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In this paper and its sequel we continue our study of nilpotent sym-
plectic alternating algebras. In particular we give a full classification
of such algebras of dimension 10 over any field. It is known that sym-
plectic alternating algebras over GF(3) correspond to a special rich
class C of 2-Engel 3-groups of exponent 27 and under this correspon-
dence we will see that the nilpotent algebras correspond to a subclass
of C that are those groups in C that have an extra group theoreti-
cal property that we refer to as being powerfully nilpotent and can be
described also in the context of p-groups where p is an arbitrary prime.
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1 Introduction
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A symplectic alternating algebra (SAA) is a symplectic vector space L, whose
associated alternating form is non-degenerate, that is furthermore equipped
with a binary alternating product - : L x L — L with the extra requirement
that

(ZL’y,Z) = (yz,a?)
for all x,y,z € L. This condition can be expressed equivalently by saying

that (u-x,v) = (u,v-x) for all u,v,x € L or in other words that multiplica-
tion from the right is self-adjoint with respect to the alternating form.
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Symplectic alternating algebras originate from a study of powerful 2-Engel
groups [1], [4] and there is in a 1-1 correspondence between a certain rich
class of powerful 2-Engel 3-groups of exponent 27 and SAAs over the field
GF(3). We will consider this in more details later in the introduction.

Let 2n be a given even integer and F a fixed field. Let V be the sym-
plectic vector space over the field F with a non-degenerate alternating form.
Fix some basis uq, us, ..., us, for V. An alternating product - that turns V
into a symplectic alternating algebra is uniquely determined by the values

P (u-uju), 1<i<j<k<2n

Let L be the resulting symplectic alternating algebra. We refer to the data
above as a presentation for L with respect to the basis uq, ..., ua,.

If m(n) is the number of symplectic alternating algebras over a finite field

F then m(n) = |F|¥+O("2) [2]. Because of the sheer growth, a general clas-
sification does not seem to be within reach although this has been done for
small values of n. Thus it is not difficult to see that m(0) = m(1) = 1
and m(2) = 2. For higher dimensions the classification is already difficult.
It is though known that when F = GF(3) we have m(3) = 31 [5]. Some
general structure theory is developed in [2], [3] and [5]. In particular there is
dichotomy result that is an analog to a corresponding theorem for Lie alge-
bras, namely that L either contains a non-trivial abelian ideal or is a direct
sum of simple symplectic alternating algebras [5]. We also have that any
symplectic algebra that is abelian-by-nilpotent must be nilpotent while this
is not the case in general for solvable algebras [3].

Here we focus on the subclass of nilpotent symplectic alternating algebras
(NSAAs) and this paper is a sequel to [2] where a rich general structure the-
ory was developed for NSAAs with a number of beautiful properties. Before
discussing these we need to introduce some notation. Firstly we can always
pick a basis z1,y1,. .., %, Y, with the property that (z;,z;) = (vi,y;) =0
and (x;,y;) = 6;; for 1 <i < j <k <n. We refer to a basis of this type as
a standard basis. It turns out that for any nilpotent symplectic alternating
algebra one can always choose a suitable standard basis such that the chain
of subspaces

O=hh<h<..<I,<I,<---<Iy=1L,



with Iy, = Fx, + -+ 4+ Fx,_4y1 for £ > 0, is a central chain of ideals. One
can furthermore see from this that z;y; = 0 if j < and that I;- | is abelian.
It follows that a number of the triple values (uv,w) are trivial. Listing only
the values that are possibly non-zero it suffices to consider

P (), yk) = Yijks  (YiYj, Yk) = Bijk

for some i, Bijr € F where 1 < i < j < k < n. Such a presentation is
called a nilpotent presentation. Conversely any such presentation describes
a nilpotent SAA. The algebras that are of maximal class turn out to have a
rigid ideal structure. In particular when 2n > 10 we can choose our chain
of ideals above such that they are all characteristic and it turns out that
Io, I, I3, ... Iy 1, IE I 5 ... I3 are unique and equal to both the terms
of the lower and upper central series (see [2] Theorem 3.1 and 3.2). The
algebras of maximal class can be identified easily from their nilpotent pre-
sentations. In fact, if P is any nilpotent presentation of L. with respect to a
standard basis {x1, y1, ..., Zn, Yn}, and 2n > 8, we have that L is of maximal
class if and only if x;y;01 # 0 for all ¢ = 2,....,n — 2, and z1ys, y1y2 are
linearly independent (see [2] Theorem 3.4).

From the general theory of nilpotent SAAs one can also determine their
growth. Thus if k(n) is the number of nilpotent SAAs of dimension 2n over
a finite field F then k(n) = |F|"*/3+0™*) [9]. Again the growth is too large
for a general classification to be feasable. The algebras of dimension 2n for
n < 4 are classified in [2] over any field. In this paper and its sequel we deal
with the challenging classification of algebras of dimension 10 over any field.
As we will see the classification depends very much on the underlying field. It
turns out that the classification of nilpotent symplectic alternating algebras
of dimension 10 with a centre that is not isotropic can be easily reduced to
the known classification of algebras of dimension 8. The main bulk of the
work is thus about algebras with isotropic centre that must lie between 2
and 5. In this paper we consider the situation when the isotropic centre is of
dimension 3 or 5 leaving the remaining cases to the sequel. As we said above,
the classification depends on the underlying field. We can read in particular
from the classification that over a field that is algebraically closed there are
22 NSAAs of dimension 10.



2 The correspondence between SA As and groups

Before starting the work on the classification we consider here in more de-
tail the correspondence between SAAs and 2-Engel groups, mentioned in the
introduction. The study in [4] reveals that there is one-one correspondence
between symplectic alternating algebras over the field GF(3) and a certain
class C of powerful 2-Engel 3-groups of exponent 27. These groups form a
class that consists of all powerful 2-Engel 3-groups GG with the following extra
properties:

(1) G = (x, H) where H = {g € G : ¢° = 1} and Z(G) = (z) with O(z) = 27.
(2) G is of rank 2r + 1 and has order 337",

The associated symplectic alternating algebra L(G) is constructed as fol-
lows. First we consider L(G) = H/G® as a vector space over GF(3). To
this we associate a bilinear alternating form (,) and an alternating binary
multiplication as follows: for any a = aG®,b = bG® and ¢ = c¢G® in L(G),

[CL, 6]3 _ :L,Q(a,B)
a-b= ¢ where [a,0)Z(G) = > Z(G).

One can show that these are well defined and turn L(G) into a SAA. Fur-
thermore L(G) = L(K) if and only if G = K [4].

In order to indentify the groups in C that correspond to the SAAs that
are nilpotent, we introduce some new terms.

Definition. A finite p-group G is powerfully nilpotent if there exist an
ascending chain
{l}=Hy<H, <---<H,=G

such that [H;,G] < HY | for i = 1,--- ,n. We refer to such a chain as a
powerfully central chain and n is the length of the chain. If G is powerfully
nilpotent then the smallest possible length of a powerfully central chain for
G is called its powerful nilpotence class.

Let us now turn to our special class C of powerful 2-Engel 3-groups. Let
G € C. For any K such that G® < K < G we let K = K/G?. Notice that

A L(G) < B if and only if [(A,z),G] < (B, z)®.



