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THE LEIBNIZ PROP IS A CROSSED PRESIMPLICIAL ALGEBRA

MURAT CAN ASKAROGULLARI AND ATABEY KAYGUN

ABSTRACT. We prove that the Leibniz PROP is isomorphic (as k-linear categories) to the symmetric
crossed presimplicial algebra k[(A™1)°PS] where A* is the skeletal category of finite well-ordered sets
with surjections, but the distributive law between (A™)°P and the symmetric groups S = |_|n>1 Snis
not the standard one.

INTRODUCTION

Leibniz algebras are non-commutative analogues of Lie algebras. Like any other algebraic structure,
there is an operad, or better yet a PRO or a PROP, that parametrize all algebraic operations on the
finite tensor powers of a Leibniz algebra. The PRO(P)s for algebras of different types (magmatic,
associative, commutative, Lie, Leibniz, Poisson, Jacobian etc.) come in different flavors (plain set,
linear, piecewise linear, topological, homotopical, simplicial, differential graded etc.), but are always
considered as symmetric or braided monoidal categories. In this paper, we show that when we drop
the monoidality assumption, the parametrizing category Leib for Leibniz algebras is isomorphic to a
twisted product of the opposite skeletal category of finite well-ordered sets with surjections (A™1)°P
(which parametrizes operations for not-necessarily unital associative algebras) and the group ring k[S]
of the collection of symmetric groups S = | |, ., Sn considered as a category. The twisted product is
determined by a distributive law between (A™)°P and k[S], but a non-standard one.

The parametrizing categories we are going to consider in this paper are as follows:

(a) Mag for magmatic algebras, i.e. algebras with a binary operation with no other condition.

(b) Simp for (not necessarily unital) associative algebras.

(c) Sym for graded vector spaces with a compatible actions of symmetric groups S = |_|n21 Sh.
(d) Braid for graded vector spaces with a compatible actions of Artin braid groups B = | | ., B.
(e) Leib and Leib®? for left and right Leibniz algebras.

We define each of these categories with explicit generators and relations, and describe the distribu-
tive laws between relevant categories on the set of generators explicitly. The proofs we give in this
paper are highly algebro-combinatorial in nature, and in theory, should yield themselves for machine
verification as in [6} S]], but we meticulously check them by hand aided by string diagrams. Our main
result (Theorem [3.9)) is that there is a distributive law of the form w : Simp ® Sym — Sym ® Simp
and Leib is isomorphic to the twisted product Sym &, Simp.

Plan of the article. In Section[Il we introduce the non-monoidal PRO(P)s that we call combinato-
rial operations categories, and then we define all of the combinatorial operations categories we use
by explicit generators and relations. Section [2| deals with the distributive laws between these oper-
ations categories in all different variations that we are going to need. In Section [3] we define the

combinatorial operations category for Leibniz algebras, and finally give our main result Theorem [3.9]
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Appendix contains some basic facts about operads and PRO(P)s that we need to put our combinatorial
operations categories into their proper context. See Remark [A.3]

Notation and conventions. We use U for ordinary union of sets while LI will denote the disjoint
union. We use a base field k with no assumption on the characteristic. All unadorned tensor products
are over k. Throughout the article, C will be a k-linear strict symmetric monoidal category with a
monoidal product ®, and a unit object I. We will also assume that C is fibered over the category of k-
vector spaces, i.e. there is a faithful k-linear functor C — Mod-k which is not necessarily monoidal.
For each natural number n > 1, we use S, to denote the symmetric group on n-letters, B,, to denote
the Artin braid group on n-strands. We use A for the skeletal category of finite well-ordered sets
with set maps that preserve order. The subcategories of injective and surjective maps are respectively

denoted by A~ and A*. For a positive integer n, we will use [n] for the (well-ordered) set {1,...,n}.
So, in particular, [0] = (). For two non-zero positive integers n and m, an m-composition of n is a
sequence of positive integers (ny,...,Ny) such thateachn; > 0andn =n; + - -+ np,.

1. COMBINATORIAL OPERATIONS CATEGORIES

1.1. K-bimodules and K-algebras. We denote the smallest k-linear PRO by K whose non-zero
morphisms consist of the constant multiples of identities on each object. With this definition one can
see that every k-linear PRO contains K as a subcategory. There exists inclusion functor 1¢o: K — C
for every k-linear PRO C.

One can also describe K as the locally unital algebra K = k®" spanned algebraically by countably
many vectors 1, for every n € N subject to the condition that 1, - 1,,, = 0, for every n,m € N.
With this definition at hand, one can now define a K-module as a countable collection (V,)nen of
vector spaces indexed by N. Then a K-bimodule (Vy, i )nmen is a collection of vector spaces doubly
indexed by N. A K-(bi)module V is called locally finite if for every x € V there are only finitely
many n, m € N such that 1,, - x and x - 1., are non-zero. A locally finite x € V is called faithful if
2 nen In-xis well-defined and is equal to x. A similar condition holds for bimodules. This condition
is equivalent to the fact that V = @, .15 - V for a module and V = EBmmeN 1.-V-1, fora
bimodule. Note that a K-bimodule V = (V;, m )nmen is faithful is equivalent to the fact that

KerV=V=VerK

Note that technically we should call K-(bi)modules as K-algebras since K is a PRO. However, later
on we are going to need to work with monoid objects in the category of K-bimodules, and we would
have had to refer to what we call K-algebras as “algebras in the category of K-algebras” which is
needlessly more confusing.

Proposition 1.1. The category of faithful K-bimodules is strictly monoidal with K being the unit
object and a product defined on the objects as

Vax W= (@ Vim ® Wm,e>
n,leN

meN

Proof. Assume the faithful K-bimodules V and W have bases B, ., and C,, ,,, respectively. Then
the bigraded vector space (V ®g W), has the basis |_|meN Bnm X Cmy, and thus, it is a faithful
K-bimodule. ]



THE LEIBNIZ PROP IS A CROSSED PRESIMPLICIAL ALGEBRA 3

A faithful K-bimodule together with a unital associative operation i: V ®x V. — V making the
following diagrams commutative is called a K-algebra.

VorVexV—2  _VegV VAL LR VS VI L L R V
V®Hl l“ \Hl/
V@g V - % %

If V is a K-algebra such that each V,, ,, is finite dimensional, we will call V as a locally finite dimen-
sional K-algebra. We will use Alg(K) and alg(K) to denote the category of K-algebras and locally
finite dimensional K-algebras, respectively.

1.2. Combinatorial operations categories. A small k-linear category C is called a combinatorial
operations category if the object set is N. A combinatorial operations category C is called finite if
C(n, m) is finite dimensional for every n,m € N. A combinatorial operations category C is called
symmetric (resp. braided) if each C([n], [m]) is a S,,-S,, (resp. B,,-B,,) bimodule. We denote the
category of (resp. symmetric or braided) combinatorial operations categories, and their functors as
COx (resp. as symCQy, or brCOy).

Proposition 1.2. The category of combinatorial operations categories and the category of K-algebras
are equivalent.

Proof. Given a C € COy, we can define the K-bimodule C = 691,1'20
category induces the product us: C ®x C — C and thus we get a K-algebra. Functors between
combinatorial operations categories naturally induce K-algebra morphisms.

C}j. The composition of the

For the other way, given a K-algebra C which is also a bigraded k-vector space & Cij, we can

1,j>0
define C € COy where we define categorical composition of two morphisms by the oi)posite product
of the K-algebra C. Namely for morphisms c: [i] — [j] and ¢’: [jl — [k] we define ¢’ o ¢ to
be ugp(c’ ,¢) = pg(c,c’). Similarly as above K-algebra morphisms induce functors between the
combinatorial operations categories. It is trivial to check that compositions of these functors yield

identity on both object sets. U

Based on Proposition [I.2] we are going to use the terms combinatorial operations category and K-
algebra interchangeably.

