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Abstract

Active solids are a large class of materials, including both living soft tissues and artificial matter, that
share the ability to undergo strain even in absence of external loads. While in engineered materials the
actuation is typically designed a priori, in natural materials it is an unknown of the problem. In such a
framework, the identification of inactive regions in active materials is of particular interest. An example of
paramount relevance is cardiac mechanics and the assessment of regions of the cardiac muscle with impaired
contractility. The impossibility to measure the local active forces directly, suggests us to develop a novel
methodology exploiting kinematic data from clinical images by a variational approach to reconstruct the
local contractility in the cardiac muscle. Introducing a suitable cost functional and effective regularization
methods, we minimize the discrepancy between observed and simulated displacement and we recover the
contractility map of the muscle. Numerical experiments, including severe conditions with added noise to
model uncertainties, and data knowledge limited to the boundary, demonstrate the effectiveness of our
approach. Unlike other methods, we provide a spatially continuous recovery of the contractility map at a
low computational cost.
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1. Introduction

Soft active solids are materials able to strain and exhibit tensional fields even in absence of external
loads. This class of materials encompasses a wide variety of samples, ranging from living soft tissues, such
as muscles [30], to the artificial materials widely employed in soft robotics, i.e., active gels [12]. While in
artificial active materials the actuation is designed to target the desired features of the sample, in natural
materials the activation is not known a priori. For natural active solids it is therefore important to formulate
mathematical methods to determine the intensity map of the activity, or even regions of compromised
activation. A paradigmatic example of such complexity is the cardiac muscle, where the stress generated by
the activation of the cardiomyocites (cardiac cells) depends both on the location of the cells in the cardiac
wall and on orientation of the fibres [37].

From the point of view of mathematical modelling, the active behavior of active solids can be accounted
for by an active stress term, which is added to the first variation of the strain energy density characterizing
the material (the standard contribution of stress of inert matter). Alternatively, a less common approach—
known as active strain—mathematically represents the activation as a microstructural distortion, i.e. a
change in the reference (relaxed) configuration [2]. Regardless the choice of the approach, the active term
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must be constitutively stated, it depends on the specific problem at hand and can be a function of the
deformation itself. The paradigmatic example in this respect is the Frank-Starling law of cardiac mechanics.

The estimation of passive and active parameters embedded in the constitutive laws of soft materials is a
problem that has long been addressed by the scientific community [18, 25, 29, 13]. Above all, over the past
few decades, such family of problems, classified as inverse problems from the mathematical perspective, are
playing a crucial role in the field of personalized medicine where, for obvious reasons, the determination of
material parameters cannot be addressed by the usual engineering technology. A striking example confirming
the importance of a correct evaluation of the model parameters is cardiac modeling, where mathematical
models have proven to be powerful diagnostic tools if combined with clinical data assimilation, for example
integrating in-vivo MRI [33] or elastography data [21, 39].

In this scenario, the most important contribution leveraging a mathematical model in the attempt of
estimating the material properties of the cardiac tissue can be traced back to the work of Guccione et al. [18],
followed many years later by Augenstein et al. [4] and Wang et al. [38]. To this aim, different approaches
were proposed ranging from standard techniques, as the minimization of the least-squares differences [26],
to more heuristic methods, such as genetic algorithms [27, 25]. In the context of cardiac modeling, the
estimation of active parameters is even more challenging and it becomes crucial in the presence of pathologies
that affect the active contraction of the tissue. An example is the paramount importance of identifying
possible infarcted regions, i.e., portions of the cardiac tissue where dead cardiomyocytes have lost their
contractile ability and do not contribute to the power stroke of the heart. In this respect, a pioneering
contribution is due to Sermesant et al. [35], who proposed a framework to estimate local contractility of
the ventricular myocardium using a cardiac mathematical model fed by clinical MRI images and leveraging
data assimilation procedures to estimate local contractility from given displacements. Later, Sun et al. [36]
proposed a gradient-free optimization approach to facilitate the convergence towards the global minimum
of the problem. In the same vein, several other approaches have been proposed, based on data assimilation
principles, to reconstruct regional values of key biophysical parameters to feed mathematical models of the
beating heart. However, all these attempts suffer from a major limitation: the estimation is restricted to a
small number of contractility parameters defined on prescribed regions [14, 10, 17]. This feature is restrictive
especially when an high precision in defining the scar boundaries is required. An improvement in this respect
was made by Asner et al. [3] and by Kovacheva et al. [20].

Aim of this paper is to propose a novel variational method to evaluate the activity of a contractile
material and, in particular, to identify inert regions that possibly have a sharp boundary, on the basis of
some recorded displacements. The application we have in mind is the determination of infarcted cardiac
areas. Figure 1 illustrates the main idea behind the proposed approach. In Section 2 we address the inverse
problem to determine an inhomogeneous material active stress on the basis of some knowledge of the given
displacement field. On the basis of an a priori knowledge of the constitutive law of the material and of
the functional form of the active stress, we exploit a variational approach. After defining a suitable cost
function, we look for the minimum of such functional and obtain the inverse problem, where the active
stress is the unknown. The numerical solution of the inverse problem is discussed in Section 3. In Section
4, we discuss the numerical results and perform a sensitivity analysis on varying the formulation or some
parameters of the problem. Finally, in Section 5 of the paper we discuss the obtained results comparing our
approaches with the state-of-the-art methods.

