arXiv:2404.11157v1 [cond-mat.quant-gas] 17 Apr 2024

Self-Ordered Supersolid in Spinor Condensates with Cavity-Mediated
Spin-Momentum-Mixing Interactions

Jingjun You,! Su Yi,»3%* and Yuangang Deng"

! Guangdong Provincial Key Laboratory of Quantum Metrology and Sensing & School of Physics and Astronomy,

Sun Yat-Sen University (Zhuhai Campus), Zhuhai 519082, China
2CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,
Chinese Academy of Sciences, Beijing 100190, China
3CAS Center for Excellence in Topological Quantum Computation,
University of Chinese Academy of Sciences, Beijing 100049, China
1School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China
(Dated: April 18, 2024)

Ultracold atoms with cavity-mediated long-range interactions offer a promising platform for in-
vesting novel quantum phenomena. Exploiting recent experimental advancements, we propose an
experimental scheme to create self-ordered supersolid in spin-1/2 condensates confined within an
optical cavity. The interplay of cavity and pump fields gives rise to supersolid square and plane
wave phases, comprehensively described by the two-component Tavis-Cummings model. We show
that the self-ordered supersolid phase exhibits an undamped gapless Goldstone mode over a wide
parameter range. This proposal, achievable with current experimental setups utilizing identical
laser configurations, is in contrast to the realization of checkerboard supersolidity, which hinges on
constructing a U(1) symmetry by utilizing two Z; symmetries with precisely matched atom-cavity
coupling in multimode resonators. By employing the superradiant photon-exchange process, we real-
ize for the first time cavity-mediated spin-momentum-mixing interactions between highly correlated
spin and momentum modes, analogous to that observed spin-mixing in spin-1 condensates. Our
scheme provides a unique platform for realizing spin-momentum squeezing and spatially distributed

multipartite entanglement.

Introduction.—The experimental realization of ultra-
cold atomic gases in optical cavities has unveiled un-
precedented opportunities for simulating complex quan-
tum matter [1-5], providing powerful solvers for reveal-
ing fundamental physics [6-8] and broad applications in
quantum technology [9-11]. Among these advancements,
the supersolid, which uniquely combines the dissipation-
less flow of superfluid and the long-range periodic density
modulation of crystalline order, stands as one of the most
enigmatic quantum states of matter [12]. The core chal-
lenge for supersolidity is requiring spontaneously break-
ing two mutually exclusive U (1) symmetries, and its ex-
perimental exploration has undergone a tortuous devel-
opment in solid helium [13-15], despite theoretical pre-
dictions dating back over half a century [16, 17]. Re-
cently, supersolidity has been extensively studied both
theoretically and experimentally in frustrated quantum
magnets [18], high-pressure deuterium [19], and synthetic
materials [20-22].

The extraordinary capability of ultracold atoms, en-
riched with artificial gauge fields [23-28], dynamical spin-
orbital coupling (SOC) [29-33], and intrinsic dipolar in-
teraction [34-37], provides new opportunities for explo-
ration of supersolid phases and advanced many-body
physics [38-43]. In particular, the supersolid phase with a
gapless Goldstone mode has been experimentally realized
in spinless BEC coupled to two noninterfering standing-
wave optical cavities [44, 45] and two modes of the ring
cavity [46]. The mechanism for generating U(1) symme-
try employs by two Z5 symmetries with strictly equal

couplings for two-mode cavities, analogous to construct-
ing the U(1) symmetric XY model from two Z5 symmet-
ric Ising models [44, 45]. Recently, promising routes for
the realization of supersolid phases by utilizing a confo-
cal multimode cavity [47-51] and axially elongated dipo-
lar quantum droplets [52-55] are extensively explored.
The unambiguous supersolidity for experimental observa-
tion and the corresponding enigmatic fundamental quan-
tum properties are yet to be fully explored, despite rapid
theoretical proposals and experimental advances rang-
ing from condensed-matter physics to ultracold quantum
gases and cavity-QEDs.

In this Letter, we propose a readily implementable ex-
perimental scheme to realize a supersolid square (SS)
phase that features an undamped zero-energy Goldstone
mode in spin-1/2 condensates coupled to an optical cav-
ity. Unlike the experimentally observed Dicke super-
radiance with discrete Z; symmetry breaking [56-58],
the self-ordered superradiant phase transition is fully
characterized by two-component Tavis-Cummings model
(TCM), indicative of broken continuous U(1) symmetry.
Notably, the laser configuration proposed here is akin
to pioneering experiment for realizing dynamical SOC
with respect to Dicke model [33]. Although supersolid-
ity has been achieved for spinless BEC coupled to mul-
timode cavities [44-46] needing strictly equal coupling
strengths, our method only requires a simpler laser con-
figuration and supersolid phase exists in a large param-
eter regime. Interestingly, our scheme also generates for
the first time cavity-mediated spin-momentum-mixing


http://arxiv.org/abs/2404.11157v1

interactions characterized by strong spin-momentum cor-
relations, in which pairs of zero-momentum atoms spin
flip to same internal state in different momentum modes
that goes beyond weak spin-exchange collisions in spinor
BEC [59] and collective momentum-exchange processes
in atom-cavity systems [60]. Our findings promise to sig-
nificantly broaden the experimental scope for investigat-
ing multipartite entanglement between opposite atomic
momenta [61-65] and open up a new avenue for designing
versatile quantum simulators within the realm of ultra-
cold quantum gases [66-69].