Thus if G < H; fori =1,---,n, then
{0y =Hy<H, <---<H,=L(G)
is a central chain of ideals in L(G) if and only if
(1) < {2) < (Hop2) < - < (Hp2) = G

is a powerfully central chain. The classification of the NSAAs of dimension
10 over GF(3) gives us thus the classification for the powerfully nilpotent
groups in C that are of rank 11. The classification reveals that there are 25
such groups.

3 Algebras with a non-isotropic centre and
algebras with an isotropic centre of dimen-
sion 5

We consider first the algebras with a non-isotropic centre. Let L be such an
algebra. In this case we can assume that we have a standard basis where
xs5,Yy5 € Z(L). We then have that L is a direct sum of the abelian algebra
Fxs + Fys and a NSAA of dimension 8. The algebras of dimension 8 were
however classified in [2] and according to this classification there are, apart
from the abelian algebra, two algebras and one family of algebras. From this
we can read that there are the following non-abelian NSA As of dimension 10
with a non-isotropic centre.

Q%l) : (1y2,y3) =1
5,1
ng ) : (1y2,y3) = 1, (11y3,94) = L.
4,1
QY (r) : (waysya) =7, (waye,ya) =1, (2 ys) = 1,

where r € F\ {0} and Q0" (s) = Q1o (r) if and only if r/s € (F*)%.
Here the notation Qlo(m’l) indicates that the algebra has dimension 10 with
centre of dimension m. From now on we can thus assume that all our al-
gebras have an isotropic centre and we start considering the case when the
centre has dimension 5. Let L be a nilpotent SAA of dimension 10 with
an isotropic centre of dimension 5. We can then choose a standard basis

1, Y1, T2, Y2, T3, Y3, Ta, Ya, Ts, Y5 such that

Z(L) =Fxs + Fry + Frg + Fry + Fay.



Here x1,y1, 22, Y2, T3, Y3, T4, Ys, T5, y5 Will be determined later such that some
further conditions hold. The elements ¥, ..., ys are not in Z (L) and without
loss of generality we can assume that (y1y2,y3) = 1. Now suppose that
(yiyj7 y4) = Oy and (yiyju y5) = Bij for 1 < ’L,j <3. Replacing T1,T2,T3,Ys, Y5
by

Ty =Ty + o3y + Ba3Ts, Ua = Ya — Qu2Yz — Qa3y1 — 31y,

Ty =Ty + az®s + Baxs, Us = Ys — Prays — Basyr — P19,

T3 = x3 + Q24 + P17,
we can assume that our standard basis has the further property that (y;y;, y4) =
(viyj,ys) = 0 for 1 < i < 57 < 3. As ys ¢ Z(L), we know that one
of (v1Y4,Ys), (Y2Ya, Us), (y3ys, ys) is nonzero. Without loss of generality we
can assume that (y1y4,y5) = 1. The only triples whose values are not
known are then o = (yoy4,y5) and 5 = (y3ys,ys). Replacing x1, 99, ys by
T1 = 21+ axe+ Bx3, Yo = Yo — Y1, Y3 = Y3 — By1, we get a new standard ba-
sis where the only nonzero triple values are (y1y2,y3) = 1 and (y1v4,ys) = 1.
We have thus proved the following result.

Proposition 3.1 There is a unique nilpotent SAA of dimension 10 that has
isotropic centre of dimension 5. This algebra can be described by the nilpotent
presentation

1
731(8 " (v1y2,93) = 1, (y1vya,y5) = 1.

4 Algebras with an isotropic centre of dimen-
sion 3
In this section we will be assuming that Z(L) is isotropic of dimension 3. First
we derive some properties that hold for these algebras. Here throughout
Z(L) = Fxs+Fzy+ Fas
L* = Z(L)+ Fzqy + Fxy + Fy; + Fys.
Lemma 4.1 Z(L) < L3.

Proof Otherwise Zo(L) = (L?)* &« Z(L)* = L. Without loss of generality
we can suppose that yz € Zo(L) \ L% As Zy(L) - L? = {0}, we then have
ys - L = {0}. Now also xy - L? = {0}. Let o = (22y4,y5) and 8 = (y3y4, Ys)-
Notice that o, 5 # 0 as xq,y3 € Z(L). But then

((Bzy — ays)ys, ys) =0



that implies that fzo — ays € Z(L). This is absurd. O
Lemma 4.2 dim L3 > 5.

Proof Otherwise dim L? < 4 and as Z(L) < L3 < [? = Z(L)* we can
choose our standard basis such that Z(L) = Fz5 + Fxy + Fz3 and

L3 < FLL’5 + FLL’4 + F:L’g + FSL’Q.

This implies that Fas + Fay + Fag + Fry + Foy + Fyy < (L3)1 = Z5(L) and
(notice that Zo(L) < L? as Z(L) < L?) L? = Zy(L) + Fys, that implies that
L? is abelian. Then for any « € L? and a,b, c € L, we have

(z,abc) = —(x(ab),c) = —(0,¢) =0

and [? < (L?)* = Z(L). Hence L? = Z(L) and Zy(L) = L*. Suppose
L = ZQ(L) + IFul -+ F'UQ + FU3. Then L2 = Z(L) + Fu1u2 + FU1U3 + FUQU;),
and we get the contradiction that 4 = dim L? — dim Z(L) < 3. O

Lemma 4.3 If dim L3 =5, then L3 is isotropic.

Proof Otherwise we can choose our basis such that L? = Fas +Faxy 4+ Fas +
Fx; + Fy; and then Zy(L) = (L3)* = Fas + Fay + Foz + Fay + Fy, and as
L? - Zy(L) = {0}, it follows that x1y, = y19o = 0. Then L? is abelian and
thus we get the contradiction that L3 < Z(L). O

Lemma 4.4 Z(L) < L*.

Proof We have seen that dim L? > 5. So we can choose our standard
nilpotent basis such that either

L3 = Fas + Fxy + Fag + Fag + Fay

or
L? = Fas + Fay + Fxs + Faoy + Fay + Fyy.

We consider the two cases in turn beginning with the first case. If Z(L) £ L*,
then dim Z(L) N L* < 2 and thus dim L? + Z3(L) = dim (Z(L) N L*)* > 8.
Suppose L = L?+ Z3(L) +Fu+TFv. Then L? = L3+ Zo(L) +Fuv = L3 +Fuv
and we get the contradiction that dim L? < 5+ 1 = 6. We now turn to the
second case where L? = Fays + Fay + Fag + Fay + Fxy + Fy;. We argue by



contradiction and suppose that Z(L) N L* < Z(L). Then we can choose our
basis such that

L* < Fas + Fay + Fa,
and Z(L)NL* < Frs+Fxy. Now yz € (L) = Z3(L) and as Z3(L)-L? = {0},
it follows that

T1Ys = T2Y3 = y1ys3 = 0.
It follows from this that z1y2, y1y2, y3ye € Frs+Fx,. Thus in particular these
three elements are linearly dependent and we have (axy + By; + Yy3)y2 = 0
where not all of «, 8, are zero. Then x5, ax; + By + yy3 commute with all
the basis elements except possibly 14 and y5. Suppose

(Toys,ys) = 7
((axy + Byr +7Y3)ya, y5) = s

If » = 0 then we get the contradiction that xo € Z(L) and if r # 0, we get
the contradiction that —sxo + raxy + rfBy; +ryys € Z(L). O

After these more general results we classify all the algebras where Z(L) is
isotropic of dimension 3. We consider the two subcases dim L? = 5 and
dim L? = 6 separately.