2. Mathematical statement of the problem

2.1. The forward problem
Let us consider a continuous body defined in its reference configuration by the domain Ω ⊂ Rd, with

d = 2, 3. We define the deformed configuration by a smooth map

Ω ∋ X 7→ x = x(X),

where X and x are the material and spatial coordinates, respectively. We also define the displacement field
u(X) = x(X)−X and the deformation gradient tensor F = ∇x = I+∇u.
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Figure 1: Sketch of the process outline. We first generate artificial in-silico data reproducing a 2D portion of the cardiac tissue
presenting a scar—i.e. a region where the active contractility is impaired. For the given contractility field we solve the force
balance equation and then perturb the solution (i.e. the displacement field) with a random noise to reproduce realistic data
mimicking the output of imaging techniques. By an optimization technique, we solve the inverse problem to reconstruct the
contractility function that minimizes the discrepancy between the simulated displacements and the artificial in-silico data.

We assume that the body exhibits a hyperelastic behaviour and we constitutively provide an isotropic
strain energy density per unit of reference volume W (F). As we are here mainly interested in methodological
aspects, we keep the mechanical model at the minimum degree of complexity while retaining the essential
features of inverse problems in finite elasticity. Accordingly, we assume the isotropic part to behave as a
compressible neo-Hookean material [5]

W (F) =
µ

2

(
F : F− 2 log J − 2

)
, (1)

where J = detF and µ ≥ 0 is the shear modulus. The strain energy in Eq. (1) corresponds, in a small strain
regime, to an isotropic linear material with shear modulus µ and zero Poisson’s ratio. Volume variation are
penalized logarithmically at large strains. All the calculations that follow can be easily extended to more
complex strain energies.

Since we assume the material to be active, the Piola stress tensor corresponding to Eq. (1) must be
complemented by the active stress component Pa as follows:

P(F, α) =
∂W

∂F
+ Pa = µ(F− F−T ) + αFa⊗ a, (2)

where a = a(X) is the unit vector parallel to the fibers orientation in the reference configuration. Again,
the specific form of the active stress we introduce in (2) is driven by a sake of simplicity only: more
complex functional forms could be successfully adopted in the in the same methodological framework. The
contractility α = α(X) modulates the amplitude of the active stress.

Overall, we impose the force balance

−∇ · P = 0, (3)

that, for the sake of simplicity, we equip with homogeneous boundary conditions

Pn
∣∣∣
ΓN

= 0, u
∣∣∣
ΓD

= 0, (4)

where ΓN and ΓD, with ΓD ∪ ΓN = ∂Ω, denote the Neumann and the Dirichlet boundary, respectively.
In summary, the forward (or primal) problem consists in finding the displacement field u(X) given an

active stress α(X). We remark that, under suitable regularity assumptions on the domain and parameters,
the existence of a solution to the problem (3) is ensured by the polyconvexity of the strain energy (1) and
the active stress term [34].
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2.2. The cost functional
Let now assume the contractility α(X) to be unknown and the displacement of the body u(X) to be

observable in a subregion Ωo ⊆ Ω.
We thus aim at exploiting the knowledge of the observed displacements uo to reconstruct the contractility

function. As so, we define the cost functional

J (u, α) =
1

2

∫
Ωo

|Ou− uo|2 dX + λR(α), (5)

where O is the observation (or restriction) operator from Ω to Ωo and λR(α) is a regularization term and
(u, α) as such that Eq. (3) and Eq. (4) are satisfied. Together with physical requirement that α(X) ≥ 0 for
all X ∈ Ω, we formulate the inverse problem as the following constrained optimization problem:

min
u,α

J (u, α), s.t.


−∇ · P = 0, in Ω

Pn = 0, on ΓN ,

u = 0, on ΓD,

α ≥ 0, in Ω.

(6)

The regularization term is necessary to cope with the ill-posedness of the inverse problem and recover
a stable solution [22]. Typically, inverse problems lead to solutions that are unstable with respect to data
perturbations, for instance due to noise in the measurements [15]. In this work we analyze three common
choices for regularization, namely

RL2(α) =
1

2

∫
Ω

α2 dX, (7a)

RH1(α) =
1

2

∫
Ω

(∇α)
2
dX, (7b)

RTV(α) =

∫
Ω

√
ε+ ∥∇α∥2 dX, (7c)

where ε ≪ 1 in (7c) is a parameter, in our case set to 10−2. The first two are Tikhonov-type regularization
terms respectively of order zero for RL2 and of order one for RH1 [8]. Equation (7c) is an approximation of
the total variation regularization [31, 11], well-known in the computer vision and imaging community. The
choice of the regularization term is critical for imposing the desired regularity on α(X), as shown in Sec. 4.

2.3. Necessary optimality conditions
A minimizer of the constrained optimization problem (6) must satisfy a set of optimality conditions that

we derive as follows. First, we introduce a Lagrange multiplier p(X) = 0 such that p(X) = 0 for X ∈ ΓD,
we formally remove the equality constraints (the forward problem and the boundary conditions) through
the following Lagrangian functional,

L(u, α,p) = J (u, α)−
∫
Ω

(−∇ · P) · p dX = J (u, α) +

∫
Ω

P : ∇p dX, (8)

where we have used the Neumann boundary condition in the integration by parts. We recall that if
(u∗, α∗,p∗) is a saddle point of the Lagrangian in Eq. (8), then (u∗, α∗) is a minimizer of Eq. (6). A
necessary condition for (u, α,p) being a saddle point is that the first variation of the Lagrangian vanishes
therein. Hence, we require that

δL(u∗, α∗,p∗) =
∂L
∂u

(u∗, α∗,p∗) δu+
∂L
∂α

(u∗, α∗,p∗) δα+
∂L
∂p

(u∗, α∗,p∗) δp = 0, (9)

for all admissible variations (δu, δα, δp).
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To fix the ideas, in the following we consider RTV regularization. The Lagrangian reads as follows:

L(u, α,p) = 1

2

∫
Ωo

|Ou− uo|2 dX + λ

∫
Ω

√
ε+ ∥∇α∥2 dX +

∫
Ω

P : ∇p dX. (10)

The first variation follows from term-by-term differentiation of the above expression. We start with

∂L
∂u

δu =

∫
Ω

O∗(Ou− uo) · δudX

+

∫
Ω

(
µ
(
∇δu− F−T (∇δu)TF−T

)
+ α (∇δu)a⊗ a

)
: ∇p dX = 0,

(11)

for all admissible δu, where we used δF = ∇δu, the definition of the Piola stress tensor P given in Eq. (2),
and the differentiation rule for a generic tensor A: δ(A−1) = −A−1δAA−1. Here with the symbol O∗ we
denote the adjoint observation operator with extends functions from Ωo to Ω. Integrating by parts the
second term yields the following adjoint problem:{

−∇ · C(u, α)[∇p] = O∗(uo −Ou), in Ω,
C(u, α)[∇p]n = 0, on ΓN ,

(12)

where with χΩo
we denote the indicator function of Ωo and we assumed that uo can be extended by continuity

to the whole domain Ω. Moreover, we introduced the fourth-order Lagrangian tangent modulus

C(u, α)[A] = µ
(
A− F−TATF−T

)
+ αAa⊗ a. (13)

We remark that for boundary observation, that is Ωo ⊆ ΓN , the resulting adjoint problem has the same
structure of (12) but with the term O∗(uo −Ou) on the second equation rather than the first one.

Similarly, the variation in p,

∂L
∂p

δp =

∫
Ω

P : ∇δp dX = 0, (14)

for all admissible δp, gives the primal problem, corresponding to Eqs. (3) and (4).
The last term corresponds to the variation with respect to the control,

∂L
∂α

δα = λ

∫
Ω

∇α · ∇δα√
ε+ ∥∇α∥2

dX +

∫
Ω

(
δαFa⊗ a

)
: ∇p dX = 0, (15)

for all admissible δα. After integration by parts, we obtain the optimality condition,
λ∇ ·

(
∇α√

ε+ ∥∇α∥2

)
= ∇p : (Fa⊗ a), in Ω,

∇α · n√
ε+ ∥∇α∥2

= 0, on ∂Ω.
(16)

The optimal control problem collects Eqs. (3), (4), (12), and (16) into a single non-linear system in the
unknowns u, α, and p.

2.4. The reduced functional
From a numerical viewpoint, it is convenient to introduce the following unconstrained optimization

problem:

min
α

Jred(α) = J (u(α), α), (17)
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where u(α) is the solution operator associated with the forward problem. The reformulation of the mini-
mization problems this way allows to decouple the primal, adjoint and optimality problems from a numerical
point of view, giving the possibility to adopt different numerical strategies for each of them. As a matter of
fact, the functional (17) removes the equality constraints in Eq. (6), and makes the problem suitable for a
large class of methods for unconstrained optimization, such as quasi-Newton methods. Formally, first-order
optimization methods require, for a given ᾱ, the value of the cost functional Jred(ᾱ) and its gradient. For
the evaluation of Jred(ᾱ), it is sufficient to first solve the forward problem to find ū = u(ᾱ), and then
compute J (ū, ᾱ) from Eq. (5).

For the computation of the gradient, we observe that if u and p are respectively solution of the for-
ward (3)-(4) and adjoint (12) problems, then

δJred(α) =
∂Jred

∂α
δα = λ

∫
Ω

∇α · ∇δα√
ε+ ∥∇α∥2

dX +

∫
Ω

(
δαFa⊗ a

)
: ∇p dX. (18)

It follows that the Riesz’s representative (the gradient) of ∂αJred, conveniently denoted by ∇Jred(ᾱ), is the
unique function such that∫

Ω

(∇Jred)δα dX = λ

∫
Ω

∇ᾱ · ∇δα√
ε+ ∥∇ᾱ∥2

dX +

∫
Ω

(
δα F̄a⊗ a

)
: ∇p̄ dX (19)

for all directions δα, where F̄ = F(ū) and p̄ solves the adjoint problem. Equation (19) is important in the
numerical implementation because −∇Jred provides a descent direction for the optimization algorithm.

Remark. The presented framework is not limited to the specific choices for the strain energy density function,
boundary conditions, and activation model. For a general strain energy W(F), we replace the elasticity tensor
in Eq. (13) with the following

C(u, α)[A] =
∂2W
∂F∂F

[A] + αAa⊗ a.

For strictly incompressible materials, as it often happens on soft tissue biomechanics, the primal problem
must be supplemented with the constraint J = 1 and the Piola stress tensor in Eq. (2) modifies as follows:

P(F, α) =
∂W
∂F

− pJF−T + αFa⊗ a, (20)

where p is the hydrostatic pressure. The corresponding adjoint problem follows as above.

3. Numerical methods

3.1. Numerical discretization
For the numerical discretization of the problem we employ the Finite Element Method (FEM). The state,

adjoint, and control variables are approximated with piecewise linear elements on a triangular mesh Th of
the domain Ωh, where h is the average edge size. We denote by Qh the space of linear functions and by Vh

the space of vector-valued linear functions satisfying homogeneous Dirichlet conditions on ΓD:

Qh =
{
qh : qh|K ∈ P1 for all K ∈ Th

}
,

Vh =
{
vh : vh|K ∈ [P1]

d for all K ∈ Th and vh|ΓD = 0
}
.