Model.—We consider an N bosonic atomic 8’Rb BEC
consisting of two ground and two excited states trapped
in a high-finesse optical cavity. Figure 1(a) illustrates the
level diagram of atoms. An applied bias magnetic field
B breaks the degeneracy of the ground (excited) state
manifold labeled as | 1) and | |) (Jer) and |ey)). The
produced Zeeman shift between two hyperfine states | 1)
and | |) is given by fiwz with their magnetic quantum
numbers fulfilling my = my + 1 and me, = me, + 1.
The transitions between | |) <> |e4+) and | 1) <> |ey) are
driven by two transverse o-polarized pump beams along
y axis, with Rabi frequencies Q4 2(y) = nge““y. Here
kr = 2m/X is the wave vector of the laser field with A
being the wavelength. The laser frequency difference is
set to 2wz for compensating Zeeman shift. Dynamical
SOC is crafted through the coupling of |o) + |e,) (o0 =1
and |) transitions by a m-polarized standing-wave cavity
with the single atom-cavity coupling g(z) = gcos(kpx).
Collective Bragg scattering into o-polarized cavity mode
is mitigated under the conditions |wz/g| > 1 [29].

For large atom-pump detuning |A| > {g,Q1 2}, the
atomic excited states |er ) can be adiabatically elimi-
nated and replaced by their steady-state solutions. Incor-
porating short-range collisional interactions, the effective
many-body Hamiltonian of atom-cavity reads
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where m is the mass of atom, a is the annihilation
operator of cavity, and 1/30 represents the annihilation
bosonic field operator for spin-o atom. A. is the pump-
cavity detuning, Vj(r) is the external uniform potential
of box trap, and a.,+ are s-wave scattering lengths for in-
traspecies (o = o’) and interspecies (o # o’) spin atoms.
Additionally, the single-particle Hamiltonian satisfies
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where § is the tunable two-photon detuning, M_ (z,y) =
(rae*ry + goate=*L¥) cos(kpx) is cavity-mediated Ra-
man coupling with g1 2 = —gQ1 2/A being the maximum
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Figure 1. (a) Schematic for creating two-component TCM.
(b) Density distribution of self-ordered SS phase in terms of
cavity amplitude Re[a] and Im[a] forms a circle. The profile
exhibits a A/2 period and corresponds to the positions chang-
ing continuously along y-axis by varying arg(«), demonstrat-
ing spontaneous continuous translational symmetry breaking.

scattering rate, and My(z) = —Upcos?(kpz)ata is op-
tical lattice with Stark shift Uy = ¢g?/A. The spin-flip
interaction M_ integrates two dynamical SOC [29, 30],
emerging from the interference between cavity and two
classical pump fields. This interplay of dual dynamical
SOC fosters spatially translational invariant crystalline
orders within the condensates wave functions.

To advance, cavity field a is adiabatically eliminated in
the far dispersive limit |A./g1 2| > 1 since its dynamical
evolution is much faster than external atomic motion.
The steady-state intracavity amplitude satisfies

a = (a) = (1] + g252)/(—Ac + ir), (3)
where & is the cavity decay, A. = (A, — UpB) repre-
sents the N-dependent dispersive shift of cavity with B =
Yo (Yol cos (kpa)[ts), E1 = (Pp]cos(kpx)e™ ¥]y)/N
and Zp = (4] cos(krz)e *2¥|)) /N are order parame-
ters dictating the configurations of ground state conden-
sates wave functions. Consequently, the self-ordered su-
perradiance corresponds to a finite o due to Z; 2 # 0 for
plane wave (PW) and SS phases. We neglect the atom-
cavity entanglement in Eq. (3) for considering a moderate
photon emissions with |a| ~ 1. The entanglement be-
tween photon and condensates, along with the quantum
noise of cavity can be ignored when |A./x| > 1 [70, 71].

Spin momentum mizing interactions.—To deeper un-
derstanding of underlying physics, the self-organized su-
perradiance can be comprehensively characterized by the
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Figure 2. (a) Phase diagram of ground state on gi-g2 pa-

rameter plane. The solid (dashed) line marks numerical (an-
alytical) phase boundaries. (b) and (c) show, respectively, g1
dependence of |a| and N for different values of gs.

two-component TCM Hamiltonian (7 = 1) [72]
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which describes two-component two-level bosonic atoms
coupled to a quantized cavity. wo = 2EL/h — § is the
effective detuning of atomic field, j(l) = ZA);OIA)M, j£2) =
bT Ob~|f 2, and J = (bl 1b¢ 1 +b¢ 2b¢2
lective spin operators. Here bT o and b 11 (b 1,2) represent
the annihilation bosonic operators for zero- and nonzero-
momentum with |kg, ky) = | £k, kr) (| £ ki, —kz)) in
| 1) and | |) atoms. Accordingly, the critical Raman
coupling for two-component TCM satisfies
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Interestingly, the threshold of superradiant phase transi-
tion is combination of two cavity-mediated Raman cou-
plings, revealing a high ground-state degeneracy.

Unlike dynamical SOC for Dicke superradiance [33],
the U(1)-symmetric H; is gauge invariant under
the unitary transformation RT( J(1 J® Re =
(ae®, JWe=i0 j@e ) with respect to the operator Ry =
exp[ie(&T&—ISI b —HA)I ,b1.2)] [73, 74]. Indeed, H,; is re-
alized within the single recoil scattering limit [56], ex-
cluding contact interactions as well. The microscopic
picture of superradiance coherently transfers the atomic
motional ground state |k, k,) = |0,0) to the equal-
energy excited momentum states |ky, ky) = | £ kr, £kz)
due to the cavity-mediated dynamical SOC mechanisms.