1.3. Free K-algebras. The free associative K-algebra T(V) from a faithful K-bimodule V is defined

as
n-times

"
TV)=Ko@PVex - exV
n>1

where the multiplication on T(V) is given by concatenation. Note that any K-algebra can be written
as a quotient of a free associative K-algebra of a faithful K-bimodule.

1.4. The canonical free algebras. Consider the faithful K-bimodule 0 = @,,.,""'0" where """ =
Span, (9' | 0 < j < n) and rest of the bigraded parts are assumed to be zero. This definition implies
that 1,1 - a}‘ = 6}1 1, = a}‘ and the rest of the left or right actions of K yield zero.
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Next, consider the faithful K-bimodule x = P,,.; "x" where "x"™ = Span, (x{' |0 <i<n —1)and
rest of the bigraded parts are assumed to be zero. This definition implies that 1,, - X;' = xj* - Tn = Xj'
and the rest of the left or right actions of K yield zero.

In the Sections below, we are going to consider the free algebras T(9) and T(x), and their various
quotients.

1.5. Mag. Because any K-algebra A is defined from a K-bimodule we can define ideals generated
by its elements. We will use (q; | 1 € I) to denote a bilateral ideal generated by an indexed family of
elements a; fori € L.

Now, after [[14), Section 1.2.5] and [11, 8], we define the magmatic K-algebra Mag as the quotient of
T(9) by the ideal Iy, where

(1.1) Ivae = (07101 — 0107 [0<i<j<mandn >0)

The same structure is called as pseudo-simplicial structure in [11]], and as almost-simplicial structure
in [8]].

The generator 0}* can be depicted as follows:

0 1 j j+1 n on+l

0 1 j n—-1n

The following string diagram represents the element with the smallest indices 930} — 930 in the ideal

IMag -

0 1 2 3 0 1 2 3
42 \T/) L\/J ) L\/J K\()
0 1 0 1
We read the diagram above from bottom to top and we read the generators from right to left, as we
read compositions of morphisms in a category.

Proposition 1.3. The magmatic K-algebra Mag has a k-basis of trivial monomials 1,, and non-
trivial monomials of the form 0" -- -0} withm 2> nand i, = -+ =2 i, with 0 < {5 < j for all
j=n,...,m

Proof. Tt is clear that Mag has a basis consisting of monomials in 9!’s with 0 < 1 < {. Since
the defining identities in Mag are difference of two monomials of the same length, we can write a
preferred basis by replacing certain submonomials (of length 2) with other submonomials (of length
2). We will refer the operation as to straighten from now on. Based on the relations in Iy, if 1141 <
occurs in a monomial a;;jfe --+ 0} we can swap these indices using the identity 81;11 a{j = 81;11 LH
in Mag. In other words, we can write a basis of monomials in which subscripts are non-increasing
Lo = 2 i 0

Remark 1.4. Consider the normalized basis of Mag in terms of the monomials of the form

(1.3) 6]“:“6;1 withj,, > --- > jpand 0 < j, <uforallu=mn,...,m.



THE LEIBNIZ PROP IS A CROSSED PRESIMPLICIAL ALGEBRA 5

If we let n = 0 then the indexing sequences of integers we used above are called parking functions [4,
Chapter 13]. For notational convenience, we write m > n. — 1. The case m = n — 1 corresponds to
the case we have the trivial monomial 1,, from Mag, and the case m = n corresponds to the case we
have only one term 0j'". In other words m — n + 1 is the length of words in 0;'’s.

1.6. Simp. We define the presimplicial K-algebra Simp as the quotient T(9)/Isim, Where

(1.4) Isimp = (9]0 — 14101 [0 <1< j<m, andn > 0)

Note that Simp can also be defined as a quotient of the magmatic K-algebra Mag by the bilateral ideal
<a{t+1 a? n+1 an | 0 TL>.

1+1

Proposition 1.5. The presimplicial K-algebra Simp has a k-basis of consisting of monomials of the
form

(1.5) om ...

1

of within > -+ >1i,and 0 <ij <j

1

foreveryj=mn,...,m

Proof. Recall from Remark [L4] that we have a preferred basis for Mag of the form (L3). Now, in
Simp we replace monomials of the form 9]} with 9}7]9). Then the fact that in the basis monomials

we must have i, > - -+ > 1, easily follows. U

Proposition 1.6. Simp is isomorphic to the categorical algebra of (A™)°P

Proof. The maps o : {0,...,n+ 1} — {0,...,n} are defined as the order preserving surjections
that sends both j and )+ 1 to j for 0<j<<n and n > 0. These surjections are subject to relations
o} o ol = ol o 0';1:1] for0 <1< j <nandforalln > 0. So any morphism ¢: {0,..., m} —

{O .,n}in A" can be uniquely decomposed as

¢ =o o---0ogm!
n

Tm—1
where i, < - -+ < i,,_1. Notice that the monomials of the form (L.3) are in bijection with these unique
compositions in the reverse order. This finishes the proof. U

1.7. Braid. We define the braid K-algebra Braid as the quotient of T(x) by the ideal Ip;,;q where
Iria = (X{% — X X{H XiXinXi — XipXiXin [2<i—jl, 2<n, 0<i<n—2)

The relations above describe the braid groups By on n+ 1 strands for n > 1. The generator X;' can
be depicted as follows:

0 1 i+ n—-1n
(16) 0o 1 i g+ n—-1n

Then two defining relations for i < j in Braid can be depicted as follows:

i i+1i42 i i+1i42
i i+1 i i+1

o -
-l

i i+1i42 i i+Ti42
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1.8. Sym. We define the symmetric K-algebra Sym as the quotient T(x)/Isym Where
ISym — IBraid+ <X11X11_]n | O < 1<TL—], and1 <TL>

One can equivalently define Sym as the quotient Braid/(X'x' — 1, |0 <i<n—1,and 1 < n).

The string diagram for the extra relation defining Sym is depicted as follows:

i i
S
2
i il

2. DISTRIBUTIVE LAWS BETWEEN COMBINATORIAL OPERATIONS CATEGORIES

In this Section, we are going to define a distributive law on a free combinatorial operations category,
and then extend it to the other cases we are interested in. The distributive laws we are going to define
can be considered as distributive laws of operads or PROPs. There are examples of such distributive
laws in the literature [[12, 16} 5], but our cases are different and we build them from ground up using
explicit generators and relations.

2.1. Transpositions. For a K-algebra B and K-bimodule A, a morphism of K-bimodules w: B ®x
A — A Rk B is called a right transposition for B if the following diagram commutes:

BoxBog A —L2% s BoxAox B —22%  Aox Boy B
2.1 HB®Al lAw

w

A right transposition is called unital if it satisfies the unitality condition:

B &k A & B
2.2) wl

A®k B

]A®B

One can also define (unital) left transpositions similarly.

2.2. Distributive laws. Let B and A be two K-algebras. A morphism of K-bimodules w: Bk A —
A Rk B is called a distributive law if it is a unital left transposition for .4 and it is a unital right
transposition for B. A distributive law w is called balanced if w is invertible and w™" is also a
distributive law.

Proposition 2.1. A distributive law for two K-algebras w: B Qx A — A Qg B induces a unital
associative algebra structure on the K-bimodule A @k B with the multiplication (p4 ®k ug)(A QK
w Rk B). We denote the resulting K-algebra by A ®, B.

Proof. The functors ( - ) ®x A and ( - ) ®x B are monads on the category of K-modules. Then
(-) ®k A ®x B is the composite endofunctor which is a monad by [3} Sect.1.]. U
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The string diagram of this twisted product algebra structure is as follows:

A ZEA
o

Proposition 2.2. Let C be a K-algebra and A, and B be two K-subalgebras. If C is isomorphic to
A ®k B as a k-vector space then there is a unique distributive law w: B @k A — A ®@x B which
makes A @, B isomorphic to C as a K-algebra.