The discretized state and adjoint variables are denoted by uh ∈ Vh and ph ∈ Vh, respectively, whereas the
control is αh ∈ Qh. Therefore, the discretized problem is obtained from the variational problem Eq. (9),
that is: Find (uh, αh,ph) ∈ Vh ×Qh × Vh such that

δL(uh, αh,ph) =
∂L
∂uh

δuh +
∂L
∂αh

δαh +
∂L
∂ph

δph = 0, (21)
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Algorithm 1 Calculation of Jred(αh)

Require: αh ≥ 0,
1: compute uh by solving the state problem (22) with αh

2: evaluate J (uh, αh)

Algorithm 2 Calculation of ∇Jred(αh)

Require: αh ≥ 0,
1: compute uh by solving the state problem (22) with αh

2: compute ph by solving the adjoint problem (23) with (uh(αh), αh)
3: compute ∇Jred(αh) from (26)

for all (δuh, δαh, δph) ∈ Vh×Qh×Vh. The resulting variational problem corresponds to Eq. (11), (15), and
(14), precisely:

(state problem)
∫
Ω

Ph : ∇δph = 0, (22)

(adjoint problem)
∫
Ω

C(uh, αh)[∇ph] : ∇δuh +

∫
Ωo

O∗(Ouh − uo,h) · δuh dX = 0, (23)

(optimality)
∫
Ω

λ
∇αh · ∇δαh√
ε+ ∥∇αh∥2

dX +

∫
Ω

(
δαh Fha⊗ a

)
: ∇ph dX = 0, (24)

where Fh = I+∇uh and Ph = P(Fh, αh). Equations (22)-(24) form a sparse, non-linear system with N2
V NQ

unknowns, where NV = dimVh and NQ = dimQh.

3.2. Solution of optimization problem
The numerical solution of Eqs. (22)-(24) is challenging. A standard Newton’s method may not converge

[28], unless the initial guess is already close enough to the true solution. Moreover, the resulting tangent
system has a saddle-point block structure, which means that its solution requires dedicated preconditioners.
This approach notoriously leads to high computational costs.

Here, we opt for a solution strategy based on a quasi-Newton optimization method. In other words,
instead of directly solving the non-linear system monolithically, we minimize the reduced functional (17):

min
αh∈Qh

Jred(αh) = min
αh∈Qh

J
(
uh(αh), αh

)
, (25)

under the constraint that αh ≥ 0 and where uh(αh) is the solution operator of the discretized state problem
in Eq. (22). Note that the optimization problem (25) is finite dimensional, since dimQh = NQ < ∞. For
the sake of simplicity, we use the notation αh also for the vector of coefficients in RNQ .

A quasi-Newton method also requires the gradient of the objective function, denoted by ∇Jred(αh).
Thanks to the derivation in Sec. 2.4 and Eq. (24), we have the following problem for the gradient: Find
∇Jred(αh) ∈ Qh such that∫

Ω

∇Jredδαh dX =

∫
Ω

λ
∇αh · ∇δαh√
ε+ ∥∇αh∥2

dX +

∫
Ω

(
δαh Fha⊗ a

)
: ∇ph dX, (26)

for all δαh ∈ Qh. Note that when the optimality condition (24) is met, we are at a stationary point of
the reduced functional, since ∇Jred(αh) = 0. In summary, given a tentative control αh the computation
of the gradient requires: the current state uh = uh(αh), obtained by solving the state problem (22); the
adjoint variable ph(uh, αh), obtained by solving the adjoint problem (23) given uh and αh; the solution of
the projection problem (26). See Algorithm 1 and Algorithm 2 for a summary.
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For the optimization problem we use the Limited-memory BFGS method with Bound constraints (L-
BFGS-B). This method iteratively updates αh starting from an initial guess α

(0)
h as follows:

α
(k)
h = α

(k−1)
h + β(k−1)q(k−1), (27)

where q(k−1) is a descent direction and β(k−1) is the step length (or learning rate). The BFGS algorithm
selects q(k−1) and β(k−1) such that

Jred(α
(k)
h ) < Jred(α

(k−1)
h ),

for all k = 1, 2, . . . until a convergence criterium is met. The descent direction is computed as follows:

B(k)q(k) = −∇Jred(α
(k)
h ), (28)

where B(k) is a NQ × NQ symmetric, non-singular matrix. Note that when B(k) is positive-definite, for
sufficiently small β we have that

Jred(α
(k)
h ) = Jred

(
α
(k−1)
h + β(k−1)q(k−1)

)
= Jred

(
α
(k−1)
h − β(k−1)(B(k−1))−1∇Jred

)
≈ Jred(α

(k−1)
h )− β(k−1)(B(k−1))−1∇Jred · ∇Jred < Jred(α

(k−1)
h ),

thus we ensure a decrease of the objective functional. In a quasi-Newton method, the matrix B(k) is an
approximation of the Hessian matrix of Jred(α

(k)
h ), which ensures a super-linear convergence rate towards the

local minimum. (When B(k) is the Hessian matrix at α(k)
h we obtain the quadratically-convergent Newton’s

method, whereas for B(k) = I we have the gradient descent algorithm.) The BFGS method constructs such
approximation by rank-one updates of an initial guess B(0) (usually the identity matrix), so that solving the
linear system in Eq. (28) is simplified by the Sherman-Morrison formula. In the limited-memory variant of
the BFGS method (L-BFGS), the approximation is truncated to a maximum number of rank-one updates,
usually around 20. The step length β(k−1) is obtained by a backtracking line search method, that is, for a
given direction q(k−1), the algorithm finds the largest β that ensures a sufficient reduction of the function

f(β) := Jred
(
α
(k−1)
h + βq(k−1)

)
.

