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ITO’S FORMULA FOR FLOWS OF CONDITIONAL MEASURES ON
SEMIMARTINGALES

XIN GUO AND JIACHENG ZHANG

ABSTRACT. Motivated by recent development of mean-field systems with common noise, this
paper establishes It6’s formula for flows of conditional probability measures under a common
filtration associated with general semimartingales. This generalizes existing works on flows of
conditional measures on It6 processes and flows of deterministic measure on general semimartin-
gales. The key technical components involve constructing conditional independent copies and
establishing the equivalence between stochastic integrals with respect to the conditional law of
semimartingales and the conditional expectation of stochastic integrals with respect to copies of
semimartingales. [t6’s formula is then established for cylindrical functions through conditional
independent copies, and extended to the general case through function approximations.

1. INTRODUCTION

It6’s formula. The classical It6’s formula for semimartingales is generally viewed as the sto-
chastic counterpart of the chain rule in calculus. It stands as one of the key cornerstones of sto-
chastic analysis [29], establishing an intrinsic connection between partial differential equations
(PDEs) and diffusion processes. This formula plays a critical role in the theory of stochastic
control.

With the recent development of theory of mean-field games and mean-field controls [6] [,
11], Ttd’s formula has been extended to the flows of probability measures. Initially applied to
diffusions [6], this extension was further developed for (discontinuous) semimartingales [24]. The
generalized It6’s formula has been instrumental for deriving the master equations in mean-field
games and the Bellman dynamic programming equation for McKean—Vlasov control problems,
as discussed in [11] and the references therein.

One of the most recent advances in mean-field theory have been concerning mean-field con-
trols and games with common noise (see for instance [1}, 2, [3], 5, 9} 10} 13\ 15} 18], 23] 27, 30} 31, 32,
33, [35], 40]) or with stochastic processes involving jumps (7, 22, 25] 26, 28] [36]). In either case,
It6’s formula has been developed respectively in [I1] and in [24]. In order to analyze rigorously
the McKean—Vlasov dynamics with both semimartingales and idiosyncratic and common noises,
it is necessary to establish the It0’s formula for flows of conditional laws with semimartingales,
which does not seem to exist to the best of our knowledge. This is the primary focus of this

paper.

Our work. This paper establishes 1t6’s formula (Theorem [2.7)) for flow of conditional laws
pe =Law(X;|G;) driven by (possible discontinuous) semimartingales {X},c[or) With a general
form of common noise represented by a sub filtration G = (G¢),c(o,r) and G = Gr-.

The primary task to analyze the Itd integral fot nsdX9 with {X¥ = E[X¢|G]}ejo,r over
some appropriate adapted process {nt}te[oﬂ- This is crucial as the integral of the conditional
expectation such as fg 1sdX Sg is not necessarily equivalent to the conditional expectation of the

integral of the form E[ fg NsdX. S|Q] (See discussions and examples in Section [3)). Our analysis
is built on several key technical components: constructing conditional independent copies of
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general stochastic processes (Theorem B.1]), establishing the equivalence between the conditional
expectation of stochastic integrals with respect to seminmartingales and stochastic integrals
with respect to the conditional law of semimartingales, and building the equivalence between
the quadratic variation of the conditional expectation of a semimartingale and the conditional
expectation of the quadratic variation of its two conditional independent copies (Theorem [B.3)).

With these key technical components, It6’s formula for flows of conditional laws on semi-
martingales is established (Theorem 2.7)): it is first derived for cylindrical functions (i.e., smooth
mean-field functions with integrable forms[4.1])), which are then shown to be dense in the desired
function space; finally, localization argument along with proper form of dominating convergence
theorem finishes the task.

Related works. Conditional independent copied has been treated informally and in certain
forms in the existing literature, for instance, when defining a semimartingale by stochastic
differential equations involving both idiosyncratic and common noise in [II]. In this paper,
we have generalized the construction of conditional independent copies for a broad class of
semimartingales and with an arbitrary sub o-algebra. This concept may be of independent
theoretical interest, besides its crucial role in our derivation of 1t6’s formula for flow of conditional
laws on semimartingales.

There are several methods for deriving It6’s formula and its variants, including the time
discretization approach in [6] and [36] for mean-field jump diffusions, the density approach in
[8] using the Fokker—Planck equation, and the particle approximation approach [111 [14], [19] [38]
to approximate flows of measures by flows of empirical measures. The cylindrical function
approach has proved appropriate and powerful for analysis of general semimartingales. They
are initially explored in Fleming—Viot processes [21], later adopted in the analysis of polynomial
diffusions [17], and most recently used in It6’s formula for flow of measures with (discontinuous)
semimartingales [24].

Meanwhile, linear derivatives on the space of probability measures are known to be appro-
priate for characterizing the infinitesimal changes in the functional of controlled McKean—Vlasov
processes when jumps are added; this has been noted previously in [7] and further explored in
[24] and [39].

Notation. Throughout the paper, we will adopt the following notations, unless otherwise spec-
ified.

e N7 denotes the the set of all possible natural numbers, and we fix d € NT.

P(R?) denotes the space of probability measures on R? with the topology of weak conver-

gence. Pp(Rd) for p € [1,00) denotes the probability measures with finite p-th moment,

equipped with the Wasserstein-p metric.

e C*(RY) is the set of all k-th differentiable functions on R? with continuous derivatives
up to the k-th order, and CF(R?) C C¥(R?) is the set of all k-th differentiable functions
on R? with bounded and continuous derivatives up to the k-th order. And we use the
convention C'(RY) = CO(R?) and Cy(R?) = CY(RY).

e For a random variable X, || X||zr represents its p-th moment, i.e., || X|r» = E[\X!f”]%.

e For vectors @ = (ai)i=1,..4,b = (bi)i=1,..d € R?, we denote a-b = Z?:l a;b;. For matrices
C = (Cij)i,jzl,..,d7 D = (Dij)i,jzl,..,d € RdXd, we denote C : D = Z?,j:l OijDij-

e For € P(RY) and ¢ : R? — R such that [p. |¢(z)|du(z) < oo, we set

(1, ) = /Rd p(z)dp(r).
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2. ASSUMPTIONS AND MAIN RESULT

Given two R%valued F- semimartingales X = (Xt)icppr) and Y = (Yy)iepo,r) for T > 0
and d € N* on a completed filtered probability space (Q,F,F = (F¢)icpo,7),P), and p = (,ut =
LaW(Xt|gt))t€[0,T]
formula for the functional ®(u;,Y;) with the function ® : P,(RY) x RY — R, under suitable
regularity conditions.

with a sub filtration G = (Gt)sco,r) C F. Our focus is to develop an Itd’s

2.1. Assumptions. Throughout the paper, we will make the following assumptions on the
semimartingales X and Y, the filtrations G and F, and the function ®. These are standard
assumptions to ensure that stochastic integrals are properly defined (see [37]) with the presence
of common noise (see [34]) and for flow of measures on semimartingales (see [24] [16]).
Assumptions on semimartingales.

Assumption 2.1 (Semimartingale). o We assume X,Y € HP for 1 < p < oo [37, Section
V.2], with
T
X = got 6ol + VLT + [ avi]| <o
M.V 0 Lr
T (2.1)
¥l = g %6l + VT + [ Javi]| <o
N,U 0 I

where the infimum is taken over all possible decompositions
Xt:X()+Mt+‘/t andY,;:Yo—FNt—i-Ut.

Here V' = (V})cpo,r] and U = (Uy)ie(o,1) are adapted cadlag processes of finite variation
with Vo = Up = 0, and M = (M,)icpo,7] and N = (Ny)ejo,r) are F-local martingales
such that My = Ny = 0.

e We assume also

(Zem] g e

Under these assumptions, a proper form of dominated convergence theorem has been estab-
lished ([37), Page 273, Lemmal) and the following two propositions hold.

Proposition 2.2 ([37, Section V, Theorem 2]). For any 1 < p < oo, consider a norm on the
space of R-valued adapted cadlag processes (or the space of R-valued adapted caglad processes)
defined by

|Hllsr = || sup |ml|| .
0<t<T L
Then, for 1 < p < oo, there exists a constant ¢, depending only on p such that
[Hllsp < cpllH |3,
for any R-valued semimartingale H.

