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Abstract

We provide a general Ito-Wentzell formula for a random field of maps on the
Wasserstein space of probability measures, defined by continuous semimartingales,
and evaluated along the flow of conditional distributions of another continuous semi-
martingale. Our method follows standard arguments of 1t6 calculus, and thus bypasses
the approximation by empirical measures commonly used in the existing literature.
As an application, we derive the dynamic programming equation for a mean field
stochastic control problem with common noise.
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1 Introduction

Let X = (X¢)t>0 be a square integrable continuous semimartingale on a filtered probability
space (Q,]: , {ft}tzo,P)- For simplicity, we consider the scalar case as the multidimen-
sional extension does not raise any special difficulties. Denote by m; := P o X, ! the
marginal law of X;, which lies in the set Pa(R) of all probability measures with finite
second moment. For a function u : Po(R) — R, with appropriate regularity, an Ito’s
chain rule for the map t —— wu(m;) was established by various methods in the litera-
ture after the Lectures of P.L. Lions at the College de France, see Buckdahn, Li, Peng &
Rainer [BLPR17] and Chassagneux, Crisan & Delarue [CCD15] for continuous diffusions,
Cavallazzi [Cav22] for a Krylov-type extension of the Ito formula to maps in appropri-
ate Sobolev spaces, Li [Lil2] and Burzoni, Ignazio, Reppen & Soner [BIRS20] for special
classes of jump-diffusions with continuous marginals. The case of general cadlag semi-
martingales was solved simultaneously by Guo, Pham & Wei [GPW22] and Talbi, Touzi
& Zhang [TTZ23].
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The Ito chain rule states that, for a map v with appropriate smoothness on the Wasser-
stein space of probability measures, we have

t t
u(my) = u(my) —|—E[/ Opu(ms, Xs)dX, + %/ O0x0pu(mg, Xg) d(X),|, for all t >0,
0 0

(1.1)
where 0,u : P2(R) x R — R denotes the so-called Lions derivative, and 0, is the partial
gradient operator with respect to the z—variable. See e.g. Carmona & Delarue [CD18a].

Our objective in this paper is to revisit extensions of the last [t0’s rule in two directions:

- the measure variable is random and defined as the conditional law y; := P o (X;|F°)~!
of X, given some sub-sigma algebra F° of F,

- the function u is extended to the context of a dynamic stochastic flow of continuous
semimartingales {u;(z),t > 0} for all fixed z € R.

The first extension is motivated by the vibrant research activity on mean field stochas-
tic control with common noise, and the Master equation in the context of mean field games
with common noise. The second extension is also motivated by similar stochastic control
problems under partial information. The huge interest of the community in this area
is enhanced by the wide applications in various questions pertaining to multiple agents
decision problems.

Our main emphasis is on the simplicity of our derivations which follow standard argu-
ments in Ito calculus, and which allows to obtain new extensions which were not considered
in the existing literature. In order to better explain our approach, let us show how (1.1)
can be obtained by means of the following early graduate class level arguments (where the
two first steps are simple reminders):

e We first recall from Cardaliaguet, Delarue, Lasry & Lions [CDLL15] that the Lions
derivative 0, is related to the functional linear derivative d,, by 0, = 0,0,,, where
Omu 2 Po(R) x R — R is defined for all m,m’ € Py(R) by the following limit, if
exists:

gi{% % [u(m+ e(m'—=m)) — u(m)] =: (Su(m),m'—m) = /5mu(m,x)(m'—m)(dx).

Notice that this definition is a mix of directional and Gateaux derivative, and that
the map 6, u(m) := 6pu(m,.) : R — R needs to have quadratic growth, at most,
in order for the last integral to be well-defined.

e By standard calculus, and under slight regularity, this definition is equivalent to the
requirement of existence of such a function d,,u satisfying the requirement

1
u(m) —u(m') = / (Omu((1 — N)ym + Am'), m'=m) dX, for all m,m’ € P»(R),
0

which is all we need for our subsequent derivation of Ito’s formula.



e Given a dense partition (¢]');>o of the [0,00), denote s} := s A t?, for all s > 0, and
use the telescopic decomposition together with the last definition to see that:

1
u(ms) —u(mg) = Zu(mszz) — u(mS?,l) = Z/o <U7){7i,msy — m5?71> dx,  (1.2)

i>1 i>1

with Ufl‘ﬂ- = mu((l — )\)msﬁl + )\msgz) a scalar map on R. We next observe that

<U£\,i7ms?—ms?71> = / []7)1\72 d(mszl_mS?,l)

= E [Uﬁ\,i(XS?) - Ufz\,z‘(stil )]

= E[ / :l(Uii)/(Xr)er+%(U,)L‘7Z-)//(XT)d(X>,, :

1—1

where the last equality follows from the standard It6’s formula, under the appropri-
ate regularity assumptions on the map Ué‘l Plugging this expression in (1.2), we
obtain the required formula (1.1) by standard limiting argument using the dominated
convergence theorem.

The last argument is most appealing as it uses the standard intuitive notion of func-
tional linear derivative §,,. Moreover, it completely bypasses the crucial step of projection
on empirical measures used in most of the previous literature following the Lectures of P.L.
Lions at the College de France, see Chassagneux, Crisan & Delarue [CCD15], Buckdahn,
Li, Peng & Rainer [BLPR17|, Carmona & Delarue [CD18a]. Here, the idea is to approxi-

mate the marginal law m; by the corresponding empirical measure ;" := % Zig NO Xi of

a finite sample of N independent copies (X!,..., X™V), apply the standard It5’s formula
to the finite dimensional map @™ (X}, ..., X{V) := u(m}), and finally take limits by using
fine results on the convergence of empirical measures.

The simple method outlined above is applied in Talbi, Touzi & Zhang [TTZ23] in
the context of cad-lag semimartingales, see also the parallel paper by Guo, Pham & Wei
[GPW22] which uses a functional analytic extension of an appropriate class of cylindrical
maps in order to account for the jumps of the semimartingale.

The main contribution of this paper is to show that the previous simple method also
applies to derive an [t6 -Wentzell chain rule for conditional laws. This answers in particular
a question raised in dos Reis & Platonov [dRP22], who derive the 1t6-Wentzell formula by
adapting the technique of projection on empirical measures used by Carmona & Delarue
[CD18b] to derive the It6 formula for conditional laws, see also Cardaliaguet, Delarue,
Lasry & Lions [CDLL15] in the context of the Master equation. We notice that, while the
state process in [dRP22] is defined by SDEs driven by Brownian motions and is conditioned
by a Brownian motion, we consider in this paper general continuous semimartingales with
general conditioning. Moreover, our [to-Wentzell formula is derived for a random flow
continuous semimartingale, extending the case of deterministic function of a process and
a conditional law of another process of [dRP22].



