concentrated at the point «;. So, if asbz # asbs, the theorem
is proved.
3. Assume now that asbs = asbs. In this case, we can not apply Lemma [L.1] for solving equation
([@), but equation (7)) can be easily solved directly.
Since & and &3 are identically distributed and 7y and 73 are also identically distributed, we have
Ya2(y) = ¥3(y), y € R. Put
Y(y) = va(y) = ¥3(y). (13)

In view of agbs = agbs, set ¢ = by/as = bs/az. Inasmuch as asu + bov = az(u + cv) and agu + bgv =
az(u + cv), it is easy to see that equation (7)) can be rewritten in the form

P(az(u + cv)) + Y(as(u + cv)) = Y(agu) + Y(asu) + P (agev) + YP(asev), u,v € R. (14)

Let as = a3. Then (I4]) implies that ¢ (y) is a homogeneous linear function. If we consider this
fact, it follows from (@) and (I3) that ¢ (y) and ¥4(y) are also homogeneous linear functions, i.e., (I2)
is fulfilled. As noted in the proof of the final part of item 2, the statement of the theorem follows from
this.

Let a2 # as. Put

p(y) = Y(agy) +P(azy).
It follows from (I4]) that the function p(y) satisfies the equation
e(u+v) =pu)+ o), uveR.

Hence there is a complex number a such that ¢(y) = ay for all y € R. Consider the function

YY) =v(y) —by, yeR, (15)

a

. Then we have
az+as3

where b =

y(azy) + v(azy) = Y(a2y) — bazy + ¥ (azy) — basy = o(y) — ay = 0.

This implies that
Y(y) = —(ky), yER, (16)

where k = Z—g Since agbs = asby and (ag, be) # (—as, —bs), we have k # —1. By the condition, k # 1.
For this reason |k| # 1. Suppose for definiteness that |k| < 1. We get from (I6)

fY(y) = (_1)n7(kny)7 yeER n=12... (17)

Obviously, K"y — 0 as n — oo for all y € R. Taking into account that y(y) is a continuous function
and v(0) = 0, it follows from (I7) that v(y) = 0 for all y € R. Hence (I3 implies that ¥ (y) is a
homogeneous linear function. Then it follows from (@) that 11 (y) and ¥4(y) are also homogeneous
linear functions, i.e., (I2) is fulfilled. As noted above, the statement of the theorem follows from this.
The theorem is completely proved. O



Let aj, bj, j = 2,3, be nonzero real numbers. It is obvious that if agbs # azba, then (ag,b2) #
(—ag,—bs). Assume that agbs = aszbe. This implies that asbe # —asbs, and the condition (ag,be) #
(—ag, —bs) is equivalent to the condition that either |ag| # |as| or az = az. Taking this into account,
Theorem 211 can be reformulated as follows (compare below with Theorems B2 BTl and [£.3).

Theorem 2.2. Let &1, &, &3, and &4 be independent random variables with values in R with nonvan-
ishing characteristic functions. Suppose that the random variables &2 and &3 are identically distributed.
Let aj, bj, j = 2,3, be nonzero real numbers. Consider the linear forms L1 = & + a2 + a3é3 and
Lo = bo&s + b3&s + &4. Assume that one of the following conditions holds:

(I) a2b3 75 agbg and a2b2 75 —a3b3;
(I1) agbs = asbe and |az| # |as|;
a203 = azby ana az = as.
(II1) agb by and

Then the distribution of the random vector (L1, Ly) determines the distributions of the random variables
&, 7 =1,2,3,4, up to shift.

Remark 2.3. Let us assume that in Theorem the coefficients a; and b; satisfy the condition
(IV) agbg = a3b2 and a2 = —as.

We will verify that in this case the distribution of the random vector (L1, Ly) uniquely determines
the distributions of the random variables &1 and &4, i.e., v1 = p1 and v4 = g, but need not necessarily
determines the distribution of the random variables £ and &3 up to shift. Taking into account that
|az| = |as| if and only if either ag = a3 or aa = —as, it means that we can not strengthen Theorem
and replace conditions (IT) and (III) in Theorem by the condition asbs = aszbs.