Proposition 2.3 (Emery inequality, [37, Section V, Theorem 3]). Let Z be an R-valued semi-
martingale, H is an R-valued adapted caglad process, and % + % = % (1 <p,q<o0), then

H / H.dZ,
0

Remark 2.4. Propositions2:2 and 23] also hold for R%-valued semimartingales with appropriate
forms in d € N7,

o < IHls 1 Z e
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These propositions are important for the subsequent analysis, for instance in the localization
argument for establishing It6’s lemma for the flow of conditional measure on semimartinagles,
as will be clear in Section

Assumptions on filtration.

Assumption 2.5 (Filtration). Sub-filtration G C F satisfies the compatibility assumption or
the conditional independence condition. That is, for each 0 <t < T, F; and G are independent,
given G;, written as F; 1L QT‘Qt.

In the context of mean field games, this assumption ensures a weak closure of adapted
processes, as first noted in [I2, Lemma 3.11], and then stated more explicitly in [4, Theorem
5.4].

One can deduce from is assumption that Law(X;|G;) = Law(X¢|Gr), for any F-adapted
process X = (Xy);ejo,r) almost surely for each ¢t < T', according to a special form of the (H)
hypothesis by freezing G, = Gr when v > T ([20]). This allows us to define a cddlag version of
wy := Law(X}|G;) by taking Law(X;|Gr), which will be assumed throughout the paper.

Assumptions on function ®. We will adopt the the linear derivative adapted from [16], which
has shown to be appropriate for the analyzing the flow of measures on semimartingales [24] [16].

Definition 2.6 (C%2(P,(R%) x R?) functions). For p > 2, a function ®(,y) is a C>2(P,(R?) x
RY) if for any p € P,(R?Y) and y € R? there exists a continuous mapping (i, y,x1) —
g%(u,y,:cl), and there exists a continuous mapping (u,y,x1,x2) — %(u,y,wl,wg) that
is symmetric in its two arguments and with the following properties
e continuously differentiable: Vy® (s, y), VZ®(p, y), (1Y, 1), Va, 52 (11,9, 1), Vi §r (1,9, 1)
Vil ‘ff: (1, y, 1), levy Em Ly, xy), levm (5“) ® (1, y,x1,xs) all exist and are contin-

uous functions for all y,x, ' € R%, u e P (Rd),

e uniform polynomial-growth : there exists a constant ¢ > 0 such that for all &, 2,y € R,
p € P(R?), we have

‘Vyé‘ < c(1+[ylr ), (vf,@ < e(l+ |ylP2),

o® o®
ey You
Vig,

'v \ T 'v < oL+ lou P! + L),

+ ‘myé < (1t for 2 [yl ?),

Vm1,w2 C(l + ‘wl‘p_2 + ‘w2’p—2 + ’y’p—2)7

W<

e fundamental theorem of calculus: for everything p, v € Pa(R?), we have
O, y)—2(v,y) = /1 /Rd %(Au + (1= Ny, @) (p — v)(day)d),
®(xo, 1) —P (o, v / /Rd o (v, 9, 21) (1 — v)(dz1)dA
+ /0 /0 /Rd W(su + (1= s)v,y, @1, @2) (1 — v)(der) (1 — v)(dag)dsdt.

h ‘M) and (‘5 ?2 are called (a version of) the linear derivative and the second derivative of ®.

Suc
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2.2. Main result.

Theorem 2.7 (Ito’s formula for flows of conditional measure on semimartingales). Given a
completed filtered probability space (2, F,F = (Fi)icpo,1];P), which supports two R?-valued F-
semimartingales X = (Xy)iejo,r) andY = (Yy)ejo,m satisfying Assumption[21l Let ji; =Law(Xy|Gy),
with the subfiltration G = (gt)te[oﬂ C F satisfying Assumption [2.8. Then, for p > 2 and any

® € C22(P,(RY) x RY), we have

(e, Yy) — P(po, Yo)

=E t V 52 Y, , X' d(X")e + V2 52 Y., X! ):d[X' X'
- (MS—7 S—» s—) : ( )S + ri1x1 5 (MS—7 S—> s—) . [ ’ ]s
0+ 2 2

52 5P
+V2 e (ts—, Yoo, X\, X7 ) o (X', X"]5 + Vily@(us—, Y, , X! ):d[X/, Y]g>
1/ 62® 2P
+ a S_,}G_,X;,Xé/ VAN S—an—axg—uxé/
= (e )~ o )
2P 52
R IENG) S—u%—uXL;Xé/— + S—7Y9—7X;—7Xé/— )
o )+ )
5P 5P
+ <Vya(us—7 }{9—7 Xé) - Vym(us_7 }/:9—7X;—)> : AYS
5P 5P
0% (e Yor XD) = 02 (Yo X))y [7]

t 1 t
b [ TR Y)W g [ TR V) dlY Y
0+ 0+

+ > <<I>(MS,YS)—<I>(us—,Ys—)>,
0<s<t
(2.3)
for all t € [0,T], where X', X" are the conditional independent copies of X given the sub
o-algebra Gr defined in an enlarged probability space (U, F,P) and E[|F] is the conditional
expectation given the extension F C F in the enlarged probability space.

Remark 2.8. To ensure that the enlarged space (2, F,F,P) is properly defined such that
e, X¢, Yy and F are naturally extended in this enlarged space, one needs the notion of indepen-
dent copies of stochastic processes, as will be developed in the next section and discussed after

Corollary

3. CONDITIONAL INDEPENDENT COPY

3.1. Why conditional independent copy? One of the key components in Theorem 2.7 is
the concept of the conditional independent copy of stochastic processes. Here in this section, we
illustrate through several examples its properties in the context of flow of conditional laws for
semimartingales and its role in the derivation of It6’s formula.

Let us first recall a mean-field game with common noise where X; is of the form

dX, = bydt + oy dW; + o2dWy,

where W, W? are two independent Brownian motions and G = {Gi}iejo,m is the sub filtration
generated by W0 and G = Gr = o(W2,u < T). By the classical Ité’s formula, the dynamic of
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g(Xy) is given by
dg(Xz) = beg' (Xe) + %(0’? +(09)?)g" (Xe)dt + o1g' (X4)AW; + 07 g (Xi)AWY,
and consequently the dynamic of Z; = E[g(X})|G] is given by
Az, =E {btg%Xt) + %(a? + (a?)%g”(Xt)(g] dt +E[0g'(X,)|G]dW. (3.1)

The above equation follows essentially from the fact that

t t
E[/ nsdWs g} =0, E[/ N dW?
0 0

see [34, Lemma B.1] for details. Indeed, from (3] one can calculate the quadratic variation of
Zy to derive the It6’s formula for f(Z;):

d(Z), = B0l (X,)|0]) dt = Blofy/ (X,)50 g (X)|G)dt,

t
g] = / E[ns|G]dW?, for all t € [0,T] (3.2)
0

where G, )A(:t are conditional respective independent copy of o) and X; given G, which is formally
introduced in [II]. Under these expressions, one can derive It6’s formula for f(Z;), which depends
on the precise expression of

[ 2z = [ p (B 06+ 5o+ @06

g} ds +E[o}g'(X;)|d] dWS)

_ /Ot <E[f/(Zs)(bsgl(Xs)+%(J§+(02)2)g//(XS)>‘g} s 4 B[220/ (%) g]dW;))
and

/0 F(Z)d(Z), =

t ~
7(2) - 3E[0% (X,)5% (X,)|Gr]ds
t

0
1 o
_ 5/ E[f"(Z.)0% (X700 (X.)|Gr] ds.
0
Now, the issue arises when one considers a general continuous semimartingale X and a
general sub o-algebra G, where the It6’s formula takes the form:

dg(X;) = ¢/ (X)dXs + 3¢ (X)d(X ). (33

In this case, in order to characterize the dynamics of Z; = E[g(X})|G], one needs an appropriate
expression for dZ;, d(Z); and more importantly for

/f’(Zs)dZs, and/f”(Zs)d(Z>s. (3.4)
0 0

One naive guess of the extension of ([8.2)) to this general case is

t
E[/ NsdX
0
where X7 := E[X;|G].

