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REPRESENTATIONS OF SL,(F)

GUY HENNIART AND MARIE-FRANCE VIGNERAS

ABSTRACT. Let p be a prime number, F' a non-archimedean local field with residue char-
acteristic p, and R an algebraically closed field of characteristic different from p. We
thoroughly investigate the irreducible smooth R-representations of SLo(F'). The compo-
nents of an irreducible smooth R-representation IT of GL2(F') restricted to SLq(F') form
an L-packet L(IT). We use the classification of such IT to determine the cardinality of L(IT),
which is 1,2 or 4. When p = 2 we have to use the Langlands correspondence for GLs(F).
When £ is a prime number distinct from p and R = Q3¢, we establish the behaviour of an
integral L-packet under reduction modulo ¢. We prove a Langlands correspondence for
SLy(F), and even an enhanced one when the characteristic of R is not 2. Finally, pursu-
ing a theme of [Henniart-Vignéras23], which studied the case of inner forms of GL, (F),
we show that near identity an irreducible smooth R-representation of SLo(F') is, up to a
finite dimensional representation, isomorphic to a sum of 1,2 or 4 representations in an
L-packet of size 4 (when p is odd there is only one such L-packet).
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1. INTRODUCTION

1.1. Let F be a locally compact non-archimedean field with residue characteristic p and
R an algebraically closed field of characteristic charg different from p. We thoroughly
investigate the irreducible smooth R-representations of SLs(F). Although when R = C
and p odd the first investigations appeared in the 1960’s, in work of Gelfand-Graev and
Shalika, the study of the modular case (i.e. when charg > 0) started only recently [Cui20],
[Cui-Lanard-Lu24] when charp # 2 and charg # 2. Here we give a complete treatment
and we make NO assumption on p, charg, charg, apart from charg # p.

As Labesse and Langlands did in the 1970’s when R = C and charp = 0, we use the
restriction of smooth R-representations from G = GLy(F') to G' = SLy(F). We prove
that an irreducible smooth R-representation of G’ extends to a smooth representation of
an open subgroup H of G containing ZG’ where Z is the centre of GG, and appears in the
restriction to G’ of a smooth irreducible R-representation of G, unique up to isomorphims
and twists by smooth R-characters of G/G’. When charp # 2 we can simply take H = ZG',
but not when charr = 2 because the compact quotient G/ZG" is infinite. Those results
follow from general facts about R-representations, which appear in Section 2l They apply
to more general reductive groups over F', as we show in Section [3l

In §42 using Whittaker models, we show that the restriction to G’ of an irreducible
smooth R-representation II of G has finite length and multiplicity one. Its irreducible
components form an L-Lacket L(II). An L-packet L(II) is called cuspidal when II is
cuspidal, supercuspidal when II is supercuspidal, of level 0 if II can be chosen to have level
0 (that is, having non-zero fixed vectors under 1+ Ms(Pr)), and of positive level otherwise.

Theorem 1.1. The size of an L-packet is 1,2 or 4.

When p is odd that follows rather easily from |G/ZG'| = 4, but it is also true when
p = 2, in which case the proof is completed only in Propositions [£.23] [1.29, and uses the
Langlands correspondence for G, which we recall in §4.41

Proposition 1.2. (Corollary[{-30, Proposition[].23) The L-packets of size 4 are cuspidal
and in bijection the biquadratic separable extensions of F.

When p is odd there is just one L-packet of cardinality 4 but when charp = 2, there are
infinitely many:.

Proposition 1.3. (Proposition[.8) When p is odd, the supercuspidal L-packets have size
2. When p = 2, the cuspidal L-packets of level 0 have size 2.

Proposition 1.4. (Proposition [{.29) There is a cuspidal non-supercuspidal L-packet if
and only if g+ 1 =0 in R. It is unique of level 0, and size 4 when charg = 2, and size 2
when charg # 2.

When charg # 2, the non-cuspidal L-packets of size 2 are in bijection with the quadratic
separable extensions of F'. The other non-cuspidal L-packets are singletons.

When charg = 2, the non-cuspidal L-packets are singletons.

The bijections in Propositions and [[4] are described in the proofs.
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From the Langlands R-correspondence for GL(2, F'), we get a bijection from the set of L-
packets to the set of conjugacy classes of Deligne morphisms of W into PG Ly(R), the dual
group of S L, over R. When charg # 2, we even get an enhanced Langlands correspondence,
in that we parametrize the elements in an L-packet L(II) by the characters of the group S
of connected components of the centralizer Cp; of the image of the corresponding Deligne
morphism in PGLy(R). But when charg = 2, Cfy is always connected but a supercuspidal
L-packet is never a singleton.

Theorem 1.5. (Theorem[5.3) Let 11 be an irreducible smooth R-representation of G Ly(F).

When charg # 2, the L-packet L(II) can be parametrized by the R-characters of the
component group Sy of Cr, and Sy is isomorphic to {1},72/27 or 7/27 x 7./27.

When charg = 2, Cyy is connected for each 11, but the cardinality of the L-packet L(IT)
is

1 if I is not cuspidal,

2 if I1 is supercuspidal,

4 if 11 is cuspidal not supercuspidal.

We determine explicitely Cpy for each II. When L(II) is not a singleton, we take as a
base point the element having a non-zero Whittaker model with respect to a non-trivial
smooth R-character of F', and we describe the parametrization.

When charp = 2, Treuman and Venkatesh introduced a “linkage” between irreducible
smooth R-representations of G and G’. In §5.0.3 we interpret this notion in terms of dual
groups, thus proving their conjectures in a special case.

Let ¢ # p be a prime number, and Qf° an algebraic closure of QQ, with residue field F$°.
Each irreducible smooth F}“-representation of G Lo (F') lifts to a smooth Qf°-representation.
We show that this remains true for SLy(F').

Proposition 1.6. (Corollary[f-23, Proposition[{-31]) Each irreducible smooth F}°-representation
7 of SLy(F') is the reduction modulo ¢ of an integral irreducible smooth Q§°-representation

An equivalent formulation is that each irreducible smooth F¢¢-representation IT of G Ly (F')
is the reduction modulo £ of an integral irreducible smooth Qg¢¢-representation IT of G Ly( F)
such that 3

| L) = [L(IT)].

The reduction modulo ¢ of each integral supercuspidal Q¢¢-representation of GLy(F) is
irreducible, but this is not true for SLy(F'). Each supercuspidal Qj°-representation 7 of
SLy(F) is integral and we determine all the cases of reducibility. We choose a supercuspidal

ec_representation IT of G Ly(F) such that # € L(II) and denote by og the irreducible 2-
dimensional Q¢“-representation of Wy image of II by the local Langlands correspondence.

Proposition 1.7. (Corollary [{.25) The reduction modulo ¢ of @ has length < 2. The
length is 2 if and only if

p=2, of = ind%é £, ED) #1, £b) =1, 5 divides q + 1, the order of (€7 /€)|11p, is 2,
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where b is a root of unity of order q + 1 in a quadratic unramified extension E/F, £ s
a smooth Q§°-character of E* (of Wg via class field theory), and T € Gal(E/F) is not
trivial.

Finally we study for G’ the problem that we treated in [Henniart-Vignéras23] for inner
forms of GL,(F). For an infinite dimensional irreducible smooth R-representation 7 of
G', we investigate the possible behaviour of the restriction of 7 to sufficiently small open
subgroups K of G’. In fact we show that up to finitely many trivial R-characters, m is
isomorphic near the identity to the sum of 1,2 or 4 elements of an L-packet of size 4.