Since the random variables & and &3 are identically distributed and 72 and 73 are also identically
distributed, put f(y) = fa(y) = f3(y). In view of (IV), equation () takes the form

fw)|f(az(u+ )P fr(v) =1, u,v€R. (18)
Set I(y) = | f(a2y)|?. Tt follows from (I8) that the function I(y) satisfies the equation
llu+v)=1l(u)l(v), u,veR.

Hence I(y) = €"¥, where £ € R. Inasmuch as I(—y) = I(y), we have k = 0, i.e., I(y) = 1 for all y € R.
Taking this into account, we get from equation (I8) that f1(y) = fi(y) = 1 for all y € R. Hence
1 (y) = f1(y) and 4(y) = f14(y) for all y € R. This implies that 11 = p; and vg = py.

Consider the distributions p and v with the characteristic functions

ily) = exp{(e¥ — 1)}, 0(y) = exp{(e ¥~ 1)}, yeR.

Then we have

~

|a(y)|l = [(y)| = exp{cosy — 1}, y €R.

This implies that
fyl=1, yeR. (19)

It is obvious that v is not a shift of u. Moreover, It is easy to see that there is no a distribution A such
that either v = p*x A or p=v* A

Let &1, &2, €3, and &4 be independent random variables such that £ and &3 are identically distributed.
Assume that the random variable {; has the distribution ;, j = 1,2, 3, 4, where p1; and 4 are arbitrary



distributions with nonvanishing characteristic functions and pus = ps = p. Consider the linear forms
L1 =& + a8 —a90fs and Lo = boko —boé3+&4. Let 1, n2, 13, and ny be independent random variables
such that 77 and 73 are identically distributed. Suppose that 7; has the distribution v;, j = 1,2, 3,4,
where v1 = u1, Vo = v3 = v, and vy = uyg. Put M = n1 + aone — agns and My = bang — bans + 14.

Taking into account that f1(y) = fa(y) = 1 for all y € R and (I9), we see that the functions fi(y),
f(y), and f4(y) satisfy equation (I8]). Hence the random vectors (L1, L2) and (Mj, Ms) are identically
distributed, while v is not a shift of u.

3. Random variables with values in the field of p-adic numbers

Let X be a locally compact Abelian group, Y be its character group. Denote by (z,y) the value of a
character y € Y at an element x € X. Let u be a distribution on X. Denote by

Aly) = /X (. 9)du(z), yeY, (20)

the characteristic function of the distribution pu.
Let f(y) be a function on Y and let h be an element of Y. Denote by Ay the finite difference
operator

Anfly) =Ffly+h)—fly), yeY.
A function f(y) on Y is called a polynomial if

AP F(y) =0

for some n and for all y,h € Y.
We need the following well-known statement (for the proof see, e.g., [2| Proposition 1.30]).

Lemma 3.1. LetY be a locally compact Abelian group such that all its elements are compact. Then
any continuous polynomial on'Y is a constant.

Consider the field of p-adic numbers Q,. When we say the group Q,, we mean the additive group
of the field Q,. The group Q, is a locally compact Abelian group. Its character group is topologically
isomorphic to Q, ([3, (25.1)]). Multiplication by a nonzero element of Q,, is a topological automorphism
of the group Q,. Note that (ax,y) = (z,ay) for all a,z,y € Q. If p is a distribution on Q,, the
characteristic function fi(y) is defined by formula (20, where X =Y = Q,. The group Q, is totally
disconnected and consists of compact elements. Denote by |- |, the norm in the field Q,.

In this section, we prove the following analogue of the Li-Zheng theorem for the field Q,.