Unfortunately this does not hold in general. For instance, take X; from (B.II) with b, = 0.
By (B.2]), the left hand side of (B3] becomes

t
E[/ Nsd X
0

|- [ Elnglax?, (35)

t t
g] :E[ [ (o + ofaw?) Q] ~ [ Elobiglaw?.
0 0
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while the right hand side is
t ¢
| Enignx? = [ EinlgEdigIan?,
0 0

and (3.5) holds if and only if 1, and ¢ are conditionally uncorrelated of G.
This is exactly why the concept of conditional independent copies of stochastic processes:
instead of (3:2]), let us consider the expression of the following form

tf’(Zs)dZs= tf’(Zs)dE[ X6 = f OdE[g(x )| F] = f Z)dg(X )| F
; )

_E[/f J(xW )dX() g”(XS(l))d Xy )(f]

/ Pz, = / ' F(Z)A(E[g(X)]6])s = E[ / ' )dlg(x D), g<XF2>>>srf]
0 0
—E|:/ f// X(l )g (X§2))d<X(1),X(2)>5 :|7

where XM, X@ are two conditional independent copies of X give G. With these expressions,
one can analyze (3.4 for a general semimartingale X, as will be detailed in ([2d) and 2d)) of
Theorem [3.31

and

3.2. Examples. To get some intuition for this notion of conditional independent copies of
stochastic processes, let us see some examples when F and the sub o-algebra G have some
special structure.

Example 1. Let A, B are two independent random variables with 7 = o(A, B) and G = o(A).
Then one can enlarge the probability space to include A® such that A® are independent and
with the same distribution of A, and are independent of B. Then for any X = f(A, B), the
conditional independent copies of X are X() = f(A®), B).

Example 2. Let X be the unique strong solution of the SDE

dX; = b(Xy)dt + o(X;)dW, + 0@ (X)aw,?,

where W, W(© are two independent Brownian motions, and b, o, and ¢ satisfy appropriate
continuity conditions. Let F; = o ({Ws, Ws(o}sgt) and sub o-algebra G = o(W(?), then one can
enlarge the probability space to include independent Brownian motions WO and XM with
X the unique strong solution of

dxV = p(x)dt + o(xMaw ' + 6@ (xMyaw

and X is the conditional independent copies of X given G.

There are more examples of conditional independent copies of stochastic processes in the
literature of mean-field games. For instance, when defining a semimartingale by stochastic
differential equations involving both idiosyncratic and common noise, conditional copies are
formally formulated in [11] as Q = Qg x 1, where the original probability space follows the
structure Q = Qp x Q4, and ol represents the independent copy of the probability space €2;.
[11L Theorem 4.14, Volume II]

In the next section, we will provide the construction of conditional independent copies for
the general case of a semimartingale X and an arbitrary sub o-algebra G which is not necessarily
associated with any probability space. As emphasized earlier, this construction is necessary for
establishing It6’s formula with the flow of conditional measures on semimartigales.
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3.3. Construction of conditional independent copies: general cases. Given a probability
space (£, F,P), let us consider the extended probability space Q = Q™! defined by

Q=0"" = {(wo,wr, - ,wn)|wo, w1, ,wp € N}, (3.6)
and the extended o-algebra F
?:O'{A()XAlX---XAnZA(),Al,"',AnE.F}. (37)

_ To ensure that these copies are conditional independent, let us define the probability measure
P as follows: for Ag, A1, -+, A, € F, define

P(Ag x Ay x - x Ap) = E[]lAO ﬁ]P’(Ai]g)]. (3.8)

i=1
This measure is properly defined since the set {Ag x A; X -+ x A, } is a m-system. Finally, define
F, G for the extension of F and G into this enlarged probability space as
F={AxQ":AcF}, G:={AxQ":Aecq}. (3.9)
Then we have:
Theorem 3.1. Given a probability space (2, F,P) and a sub o-algebra G C F. Then there
exists uniquely an enlarged probability space (Q,F,P) satisfying B, B1) and BI); and for

any random variable R in (Q,F,P), there exist an R and n conditional independent copies
{RD};—19.1 by

R(wo, w1, -+ ,wn) = R(wo), R (wo,wr, -+ ,wn) = R(w;), (3.10)
for @ = (wo,,w1,--+ ,wn) € Q and R, {RWY},_1 0, satisfying
. 7L {RO)
® ]Aé, {R(i)}i:m,..n
o Law(R|G) (wo) :Law(ﬁ‘g) () :Law(R(i)

a.s.

with @ = (wo, -+ ,wn) € QX and F, G defined by (3.9).

Note that when G is a trivial o-algebra {0),Q}, then the above theorem reduces to the
standard construction of independent copies. Its proof is given in Section 5.1

Now, in the context of semimartingales, there is a corresponding version of the conditional
independent copy where the probability space is a filtered space and sub o-algebra G = Gr
comes from the sub filtration G = (Gy)rejo.77- Now define F := (Fy)se(0.1) by

?t:O'{A()XAlX---XAn:A(),Al,---,AHE.B}, (3.11)

i1 are independent given g,

are independent given F ,
5) () :Law(R(i)‘f) (@), foralli=1,2,..,n,

and further define F = (}N})te(o,r[) and G = (@)tE(QT) respectively for the extension of F and G
into this enlarged probability space as

Fo={AxQ":AeF}, G :={AxQ":AcG) (3.12)
With this construction, we have

Corollary 3.2. Given two R¥-valued F-semimartingales X = (Xt)ejo,r) and Y = (Xit)iepo 1]
on a filtered probability space (Q, F,F = (Fi)eo,1);P), and a sub o-algebra G C F, there evists

uniquely an enlarged probability space (2, F,F = (]:t)te[QT},F) satisfying (3.6), B.7), B3] and
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BII). Moreover, one can define two conditional independent copies (X', Y"), (X", Y") of the
random processes (X,Y) by

(X/7 Y/)(W0,0J]_, e 7wn) = (X7 Y)(wl)7 (X//u Y//)(CL)Q,OJl, e 7wn) = (X7 Y)(w2)7
and (X,Y), (X", Y') and (X", Y") satisfying
Law(X,Y|Q) = Law(X’,Y’|Q) = Law(X/,Y/|.7-")
= Law(X”,Y”|g) = Law(X”,Y”‘}") a.s.
(X,Y), (X", Y"),(X",Y") are independent given G, and are also independent given F.
(3.13)
Furthermore, if the sub o-algebra G = Gr from a sub filtration G = (Gt)ico,r) C F satisfies the

compatibility conditions as in Assumption [ then this compatibility condition holds for the
natural extension of F and G defined by (B:I:Zl) in the extended probability space. That is, for

each0 <t <T, .7-} and QT are independent given G, written as .7-} 1 QT‘Qt

Note that Theorem [B] allows us to use the notation (X,Y), F, and G to respectively repre-
sent (X Y) f and G without any ambiguity, as is adopted in the above corollary. Furthermore,

Corollary enables simplifying the notation F and G respectively by F and G without any
ambiguity. Moreover, if we define the conditional law in the enlarged probability space as
1y = Law (X \gt), then by the compatibility condition and Theorem [B.3] we have

ﬁt(w(]’wl’ ce 7wn) = Law(}z;‘gT)(wO’wlv tee 7wn) = LaW(Xt|§T)(w0) = Mt(w0)7

which in turn allows for using u; for ji; without any ambiguity.

3.4. Properties of the conditional independent copies of semimartingales. Next, we
study properties of these conditional independent copies of semimartingales and explore the
relation between the conditional expectation of their stochastic integrals and stochastic integrals
with respect to the conditional law of semimartingales. For the sake of simplifying the notations,
we will present the results in the one-dimensional case and their corresponding multi-dimensional
cases can be adapted accordingly.