4.1 The algebras where dim L3 =5

We have seen that L? must be isotropic and thus in particular we have that
L3 = (L3t = Zy(L) that implies that L* < Z(L). By Lemma 4.4 we thus
have L* = Z(L). We have thus determined the terms of the lower and the
upper central series

L?. 12 x5 | ys
xy | ys | (L2 L)L Z(L) = L* = Fas + Fxy + Fay

Z(L) = L4 T3 | Ys ZQ(L) = L3 = Z(L) + FIQ + F.ﬁ(fl
xy | Yo | Zs(L) = L*  Zs(L) = L* = Zy(L) + Fyy + Fyp
Zy(L) =L° |z | p

Remark. As L? - Z,(L) = {0} we see that x1y, = 0. Now L? is not abelian
as this would imply that L? < Z(L). Tt follows that y;y» # 0 and we get a
one dimensional characteristic subspace

L* - L* = Fyup.



Notice that 1y € Z(L). We choose our basis such that 1192 = x5. We will
also work with the 9 dimensional characteristic subspace

V= (L2 : L2)J' = Fl’g, + FZL’4 + Fl’g + Fl’g + Fl’l + Fyl + F’yg + F’yg + F’y4

As z1yo = 0 we have that z1ys, z1ys L yo. As y1y2 = x5 we also have that
Y1Y3, Y1¥Ya L y1,y2 and yoysz, yoys L y1, y2. It follows that

V24 L' = (L? + Fys + Fys) (L + Fys + Fy,) + L' = Fysy, + L.

We consider few subcases.

4.1.1 Algebras where V? < [*

Notice then that ysy, € Fxs and thus x1ys, 22Ys, T1ya, Toys € Fos. As L3 =
L* + Fxy + Fx;, we have

L* = (Fxy + Fa1)(Fys + Fys + Fys) = Fas + Fagys + Fayys.
Pick x5, y5, 22, 1, y1 satisfying the conditions above and let
Ty = —22Ys5, T3 = —T1Ys5

We can then extend x5, x4, 3, Y1, Yo, Y5 to a standard basis x5, x4, 23, T2, 1, Y1,
Y2, Y3, Ya, Y5 satisfying the conditions above. All triples involving both x; and
yo are 0. The remaining ones are

(1y3,95) =1 (2193,94) =0 (21y1,95) =0
($2y372/4) =0 ($2y3, y5) =0 (56’22/4, y5) =1
(1192,93) =0 (Y1y2,94) =0 (132, 95) = 1
(Y2y3,94) = 0 (Y2y3,95) = @ (y2ya,ys) = B
(11y3.94) =0 (1y3.95) =7 (11Ys,y5) = 0
(Y3ya,ys) =7

Now let

U3 = Y3+ Qyy — VY2 — STy — 8YT3 — 80Ty Yo = Yo — ST3
T) =21 — azrz — Py Us = Ya + By1 — 0y2
To = g + Y3+ 014

where s = 7+ ad — 7. One checks readily that we get a new standard basis
with a presentation like the one above where a = f=9=0=7=0.
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So we arrive at a unique algebra with presentation

7)1(3’1) D (ys,ys) = 1, (z2ys, y5) = 1, (y1y2,us) = 1.

One can check that the centre has dimension 3 and that L3 has dimension 5.
Also ((L*- L*)1)? = Fas < L.
4.1.2 Algebras where V> £ L* but V? < L?
Here we can pick our basis such that
V2 4+ LY = Fay + Fay + Fag + Fao.

Notice that V3 = Faoys +Froyy and as (ysys, v2) = 0 we have that V3 < Fus.
As 2y & Z(L), we furthermore must have that dim V3 = 1. This means that

there is a characteristic ideal W of codimension 1 in V such that x,W =
V2W = {0}. We choose our basis such that

W = FSL’5 + FSL’4 + Fl’g + FSL’Q + F:L’l + Fyl + Fyg + Fyg.

It follows that we have a chain of characteristic ideals:

L*- L* =TFus
WJ' = FSL’5 + FLL’4
L?. 17 s | Us Z(L) = L* = Fas + Fay + Fay
WJ' Ty | Ya |4 V2 + L4 = Fl’g, + Fl’4 -+ Fl’g -+ Fl’g
Z(L) = L4 I3 | Ys W ZQ(L) = L3 = Z(L) + Fl’g + Fl’l

V2 + L4 T2 | Y2 Zg(L) = L2 (Vz)l N L2 = L3 + Fyl
ZQ(L) = L3 1 | (VZ)l N L2 Z3(L) = L2 = ZQ(L) -+ Fyl -+ Fyg
W = L + Fy, + Fys + Fys
V = L?+TFy, + Fy, + Fys + Fy,

We want to show that there is again a unique algebra satisfying these con-
ditions. We modify the basis and reach a unique presentation. Notice that
V2W = {0} and L*- Zy(L) = {0} imply that

T1Y2 = Toy3 = 0.

We have also chosen our basis such that

Y1Y2 = Ts. (1)
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Notice next that zoys = 0 implies that x,y, is orthogonal to y3 and y4 and
thus z2y4 = rys where r must be nonzero as zy ¢ Z(L). By replacing y4 and
x4 by Ty, and %x4, we can assume that

To2Ys = Ts. (2)

As ysys € V2 < L3 and as 2192 = 0 we have that z,y, is orthogonal to
Y2, Y3, Y4. Thus x1y4 = axs for some o € F. Replacing x1, y» by x1 — axs and
Y2 + oy we get a new standard basis where

T1ys = 0. (3)

Notice that the change in y5 does not affect (1). We next turn our attention
to r1y3. As 112 = 0 and x1y4 = 0, we have that z,ys is orthogonal to
Y1, Y2, Y3, Y4 and thus xyys = rxs where r is nonzero since =, ¢ Z(L). By
replacing y3 and z3 by rys and %,’L’3 we get

T1Y3 = Ts. (4)

Now we see, as y1ys = x5 and ysy, € L* + V2, that y,y3 is orthogonal to
Y1, Y2, y3 and y4. Thus yy3 = axs for some a € F. Replacing y; by y1 — axy
we can assume that

Y1y = 0. (5)
As z1y, = 0 the change in y; does not affect (1). From the discussion above
we know that gy, is orthogonal to vy, v, ys and y4 and thus yy, = axs for
some a € F. Replacing y4, r2 by y4 —ays and zo+ axy, we get a new standard
basis where

Y192 = 0. (6)
These changes do not affect (2) and (3). As y3y, € V? + L* but not in L*
we know that (ysys,ys) = 7 for some nonzero r € F. Suppose also that
(y3ya,y5) = a. Then ysys = 725 + axs. Replace z; and ys by z, + %5 and
Y5 — ~yo. Then

Y3Yyg = TT2. (7)
The changes do not affect (2). Then consider the triples

(Y2y3,95) = a, (Y2ya,ys) = b.
Replacing ys, 4, 23 by y5 — 244 + gyg,, Ty + x5 and r3 — 2:65 we can assume
that

(Y293, y5) = (Y2ys, y5) = 0. (8)
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We have then arrived at a presentation where the only nonzero triples are

(oY1, y5) = 1, (x1y3,y5) = 1, (Y1y2,ys) = 1, (Yoys, ya) =17

: 1 1, 1 1
Replacing w1, y1, T2, Y2, T3, Y3, T4, Y1, Dy 71, TYL, T2, TY2, T3, TY3, Ty, Ys, WE
get a unique algebra with presentation:

3.2
731(0 ) (woys,y5) = 1, (z1ys3,y5) = 1, (v1v2,vs) = 1, (Yoys,ys) = 1.