The paper is organized as follows. Section 3 provides an Ito’s formula for conditional
marginal laws of continuous semimartingales. Although this result is a particular case of
the subsequent one, we believe that it deserves to be isolated for the sake of clarity. Section
4 contains our general [to-Wentzell formula in the context where the random field of maps
is also defined by continuous semimartingales. Finally, Section 5 provides an application
in mean field stochastic control with common noise.

2 Notations

We denote = -y := >, x;y; the Euclidean scalar product of two vectors in any finite
dimensional space, A:B := Tr[AB] and A%? = AAT for all matrices of appropriate size.

Throughout this paper, we fix a constant maturity 7" > 0, and a completed probability
space (2, F,P) equipped with a filtration F = {F;,0 <t < T}.

Let m : 0 = t9 < ... < ty, = T be a subdivision of [0,7] with mesh size |r| :=
max;<p, (t; —ti—1). A sequence of subdivisions (7"),>¢ is dense if the sequence of meshes
|7™| converges to 0 as n — oo.

A stochastic process is said to be piecewise constant along the subdivision 7 if it is
constant on each interval (¢;,_1,t;]. For a process Y valued in R?, we denote the increment
to the subdivision by:

N

ATY = Z(}/s/\ti —Ysnt,_,), forall s>0.
i=1
In other words, for s € (¢;,_1,t;,], we have A™Y; =Y, — Y3, 1, and if the process Y is in
addition piecewise constant along m, we have A™Y, =Y;, — VY, .
The total variation of Y is denoted by

ng—1 ng—1

|Y|TV = Sup Z |}/ti+1 _}/tz| = Sup Z |A7r}/ti+1|’
T =1 T =1

where |.| is the Euclidean norm in R?.
The quadratic variation of Y is defined as

ng—1

(V)e = lim Y (Vi = ¥3)(Yi,,, — V)T, forall s>0,

0
| —=0 =

where the limit is in probability and does not depend on the choice of the subdivisions
sequence.

X is said to be a (continuous) semimartingale if it can be written as X3 = X+ As +
Ms,s € [0,T] where A is a (continuous) finite-variation process and M is a (continuous)
martingale.



H2(Y) is the collection of all progressively measurable processes H, with same dimen-
sion as Y, such that E[fOT H.HT:d(Y),] < oo.

A sequence (H"),>¢ of predictable bounded processes is called a simple approximation
of a process H € H?(Y)) if there exists a dense sequence of subdivisions (7™),,> such that
H™ is piecewise constant along 7", for all n > 0, and H" — H in H3(Y), as n — oc.

The following (probably well-known) result will be used frequently. As we failed to
find a reference for it, we report its proof as a complement in the Appendix section 6.

Lemma 1. Let X be a semimartingale with decomposition X = A+ M into a finite
variation process A and a martingale M satisfying E [| A%y, + (M)3] < co. Let (H")p>0
be a simple approzimation of a matriz-valued bounded progressively measurable H with
rows in H*(X), along some sequence of subdivisions (7" : 0 =1t < ... <tp =T). Then:

Pn

T
D Hp (AT X ) (AT Xpp)T —>/ Hg:d(X)s, in L' as n— oo.
i=1 0

We notice that, if H is continuous, then the last convergence result holds true with
Hiy = Hyp, for i =0,...,n,

n*

The marginal laws considered in this paper lie in the set Pg(]Rd) of all probability
measures on R? with finite second moment. Similarly, our conditional marginal laws are
random maps taking values in Po (]Rd). This set is naturally equipped with the Wasserstein
distance

d(m,m’) .= inf )/\x — z%7(dz,dz’), for all m,m’ € P(R?),

well(m,m/

where II(m,m’) is the set of all couplings of (m,m'), i.e. probability measures on R? x R4
with marginals m and m/.

We say that a function u : Po(R%) — R admits a (first order) functional linear deriva-
tive if there exists a map d,,u : P2(R?) x R? — R such that for all m,m’ € Py(R%),

1
u(m') —u(m) = /0 g Smu(m?, z)(m' —m)(dz) d\ with m* := Am/ 4+ (1 — \)m,

and d,,u has quadratic growth in z, locally uniformly in m, so that the last integral is well-
defined. Similarly, the second order functional linear derivative 62, : Po(R%) x R x R? — R
is such that for all m, m’ € Po(R?), and z € R%:

1
Smu(m’, x) — dpu(m, x) = / / 62 u(m*, x, #)(m' — m)(d&) dA,
0 Jrd

and 62,u has quadratic growth in Z, locally uniformly in m, for all fixed z € R?. Notice
that under these conditions, &,,0,6,,u = 0,02, u.



3 Ito’s formula

Throughout this paper, we consider an R¢—valued continuous semimartingale with canon-
ical decomposition
X=Xy+ M+ A,

where M is a martingale and A is a finite-variation process, both started from 0, and
Xy € L2 (./."0)

For an arbitrary filtration F = (F)¢>0, we denote by p; = L(X;|F2), the law of X;
conditional on F2, for ¢ € [0, 7.

Our first result is the following Ito’s formula for flows of conditional law of the contin-
uous semimartingale X.

Assumption 3.1. The map u: P2(R?) — R, and the continuous semimartingale X
satisfy:

(11) S, 0261, 62,u, 0,0:02,u exist and are continuous in each variable;
(12) D26,,u, 0,0302,u are bounded;
(I3) Xo, |Alrv and (M)r are square integrable.
Theorem 1. LAet Assumption 3.1 hold true, and let X bea copy of X on a copy probability
space, with L(X|F%) = L(X|F2). Then:
atpr) = uue) = B[ [ O, X0 4%+ 3 B X060

. Tq R R
+ EORE° [/0 3 92,62 u(us,Xs,Xs):d(X,X%} ., a.s.

Txr-m

where B° = E[|FY] and B := E[-|X,F2] denote the conditional expectations in the
enlarged space.

Proof. Let us first prove the result when 926,,u and 9,0;02,u are bounded. We organize
our arguments in three steps.