Theorem 3.3. Give two R-valued F-semimartingales {Xi}iejor) and {Yi}iejor) on a filtered
probability space (Q, F,F,P). Let (X',Y') and (X",Y") be their conditional independent copies
defined in Corollary [3.2 in the enlarged filtered probability space (Q,F,F = (.Ft)te[07T},@) satis-
fying B0), B3) and BII). Then,
(1) X, Y, X', Y', X", Y" are F-semimartingales.
(2) Suppose E[|X¢|] < oo and E[|Y;|] < oo for all t € [0,T], and define
X7 =E[X\|6r] =E[X:|G:], Y7 =E[v:|or] =E[v:|G:].

(a) If {Xi}iepo,m s a finite variation process and E[(fOT [dX,|)"] < o0, for p > 1, then
{th }eelo,r) is also a finite variation process and

([ )]~

(b) {th}te[O,T] and {Y;g}te[oﬂ“] are semimartingales with respect to F, F and G.
(c) If {Zi}ieo,m) is an R-valued F-adapted cadlag process in the filtered probability space
(% F.F.B) and | X[y, + 1], < o0 with L+ 1 =1, then

t t
/ Zs_dng:E[/ Z, dX! }'].
0 0




10 XIN GUO AND JIACHENG ZHANG

(d) If {Zt}te[o,T] is an R-valued F-adapted cadlag process in a filtered probability space
(F,F,P) and | X1, + 1Y sy + 12194, < 00 with £+ 1+ 1 =1, then

t t
/Zs_d[Xg,Yg}s:E[/ Zs_d[X”,Y’]s‘}"},
0

0
t 1ot
/0 Z,d[X9,Y], :E[/O Zd[X' Y], f].

The first statement in Theorem [B.3] shows that semi-martingales remain semimartingales
under the enlarged filtration . (Zal) and (2B) suggest that under the conditional expectation
operation, the finite variation property, the semimartingale property with respect to F and F are
preserved and the martingale property of G is unchanged because of the compatibility condition
in Assumption In particular, (2d) and (2d) are the key equations for the derivation of the
1t6’s formula for cylindrical function; they ensure crucially the equivalence between the stochastic
integral of the conditional expectation of a semimartingale and the conditional expectation of
the It0’s integral of its conditional independent copy, as well as the equivalence of the quadratic
variation of the conditional expectation of a semimartingale and the conditional expectation of
the quadratic variation of its two conditional independent copies.

The proof of the theorem is presented in Section

4. PROOF OF THEOREM [2.T1]

Having established the properties of conditional independent copy of semimartingales, we
are now ready to establish It6’s formula for flow of conditional laws on semimratingales, through
several steps. First, we will derive the formula for cylindrical functions; we will then show that
cylindrical functions are dense in 02’2(Rd X Pp(Rd)). Finally, appropriate localization techniques
and applications of appropriate dominance convergence theorem finish the proof.

4.1. Step 1: Ito’s formula for cylindrical functions. First, let us recall the cylindrical
functions (see for instance ([17]).

Definition 4.1 (C?2 cylindrical functions). A function ® : P(R?) x R? — R is a C%? cylindrical
function if

O(p,y) = f((,g™M), (1, 9™), ),
where f € C?(R"*?) and g € C(RY).
Next, we show that when restricted to the smaller set of functions ®, Theorem 2.7 holds. For

semimartingales { X }yc[o,7) and LONS 02(Rd) for k = 1,2,..,n, by the classical Ito’s formula
[37, Theorem 33, Chapter II], we have

. 1 [t .
g9(X,) — gD (Xo) / Vo (X,) - dXe+ g [ 90 X X
_l’_
+ 3 {g 5)—g(i)(XS_)}, for t € 0,7,
0<s<t

and {g(* (X¢)}beeor) for i = 1,.., N are semimartingales. Taking conditional expectation given
Gr, and recall that p; = Law( Xt|gt) Law(X¢|Gr), we have

. 1 [t )
(pe: 97) = (o, 9" [ / Vg (X,o)-dXS+ 5 0 V2 (X, ) : d[X, X
+

+ 3 {g“)(Xs) -~ 90X, }

0<s<t

(4.1)

al
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Define Z by
Z = {Zt = (<#t,9(1)>, <Mt,9(2)>w" <”t’g(n)>>}te[07ﬂ’

and by (2B) of Theorem B.3] Z is an F-semimartingale. Using the localization argument (which
is detailed in Step 2), let us assume that Y; is bounded. Then applying It6’s formula to f (Z , Y)
yields
f(Ztu Yi) - f(Z07Y6)
t

1 t t
= Vof(Zs_,Ys ) dZs+= / V2, [(Zs-,Y:):d[Z,Z)s + / Vi, f(Z,_.Y, ) :d[Z,Y],
0+ 2 0+ 0+

Ja

J1

- > vz az+ %vzzfm_,zs_) H(AZ,AZ]) + V2, (Yo Z, ) : (AZ,AY,) )
0<s<t

J3
! C 1 ¢ (&
| Gz Yoy ave g [ Vi HZ Yo sy Y
0+ 0+

+ > {rwz) - rvie, 20}
0<s<t
(4.2)
Let us compute Ji,Jo, J3 separately. First, we note that g(i) are bounded, Y; is bounded,
f € C*R™), we have V,f(Z,_,Y, ), Vi, f(Zs_,Y,_) and Vif(Z,_,Y,_) are bounded and
we confirm the conditions for applying (2d),([2d]) of Theorem 33l Note that for the conditional
copy X', we have

. , t . 1 rt .
00X =X = [ VXL A+ g [ V0 X X
+ +

+ 3 {e(xD) - gO(XL) ), for t € 0,7,
0<s<t

therefore, by (2d) of Theorem B3, dZ, = d (¢ (X,),- -+, g™ (XS))G), we have

J = E[/Ot iﬁzif(zs_,Ys_)<vg(i)(Xg_) ~d(X)S + %V2g(i)(X;_) : d[X’,X’]§>
st . (4.3)
+ 3 0.2 Y ) {99 (X0 - g“’(X;_)}‘f]
0<s<t i=1
For .J;, computing [¢()(X'), g¥) (X")]; for 1 < i,j < n, we have

0<s<t

= [ (w0 xi) g X)) X X
0+
+ 3 {(eXD) = g0 (X1) (69 (XY) - gV (X)) |

0<s<t
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and computing [¢)(X’),Y®)], for 1 <i < n, 1 < k < d, we have

[Q(i)(Xt,)aY(j)]t - [(g(i)(X Z Ag(z Ay(])
0<s<t
S RE SR ST {(g“)(Xg) — g0 (v v )}
0+ 0<s<t
Consequently, using (2d]) of Theorem B.3] we have
Jo=F / < Z 2, Zs_,Ys_)<(Vg()( )Vg( )(X” ) ) 'd[X/,X”]g>
i,j=1
+ZZ 2 (2o Yoo (VXL -l Y ) )

3 (330 sz Yo {60 KD - 40X 6 (X0 - X))

0<s<t i,j=1

+ZZ i Zs—%—){(g(“(X;)—g(")(X;_))(ié(’f)—n@)})‘f].