Proof. The distributive law w: Bk A — ARk B comes from the multiplication in C and the fact that
C is isomorphic to A ®x 3 as vector spaces. The fact that w is a unital distributive law (commutativity
of the Diagram (2.2))) comes from the fact that 14 = 15, and the fact that w is a right transposition
(i.e. that the Diagram (2.I) commutes) can be described as (bb’)a = b(b’a), while the fact that
w 1is a left transposition (the dual diagram of (2.1])) can be described as b(aa’) = (ba)a’ for every
b,b’ € Band a,a’ € A. O

2.3. Distributive laws on free algebras.

Proposition 2.3. Any morphism of faithful K-bimodules w: W @k V — V @k W can be extended
into a morphism of the type

(,UPJZ W®]Km XK V®Kn — V®Kn XK W®]Km

for any n, m > 1 by applying w successively while keeping other components the same.

Proof. Extension exists and the difference in the order of application can be boiled down to the com-
mutativity of the following diagram for the case n, m > 2 which is obvious.

Wk Vox Wag V—Y v or Weakx Weag V
W®V®wl lV®W®w
W®KV®KV®KW RVEW V®KW®KV®KW

t

We can take the direct sum of such extensions and write the ultimate version w*: T(W) @k T(V) —
T(V) @k T(W).

Proposition 2.4. Extension of any morphism of faithful K-bimodules w: W @x V — V @k W to
their free K-algebras w’: T(W) @k T(V) — T(V) @k T(W) is a unital distributive law.

2.4. The canonical distributive law.

Lemma 2.5. The K-bimodule morphism C: T(0) @k T(x) — T(x) ®k T(0) defined on the generators
of T(9) ®k T(x) as

X ® op ifi<]

XX @or,  ifi=j

XX @, ifi=j+1

X @ or ifi>j+1

2:3) C(Er o) =
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defines a distributive law of free K-algebras of the form C: T(0) ®x T(x) — T(x) ®x T(0).

The representation of this distributive law in terms of string diagrams for the second and third cases
are shown below:

i i+ i+ i i+

/\/

Remark 2.6. In the remaining sections below, we are going to show that the distributive law (: T(0)®g
T(x) — T(x) ®x T(0) induces four different distributive laws of K-algebras of the form

i+1i+2

2.4) Mag ®g Braid — Braid ®x Mag
(2.5) Simp ®gk Braid — Braid ®x Simp
(2.6) Mag ®x Sym — Sym ®g Mag
22.7) Simp ®x Sym — Sym ®x Simp

Below, we will also display the string diagrams of some of the identities. The choice of including
the string diagram just indicates that we display the diagram as a guide for the reader if the identity
requires lengthy algebraic manipulations.

But before we proceed, we are going to need the following Lemma:

Lemma2.7. Let A = T(V)/14and B = T(W) /15 be two K-algebras. Let w: WRkV — Vg W be
a morphism of faithful K-bimodules that extends to a left transposition for A of the form w: T(W) Qg
A = A®g T(W) and to a right transposition for B as w: Bg T(V) — T(V) @k B. Then w extends
to a unital distributive law of the form w: B ®@x A — A ®x B.

Proof. The only thing we need to prove is that we have a well-defined morphism of K-bimodules of
the form w: B ®x A — A ®k B The assumption that w extends to a right transposition for B and a
left transposition for .4 implies that

wIg@k T(V)) CT(V)®k I and  w(T(W) @k L4) C L4 @k T(W)

Since we have

Bk A:=

T(W) @k T(V) T(V) ®k T(W)
and Ak B:=
I @x T(V) + T(W) @k 14 4@ TW)+T(V) @k Iz
we see that we have a well-defined extension. ]

2.5. Mag ®x Braid — Braid ®x Mag. We need to show that the conditions stated in Lemma [2.7] are
satisfied for (. Firstly, we are going to show that (: T(0) ®x T(x) — T(x) ®x T(0) extends to a left
transposition of the form ¢ : T(0) ®k Braid — Braid ®x T(0). We need to show that the following
diagram commutes:

T(0) ®x Braid ®x Braid OB Braid ®k T(0) ®xk Braid Brid®S Braid ®k Braid ®x T(0)

T(a)®]>leidl luBraid®T(a)
T(0) ®x Braid > Braid ®x T(0)
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We check if this is well-defined, i.e. if {(T(0) ®x Zpraid) C Zpraia ®x T(0). For this, we have to check
that the defining relations of Zg,;q are preserved.

We check the first relation in Zg,,;q, namely,
¢ ® x;'xx) = €07 @xwx;')

in Braid ®k T(0). We need to verify this equality forall 0 < i < nand 0 < j,k < n — 1 with
I — k| > 2. We examine this in 7 cases as follows:

Case (1): i<jandi < k:
LT @XMy =X @
=X X © 07 = (37 @ xix))

since |j+1)—(k+ 1) =[] — k| > 2.
Case 2): i<jandi=k. Since |[j+1)— 1+ =|G+1)—(k+1)|=]j—kl =]j —i| > 2 and

clearly |(j + 1) — 1| > [j — i, we get

C(OF @ xi'xi) =X X @ ot
=X @ 0 = (07 @ XX

We can depict the equality above with the string diagrams below.

i i+41 i+2 j+1 §+2 i i+1 i+42 i+1 j+2
i i+1 i i+ i i+1 j g+

Since all derivations are reversible, this case is equivalent to the case where i < kand 1 = j.
Case (3): i<jandi=k+1 (or k =1i—1.) Conditions imply that k < i < j, therefore (j+1) —i =
G+1)—(k+1)=]j—k|l>2andclearly G+1)—(1—1)=(G+1)—1)+ 1 > 3. So,
we have
AT @ XX =X X @ o
=X @0y = ¢(df @ xiix)

One can depict the equality above by the following string diagrams:

i1 ioit 41 j+2 i1 ioitT j+1j+2
i1 i e i1 i it

As before, since all derivations are reversible, this case is equivalent to the case where i < k
andi=j+1.
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Case (4): i<jandi > k+ 1. Since k < i < j we have j — k > 2, and therefore, (j +1) —k > 2.

Then Xﬁr]]XEH = XEHX?:]] which implies

LT @XMy =X @
=xi X ®0F = (3} ®@ xixg)

Case (5):i=jandi>k+1.Sincek <k+1<i=jwehave|i+1)—kl=|G+1)—Kkl =
j—k+1>2andclearly i — k| =[j — k| > 2. Then

C(OT @ xI'xi) =X X I @ o,
=X @ 0%, = (O @ xixd)

We can represent the equality above with the string diagram below:

k k+1 i i+1 i+2 k k+1 i i41 i+2
k k+1 i i+1 k k+1 i i+1

These derivations are reversible as before. Thus this case is equivalent to the case where
i<kandi>j+1.
Case (6): i=j+1(orj=1—1)andi > k+1. Sincei > j > k with j —k > 2 in this case, we have
i—k>({1—-1)—k=j—k > 2 Then
C(A! @ i) =X @ oL
=X @01 = (0] @ XXy

The string diagram depicting the equality above is as follows:

k k+1 i—1 i i+1 k k+1 i—1 i i+1
k k+1 i—1 i k k+1 i—1 i

This case is equivalent to the case where 1 > j 4+ 1 and i = k + 1 since the derivations are
reversible.
Case (7): i>j+Tandi>k+1

A &X'y = @ oF
We have to check the remaining relation in Zg,,4, namely,
C(0F @ xjxihax;) = €0 @ X3 aXiXi)

in Braid ®k T(0). We need to verify this equality forall 0 < i <nand 0 <j < n—2wheren > 2.
We examine this in 5 cases as follows:
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Case (1): 1<
COF @ XX =4 @ op
=X XN @O = C(F @ XXX
Case (2):i>j+2
QO @ XX =TT @ o
=GN @ O = ¢ @ XXX
Case (3): 1 =j + 2. We have
C0%, @ XPaxixgh) =X XTI X © 9

On the other hand, we have

n+l. n+1 n+1 . n+l n+1 _  n+l n+l n+l n+l n+l
Xi+1 X502 X5 X501 Xj+2 =X501 X5 X2 X1 X2
n+1, n+1, n+1, n+1, n+l n+1, n+1, n+1, n+1, n+l