Theorem 3.2. Let &1, &2, &3, and &4 be independent random variables with values in the field Q,
with nonvanishing characteristic functions. Let aj, bj, j = 2,3, be nonzero elements of Q,. Consider
the linear forms Ly = &1 + a2€s + as€s and Lo = bo&o + bsés + &4. Assume that one of the following
conditions holds:

(I) azbs # azbs;
(IT) agbs = aszbe, |az|p # |asl|p, and the random variables & and & are identically distributed.

Then the distribution of the random vector (L1, La) determines the distributions of the random variables
&, 7 =1,2,3,4, up to shift.



Proof. Consider independent random variables 1y, 72, 13, and 74 with values in the field Q, with
nonvanishing characteristic functions. Put My = ny 4+ asns + agns and My = bans + bsns + n4. Suppose
that the distributions of the random vectors (L1, Lo) and (M7, Ms) coincide. Note that if £ is a random
variable with values in Q, and distribution p, then fi(y) = E[(£,y)]. Taking this into account and the
fact that (ax,y) = (x,ay) for all a,z,y € Qp, we can argue as in item 1 of the proof of Theorem 2.1]
Keeping the same notation, we arrive at the equation

fi(u) fa(agu + bov) fa(agu + bgv) fa(v) =1, w,v € Qp. (21)

1. Assume that condition (I) holds. Since we do not suppose that & and &3 are identically
distributed and 7y and 73 are identically distributed, we can assume, without loss of generality, that
L1 =& + & + & and My =11 + 12 + n3. Then equation (2I]) takes the form

fl(u)f2(u + b2v)f3(u + bgU)f4(U) = 17 U,V € va (22)

and the condition asbs # agby is transform to the condition by # b3. The group Q) is totally discon-
nected. For this reason, as opposed to the case of the real line, we can not take the logarithm of both
sides of equation (22]) and pass to the corresponding additive equation.

To solve equation (22]) we use a slightly different approach and split the solution of equation (22I)
into two parts. First we prove that |f;(y)] = 1 for all y € Q,, j = 2,3. Then we prove that the
functions f;(y), j = 1,2,3,4, are characters of the Q,. It is obvious that the statement of the theorem
follows from this.

Put

0i(y) =Wl|f;(w)l, j=1,234
It follows from (22)) that the functions 6;(y) satisfy the equation

Ol(u) + HQ(U + bQ’U) + 93(u + bg?}) + 94(’[)) =0, wu,ve Qp,
which can be written in the form
O2(u + bav) + O3(u + bsv) = C(u) + D(v), wu,v € Qy. (23)

For solving equation (23]) we use the finite difference method. The reasoning is standard and the same
as in the case of the real line. We present it here for completeness.

Let g be an arbitrary element of the group Q,. Substitute u — b3g for u and v + g for v in equation
[23). Subtracting (23) from the resulting equation we get

A(bz_bg)geg(u + bg’l)) = A_ngC(u) + AQD(’U), u,v € @p. (24)

Let h be an arbitrary element of the group Q,. Substitute u + h for u in equation (24]). Subtracting
[24) from the resulting equation we obtain

AhA(bQ—b3)992 (u + bg?}) = AhA_ngC(u), u,v € Qp. (25)

Let k be an arbitrary element of the group Q,. Substitute v + k for v in equation (25]). Subtracting
23] from the resulting equation we get

AbgkAhA(bQ_b3)992 (u + bQ’U) =0, wu,ve Qp. (26)
Substituting v = 0 in equation (26)), we obtain

AbzkAhA(bg—bg)g62(u) =0, ue Qp.

7



Since by — b3 # 0 and g, h and k are arbitrary elements of the group Q,, we conclude that the function
04 (y) satisfies the equation

A%92(y) = 07 Y, h € va

i.e., is a polynomial on Q. Since the group Q, consists of compact elements and the polynomial 6 (y)
is continuous, by Lemma B.] 02(y) is a constant. In view of 62(0) = 0, we have 03(y) = 0 for all
y € Qp. For the function #3(y) we argue similarly excluding first the function 65(y) from equation (23)).
Thus we proved that 62(y) = 03(y) = 0 and hence

W) =1fsw)l=1, yeQ,.