=1 k=1
Now, to deal with J3, note that
AZ = (g V)~ lim (s, g) = E[g"(X0)| 6] — lmE[g" (X,)|r]
=E[¢"(X0)|6r] ~ E[lim ¢ (X.)[0r] = E[¢" (X1) - gV (X,)|67]

= E[g"(X)) — g (X)) F],
where the third equation holds by the conditional dominated convergence theorem. Therefore,
we can rewrite J3 as

5= 3 B[ 3 0 50 260 (xD) - 40X (6 - g XL )

0<s<t i,j=1

#3200 2) (6060 - g X H } (45)

2 E[Z 302, H(Yir 2 ) (oK) - 4O (X (7 — ¥
0<s<t =1 k=1
i (k) (k)
since 8§Z_ij(l’;_, Zs_ ), 0., f(Ys_,Zs_), 8§Zykf(Y8_, Zs_),Ys" and Y, are F-measurable ran-
dom variables for s € (0,¢], 1 <i,j <nand 1<k < d. Recall that ®(s1, ) = f ({1, g, .- (1, ¢™), v),
simple calculation of linear derivatives gives us a version of the derivatives by

V(1. y) = Vg f (1, gM), (1, g™, 9), ViO(u,y) = ny((u, WY,y g™, y),

5 ;
Sy Zc‘?zlf ({1 9D (s ™), 1) g (1),

528 . .
Gy @ @) = Z Ozizy f ({1 g, (1, g™, ) g (1) gV (2).
ij=1
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Therefore, we can rewrite J; by

ol t 5¢ / e 2 5¢ / / e
E / lea(us_,l’;_,Xs_) ~d(XNS + lemla(ﬂs—le?Xs) (d[X7, X
" se 5D , (4.6)
+ Z <a(/~‘s—ay;—7Xs) - %(Ms—yifs—va—)> ‘]::|7
0<s<t
Jo by
[t 2P . P c
E[/OJr <Vi1m2 (op)? (ks Ys, X5, XY) - d[X7, X "]} + Vily@(ﬂs_’n_’X;‘) : d[X/’Y]S>
1 52@ / " 52¢ / "
+ Z <§ <(5M)2 (,Us—,ifs—aXsaXs) - (5lu)2 (:us—yifs—st—7Xs)
0<s<t
5P 520
(e Yo, XX )+ —— (ps, Yo, X X )
(Op)? ( ) (0)? ( )
0P 0P
+ (Vy@(us_,Ys_,Xé) —Vy@(us_,Ys_,Xé—)> 'AY8> H
(4.7)
and J3 by
1-[ §%® 520
5 (5B e (e Yoo XX = (5 e Yo X XY)
oSty (2 (0p)? (0p)?
520 520
VN s—yi{?—7X;7X§/— + s—aY;—7X;—7X;,— “7::|
(0p0)2 (w ) (Op)2 (n ) (4.8)
— 0P 0P
V| (Vg e Yo X2) = V50 (1 Yor XL ) - AY: 7]
—[o® 0P
+]E [a(us—al{?—7xé) - E(MS—7Y:9—7XL/§—)"’F:|>'

Using the argument at the end of |24, Section 3.2.1], one can cancel out redundant terms in Jo
and Js to get the first summation in the right hand side of (23]). Therefore, combining (£.0)),
(7)), and ([4.8) and plugging them back into (£2]) complete the proof.

4.2. Step 2: localization argument. We claim that for a sequence of IF stopping time {7, }nen
such that 7, — T, in order to prove that (Z3)) holds for ® € C%2(P,(R%) x R?) with the process
(16, Y') = (ttnrns Yiar, )eefo,1), it suffices to prove that (2.3]) holds for ® with the truncated process
(), Y ™)) = (ynr,, Yinr, )eelo,1)-

Indeed, suppose (2.3) holds for the truncated process, for ¢ < T. Let n — oo, it is not hard
to see that the left hand side of (2.3]) converges and last three terms of the right hand side of
([23) converge to the desired equation. Now, let us split the conditional expectation term of the
right hand side of (2.3)) into several terms. First, in order to prove that

}‘] ,

(4.9)

. tATh R, , e
E Vi — (tts—, Yoo, X1_) - d(X')S
0+ op

t
}"} %E[/ vmlg(us_,xfs_,xg_) ~d(X7)S
0+ op
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almost surely as n — oo, we separate it by,

tATh
[ Ve e Yo X0 ) x0 =
0

x1 511
+
/wnv 5;{)( Y XL)-dXi- S M,( Y X0).AX: (4.10)
ot ] 5# lus—a S—) S— S m15 MS y £ S—> S
0<s<tATh
Note that the first term is uniformly bounded by
sup / le(s(b(,uu Yoo X )'dXz,u
0<s<T o
and
E[ sup | | Vo 22 (i Yo X1 -dX;] - H/ Vo 22 (0 Yo XI,_) - dX,
o<s<T | Jot  Op o Ttou s,
0P , ,
m1%(ﬂu—7Yu—7Xu—) : qu -
0P 1 ’ p—1 p—1
< a|[Va 3 ¥ X) | X, < aCIXP vl X,
p
< e C([|X5, + Y15, + DX, < oo
where p/ = p%l, c1, ¢p are constants in Proposition 2.21and C' is a generic constant that may vary

line by line. The first inequality is due to Proposition 2.2] the second inequality holds because
of Proposition 3] the third inequality holds by ® € C%2(P,(R%) x R?), and the last one holds
because % + 1% = 1. Meanwhile, the second term of the right hand side of (4.I0]) is bounded by

0P
sup le(s—(,us_,Ys—,X, ‘ Z IAX|<C S5 (1+|X Pt 4+ Y PY) Z |AX|
Oss<T K 0<s<T 0<s<T
<C’<1—|— sup | X |p—|— S |Y|p ( Z |AX;|> >,
0<s<T 0<s<T
(4.11)

where C is a generic constant that may vary line by line, and the right hand side of the above
inequality is integrable due to the fact that | X|s, < ¢pl| X |3, < 00, [[Yls, < ¢pl|Y |3, < 00
and the assumption on X. Therefore, using the conditional dominated theorem, we conclude

(#39). Next, to prove that
g

—>E[/ Vm1m15 (15—, Yo, X1_) : d[X7, X'

v AT 2 o® ! ! e
E . vwmé (s—, Yoo, X)) 1 d[ X', XIS

(4.12)

f] ,
almost surely as n — oo, we note that

/Mm v2 o® (ps—, Yoo, X _) - d[ X', X1
ri1x1 5 S§—y £ 8 S . I s
0+ ]

is bounded by
V2 0P

sup x1@) 5

0<s<T

< sup

1
op 0<s<T

/v2 5@(uu_,Yu_,X;_):d[X’,X’]Z
0+

(Ns—y Y's—a Xé_) "[X,7 X/]%
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and

E[ sup
0<s<T

o 0%

od
wlﬂﬂ@ Vv (,u., Y"X-/)

wlwl@

(Ms—,Ys—,Xé_)' : [X’,X’]E‘r} <

I X,

p//

1\p—2 -2 - Ul
gCHH\X P2 Y Hsp 11X X%,

< e C (141X, + 1Y I, ) [1X X5, < oo,
where ¢, is the constant in Proposition [2.2] C' is a generic constant that may vary from line to
line and p” = p2—_p2. Thus, (£I2]) holds due to the conditional dominated theorem, we conclude

. Similar arguments holds also for the convergence of fOtiT” Vilwz%(us_,n_, X, X! ):
d[X’, X"]; and '™ V2 S8 (u, Y, X[ ) : d[X', Y],

1Y op
Next, let us deal with the convergence of
5 52
2 ((6u)2 (o= ¥om, X3 X3) = 737 (s Yoms Xo X))
0<s<tATh (413)
02 O o
- (5,&)2 (MS_7 Y9_7 XS’ XS—) * (5/~L)2 (/’LS—7 Y9_7 Xs_’ Xs_) ]l{/»‘s:ﬂsf}'

With simple application of the fundamental theorem of calculus for the linear derivative, we
have

5P 520
8—7Y9—7X;7X;/ - 8—7Y9—7X;—7X;,
(Op)? ( ) (0)? ( )
52 5P

- —(Ms—a Y;—v X;7X;,—) +

/14)2 (#S—)xfs—vX;—aX;/_)

(0 (0p)?
1 1 52@ T
[ T e Y X N = XU XY (XY - X))+ ((a%)TAXY oy
o Jo
and the right hand side of the above equation is bounded by
CHIAX]] AXL] - (14 X2 4| X2,
Therefore, (£13]) is bounded by

sup (1 X072+ |XUP72) (Y0 AKX [AXY)
O=s=T 0<s<T

< C< sup (1 + \Xﬂp_2 + ‘Xﬁp_2) 7 + ( Z ’AXéP + Z ‘AX;,P) g)

0=t<T 0<s<T 0<s<T

<o s (LX) + Y AXD Y AxeP),
0<t<T 0<s<T 0<s<T

where C' is a generic constant that may vary from line by line. Therefore, the right hand
side of the above inequality is integrable and the convergence of the conditional expectation
of [@I3) is ensured by conditional dominated convergence theorem. Similar arguments can
be applied to deduce the convergence of the conditional expectation of (Vyg% (,us_, Y. X ;) —
Vyg% (ts—, Yoo, X[_))-AY, and ‘;% (s—, Yo, X)) — ‘;% (1s—, Yoo, X[_), s and thus we conclude
that (2.3]) holds for the original process (u,Y) for 0 <t < T.
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For the case of t = T, taking n — oo, left hand side equals ®(ur_, Y7_) — ®(uo, Yp) while
all terms at the right hand sides is evaluated at T' except the last term being

S (B Vo) — (s, ¥a0)),
0<s<t

adding ®(up, Yr) — ®(ur—, Yr—) to both sides, we finish the proof of the claim.