Theorem 1.8. (Theorem [6.18) Let m be an infinite dimensional irreducible smooth R-
representation of G'. There are irreducible smooth R-representations {1y, T2, 73,74} of G’

forming an L-packet, and an integer ag, such that on a small enough compact open subgroup
K of G' we have

4/r
™~ aol + Z Ti,
i=1
where 1 is the size of the L-packet containing .

For R = C and p odd, Monica Nevins has similar results which are more precise in that
the subgroup K is large. We show that her results carry over to any R (§6.2.8)).

As in (loc.cit.) we first deal with the case where R = C, using a germ expansion
near the identity a la Harish-Chandra, in terms of nilpotent orbital integrals. However,
when charp = 2, such an expansion is not available, so we work instead with a complex
representation 7 of an open subgroup H of G containing ZG’. For such a group a germ
expansion has been obtained by Lemaire [Lemaire04]. Adapting [Moeglin-Waldspurger87]
and [Varmal4] (who assumed charp = 0) we compute the germ expansion in terms of the
dimensions of the different Whittaker models of 7, and express it in terms of L-packets of
size 4. Theorem [[.§ easily transfers to any R with chargp = 0, in particular R = Qf°. From
our complete classification of irreducible smooth R-representations of G', and in particular
that the F¢°-representations of G’ lift to characteristic 0 when ¢ # p (Proposition [LLf), we
get Theorem for R = F}° and transfer it to any R with charp = /.

We think that Theorem [L.§ will extend in the same way to inner forms of SL,, using
the work of [Hiraga-Saitol2]. We expect that if charp = 0 and R = C, a variant of the
theorem is true for any connected reductive F-group H, because of the Harish-Chandra
germ expansion and of the work of Moeglin-Waldspurger and Varma. But when ¢ # p, it
is not known in general if virtual finite length F{“-representations lift to characteristic 0
and it is unlikely that cuspidal irreducible F§“representations lift. The reason is the the
first point has a positive answer when G is a finite group and the answer to the second
is negative in general for finite reductive groups. Moreover when charr = p and R = C,
we have to face the problem that a germ expansion in terms of nilpotent orbital integrals
might not exist. It is not clear how to define such integrals for bad primes, and sometimes
the number of unipotent orbits in H and of nilpotent orbits in Lie(H) are not the same,
even over an algebraic closure of F'. Given our investigation of the case SLy(F), which
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uses L-indistinguishability, one may wonder about the role of endoscopy and stability in
analogous results for a general H.

The study of R-representations of G’ has a long history, especially when R = C. In-
evitably some of our proofs are adapted from previous papers. However, because we make
only the assumption that charg # p, we have usually preferred to give complete proofs in
that general setting.

We thank Anne-Marie Aubert, Don Blasius, Cédric Bonnafé, Jean-Francois Dat, Jean-
Pierre Labesse, Bertrand Lemaire, Monica Nevins, Dipendra Prasad, and Akshay Venkatesh,
for helpful communications. Special thanks are due to Peiyi Cui, for conversations and cor-
respondences. Some arguments using types in §&.3.2 are due to her, she called our attention
to the study of the quotient in (£21]), and shared her results on principal series. She also
kindly gave us references to her works [Cui20], [Cui-Lanard-Lu24].

2. GENERALITIES

2.1. Let R be a field, G a group, H a subgroup of GG, V an R-representation of G. We
denote charg the characteristic of R, and V|y the restriction of V' to H.

2.1.1. When H has finite index in G, any irreducible R-representation of H is contained
in the restriction to H of an irreducible R-representation of G [Henniart0l, Proposition
2.2].

2.1.2. If H is normal of finite index in G and V is irreducible, then V| is semisimple of
finite length (loc.cit.Proposition 2.1).

2.1.3. If H is normal in G, V is irreducible and V| contains an irreducible subrepresen-
tation, then V' |y is semisimple and its isotypic components are G-conjugate with the same
multiplicity.

Proof. Let W be an irreducible subrepresentation of V|g. Since H is normal in G, for
g € G, H acts irreducibly on gW by (h, gw) — hgh~'hw. The subspace > ,cq gW is a non-
zero subrepresentation of V. Since V is irreducible, it is equal to V. Since a representation
which is a sum of irreducible subrepresentations is semi-simple [BourbakiA8§|, §4.1 Corollary
1], V| is semisimple. O

2.1.4. Assume H normal of finite index in GG and let 7 be an irreducible R-representation
of H. We saw that there is an irreducible R-representation II of G whose restriction to H
(which is semisimple of finite length) contains 7. Clearly if y is a R-character of G trivial
on H then the restriction of xy ® II to H contains 7.

Lemma 2.1. Assume R algebraically closed and G/ H abelian. Any irreducible R-representation
Il of G containing m is isomorphic to I1 ® x for some R-character x of G trivial on H.

Proof. [l We have Homy (I'|;,TI|r) # 0. The right adjoint of the restriction from G
to H is the induction Indg from H to G, therefore II' is isomorphic to an irreducible

IThis proof was suggested by Peyi Cui, and replaces a more complicated argument of ours
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subrepresentation of Ind%(II|y). We have Ind%(II|y)) ~ (Ind% 1) ® I because G/H is
finite, and the irreducible subquotients of Indgl are the characters y of G trivial on H
because R is algebraically closed. Therefore, there exists x such that II' ~ IT ® . U

2.2.  We suppose that H is a closed subgroup of a locally profinite group G and V' is an
R-representation of G.

If the index of H in G is finite, then H is open. Conversely, if H is open cocompact in
G, then the index of H in G is finite. If V' is smooth (i..e. the G-stabilizer of any vector
is open) then V|g is smooth. Conversely, if H is open in G and Vg is smooth (resp.
admissible i.e. smooth and the dimension of the space V of K-fixed vectors of V is finite,
for any open compact subgroup K C H), then V is smooth (resp. admissible).

We suppose also from now on that H is normal in G with a compact quotient G/H and
that V is smooth (so Vg is smooth).

2.2.1. If V is finitely generated then V| is finitely generated [Henniart0l, Lemma 4.1].

2.2.2. If V is irreducible, any irreducible subrepresentation of V|5 (when there exists one)
extends to a (smooth and irreducible) representation of an open subgroup of G of finite
index which is admissible if V' is (loc.cit.Proposition 4.4).

2.2.3. If V is irreducible and V| contains an irreducible subrepresentation or is noether-
ian (any subrepresentation is finitely generated), then V' |y is semisimple of finite length
(loc.cit. Théoreme 4.2).

We introduce the two properties :

(2.1) Any finitely generated admissible R-representation of G has finite length
(2.2) Any finitely generated smooth R-representation of H is noetherian

2.2.4. Let W be an admissible irreducible R-representation of H.

1) If (Z1) and (22) are true, then W is contained in some irreducible admissible R-
representation of G restricted to H (loc.cit. Corollaire 4.6).

2) If (Z1)) is true, then W is a quotient of some irreducible admissible R-representation
of G restricted to H (loc.cit. Théoreme 4.5).