Step 1. Let 7" : 0 =t <7 < ... <ty =T be a dense sequence of partitions of [0, 77,
and denote iy = A + (1= A)pgp . By the definition of the linear functional derivative,
we have:

1
6w = u(pp) — ulper ) = /0 y 5mu(uél,$)(utln — pr)(dz) dA
1
_ / B [, Xap) = Smn(piy, X )] AN (3.)
0
By the second order Taylor theorem, we may rewrite this as

1 1
ol = / E° [&cému(uﬁn X ) AT X §8§5mu(u?n &) (A’r"Xw)(N"Xw)T] dA,
0 i— 1— K3 i— 71— K3 7

6



for some r.v. & lying between Xy» and Xyn. Let us introduce an independent copy

X of X conditionally to F°. Using the notation {F(6,-) Zé = F(6,0,) — F(6,0)), for all
1

map F'(6,6"), and denoting v := 0,0,,u, we compute that

Hym
t’L‘*l

1
Gexe o} = [ fauna, X ) = (@) Y

A
1/\
= A/EO
0

Hin
"o AN . .
- A/0 g [af‘sm’””tuXt?,p&y,l)N”Xt;] ax,

i—1

’ X n
{5m7(:ui\?}:l ) Xt?,p ')}X% ] dX
1

n
i—

for some &?71 between Xt;i . and Xt?. This provides:

Stu = EY [c%émuwt;zl’thLl)‘N”Xt?}

1,1
+ E°K° [ /0 /0 A3 0 DS s Xen & 1):(A”"Xt?)(A’T"Xt;L)Td)\’dA]
! 0 l 2 A (AT AT T
+ E 28x5mu(,ut?71 s &?71) : ( thl)( Xt?) dA.
0

Summing (3.1), and denoting by ¢"(s) the closest subdivision point strictly to the left of
s, this provides:

T
UT(/’LT) - UO(/’LO) = /0\ EO [axému(/l/tn(s)7th(s)).dXS]
Pn 1 . 1 , .
+;/0 ¢ [iamému(ut?l’&?1):(AwnXt?)(Aﬂ”Xt?)T dA

Pn 1,1
+ZEOEO[ / / A0 OO Xin € ) s (AT X ) (A™ Xy )TN dA |
i=1 070

Our goal in the subsequent steps is to analyse the convergence of each term in the last
decomposition, along a suitable sequence of subdivisions, towards the formula announced
in Theorem 1. Proving that one such subsequence exists is enough.

Step 2. In this step, we start with the first term that we denote U}'. Namely,

Pn i T
U{L::ZEOI \ axému(ﬂtﬁly Xs)'dXs =E° [/Ofn(s)dX8:| with fn(s)::axému(ﬂt”(s)st)y
=1

n
i—1

where " (s) is the last point of the subdivision 7™ which is strictly to the left of s. Since ps is
continuous in s, f,(s) — f(s) = 0x0mu(us, Xs) almost surely when n — +oo. Moreover,



|0:6mulps, Xs)| < C(1+]Xs|), by our assumption on 826,,,u, and as E[{(M )7 +]A|3y] < oo,
we also have E [supg<;<7 | X¢|?] < co. Then, it follows from the BDG inequality that

?|

by dominated convergence, as

1

| < conce]| [ (ate) - s, || — 0mz

T
/0 (fuls) — £())-dX,

N

T % C
| /0 (Fals) = ()P :4(X)s| < € (sup(LH|XL)PIX)7])* < 5 (sup(-+1X [ H(X)7]) € L.

This shows that [ 9;0mu(un (s, Xs)-dXs — [i dudmu(My, X,)-dX, in LY, thus
implying by the Jensen inequality that

T
up — E° {/ amému(,us,Xs)'dXs} in L', as n — oo,
0
and therefore almost surely along some subsequence.

Step 3. We next analyse the convergence of the third term
Pn 1 1 R , R ~
g = > / A / EE° [amajafnu(uﬁ,% L Xen L Gn ) (AT X ) (AT X )T| dN d,
i=170 0 '

by arguing in two steps:

e First, substituting sz | to ,ug\n)‘,, and Xt?,l to ét?,la we compute that
— Pn 1 1 R R R
Uy o= Y / A / B (0,050, uluez, Xy, Xz )+ (A7 X ) (A™ Xy )T] X
=170 /0

1 . Pn . .
= §E0E0 [§ Hypn | :(A”"Xt;_m)(A“"Xt;)T] , with Hy := 0,0;02,u(ps, X, Xs),
=1

which leads by the polarized version of Lemma 1 to:

_ 1 - T . .
U3 — E'E [ / amaiaiu(us,xs,m:d<X,X>s} , in LY, asn - oo,
0
e we next control the error Uy — Uy = EOEO[ br g :(AﬂnXt;L)(AwnXt?)T]’ with

1pr1
e = /O /O N (0,052 Xy | Ky |) — DudaFyuluy | X | Gy ) AN AN



We write the proof for d = 1, as the d-dimensional case does not raise any difficulty.

Pn Pn
>, (AT Xpp) (A Xyp)| < YA Xin||AT Ko Jerr
i=1 i=1

IN

T 1 S T W
’A nXt;_l’z + 5 Z ‘Etﬁl ’A nXt?F
=1

1 Pn
ke,
i=1
Pn Pn .
< emmQ", with Q=) |A™ X |? + ) [A™ Xy [?, (3.2)
i=1 i=1

and fori =1,...,n,

L 2 5 9 N
‘etlil‘ < gpn:= sup sup 8m8£5mu(usl,X32,Xt?) - 8w8565mu(,ut?,Xt?,Xt?) .
0<j<n—1t7 <s1,52<t7,

Notice that the map g : (s1,82,7) —> 8w8i5,2nu(Msl,X32,Xr) is a.s. continuous on
the compact [0, T3, therefore it is uniformly continuous, and thus

. n n n n
Eqn = SUP sup lg(s1, 82,7 1) — g(ti 1, t] 1, 1) — 0, as.
0SiSn—147 | <s1,so<t?

Since Q" — (X)r + (X)r < 400 in L', we deduce from (3.2) together with
the dominated convergence theorem (using the fact that e, is uniformly bounded,
because 9,0;62,u is bounded) that the error term converges towards 0 in L', and

therefore that it is still the case after taking conditional expectations. This last
convergence in L' yields the a.s. convergence along a subsequence.

Step 4. By following the same line of argument as in Step 3, we also obtain the
following convergence for the second term

. 1 Pn 1 T us
Uy o= 1 2/0 B 03 0muliy G ) (A Xip) (A7 Xep) T .
Indeed, we find that

T
W—%%ﬁ“iﬁﬂ%ﬁ”ﬂMJmLy
0

4 Ito-Wentzell’s formula

In addition to the continuous semimartingale with canonical decomposition

X =Xo+ M+ A,



we now consider the extension from a deterministic function u to a process U : [0,T] x
Py(R?) x Q — R, with the following dynamics for the random field Uy (m):

Ul(m) = Uo(m)+/0 ¢r(m)-dBy + 1 (m)-dN,, (4.1)

where B is a finite-variation process and N is a martingale. Our main result is the following
[t6 -Wentzell formula which will be established under the following conditions.