4.3. Step 3: cylindrical functions are dense in C*2?(R? x P,(R%)). The following result
slightly generalizes that in [16, Theorem 4.4, Theorem 4.10, Section 4] as it includes the conver-
gences of the derivatives of the linear derivative.

Proposition 4.2. Let ® € C*2(P,(R?) x RY), then there exist a sequence of C*? cylinder
functions { fn}nen+ such that one has the point-wise convergence

5fn 0fn 0fn 0fn 8% f,
2, Ofn 2 OJn 0Jn O In
<fn7 yfnav fnu :Bl 5M le (5,u bl 1y 5M 9 T1T2 (5#)2 (4 14)
5 5 5 5 52d '
<1>v<1>v2q>—vm— 2 —+Vary—: Varzs 73
—>< Ny VP 5 Ve Vg Vews o Ve, 2(5u)2>
asn — 0o, for all x1,x2,y, € R, p € Pp(Rd). Moreover, there exists a constant ¢ > 0 such that
Vyfal(my) <c(L+ylP™h), VL fal(ty) < c(1+[ylP~?),
n Ofn _ _
Ll ccrler o) [9a L] <clt el )
V2 fn < (1_|_|m |p 2+| |p 2) V2 5fn (1_|_| |p—2+| |p—2)
x 5 CK 1 Yy 1y 5 <c T Y )
2 ool < o1 4 P a2 4 fyl?)
2122 (5702 |

(4.15)
for all z1, 22,y € R, i € Py(RY).

The proof is similar to that of [16, Section 4]. The main step of their proof consists of
constructing an operator T}, : Cy(R%) — Cy(RY) and the corresponding adjoint T3 : P,(R?) —
P,(R?) corresponding square T2 : Cy(R??) — Cy(R?4) such that T}, — ¢, when ¢, — ¢ and
T — p. Define fr(u,y) := ®(TF 11, y), then the key identities to be established are

Ofn B 0P, 82 fr ©2 L)
E(/hyawl)_Tn(a(TnM?ya ))(1131), (5N) (M7y7w17w2) Tn (6,“)2

for all &1, z9,y € R? and p € Pp(]Rd). To this end, it suffices to note that the construction of
T,, ensures

(T;;M7 Yy, ’)(a}la 1132).

Tnvwﬁp(wl) = vwlTn(p(wl)v T®2vi1m2w(a’17 w2) = vznsz"w(wlv :I:g),
for all ¢ € C}(RY) and ¢ € CZ(R?).

4.4. Final step. Define 7, := inf{t € [0,7] : |Y;| > k}, then by Step 1, we know that Itd’s
formula (Z3) holds for the truncated process (u(™), Y (™)) .= (ttnmy s Yinr, eefo,r) With the se-
quences of cylindrical functions { f,, } ,en+. By Step 2, the localization argument shows that 1t6’s
formula ([23]) holds for the sequences of cylindrical functions { fy, },en+-
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In order to pass the limit from f, to ®, let us consider the first term in the right hand side
of (2.3) and the remaining terms follow similarly. For the first term, we need to prove that there
exists a subsequence {ny}ren+ such that

t 0fn t 0P
IE[ Ve, Fo (s—, Yoo, X[ ) - d(X")S }'] — IE[ Ve, — (ps—, Yoo, X ) - d(X')S f],
0+ op 0+ op
(4.16)
as k — oo. To this end, we first prove that
6 n b 09
/ Vo T (e Yo X0 ) A B [V T Yo X ) a(X ) (4a7)
o 0+ op
as n — oo. By Proposition [£.2] we have
0fn _ -
Vi G2 (e Yo X0 | £ (14 1 X0 (YY),
where the S,y norm of the right hand side is finite with p’ = . Now (@.I7) follows from X € HP

and the dominated convergence theorem of stochastic 1ntegral (37, Page 273, Lemmal). Next,

since
“E / Var I (- Yoo X1 - (X 7| _E[/O:vmli—i(us_,n_,X;_)-d(X’)f;i fm
] — 0,

m15

t
<EU/ wléf" s—vYé—vXé—)-d<X'>?‘/ﬂ“g_i(us—%—,xg_)'d<X’>z

and L; convergences implies convergence in subsequence, (4I6]) holds. The remaining terms
follow similarly due to the uniform bound (4.15]), and thus the proof of Theorem [2.7]is complete.

5. PROOF OF SECTION [3]

5.1. Construction of the conditional independent copy. This subsection is devoted to the
proof of the precise construction of conditional independent copy as in Theorem Bl For ease
of exposition, we will show how to enlarge the probability space with two independent copies,
and any finite number of copies can be easily adapted.

Recall the definition in Section [3 let us consider the probability space £ and the o-algrebra
F defined by

QZQ?’:{(WO,wl,WQ)|WQ,W1,WQ GQ}, 7:J{A0XA1 X Ag ZAO,Al,AQG]'—} (5.1)
and probability measure P is defined as follows: for Ag, A1, Ay € F,
P(Ag x Ay x Ay) 1= E[n 4 P(A11G)P(A5G)], (5.2)

Since the set {Ag x Ay x Ay : Ag, A1, As € F} is a m-system, the measure on (2, F, P) is properly
defined. Next, use the notation F, G for the nature extension into this enlarged probability space
as

F={AxQxQ:AcF}, G:={AxQxQ:Acq}, (5.3)
and define F/, F" as
F={OxAxQ:AcF}, F'={QxQxA:AecF} (5.4)

With these constructions, we have the following propositions.

Proposition 5.1. Given (Q,F,P) defined by (51) and (IBZNZI) and the sub-algebras F,G, F',
and F" defined by (53) and (B4). Suppose A,B € F, let A=AxQxQ, A =0QxAxQ,
A'=QxQx A, B =QxBxQand C" =QxQ xC. Then
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(1) For w = (wg,w1,ws) € Q
P(A|G)(wo) = P(A|G)(wy, w1, w3), a.s. under P.
(2) Given G, then A, A, and A" have the same conditional law. That is,
P(A|G) = P(A'|G) = P(A"|G), a.s. under P.
Moreover, this condijional probability @(Z@) coincides with the conditional probability
of A" and A" given F, that is
P(A|G) = P(A'|F) = P(A"|F), a.s. under P.
(3) Given G, then F,F', and F" are conditionally independent. That is,
F(Zﬂ B'N C’"|§) = @(Z@)@(B'@)@(C’”@), a.s. under P.
Moreover, given F, then F' and F" are conditionally independent, That is
P(B'N C’”|]-') = @(B/|f)@(0//|}~') a.s. under P.
Proof. To prove (), note that P[A[G] is G measurable in (2, F,F,P), then P[A[G](w1) as a

random variable in (€, 7,F,P) is G measurable . For any G € G, there exists a G € G such

that G = G x 2 x Q € G. Recall the definition of P at (5.2) and the property of conditional
expectation, we have

P[ANG] =P[(ANG) x 2 x Q] =P[ANG] = E[P[A|g]ng] - AP[A|Q](W)lg(w)P(dw).
Again by (5.2), we obtain P(dw; x Q x Q) = P(dwy), therefore,

P[AnG]| = /Q PLAIG] (00) 1 ) B el o)
(5.5)
_ /Q P[] (o)1 5w, 1, w2)P B(dwodwidwn) = E[P[4]G]14],

which leads to P[A|G](woy) = [A|g] (wo, w1, ws) a.s. under P.
To prove (), for any Ge g there exists a G € G such that G =G x A x Q €G. Then,

P[4'NG] =P[G x A x Q] =E[16P(49)] = E|P[Alg]14] = E[PIAId]14],

where the second equation holds because of (5.2]), the third equation holds due to the same
calculation as (5.5) and the last equation holds by (I). This leads to P(4'|G) = P(A|G) and
similarly, we have P(4”|G) = P(A|G).