We give a simple proof of 2) adapted from [Tadic92, Proposition 2.2]. The smooth
induction Ind$ W of W to G is admissible as W is and G/ H is compact [Vignéras96} 1.5.6].
A finitely generated subrepresentation of Ind% W is admissible, hence of finite length by
ZI). So Ind% W contains an irreducible admissible representation U. The restriction to
H is the left adjoint of the induction Ind$ hence W is a quotient of U|.
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2.2.5. We denote by V ® x the twist of the representation V' of G by an R-character x of
G, and by

Xy the group of R-characters y of G trivial on H such that V ® y ~ V.
The characters in Xy, are smooth by the following lemma.
Lemma 2.2. V ® x is smooth if and only if x is smooth.

Proof. Let v € V' a non-zero element. An open subgroup K C G fixing v in V| fixes v in
V ® x if and only if y is trivial on K. The lemma follows because V' is smooth. U

2.2.6. Assume also that V is irreducible and V'|g has finite length (semi-simple by (2:2:3])
and its isotypic components are G-conjugate).

Let W be an irreducible component of V|, 7 its isomorphism class, G, the G-stabilizer
of m. Let V, be the m-isotypic component of V|g. The G-stabilizer of V, is G,. The
G-stabilizer of W is open in G (because it contains the G-stabilizer of v € W non 0 and V
is smooth) and is contained in G,. Both have finite index in G (G/H is compact) and

V =Indg (Vy)

by Clifford’s theory. The representation of G, on Vj is irreducible and the length of V|
is

lg(Vln) =[G = G=] 1g(Vln)-

Lemma 2.3. Assume that G/H is abelian. Then:

1) Gy is normal in G and does not depend on the choice of m in V. The smooth
R-characters of G trivial on G, are in Xy .

2) Assume R algebraically closed.

a) Any irreducible subquotient of the smooth induction Indg 1 is a smooth R-character
x of G trivial on H.

b) Any irreducible R-representation of G containing 7 is a twist x @ V' of V' by some
smooth R-character x of G trivial on H.

3) When V|y has multiplicity 1, then W = V., for a smooth R-character x of G trivial
on H, x @V ~V if and only if x is trivial on G, and G is the largest subgroup I of G
containing H such that 1g(V'|;) = 1g(V|n).

4) When R is algebraically closed and V|g has multiplicity 1, then

G : G, if chargp =0
| Xv| = . )
G : Gr 4l if charg =/¢ >0

where G4 is the smallest subgroup of G containing G, such that [G : G ] is prime to (.

Proof. 1) The isotypic components of II|y are G-conjugate, their G-stabilizers are G-
conjugate and contain H hence they are equal because G/H is abelian.

The smooth R-characters of G trivial on G(r) are in Xy because x ® V ~ Indg (x|a, ®
V) for any smooth R-character x of G.
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2) a) For any closed subgroup @ of G and a smooth R-representation X of @, the
representation Inng is the space of functions f : G — X satisfying f(qgk) = ¢f(g) for
q € Q,9 € G,k € Ky for some open subgroup Ky of G, with the action of G by right
translation, and indgl is the subrepresentation on the subspace of functions of compact
support modulo . When G/@Q is compact, Indg X = indg X.

Let V D U be G-stable subspaces with V/U irreducible. We can suppose V' generated
by an element f (indeed V'/U’' ~ V /U for the G-stable space V' generated by a f € V\U
and the kernel U’ of V' — V/U). There is an open subgroup K of G which fixes f. We
have U C V' C ind% 1 and one is reduced to the case where G/H is finite.

b) The proof of Lemma ] remains valid with the smooth induction Ind$ which is
the smooth compact induction ind% 1 because G/H is compact, so that ind%(Il|y) =
T ® ind4 1.

3) Any smooth character x of G trivial on H such that ind% (V) ~ ind% (x|g, ® Vi)
is trivial on G,. Indeed, restricting to G, we see that x|g, ® V, is conjugate to V, by
some g € G. Restricting to H gives that 7 ~ 79 so ¢ € G, hence x|g, ® V, ~ V. As
Ker(y) is open in G and G/H is compact, J = Ker(y) N G, has finite index in G,. If
X is not trivial on G then the action of J on Vj is reducible. Indeed, ind§=(1) contains
1 and x|g, as subrepresentations and by Frobenius reciprocity End;(Vy|;) is equal to
Homg, (Vy, ind5™ (Ve|;)) = Homg, (Vy, Ve ® ind§7(1)). Hence dim(End;_(Vi|,)) > 2 and
V| is reducible. But by hypothesis of multiplicity 1, V, |y is irreducible hence V|, is
reducible as H C J. So Y is trivial on G;.

The group G, is a subgroup I of G containing H with 1g(V'|;) = lg(V|g). If I has this
property, the restriction to H of any irreducible component on V|; is irreducible hence [

is contained in G.
4) follows from 3). O

Remark 2.4. Assume that V|g has multiplicity 1. The G-stabilizer of any irreducible
component of V' is G,. Denote G, = Gy. Let I be a subgroup of G containing H. The
number of orbits of / in the irreducible components of V|g,, is 1g(V|;). This number is the

same for I and IGy hence 1g(V|;) = 1g(V1q, ). We deduce that Gy C I if V| is reducible
and |G/I| is a prime number.

Let 0 be a smooth R-representation of a closed subgroup U C H. We consider the
property:
(2.3) The functor Homy (—, #) is exact on smooth R-representations of H.

Lemma 2.5. If (Z3)) is true and dim Homy (V,0) = 1, then V |y has multiplicity 1.

Proof. We denote by my (7) the multiplicity of any irreducible smooth R-representation 7
of H in V|g. By (23),

> my(r) dim Homy (7, §) = dim Homy (V, 0) = 1.

There is a single 7 with my (7) = dim Homy (V,0) = 1. O
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3. p-ADIC REDUCTIVE GROUP

We suppose now that G is a p-adic reductive group, that is, the group of rational points
G(F) of reductive connected F-group G, where F' is a local non archimedean field of
residual characteristic p, of ring of integers O, uniformizer pr, maximal ideal Pr, residue
field kr = Op/Pr with q elements, and absolute value |z|r = ¢~*4®@) |pp|r = ¢~* (we do
not suppose that the characteristic of F' is 0).
For an algebraic group X over F, we denote by the corresponding lightfacee letter
X = X(F) the group its F-points.
Let R be a field of characteristic charg # p. Any irreducible smooth R-representation
of G is admissible [Henniart-Vignéras19], and the properties (2.1]) and (2Z2]) hold for G. For
(210 see [Vignéras96|, 11.5.10], [Vignéras22|, §5], and for (Z2)) see [Dat09], [Dat-Helm-Kurinczuk-Moss23].

Lemma 3.1. Let f : H — G be an F-morphism of reductive connected F-groups. Then
the subgroup f(H) of G is closed.

Proof. The morphism f induces a constructible action of H on G [Bernstein-Zelevinski 77,
6.15 Theorem A], in particular the group f(H), which is the H-orbit of the unit of G, is
locally closed (loc.cit. (6.8) Proposition), f(H) is equal to its closure in G (the closure of
f(H) in G is a subgroup containing f(H) as an open hence closed, subgroup). Note that
f(H) is open in G when charp = 0 [Platonov-Rapinchuk91] §3.1 Corollaryl]. OJ

Theorem 3.2. Let f : H — G be an F-morphism of reductive connected F-groups such
that f(H) is a normal subgroup of G of compact quotient G/f(H). Then, the restriction
to f(H) of any irreducible admissible R-representation of G is semisimple of finite length.
Any irreducible admissible R-representation of f(H) is contained in some irreducible ad-
missible R-representation of G restricted to f(H), and extends to an irreducible admissible
representation of some open subgroup of G of finite index.