Let us prove that the functions f;(y), j = 1,2, 3, 4, are characters of the group Q,. Rewrite equation
[22)) in the form
fa(u + bav) fa(u+bgv) = S(uw)T(v), w,v € Q). (27)

To solve equation ([27)), we apply the method that was used to prove Theorem 3.1 in [I], see also [2]
Theorem 15.8|.

Let g be an arbitrary element of the group Q. Substitute u — b3g for v and v + g for v in equation
[27). Dividing the resulting equation by equation (27)), we get

fa(u+bav —bgg +bag)  S(u—b3g)T(v+g)
T (0 £ b0) =T Swrw 0 YW (28)

Let h be an arbitrary element of the group Q,. Substitute u + h for u in equation (28]). Dividing the
resulting equation by equation (28)), we receive
falu+ byv — bgg+bgg+h)f2(u+b2v) S(u — bgg+h)S(u)

fg(u—i-bju—l—h)fg(u—l-bg?}—bgg—i—ng) - S(“"‘h)S(u—bgg)’ u,v € Qp- (29)

Let k be an arbitrary element of the group Q,. Substitute v + k for v in equation (29]). Dividing the
resulting equation by equation (29), we obtain

fg(u + bov — b3g + bag + h + b2k:)f2(u + byv + bgk‘)

fa(u + bav + h + bak) fa(u + bav — b3g + bag + bak)
fo(u + bov + h) fo(u + bav — bzg + bag)
fa(u + bav — b3g + bag + h) fa(u + bav)

=1, wu,veQ, (30

Substitute in (30) u =v =0 and g = — b2b2_lz3- Then we get
3 (h) f2(b2k) f2(—bak)
=1, hkeQ, 31
fa(h+ bok) f2(h — bak) & (1)
Taking into account that
f2(_y) = fQ(y)v |f2(y)| = 17 RS QP7 (32)

we have fo(bak)fa(—b2k) =1 for all k € Q. Then it follows from (BI) that the function fs(y) satisfies
the equation

f3(w) = falu+v)folu —v), w,v € Q. (33)
In view of ([B2]), we get from (33) that
flutw) = fF(Wf @), uveQ, (34)



i.e., the function f2(y) is a character of the group Q,. Substituting u = v =y in (33), we obtain

£y = £2y), yeQ, (35)

Taking into account that the mapping y — 2y is a topological automorphism of the group Q,, it follows
from (34]) and (B3] that the function fy(y) satisfies the equation

fa(u+v) = fa(u) fa(v), w,v€Qy,

i.e., is a character of the group Q,. For the function f3(y) we argue similarly. By the Pontryagin
duality theorem, there are elements x, 3 € @, such that

fity) = (z5,9), vy € Qp =23 (36)

Substituting ([B0) into (22]) and putting first v = 0 and then w = 0 in the obtained equation, we get
that the functions fi(y) and fa(y) are also characters of the group Q,.

Thus, we have proved that the characteristic functions fi;(y), j = 1,2, 3,4, are determined up to
multiplication by a character. Hence the distributions pu;, 7 = 1,2,3,4, are determined up to shift.
The theorem is proved if condition (I) is satisfied.

2. Assume that condition (II) holds. Put

c=by/ay =bz/az, g(y) = fala2y)fs(asy), 7(y)=In|g(y)l. (37)

2a. We prove in this item that the functions fi(y), fa(y), and g(y) are characters of the group Q,.
In doing so, we do not assume that |as|, # |as|, and the random variables & and &3 are identically
distributed.

Since agu + bav = ag(u + cv) and azu + bsv = as(u + cv), rewrite equation (2I)) in the form

filw)g(u+ cv)fa(v) =1, u,v € Q. (38)

Substituting first v = 0 and then u = 0 in (38]), we get that the function g(y) satisfies the equation
g(u+v) =g(u)gv), u,veQ,. (39)
It follows from (B9) that the function 7(y) satisfies the equation
T(u+v) =7(u)+7(v), u,veQ,.