We check that the threshold of superradiance is robust
against the slightly variations of s-wave scattering length.
To characterize new properties of superradiance, one
can derive cavity-mediated collective interactions of
atomic fields by integrating out the cavity field [72]
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where Ueg(r,r') = 2cos(kpz)cos(kpa’)erv=v) s
the long-range potential, S, (r) = @[Aﬂ;( )y (r) is the
spin operator, Vi—1o = —Acg?/(A2+k?) and Vs =
—Acg192/(A2 + k?) are tunable strengths of two-body
interactions. Remarkably, the first two terms of Ho rep-
resent the long-range spin-exchange interaction between
spin-T and | atoms, which has been extensively studied
including atom-cavity superradiance [75, 76]. The third
term introduces a two-axis twisting interaction via a su-
perradiant photon-exchange process originally proposed
by Kitagawa and Ueda [77], which does not conserve the
atom number in the individual spin state [77-79]. It is
worth noting that these interactions provide a new av-
enue for exploring self-organized superradiance in spinor
condensates.

By performing a few-mode expansion [72], the spin-
momentum-mixing interactions in terms of spin and mo-
mentum modes are given by

» Vi Vs .

H,‘_’, = Z s b:¥ Obi ]bT Obl \J (bT ObT Ob%lbi,g +HC)
j=1,2

(7)

The first term denotes collective momentum-exchange
interactions [60], referred to as one-axis twisting. No-
tably, the second term originating from two-axis twist-
ing provides a new source for the deterministic gen-
eration of entangled momentum-correlated pairs from
zero-momentum condensates. This controllable spin-
momentum-mixing interactions is similar to spin-mixing
in spin-1 BEC under the single-mode approximation [59].
We should note that Hamiltonian (7) will dominate self-
organized condensates wave functions of ground states
subsequent to superradiance, significantly surpass the
typical two-body collisional interaction. Remarkably, the
magnitude of N V3 is typically on the order of tens of kilo-
hertz, vastly exceeding the spin-mixing rate (a few tens
of hertz) achievable in experimental engineering twin-
Fock states for 8"Rb condensates [80]. Compared to
the experimentally realized momentum-exchange inter-
actions [60], Eq. (7) undergoing cavity-mediated spin-
momentum-mixing dynamics is deeply entangled, en-
abling the creation of novel nonclassical states highly
correlated in different momentum modes, e.g., spatially
separated deterministic entanglement [61-65].



To gain more insight, Hamiltonian H5 can be simpli-
fied to a one-axis twisting model in well-defined orbital
angular momentum operators

1. . 1
Hew = gValy Lo = JVa(L? = L2+ L), (8)

when g1 = ¢o. The raising and lowering operators
L, =Lt = \/5(131_’21%70 + 3$7OE¢,1) obey the angular
momentum commutation relations [L,L_] = 2L. and
[L.,Ly] = +Ly with L. = b] ;b1 — b] ,b, 2. We should
emphasize that the operator L acts on the coupled spin-
1 spin-momentum degree of freedom in contrast to the
spinor condensates.

Self-ordered phase diagram.—We study ground-state
phases by solving Gross-Pitaevskii equations via imag-
inary time evolution. In mean-field framework, atomic
and cavity field operators are replaced by 1, = (1) and
a = (a) and calculated in a self-consistent manner. We
consider N = 10° BEC initially in | 1) state and confined
in a circular optical box trap [81, 82]. Unlike pancake-
shaped harmonic trap, the elaborately selected uniform
potential preserves a continuous translational symmetry.
Specifically, we take single-photon recoil energy E,/h =
3.53kHz(27) with the wavelength A = 27 /kz, = 803.2nm,
cavity decay rate k = 100E}/h, two-photon detuning
0 = —2Fy, /h, Stark shift Uy = 10E}, /A, and pump-cavity
detuning A, = UgN /2. The s-wave scattering lengths for
collisional interactions are a;| = ay| =~ apy = 50ap with
ap being the Bohr radius. We emphasize that the thresh-
old of superradiance is largely unaffected by contact in-
teraction, attributed to the significant cavity-mediated
collective interactions. To this end, the free controllable
parameters are Raman couplings ¢g; and gs.

Figure 2(a) summarized the ground-state phase dia-
gram. The interplay of Raman couplings g; and go leads
to two self-ordered superradiant PW and SS phases with
nonzero intracavity amplitude « # 0. In the absence of
superradiance, the superfluid phase is denoted by ”N”.
It is apparent that SS and PW phases appear symmetri-
cally in phase diagram, highlighting that SS phase does
not require g1/g2 = 1. This observation marks a de-
parture from checkerboard supersolidity, which demands
strictly equal couplings to maintain U(1) symmetry in
dual-mode cavities [44, 45]. For a relatively small g1 (g2),
the system enters PW phase without a crystalline order
induced by dynamical SOC [32, 33].

The transition from N to self-ordered SS phase is at-
tributed to superradiance in two-component TCM, cor-
responding to the effective potential of ground states ex-
tending from a minimum in the origin to a sombrero
shape with a circular valley of degenerate minima. The
observed quarter circle on gi-g2 plotted in Fig. 2(a) fur-
ther reveals the high ground-state degeneracy. The an-
alytical threshold for superradiance (red dashed line) is
in strong agreement with numerical simulations (black
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Figure 3. (a) g1 dependence of collective excitations e+ with
g1/92 = 1. (b) Lower branch e_ and (c) order parameter ©
as a function of g for different values of go.

solid line), incorporating atomic collision and cavity dis-
persion. In Fig. 2(b) and 2(c), we show cavity amplitude
(lae]) and spin-] population (N}) versus g; for various
go values, serving as order parameters to distinguish be-
tween N and superradiant phases. This marks the break-
ing of U(1) symmetry from vacuum to a finite value spon-
taneously. Additionally, a large go lowers the g; threshold
for superradiance, as predicted analytically in Eq. (5).