One can easily check that conversely this algebra belongs to the category
that we have been studying.

4.1.3 Algebras where V? < L? but V2 £ L?

Pick our basis such that
V24 L* = Fas + Foy + Fas + Fyy
Notice then that
Fazs + Fay + Fag + Foy = (V2 + LY N L = (VH N L?

is a characteristic ideal of L. As ysy, € V2 + L* we have that xoy3 L y4 and
xoys L y3. Thus 25V < Fxs. As zy & Z(L) , we must furthermore have that
2V = (V31 N L3V = Fas. This implies that the centraliser of (V2)+ N L3
in V is a characteristic ideal W of codimension 1. We can choose our basis
such that

W = IFZIZ'5 + IFZIZ'4 + Fllj'g + FZIZ’Q + F[L’l + Fyl + F’yg + F’yg

We now get a chain of characteristic ideals as before

L?.[? =Fau;
WJ' = FSL’5 + FLL’4
L?. 17 T5 | Us Z(L) = L* = Fas + Fay + Fay
wt Ty | Ya Vv (V2L N L3 =Fas + Fay + Faz + Fay
Z(L) = L4 I3 | Ys W ZQ(L) = L3 == Z(L) + Fl’g + Fl’l

(Vz)J_ N L3 T2 | Y2 Z3(L) = L2 V2 + L3 = L3 -+ Fyl

ZQ(L) = L3 1 | N V2 + L3 Z3(L) = L2 = ZQ(L) -+ Fyl + Fyg
W = L + Fy, + Fys + Fys
V = L +Fy, + Fy, + Fys + Fy,
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As (VAN L)W = {0} and L? - Zy(L) = {0}, we see that

T1Ye = T2y3 = 0.

We have also chosen our basis such that

Y1Y2 = Ts. 9)

Notice next that zoys = 0 implies that x,y, is orthogonal to y3 and y4 and
thus zoy, = rys where r must be nonzero as z, ¢ Z(L). By replacing y4 and
x4 by Ty, and %x4, we can assume that

T2Ys = Ts. (1O>

As ysys € V2+L* and y,y2 = x5, we have that 3,1, is orthogonal to s, ¥, ya.
Thus y,y4 = ays for some a € F. Replacing yy, 22 by y4 — ays and x5 + axy
we get

Y1ya = 0. (11)

Notice that the change does not affect (10). Next notice similarly that y;y;3
is orthogonal to ys, y3, y4 and thus y;y3 = ays for some a € F. Replacing y3
and zo by y3 — ays and x5 4+ axs we get

Y1Ys = 0. (12)

Notice that (11) is not affected by this change. We know that z1y, = 0. The
possible nonzero triples involving x; are then

(I1y3ay4) =T, ($1y3ay5) =a, (x1y47y5) =b.

Notice that as ysys € (Z(L)+Fyy) \ Z(L) we must have that r # 0. Replace
Ys, T4, T3 DY Y5 — Tys+ %yg, T4+ x5 and 13 — 2:55 and we get a new standard
basis where

T1Y3 =Ty, T1Ys = —TT3.

Replacing ys3, z3 by rys, %Zlfg gives
T1Ys = Ty, T1Ys = —T3. (13)

It follows that (y2ys, y4) = (y3va, ys) = 0. Suppose (y2ys3, ¥s) = a, (YoYs,ys) =
b. Replace ys, y4, 1 by ys+ay1, ys+by; and x1 —axs —bx,. Notice that these
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changes do not affect the equations above and we now arrive at a unique al-
gebra with presentation:

PI(SB) : (x2y4,y5) =1, ($1y37y4) =1, (y1y2,y5) =1L

Calculations show that conversely this algebra belongs to the relevant cat-
egory. There are thus exactly three algebras where Z(L) is isotropic of di-
mension 3 and where the dimension of L? is 5.

Proposition 4.5 There are exactly three NSAAs of dimension 10 that have
an isotropic centre of dimension 3 and where dim L3 = 5. These are given
by the presentations:

771(3’1) © (s, ys) =1, (Toya,ys) = 1, (y1ye,us) = 1.
3.2
731(0 " (woya,y5) = 1, (z1ys,y5) = 1, (yav2,y5) = 1, (yays, va) = 1.

731(373) D (@oys,ys) = 1, (21y3,ya) =1, (Yh1y2,y5) = 1.

4.2 The algebras where dim L3 = 6
Here we are thus assuming that

L3 =Fxs + Fay + Fag + Fay + Fzy + Fy,.
Lemma 4.6 We have dim L* = 4.

Proof. By Lemma 4.4, we know that Z(L) < L* and we also L' <
Fxs + Fay + Fasg + Fao. Thus if the dimension of L? is not 4, then L* =
Z(L) = Fas+Fay+Frz and Z3(L) = (L)t = L3+ TFy,. As Z3(L)- L3 = {0},
it follows that 2192 = y1y2 = 0 and L? is abelian. Hence we get the contra-
diction that L3 < Z(L). O

It follows that we have L* = Fzs + Fay + Fzg + Fas.
Lemma 4.7 We have dim L> = 2.

Proof We have an alternating form

¢:L/L*x L/L* - TF
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given by ¢(y,2) = (73y,2). As L/L* has odd dimension we know that the
isotropic part must be non-trivial. Thus we can then choose our standard
basis such that (xoys3,ys) = (22y3,y5) = 0 and thus zoy3 = 0. It follows that
L> = Fao(ys + ys + y5) = Faoys + Faoys and thus it is of dimension at most
2. As L* £ Z(L) we have dim L? > 0 and as we know [3, proposition 3.10]
that dim L5 # 1 we must that dim L° = 2. O.

We thus have determined the lower and upper central series of L. We have

€T L5 = FZL’5 + FZL’4
L? xs 35 Z(L) = Fas 4 Fxy + Fas
Z(L) - y4 24D) Zy(L) = L* = Fa5 + Fay + Fag + Fay
D= %) [ | i Zs(L) = L’ = Z(L) + Fay + Fay + Fyy
A L? = L3+ Ty
x|y | LP = Z3(L) 2

Zy(L) = L7 + Fys + Fys

Notice that x5 € L* and y3 € Z4(L) and thus xoy3 = 0. Also
L3L2 = leyg + Fylyg S Z(L)

Furthermore x,ys and y,y, are linearly independent. To see this we argue
by contradiction and suppose that 0 = ax1ys + by ys for some a,b € F where
not both a,b are zero. Then (ax; + by;)L < Z(L) that would give us the
contradiction that axy + by; € Zs(L).

We thus have that L*L? is a 2-dimensional subspace of Z(L) and we consider
two possible cases namely L3L? = L% and L3L? # L°. We consider the latter
first.