Proof. G satisfies (21)) and f(H), satisfies the property (2.2]) because H does. Apply the
results of §2.21 O

We now give two examples where we can apply Theorem [3.2]

Proposition 3.3. Let f : H — G be a surjective central F-morphism of connected re-
ductive F-groups. Then, the subgroup f(H) of G is normal of abelian compact quotient

G/f(H).

Proof. There is an F-morphism x : G X G — H such that x(f(x), f(y)) = zha~'y~" for all
z,y € H [Borel-Tits72, 2.2]. So for all u,v € G we have vvu™'v™! = f o k(u,v) € f(H).
The subgroup f(H) of H is closed (Lemma [31]), normal with abelian quotient G/ f(H)
(loc.cit. Proposition (2.7)).

The compacity G/H is stated in [Silberger79] without proof and in [Lemairel9, Propo-
sition A.2.1] with indications for the proof. The idea is to reduce to a connected reductive
F-anisotropic modulo the center F-group.

Let S be a maximal F-split subtorus of G, and B a parabolic F-subgroup of G containing
S. The G-centralizer M of S is compact modulo its center and is a Levi component of B.
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Let U the unipotent radical of B. By [Borel91, 22.6]. the inverse image S of Sin H is a
maximal F-split torus in H, and the inverse image B’ of B is a parabolic F-subgroup of H
Put M’ for the H-centralizer of S’ and U’ for the unipotent radical of B’. From loc.cit., f
induces a surjective central F-morphism M’ — M and an F-isomorphism U’ — U. On the
other hand, we have the Iwasawa decomposition G = K B for an open compact subgroup
K of G. The product map K x B — G gives a surjective map K x B/f(B') — G/f(H).
We have B/f(B') = M/f(M'), so we just need to prove the compactness of M/ f(M').
Let X*(S) denote the group of algebraic characters of S and S(pr) = Hom(X*(S), p%).
The subgroup S(pr) of S is free abelian of finite rank with a compact quotient S/S(pr).
On the other hand, f induces a surjective F-morphism S’ — S sending S'(pr) onto a
sub-lattice of S(pr). Hence S/f(S’) is finite. So M/ f(S’) is compact as M/S is compact,
a fortiori M/ f(M’) is compact. O

Remark 3.4. The condition that f is central in Proposition B.3lis necessary. Indeed, assume
charp = 2 and f : GLy, — SL,, f(g) = ¢(g)/det(g) where o(x) = 2? for z € F is the
Frobeniudl. The F-morphism f is surjective but not central. Let G = GLy(F),G' =
SL(2,F), T' the diagonal torus of G', U the group of unipotent upper triangular matrices
in G'. Then f(G) = T'p(G') is closed but not normal and not cocompact in G’ (as
o(U)=UNT¢(G") and U/p(U) homeomorphic to F//F? is not compact).

Corollary 3.5. Assume R algebraically closed. Let f : H — G be a F-morphism of
connected reductive F-groups which induces a central F-isogeny H*" — G between the
derived groups. Then the conclusions of Theorem[3Z apply to f(H).

Proof. The F-isogeny H%*" — G%" is surjective with finite kernel contained in the center of
Her [Springer98, 12.2.6]. If Z is the connected centre of G, the natural map Z x G 5 G
is surjective [Springer98|, 8.1.6 Corollary] Hence the obvious map Z x H — G is surjective
and central. Proposition applies to Z f(H). But R being algebraically closed, Z acts by
a character in any irreducible smooth R-representations of GG, and we get the corollary. [

Remark 3.6. There is a more elementary proof that the restriction to f(H) of any irre-
ducible admissible R-representation of G is semisimple of finite length in [Silberger79).

4. RESTRICTION TO SLy(F) OF REPRESENTATIONS OF G Lo(F)

Let F' be a local non archimedean field of residue field kr of characteristic p as in §3|
and R an algebraically closed field of characteristic different from p.

Let G = GLy(F), and let B (resp. B~) denote the subgroup of upper (resp. lower)
triangular matrices, T' = the subgroup of diagonal matrices, U (resp. U~) the subgroup of
upper (resp. lower) triangular unipotent matrices, and Z the center of G.

Let G' = SLy(F). The subgroup H = ZG' of G is closed normal of compact abelian
quotient G/ZG’ isomorphic via the determinant to F*/(F*)?, which is a Fa-vector space

2the map f will also appear in §5.0.3)
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of dimension [Neukirch99|, Corollary 5.8]

2+ e ifcharp # 2
oo ifcharp # 2

Note that ZG’ is open in G if and only if charp # 2.
For a subset X C G, put X' = XNG'. Write z = (; ;) a matrix in G or Lie G = M,(F).
We fix a separable closure F*¢ of F' and will consider only extensions of F' contained in
Fsc. We write Wy for the Weil group of F*¢/F and Galp for the Galois group of F*¢/F.
For a field k, we denote by £k an algebraic closure of k, and if £ C R we suppose k% C R.
We fix an additive R-character 1 of F' trivial on O but not on Py".

(4.1) dimg, F*/(F*)? = { , where 20p = Pf.

4.1. Whittaker spaces. The smooth R-characters of U have the form
(4.2) Oy (u) = otr(Y(u—1)) =¢(Yoruia), ueU,

for a lower triangular nilpotent matrix Y in My(F). The case Y = 0 gives the trivial
character of U, the cases with Y # 0 give the non-degenerate characters of U.

Notation 4.1. When Y57 = 1 we denote 0y = 6.

The normalizer of U in G is TU. By conjugation, U acts trivially on U and its characters,
and a diagonal matrix ¢t = diag(t,t2) acts on u € U by (tut )19 = (t1/t2)u1 . Also, t
acts on a lower triangular nilpotent matrix Y by (Yt ')o1 = (ta/t1)Ya1. It follows that
T acts transitively on the non-degenerate characters of U, the quotient 7'/Z acting simply
transitively. By the same formulas, two non-trivial characters 6y and 6y~ of U are conjugate
in G" if and only if they are conjugate by an element of 7" if and only if Y} 5 and Y/, differ
by a square in F'™.

The T-normalizer of #y is equal to Z if Y £ 0 and to T"if Y = 0. The #y-coinvariants
functor 7 +— Wy (7) from the smooth R-representations 7 of U to the smooth R-representations
of the T-normalizer of fy is exact. A smooth R-representation 7 of U is called degenerate
when Wy (7) = 0 for all Y # 0, and non-degenerate otherwise. A smooth R-representation
of G or of G’ is called degenerate (or non-degenerate) if its restriction to U is.

The finite dimensional irreducible smooth R-representations of G' are of the form y o
det for a smooth R-character x of F* and are degenerate. If II is an infinite dimen-
sional irreducible smooth R-representation of G. By the uniqueness of Whittaker models,
dim Wy (IT) = 1 for all Y # 0 ([Vignéras96, 111.5.10] when charg > 0).

4.2. L-packets. We will classify the irreducible smooth R-representations of G’ by re-
stricting to G’ the irreducible smooth R-representations II of G. The set L(II) of (iso-
morphism classes of) II|s is called an L-packet. A parametrization along these lines was
obtained when charp = 0 and charg = C in [Labesse-Langlands79]. When charp # 2 and
charg # 2, this question is studied for supercuspidal representations in the recent work
[Cui-Lanard-Lu24l, §6.2 and §6.3].