Hence 7(y) is a continuous polynomial. Since the group @, consists of compact elements, by Lemma
B, 7(y) is a constant. In view of 7(0) = 0, we have 7(y) = 0 and hence |g(y)| = 1 for all y € Q).
Taking into account (B9)), this means that the function g(y) is a character of the group Q,. By the
Pontryagin duality theorem, there is an element a € QQ, such that

g(y) = (avy)v Yy € @P' (40)

Hence
g(u+cv) = (a,u+cv), u,veQ,. (41)

Substituting (41 into (38]), we find from the resulting equation that the functions fi(y) and f4(y) are
also characters of the group Q.

Note that in the proof we did not use the fact that |az|, # |as|, and the random variables &3 and
&3 are identically distributed.



2b. Suppose that the random variables 79 and 73 are identically distributed. Since the random
variables & and &3 are also identically distributed, we have fo(y) = f3(y). Set

fly) = f2(y) = f3(v).

Then
9(y) = f(a2y) f(azy). (42)

We will prove now that the function f(y) is a character of the group Q,. Set
0(y) = In|f(y)l

We have
7(y) = |g(y)| = In|f(a2y) f(asy)| = 0(azy) + O(asy), y € Qp.
Since 7(y) = 0 for all y € Q,, it follows from this that

O(a2y) +0(asy) =0, ye Q. (43)

Inasmuch as |ag|, # |aslp, assume for definiteness that |as|, < |ag|y. Put k= 22. Then |k|, < 1.
We obtain from ({3)) that 0(y) = —6(ky), and hence

0(y) = (-1)"0(k"y), ye€Qp n=12,.... (44)

It is obvious that |k™y|, — 0 as n — oo for all y € Q. Since #(y) is a continuous function and #(0) = 0,
we obtain from (44) that §(y) = 0 and hence |f(y)| =1 for all y € Q,.
Since |az|p # |as|p, we have ag + a3z # 0. Put

a
(12—|-CL37

It follows from (0], (42]), and (@3] that

h(azy)h(asy) = f(a2y)(—b, azy) f(asy)(—b, azy)
=g9(y)(=blaz +a3),y) = g(y)(—a,y) =1, y € Q.

b=

h(y) = f(y)(=by). (45)

Hence h(y) = h~'(ky). This implies that
hy) =AY (k"y), yeQ, n=1,2,.... (46)

We have |k"y|, — 0 as n — oo for all y € Q. Inasmuch as h(y) is a continuous function and h(0) = 1,
it follows from (@G]) that h(y) =1 for all y € Q,, and ([@X) implies that

f(y) = (b7 y)v Yy € Q;D‘ (47)

Taking into account (47) and the fact that fi(y) and f4(y) are also characters of the group Q,, we see
that the characteristic functions fi;(y) are determined up to multiplication by a character. Hence the
distributions p; are determined up to shift. The theorem is proved if condition (II) is satisfied, and
hence is completely proved. O

Corollary 3.3. Let &, &, &3, and &4 be independent random variables with values in the field Q,
with nonvanishing characteristic functions. Let aj, bj, j = 2,3, be nonzero elements of Q,. Consider
the linear forms L1 = &1 + a2&o + asés and Lo = bolo + b3&3 + &4. Then the distribution of the random
vector (Ly, L) determines the distributions of the random variables & and &4 up to shift.
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Proof. By Theorem B2l in the case, when asbs # asba, the statement of the corollary is true. If
asbs = agbs, as has been proved in item 2a of the proof of Theorem the functions fi(y) and f4(y)
are characters of the group Q,. The statement of the corollary follows from this. O

We can not omit the condition |ag|, # |as|, in condition (II) of Theorem Namely, the following
statement is true.