To demonstrate the rigidity of self-ordered superra-
diant phases, we calculate the collective excitation of
two-component TCM. By diagonalizing the Hopfield-
Bogoliubov matrix [72], a gapless Goldstone mode of low-
energy excitation is identified with respect to superradi-
ance of spontaneous U (1) symmetry broken, as displayed
in Fig. 3(a). Despite the nonzero cavity dissipation in-
cluded, the lifetime of this zero-energy mode is far ex-
ceeding that of quantized cavity and roughly undamped
with Im(e_)/k ~ 10=*. More importantly, this zero-
energy Goldstone mode persists in superradiant phases
whether g7 equals g2 or not [Fig. 3(b)], which will sig-
nificantly enhance the experimental feasibility in atom-
cavity QEDs [44-46].

The order parameter of « characterizes superradiant
phase transition from vacuum (o = 0) to a finite value
(v # 0), but it cannot discern the transition from PW
to SS phase. To address this, we introduce an order
parameter © = (| cos(2kpx) cos(2kry)|yy)/N, which
quantifies the periodic density modulation via the con-
figuration of the condensates. In Fig. 3(c), we depict g1
dependence of © for different values of go. Compared
to PW phase with © ~ 0, SS phase shows a large value
of ©, revealing a strong periodic density modulation of
ground state. Particularly for gi /g2 # 1, the emergence
of a self-ordered crystalline structure with respect to a
zero-energy Goldstone mode is also confirmed. The large
g2 corresponds to a heightened ©, signifying a strong self-
ordered crystalline arrangement. Moreover, © exhibits a
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Figure 4. (Color online). The condensates wave functions of
PW (row 1) and SS phase (row 2) for (g1,92) = (0,7)EL/h
and (7, 7)Er/h in spin-] atom, respectively. Column 1-3 show
the density p; (units of cm™2), relative phase A¢, and mo-
mentum distribution.

sharp increase from N to SS phases, facilitating the nat-
ural monitoring the superradiant phase transition.
Figure 4 shows typical condensates wave functions for
two superradiant phases. We find that the self-ordered
crystalline order always appears in less populated spin-|
state since T-component is populated dominantly in nu-
merical simulations. The PW phase presents a nearly
structureless density profile with staggered A-periodic
phase modulation along y axis and A\/2-periodic density
stripe along z axis, created by the cavity-induced op-
tical lattice. For minimizing energy, the relative phase
of condensates wave functions requires A¢ = arg(y,) —
arg(¢r) = kry + 7 (kry) when cos(krz) =1 (—1) [29].
With this correspondence, the momentum-space distri-
bution exhibits two peaks at | + kr, —kr), as shown in
Fig. 4(c). Furthermore, the weakly 2D periodic density
modulation is in good agreement with © ~ 0. Similar to
TCM superradiance [32], the observed PW phase resulted
from dynamical SOC is dominated by individual go (g1)
Raman coupling with g2/g1 > 1(g1/g2 > 1) in Fig. 2(a).
Compared to experimentally observed PW phase with
dynamical SOC and a gapped roton mode [33], our find-
ing demonstrates the spontaneous U (1) symmetry break-
ing and gapless Goldstone mode excitation [Fig. 3(b)].
When ¢g; and gs are comparable, the system transi-
tions into an interesting SS phase characterized by sig-
nificant periodic density modulation with a high © value,
distinguishing it from the PW phase. Notably, the self-
ordered density profile depends on cavity phase angle
arg(a), corresponding to the positions changing contin-
uously along y axis [Fig. 1(b)], which is unambiguous
demonstration of supersolidity combined with rigidity of
the gapless Goldstone mode. This phenomenon of self-
organization in superfluid quantum gases that cavity am-
plitude « is self-consistently determined by the atomic
wave function [56], originates from the broken continu-

ous translational symmetry inherent in two-component
TCM superradiance. For arg(a) = 0, the sites of peak
density satisfy cos(kry)cos(krx) = +1(—1) with a cor-
responding relative phase A¢ = 7(0). This setup yields
atomic momentum distribution at (ky, k) = (£kr, £kr)
and matches the configurations of crystalline square lat-
tice pattern.

For experimental observation, the transition into su-
perradiant phases, characterized by a nonzero photon
number can be monitored by measuring the inherent
leakage of cavity [56]. Distinguishing between PW and
SS phases can be achieved by detecting atomic momen-
tum distribution via spin-sensitive absorption images [58]
or using Bragg scattering techniques [28]. Additionally,
the presence of the zero-energy Goldstone mode insensi-
tive to cavity dissipation can be identified through spec-
troscopic measurement for ultracold quantum gases [45].
Notably, the SS phase exhibiting the spatial periodicity
of \/2 is different from the previously realized A periodic
Z-broken checkerboard lattice supersolid involving both
scalar and spinor condensates within a cavity [56-58].