As for the second statement of (@), note that P(4’|G) is G measurable, thus F measurable.
For any F e .7-" there exists a F' € F such that F = F x Q@ x Q € F. Then,

P(A'NF)=P[F x Ax Q] =E[1P(4|5)] = [ [AG]1 } [P[Aygﬁnﬁ},

where the second equation holds because of (5.2]), the third equation holds due to the same
calculation as (B3] and the last equation holds by (). This leads to P(A'|F) = P(A|G) and
similarly, we have ]P’(A”]]—" ) = (A\Q)

To prove (3], for any Gec Q there exists a G € G such that G=GxOx0e Q Then,

P(ANB'NC"NG)=PF(ANG) x BxC) = E[ﬂAnGP(Byg)P(cyg)}
— E[E[1anclGIP(BIG)P(CIG)]| = E[16P(AIG)P(BIGP(CI)]
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Using the same calculation as in (5.5) and note that P(4|G) = P(A|G), P(B|G) = P(B'|G) and

P(C|G) = P(C”|G), we have

P(ANB' NC"NG)=E [néMAyg)P(Byg)P(cyg)} —E [néﬁ(ﬁyg)my\é)md’yé)] .

This leads to

P(ANB'nC"|G) = P(A|G)P(B'|G)P(C"|G), as. under P.

As for the second statement of (@), for any FeF , there exists a F' € F such that F =
FxQxQeF. Then,

P(B'NC"NF)=P(F x B x C) =E[1P(B|G)P(C|F)]
= E[1;P(BIG)P(C|G)] = E[1:P(B'|F)B(C"|F)],

where the second equation holds because of (5.2]), the third equation holds due to the same
calculation as (5.0) and the last equation holds by (Il) and (2]). Therefore,

P(B' N C"]]?) = @(B’]]?)ﬁ((?”\]?), a.s. under P,
which completes the whole proof. O

Proof of Theorem [B.Il For any random variable R in (€, F,P), recall that the natural
extension R and the two conditional independent copies R/, R” of R are defined by

R(wo, w1, wa) = R(wp), R (wo,wr,ws) = R(wy), R"(wo,wr,ws) = R(ws).
Then
LaW(R‘g) (wo) = Law(é‘g) (W) = LaW(R/|§) (W) = LaW(R”|]-') (@) a.s. under P,
is a direct consequence of (2)) of Proposition L.l where @ = (wq, w1, w2). Meanwhile, ([B]) leads to

R, R and R” are independent given G and R, R and R” are independent given F,

which completes the proof of Theorem B.11 L O
Proof of Corollary It suffices to show that extension of the sub-filtration G C F satisfies
the compatibility assumption or the conditional independence condition, that is

.ﬁ}J.LC;T‘QNt, forall 0 <t <T.

For any E € ft, ét € C7t and éT € §T,~there exists F; € Fy, Gy € Gy and G € G such that
FF=FxQOxQ G =G xQxQand Gr = Gp x Q x Q. Then,

P(F, NG NGr) =P(F,NGyNGr) x Qx Q) =P(F, NG, NGr)
= E[P(F, N Gr|Gi)1g,] = E[P(F|G)P(Gr]G:)16,]
=E[P(F/|G)P(Gr|G)1g,] = E[P(F|G)P(Gr|G)1g ],

where the fourth equation holds since F; L Gr|G;, the fifth equation holds because of the same
calculation as (5.5]) and the last equation holds because of (2) in Proposition [5.Il Therefore,

P(F, N Gr|G) = P(F|G)P(Gr|Gr),

and thus completes the proof. O
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5.2. Proof of Theorem [3.3l For (), due to the decomposablity (see [37, Theorem 1, Chapter
4]) let us assume that

Xt =M+ VW,
where M; is an F-local martingale and V; is finite variation process. To prove that X is a F-
semimartingale, it suffices to show that M, is a F-local martingale. Let {7y }1cn+ be a sequence
of F-stopping times such that M7 := (Miar, )icjo,r] is an F-martingale for all k& € N* and as
k — oo, we have 7, — oco. We claim that

E[Mt/\Tk |‘F ] S/\Tk

Recall that .
Fs= O'{A(] X Ay X Ag : Ao,Al,AQ € ]:s},
it suffices to show that

E[Mt/\Tk ]]-A0><A1><A2] = E|:J\4s/\7'k ]]-A0><A1><A2] (56)

for all Ag, A1, A2 € F,. Note that Minr Lagxaxq, Lloxa,xo and Loxoxa, are conditional
independent of given Gr by (@) in Proposition 5.1l we have

E[Minr, Lagx a1 xa] = E|E[Minr Lag 0|97 E[Loxaixol0r]E[loxoxalGr] | (5:7)
By (@) in Proposition 51l and Fs 1L Gr|Gs, we know that
E[]lnglXQ‘QT] = P(A1|Gr) = P(A1]Gs), and similarly E[]].QXQXAQ ‘QT] =P(45|Gs). (5.8)
Plugging back in (5.7)), we have
E[Minr, Lagx i) = E[E[Minr Lagxexe|G7]P(411G,)P(45(6,) |

— B [E[Minr, Lagxaxa|Gs P(411G,)P(42/G,) |
where the second inequality holds by the tower rule. Since M7 is a F-martingale, we get
E[Mt/\v—k ]1A0><Q><Q‘gs] = E[]]-AQXQXQE[Mt/\Tk |]:s] ‘gs] = E[Msm-k ]1A0><Q><Q‘gs]-

Therefore,

(5.9)

E[Mine, Lagxarxtz] = E|E[Monr, Lagxxe|Gs] P(4119,)P(A21G,) |
Repeating the calculation as in (5.7)), (5.8) and (5.9) we achieve

E[Manry Lo icts] = E[E[Manry Lagxoca|G:] B(A116,) B(4216,)]

which leads to (5.0)).

To show that X’ is an F-semimartingale, by the construction of the extended probability
space, we can define M’, V', and 7, to be respectively the conditional independent copy of M,V
and 7. Then it suffices to show that it suffices to show that

E [Jwtl/\'r,’c Lgx A, ><A2] =E [M;/\r]; Lagxa, ><A2] .

Similarly as the procedure of showing (5.6]), we have

E[M]pry Lagx i xa) = E|E[M s T 1z 0| Gr]P(AolG,)P(421G)|
E |E[Minn, Lasxaxa|Gr]P(40/G,)P(A21G,) | = E[E[Minr, L, x| G| P(A0lG,)P(4210)|
E[E[MSATk]]-AlXQXQ‘gS] Ao‘gs) (A2‘gs)} = [E[MSATk]lA1XQXQ|gT] AO’gs) (A2’gs)]

[E[M s L aaxa| Gr]B(A0]Go P(As]G,) | = B[M!pr Lagx s a),

|
&=
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where the first and last equation mimic the argument in (5.7)), (5.8) and (5.9]), the second and
the sixth equation hold since (2)) in Proposition [5.] the third and the fifth equation is because
of the tower rule and the fourth equation follows from the martingale property. This completes

the proof of ().
P
> } < 00,

For (2al), it suffices to prove that
km
E[(sgmp; ‘Xg’h — Xgn
where the supreme is taken over all partition oy, : {0 = t7" < 7" < ... < ;7 =T} of [0,T].
Since

X8, - E[Xy, — Xir|Gr]| <E | X,
Z| i+1 Z‘ ‘ Z

=1
we have,

p
o (s Soit, 12
S;lp <Z ‘Xgﬁl Xgn

( [sup i ‘Xtm

Om

I
&=

] <3l B[S ]
<ol el
(erfoim. xe ]l [ n)] <

which leads to (2al).