Proposition 3.4. Let a;, b;, j = 2,3, be nonzero elements of the field Q, such that asbz = azbs.
Assume that |as|, = |as|,. Then there are independent random variables &1, &2, &3, and &4 with values
in Qp, with nonvanishing characteristic functions such that the following is true:

(I) the random variables {3 and &3 are identically distributed;

(IT) the distribution of the random vector (L1, Ls), where L1 = & + ao&s + a3zl and Lo = bos +
bs&s + &4, need not necessarily determine the distribution of the random variables & and &3 up to
shift.

Proof. Let G be a second countable compact Abelian group, H be its character group. Then H is a
countable discrete Abelian group. Let a(h) be a real-valued nonvanishing function on the group H
satisfying the conditions:

(i) a(0) =1;
(ii) a(—h) = a(h) for all h € H;
(iil) > fe(h)] <2

heH

Consider on the group G the function

plg) =Y a(h)(g;h), g€
heH

It follows from (i)—(iii) that p(g) is the nonnegative density with respect to the Haar distribution on
G of a distribution p on the group G with the characteristic function fi(h) = «(h).

Put
1 if h=0,
plh) = {—a(h) i h#0.

Then 5(h) is a real-valued nonvanishing function on the group H. Obviously, the function S(h) also
satisfies conditions (i)—(iii). Hence there is a distribution v on the group G with the characteristic
function #(h) = S(h). It is easy to see that if G is not isomorphic to the additive group of the integers
modulo 2, then v is not a shift of u.

Let G = Zj, be the ring of p-adic integers. Then Z, is a compact subgroup of the group Q,. Let
w1 and v be the distributions on Z, constructed above. Let &1, &2, &3, and &4 be independent random
variables with values in Zj, such that & and &3 are identically distributed. Assume that the random
variable §; has the distribution pu;, j = 1,2, 3,4, where p; and ju4 are arbitrary distributions on Z, with
nonvanishing characteristic functions and ps = ps = . Consider the linear forms L1 = & 4+ a28s + asés
and Lo = ba&o + b3&3 + &4. Let n1, 12, n3, and n4 be independent random variables with values in Z,
such that 77 and 73 are identically distributed. Suppose that 7; has the distribution v;, j = 1,2, 3,4,
where v1 = u1, 1o = v3 = v, and vy = uyg. Put My = n1 + aone + agns and My = bang + bang + 4.

Consider ¢; and 7; as independent random variables with values in the field Q, and verify that
the characteristic functions of the random vectors (L, L2) and (Mj, Ms) coincide. This is equivalent
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to the fact that the functions f;(y) = 7;(y)/f1;(y) satisfy equation 2II), where fo(y) = f3(y) = f(y).
Taking into account that fi(y) = fa(y) =1 for all y € Q,, equation (2I]) takes the form

flag(u+cv))flas(u+cv)) =1, u,v € Qp,

where ¢ = by/as = bs/as, or

flagy)flazy) =1, y € Q. (48)
We consider the distributions p and v as distributions on @Q,. It is easy to see that then the function
f(y) is of the form
1 if yepz,,
fly) = : g (49)
-1 if y ¢ pZ,.

It follows from (@9) and the condition |as|, = |as|, that the function f(y) satisfies equation (48]). Thus,
the characteristic functions of the random vectors (L1, L2) and (M, M3) coincide. Hence the random
vectors (L1, Lo) and (M7, Ms) are identically distributed, while v is not a shift of p.

We note that if |as|, # |as|p, then the function f(y) does not satisfy equation (8], i.e., the random
vectors (L1, Lg) and (M7, Ms) are not identically distributed. O

The condition |ag|, = |ag|, is an analogue for the field Q, of the condition |as| = |ag| for the field
R. Comparing the statement of Theorem in the case when condition (IIT) holds and Proposition
3.4 we see that in the field Q, do not exist nonzero elements a;, b;, j = 2,3, such that agbs = azbs
and |as|, = |as|, and the distribution of the random vector (L1, L2) determines the distributions of
the random variables & and &3 up to shift.