Applying Lemma 23] Remark [Z4] Lemma [Z5, Theorem 3.2, Corollary B.5, we have:
(4.3)  Any irreducible smooth R-representation of G’ belongs to a unique L-packet.
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For two irreducible smooth R-representations Ily,Il; of G,
(4.4) L(I1}) = L(Ily) < II; = (x o det) ® II, for some R-character y o det of G.

The trivial character of G” is the unique finite dimensional irreducible smooth R-representation
of G', it is degenerate and forms an L-packet L(1) = L(xodet) for any smooth R-character
x of F*.

If IT is an irreducible smooth R-representation of G,

(4.5) The restriction of II to G’ is semi-simple of finite length and multiplicity 1.

The irreducible constituents of II|s are G-conjugate (even B-conjugate as G = BG'), and
form an L-packet L(II) of cardinality the length of II|e. The G-stabilizer of = € L(II)
does not depend on the choice of 7w in L(II) and is denoted Gp. By §2.2.6, Gy is an
open normal subgroup of G containing G'Z, determined by the subgroup det(Gp) of F*
containing (F*)2. The order of the quotient G/Gr ~ F*/ det(Gy) is a power of 2. When
charg # 2, |G/Gn| divides |F*/(F*)?| = 22T¢ with e defined in ([ZI]).

(4.6) G is the largest subgroup I of G containing H such that lg(Il|;) = 1g(I|¢),

(4.7) IT= indgH V. where V. is the space of T,
(4.8) The cardinality of L(II) is |G/Gn| = |F*/ det(Gn)|-
(4.9) |L(I1)] is a power of 2, and |L(IT)| divides 2**¢ when charp # 2.

When p is odd since |F*/(F*)?| = 4 we deduce:
Proposition 4.2. When p is odd, the cardinality of an L-packet is 1,2 or 4.

When p = 2 we will prove that this remains true using the local Langlands correspon-
dence.

By class field theory, any open subgroup of F* of index 2 is equal to Ng/p(£*) for
a unique quadratic separable extension E/F of relative norm Ng/p : E* — F*, and
conversely. Any open subgroup of F* of index 4 containing (F*)? is equal to Nk, r(K*)
for a unique biquadratic separable extension K/F of relative norm Ny p : K* — F*, and
conversely.

When p is odd, each quadratic extension of F' is separable and tamely ramified, and
there is a unique biquadratic separable extension of F.

When p = 2, if charp = 0, there are 2°72 quadratic separable extensions of F' and
2¢71(2¢72 — 1) biquadratic separable extensions of F (formula (&1)). If charp = 2, there
are infinitely many quadratic, resp. biquadratic, separable extensions of F'.

Definition 4.3. If |F*/ det(Gy)| = 2, resp.4, there is a (unique) quadratic, resp.biquadratic,
separable extension F/F such that det(Grn) = Ng/p((E)*), we denote this extension by
Er.

We denote by
(4.10) X1 the group of characters y o det of G such that I1 ® (y o det) ~ II.
A character of Xy is smooth (Lemma [Z2)) of trivial square. So Xy = {1} if charp = 2.
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Notation 4.4. When charg # 2, the non-trivial smooth R-characters of F™* of trivial square
are the R-characters ng of F* of kernel Ng,p(E*), for quadratic separable extensions £/ F.

The modulus ¢ of F* is equal to 1 if and only if E/F is unramified and ¢ +1 = 0 in
R.

By Lemma 23] and the formula (4.8,

(4.11) X is the group of R-characters of G trivial on Gy,
(4.12) When charg # 2, the cardinality of L(II) is | X7

It is known that | Xy| = 1,2 or 4 when

a) R = C and charp = 0 [Labesse-Langlands79] [Shelstad79],

b) charp # 2, charg # 2 [Cui-Lanard-Lu24, Proposition 6.6].
When charg # 2 we will prove that | Xp| = 1,2 or 4 using the local Langlands correspon-
dence, therefore |Ly| = 1,2 or 4 when p = 2.

For a lower triangular matrix Y # 0, we have
> dimg Wy (1) = dimg Wy (II).
weL(IT)
As dimg Wy () = 1, we have dimg Wy (7) = 0 or 1, and there is a single 7 € L(II) with
Wy (m) # 0.

Notation 4.5. In an L-packet of size > 1, an upper index + will designate the unique
element with a non-zero f-coinvariants 7y (notation F.1).

4.3. Representations. We denote by Gry (G) the Grothendieck group of finite length
smooth R-representations of G and by [7] the image in Gr% (G) of a finite length smooth
R-representation 7 of GG. Similarly for G'.

4.3.1. Parabolic induction.

The smooth parabolic induction ind% (o) of a smooth R-representation (o, V') of T is the
space of functions f : G — V such that f(tugk) = o(t)f(g) for t € T,u € U,g € G and an
open compact subgroup K; C G, with the action of G by right translation. The functor
ind% is exact with the U-coinvariant functor (—); as left adjoint, and (—)7 ® & as rignt
adjoint where 9 is the homomorphism of 7"

§(diag(a,d)) = ¢~ ¥@D . T 5 ¢ (a,d € F*)

[Dat-Helm-Kurinczuk-Moss23, Corollary 1.3]. The modulus | |p of F* is ¢~ and the
modulus of B is the inflation of §. We choose a square root ¢'/? of ¢ in R* to define the
square root of 9,

(4.13) v(diag(a,d)) = (¢")" DT = (¢'*)*  (a,d € F),

and the normalized parabolic induction i%(c) = ind%(ov). For a smooth R-character
x o det of G we have

(x o det) ® ind%(0) ~indG(y @ o), (xodet)®i%o ~i%(x ®0).
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Similarly for G’, we define the parabolic induction indgi from the smooth R-representation
o of T' to those of G’ and the normalized parabolic induction 7%,

i% (o) =imdS, (Vo), V(diag(a,a ")) =q¢ T = ¢* (a € F*).
As G = BG' and G/ B is compact, the restriction map f +— f|g gives isomorphisms
(4.14) (ind%(0))|er — ind$ (a]7), (i%(0))]ar — % (o]

4.3.2. Cuspidal representations of G La(F).

When Y is a smooth R-character of T, ind%(y) is called a principal series of G. An
irreducible smooth R-representation of G which is not a subquotient of a principal series,
is called supercuspidal. It is called cuspidal when its U-coinvariants are 0. A supercuspidal
representation is cuspidal (the converse is true only when ¢ + 1 # 0 in R). The principal
series and the cuspidal R-representations are infinite dimensional. Similarly for G'.

Let II be an irreducible smooth R-representation of G and 7 € L(II). Then,

(4.15) IT is cuspidal if and only if 7 is cuspidal.

Indeed, L(IT) is the B-orbit of 7, the U-coinvariant functor is exact and commutes with
the restriction to G’. We say that L(II) is cuspidal if II is. By the formula (£I4]), L(II) is
supercuspidal if IT is.

Let II be a cuspidal R-representation of G. It is the compact induction of an ex-
tended maximal simple type (J, A)(|[Bushnell-Kutzko94] [Bushnell-Henniart02] when R =
C, [Vignéras96|, 111.3-4] for general R)

IT = ind§ (A).