Conclusion—We present an experimental scheme to
generate self-ordered supersolid for cavity-coupled spinor
condensates. The supersolid square phase with combi-
nation of continuous translational symmetry breaking
and the undamped gapless Goldstone mode, is char-
acterized by two-component TCM superradiance. Our
proposal also highlights the enhanced experimental fea-
sibility compared to pioneer studies and can be read-
ily tested in realizable experiments. In contrast to the
realized dynamical SOC with discrete Z; symmetry in
Benjamin L. Lev group [33], our work preserves continu-
ous translational symmetry using the same laser config-
uration. Remarkably, the mechanism for generating su-
persolidity does not require equal couplings for the two
cavity-mediated Raman processes, significantly simplify-
ing experimental feasibility in cavity QEDs [44-51]. Fur-
thermore, the cavity-mediated spin-momentum-exchange
interactions, which intricately correlates spin and mo-
mentum modes, are realized for the first time. Com-
pared to weak spin-mixing in spin-1 condensates and
collective momentum-exchange interactions, the emer-
gence of cavity-mediated spin-momentum-mixing inter-
actions may facilitate the exploration of entanglement-
enhanced metrology [80], spin-momentum squeezing [83,
84], and spatially separated multipartite entanglement
using highly correlated momentum modes [61-65].
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Atom-cavity Hamiltonian

In this section, we present the derivation of the ef-
fective atom-cavity Hamiltonian for the displayed laser
configuration and level diagram in Fig.1 of the main text.
We firstly ignores the two-body s-wave collisional interac-
tion. Under the rotating-wave approximation, the single-
particle Hamiltonian of the atom-cavity system excluding
the kinetic energy is given by

~ L O 4. i R i
ho/h=Aa'a+ 5(40? —éley) + Avele, + AzeleT
+gcos(kpz)(elate, + elaTer + Hee.)
+ (eélere ™Y + Mpelee ™Y £ He), (1)

where @ is the annihilation operator of the optical cavity
and é, (é,) is the annihilation operator of the atomic
field of the corresponding ground (excited) state. A,
is the pump-cavity detuning, A;o is the atom-pump
detuning, § is the tunable two-photon detuning, and
g(x) = geos(krx) is the single atom-cavity coupling.
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where g12 = —¢€Q12/A corresponds to the maximum
scattering rate and Uy = ¢g?/A is the Stark shift. The
effective many-body interaction Hamiltonian of atom-
cavity can be written as

7:[0 = 7:[0 + 7:[(1, + I}:[acu (5)

Z Pl(r)
— Gl ) )]}
+3 o / drdd (2) 5L ()b (1) (x),

Hae = /dr{(glfleikw + goale L)
x cos(kra)ib] (r)iy (r) + Hae.}.

Here ¢, (r) denotes the annihilation bosonic operator for
atomic field of spin-o atom. H, represents the Hamil-
tonian of optical cavity with nonzero cavity dissipa-
tion. H, denotes the atomic Hamiltonian for pseudospin-
1/2 system, including the optical lattice with M(z) =

—Upatacos®(kpz) + §/2
grate kLY 4 goaettry) cos(kpx)

Taking into account the atomic spontaneous emissions
of excited states (v;) and cavity decay (k) for complete-
ness, the Heisenberg equations of motion for cavity and
atomic field operators are given by

ié, = —0¢, )2 + Quére™ Y + gcos(kpx)ate;
iéy = 061/2 + Qué ey 4 gcos(kpx)ate;
ié; = (A —im1)éy + Qére R 4 gcos(kpx)aé,
iéT = (AQ — Z"‘yg)éT + Qgé¢eiik”! + gCOS(kLI)ELéT
i = (Ac —ir)a+ geos(kpa)(e]e) + eléy). (2)
In the large atom-pump detuning limit [A;] >
{9, 2, k,7;} the dynamics of excited states reach equi-
librium state faster than the ground states and photon
field, which allows one to adiabatically eliminate the elec-
tronically excited states by making ié, = 0, which yields
ey~ —1/A1(Qiére™ %Y 4 geos(kpa)ac))
ér = —1/Mg(Qoéje™ ™ Y 4 geos(kpa)acy).  (3)

Considering Ay ~ Ay = A, the resulting single-
particle Hamiltonian is given as

(grae’*ry + gaate=*1Y) cos(kpx)
—Upatacos®(kpz) — §/2 ’

—Upatacos?(krr), external trapping potential V;(r), ef-
fective Zeeman field, and two-body collisional interaction
strength g0 = 47h%a 0 /m. The last term Hoe denotes
the cavity-condensates interaction originating from the
photon superradiance due to combination of two pump
fields and one quantized single-mode cavity.

Then the dynamical equations for the atom and cavity
operators of the pseudospin-1/2 system read

a = (Ac —iK)a + glél + ggég,

J. -
5]1/%
+ (gldeik”’ + gnge*ikLy) cos(kLzzz)UA)i

+ (g + gr [ dr,

i‘ZT = [~Upa'acos?(kpx) + Vi(r) +

LA ot a . ~
i, = [~Upatacos®(kpx) + Vi(r) — §]¢¢
+ (gra'e*rY 4 goaery) cos(kLzzz)UA)T
+ (g + grdidn)dy, (6)
where A, = (A, — UpB) is the effective cav-

ity detuning with B = [drcos®(kpz) Y, 1l (r)iy(r)
and = fdr coAs(kaA)eikLywl(r)wi(r) and =y =
[ dr cos(ka)eﬂkLywl(r)wi(r) are introduced order pa-



rameters that determine the configuration of SS phase
for superradiance.

Since the cavity field quickly reaches a steady state
which is much faster than the external atomic motion in
the far dispersive regime with |A./g12| > 1 [1, 2], the
steady-state photon number o = (@) for cavity field can
be written as

= gEl + 92~2 (7)
—A,+ik

In order to understand the property of the system more
clearly from the physical image, we derive the cavity-
mediated long-range interactions of atomic fields by in-
tegrating out the cavity with the steady-state solution
Eq. (7), which yields

Hy = %/drdr’Ucﬁ-(r,r’){Vls’, (r)S(r)
+ V254 (1) 8- (') + V5[S1(r)S4 (') + Hel},  (8)

Aéf;2 Vs = %
able strengths of the cavity- mediated atom-atom inter-
action, Uyg(r,r') = 2cos(kpz) cos(kpa' e =) is the
two-body long-range potential and ST (r) = Sy (r) =
1&1 (r)¢, (r) is the spin operator. Here the first two terms
of Hs is the long-range spin-exchange interaction between
spin-1 and spin-| atoms conserving the atomic number
in the individual spin state. The third term represents
the long-range two-axis twisting interaction via a super-
radiant photon-exchange process and does not conserve
the atom number in the individual spin state.