4. Random variables with values in the field of integers modulo p, where
p # 2, and in the discrete field of rational numbers

Let p be a prime number and Z(p) be the field of integers modulo p. When we say the group Z(p),
we mean the additive group of the field Z(p), i.e., the additive group of the integers modulo p. The
character group of the group Z(p) is isomorphic to Z(p). Multiplication by a nonzero element of Z(p)
is an automorphism of the group Z(p). Note that (ax,y) = (z,ay) for all a,z,y € Z(p). If pis a
distribution on Z(p), the characteristic function fi(y) is defined by formula ([20), where X =Y = Z(p).
The group Z(p) is finite and hence compact.

In this section, we prove analogues of the Li—Zheng theorem for the field of integers modulo p,
where p # 2, and for the discrete field of rational numbers Q.

Theorem 4.1. Consider the field Z(p), where p # 2. Let &1, &, &3, and &4 be independent random
variables with values in Z(p) with nonvanishing characteristic functions. Let aj, bj, j = 2,3, be nonzero
elements of Z(p). Consider the linear forms L1 = & + a2&a + ass and Ly = bos + bsés + &4 Then
the following statements hold.

1. If agbs # agba, then the distribution of the random vector (L1, Ly) determines the distributions
of the random variables £;, j = 1,2,3,4, up to shift.

2. If agbs = asbe, then the distribution of the random vector (L1, Le) determines the distributions
of the random variables &1 and &4 up to shift.

12



Proof. 1. Assume that aobs # aszbs. The proof of Theorem in the case, when condition (I) holds,
is based only on the following properties of the group @Q,: the group Q, consists of compact elements
and the mapping y — 2y is a topological automorphism of the group Q,. Both of these properties are
also valid for the group Z(p), where p # 2. For this reason the proof remains unchanged if, instead of
the field Q,, we consider the filed Z(p). Thus, statement 1 is valid.

2. Assume that asbg = agbs. The reasoning carried out in item 2a of the proof of Theorem
is based only on the fact that the group Q) consists of compact elements. For this reason the proof
remains unchanged if, instead of the field Q,, we consider the filed Z(p). Thus, statement 2 is valid. [

Theorem (4.1l can not be strengthened. Namely, the following statement is true.

Proposition 4.2. Let a;, bj, j = 2,3, be nonzero elements of the field Z(p), where p # 2, such that
agbs = asby. Then there are independent random variables &1, &2, €3, and &4 with values in Z(p) with
nonvanishing characteristic functions such that the following is true:

(I) the random variables & and &3 are identically distributed;

(IT) the distribution of the random wvector (L, Lg), where L1 = & + ag€s + as€s and Lo = bas +
bs&s + &4, need not necessarily determine the distribution of the random variables &o and &3 up to

shift.

Proof. To prove the proposition, we argue for the field Z(p) in the same way as in Proposition [3.4] we
argued for the field @, and keep the same notation. The only difference is that instead of (49) the

function f(y) is of the form
1 if y=0,
fly) = L (50)
-1 if y#0,

because we construct the distributions p and v at once on Z(p). The proposition will be proved if we
verify that that the function f(y) satisfies the equation

flazy) flazy) =1,y € Z(p).
In view of (B0), it is obvious. O

Proposition shows that, unlike Theorems and 32 in the field Z(p) do not exist nonzero
elements a;, bj, j = 2,3, such that asbs = agby and the distribution of the random vector (L1, Lo)
determines the distributions of the random variables £ and up &3 to shift.