The group J contains Z and a unique maximal open compact subgroup J°. Let J! be
the pro-p radical of J°. The representation A|jo is irreducible, equal to A = k ® & where
k| is irreducible and 7 is inflated from an irreducible R-representation o of J°/J'. The
type (J, A) is unique modulo G-conjugacy ([Bushnell-Henniart02 15.5 Induction theorem]|
when R = C, [Vignéras96|, I11.5.3] for general R B

The open normal subgroup JG' of G has index |F*/det(J)|, and by Mackey theory

(4.16) Ol jer = ®gearicr ind’5" .

Denote J’, J%, JV the intersections of J, J°, J' with G'. We have J’ = (.J°)’ and the length
of
(ll’ldjgl )\g)|G/ >~ il’ld?;lg ()\g|J/g)

is independent of g. By transitivity of the restriction | = @geq/yar indf,;,lg (N9 i), and
(4.17) |L(TD)| = |F*/ det(J)| lg(ind$, (A] 1)).

It follows from Lemma 23] 3), remark 2.4 and the formula (£I6) that:

Lemma 4.6. If |F*/det(J)| = 2 then det(Gy) C det(J).

3in loc.cit. it is proved only that (J°,\) is unique modulo G-conjugacy, but .J is the normalizer of
(J°,\) and A is Misotypic part of II
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Remark 4.7. We have det(Gy) = det(J) < G = JG'. If |F*/det(J)| = 2, the group
J determines a quadratic separable extension E/F such that det(J) = Ng,p(£*). The
representation ind$ (A|;) is irreducible if and only if |L(IT)| = |F*/ det(.J)].

There is a smooth R-character x of F'* such that A ~ Ag® (x odet) and (J, Ag) is either
of level 0 or of positive level. We say that the L-packet L(II) and its elements are of level
0 or of positive level accordingly.

Level 0. J = ZGLy(Op), J° = GLy(Op), J°/J' ~ GLy(kp), k = 1, 0 is a cuspidal
R-representation of G Ly(kr), A = @. We have det J = val™'(2Z), and by (&I7):

(4.18) |LAD[ = 21g(Alr) = 21g(0]sLake)),
because Al is semisimple with length lg(o|sr,w,)), and for any irreducible component

N C M|y, the compact induction ind§ (V) is irreducible ([Henniart-Vignéras22] Corollary
4.29).

The cardinality of the cuspidal L-packet L(IT) of level 0 can be computed via (417,
(Z18)), and Remark [74] b) given in the appendix on the classification of the irreducible
R-representations of GLs(k) and of SLy(k) for a finite field & with chary # charg. We
have two cases:

(i) |F*/det(Gn)| =2 and Ep/F is the unramified quadratic extension.
(ii) p is odd, det(Gp) = (F*)* and Epn/F is the unique biquadratic extension. This
case occurs for a unique packet L(IT).

Proposition 4.8. When p = 2, each level O cuspidal L-packet has size 2.
When p is odd, there is a unique level O cuspidal L-packet of size 4, the other level 0
cuspidal L-packets have size 2.

Positive Level. J = E*JY for a quadratic separableH extension E/F, J° = OpJ!,
J°/J' =~ k3, o is an R-character of k3, A = k®0 and )| ;s is irreducible. The representation
A1 = Al is irreducible of G-intertwining equal to J, because J normalizes A\; and the G-
intertwining of ¢ is already J [Bushnell-Henniart06, 15.1]. We have Ng,/p(E*) C det(J).
If the quadratic extension E/F is tamely ramified, then det(J) = Ng/p(E*), because
J=FE*J', J' = (14 Pp)J" and 1+ Pp C det(E*) = Ng/r(E*).

If p = 2 a tamely ramified quadratic extension of F' is unramified, and E/F is unramified
if and only if det(J) = Ker((—1)v").

If p is odd, each quadratic extension of F'is tamely ramified.

Proposition 4.9. If p is odd, each positive level cuspidal L-packet L(I1) has size 2 and
the extension Er of F' is isomorphic to E.

Proof. B The central subgroup 1+ Pp of J! = (1+ Pr)J" acts by scalars, the representation
A} = A|n is still irreducible of G-intertwining J, so its G’-intertwining is J’. The isotypic

“When charp = 2 the quadratic extension appearing in the construction [Bushnell-Henniart06] is not
necessarily separable. It is generated by an element x € G, determined up to some open subgroup of G,
so that modifying x slightly yields a separable extension

5This can also be obtained using Cui20
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component of I1| ;1 of type A; is the space of A, so the isotypic component of II| ;1 of type
A} is still the space of A. As in the proof of [Henniart-Vignéras22, Corollary 4.29], we
deduce that ind$ (A| ) is irreducible. Apply Lemma O

Remark 4.10. When p = 2 and E/F is ramified, then J° N G’ is a pro-2-group. Indeed,
the determinant induces a morphism J°/J!' — k% equal via the natural isomorphism
J°/JY — kp = k% to the automorphism 2 — 22 on k}. Hence (J°) = (J!) is a pro-2-
group. Note also that A is a character [Bushnell-Henniart02l §15].

Corollary 4.11. (Propositions[{-8, [{-9) When p is odd, there is a unique cuspidal L-packet
of size 4, and it is of level 0. The other cuspidal L-packets have size 1 or 2.

4.3.3. Principal series of GLy(F). We recall the description of the normalized principal
series i%(x) of G for a smooth R-character x of T
Denote by x1, x2 the smooth R-characters of F* such that

(4.19) x(diag(a, d)) = xi(a)xz2(d), (a,d € F7),
and by x* the character x*(diag(a,d)) = x(diag(d,a)) of T. In particular in (EIJ),

v =v~tand v/v¥ = 4.

Proposition 4.12. (i) For two smooth R-characters x,x' of T, [i%(x)] and [i%(X")]
are disjoint or equal, with equality if and only if X' = x or x*.
(ii) The smooth dual of i% (x) is i% (x~1).
(iii) (i%(x))v has dimension 2, contains x* and has quotient x.
(iv) dim Wy (i%(x)) = 1 when Y #0 ([Vigneras%] I11.5.10).
(v) i%(x) is reducible if and only if x1x3' = q¢= .
(vi) 1ndG( ) =1i%(v™1) contains the trivial representationl and
e if g+ 1%#0in R, 1g(ind%(1)) = 2, in particular St = (ind$ 1)/1 is irreducible
(the Steinberg R-representation). The representation ind$ 1 is semi-simple if and
only if g =1 in R (and chargp # 2).
e if g+ 1 =0 in R, lg(indG(1)) = 3, ind§(1) is indecomposable of quotient
(—1)" o det, and ind$(1)/1 contains a cuspidal representation

. G ~
HO — lndZGLz(OF) U()

GL(2kr) |

where & is the inflation to ZGL(2, Or) of the cuspidal subquotient oo of ind )

(appendiz).

This is [Vignéras89, Theorem3] but the proof of (i) is incomplete. What is missing is the
proof that Iy occurs only in i%(v) and i%(v~!) when ¢ + 1 = 0 in R. This is equivalent to
X1, = {1,(=1)"* o det} with the notation (&I0). This follows from Remark [[4 a) given
in the appendix.