=Xj1 Xy X1 Xj2 Xje =X X Xj2 X5 Xje
Thus

n+1 n+l, n+1_ n+1, n+l n__n+tl n+l n+l n+l_n+l n
X X2 X X X @900 =T X X X X ®0;

=912 @ XXX
These identities can be seen more easily from the following diagrams:

j j+1i+27+3 j j+1i+27+3

N

jojF1i+2 j+3 N %LI
= _ >R
L o [ = é

\‘\\ N

j i+l j+2 j j+1j+2 j j+1j+2

Case (4): 1 =j+ 1. We have
T @ XXX ) =X X X X X @ O

On the other hand we have

n+1 n+l . n+1 n+l . n+l1 _  n+l n+l n+l n+l n+l
X2 X541 X X1 X2 =X542 X X1 X5 Xjg2
n+1, n+1, n+1 n+1_n+l n+1, n+1, n+1_ n+1, n+l

=Xj X2 Xi+1 X542 X =X X+ X2 Xj+1 X5
Thus
XG0k =GR GGT @ O
=C(0% ® XXX

Diagrammatic interpretation is the following for this case:
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j g+l j+2j+3 j g+l j+2j+3
i+ j+2j+3 \l\

§ \|\ j i+ j+2j+3
\( ¢ [ = ) CL

\‘\\ \ \T

j j+1 j+2 j j+1 j+2 j j+1 j+2 j j+1 j+2

Case (5): 1=}
O @ XJrxXi'xihr) =X I X @ O,
On the other hand we have

n+1, n+1, n+1, n+1 n+1 __ n+l n+l n+l _n+l n+l1 _  n+l n+l n+l n+l_n+l
Xi+t2 Xi+1 X5 Xj2 X511 X2 X1 Xj2 X5 Xj1 = X X2 X5 X5 X541

_ntl n+l n+l . n+l n+1 _  nt+l n . n+l n+l n
=Xi+1 X2 X XX = X1 X X2 Xj1 X
Thus
n+1 n+l, n+1_ n+1, n+l n _._n+tl n . n+l _n+l_n n
X2 X1 X5 Xirz X1 @ 034 =X50 X5 X2 X1 X5 ® 05,
_ n n.n _n
_C(aj QX5 X511X; )
i oj+1j+2 j+3
N
N
j j+1i+25+3 \\ j j+1i+25+3
= = <
N ™ W
j j+1j+2

i g+ j+2 j j+1j+2

We also need to check if (: T(0) ®k T(x) — T(x) ®k T(0) extends to a right transposition for Mag:

Mag®( C a
Mag ©x Mag @k T(x) — 22, Mag ®x T(x) ®x Mag — o, T(x) ®x Mag ®x Mag
luMag@)T(X) T(X)®HMagl
Mag @k T(x) : » T(X) ®k Mag

For this, in T(x) ®x Mag we need to verify
CRMr @xp) = ¢l o @ xp)
forall0 <i<j<mnand0 <k <n—1wheren > 1. We examine this in 7 cases as follows:
Case (1): k<i—T1<1i<j.Sincej > k+ 1, we also have j + 1 > k + 1 which implies
COM10} @) =xit T @ o) o)
=X @ O} o = (37 2r @ x})
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Case 2): k=1i—-1<1i<]j
C(a10] @xiy) =i @ 9 o)
=X © a}fﬂ 0, =¢ (a}lﬁ o @)
Case 3): k=i<i+1<j
C(OFof @it =i @ o of
=X @ 0ROt = (9T @ x7)
Case (4): k=i<i+1=j
C(ATToT, @x7) =TT © O F
=X XA @ 07T, = (07, 0 @ xT)
The string diagrams for the equality above are as follows:

i i+1i+2 i+3 i i+Ti+2 i+3

y/ \‘\
~~
i i+1i+2 i+3 ~— \|\ i i+1i+2 i+3

— —

i i+1 i i+1 i i+1 i i+1

/

Case (5):i<k<j—1<]j
C(10r @ xi) =xi @ ooy
=Xt @ 07O = C (9o @ xit)
Case (6):i<k=j—1<]j
C(AIof @xf) =g @ 9T og
=X G @ oY = ¢ (7T @ )
Case (7): i<k=j
C(07T10] @) =g @ O OfL
=X © 07507 = ¢ (31T @)
Case (8): 1< j < k.
C(OFT1Rf @ X}t =xitls ® 011
=Xir2 ® OO = C(O}1'0 @ x})
2.6. Simp ®k Braid — Braid ®g Simp. We have already established that ¢ : T(0) ®k T(x) —
T(x) ®x T(0) extends to a left transposition of the form ( : T(9) ®x Braid — Braid ®x T(0). We
only need to show that ¢ : T(9) ®x T(x) — T(x) ®x T(0) also extends to a right transposition for

Simp, ¢: Simp ®x T(x) — T(x) ®x Simp. Observe that most of the work is also done here because
we showed that the distributive law ( extends from Mag to Simp. Also, note that an equivalence of
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elements in Mag implies their equivalence in Simp. The only remaining relation we check in Zgjpy,, is
this:

COMTO} @ xi) = C(O1 dF @ xi)
forall0 <i<nand 0 < k <n—1wheren > 1. We examine this in 4 cases as follows:
Case(1): i< k. Sincei < k, we also have 1+ 1 < k + 1 which implies

C(arIap s xp) = @ ortor
=Xiyz ® 00 0F = C (01 9F @ x¢t)
Case(2): i>k+1
(Mo @xq) =x T @ optior
=X @ oo = ¢ (0T 3 @ x¢)

Case(3): i=k
n+lan n\ _ . n+2 n+2. n+2 n+lan
¢ (ai O @ x1) =xIxix T @ o ot
_n+2 n+2. n+2 n+lan __ n+lan n
=XIExH I @ o or, = (ot @ xY)
i i+1 i+21i+3 i i+11+2 i+3
L N Ny
i i+11i+2i+3 i i+41 i+214+3
N p—
i ¢
\ \I
i i+1 i i+1 i i+1 i i+1

Case(4): i=k+1
COMr @xt) =X @ ool
=TT @ rTor = ¢ (a?ﬁ o @ x)

i—1 i i+1i42 i—-1 i i+1i+2
\
i—-1 i i+1i+2 \LI i-1 1 i+1 i+2
¢ o ¢
# <:
™

2.7. Mag ®g Sym — Sym ®k Mag. Similar to the previous case, most of the things we need to show
are done in Section[2.5] The only remaining relation we check in Zgyy, is

C(df @) = C(or @ 1y,)

forall0 <i<nand 0 <j <n—1wheren > 1. We examine this in 4 cases as follows:
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Case(1): i<j
C (3T @x5X)") =X @ 9F
T @A =T ® 1)
Case(2): i>j+1
(@ @xg) = @ o
=l @07 =C(0 ®1y)
Case(3): i=)
GO @ xi'x) =X IXTTIE @ of = XX @ of
=l @07 =C (07 ® 1)
Case(4): i=j+1
C(OF @ xiLixity) =xi I I @ of = xiIx @ of
T @A = ® 1y)
2.8. Simp ®k Sym — Sym ®g Simp. We have already established that ¢ : T(9) ®x T(x) — T(x) ®k
T(0) extends to both left transposition of the form ¢ : T(9) ®x Sym — Sym ®g T(0) and right

transposition ¢ : Simp ®x T(x) — T(x) ®k Simp. By Lemma 2.7,  induces a distributive law
Simp ®g Sym — Sym ®g Simp as well.

3. THE LEIBNIZ COMBINATORIAL OPERATIONS CATEGORY

From here on, by abuse of notation, we will write 9}* for 1,,.1 ® 0}' and similarly x;* for Xj' ® 1,, in
Braid ®; Mag, or in any of its quotients.