For (2D)), due to (2a) and the decomposablity (see [37, Theorem 1, Chapter 4]), it suffices
to show that if X is a F-local martingale, then X9 is a local martingale with respect to F, F
and G and thanks to (1), it can be further reduced to prove that X 9 is a local martingale with
respect to IF and G. Let 75 be the stopping time 7 := inf{t € [0,T] : [X, X]; > k} and consider
the truncated process X7 := { X, }te[o,T]- By Burkholder-Davis-Gundy inequality,

IN
ﬁl

G |

I
ﬁl

E[(x™)]® <E[((X™)")?] < CE[[X™, X™] ] <k, (5.10)

for some constant C' and (X7 ); = supg<g<; | Xsar, | Let {Tr}en+ be the sequence of the [F-
stopping times such that 7, — 7 and X7 = {Xinz, biep,r) are F-martingales for all £ € NT.

Then X7"\k = { Xz Amy }te[O’T} are F-martingales for all / € N*. Using conditional dominate
convergence theorem, |Xiar 7| < (X™); and (5.10), we have

XS/\Tk = élgélo Xs/\Tk/\ﬁ = eligloE[XmTkA%Afs] = E[Zlgélo Xt/\Tk/\fg|]:s:| = E[Xt/\Tk|fs]-

Combining with (B.I0), we have that X™ = {Xinr, biepo,r) is indeed a square integrable F-
martingale.

Now we claim that (X7)9 is a G-martingale, and using the property of H hyphothesis,
and the compatiability condition of F and G (i.e. F; L Gr|G; for all t € [0,T7), it is also an F-
martingale (see [20]). The integrability holds trivially since X is integrable. And the martingale
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property holds since
E[thmk ‘gs] E[E [Xt/\Tk|gT] !gs} = [XtATk|g8] = [E [XMTIJ}— ] ‘gs]
= E[Xorn|Gs] = E[Xsnr|Gr] = Xinr,-
This completes the proof of the claim that X9 is an G-martingale and thus leads to(2hl).
For 2d), let 0, : 0 = t* < " < ... < thy =t be a sequence of partitions tend to identity

(the definition of a sequence tending to 1dent1ty can be found in the [37, Page 64, defintion] with
a slight modification of the terminal time), such that

k'm 1 t k)m 1

g _ g / !
[/t = o 5 s, -5, [ acaxi= S g (0, - X,

0

thanks to [37, Theorem 21, Chapter II]. Then
Fem—1 fen—1

where the convergence is understood as almost surely convergence. Such partition can be found
t km—1 km—1
g _ 1 g g
/0 Zs-dX{ = lim_ kz_o Zyp (Xin | — Xi) = lim_ Z ZtmE[X i, — X
— 1 n_ /m — ,m = 1 m /m - ,m
- ,,"}floo kzo “ E[ b b f] mlgnoo Z E[Ztk (thﬂ b )‘}-}'
Define Z™ as the process

'm_l
Zi" = Zolo(t) Z Zip Vg, ) (8),
then [) Zs_dX9 = limy, oo E[ [§ Z"dX!|F], and

km—1

t t
3y E[thm (Xt —X;ZL)] —E[/O ZS_dX;} :E[/O (Z™ — Z,_)dXx'|.
k=0

Recall that X’ has the decomposition X’ = M’ + V' where M’ is a local martingale and V'
being a adapted finite variation process and

< oQ.

T
[M/’M/]T+/ ‘dVS,‘
0 Lp
Therefore,

t t 7 t
E[ / (zI" — 7! )dX, } < EH / (Z" — Zs_)dM, / (Z" — Zs_)dV!
0 0 J 0

For the first term in (5.11]), we use Burkholder-Davis-Gundy inequality so that
S p
H/ (Z1 — dM/] §E[ sup / (ZI" — Z,_)dM], }

0<s<t 0

E[( / @z~ Zayap M']S)m}

for some constant ¢;. Note that fg(Z{L” — Zy—)2d[M', M']y < Asupge<y(Zs)?[M', M'];, and

} (5.11)

+E[

IN

E[( sun @) "] < (B o Bl ) < oyizigBlr ] < o
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Since Z is a cadlag function, we know that Z" — Z,_,a.s. and |Z]" — Zs| < supg<,<s | Zu| € Sy,
and we can use the dominated convergence theorem (the classical one and the one in H,, see
[37, Page 273, Lemmal) to get

E[/Ot(ng - ZS_)dMg} 0.

For the second term in (5.11]), we have
} < E[/ zm — 2, ||dV’|]

o [

Noting that f(f Z" — Z_||dV| < 2supge sy | Zs] fo |dV4|, and similarly, we have

H/ (zm — dV’}
¢ ¢
/ ZId X!, —/ Zs_d X! ] =0.
0 0
ot ot
R™ ::E[/ Zm"dX! ]-'}, R := IE[/ Z,_dX! ]:],
0 0
for all A € F, we have

t t t t
E[(R — R;,)1 4] :E[(/ Z;”dX;—/ Zs_ng>11A] gEH/ Z;”ng—/ Zs dX!
0 0 0 0

Let A={R — R,, > €}, we have

and therefore,

lim E[

m—0o0

Now define

| o

E[(Rn — R)14]

€

B(Rp — R>¢) <

— 0,

and similarly
@(Rm—R<e) — 0.

Therefore R,, — R in probability. Meanwhile R,,, — fg Zs_dX Sg almost surely. Therefore,

t t
/ Zs_dng:E[/ Zmax! }'].
0 0

For (2d)), let us first prove that
g|.

X9,v9), = E[[X”,Y’]t

By the definition of the quadratic variation,
t t
X0, = xPvF - [ xSavs - [ voaxs,
0 0

where the last two terms are well defined because of (2B). The first term X7 Y;¥ can be calculated
by
X7YS =E[X:|6r|E[V:|Gr] = E[X}|F|E[Y/|F] = E[X}'Y/|F],
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where the last equation holds due to (8] in Proposition 5.1l For the second term fg X Sg_dYsg,
let oy, : 0 =1g" < 17" < ... <#' =1 be a sequence of partitions tend to identity in the sense of
[37, Page 64, defintion|, with a slight modification of the terminal time, such that

km—1 + km—1
g g _ g G G " / /
X arf = lm 3 XG0, - V) /0 XLd¥ = D X~ V)
where the convergence is understood as almost surely convergence. Therefore,
km—1 km—1
g g _ Q g gy _
[/ xEav? = 35 XE0E, Y= i 3= ElXrlGr]E D, - Vil
km—l Em—1
— i ! - ! — i m /m - {m
= lim_ kZ_O E[Xfn |F]E[Yin | — Yin|F] = lim_ kZ_O E[Xin (YVim | — Yin)|F],

where the last equation holds due to (B in Proposition 5.1l Similar as the proof of (2d), we can

conclude that . .
/ X9 dv¥ :E[/ X! ay! }"},
0 0

/OYgd [/ X”f]

X9,Y9], = E[[X”,Y’] Fl.
Now let o), : 0 =t < t" < ... < tz”m =t being a sequence of partitions tend to identity in the
sense of [37, Page 64, defintion] with a slight modification of the terminal time, such that
km—1

and similarly

Therefore

t
g va1 _ 1 g v§ g v§
[ Zena® 1= i 3 g (3l V),
and
t km—1
" " " /
| Zeal Y= i 3 2 (Y gy, = Y )

To repeat the same argument as before, we need to notice that |f0t(Z;n — Zs )d[ X", Y]] <
25UPg<s<y |Zs|[X",Y']; and

— _ _ 1/p__ 1
E| sup 2" Y| < Bl sup (2B [, ] B[ v
0<s<t 0<s<t ,

< ClNZ) a1 X 1, 1Y ] 11,

where the first inequality is due to Cauchy inequality and Kunita-Watanabe Inequality and C'
is a generic constant. Now repeating the arguments in (2d), we achieve

t rrt
/Zs_d[Xg,Yg]t:E /Zs_d[X”,Y’]s‘}'}
LJO

0
t 1ot
/Zs_[Xg,Y]S:E /ZS_[X’,Y]S}“],
0 LJO

and similarly, we can get
which completes the proof. O
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