Furthermore, we map the many-body Hamiltonian to
two-component Tavis-Cummings model (TCM) in the
single recoil scattering limit [56] since the other higher
order modes induced by the Raman process of cavity
two-body collisional interaction can be neglected. We
consider a homogeneous BEC initially prepared in | 1)
state and the atomic field operator 1/;(, (o =1,]) can be
expanded as

R 1.
=/=b
Q/JT V T707

. D) o o
’(/]J, = V COS(kLJJ) (G_Zkl‘ybi)l =+ eZkl‘yb¢72) , (9)

where Vj_12 = are the tun-

where IA)¢71 (IA)¢72) represents the bosonic operator cor-
responding to the relevant atomic momentum modes
|ke,ky) = | £ k. kr) (| &£ kp,—kz)) for one of spin-
J atoms, lA)N) represents the bosonic operator corre-
sponding to the relevant atomic momentum mode |0, 0)
for spin-T atoms, with V' being the volume of conden-
sates and the total atom number is N = b,r obTO +

b%lb%l + b¢12b¢72. Excluding external trapping potential
and collisional interaction, with expansion, the emerged

two-component TCM Hamiltonian originating from the
many-body Hamiltonian (5) is given by (h =1)

Hy =Aata +wod. +%(aj£1>+%mj£2>+ﬂ.c.), (10)

g1

where JU) = 133;10(;%1, J® = ZAJLOIA)J,Q and J, = (IA)LllAuJ +
b172b¢72—b¥0b/r10)/2 are the collective spin operators. And
wo = 2E/h — 6 is the effective detuning of atomic field.

The aJY (non-rotating wave coupling terms) in
Hamiltonian (10) does not conserve the number of to-
tal excitations [32]. Interestingly, we find that the two-
component TCM Hamiltonian possesses a U(1) symme-
try characterized by the action of the operator

Ry = explifi(afa — b] b1 +b] ,by.2)], (11)
which yields

Rb(a, J", TRy = (ae, J Ve JPei) (12)

for arbitrary rotational angle 6.

To gain more insight, we insert the expansion Eq. (9)
back into the cavity-mediated collective interaction of
Eq. (8). As a result, the spin-momentum mixing in-
teractions in terms of spin and momentum modes are
described by

. Vier e o o
Ha= D %b%obljbmobi,j
j=1,2

V ~
(bT ObT Obi,lblﬂ +HC)

(13)

The first term denotes collective momentum-exchange
interactions [60], referred to as one-axis twisting. No-
tably, the second term originating from two-axis twist-
ing provides a new source for the deterministic gen-
eration of entangled momentum-correlated pairs from
zero-momentum condensates. This controllable spin-
momentum-mixing interactions is similar to spin-mixing
in spin-1 BEC under the single-mode approximation [59].
Significantly, the magnitude of NV3 typically in the or-
der of tens of kilohertz (20E7,), vastly exceeds the spin-
mixing rate (few ten hertz) achievable in experimental
engineering deterministic entanglement in 8"Rb conden-
sates [80].

For fixing g1 = g2, we can further derive an effective
XX-Heisenberg Hamiltonian in well-defined orbital angu-
lar momentum operators

L T T
Hor = JValy Lo = JVs(L? — L2+ L), (14)

where the raising and lowering operators f/+ =Ll =
\/5(51721%0 + Z;%OZAUJ) obey the angular momentum com-
mutation relations: [L+,L | = 2L, [L., L] = +L4
with L., = b b¢ 1 — bi 2b¢2 The Hamiltonian (14) is

deeply entangled and enables generation of novel quan-

tum states that are highly-correlated in their spin and
motional degrees of freedom simultaneously.
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Figure Al. (Color online). Ground-state phase diagram on

g1-Uo parameter plane. The solid (dashed) line denotes the
numerical (analytical) result of superradiant phase boundary.

Superradiant phase transition

In this section, we outline the derivation of the quan-
tum phase transition for two-component TCM. In the
thermodynamic limit with N — oo, we can apply the
Holstein-Primarkoff transformation

jgl) - \/ N — B];[A)l - i);i)g lA)l
j£2) - \/ N — B];[A)l - i);i)g IA)Q

. Shp apa N

J. = blby + biby — - (15)
where the bosonic operators b; and Z;I, (1,1 = 1,2) satisfy
the commutation relation [l;i, ISI/] = 0, [IA)“ l;i/] =0, and
[6],b],] = 0 and the subscript | has been neglected for

Rt

shorthand notation. In the weak excited approximation

\/ N — 5151 - ZA);BQ ~ /N, the Hamiltonian (10) can be

transformed into
HO Jh = wiata + wo(b1by + bbo)

+ % [Alabl + Noathy + H.c.} . (16)
where A\ o = g172\/N and w; = Ac are introduced for
shorthand notation.