3.1. Leib and Leib®". Let G be Braid or Sym. Recall that G ®; Mag is a K-algebra where the
multiplication is determined by the distributive law C as described in Proposition 5.16. We define two
ideals of G ®; Mag as follows:

3.1) Ieip := (O1H1OF — (Tniz — x[7) 07107 [0 <j <y n>0)
and
(3.2) Ieiper = (O] 10] — (Tnaz —X57) O [0 <j <y, n > 0)

Then we define K-algebras Leib and Leib°? as the quotients (G ®;Mag) /1 i, and (G @ Mag)/Ijcipor,
respectively. In the case G = Sym these K-algebras are called left Leibniz and right Leibniz K-
algebras, respectively. In the case G = Braid, we call them braided left Leibniz and braided right
Leibniz K-algebras. Unless otherwise stated we will use the unbraided versions of the Leibniz K-
algebras below.

The element of the Ij ., with the smallest superscript n = 0 is represented by the following string
diagram:

2
S
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Proposition 3.1. Assume G = Braid or G = Sym. Consider the automorphism o: G ®; Mag —
G ®¢ Mag of K-bimodules defined on the generators

a(ly) =Tn, alx])=x' and o(d})=x;""o}

foranyn > 0 and 0 < j < n. Then « extends to an automorphism of K-algebras.

Proof. 1f you would like to follow the equations below by drawing corresponding string diagrams for

«, the nontrivial parts depicted after relevant calculations. The diagram for nonidentity part of & on
the generators can be seen as follows:

j j+1 j j+1
x —
=
j j

We must prove that o preserves the relations in Braid ®, Mag. We start with the relations in Mag: for
1 < j we obtain

n+lany __ n+2an+l n+lan _ n+2 n+2an+lan
o (0] aj)_xi 0 Xj aj =Xi Xjn 0; aj
_ 2. n2ant+lan _  n+2Aan+l n+lan
=X Xi 057 0F = X541 0 xi 05
_ n+lan
=x(0}; 07)

by using the distributive law . As for the interaction between ;' and 9", we consider 4 different
cases:

Case (1) 1 <j.

(i) =xi oK = xi X of

n+l. nan __ n+lan
oy = CX(X]'-H 07)

:Xj-H Xi
Case (2) 1 =).

n,ny . n+tlan_n _  n+l_n+l _n+lan
o (07X1) =Xi 0iXi =Xi Xir1 Xq 0
_ . ntl n+tl n+lan n+l, n+lan
=Xim Xi | Xim Ot = (X x4 0ipq)

i i+ i+2

i i+11+2 L \ i i+ i+2
i ir1i42 '~ \‘\ L N
x x
ﬁ pu— ¢
~ ~
i t+1 i i1 i i+

i i+1

Case 3) i=j+ 1.

i+1 X5 Xj+1
n+1, n+1, n+lan
=X; X1 X 9

n ny _ . n+lan n_ . n+tl_ n+l n+lan
a(aj+1Xj ) =Xj11 071X =X 0;

= (I o)
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j+1j+2

i+l j j+1j+2
9 - O
\
j j+1 j+1 j4+1 j41
Case (4) i>j+ 1.
a(d7x]) =x{ oK = X o
_X]n+1 +1 a‘{l _ OC(X;.TVFIa‘in.)

The result follows. U

Proposition 3.2. The left and right Leibniz K-algebras Leib and Leib°? are isomorphic via o we
defined in Proposition(3.1

Proof. We know that « is an automorphism of the K-algebra Sym ©®; Mag. We will show that &« maps
the ideals I jp and I por to each other thus prove our statement. So we apply « to each generator of

ILeib
(AP — (102 — X[V OT)
A2, ] n+1an+1ap _ (] n+2) n+2, n+2 n+Zan+1an
X]H X} X}H n+2 X)+1 X] X]+1 X j+1
X;l—&-zx;:i-]lx;m—i-] (an—H o — (1n+2 _ X;1+2)a}1_:-11 an)
forany 0 <j < n. O

3.2. A different presentation for Leib.

Proposition 3.3. Assume G = Braid or G = Sym. The product G ®; Mag has a basis that consists of
monomials of the form

(3.3) Tpe1 O - OF

n

where m > n— 1, T € B (resp. Ty € Smu2) and jy = --- = jn. Based on this fact,

G ®¢ Simp has a basis that consists of monomials of given in Equation but this time for j,, >
- > Jn.

Proof. We will give the proof for Mag for the case G = Braid. The other cases are similar. Note
that the relations of the distributive law given in Equation (2.3) indicate that we can straighten the
arbitrary mixed monomials of xi* and 0j* where X;'’s move to the left and 0;"’s move to the right. Once
this is done, we can straighten 0;'’s using Propositions and We regroup the monomials of X
on the left and call it T,,11. Hence we can always obtain monomials of the form Ty,410;7, - - - 05} with
particular subindices described above. U

Proposition 3.4. Leib°? and Sym ®; Simp have the same k-basis.

Proof. By applying the new relations we get from I .;,or, we need to straighten the basis monomials
with monomials conforming to the condition stated above. Notice that we do not need to straighten
the Braid group part, but the Mag part. We will write the proof by induction on the length of the
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monomials coming from Mag. For m = n (the trivial monomial 1,,)) and m = n + 1 the statement
is trivial. So, the base case is when m = n + 2. If we have a monomial of the form 6}:: a;; with
jn+1 = jn. The only case where this monomial has to be replaced is when j,, 1 = j,,. In that case we
replace 6}:” o with (1 — x]T:f] )6}:5:1 07 and since j, + 1 > jn, the new monomial conforms to the
statement. Assume any monomial of length £ can be straighten to conform to the statement. Assume
o --- 0 with m —n = {is a monomial in Leib of length £ + 1. Notice that the relations in Leib®?
indicate that if a length 2 part aiﬂ 0. of a monomial 0;" - - -0} is replaced

m u+1 u n
O 05 B 95,

affected region unaffected region

the part of the monomial to the right of 0;; stays unaffected. Thus if the monomial already satisfies

Jnt1 > jn, We can straighten a;;n cee 6}1:] and then attach 6}}1 after the fact. If, on the other hand,

jn+1 = jn then O --- 0] is replaced with

m n+2 _ 2y Andl an
o5, - 055 (1 = X35 0554 05,

and we can move the braid group elements all the way to the left, straighten the part to the left of 07
in Mag and then apply induction hypothesis. The result follows. 0

Definition 3.5. Let p™; := 0 in Leib and then recursively define

n+l n

P = 0y T X541 P

for any 0 <j < n — 1. One can also define p;* non-recursively as

j
=07+ 3 gL
a=1
forany 0 <j < n.

Lemma 3.6. We have the following relationship between ;' and p;' in Leib:

X er ifj >1i
(3.4) PIX = S X ol — XXX el T X e, i =1
X op ifji <i

foranyn > 1and forany0 <i<nand0 <j<n—1.

Proof. To prove this lemma, we will use a K-algebra endomorphism (-)[+1] : Leib — Leib and its
variants. This endomorphism shifts up the right and left degrees on generators by 1:

(3.5) L =T =" 1] =or!

for0 <1 <n—1and 0 < j < n. Observe that this endomorphism can be generalized to greater
shifts in degree. In particular, for all 0 < j < n we have pJT‘ = p; [n —j]. Note also that, this is a
K-algebra morphism because multiplication structure is determined solely by the lower indices.

When we visualize every elementary tensor in terms of their diagrammatic representation, we see
that the endomorphism just adds strands to the right of the diagram that does not interfere with the
multiplication. On the opposite side, we can remove idle strands in the diagram when we multiply
elements and then add them later. So it is a naturally arising endomorphism.

We prove the lemma by using case-by-case analysis:
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Case (1) j > i. Under this assumption, we can reduce the case of calculation of p{‘X]T‘ to pi“x%“

because we can adjust the upper indices as follows:
1 i+ .
pIx} = (91+ X} ) m—j—1

So, it is enough to consider products of the form pix;_; for 0 <1i < n.

i
I =00+ D XX
a=1

i
=t + ) T aatx o
a=1
=xn" o}
Having this equality, we can go back and complete the remaining cases as follows:
oI = (I "X =i — 11 = (e I —j — 11 = x'p!