Assumption 4.1. The maps f € {Uy, ¢s,¢s,t € [0,T]} defined on Pa2(RY) satisfy
(TW1) Sy f, 026 f, 62, f, 02002, f exist and are continuous;
(TW2) f, 028, f,0.0:62,f are bounded;

and the processes X together with the driving processes B, N of the random field U satisfy
(IW3) X, |Alprv and (M) are square integrable, and both |B|rv, (N)r are bounded.

We observe that the boundedness condition on | B|py and (N)7 can be weakened at the

price of stronger boundedness conditions on 0.6,,¢ and 9.9,,1. We deliberately choose
this setup in order to compare to the conditions of dos Reis & Platonov [dRP22].

Theorem 2. Let Assumption 4.1 hold.

(i) All derivatives 6,,U, 925,,U, 62,U, 0,0;02,U exist, are continuous a.s., and are semi-
martingales defined by the decomposition for 4,57 =1,...,d:

t
Oz, O Ut(m, x) = 03,0, Uy (m, x) +/ Op; OmPs(m, x)-dBs + Oy, 0mhs(m, x)-d N,
0
t
0z, 2, 0mUr(m, 2) =03, . 6mUo(m, x) + /0 07, 2;0m®s(m, x)-dBs + 05, 6mtbs(m, x)-dNg

0. 4, 0mUi(m, x, &) = 8,0L67, Uo(m, x, &) + / DLOLE% bs(m, x, ) -dBy+010%62,45(m, x, &)-dNs.

0
(ii) Moreover, we have

r 1
UT(/LT)—U()(/,L(]) = EO |:/ 8x5mUS(1u87Xs)'dXs + 5635mU3(M5,X3)d<X>3:|
0
T
070 1 2 o o
+ EE [/ §8m8£5mUs(us,Xs,Xs):d(X,X)s}

0

T T
+/ (bs(ﬂs)'st‘Fws(Ns)'st + EO |:/ 8x5m1/}s(N87Xs):d<Na M>s} ; &.S.
0 0

Proof. We organize the proof in several steps.

1. We start by the existence and continuity of 8,,U, 826,,U, 62,U, 0,0;62,U. We first show
that the functional linear derivative d,,U; exists for all ¢ € [0, 7], and is given by the first

10



expression in (i), i.e.
t
InUi(m,x) = 0,Up(m, ) +/ Imbs(m, x)-dBs + 0m1ps(m, x)-dNs. (4.2)
0

For arbitrary m,m’ € Pa(R%), it follows from the decomposition of U and the definition

of the linear functional derivative for the maps Uy, ¢s, 15, as guaranteed by Assumption
(IW1), that:

0
-/ oot )’ -y (z) r+ [(/ [ w2y -y ) as,

+ /0 t( /0 1/ Smds(m*,z)(m'—m)(dz) dA) AN,

By the Fubini theorem, this provides U;(m’) — Up(m) = folf Fy(m>, z)(m/ — m)(da) d),
where Fy(m,z) is given by the right hand side of (4.2). Moreover, it follows from (IW2)
that the maps 6,,Up, s, Smtbs have linear growth in z, uniformly in m. As E[|B|3, +
(N)r] < oo by (IW3), this implies that the map F;(m,z) also has linear growth in z,
uniformly in m. Notice also that

Uy(m')—Us(m) = Uo(m')—Uo(m) + / (6s(m')—65(m))-dB, + /0 (s () — by (m))-d N,

e [ inherits the continuity of 9,,Uy, d,,¢¢, and 6,1, by the dominated convergence
theorem due to their boundedness, uniformly in ¢,m, assumed in (IW2). We may
then conclude that §,,U; = F; by the definition of the linear functional derivative.

e 026,,U exists and inherits the continuity of 926,,Uy, 026,,¢, and 026,,4, by the dom-
inated convergence theorem due to their boundedness, uniformly in ¢,m, assumed
in (IW2)

Finally, observe that the coefficients of the SDEs driving U and 6,,U (with fixed z)
satisfy the same conditions in (IW1) and (IW2). Applying the previous argument to the
process 6,,Us(m, x), for fixed z, it follows that §2,U; and 0,0;62,Us(m, x, &) also exist and
are continuous, with decomposition given by the third expression in (i).

2. Let 7" : 0=ty <t} <... <ty =T bea dense sequence of partitions of [0,7]. As in
the proof of Ito’s formula, we start from the telescopic decomposition:

Ut;l (Ntf) — Utlnil(,ut;_lil) = Rl + R2 where Rl = Ut:b (Ntf) — Ut;l ('u’t?71)’ (43)
g
Ry = Ut?(ﬂt?fl)_Utﬁl(Ntﬁl) Z/ dUs(Mt;Ll)a

n
ti*l

with dynamics of {Us(m),s > 0} given by (4.1). We next further compute R; by using
the definition of the functional linear derivative:

1 1
Ry ://5mUt;L (N%Ll, )d(:ut;l — )d/\ :/ Eo[émUtf (M%}il s Xt;l)—(smUt;_L (’ui\?,l , Xtﬁl )] d).
0 0

11



By the second order Taylor theorem, we may rewrite this as
1
1
Ry = / E° [@Camw?(/i?y1=Xt;.11)’N”Xt;¢ + 58357710}?(#%11,5%11)Z(AW"Xt?)(Aﬂ—"Xt?)T A,
0

for some r.v. &?71 lying between Xt;i ) and thn. Denoting v, := 9,0,,Us, we compute that

1
lwtXe )} = A/&myt?(ugl,xt?1,@)(ugl—ut?1)(d¢)dx

1/\
= )\/EO
0

1
- A/o & [amm%?(“?ﬁl=Xt211=§tzzl)N"Xt;L} ay,

’ Xt’.'b
{omre ¥ X0} ]dX

' 1 i
ti1

for some {At;_ll between Xt?,l and Xt;_m. By the regularity results obtained in Step 1 of the

. tn
present proof, we may also write yer (pep , Xen ) = yr (pep , Xen )+ ftil dys(pan 5 Xim )
Substituting back the expression of the map ~, this provides:

Rl — EO |:8x5mUt(lut;L,17Xt?—l)'Aﬂ-nXt?} + EO

</t? d'ys(ut;zl,thgl)) -A”"Xt?]