Let Q be the field of rational numbers considering in the discrete topology. When we say the group
@, we mean the additive group of the field Q. The character group of the group Q is topologically
isomorphic to the a-adic solenoid ¥, where a = (2,3,4,...) (|3, (25.4)]). The group %, is compact.
Since the multiplication by any nonzero integer is an automorphism of the group Q, the multiplication
by any nonzero integer is a topological automorphism of the group ¥,. Therefore, the multiplication
by any nonzero rational number is well-defined and is also a topological automorphism in the group
Ya. Note that (az,y) = (x,ay) for all a,z € Q, y € X4. If p is a distribution on the group Q,
the characteristic function fi(y) is defined by formula (20), where X = Q, Y = ;. The set Q is a
countable subset of R. For this reason, if a random variable £ take values in Q we can consider £ as a
random variable with values in R. This implies, in particular, that Theorem is valid for the field
Q, i.e., when ¢; take values in Q and aj,b; € Q. However, the fact that random variables &; can be
considered as random variables taking values in the discrete field Q allows us to strengthen Theorem

for the field Q.
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Theorem 4.3. Let &, &2, &3, and &4 be independent random variables with values in the field Q
with nonvanishing characteristic functions. Let a;, b;, j = 2,3, be nonzero elements of Q. Consider
the linear forms Ly = &1 + a2€s + as€s and Lo = bo&o + bsés + &4. Assume that one of the following
conditions holds:

(I) azbs # asbs;
(I1) agbs = asbs, |as| # |as|, and the random variables & and &3 are identically distributed;
(IT1) agbs = asbe, as = as, and the random variables §o and &3 are identically distributed.

Then the distribution of the random vector (L1, Ly) determines the distributions of the random variables
&, 7 =1,2,3,4, up to shift.

Proof. Assume that condition (I) holds. The proof of Theorem in the case, when condition (I)
holds, is based only on the following properties of the group Q,: the group Q, consists of compact
elements and the mapping y — 2y is a topological automorphism of the group Q,. Both of these
properties are also valid for the group X, where a = (2,3,4,...). For this reason the proof remains
unchanged if, instead of the field Q,, we consider the filed Q.

Note that if asbs # asbo, then it follows from Theorem that the random vector (L, L) deter-
mines the distributions of the random variables &;, j = 1,2, 3, 4, up to shift, only if additional conditions
are satisfied, namely aobs # —a3bs and the random variables & and &3 are identically distributed.

In the case, when condition (II) or (III) is satisfied, the corresponding statements follows from the
corresponding statements of Theorem for the field R. O

Remark 4.4. The distributions p and v constructed in Remark [2.3]in fact are the distributions on the
group of integers. We can consider p and v as as distributions on Q. Hence Remark is valid for
the random variables with values in the field Q and it shows that we can not strengthen Theorem (.3
and replace conditions (IT) and (III) in Theorem 3] by the condition agbs = azbs.

In Theorems 2.2, B.2] E.1], and 4.3 independent random variables take values in a locally compact
field, namely in R, Qp, Z(p), and Q. In doing so, coefficients of the linear forms are elements of the
field. We can also study a more general problem, when independent random variables take values in a
locally compact Abelian group X, and coefficients of the forms are continuous endomorphisms of X.
Taking this into account, we formulate the following problem.

Let X be a second countable locally compact Abelian group. Let &1, &, &3, and &4 be independent
random variables with values in X with nonvanishing characteristic functions. Let aj, bj, j = 2,3,
be continuous endomorphisms of the group X. Consider the linear forms L1 = & + a2&s + asés and
Ly = bo&o + b3&3 + &4. What are the conditions on aj, bj, and &§; to guarantee that the distribution of
the random vector (Li, La) determines the distributions of the random variables &, j =1,2,3,4, up to
shift?

It follows from the results of the article that these conditions depend on the group X.

A more general problem can also be formulated.

Let us assume that we know the distribution of the random vector (L1, La). How uniquely does this
distribution determine the distributions of the random variables §;, j = 1,2,3,47

In connection with this problem, we note that in the case when X is an arbitrary a-adic solenoid
Ya, it follows from Theorem 3.1 in [I], see also |2 Theorem 15.8], that if L1 = & + & + &3 and be, bs,
and by — b3 are topological automorphisms of the group ¥4, then the distribution of the random vector
(L1, L2) determines the distributions of the random variables ¢;, j = 1,2, 3,4, up to convolution with
a Gaussian distribution on X,.
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