Case (2) i =j. Asitis done above, we can reduce the case to pL_;xn_;.

n—2
n n _Aan n n+lan n n+1. n+1 n+lan n
Prn_1Xn—1 _an—1Xn—1 +Xn—1 an—ZXn—l + z Xn—1Xn—2"""Xa aa—1Xn—1
a=1

n—2
_ntl_n+lan n+l, n+lan n+1, n+1 n+l n+lan
=Xn Xn71an+xn71xn an—2+§ Xn-1Xn-—2"""Xa Xn aa—]
a=1

_ o+l n+l n n+l, n+l  n+l n n+l,,n+1 .n
=Xn Xn-1Pn —Xn Xno1Xn Pn +Xn71Xn Pn2

Case (3) 1 =j+ 1. We can reduce this case to pxn_;.

n—1
n,n  _Aan.n n+lan n n+1, n+1, n+l n+lan n
PnXn—1 _aan—l +Xn an—1xn—1 +§ Xn Xn-1Xn-2"""Xa aa—]Xn—]
a=1
n—1
_ntl _n+lan n+1, n+1, n+lan n+1, n+1, n+l n+1, n+1an
=Xn-1Xn an71+Xn Xn Xn71an+§ Xn Xn-1Xn-2"""Xa Xn aafl
a=1

n—1
_ . n+l _n+lan n+lan n+1. n+1 n+2, n+l n+lan
=X TR XN+ D xS X o
a=1

n+1 n

:Xn—l pn

Case (4) 1> j+ 1. This time we can reduce the case to ppx;* for 0 <j < n.

j—1
n,,n __ . n+tlan n+1 n+1_ n+l n+l1_n+l n+lan
PnX; =X an+ZXn XXy X1 X1 0 Xa Ya
a=1

n+1 n+1, n+1,. n+lan n+1 n+1, n+1, n+1, n+lAan
Xn X X5 X 05 X X5 X X5 X5 O3

n
n+1 n+1, n+1, n+lan n+1 n+1, n+1an
TGO+ Y gt et e
a=j+3

n

_ . m+1 n n+1 n+lan

_Xj an + E Xn " Xa a—1
a=1

n+l n
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Hence we are done. U

Lemma 3.7. We have the following relations satisfied in Leib:

n+l n n+1 n

Py Py = Py Py

foranyn > 0and0 <i<j<n

Proof. Since we have

(3.6) 1ol = (p) o)) — ] = pl" ' — i - plln —j]

the statement reduces to proving p{‘“ oy = pﬁﬂ pi* for every i < n. We will use induction on n to

prove the statement. For the base case n = 0 we have
P1P) — PoPy =070 + X703 — 3505 = 3793 — (T2 — X7) 960
Right hand side of the equation lies in Ij ., meaning that p}p3 = p]p§ in Leib. Now, assume as our

induction hypothesis that we have p{‘pﬁj = pﬁp{“1 hold for any 0 < 1 < n — 1. We need to show

pp = 1 pM holds for any 0 < i < n. We divide this in 3 cases.

Case (1) 0<i<n—1

pi ol = Ok + ol (07 7) 1)
= onhiel + xnid (enel ™) [+ 11

1 2 ntl
= 0nhet +Xnien ey
1
= pﬁi] [l
where we use two main identities p[""' " = ¥ 7pM! from Lemma 3.6 and pl'pl ] =
pﬁp{"1 from the induction hypothesis. We also use p{‘“ oy = agj} pl* which is straightfor-

ward to show, using the non-recursive definition of pI**'

i7" and relations in Mag.
Case Q) i=n—1

n+l . n _ n+lan n+l n+l n
pn71 pn - pn71 an + pn71Xn pn—]

__ Aan+l n n+1 n+1 n
- an-H pn—] + Xn-H pn—1 pn—]
_ Aan+l n n+l n+l _n
- an-H pn—] + Xn+1 pn pn—]
_ n+l n
- pn-H pn71
A : : ntlan _ gntlon ntlon+l
We use similar identities as in the previous case, namely p; "0 = 077 ;o5 and pp " X" =
n+1 n+1
Xnt1Pn
Case(3)i=n
First we note that 97%"'97 = 9711 9% + X709 in Leib by the relations in the ideal Ij cip.
i 1t n+lon+1 _  nt2 n+2an+] ntl mn . ntlan
Moreover, we use the identities 03" X5 = Xp.1Xn On.q and 077 pny_; = Py ;05 and
n+2 ntl . n+l, n+1 .
Xn “Pni1 = Pni1Xn - So we have:
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n+l n _ Aant+lan n+l, n+1 n n+2 n+l _n
Pn Pn = an an + an Xn Pna + Xn pn71 Pn
__Aan+lan n+2an+lan n+2,. n+2an+1 n n+2 n+l1 n
- an+1 an + Xn+1 an an + Xn+1xn an+1 Pn1 + Xn pn+1 Pn
__ Aan+lan n+2an+lan n+2,. n+2 n+lan n+2 n+1 n
- an+1 an + Xn+1 an an + Xn+1xn pn71 an + Xn pn+1 pn—1

_ . n+lan n+2 n+l n
- pn+1an + Xn pn+1 pn—1

n+l,,n+1 .n

= PN + prtixi o,

_ n+l n
- pn+1pn

Hence we are done. ]

Remark 3.8. In Lemma[3.7] we showed that the the elements p!'’s satisfy the same relations satisfied
by 0:'’s in Simp. So, if we depict p*’s the same way we depict 0;'’s in our string diagrams we get the
following string diagram for the second case of the relation in Lemma 3.6

i-1 i
i-1 1 i+1 i+2 L
i i+1i+2 ~
\Q w

i i1 i it1 i1

i+1

i+1i+2

i i+Ti42

T

i-1
i—1 ioi+l

i—1
i—1

3.3. Leib is a crossed presimplicial algebra.
Theorem 3.9. Equation (3.4) describes a distributive law of the form
w: Simp ®x Sym — Sym ®g Simp

Consequently, Leib is isomorphic to Sym ®,, Simp as K-algebras.

Proof. Lemma 3.6 together with Lemma [3.7] ensures that any element of Leib can be written (not
necessarily uniquely) as a k-linear combination of monomials of the following form:

m n
Tm+1P5, " Pjn

where T,,1 € Sz and j, > -+ > j,. We also know that Leib is isomorphic to Leib°?, which in
turn is isomorphic to Sym ®x Simp as k-vector spaces. Therefore the monomials above must form
a k-vector space basis for Leib. Note that this bijection of the bases works in a bigraded level, so
these bijections are in fact between bigraded finite sets. Now, by Proposition we have a unique
distributive law w: Simp ®x Sym — Sym ®x Simp such that Leib is isomorphic to Sym ®,, Simp
as a K-algebra. The inherent algebra structure in Leib forces w to be the one explicitly described
distributive law in Equation (3.4). O

APPENDIX A. OPERADS AND PRO(P)s

In order to put our definitions of combinatorial operation categories and K-algebras into their proper
context, we need to recall some basic facts about operads, PROs, and PROPs. See Remark at the
end of this section. Our main references are [[19, (13, [18, 10, [15]].
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A.1. Nonsymmetric operads. [15 Section 5.9.3]

A nonsymmetric operad P in C consists of collection of objects P,, in C for n > 0, a unit morphism
t: I — P, and a collection of composition morphisms

Y(m;nh"-»nm):Pm@Pm ®"'®an _)Pn

for every n > 1 and m-composition 1y + - - - + n,;, = n of n. These morphisms, together with the
unit morphism t : I — P must satisfy unitality

Ile

P @ IO™ ) P < 1O Pn
Pm®l®m ‘y(];m) LOPm
Pm © PP P ® P
and associativity axioms.
PTFL@O?I: V(ns;es,l »"'»es,ns )
Pm @ (@:1:1 (Pns @ (@?;1 7Des,r))) 1 Pm @ P@] @ Tt @ P@m
shuffle
P © (O Pn.) @ (O O Pr,y)
‘Y(m;al )--->€m)
y(m;m »---»TLTI’L)@@?ZI @11:[:51 /Pls,r
Pn® (OL O Pr,) P

Yty N )---)Zl,nq )---)Zm,l ,---,Zm,nm)

where 1 <k <m =04+ -+, b =0+ -+ n,andn = ng + --- + n,. Note that
= Z]i; Z?:‘l {;; is an n-composition of £ because N =1y + - - - + Ny

As for the morphisms, we will say f: P — Q is a morphism of operads if f is a collection of
morphisms f,: P, — Q, in C such that

y(mmny,...,nm)

Pm@Pn]Q"'Qan Pn
fm®fn1®---®fnml l/fn
Qm@Qm@"'@Qnm Qn

y(m;m »---snm)
commutes for every n and for every m-composition ny + - - - +n,;, = n.