ta
1,1
e [/0/0 A58 OO U (1 X | Em ) (A Xy ) (A™ Xy )T d)\/d)\]
1 1
+/0 EO |:§8§5mUt,ln (Iuif?17€t;’b1):(Aﬂ-nXt?)(A7rﬂXt?)T:| d)\7

where d’YS(Nt’-’L 7Xt’-l ) - fs(:ut?L 7Xt’-l )dBS "‘gs(ﬂt’.ﬂ 7th7 )dN87 s € [t?—17t?)7 with
i—1 i—1 i—1 i—1 i—1 i—1

(f87 gS) = a:c(sm((b& ws)

Summing the decomposition (4.3), and denoting by t"(s) the closest subdivision point
strictly to the left of s, this provides:

T T
Ur(ur) — Uo(po) = /OdUs(Nt”(s))+/0 E® [020mUpn (s) (bn (5)» Xin(s)) - d X

Pn t;L
+> EO [( fs(uen s Xip ) dBs + gs(per s Xap ) st> 'A”"Xty}
i=1 i

Pn 1,1

+ZE0EO[ /0 /0 A@iémﬁxdet;(u%?l,Xt?1,&?1):(A””Xt?)(A“”Xt?)Td/\’d/\}
i=1
S ! 0 1 2 A

+;/0 E [gﬁmémUw(utlll,&?l)(A nXt?)(A nthl)T:| dA.
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3. We now show that the different terms of the last decomposition converge towards the
formula announced in the theorem, for a certain dense sequence of subdivisions.

3.1 We first prove that, after possibly passing to a subsequence,

T
/0 AT / Du(j1n()) 0B + tha(jign () -ANs — / AUy(s) a5, (4.4)

By the dominated convergence theorem for the Stieltjes integral [ -dBs, and the bound-
edness of ¢, we obtain the convergence of the finite variation part

T T
/0 6u(tin(s))-ABs /0 6s(115)-dBy, as.

As for the stochastic integral component, we estimate by the Ito isometry that

E[(/OT(ws(utn(sﬂ—%(us))'st)z] < E|:/OT(¢S(:Ut"(s))_¢s(:us))®2:d<N>s (4.5)

Since ¥ and p are a.s. continuous and ) is bounded it follows from dominated convergence
for the Stieltjes stochastic integral [ -d(NN) that fo (Vs (pem(s)) — zbs(,us))@.d(]\f) — 0,

a.s. Furthermore, \fOT (Vs (paen(s)) — ws(us))®2:d<N>5] < 4[| |2, Tr[(N)7], which is in L.
We then deduce from (4.5) and the dominated convergence theorem that

T T
/ Vs(pyn(s)) dNs  — / ¥s(ps)-dN, in L2, and a.s. along some subsequence,
0 0

thus completing the proof of (4.4).

For the remaining terms, we use the same method as in the proof of Theorem 1, by
arguing that the sequence inside the conditional expectations converges in L' towards the
desired results.

3.2. Denote Hy := 0,6,,Us(us, Xs). The convergence of the second term is implied by
the following two convergence results:

T T T T
/ Hyn(yy-dA; — / H,-dA,, and / Hyn(y-dM; — / H,-dM,, in L'(4.6)
0 0 0 0

The first convergence of the finite variation part follows from the a.s. pathwise continuity of
the process H, together with the dominated convergence theorem for the Stieltjes integral
f -dA; together with the linear growth of 9,.0,,Us in the z—variable, as implied by (IW2).
Similarly, it follows from the BDG inequality and the dominated convergence theorem for
the Stieltjes integral [ -d(M)s that fOT Hyn(g)-dMs — fOT H,-dM, in L.

3.3. In this step, we justify the L' convergence of the third term. Denoting F; :=
fot Is(ps, Xs) dBs, and Gt::fotgs(,us,Xs) dN,, we shall now show that

Pn
Z/ fs pur s Xip )dBs - AT Xy — Tr[(X, F)r] =0, in LY asn — oo
o
Pn t;.’b
— Z/ gs(ﬂt;L,l’Xt;Ll)st AT X — Tr[(X,G)r], in LY, as n — oo,
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where we have (F, X)7 = 0, a.s. due to the fact that the process F' has finite variation.
In order to prove the first convergence, we use Lemma 1 to conclude that, along some
subsequence,

Pn
D (A™Xpn) - (A Fyn) — Te[(X, F)p], in L.
i=1
As 0, f and 0;0,,f are bounded by Condition (IW2), it follows that the process 7 :=
fs(ten sy, Xin(s)) — fs(ps, Xs) satisfies

6" < Cw¥, for some constant C >0, with w% = sup |X; — Xy|. (4.7)
[t—t/|<|m"]

We then estimate the error term by

Pn Pn t?
E‘<I>" = (ATXp)- (A Fp)| = E‘ Z(AﬂnXt?)'/tn o dBs
i=1 i=1 i—1

T
< E[ sup |A7T”Xt;|/ |5?|d|Bs|TV}
1<j<pn 0

IN

CE[\B]TV (w;}”)z]

n

C|IBlrv]| E| (=5 )*] — o,

IN

as n — oo, by Conditions (IW3).

A similar argument allows to justify the L' convergence of ¥" towards Tr[(G, X)7] in
L', Indeed, using again Lemma 1, we are reduced to the following estimate involving the

process 77? = gs(#t”(s)) Xt”(s)) - gs(:usv XS):

Pn t;.’b
E[> A /tn nl AN,
=1 i—1

IN

ron
EWX

_ [__am
= EWX

Pn t?
> / ne AN,
i=1 7t
T
/ N st]
0
1

< B[=) B[ wanram]

by the Cauchy-Schwartz inequality and the Ito isometry. Notice that Conditions (IW2)
induces the same estimates for the process ™ as those for 6" in (4.7). Then, the required
convergence result follows from Conditions (IW3).