Remark 4.13. 1) The Steinberg representation St is infinite dimensional and not cuspidal.
2) When charg # 2, the principal series [i% ()] are multiplicity free.
When charg = 2, then ¢ is odd, indg(l) has length 3, of subquotients IIy and the trivial

representation 1 as a subrepresentation and a quotient.
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Corollary 4.14. The non-supercuspidal irreducible smooth R-representations of G are:

- the characters x o det for the smooth R-characters x of F*,

- the principal series i%(x) for the smooth R-characters x ofT with x1x5 ' # ¢+ V2.

-if g+ 1 # 0 in R, the twists (x odet) ® St of the Steinberg representation by the smooth
R-characters x of F*.

-ifq+1 = 0 in R, the twists (xyodet)®1I1y of the cuspidal non-supercuspidal representation
Iy by the smooth R-characters x of F™*.

The only isomorphisms between those representations are i%(x) ~ i%(x¥) for the irre-
ducible principal series and (x o det) ® Iy ~ ((—1)"*y o det) @ II.

4.3.4. Let £ be a prime number different from p. An irreducible smooth Qf“-representation
7 of G or G’ is integral if it preserves a lattice. It then gives by reduction modulo ¢ and
semi-simplification a finite length semi-simple smooth F$“-representation, of isomorphism
class (not depending of the lattice) which we write r,(7). The restriction from G to G’
from irreducible smooth Qf“representations II of G to finite length semi-simple smooth

j°-representations of G respects integrality and commutes with the reduction modulo /.
When II is integral, then any irreducible representation 7 C H\Gr is integral, the length
of the reduction r4(7) modulo ¢ of 7 does not depend on the choice of 7. If II = ry(II) is
irreducible, we have

(4.20) |L(ID)] = [L((ID)] 1g(re(7))
and by formula (ZIT)):
(4.21) lg(r¢(7)) = | Xn/X5| when charg # 2.

Proposition 4.15. Each irreducible smooth Fy“-representation 11 of G is the reduction
modulo € of some integral irreducible smooth Q3°-representation 11 of G.

Proof. Corollary [4.14] when II is not-cuspidal, [VignérasO1] when II is cuspidal. O

A supercuspidal Qj°-representation I = ind§ 7 A of G is integral if and only if A is
integral. Then, its reduction modulo ¢ is irreducible [Vignéras89], equal to Il = ind§ A
where A = r4(A). The reduction modulo ¢ of the L-packet L(IT) is L(II). The reduction
modulo ¢ respects level 0 and positive level. Conversely, any cuspidal Fj°representation
I = ind§ A of G is the reduction modulo £ of an integral cuspidal Q¢°-representation
IT = ind§ A of G where A = r4(A) [Vignéras01]. By the unicity of the extended maximal
simple type (J, A) modulo G (see §43.2)), two supercuspidal integral Q¢°-representations
have isomorphic reduction modulo ¢ if and only if the reduction modulo ¢ of their extended
maximal simple types are G-conjugate.

Any supercuspidal Q}-representation 7 of G’ is integral, as # € L(II) where II is a
supercuspidal Qf°-representation of GG, and some twist of II by a character is integral.

From formulas (£I8) and (4.21)),
(4.22) 1g(re(7)) = | L(0)|/|L(5)| when II has level 0.

Proposition 4.16. When 7 is supercuspidal of level 0, the length of ro(7) is < 2.
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When p is odd and 7 is supercuspidal, the representation r,(7) is irreducible if the level
of T is positive or if { = 2.

Any cuspidal F}¢-representation © of G' is the reduction modulo { of a supercuspidal

9¢-representation of G', except may be when p = 2 and 7 is of positive level and E/F is
unramified.

Proof. For II of level 0, one computes in the appendix the integer 12(0|sLo(kr))/ 18(F| S La(ke))s
and one sees that it is equal to 1 or 2 and that there exists ¢ such that it is 1.

For p odd, if the level of 7 is positive we have lg(Il|¢/) = lg(II|¢/) by Proposition 9]
hence ry(7) is irreducible.

For ¢ =2 (so p is odd), if the level of 7 is 0, then ry(7) is also irreducible by the formula
(Z22)) and Lemma [7.3] in the appendix.

Assume now p = 2 (so ¢ is odd), 7 is in a cuspidal L-packet L(IT) of positive level and
E/F is ramified. Let IT a Q¢-lift of II. The reduction modulo ¢ from Xg onto Xy is
injective.

Lemma 4.17. The reduction modulo { from Xy onto X1 is a bijection.

where A is a character (Remark EEI0). We have IT = ind§ A where A = 7,(A) and (J, xA)

(J,9A) for g € G normalizing J. So YA = €9A for a Q%°-character € of J of order a power
of . So, €|;, =1 and €|z = 1. As E/F is ramified, the index of ZJ' in J is 2 hence ¢ = 1
and Y € Xp. O

Proof. Le x € X1, x # 1, and X the unique Qg° lift of x of order 2. We have 1= ind?[\

The last case of the proposition follows. O

We shall show that the proposition remains true for all L-packets. When charp # 2 and
charp # 2, compare with Proposition 6.7 in [Cui-Lanard-Lu24].

4.4. Local Langlands R-correspondence for GLy(F').

4.4.1. By local class field theory, the smooth R-characters x of F* identify with the
smooth R-characters x o ar of Wr where ap : Wr — F* is the Artin reciprocity map
sending a arithmetic Frobenius Fr to p.' ([Bushnell-Henniart02] §29). This is the local
Langlands R-correspondence for GL;(F).

A two-dimensional Deligne R-representation of the Weil group Wr is a pair (o, N) where
o is a two dimensional semi-simple smooth R-representation of the Weil group Wr and N
a nilpotent R-endomorphism of the space of ¢ with the usual requirement:

(4.23) o(w) N = N|ap(w)|ro(w) for w € Wg.

Two two-dimensional Deligne R-representations (o, N) and (o', N') of Wy are isomorphic
if there exists a linear isomorphism f : V' — V' from the space V of o to the space V' of
o’ such that o'(w) o f = foo(w) for w € Wr and N o f = fo N.

For a smooth R-character x of F*, the twist (o, N) ® (x o ap) of (6, N) by x o af is
(0 ® (xoap),N).

When R = Q¢¢, (0, N) is called integral if o is integral.
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Remark 4.18. When ¢ is irreducible we have N = 0.

When ¢ = (x1 @ x2) © ap, if xixa! # ¢&" then N = 0, When N # 0, we have
{1, x2} = {xi, ¢ "*x;} for some i and N sends the x; o ap-eigenspace to the ¢~ ¥y, o ap-
eigenspace or 0. Therefore when y;x; ' = ¢**,

Ifg—1#0and g+1#0in R, then N = 0 or the kernel of N is the (x, o ap)-eigenline.

Ifg—1#0and g+1=0in R, then N = 0, or the kernel of N is the (y2 0 ap)-eigenline,
or the kernel of N is the (x; o ap)-eigenline.

If g—1=0, then N is any nilpotent.

val

The local Langlands R-correspondence for G = G Ly(F) is a canonical bijection
(424) LLR I — (O'H, NH)

from the isomorphism classes of the irreducible smooth R-representations II of G onto the
equivalence classes of the two-dimensional Weil-Deligne R-representations of WF@ It iden-
tifies supercuspidal R-representations of G' and irreducible two-dimensional R-representations
of W, commutes with the automorphisms of R respecting a chosen square root of ¢, with
the twist by smooth R-characters y of F™:

(4.25) LLr(IT® (x odet)) = LLr(IT) ® (x o aF).