We use OP(C) to denote the category of operads in C.

A.2. Symmetric groups as an operad. Consider the collection of symmetric groups S, forn > 1
which we denote by §. We define an operad using S in the category of finite sets as follows: let
n + - - - + N = n be a m-composition of n. Define the composition maps

Y(mmy.ooy )t Sy X Sy X oo X Sy — Sa

by

Y(m;nl)'“»nm)(u) G]»-H)Gm) =011 DD Ou—1(m)
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forevery u € S, and 0y € S, fori = 1,..., m where the sum o @ o’ of two permutation o € S,
and 0’ € Sy, is defined as

(¢ if{ <a
o’/d—n) ifa<l{<a+b

qQ

(A1) (c®o')(0) :{

forevery a,b € Nand 1 < { < a+ b. See [9, Example 1.5].

A.3. Symmetric operads. An operad P is called symmetric if S;, has a right action on P, for all
n € N. The action comes with two equivariance conditions [19]]. The first equivariance condition is
given by the following diagram:

OPnq ©O-OPny
Pm@Pn]Q"'QPn]n ? !

>7Dm®73n] @@Pn]n

lmeO'

y(mmy,...,im) Pm © ,Png(” ©-0O Pno‘(m)
l‘Y(m;nc(l])---)nG(m))
P > P
o(Mq,eeeyim)
for o € Sy, and for any composition n;+- - -4+n,;, = n. The permutation o(ny,..., M) € Sy, 4oin,
permutes the blocks (1,...,1),..., (Mm_1+1,...,ny) as o permutes {1, ..., m} with a left action.

The second equivariance condition is as follows:

Pm®01O+-O0m

/PTTI@/PTI]Q.'.Q/PTIT“ >,Pm®/Pn]®"'®/PnTn

Y(mmy,...,nm) Y(mmnyyeynim)

Pn > Pn

01D - D0om

for given 03 € Sy, for 1 < i < m and their block sum 07 @ - - - ® 0y € Sy, 4. 4n,,. Because of these
two equivariance conditions, the y maps are defined as the sum of the following morphisms

Y, .M Py Os, Indg? g (Poy @0+ © Pry,) — Pa

over all compositions of the form n; + - - - + n,, = n. Tensor product over S,, comes from the first
equivariance condition, while the induced module comes from the second.

A.4. The endomorphism operad. Let A be an object in C. There is a canonical operad associated
with A which we denote by O(A) where
On(A) = C(AQn) A)

The operadic composition law is defined as follows: let n; + - - - + n,, = n be an m-composition of
n and define
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via
CA™ A)@C(A™MA)® - ® C(A®™™ A)
lc(AGm,A)@a@
C(A®™ A) @ C(A®™ AP™)
lo
C(A®™ A)

The operad O(A) is called the endomorphism operad associated with A. Note that if we assume C
is symmetric (resp. braided) monoidal, then the endomorphism operad is naturally symmetric (resp.
braided).

A.5. Algebras over operads. Let P be a operad in C. We call an object A € C as a P-algebra,
if there is a morphism of operads of the form Ay: P — O(A). Given two P-algebras A and B, a
morphism f: A — B is called a morphism of P-algebras if the following diagram

A (o)

(A2) AGm A
fon l l f
Bon B
Ag(a)

commutes for alln > 1 and « € P,. Algebras over P together with P-algebra morphisms makes a
category denoted by Alg.(P).

A.6. PROs. Our main references for this Section are [10, Definition 2.2.2] and [16, Chapter 5].

A PRO (PRoduct Operations) in C is a strict monoidal category P enriched in C with the objects [n]
for n € N where morphisms between objects are objects in C. P is equipped with a monoidal product
¢ given on the objects by the sum of natural numbers.

PROs can be thought of as categories that model algebraic operations with multiple inputs and multi-
ple outputs, whereas operads model multiple inputs but one output. Thus if P is a PRO(P) in C, then
resP, := P(n, 1) is an operad in C.

A.7. Symmetric groups as a PRO. Collection of symmetric groups S = | | ., S,, forms a monoidal
category as follows: Ob(S) = N\ {0} and

S( ) S, ifn=m
n,m) =
() otherwise

The monoidal product & on objects is just addition of natural numbers. The monoidal product on
permutations is defined in Equation (A.1).

Note that S is a strict symmetric monoidal category where the switch is defined as

odo’

Tn,ml lTn,m
moén mon

o'do
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using the permutation Tp

. C+m iffn
Tn,m(l):
—m ifn<f<n+m

foreveryn,me Nand 1 << n+m.

A.8. The PRO(P) associated to an operad. Our main references for this Section are [20, Section
4.1], [[13], [10, Section 2.2.6], and [2, Section 3].

Assume O is an operad over C, and let us define a PRO catO. Since we are defining a PRO, the
objects of the category catO are [n] for any n € N, and the monoidal product on the objects is given
by addition of natural numbers. The morphisms in catQ are given by

(A.3) catO([nl,ml) = € On, 0+ ©0On,
ny+-4nNm=n

Here the sum in Equation is taken over all m-compositions of n. Since we implicitly assume
Oy = 0, one can take the sum over all order preserving surjections of the form f: [n] — [m] where
each n; = [f~'(i)|. Thus a (homogeneous) morphism f € catO([n], [m]) is of the form (f, b) where

f: In] — [m] is an order preserving surjection, and b = (b1 ® --- ©® by) € Op, © -+ © Oy,
where n; = [f7'(i)| fori = 1,...,m. For two homogeneous morphisms (g,b): Im] — [{] and
(fya): In] = [m] in catO, their composition g o f: [n] — [{] is defined via

(A4) (g,b) o (f,a) = (gof,y(bi,Ogj,)=1a5) © - ©V(be, Og(j)=eaj,))

using the composition in the operad O. The monoidal product of morphisms is taken in the monoidal
category (C, ®) since morphisms are defined in this category.

In order to extend the PRO catO to a PROP, we need to add a symmetric group actions. Thus we
write

(A.5) catO(ml,iml) = @  (On, O ©On,) Bs,, sxSuy Sn
ni+--+nm=n
The right action of S,;;, comes from the symmetric monoidal structure on C permuting the terms Oy, ®
-+ ® Op,,. The left S,, action now comes from the induced action from S, X --- x Sy to S;,. More
extensive account on this symmetric structure is given in [2, Section 3].

A.9. Variations in the literature. The prototypical example of the PROP associated with an operad
is Segal’s category I" [22] where I" appears as the PROP for the commutative operad in the category of
based pointed sets with smash product as the monoidal product. Our definition of the PROP associated
with an operad O comes from [2, Section 3]. In [20, Section 4.1] May defines the PROP associated
with an operad with different Hom objects, and in [21, Section 10.2] it is shown that these Hom
objects are isomorphic to the Hom objects

(A.6) catO([n = P 0 - ® Of1(m)
f:m]—[m]

where the index runs through all surjective set functions. Leinster [13, pp.21] uses the same Hom
objects, while Adams [1, pp.42] and Markl [17, Example 60] use the definition of the Hom objects

given in Equation (A.3]).
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Note that May’s description of the Hom objects is equivalent to writing the sum over compositions as
in Equation (A.3)). This is because for every surjective function f: [n] — [m], there is a unique order
preserving map f: [n] — [m] and a (not necessarily unique) permutation ¢ € S, such that f = f o 0.
The permutation determines a unique right coset (Sy, X - - - x Sy, )0 of the subgroup Sy, x - -- X S;,,
of S, coming from block sum of permutations. Thus May’s PROP comes with a canonical symmetric
structure which is the same as ours.