3.4. We finally analyse the last two terms by applying the same calculations as in
the proof of the standard Ito formula, using Lemma 1, and we obtain the convergence as
n — 0o:

Pn 1 T

1 1
E / §a§5mutln (/‘?;llvftlil) : (AW”Xth)(Aﬂ"Xt;L)T d\ — 5/ a§5mus(u5,X5):d<X>5
i=1"0 0
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and
Pn 1 1 , R )
> / / A0 OOt (i 5 X, € )2 (A X ) (AT X )T AN dA
=1 0 0 .
1 (7 . .
— 5/ 03 0m 0z 0mu(pis, Xs, Xs) (X, X)s
0

in L!. This completes the proof. ad

4.1 Examples
4.1.1 Brownian Case

Let us consider the special case where the process X and the random field U are Ito
processes defined by

dUy(m) = ¢y(m)dt +Py(m) - AW, + ¢f (m) - dW),
dX; = bydt+ oy dW; + of AW
where W, WY are Brownian motions. We choose here FO = (F?)o<;<7 to be the filtration

generated by W°. This setting Areduces to that of dos Reis & Platonov [dRP22]. The
conditionally independent copy X is defined by

AdX; = bydt+ &, dW; 4 69 dWy

where 13, &,&O,W are conditionally independent copies of b,o,c”, W, respectively. We
rephrase our Theorem 2 in the present setting in order to compare it with the corresponding
statement in [dRP22].
Corollary 1. For f € {Uo,(bt,wt,w?,t € [O,T]}, assume:

o [,0mf,0%0mf, 6% f, 8:%5,2,1]“, 0,0:02,f exist and are continuous;

® 020, f,0262, f, 0,002, f are bounded;

T
o E[ [y (1Xo[2 + [bo? + oyl 2 + [02(09)T?) ds] < oc.
Then §,,U, 026,,U, 62,U, 0,0:62,U exist, are continuous a.s., and are Ito processes driven by
the Brownian motions W and WO, with coefficients defined by the corresponding derivatives
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of the coefficients of U. Moreover, we have:

T T T
Ur(ur) — Us(o) = /0 Bs(1s) ds + /0 Paljis)-dW, + /0 0 (1s) AW
T T
+E° U amémUs(,us,Xs)-bsds—i—/ (ag)TﬁxémUs(us,Xs)-dWS]
0 0
1 T
g [ [ 026m0 000 200007+ o001 ds]
0
T
+E° U axamwS(us,Xs):(aé))Tds]
0

L oco | [T A
+§EOE0 [/ 020302 Uy (s, Xg, X3): 02 (6T ds] , Q..
0

We thus find the same formula as in [dRP22], with the only additional hypothesis that
the highest-order derivatives are bounded instead of square-integrable.

4.1.2 Semimartingale factor random field model

Suppose that X is a continuous semimartingale:
Xt = X(] —|—At + Mt for all t € [O,T],

where (A;); is a finite-variation process and (M;); is a martingale. In this section, we
consider the case where the random field is defined by U,(m) := u(t, m,Y;) for some factor
process Y = (Y;)o<t<7 which is another continuous semimartingale :

Vi=Yo+V,+5,

with finite-variation process V', and a martingale S. Here, the deterministic function
u: (t,m,y) € [0,T] x Po(RY) x R + u(t,m,y) € R will be assumed to be sufficiently
smooth. For this, we extend naturally the definition of the functional linear derivative by
reducing to the standard definition once the variables (t,y) are frozen. The second order
functional linear derivative 62, is also defined similarly. The following result is a direct
restatement of Theorem 2 in the present context.

Corollary 2. Let us suppose that

° (%u,(‘)iu, S, 0201, 5,2nu,8x8@5,2nu,5m8yu, O0x0mOyu exist and continuous;

° 8§u, 0261, 0,030 u, 0z 0m0yu are bounded ;

o Xo,|A|rv, |[ViTv, (M) and S are square integrable.
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Then, denoting © = (t, pt, Yz) for allt € [0,T], we have:
T 1
uw(Or) —u(®y) = / Oru(O;) ds + 0yu(B;)-dYs + iaju(@s):d(Y>s
0
T
+E° U Dr0mu(Og, Xs)-dXs + %agamu(@s, Xg):d(X)s + 026m0yu(Os, Xs):d(X,Y)s
0

1_o- T . R
+§EOE0 [/ 00302 u(04, X, Xg):d(X, X)s| a.s.
0

Proof. By the standard It6 formula for finite-dimension Ito processes, the random field
{Ui(m) = w(t,m,Y;), (t,m) € [0,T] x Po(R?%)} has the following semimartingale decom-
position:

dUt(m) = qbt(m) -dB; + zbt(m) - dV;

with Bt = (t7V27<S>t)7 Nt = St7 ¢t(m) = (8tut(m7n)78yut(mayz)a%agut(mvn)) and
(m) = Oyur(m, Yy). The result is now a direct application of Theorem 2. 0

5 Application to Mean-Field Control: HJB Equation

Let @ = CO(Ry,RY) x CO(R,,R%) with canonical process (X;, W?) : (w,w’) € Q
(w,w?)(t) € R? x R%. The corresponding canonical filtration is denoted by F = {F;,t >
0}. We also introduce the control space A consisting of all F—progressively measurable
processes o with values in a compact subset A of a finite dimensional space.

Let b, 0, and ¢ be given bounded maps
(b,0,6%) : Ry x RIX RY x Py(RY) x A — R x My 4(R) x Mggq,(R),
and
(k,7,7°) : Ry xRT — R% x My q(R) x Mg, (R).

For t > 0 and m € Py(RY), we denote by P(t,,m) the collection of all probability
measures P on (€, F) satisfying:

(i) W is a P-Brownian Motion;
(ii) The process Y is defined by
Vi =y, and dYs = k(s,Ys)ds+~(s,Ys)dBE +~%(s,Y,)dW?, s >t, P —as

for some P-Brownian motion BF;
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(iii) the conditional marginal law of X; given W0 is IP’%O = Po (X)W1 = m, and
there exists a control process a € A such that for s > t:

dXs = b(s, X, YS,P)VgSO, as)ds+o(s, Xs, n,PEXf, as) de—I—JO(s, X, Y5, IP’)V}/SO, Q) de,

P—a.s. for some P-Brownian motion WF. Here, P)Vgs‘) is the conditional law of X
under P given {W?,r > 0}.
Let us suppose that P(t,y,m) is compact for every (t,y,m) € [0,T] x R x Py(R%).

We define the objective function as
g wo wo
J(t7 Y, m7]P)) = Ky |:/ fas (Y:% PXS )ds + g(YT7]P)XT) ’ forall P e P(tv Y, m)7
t

with running reward map f : A x R%x Py(R%) — R, and final reward g : Po(R?) — R% x R,
The dynamic version of the control problem is defined by:
V(t,y,m):= sup J(t,y,m,P).
PeP(t,y,m)
We start from the Dynamic Programming Principle (DPP) which holds under fairly general
assumptions, see e.g. Djete, Possamai & Tan [DPT20]:
9]}7’

0 0
t Fo (X, Yo, PX, ) ds + V(67, Y, PX ) |

V(t,y,m)= sup E;
PeP(t,m)

for any family {HP}pep(tm) of [t, T]-valued stopping times.
Proposition 1. Suppose that
e 0,V,0,V, OSV, 6V, 040, V, 026, V, 62, V, 0,052,V 0p0m0yV  emist;
e 0V70,6,,V, 410,V and "8,V are uniformly bounded;

o 0;,V,0,V,0:6,,V, 026, V,0,0:62V, 0460,V are Lipschitz in m uniformly in all other
arquments.