Finally, the bound αh ≥ 0 is handled by a projected gradient strategy, and the iterative process stops when
the norm of the projected gradient is below a fixed tolerance. A detailed and complete description of the
L-BFGS-B algorithm is given in [9].

Implementation aspects. The problem has been implemented using the open-source software Firedrake [19],
which uses the PETSc library as linear algebra back-end [7, 6]. The variational formulation is computed
by means of the automatic differentiation tool UFL [1]. We used the Firedrake adjoint module for the
solution of the optimization problem, which internally uses the L-BFGS-B method as implemented in the
scipy library [40]. The code is available at the address http://github.com/pezzus/invscar.

4. Numerical experiments

4.1. Parameters settings and in-silico data generation
The reference numerical test consists in the reconstruction of a circular scar region in a planar, unit-

square domain. For simplicity, all quantities are dimensionless. The geometrical setup is depicted in Fig. 2.
We simulate the presence of a scar by imposing the contractility function to be α = 0 in a circular region of
radius r = 0.2 situated in the middle of the domain and we set α = 1 elsewhere. We set the coefficient µ = 1
and the fiber orientation is assumed to be parallel to the horizontal direction. Boundary conditions apply
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Figure 2: Problem setup. Sketch of the problem domain and its boundary conditions (left); mesh of the reference configuration
with the red spot representing the scar, i.e. the region where α = 0 (center); mesh of the deformed configuration (right).
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Figure 3: Pareto front for the optimal regularization weight. L-curves in logarithmic scale for three distinct regularizing terms
in the cost functional: RL2 (left), RTV (center) and RH1 (right). Triangular markers denote the simulated data for a given
value of the parameter λ.

as follows: the vertical displacement at the bottom edge and the lateral displacement at the left edge are
null. The remaining portion of the domain border is a free boundary: no load applies. The finite element
discretization of the mesh is uniform and counts 104 triangles.

To investigate the robustness of our approach, we generated in-silico the reference solution uref by adding
a compontent-wise white noise η with zero mean and variance 10−6, that is uo = uref + η. In such a way,
the corresponding Signal to Noise Ratio results

SNRdB = 10 log10
∥uref + η∥2

∥η∥2
≃ 40 dB,

on average, that corresponds to a relative perturbation of the 1% on the displacement field.

4.2. The effect of the regularization term
In the first experiment, we solve the optimization problem (24) with different choices of the regularization

type and the value of the regularization parameter λ. All other quantities are fixed.
To identify the optimal value for λ we computed the Pareto curve, the residual versus the magnitude of

the regularization, for each approach (see plot in Fig. 3). The obtained curves are L-shaped where, according
to the Pareto optimality principle, the optimal values correspond to the “elbow”: that is λopt

L2 ≈ 5 × 10−5,
λopt

TV ≈ 10−6, and λopt
HI ≈ 5× 10−7.

From a qualitative view point, all the regularizing strategies capture a similar pattern, as shown in Fig. 4.
Overall, all regularizations are able to recover the correct circular scar for some optimal value of λ. For small
values of λ, we notice the presence of spurious oscillations around the scarred area, more pronounced in L2
than H1 and TV regularizations. The noisy reconstruction for small λ is a symptom of the ill-posedness of
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RL2

RTV

RH1

Figure 4: Contractility reconstruction. Scar profiles reconstructed with the L-BFGS method for three distinct regularizing
terms in the cost functional: RL2 (top row), RTV (central row) and RH1 (bottom row). In each row, the relative weight λ of
the regularization is increased from left to right. The thin yellow contours represent the isolines α = 0.4. To better highlight
the discontinuous profile of the contractility function, the value of α was rescaled to the range [0, 1].

the inverse solution, because a small perturbation in the data uo corresponds to a large perturbation in the
reconstruction.

For large values of λ, the contractility function α is smoother, impeding a precise delineation of the scar.
This is particularly apparent with TV regularization, where for large λ the scar cannot be detected.

With the optimal λ, the TV reconstruction matches very closely the ground truth, whereas the H1
and L2 reconstructions have smoother boundaries. The L2 reconstruction is also more prone to spurious
oscillations. We also observe that the L2 reconstruction has a boundary layer artifact, located on the vertical
free boundary (the right one) and particularly pronounced for large λ. We further investigated the presence
of this artifact in Appendix A, where we show that its position depends on the fiber direction and the
boundary conditions.

The sharp approximation of the TV approach is expected, because the TV regularization promotes
piecewise-constant solutions. Our choice of the ground-truth solution falls in this class. In real case scenarios
it might happen that the scar is surrounded by a border zone characterized by remodelled tissue with a
partial loss of contractility, thus the TV approach might incorrectly favor non-physiological reconstruction.

In Figure 5 we plot the convergence history obtained by different regularizing methods. In all cases, a
good accuracy is achieved in less than 50 BFGS iterations. In fact, the convergence is very fast for L2 and
H1 regularizations. For the TV approach the algorithm requires approximately 300 iterations to converge,
although 20-30 iterations are already sufficient for an good reconstruction. The slow convergence rate of the

10



0 10 20 30 40 50
Iteration

10 6

10 5

10 4

Ob
je

ct
iv

e 
fu

nc
tio

n

L2 func
TV func
H1 func
L2 fid
TV fid
H1 fid

0 10 20 30 40 50
Iteration

10 10

10 9

10 8

10 7

No
rm

 o
f t

he
 p

ro
je

ct
ed

 g
ra

di
en

t L2
TV
H1

Figure 5: Convergence history for distinct regularizing terms. (Left) decay of the objective function (continuous lines), i.e. the
cost functional, and of the fidelity term (dotted lines) over the iterations; (right) norm of the projected gradient (right) over
the iterations. In both figures, the curves where obtained by setting λ = λopt for each of the tested regularizing terms: RL2
(red), RTV (blue) and RH1 (orange).