4.2.1 Algebras where L3 - L? # L[°

Here L3L? N L° is one dimensional and we can choose our standard basis
such that L3L? = L3y, = Fxs. In order to clarify the structure further we
introduce the following isotropic characteristic ideal of dimension 5:

U={zel®: zL*<I[*L*NL°}.

Now L3L? is of dimension 2 and L*L? = 0 and thus U is of codimension
1in L? and contains L*. We can thus choose our standard basis such that
U = Fxs + Fzy + Fag + Fxy + Fxy;. We thus have the following picture
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PN [as | s
L5 Ty | Ty (L3L2 N LS)J'
Z(L) T3 | Ys Z4(L)
L4 = ZQ(L) T2 | Y2 L2
U T |y | L= Z3(L)

Notice that UZ4(L) = Faxiys + Fayys = Fas + Fayys, where x1y3 € L°.
Again we consider two possible cases.

I. Algebras where UZ,(L) is 1-dimensional

Here UZ4(L) = x1Z4(L) = Fxs and there is a characteristic subspace V/
of codimension 1 in Z4(L) that contains L3 given by the formula

V={xe ZyL): Uz = 0}.
We can then choose our standard basis such that
V = L3+ Fys = U + Fy; + Fys.

Notice that in particular x1y3 = 0. From this we also get a 1-dimensional
characteristic subspace V2 = Fy,y3. Notice that (y1ys3,y2) # 0 as otherwise
Y192 € L° N L3L? that contradicts our assumption that L3L? # L°. Thus
y1ys € L*\Z(L) and we can choose our standard basis such that Fy,y3 = Fa,.
In fact it is not difficult to see that with the data we have acquired so far we
can choose our standard basis such that

T1Y2 = T, Y1Y2 = T3, T1Yy3 =0, Y1y3 = —a. (14)
This deals with all triple values apart from

(I1y47 yS) = a, (y2y3a y4) c, (y2y47 y5) = ¢, (113'2'3/4, y5) =T,
(Y1y1,y5) = b,  (y2y3,¥s5) = d, (yY3ys,ys) = f,

Notice that r # 0 as xoys = 0 but zo ¢ Z(L). We will show that we
can choose a new standard basis so that the values of a = b = ¢ = d =
e=f=0and r=1. Replace x1, Z4, Y1, Y2, Y3, Y1, Y5 by x1 — (a/r)x2 + Cy +
ds, g, y1—(b/1)x2, yo—(b/r)a1—(e/r)xa—(f /r) s —(be/r)za+(a/r)ys, ys—
(f/r)za, (1/r)ys — (¢/7)y1,ys — dy1 + (bd/r)xe. Thus we have that we get a
unique algebra.
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Proposition 4.8 There is a unique nilpotent SAA L with an isotropic centre
of dimension 3 and where dim L = 6 that has the further properties that
L3L? # L and dimUZy(L) = 1. This algebra is given by the presentation

731(374) D (Y2, 95) = 1, (Y2, y3) =1, (w2ys,y5) = 1.

Remark. As before, inspection shows that the algebra with the presentation
above satisfies all the properties listed.

II. Algebras where UZ,(L) is 2-dimensional

Here we can pick our standard basis such that UZ4(L) = Fas + Fay. As
L3L? # LP we know that (y192,y3) # 0 and from this one sees that L3Z4(L) =
L*. Furthermore it is not difficult to see that we can choose our standard
basis such that

L1Y2 = X5, T1Y3 = L4, Y1Y2 = T3, Y1Ys = —T2. (15)
In order to clarify the structure further we are only left with the triple values
(T1y4,95) = @, (yays, ya) = ¢, (Y2ya,ys) =€, (V2ya,y5) =T,
(11Y0,95) = b,  (42y3,95) = d, (y3ya, ys) = f.

Let o = b — cr and replace x1, T, T3, T4, T5, Y1, Y2, Y3, Y1, Y5 bY X1 — (a/1)xe +
(a/r)zg+dxs, (1/1)ze, T3, (1/1)24, rIs5, y1— (b/7) 22, TY2 — b1 — €20 — f23+
ayy, (1/r)ys — (f/r®)xa, rys — a(b/r)xs — ayr, (1/7)ys +d(b/r?)xy — (d/7)y;.
One checks readily that we get a new standard basis such that a = b =c¢ =
d=e=f=0and r=1. Thus we see again that we have a unique algebra.

Proposition 4.9 There is a unique nilpotent SAA L with an isotropic centre
of dimension 3 and where dimL?> = 6 that has the further properties that
L3L* # L% and dimUZ4(L) = 2. This algebra is given by the presentation

771(3’5) : ($1y2ays) =1, (y1y2,y3) =1, (361y3,y4) =1, ($2y4,y5) =1

4.2.2 The algebras where L3L? = L°

_ L? =Fxs + Fay
s ; ?;:5 Z(L) =Fxs + Fry + Fag
20 [otm] z 2D =L!=Fus+Fa+ Fa + Fa,
\ T3 | Ys 14 Z3(L) = L* = Z(L) + Fay + Faq1 + Fyy
L* = Z5(L) | z3 | Yo L 2 3
- L3:Z(L) L7 = L° + Fys
L % 3 Zy(L) = L? + Fy, + Fys
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Here we are assuming that L® = L3L? = Fx,ys +Fy,y» and thus in particular
we know that z1y2, y1y» is a basis for L>. We will now introduce some linear
maps that will help us in understanding the structure. Consider first the
linear maps

¢: L3/L* — L5, u=u+ L* = u -y,

Y L3/ = L5, t=u+ L'~ u-ys.

As L*Z4(L) = {0}, these maps are well defined. As L3L* = L’ we also know
that ¢ is bijective. We thus have the linear map

r=¢ 't L° = L.

It is the map 7 that will be our key towards understanding the structure of
the algebra.

Lemma 4.10 The minimal polynomial of 7 = ¢~ must be of degree 2.

Proof We argue by contradiction and suppose that 7 = Aid. Replacing ys, x2
by ys — Ay2, 2 + Ax3 gives us a new standard basis where 7 = 0. Pick our
standard basis such that ; = 71+ L* = ¢! (24) and 4, = yy + L* = ¢~ (x5).
We then have

T1Y2 = Ta, Y1Y2 = Ts, T1y3 =0, y1y3 = 0.
Now yoy3 L 1,91, Y2, y3 and thus
Yoyz = ax4 + bxs

for some a,b € F. Replacing y3 by y3 + a1 + by, 21 by 21 — brg and y, by
Y1 + axz, we can assume that yoys = 0.

Now suppose that (ysys,ys) = a and (z9ys,ys) = b. Notice that b # 0
as ra ¢ Z(L) and x9ys = 0. Replace ys, y2 by ys — (a/b)x2, y2 — (a/b)xs and
we get a new standard basis where all the previous identities hold but also
(y3y4,y5) = 0. We thus get the contradiction that y3 € Z(L). O

Notice next that if we have an alternative standard basis 1, To, . . ., 95, then
2 = cyp+u and J3 = ays + byy +v where a, ¢ # 0 and where u,v € L3. If the
minimal polynomial of 7 with respect to the old basis is f(¢) then the minimal
polynomial with respect to the new basis is a multiple of f((c/a)(t — (b/c)).
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In particular we have the following possible distinct scenarios that do not
depend on what standard basis we choose.