Then V' satisfies the following Hamilton-Jacobi-Bellman (HJB) equation:

1
0 = =0V —ko,V -1+ 70497): 9,V

1 a a a
— sup {/(f“+b“-8w5mV + 3 (J“U“T +0%6" T) OO V A0 A :8w5m8yV) (., z)m(dx)
a€lV(A)

+% // 0-0"('@)00“(,,33):835653,1‘/(-,:E,!ﬁ)m(diﬂ)m(df)}’
V‘t:T -9

where we denoted (., x) = cp(t,y,m,a:,a(m)) for all function .
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Proof.  We write the proof for d = dy = 1.

e For t € [0,T], let « be a control process satisfying the definition of P(t,y,m). By
the Dynamic Programming Principle, for any stopping time 6,

0
V(tym) > Ef { [ ) as + vw,Ye,m] ,
t
that is,
0
B, { | ds + V0. Yo, ) - V<t,y,m>] <o. (5.1)
t

By Ito-Wentzell’s formula,
0 0
V(H,Y:g,lltg) - V(t7y7m) = / £OCV(S7YYS7IUS) ds+/ ayv('S,Ys,Ms)% dBS
t t

0
b [ (B [0ub (5. Yo e Xo)o] 4+ 0,V (5, Vo)) V2,
t
where
1
LoV (s,y.m) = OV (s,y,m) + 0,V (s, y,m)bks + 50, (75 + (15)1)V (5,9,m)

/85 V(s,y,m,x)bsm(dx) + /825 V(s,y,m,x)(c? + (¢29)*)m(dx)

+ [ 08,0,V 5.y, 2)ot0mie) + 5 [ [ 258V (s, )08%m A ().

Let us now choose 0 = 0y, := inf{s > t, | X;—X;| > 1 or |Y;—Yi| > 1}A(t+h), for h >
0. Since X,Y,0%,v,7°, 11,0,V and 8,6,,V are continuous, E° [8w5mV(s, Yy, s, Xs)ag] ,
0,V (s, Y5, ps)Y? and 9,V (s, Ys, f1s)7s are bounded over [t, )] and therefore

On

On
E; [ / (E° [826mV (s, Ye, prs, X5)0 0] + 0,V (5, Ve, p1s)70) AW + | 9,V (s,Ys, prs)7s dBs| = 0.
t t

Then, dividing (5.1) by h > 0:

1 [0
¢ |:E/t (fas(stus) + EaV(s,Ys,,us)) d8:| <0

But a.s., for h small enough 0, =t + h and

1 On
0, —t / (f (Ys, ps) + LYV (8, Yy, ps)) ds — f¥(y,m) + LYV (t,y,m) as
h — t

By dominated convergence for the expectation, we then have that

E¢ [f (y,m) + LYV (t,y,m)] = f*(y,m) + LV (t,y,m) < 0.

Since o was taken arbitrarily, we can conclude that

sup LV (t,y,m)+ f*(y,m) <O0.
a€lO(A)
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e Now, let € > 0. There are P* € P(t,y,m) and an associated control process o = o
such that for every deterministic stopping time 6 > t,

6
e Vm) <5 | [0 () ds + V)|
t
Then, by Ito-Wentzell’s formula,
0
€= _Ei |:/ faS(Ytsnufs) ds + (V(97Y97,uf9) - V(t7y7m)):|
t

0 0
=z | [ s [ LV (s V) ds|
t t

On

[%
—E; U (E° [0:0mV (5, Yo, p15, Xo)o ] + 0,V (5, Vs, ps)7) AW + [ 9,V (s, Y5, ps)7s By
t t

0
=57 | [ () + £V (s, Ye ) .

We used the fact that (0,6,V)0% 9,Vy and 9,V+" are taken to be uniformly
bounded.

With
F(s,y,m) :=sup f*(y,m) + LV (s,y,m),

we have that

0
E; [ [ ) + £ (5, Vi) ds]

0
<supEj [/t (f*(Ys, ps) + LV (5, Y, prs) dS)}

a

0
<(6 —t)F(t,y,m) + sup E; [/ [f* (Vs pis) + LUV (s, Yo, ps) = (f*(y,m) + LAV (¢, y,m)) | ds | .
a t
Let us show that m — f%(y,m) + L*V (s,y,m) is Lipschitzian in m uniformly on
(a,y,5) € Ax R% x [0,T].

— By assumption, f, 9,V and 0,V are Lipschitzian in m uniformly on (s,y) and
k is uniformly bounded;

— for (s,8') € [0,T]?, (y,9) € (R)2, (m,m') € (Po(R?))? and (a,d’) € A2,

‘/8x5mV(s',y',m',a:)b(s',a:,y',m’,a')dm'(x) — /8x5mV(s,y,m,a:)b(s,a:,y,m,a) dm(z)

= ‘E [&cémV(s/,y/,m',X')b(s',X',y/,m/,a/) — 020V (s,y,m, X)b(s, X,y,m, a)] ‘
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for X, X’ random variables such that X ~ m and X’ ~ m’. Since, by assump-
tion, 0,0,V is Lipschitzian in m uniformly on (s,y,z), we have, with K the
Lipschitz constant,

|a$5mv(8/7 y/7 m/7 X/)b(s/v X/7 y/v mlv a/) - amémv(sa Y, m, X)b(S, X7 Yy, m, a)|
S||b| |OO |8z5mV(s’, ylv m/7 X/) - amémv(sa Y, m, X)|
<|[blloc K d(m, m),

hence the result;

1
— with similar calculations, (s,y,m,a) — = f8§5mV(8,y,m,:ﬂ)(0§+(02)2)m(dx),

zxom

1
(s,y,m,a) — 3 [ ]o%.62V (s,y,m,m,x)a 69m(dz)m(dz) and
(s,y,m,a) = [ 0:6,0,V (s,y,m,z)0%vm(dz) are Lipschitzian in m uniformly
n (s,y,a).