Quantitatively, Hamiltonian (16) can be diagonalized
by the introduction of a position-momentum representa-
tion for seeking the instability point

X = f al +a); \/
2muwq
h ~ A mhwo N
Y:,/meO(bel), Py =iy = (b —by)
h A mhwg N
Z = W(bg +b2); P =i 5 (b5 — b)) (17)

(a) 4
)
=0
~
)
A4 2024 420 2 4 2-101 2
krx/m krx/m k. kL

Figure A2. (Color online). The condensates wave function for
SS phase with (g1, g2) = (4.2,7)EL/h. Column 1-3 show the
density p; (units of cm™?), relative phase A¢, and momentum
distribution of the | |) state with the peak areas representing
high atomic density. The black dots in (a) denotes the posi-
tion of sites satisfying cos(krx) cos(kry) = £1.

which yields

= L( mle njhwle)
\/ \/— Py)
_ mwo
m_ﬁ< Rze—eP) (1

As a result, the Hamiltonian in terms of the above oper-
ators is given by

o1 P2 o1 P2+ P2
HO = “mwlX?+ 2 + —mwd (Y2422 + L —=

2 2m = 2 2m

7(m\/umxy — %)
\/_(m\/MXZ—i— ]:/:1_%)
= %m(W% - %}t)\%)))@
+ %mw%(Y + M\ Z—;X)z + %mW(%(Z + A2 Z_;X)Q
Fo (Pt ¢2AT%OPI)2 (19)

By diagonalizing the above Hamiltonian, we find that the
system will exhibit the instability when the superradiant
quantum phase transition occurs, corresponding to the
critical thresholds for Raman coupling

(97 + g3)er = 2(A2 + £%) 2w /N (20)
with the cavity decay « included.

Figure A1 shows the phase diagram of condensates-
cavity system on g;-Uy parameter plane with fixing
g1/92 = 1. Clearly, the analytic threshold of Eq. (20)
for superradiant quantum phase transition (dashed line)



is in high agreement with numerical result (solid line),
even ignoring the cavity decay and atom collisions. In
Fig. A2, we plot typical SS phase with density distribu-
tion, relative phase distribution, and Fourier transforma-
tion of the | |) state under the different Raman coupling
strengths (¢g1/g2 # 1). It is shown that the sites of peak
density satisfying cos(kpy) cos(krx) = +1(—1) with an
obviously periodic density modulation of crystalline order
is confirmed. Moreover, this setup yields atomic momen-
tum distribution at (ks, ky) = (£kr,£kr) and matches
the configurations of crystalline square lattice pattern.

Collective excitations for gapless Goldstone mode

To demonstrate the rigidity of self-ordered super-
radiant phases, we calculate the collective excitations
of cavity-condensates system. One can substitute the
Holstein-Primarkoff transformation of Eq. (15) back into
the two-component TCM Hamiltonian (10) and displace
the bosonic operators a, by and by with respect to their
mean values in the following ways [73]

\/_, bT—>62 V7,

where CZ, ¢1 and éy denotes the photonic and atomic
quantum fluctuations around its mean-field values with

(a) =/, <51> = /B and (132) = /7, respectively.

In the thermodynamic limit by expanding the square

root /€ = /N — 131;51 — B;BQ, we can safely neglect the
higher order terms, which yields

VEr \/_{1——[éé +ébe,
— VBl +é1) - VAel + &)
— VB +e) + A + e}

aT—>czT+\/Z, Z;T—Mal

with k = N—~—/f. After the displacements and retaining

up to second order, we obtain the reduced Hamiltonian

H® b= wi[d'd + /C(d" +d) + (] +wol(B+7)
+wolefer +ebes — /B(e] +é1) — (e) + é2)]

1 5 .
+ ﬁp\l(d"' VOVEE —V/B)

+Ao(d" + V) VE@ — vA) + Hel. (21)
For minimizing the ground state energy, the linear

terms in the bosonic operators in Hamiltonian will be
zero. As a result, the steady-state solutions are given by

_ )\1 _
Vi 2 ST N

Ve=yRa- /2 @)

Inserting the solution back into the expanded Hamilto-
nian, the quadratic Hamiltonian describing the collective
excitations takes the form as

Eo(eler + i)

V14 o
2

. L
HO /= wydld + wo—

wON
— (- pd) +
4110 ( /LO)

+ 7”;“% (dfes + ébd)

B+ 10)(A = o)
16w1(1 + o)

1-

4\/1 + Mo

A (déy + eldh

(el +e1) + Aa(ed +é2))?
L0 (df + d)[M (€] + 1) + Ao (E] + &),
(23)

where o = (1/p1 + 1/p2) ™1, p1 = 2wiwo/A? and pg =

2wiwo/A3. For simplicity, the Hamiltonian of Eq. (23)
can be rewritten as
. N N
AP /= wndld+w(eler + elies) — 2= (1 ud)
Ho

+P(d + d) (&l + &) + Po(dt + d) (&l + éa)
+Q3(el +61)% + Qu(el + e2)? +29,(e] + 1)
X (e} + é3) + Qu(déy + e1d™) + Qo (dTéy + eld) (24)

where
_ I+
Wy = Wy 5
210
1 —po
Pl=———),
SN T
1 —po
Pho=—n o,
2T T ATt ?
O = (34 po)(1 = p1o) o
3= Al
16w1 (1 + o)
O, = (34 po)(1 = p1o) o
4= A2,
1601 (1 + po)
3 1
0, = L()/\l/\27
16w1 (1 + o)
1+
Q1= TMO/\M
V1+
Qs = T“OAg.

are introduced for shorthand notation. Notably, uo = 1
is equivalent to Eq. (20) and can be written as

2wow1 _ 97 + g3ler
(9i + 95N gi+g3
which represents the threshold of the cavity-condensates

system’s superradiant transition and this approach cal-
culating the collective excitation spectra in superradiant