A. The minimal polynomial of 7 has two distinct roots in F.
B. The minimal polynomial of 7 has a double root in F
C. The minimal polynomial of 7 is irreducible in F[t].

I. Algebras of type A.

Suppose the two distinct roots of the minimal polynomial of 7 = 1)¢~! are A
and p. Pick some eigenvectors z, and x5 with respect to the eigenvalues A
and p respectively. Thus

Yo Hwy) = Aag,
Vo (ws) = pas.

Replacing ys, 72 by y3 — Ao, T2 + Azz we see that ¢~ (x4) = 0 and we can
thus assume that A = 0. Then replace ys, 3 by (1/u)ys, prs and we get that
Yo~ (ws) = x5 and we can now assume that u = 1.

We would like to pick our standard basis such that Z; = z1+L* = ¢~ *(z4) and
7 =y + L* = ¢~ (x5). The only problem here is that we need (zy,y;) = 1
but this can be easily arranged. If (x1,y1) = o then we just need to replace
Y1, x5, ys by (1/0)y1, (1/0)xs, oys. We have thus seen that we can choose our
standard basis such that

T1Y2 = T4, Y1Y2 = Ts, T1y3 =0, y1y3 = 5. (16)

Recall also that zoy3 = 0 since L*Z,(L) = {0}. In order to fully determine
the structure of the algebra we are only left with the following triple values

($1y4ay5) = a, (ygyg,y4) =, (y2y47y5) =€, (x2y4,y5) =T,
(v1Y1,95) = b, (y2ys,ys) =d, (ysya,ys5) = [

Notice that r # 0 as xays = 0 but 25 € Z(L). Let a = (1/r)(e — f — bd +
ab/r —ac) and replace yy, y3, Y2, Y1, x1 by ys+eys —e(b/r)xy + cexs, ys+cxq —
aze+(d+a/r)yr, yo+(a/r)y1 — (b/r) x4+ ((e— f)/r)xs, y1— (b/r)xa+cx3, 1 —
(a/r)zy — (d+ a/r)xs — exy One checks readily that we get a new standard
basis such that a =b=c=d =e = f = 0. We have thus seen that L has a
presentation of the form 731(3’6) (r) as described in the next proposition.
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Proposition 4.11 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 3 that has the further properties that dimL? = 6, L3L? =
L? and L is of type A. Then L has a presentation of the form

3.6
731(0 )(7“) D (s, ys) =1, (T1ye,ya) = 1, (yive,ys) =1, (y1ys,y5) =1

where r # 0. Furthermore the presentations 731(3’6)(7“) and 731(3’6)(3) describe
the same algebra if and only if s/r € (F*)3.

Proof We have already seen that all such algebras have a presentation of the
form 731(3’6)(7“) for some 0 # r € F. Straightforward calculations show that
conversely any algebra with such a presentation has the properties stated in
the Proposition. It remains to prove the isomorphism property. To see that
the property is sufficient, suppose we have an algebra L with presentation
731(3’6) (r) with respect to some given standard basis. Let s be any element
in F* such that s/r = 0® € (F*)?. Replace the basis with a new standard
basis Zi'l,. .. ,gg, where i’l = I, gjl = Y1, i’g = b!L’Q, ng = (1/b)y2, T3 = bl’g,
Ys = (1/b)y3, 2%4 = (1/6)1’4, g4 = by4, 2%5 = (1/6)1’5, g5 = by5 Direct cal-
culations show that L has presentation 771(3’6) (s) with respect to the new basis.

It remains to see that the property is necessary. Consider again an alge-
bra L with presentation 731(3’6) (r) and suppose that L has also a presen-
tation 731(3’6)(5) with respect to some other standard basis Zi,...,75. We
want to show that s/r € (F*)3. We know that L = Fgs + Fyy + Z4(L) =
Fy5 + Fy4 + Z4(L) Thus

Ys = ays+bys +u
Ys = cyst+dys +v
for some u,v € Z4(L) and a,b,c,d € F where ad — bc # 0. As L3L? = L° |

Z4(L) and as Z,(L)L* = 0 we have (Z,(L)L* L?) = (Z4(L)L,L*) = 0 and
thus Z4(L)L?* < (L*)* = L* and Z,(L)L < (L*)* = L3. Tt follows that

)t

Uss¥s = (ays + bys)(cys + dys)(cys + dys) +w

UsUals = (cya + dys)(ays + bys)(ays + bys) + 2
) =

for some w, z € L*. Using the fact that (L4, L3
that

,as L5 = 0, we then see

= (049575, U5Ja81) = r*(ad — be)®.



21

Hence s/r € (F*)3. O

Remark. Notice that it follows that we have only one algebra if (F*)3 = F*.
This includes all fields that are algebraically closed as well as R. For a finite
field of order p™ there are 3 algebras if 3|p™ — 1 but otherwise one. For Q
there are infinitely many algebras.

II. Algebras of type B.

Suppose that the double root of the minimal polynomial of 7 = ¢! is
A. We can then have a basis x4, x5 for L° such that

Yo~ Hwy) = Azy
¢¢_1($5> = >\l’5+$4.

If we replace y3, 2 by y3 — A\ys, x5 + Azg then we can furthermore assume
that A = 0. We want to pick our standard basis such that z; = z; +
L* = ¢~ Y(x4) and §; = y; + L*. Again the only problem is to arrange
for (z1,y1) = 1. But if (z1,11) = o then we replace x5, 3, y1,Ys3, Y5 by
(1/0)xs, (1/0)x3, (1/0)y1, 0Ys, 0ys and that gives (x1,y;) = 1. We have thus
seen that we can choose our standard basis such that

T1Y2 = Tu, Y1Y2 = T5, T1y3 = 0, y1y3 = T4. (17)

As before we have furthermore z9y; = 0 and we are only left with the fol-
lowing triple values

($1y4ay5) = a, (ygyg,y4) =, (y2y47y5) =€, (x2y4,y5) =T,
(y1y4,y5) =0, (yzys,ys) =d, (y3y4,y5) =]

Notice that r # 0 as xoy3 = 0 but 29 & Z(L). Let a = (a® + acr + bdr)/r,
B = er+aand replace x1, Y3, Y1, Ya, Y2, ys by 21— (a/r)x2a—drs—exs+ frs, ys—
(a/r)ze + (B/r)xr + dyr, yr — (b/7)z2 + (B/7)23,ys — e(b/r)z2 + €(B/1)s +
ey1, Y2+ (a/r)y1 — (b/r)x1, ys + f(b/r)ze — f(B/r)x3— fyr One checks readily
that these changes do not affect (17) and we get a new standard basis where
a=b=c=d=e=f=0. We thus arrive at at presentation of the form
D) : . .
1o (r) as given in the next proposition.

Proposition 4.12 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 3 that has the further properties that dimL? = 6, L3L? =
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L? and L is of type B. Then L has a presentation of the form
3,7
Pl () (wayayys) =7 (2192,92) =1, N1y, y5) = 1, (193, ys) = 1

where r # 0. Furthermore the presentations 771(3’6) (r) and 771(3’6)(5) describe
the same algebra if and only if s/r € (F*)3.

Proof Similar to the proof of Proposition 4.11.
III. Algebras of type C.