TV approach is known in the literature, and it is due to the lack of regularity in the limit ε → 0 in Eq. (7c).
In summary, the L2 approach is the most efficient in terms of computational cost and convergence rate,

but its accuracy is limited by the presence of oscillations and artifacts at the boundary of the domain. The
TV approach is very accurate yet costly. A good compromise is the H1 regularization, which appears to be
the best compromise both from the perspective of prediction accuracy and convergence rate.

4.3. Sensitivity analysis
In the following we perform a sensitivity analysis of the method varying both on model parameters

and assumptions on the measured data; an effective inverse method for delineating the scar should ideally
depend only weakly on other and potentially unknown parameters. Precisely, we generate the ground truth
with perturbed parameters, whereas the inverse solution assumes a forward problem with no perturbation.
Effectively, the ground truth model and the state equation in the inverse problem are different. Finally,
we report an analysis of robustness with respect to scar shape variations. Unless specified, all the reported
results are obtained for the optimal value of the parameter λ.

Sensitivity to fiber direction. We first test the sensitivity of the inverse method to fibers orientation by L2
regularization by three distinct arrangements of the fibers while keeping the same boundary conditions. In
Fig. 6 we show that the RTV and RH1 regularization can accurately reconstruct the scar position, irrespective
of the fiber direction. The RL2 regularization suffers from a significant inaccuracy in the reconstruction of
the contractility α(x, y) close to the stress-free boundary orthogonal to fibers. This issue is not present
for the other regularization, because they can penalize sharp variations of ∇α(x, y). We suspect that the
anomalous behavior associated to RL2 roots is related to the observability of the system (see Appendix A).

Sensitivity to material parameters. As a second test we include noise in the ground truth perturbing either
the elastic modulus µ or the fibers orientation θ (where θ is s.t. a = [cos θ, sin θ]). The ultimate goal of this
analysis is to test the robustness of the proposed approach against observations generated by non-smooth
and spatially-varying parameters. In fact, this will produce a spatially-correlated (colored noise) in the data.

We first construct a 95%-confidence interval for the reconstructed contractility by using a Monte Carlo
approach and generating the observed data uo from N different random perturbations of the elastic modulus
µ. Specifically, for each Monte Carlo step, we sample a different elastic modulus µ(X) from a Gaussian
distribution centered in µ = 1 and variance σ2 = 0.1. The results of this test are reported in Fig. 7. Secondly,
we again adopt a Monte Carlo approach for generating a 95%-confidence interval for the reconstructed
contractility where, in this second case, the observed data uo are generated from N different random
perturbations of local fiber orientation. This test aims at simulating the physiological disarray condition of
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Figure 6: Sensitivity of the model to the spatial fibers orientation. Three distinct fibers orientation are tested: fibers parallel
to x-axis (left) parallel to y-axis (center) and fibers whose direction forms an angle of 45◦ with the x-axis (right). (Top row)
Comparison among the exact profile of α(x, y) and its numerical reconstructions, along the x- and y-direction, obtained with
both with RL2 and RTV; (bottom row) scar profiles obtained from the numerical simulations (with RL2) where cyan contours
depicting isolines α = 0.4. Fibers orientation is depicted in the bottom left. The values of α were rescaled to the range [0, 1] to
better highlight the discontinuous profile of the contractility function. For each choice of the regularizing term, we set λ = λopt.
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Figure 7: Robustness of the algorithm to perturbations of the parameter µ. (Left) A realization of the perturbed µ coefficient
and (center) the corresponding scar profile reconstructed with the L-BFGS method (with RH1 and λ = λopt

H1 ). Isolines α = 0.4
are depicted by orange contours. The values of α were rescaled to the range [0, 1] to better highlight the discontinuous profile of
the contractility function. (Right) Estimated contractility for µ = 1 (black line) superimposed on the 95%-confidence interval
(C.I.) for the mean contractility along the x-direction obtained from the Monte Carlo simulation (N = 30) (orange area).
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Figure 8: Robustness of the algorithm to perturbations of fibers direction θ. (Left) A realization of the perturbed θ and
(center) the corresponding scar profile reconstructed with the L-BFGS method (with RH1 and λ = λopt

H1). Isolines α = 0.4 are
depicted by green contours. The values of α were rescaled to the range [0, 1] to better highlight the discontinuous profile of
the contractility function. (Right) Estimated contractility for θ = 0 (black line) superimposed on the 95%-confidence interval
(C.I.) for the mean contractility along the x-direction obtained from the Monte Carlo simulation (N = 30) (green area).
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Figure 9: Effect of the incompressibility hypothesis on contractility reconstruction. (Top row) Comparison between the exact
profile of α(x, y) (red) and the estimated contractility profiles for the fully incompressible material model (green) and the
compressible material model (cyan) along the direction parallel to the fibres orientation. The value of α was rescaled to the
range [0, 1]. For each chosen regularization we set λ = λopt.

the fibers in the heart [16]. As so, we generate different patterns of fibers by sampling the local value θ(X)
from a Normal distribution centered in θ = 0 and variance σ2 = 0.1. The results of this test are reported in
Fig. 8.