Ho = ) (25)



phase remains valid when pg < 1. For PW phase when

91/92 > 1(g91/92 < 1), po degrades to ju1(u2) satisfying
11 < 1(pe < 1) and the approach calculating the spectra
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of TCM equivalently still remains valid. With respect
to po > 1 for normal phase, Eq. (22) has no physical
meaning and the solution ( = f = v = 0 is applied for

calculating.
|

For superradiance phase, the Heisenberg equations of motion of the quantum fluctuations in the photonic and
atomic field operators become

9 - s ) ) .
i&d = wid+ Pé1 + (Po + Qo)éz + (Py + Qu)é} + Poé)
i—é1 = Prd + (wy + 2Q3)é; + 2065 + (P14 Q1)d" + 2Qsé! + 20,6}
i—éy = (Py+ Q2)d + 20,81 + (w2 + 2Q)és + Pod + 20,61 + 2Q,e)

i—dt = —wid" — Prel — (Py +Q3)el — (P + Q%)éy — Préy

ot
. 0 ~ * 7 * %\ A N * *\ 7 * A * A
zaei = —Prdt — (w3 +205)el —20%el — (Pr 4+ Q1)d — 2056, — 200 e,
. 0 ~ * *\ 7 N * *\ A * 7 N * A
Zae; = —(Py +Qb)d" — 20 el — (w3 +290)el — Prd — 2Q%e, — 2Q%é,. (26)
Furthermore, we recast these equations in the form of Hopfield-bogoliubov matrix for superradiance phase
w1 Py P+ Qo 0 P+ Py d d
P1 wo + 293 291 P1 + Ql 293 2Qx él é1
PQ + QQ 2Qx wo + 2Q4 PQ 291 294 éAQ o éAQ (27)
0 P -Qi P i U e I I e
-Py—-Qr -2 —20 -Py —wh—205 -2 el el
—P5 —200% =20 —-Pr—-Q5 -2 —w3 — 20 é; é;

With respects to normal phase Hamiltonian, the another solution ( = § =« = 0 of linear equations corresponds to
the reduced weak excited Hamiltonian (16). Analogously, the Heisenberg equations of motion for normal phase are
given by

9 - . 3
imrd=wd+ el 4+ Agég
’L&él == woél + :\1JT
’L&ég == w0é2 + XQCZ
0 gt % L SO Yt |
Zad = —wld - /\161 — )\262
P o
iaé{ = —wiel = \id
0 4 At 3ot
i 60 = —woés — Aod (28)
with ;\172 =2/ V2. With the forms of the Hopfield-bogoliubov matrix, we can recast these equations
w1 0 5\2 p 5\1 0 CZ Cz
p wWo O /\1 O O él él
/\2 0 wo 0 0 0 é2 o é?
0 —A 0 —wi 0 —X |[|d |7 d (29)
A 0 0 0 —wp O él el
o .

*
—wp €y €y
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Thus the collective excitation spectra of our model can be conveniently calculated by numerically diagonalizing the

Hopfield-bogoliubov matrix with Eq. (27) and Eq. (29).

0 Vo/(NEL) 1.2 -1.2
0.4 0.6

V,/(NE) 1.2
HE e

502 503
g 0 g o0
— —

-0.2 -0.3

-0.4 -0.6
-04 -02 0 02 04 -06-03 0 03 0.6
Re[a] Re[a]
Figure A3. (Color online) The effective potential V; in nor-

mal phase and superradiant phase as a function of « (a) at
hgl/EL = hgz/EL = 4 and (b) at ﬁgl/EL = ﬁgz/EL = 7.5,
respectively. Here iUy /Er = 10, N = 105, ﬁwo/EL = 4 and
hA./ErL =5 % 10°.

Effective potential for superradiant phase

For comparison with our above analysis, we perform a
stability analysis in a mean-field description by inserting
the mean-field ansatz

< > = Oé,
<ZA71> - ﬂlv
<ZA72> - ﬂ27
(br) = /Ny = B2 — |Bal2, (30)

into the effective reduced Hamiltonian (10). After ne-
glecting a constant term, the cavtiy-condensates system
is described by the effective potential

Vo, 1, B2) = Acle)? +wo(|B1* + |B2]?)

+ %(gla\/N —1B1]? = [B2]*B1

+ 920" o/ N = [B1P = [BP + He).  (31)

In the far dispersive regime with the limit A,/wy >
1, we can adiabatically eliminate the cavity field with
da* /0t = 0 for minimizing the potential

—(g1V/N — [Bu]? — 82257
+92V/N — |B1[? = |Ba]2B2) /V2AA...

By substituting « in Eq. (31), the ground state energy
in term of £y, B2 can be written as

Vy(Br, B2) = wo | (1 — iﬂw + M%Nwl

1 1
+wo[(1— £)|52|2 + M—N|52|ﬂ

91 +92 2 9192 2
_l’_ .
RIS - S -1

x (B1B2 + B3 B7).

For more clearly physical image, we assume [y = 1 =
585,90 = g2 = g1 and write down a concise expression:

— |B2]?)

1 2, 2 4
Vy(Bo) = 2wol(1 — ;)|ﬁo| + N—N|Bo| ] (32)

with 1 = woA./(g3N), from which the instability point,
namely superradiant quantum phase transition point, lo-
Aowo /N without considering the cavity
dissipation. Notably, for ;1 > 1 the ground state energy
of the system in the normal phase emerges a minimum
at the origin while for ;1 < 1 the ground state energy of
the SS phase has a series of minima satisfying

a=—goNy/p(l—p)e/A, (33)

Bo = VNI — p)/2e%

calizes at g =

as shown in Fig. A3, which demonstrates that the sys-
tem spontaneously breaks U(1) symmetry along with the
superradiant quantum phase transition.
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