It turns out to be useful to consider the cases charF # 2 and charF = 2
separately.

a. The algebras where char F # 2

Suppose the minimal polynomial of 7 = ¥¢~! is t2 + at + b with respect
to some ¥, y3. Replacing ys by y3 + (a/2)ys, one gets a minimal polynomial
of the form t? — s with s & F?2.

Remark. Let §3 = ays + u where a # 0 and v € L?. For the minimal
polynomial of 7 to have trivial linear term we must have u € L. Thus
Fys + L? is a characteristic subspace of L.

Pick any 0 # x5 € L° and let 24, = ¢~ (x5). Then ¢! (xy4) = sxs. We want
to pick our standard basis such that ¢=*(zy) = 1 + L, ¢~ (25) = y1 + L.
For this to work out we need (x1,y;) = 1. Again this can be easily arranged.
If (z1,y1) = o, then we replace x5, 41, y3 by (1/0)xs, (1/0)y1, oys and we get
(1,91) = 1 and Yo~ (z4) = (02s)z5. We have thus seen that we choose our
standard basis such that

T1Y2 = Ty, Y1Y2 = T, T1Y3 = ST, Y1Y3z = X4 (18)

for some s € F?. In order to clarify the structure further we are only left
with the following triple values

($1y4ay5) = a, (ygyg,y4) =, (y2y47y5) =€, (x2y4,y5) =T,
(V1Y1,95) = b, (yoys,ys) =d, (ysya,ys5) = f-

Notice that r # 0 as xoy3 = 0 but 2o & Z(L). Let a = (a®+acr —b*s+bdr)r,
B =c+a/r,y=(s(b/r)—d) and replace 1, ys, y1, Y5, Y2, y3 by @1 —(a/r)z2 —



23

exy+ frs—yws, ys—e(b/r)xe+ebrs+eyr, y1 — (b/1)xs + Bxs, ys+ f(b/r)zy —
fBrs — fyi,y2 — (b/r)x1 + (a/7)y1,y3 — (a/r)x2 + By — YY1, We see then
that the remaining triple values are zero. Thus L has a presentation of the
form 771(3’8) (r,s) as described in the next proposition.

Proposition 4.13 Let L be a nilpotent SAA of dimension 10 over a field
of characteristic that is not 2 that has an isotropic centre of dimension 3.
Suppose also that L has the further properties that dim L = 6, L3L* = L°
and L is of type C. Then L has a presentation of the form

P (r,s) : (mayasys) =7, (21ys5,95) = 8, (2102, ya) = 1, (Y2, ys) = 1, (11ys, ya) = 1

where v # 0 and s & F2. Furthermore the presentations 791(3’8)(f, 5) and
771(3’8) (r,s) describe the same algebra if and only if £ € (F*)* and £ € G(s)
where G(s) = {(z* — y?*s)?: (x,y) € F x F\ {(0,0)}}.

Proof We have already seen that any such algebra has a presentation of
the given form. Direct calculations show that an algebra with a presentation
731(3’8) (r, s) has the properties stated. We turn to the isomorphism property.
To see that the condition is sufficient, suppose we have an algebra L that has

presentation 731(3’8) (r, s) with respect to some standard basis x1,y1, ..., Ts, ys.
Suppose that - = z and ¢ = [(b/5)* — s(a/B)*]? for some § € F\ {0} and

(a,b) e F x F\ {(0,0)}. Let a = % and consider a new standard basis

Ty = (o) f?)(bxy + asyr), = (1/8)(byr + axy),
Ty = (1/8)x2, U2 = B2

T3 = (1/a)xs, Us = Qs

Ty = (a/B)(bxy + asxs), s = (1/52)(5?/4 — ays),
T5 = axy + bxs, U5 = (a/B3)(bys — asya),

Calculations show that L has then presentation 731(3’8) (7, 5) with respect to
the new standard basis.

It remains to see that the conditions are also necessary. Consider an al-
gebra L with presentation 771(3’8) (r,s) with respect to some standard basis
r1,Y1,---,T5,Ys. Lake some arbitrary new standard basis Z1,91,...,Ts, Us
such that L satisfies the presentation 731(3’8)(77, §) with respect to the new
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basis for some 0 # 7 € F and § ¢ F2. Notice that

12'5 = axr4+ 61'5
2 = PBya+u
Uz = Y3+,

such that u,v € L? and 0 # o, 8 € F. The reader can convince himself that
7/r € (F*)3 and s/5 € G(s). O

Examples. (1) If F = C then as any quadratic polynomial is reducible,
there are not algebras of type C. This holds more generally for any field F
of characteristic that is not 2 and where all the elements in F have a square
root in FF.

(2) Suppose F = R. Let s ¢ R? and 0 # r € R. Then 1/r € (R*)? and
s < 0. Also s/(—1) = a* = (a®> — 0%s)? for some a € R\ {0}. We thus have
that 731(3’8)(7“, s) describes the same algebra as 731(3’8)(1, —1). There is thus a
unique algebra in this case.

(3) Let F be a finite field of some odd characteristic p. Suppose that |F| = p™.
Let s be any element that is not in (F*)2. Notice then that F* = (F*)?Us(F*)?
and thus for any s that is not in F?, we have s/5 € (F*)? = G(s). We can
thus keep s fixed and each algebra has a presentation of the form Q(r) =
731(3’8) (r,s) where Q(7) and Q(r) describe the same algebra if and only if
7/r € (F*)3. There are thus either three or one algebra according to whether
3 divides p” — 1 or not. O

b. The algebras where char F = 2

If the irreducible minimal polynomial of ¥¢~! is t? + rt + s with respect
to 2, y3 then the minimal polynomial with respect to ays, bys + cy, where
a,b# 0, is

t2 +r(b/a)t + [(c/a)® +r(c/a)(b/a) + (b/a)s].

Thus we have two distinct subcases (that do not depend on the choice of
basis). Let m = m(y2,y3) be the minimal polynomial of ¢~ with respect
to a given standard basis for L.
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(1) The minimal polynomial m is of the form t* — s for some s ¢ F?.

(2) The minimal polynomial m is of the form t* 4 rt + s where 7 # 0 and the
polynomial is irreducible.

For case (1) we get the same situation as in Proposition 4.13.

Proposition 4.14 Let L be a nilpotent SAA of dimension 10 over a field
of characteristic 2 that has an isotropic centre of dimension 3. Suppose also
that L has the further properties that dim L3 = 6, L3L* = L% and L is of
type C where the minimal polynomial m(ys, y3) is of the form t* — s for some
s @ F2. Then L has a presentation of the form

P (r,s) : (mayasys) =7, (1ys3,95) = 8, (2102, 1) = 1, (y2sys) = 1, (113, ya) = 1

where v # 0 and s & F2. Furthermore the presentations 731(3’8)(77, ) and
731(3’8) (r,s) describe the same algebra if and only if = € (F*)* and £ € G(s)
where G(s) = {(z* — y*s)*: (x,y) € F xF\ {(0,0)}}.

Example. Consider the field Z,(z) of rational functions in one variable over
Zso. Notice that

Zo(z)" = {f(2)* +2g(x)”: f(x),g9(x) € Zo(x)* \ {(0,0)}}.

Thus G(z) = (Zy(2)*)? and the last proposition tells us that 731(3’8)(~(93), 5(x))
and P (r ( ), s(xz)) describe the same algebra if and only if 7(x)/r(x) €
(Zy(x)*)? and s(x)/5(x) € (Zy(x)*)*. We thus have infinitely many algebras
here.