Therefore, there exists C' > 0 such that, for every (a,s,y,m),(da’,s’,y'm’) € (A x
[0,T] x (R?)? x P2(R?))?,

\f“l(y',m') + E“/V(s',y',m') — (f"(y,m) + LV (s,y,m))| < Cd(m/,m).
Then

0
ES [ [ n + c“sws,ys,us))ds}
t
0
<(0—)F(t,y,m) + sup E: [c [ aem) ds] |
a t
However,

1
[inf {E (12, = Znl?] P, w0 = ts, Pz, wo = m}? |

E[d(ps,m)] =E
e
E

IN

[E° [|X, - Xﬂﬁ
(11b]12 (s + (llo]|2s + 16°112.) (s — 1)) 2
Sllblloo(s—t) (Ilollio+llaollio)% s —t,

IN

IN

where we used Cauchy-Schwarz’s inequality.

Therefore,

0
]Ei |:/t (fas(YYS)/JS) + £QSV(87 Y;,/Ls)) dS

2 .
<0 0F(.m) + € (57 4 2ol + 1071220 - o)
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With 6 = ¢ + v/, C1 = £C||b]|o and Cy = 2C(||o||%, +||0°]|%) %, we obtain that

e > —\eF(t,y,m) — Cie — CQE%.

Dividing by /¢ and taking the limit ¢ — 0 finally yields that F'(¢,y,m) > 0.

6 Appendix: Proof of Lemma 1

For simplicity, we only report the proof for d = 1, as the extension to arbitrary dimension
does not raise any difficulty. Let us first notice that

Pn

ZHt (A™ (M) —>/ H,d(M), in L.

Now, with transparent notations, it is obvious that

Pn

> Hip (AT Ap)?

i=1

Z Hp (A" Xgn)? — A™ (M)

1 1

Pn
D Hp  ((A™Myp)® = A™ (M)

1
Pn

D Hip  ATAy ATMy
i=1

1

For the first term on the right-hand side: writing ||H||o for a uniform, deterministic
bound on |H"|,n > 1,

Pn Pn
ST HE (A AR < |[H oo Y (A7 Ap)? = [[H|[0QV 1 (A)
i=1 i=1

where QV_»(A) is the quadratic variation of the finite-variation process A along the par-
tition 7. As QV,n(A) — 0 a.s. and QV . (A) < |Af%y which is in L', it follows from
the dominated convergence theorem that

Z Hpt (A A )?

— 0.

1

For the middle term, we introduce the martingale defined by R?’l = (AT My)? — A (M),
for t >t | and we now show that

pn—1 2

2
> oHp Rypt|| = (&7 My)? = A (M) ) || — 0.
i=1 2

2
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To see this, we directly compute that

pn—1 2 ]
< n 2 "9
E HZ’Z 1 tijl :E E Ht t;;l +2E E th thRt" tn
11— 7 k3

i=1 2 i 0<i<j<n—1

[ pn 7]

2 t? 1 2 n n iy t;
=E § Hpy 2(Ryh +2 Y E|Hj HpwRy'E|Rp |Fnll.
t ie1 U t; (IR

0<i<j<n—1

As E th | Fin | = 0, this implies that
tJ+1 J

Pn
ST HR (A7 M) — A7 (M) )

QWPZE[ ).

We next estimate that

E[(Ri 2] = B [(A™ Map)* — 200 Myp PA™ (M) + (A7 (M) )?]

E [(A™ Mip)*] + E [(A™ (M) 2)?]
< (1+ C)E [(A™(M)r)?]
for some constant C4 induced by the BDG inequality for the order p = 4. Therefore,
2
< (1+ Co)||H||%E [QVR((M))]

2
where QVI((M)) = 0" (M) — (M) ). Since (M) is a finite-variation process,
QVZ((M)) —> 0 almost surely as n — oo, and since QVZ((M)) < (M)2 € L' by
Condition (IW3), we conclude by dominated convergence.

Z Hp ((A™ Myp)? — A™ (M)

Finally, for the last term, note that the previous calculations, for H = 1, show that
> (A Mt?)z — (M) in L2, Then, by applying the Cauchy-Schwarz inequality twice:

]<HwEJiwwmﬂiwwm

A7rn t" ) (A7rn Mt? )

i=1 i=1
Pn Pn
< Hlloo || (A™ A )2 || ||D (A My )?|| — 0,
i=1 2 Ili=1 2

since E [ b 2 (A™ A ] — 0 by dominated convergence (see first term calculations).

References
[BIRS20] Matteo Burzoni, Vincenzo Ignazio, A. Max Reppen, and H. M. Soner. Viscos-
ity solutions for controlled mckean-vlasov jump-diffusions. SIAM Journal on

Control and Optimization, 58(3):1676-1699, 2020.

23



[BLPR17]

[Cav22]
[CCD15]

[CD18a]

[CD18b)

[CDLL15]

[DPT20]

[dRP22]

[GPW22]

[Li12]

[TTZ23)

Rainer Buckdahn, Juan Li, Shige Peng, and Catherine Rainer. Mean-field
stochastic differential equations and associated pdes. The Annals of Probability,
45(2):824 — 878, 2017.

Thomas Cavallazzi. It6-krylov’s formula for a flow of measures, 2022.

Jean-Francois Chassagneux, Dan Crisan, and Francois Delarue. A probabilis-
tic approach to classical solutions of the master equation for large population
equilibria, 2015.

René Carmona and Francois Delarue. Probabilistic Theory of Mean Field
Games with Applications I Mean Field FBSDFEs, Control, and Games, pages
1-695. Probability Theory and Stochastic Modelling. Springer Nature, United
States, 2018.

René Carmona and Frangois Delarue. Probabilistic Theory of Mean Field
Games with Applications 11 Mean Field Games with Common Noise and Master
FEquations, pages 1-679. Probability Theory and Stochastic Modelling. Springer
Nature, United States, 2018.

Pierre Cardaliaguet, Francois Delarue, Jean-Michel Lasry, and Pierre-Louis
Lions. The master equation and the convergence problem in mean field games,
2015.

Mao Fabrice Djete, Dylan Possamai, and Xiaolu Tan. Mckean-vlasov optimal
control: the dynamic programming principle, 2020.

Goncalo dos Reis and Vadim Platonov. Ito-wentzell-lions formula for measure
dependent random fields under full and conditional measure flows, 2022.

Xin Guo, Huyén Pham, and Xiaoli Wei. It6’s formula for flows of measures on
semimartingales, 2022.

Juan Li. Reflected mean-field backward stochastic differential equations. ap-
proximation and associated nonlinear pdes, 2012.

Mehdi Talbi, Nizar Touzi, and Jianfeng Zhang. Dynamic programming equa-
tion for the mean field optimal stopping problem, 2023.

24



	Introduction
	Notations
	Itō's formula
	Itō-Wentzell's formula
	Examples
	Brownian Case
	Semimartingale factor random field model


	Application to Mean-Field Control: HJB Equation
	Appendix: Proof of Lemma 1