Overall, in both experiments the average reconstruction is close to the ground truth, although the con-
tractility function is much smoother around the boundary of the scar. In terms of reconstruction uncertainty,
we obtain narrow confidence intervals, thus supporting the robustness of the proposed approach in recon-
structing the contractility even when the observed data are generated by non-smooth parameters.

Sensitivity to modeling assumptions. In this part, we test the effect of the incompressibility assumption in
the forward model. We use the formulation in Eq. (20). The incompressibility constraint is enforced for
both the ground truth model and the inverse problem.

The results are shown in Fig. 9. The incompressibility partially reduces the observability issue related
to the choice of RL2 in the contractility estimation; however, it overestimates α(x, y) on the free boundary
orthogonal to the fiber direction. Conversely, the reconstruction obtained with the incompressible model
fully match the ground truth, when choosing RTV as regularization. In this case, we also observe a complete
agreement between the compressible and the incompressible material model, which can be interpreted as
a symptom of over-regularization. Finally, for RH1, the compressible model performs better than the
incompressible model with reference to the ground truth since, as for the RL2, the latter tends to overestimate
the contractility at the free boundary.
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RL2 RTV RH1

Figure 10: Effect of restricting observations to the boundary. Scar profiles obtained from the minimization of the cost functional
(29) with the boundary observation operator for all the possible regularizing term: RL2 (left), RL2 (center) and RL2 (right).
Isolines α = 0.4 for the boundary observation (yellow), for the full domain observation (blue) and for the ground truth (red)
are superimposed to the contractility pattern. In each case we set λ = λopt. The value of α was rescaled to the range [0, 1] for
visual clarity.

Boundary observation. We now address a particular case, considering a restriction of the data fidelity term
to the boundary of the domain, so that the cost functional reads as follows

J (u, α) =
1

2

∫
∂Ω

|u− uo|2dS + λR(α). (29)

This choice also affects the adjoint problem (23).
Fig. 10 shows the estimated contractility function α(x, y) for each possible choice for the regularizing

term. As expected, in all the three cases the scar profile (yellow contours) is captured with a significantly
lower level of accuracy with respect to the case where the observation operator is extended to the whole
domain (blue contours). More precisely, while the choice of RL2 and RH1 as regularization leads to an
underestimation of the scar area, the choice of RTV results in an opposite behavior. Overall, the scar
position is properly identified. However, the shape appears excessively elongated in the direction of the
fibers, see Fig 10 (RL2 and RH1).

Robustness to scar shape variations. The results obtained by varying the scar shape are shown in Fig. 11.
Motivated by clinical observations, the ground truth scar geometry consist of two rectangles separated by
a narrow strip of healthy tissue. We notice that the accuracy of the reconstructed contractility α(x, y)
decreases as the distance between the two scars diminishes. Overall, the use of the observation operator
restricted to the boundary of the domain dramatically affects the quality of the model prediction in all the
proposed test cases. On the contrary, the performance of the algorithm is significantly improved, except
in the most extreme case (Fig. 11, bottom row), by using the full domain observation combined with TV
regularization. This choice allows for correct and accurate identification of the areas where contractility is
impaired.

5. Discussion and conclusions

Determining the contractility of the cardiac tissue from displacement measurements is an important
topic in cardiac modeling and patient-specific applications [3, 17, 20]. As other mechanical and electrical
parameters, the local contractility cannot be directly measured in vivo, and must be deduced indirectly.
Scarred and ischemic regions, where contractility is low or absent, can be delineated from low-voltage regions
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ground truth full observation boundary observation

Figure 11: Sensitivity to the scar shape. The accuracy of the algorithm in reconstructing the contractility profile has been
tested for three different scar conformations, obtained by progressively reducing the distance between two rectangular scars
(Left: from top to bottom row). The test was carried out both by adopting the observation operator extended to the whole
domain (center) and the one restricted to the boundary (right). Isolines α(x, y) = 0.5 for the ground truth (red), the H1
regularization (yellow) and the TV regularization (blue). The value of α obtained with the TV regularization and rescaled to
the range [0, 1] is shown in the background (center, right). For each chosen regularization we set λ = λopt.
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or from late enhancement MRI, for instance. Here, we have focused on kinematic information. Myocardial
motion and strain can be acquired non-invasively by standard imaging techniques such as cardiac MRI or
echo, or in an invasive manner with electroanatomical mapping systems [24]. Importantly, cardiac motion can
be modelled by a balance of forces that includes contractility, offering the opportunity for the determination
of contractility through an inverse problem solution.

After stating a suitable cost functional, designed to minimize the discrepancy between the observed
displacement and the one predicted by the model, we have straightforwardly derived the adjoint equation,
the state equation, and the optimality condition for the reconstruction of the contractility function. Given
the ill-posedness of the inverse problem, we also introduced a regularization term. We have then tackled
the resolution of the problem from the numerical perspective as an optimization problem, thus adopting
the L-BFGS-B algorithm to minimize the cost functional subjected to the force balance equation and its
boundary conditions. We have numerically tested our approach under quite severe conditions, where the
region of impaired contractility is sharply separated from the active one and a 1% random noise has been
added to the observed displacements. Within this framework, we have numerically tested three distinct
regularizing terms on the reconstruction of the local contractility.