We then move on to the latter collection of algebras. For the rest of this
subsection we will be assuming that the minimal polynomial of 1¢~! is an
irreducible polynomial of the form ¢* + rt 4+ s where r # 0.

Pick 0 # x5 € L° and let 24 = ¢ '(x5). Then o t(zy) = ray + sus.
We want to pick our standard basis such that z; + L* = ¢ *(z4) and
y1 + L* = ¢~ !(x5). The only constraint to worry about is, as before, that
(x1,y1) = 1. If (z1,11) = o, we just need to then replace y3 by (1/0)ys. No-
tice that this changes the minimal polynomial of 1)¢~! to t2+(r /o)t +(s/0?).
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In any case this shows that we can choose our standard basis such that

T1Y2 = T4, Y1Y2 = Ts, T1Y3 = TTq + ST5, Y1Ys = Ty (19)

for some 7, s € F where r # 0 and t? + rt + s is irreducible. As before we also
know that zoy; = 0. In order to clarify the structure further we are only left
with the following triple values:

C, (y2y4uy5) =6, (x2y4,y5) = Q,
d, (ysys,ys) = [.

(y2y37 y4)
(y2y3, y5)

(x1y4, y5)
(y1y4, ys)

= a, =
— b, —
Notice that v # 0 as xoys = 0 but x5 & Z(L). Let z; = (a + ¢y — br)/7,
2o = (d—s(b/v)) and z3 = z1(a/v)+22(b/7) and replace 1, Y3, Y1, Ya, Yo, Y5 by
Ty —(a/a)wy — 2073 — ey + fT5, Y3+ 2241 + 2121 — 2372, Y1 — (b/7) T2+ 2173, ya—
e(b/v)w2 + eyr + eziws, y2 + (a/7)yr — (b/7)z1, ys + f(0/7)22 — fin — fz12s.
This show that we can choose a new standard basis so that the remaining
values are zero. We have thus arrived at a presentation of the form 771(3’9) as
described in next proposition. Before stating that proposition we introduce
two groups that are going to play a role.

Definition. For each minimal polynomial t> + 7t + s, we let

H(r) = {2*+rz: 2z €T}
G(r,s) = {2*+ray+sy’: (x,y) € FxF\{(0,0)}}.

Remarks. (1) H(r) is a subgroup of the additive group of F.

(2) Consider the splitting field F[a] of the polynomial t* + rt + s in F[t].
Then a®+ abr + b%s is the norm N(a+ba) = (a+ba)(a+b(a+7)) of a+ ba.
As this is a multiplicative function we have that G(r,s) is a multiplicative
subgroup of F*.

Proposition 4.15 Let L be a nilpotent SAA of dimension 10 over a field
of characteristic 2 that has an isotropic centre of dimension 3. Suppose also
that L has the further properties that dimL? = 6, L3L? = L and L is of
type C where the minimal polynomial m(ys,y3) is irreducible with a non-zero
linear term. Then L has a presentation of the form

3,9
731(0 )(%7”7 S) : (:ng4,y5) =7 (361y3,y4) =T, ($1y3,y5) =S,
(w1y2,94) = 1, (Y2, y5) = 1, (11ys, va) = 1
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where y,7 # 0 and t*> + rt + s is irreducible. Furthermore the presentations
73139 (%7’ 3) and 73(39 (v,7,8) describe the same algebra if and only zfz

(F*)%, L € G(r,s) and § — (£)*s € H(F).

Proof We have already seen that any such algebra has a presentation of
the given form. Direct calculations show that conversely any algebra with
a presentation of this type satisfies all the properties listed. It remains to
deal with the isomorphism property. To see that the condition is sufficient,
suppose we have an algebra L that has a presentation 7713’ (v, 7, s) with

respect to some standard basis xq,y1, ..., x5, y5. Suppose that ” = 63’ r =

(%)2 + (%)(%)7‘ +(§)?*s and 5 — (£)%s = (%)2 + ( )7 for some a, b 5,0 €l
where (a,b) # (0,0) and § # 0. We let o = B/((%)2 + (%)(%)7‘ + (5)%s)-

Consider the new standard basis

T = = slaar +ab+ da)ay + (b + aas)y], G = (a1 +byr)

Iy = QB(OKSCQ + dz9), U2 = By2,

Ty = Lag, Ys = ays + 0ya

Ty = gl(aar + ab + da)ws + (0b + aas)ws], Ga = 75 (bya + ays),

T5 = axy + bxs, U5 = %[(aar + ab+ da)ys + (0b + cas)yy).

Calculations show that L has then presentation 73(3 9) (7,7, §) with respect to
the new standard basis.

It remains to see that the conditions are also necessary. Consider an al-
gebra L with presentation 731(3’9)(7, 1, s) with respect to some standard basis
r1,Y1,---,T5,Ys. lake some arbitrary new standard basis Z1,91,...,Ts, Us
such that L has presentation 771(3’9) (7,7,8) with respect to the new basis
where 7,7 # 0 and where t? + 7t + 5 is irreducible. Then Z5 = axy + bxs,
Jo = Pys +u and §3 = ayz + dys + v for some u,v € L3, o, 3,6 € F and
(a,b) € FxF\{(0,0)} where a, 8 # 0. The reader can convince himself that
new basis that we get satisfies the conditions stated. O

Before we give an example of an algebra of this form, we list some useful
properties of the groups G(r,s) and H(r).

Lemma 4.16 For any irreducible polynomials t*> + 1t + s and t*> + 7t + 5, we
have that
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(1) H(F) = (7/r)*H(r).
(2) G(7,3) = G(r,s) if s — (7/r)*s € H(T).

Proof Straightforward calculations.

Example. Let F be the finite field of order 2". Let r,s,7,5 be as in the
last lemma. Then G(7,§) = G(r,s) = F* and thus 7/r € G(r,s). Also
[F: H(7)] = 2 and thus § — (7/r)%s € H(7). It follows from the last proposi-
tion that the presentations 771(3’9) (7,7, s) and 771(3’9) (7,7, 8) describe the same
algebra if and only if 7/y € (F*)3. There are thus either three algebras or
one algebra according to whether 3 divides 2™ — 1 or not.

We end this section by giving a direct explanation why the relation

(7,8) ~ (r,s) if = € G(r,5),5 — (-)2s € H(7)
r r
is an equivalence relation.

First it is easy to see that (r,s) ~ (r,s) as 1 € G(r,s) and 0 € H(r). Next if
(7,8) ~ (r,s) then, as G(r,s) = G(T, ) is a group, we have that r /7 € G(7, )
and s — (r/7)?5 = (r/7)*(=5 + (7/r)*s) € (r/F)?H(F) = H(r). This shows
that ~ is symmetric. Finally suppose (r*,s*) ~ (7,5) and (7,5) ~ (r,s).
Then we have that r*/r = r*/F - 7/r € G(r,s) and s* — (r*/r)*s = [s* —
(/73] + [(*/7)%5 — (1 fr)2s] = [5* — (1 /73] + (r° J72[5 — (7 /r)?s] s im
H(r*) + (r*/7)?H(r) = H(r*). Hence ~ is also transitive and we have an
equivalence relation.
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