For two homogeneous morphisms (g, b): [m] — [{] and (f, a): [n] — [m] in catO May defines the
composition as

(A7) (gof,y(by; Ogug=1ax) - o1, -+, Y(bi; Oge)=1ak) - 01, - =+, Y(bm; Ogx)=m k) * O )

where 03 € S(gor)-1(1) are the permutations that makes (gof)(07 @ - - @ 0y, ) order preserving. Again,
this is equivalent to our composition law in the symmetric case. Adams [1, pp.42] and Markl [17,
Example 60] do not explicitly define the compositions for their PROPs. Leinster [13, pp.22] claims
he uses “closely related but slightly different” composition compared to May [20], but without an
explicit description.

A.10. The PRO(P) associated to an operad is as good as the operad itself. We will call a PRO P
as reducible if P = cat(resP), i.e.

P(nl,mh)= & P, 0) o - ©P(mnl,0])

for every n and m.
Proposition A.1 ([10, Section 2.2.6] and [2, Proposition 3.1]). The functors
cat: OP(C) - PRO(C): res

~

are an adjoint pair. Moreover, they induce an equivalence between OP(C) and redPRO(C).

Proof. We must show PRO(catO, P) = OP(O, resP) for every operad O in C. We first note that
morphisms of PROs are functors which are identity on the set of objects. Moreover, since functors in
PRO(catO, P) are monoidal and morphisms in catO are obtained from O, any functor of the form
F: cat©® — P on morphisms is determined by their image O,, — P([n], [1]). Thus we have shown
that the monoidal category associated with an operad is a (reducible) PRO, and PRO(catO, P) =
OP(O, resP). On the opposite side, if we only consider the morphisms from [n] to [1] in a PRO,
resP, := P([nl,[1]) is an operad. When P is reducible, every morphism [m] — [n] in P can be

written as a sum of monoidal products of morphisms of the form [my] — [1],..., [m,] — [1] where
m = my + --- + m,. In such cases, the (monoidal) category associated to resP is P itself since P
is assumed to be reducible. O

Proposition A.2 ([13| Theorem 1.6.1]). Let O be an operad in C, and let Alg.(O) be the category
of O-algebras in C. Then there is an equivalence of categories between Alg.(O) and the category
of monoidal functors Mon(catO,C) from catQO to C. The same equivalence can be written for a
symmetric (resp. braided) operads and a symmetric (resp. braided) monoidal functors.

Proof. Let A € C be a O-algebra with the structure morphisms A% : O, — C(A®" A). We define
(symmetric, resp. braided) monoidal functor ¢a: catO — C by letting da([n]) = A®™ on the
set of objects. Note that since C is a strict (symmetric, resp. braided) monoidal category, we get
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AGMIM — AGN ) AOM and we get a strict (symmetric, resp. braided) monoidal functor. Since we
have catO([nl, [1]) = O,, a morphism f: [n] — [1] in catO corresponds to an element f € O,, and
we have ¢a (f) = AX(f): A®™ — A. This extends to all morphisms in catO because every morphism
[n] — [m] in catO can be written as a sum of finite monoidal products of morphisms of the form
[ni] — [1] determined by m-compositions n; + - - - + n,, of n.

Now, if f: A — B is a morphism of (J-algebras, we must show that there is a natural transformation
of the form ¢¢: G — P making diagrams of the form

da(B) Aom

o] Jon

BO" — - BOm

¢ (B)

commutative for all 3 € catO. However, since the morphisms in catO is generated by morphisms of
the form [¢] — [1] via the monoidal product, in order to verify the natural transformation conditions,
it is enough to consider diagrams of the form (A.2)) which all commute since we consider O-algebras.
If we assume O is symmetric (resp. braided) the category catQ is symmetric (resp. braided). This
finishes the one side of the correspondence.

On the other hand, assume we have a strict (symmetric, resp. braided) monoidal functor of the form
¢: catO® — C. Then we have ¢([n]) = A" where A = ¢p([1]) for each n € N. Also note that since
¢ is a strict (symmetric, resp. braided) functor, we have (S,,-equivariant, resp. B,-equivariant) maps
Gn1: On — C(A®™ A) since catO([n], [1]) := O,. The definition of a monoidal functor, together
with the definition of composition of morphisms in catO ensures that the collection (¢. 1) nen indeed
defines a morphism of operads.

It is easy to see that these two constructions are mutual inverses on the set of objects, and morphisms.
g

A.11. A non-linear example. Consider the skeletal category of finite sets with all set maps and with
the Cartesian product as a strict symmetric monoidal category. The unit object is the set [1]. There is
a unique operad Comm in this category which is defined as Comm,, = [1] for every n > 1.

Let us first consider the non-unital version where Commy = (). The PROP associated with Comm
then is the skeletal category of finite sets with surjections since

|_| (Commy, x -+ x Commy,, ) Xs, x-xSy, XSn
ny+-+nm=n

— |_| (] x---x[1]) XSy, % xSnm X On

N
m-times

— I_l (Sn; X -+ x S, ) \Sn

ny+-4nm=n

and because surjective set maps of the form f: ] — [m] with n; = f~'(i) are in bijective corre-
spondence with the set of right cosets of S,;, x --- x S, in S,, since both sets have the same size

n! _
Mol ! where n =n; +--- 4+ n,, foreachn; > 0.
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On the other hand, if we forgo the symmetric structure, we get the opposite category of the skeletal
category of well-ordered finite sets with order preserving surjections since

I_l Commy,, X --- x Commy,, = |_| 1]
ny+-+nm=n ny+-+nm=n
and because the set of m-compositions of n are in bijective correspondence with order preserving
surjective maps of the form f: [n] — [m] where the bijection from functions to compositions is given
by f— (f71(1),...,f'(m)). Note that since we assume each [f~' (i)| = n; > 0, we have surjections.

Now, let us consider the unital version where Commy = [1], and where we allow n; = 0 in a
composition of an integer in the indices we use in the unions. This means we now consider all maps
f: n] — [m] since we now allow f~'(i) to be empty for some 1 € [m]. Then for the symmetric case
we get the skeletal category of finite sets with all maps, and for the non-symmetric case we get the
skeletal category of well-ordered finite sets with order preserving maps. The former is an unbased
analogue of the opposite of Segal’s category I' while the latter is the simplex category A.

In terms of parametrizing categories, the symmetric version of the non-unital Comm parametrizes
commutative semi-groups while the non-symmetric version parametrizes all semi-groups. The unital
version of the symmetric Comm then parametrizes commutative monoids while non-symmetric unital
Comm parametrizes all monoids.

On the other hand, if we use the operad we defined Section and let Assoc, = S,, forn > 1 the
symmetric PROP associated with this operad is

] (Smy %+ X Sn) Xsy, xS Sn
ny+-4nm=n
In the unital case we get the crossed simplicial group AS [7], while in the non-unital case we get
A™S the subcategory of epimorphisms of AS. These combinatorial operations categories also model
semigroups and monoids, respectively.

As another variation, instead of the symmetric groups, we could have easily used the braid groups
B = | ],-;Bn, and we would have obtained crossed simplicial groups AB and A*B for braided
monoids and braided semigroups, respectively.

Remark A.3. If C is a PRO, we can forget the monoidal structure and obtain a combinatorial oper-
ations category, and thus obtain a forgetful functor of the form PRO; — COy. Now, we have the
following functors

OP, — redPRO, — PRO;, — CO, — Alg(K)

There are the corresponding functors for symmetric and braided flavors.
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