The numerical results show that the proposed approach is very effective and the H1 regularization is
a good compromise both in terms of accuracy and efficiency: it overcomes both the limitation related to
the slow convergence of the approximated TV regularization and the observability issues associated to the
L2 regularization. The apparent superior ability of the TV regularization in capturing sharp boundaries
(see Figure 9) should not be overemphasized: while we have purposely designed challenging numerical tests
for the inversion method, in practical applications infarcted regions typically exhibit a smooth transition
from healthy to dead cells. However, an exception that shows a significant improvement to the contractility
prediction brought by the use of the TV regulation is reported in Figure 11.

Overall, the predicted local contractility is in good agreement with the ground truth, showing robustness
of the results with respect to random noise both on the data and on the local value of the elastic modulus
µ and the fibers direction θ. Moreover, when the TV and H1 regularizations are adopted, the proposed
method appears to be able to predict with a good level of accuracy the local contractility even when the
observed data are restricted to the boundary. This result is of particular interest with the perspective to
tackle three dimensional cardiac data when the displacement is measured on the epicardium only.

Some methods proposed in the literature allow for the estimation of contractility as a region-wise constant
function [10, 17]. The left ventricular wall is divided into 17 areas, known as AHA segments, and a constant
contractility value is assigned to each of these segments by solving a discrete inverse problem, which exploits
as datum the displacement acquired by means of imaging techniques of one or more points belonging to each
AHA segment. Conversely, our approach enables an estimation of the local contractility as a continuous
function across the entire domain, thus accurately identifying the scar profile without high computational
costs.

More recently, Kovacheva et al. [20] addressed the problem of estimating the contractility and scarred
tissue is 3D real geometries over an entire cardiac cycle. Their method is based on an inverse problem where
the tangent map from the contractility to the displacement is estimated via finite differences. At numerical
level, this matrix is dense and possibly large, thus the method may suffer of scalability issues. The adjoint
approach proposed in this work overcomes this problem, because we can compute the action of the tangent
map as the solution of a linear problem. Secondly, we are able to recover the contractility pattern in a large
strain regime and for general hyperelastic materials. Interestingly, we did not observe a large sensitivity
to fiber orientation for the detection of the scar, but this aspect should be further investigated in more a
complex geometrical setup.

The method proposed in this paper suffers of course from some limitations. First, from a methodological
point of view, the method might converge towards a local minimum of the cost functional, while the conver-
gence to the global minimum is not guaranteed. Second, we have tested the approach only with synthetic
data and simplified modelling assumption; in particular, we have adopted a simple strain energy that cannot
be naively applied to cardiac modeling. In this respect, our methodology can be straightforwardly modified
to incorporate more appropriate material laws [18]. In view of the incorporation of clinical data, we plan
to further develop this work to 3D geometries. In the same vein, this methodology could be easily refor-

16



mulated to determine the orientation of the myocardial fibres on the basis of kinematic data in an healthy
heart [23, 32].

In conclusion, our method provides a good framework for the identification of mechanical parameters
of cardiac models from non-invasive clinical data, and it can significantly improve the definition of patient-
specific models for precision cardiology. Finally, we remark that the validity of the proposed approach
is not limited to cardiac electromechanics but the proposed method can be used for estimating the local
contractility in a generic active material, whether natural or artificial.
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Appendix A. Boundary conditions and system observability

As shown in Section 4.3, the use of the regularizing term RL2 rises the issue on how the system observ-
ability may be affected by the choice of the boundary conditions. In this Appendix we provide arguments
in support of the hypothesis that the poor reconstruction of contractility, that we obtain with RL2 and a
stress-free condition on the boundary perpendicular to the fibers direction, is imputable to a not fully ob-
servable system. To this end, we show how the displacement field can be modified by the presence of a scar
located at the stress-free boundary, both for fibres arranges perpendicularly and parallel to that boundary,
see Fig. A.12. We notice that when the scar is located in a region close to the boundary parallel to the fiber
orientation (C), the displacement field is more affected, both in terms of magnitude and spatial localiza-
tion, than the one obtained when the scar is located in a region perpendicular (B) to the fiber orientation.
Accordingly, ∆i = ∥u − ui

s∥/∥u∥ is significantly larger in the latter case (i.e. ∆∥/∆⊥ ≃ 10). Therefore, a
scar positioned on the stress-free boundary orthogonal to the fibers does not introduce appreciable modifi-
cation in the displacement field with respect to the solution obtained in case of healthy tissue (A). In other
terms, Fig. A.12 (center) demonstrates that different contractility functions can result in nearly identical
displacement fields. We notice that this pathological condition does not emerge when the scar is located
at a stress-free border parallel to the fibers direction. In the former case, the choice of the regularizing
term plays a fundamental role in restricting the field of admissible α(x, y) for a given observation uo, by
penalizing non-physical features of the control variable. As so, the choice of RL2 results inappropriate for
the above described problem setting and generate inaccurate reconstructions of the contractility as shown
in Fig. 6.

Figure A.12: Effect of a scar located at the free-boundary on the displacement field. (Left) Sketch of the three different
scenarios reproduced in the test: (A) healthy tissue (black), (B) presence of a scar (gray) on the right boundary and (C)
presence of a scar on the top boundary. (Center-Right) Difference in the displacement field u of an healthy tissue and us of
a tissue presenting a scar located at the top stress-free boundary (center image) and right stress-free boundary (right image)
represented in the reference configuration.

19


	Introduction
	Mathematical statement of the problem
	The forward problem
	The cost functional
	Necessary optimality conditions
	The reduced functional

	Numerical methods
	Numerical discretization
	Solution of optimization problem

	Numerical experiments
	Parameters settings and in-silico data generation
	The effect of the regularization term
	Sensitivity analysis

	Discussion and conclusions
	Boundary conditions and system observability