The local Langlands complex correspondence was proved by Kutzko [Bushnell-Henniart02,
§33]. An isomorphism C ~ Q}¢ and the choice of a square root of ¢ in Q}¢ transfers LL¢ to
a local Langlands Qf“-correspondence L Lgge respecting integrality. Any irreducible smooth
Fy¢-representation II of G lifts to a Q¢°-representation II of G (Proposition Z.I5) and LLgge
descends to a local Langlands Fy°-correspondence LLgse compatible with reduction modulo
¢ in the sense of [Vignéras01], §1.8.5]. The nilpotent part Ny is subtle but the semi-simple
part oy is simply the reduction modulo ¢ of o,

(4.26) on = re(07).

The local Langlands correspondence LLg of G over R is deduced from LLgge when charp =
0 and from LLgse when charp = ¢ [Vignéras97, §3.3], [Vignéras01], §1.7-8]. We recall from
loc.cit. a representative (o, Nip) of LLg(II) for an irreducible smooth R-representation II

of GG.

Proposition 4.19. A) Let IT be an irreducible subquotient of the un-normalized R-principal
series ind%(1) of G. Then, o = ((¢"/*)" @ (¢"/*)") o ap. We have Ny = 0 if

IT1 =1 the trivial character if g+ 1 # 0 in R, Il = Iy cuspidal if g+ 1 =0 in R.
Otherwise Niy # 0. When ¢ — 1 # 0 in R, the kernel of Ny is the

(¢"/*) =¥ o ap-eigenline if g +1=0in R and I = 1,

(¢*?)"™ o ap-eigenline if g+ 1 =0 in R and II = ¢* o det,

(¢"/*) =¥ o ap-eigenline if g +1 # 0 in R and I1 = St the Steinberg representation.

B) Let 11 be the irreducible normalized principal series i%(n), i.e. n # =¥, with the

notation of (£29). Then oy = (n® 1) o ap and Ny = 0.

S(omr, Nn) is called the L-parameter of 1T
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C) Let 11 be a supercuspidal R-representation of G. Then oy is irreducible and Ny = 0.
4.4.2. For a two dimensional semi-simple smooth R-representation o of W, put
X, = {smooth R-characters x of F”* such that (xyoar)® 0o~ 0c}.

The square of each y € X, is trivial because dimgo = 2. We shall compute X, when
charg # 2. When charg = 2, X, = {1}.

To a pair (E,£) where E is a quadratic separable extension of F' and ¢ is a smooth
R-character of E* different from its conjugate {7 by a generator 7 of Gal(E/F) (ie. &
is not trivial on Ker Ng/p = {z/27 | v € E*}), is associated a 2-dimensional irreducible
smooth R-representation of Wr

o(E,£) = ind” (£ o ap).

The character £ is unique modulo Gal(FE/F')-conjugation.

When charg # 2, let o be a two dimensional irreducible smooth R-representation of W
and E/F a quadratic separable extension. By Clifford’s theory [Bushnell-Henniart06l, §10,
41.3 Lemma], with the notation [£.4))

ng € X, < o0 ~o(FE,§) for some &.

Proposition 4.20. When charg # 2,

{Lne} if (§/67) # 1

X _ .
o(EL) {{1,7]E777E’777E77E’} if (§/€7)* =1, §/€" = np o Ngyp

For each biquadratic separable extension K/F', there exists a two dimensional irreducible
smooth R-representation o of W, unique modulo twist by a character, with X, = {1,ng, ng, ner}
for the three quadratic extensions E, E', E" of F' contained in K.

Proof. x € Xope) & (X0 arp) ® indwg(f oap) ™ indwg(g oag) < {(xoNgp)=¢§or.

£(x o Ng/p) = £ & x is trivial on Ng/p(E*), so x = 1 or 7.

§(xoNg/p) =& < x = np for a quadratic separable extension E' # E of F, as x* = 1.
In the latter case, the order of £7/¢ is 2, £7/€ is fixed by 7 and determines x up to
multiplication by ng. Let K/F be the biquadratic extension generated by E and E’ and
E"/F the third quadratic extension contained in K/F. We have ngng = ngn.

The unicity in the second assertion follows from the fact that for two smooth R-characters
§,& of B, &7 /6 = /& & & = &(x o Ngyr) for a smooth R-character x of F*. The
existence when p is odd follows. When E/F is unramified, the character £ of E* trivial
on 1+ ppOp, &(pp) = —1 and x(z) = z@HD/2 if 201 = 1 satisfies £7/¢ # 1 and
(£7/€)* =1 hence £7 /€ = ng o Ng/p = ngne o Ngjp for E'/F ramified. If p is odd, there
is a unique biquadratic extension K/F of F. When p = 2, given a quadratic separable
extension E'/F different from E/F, there exists a smooth R-character £ of F' such that
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§7/§ = g o Ng/p = ngne © Ng/r, because charg # 2, and this is known when R = C
([Bushnell-Henniart06, §41] when p # 2, but the proof does not use p # 2)@ f O

Remark 4.21. Let II be a supercuspidal R-representation of G. Then II has level 0 (resp.
L(IT) has level 0), if and only if oy = ind%i ((oag) where E/F is quadratic unramified and
¢ is a tame character of E* (resp. {7 /¢ is a tame character of E* where 7 is the non-trivial
element of Gal(E/F)).

Remark 4.22. Assume charg # 2. Let 0 = x1 0 ar @ x2 o ar be a reducible two dimen-
sional semi-simple smooth R-representation of Wr. Then x o ar € X, < {xx1,XX2} =

{xuxel e x=1lorxxi=xaxxa=x1 e x=1or x =xaxi x> =1 If xaxa' = s
for a quadratic separable extension E/F, then X, = {1,ng}. Otherwise, X, = {1}.

4.4.3. Application to the cuspidal L-packets.

For a two dimensional Weil-Deligne R-representation (o, N) of Wg, put X, ) for the
group of x € X, such that there exists an isomorphism of y ® o onto ¢ preserving N. For
any irreducible R-representation II of G, applying the formulas (£24), (&25]) and (1T
we obtain :

(427) XH = {X o det | X € X(UH,NH)}'
(4.28) When charg # 2, the cardinality of the L-packet L(II) is | X,

ul

Proposition 4.23. 1) When charg # 2, we have:

e The cardinality of a cuspidal L-packet is 1,2 or 4.
o The map L(I1) — Eq is a bijection from the cuspidal L-packets of size 4 to the
biquadratic separable extensions of F'.

2) There is a bijection from the cuspidal L-packets of size 4 to the biquadratic separable
extensions of F', sending the unique cuspidal L-packet of size 4 to the unique biquadratic
separable extension of F when charg = 2, and equal to the map L(I1) — En of Proposition

[4.23 when charp # 2.

Proof. a) Assume charg # 2. If II is cuspidal and Xy # {1} then ng € Xy for some
quadratic separable extension E/F, og = o(E,§) for some § and |X,ge| = 2 or 4 by
Proposition When p = 2 then the map is a bijection by Proposition via the local
Langlands correspondence.

b) Assume p is odd (and charg # p). There is an unique biquadratic separable extension
of F' and an unique cuspidal L-packet of size 4 (Corollary [Z.1T]).

¢) As p is odd when charg = 2, the proposition follows from a) and b). O

When R = F§¢ and ¢ # p, it is well known that an irreducible smooth F}°-representation
o of Wr lifts to an integral irreducible smooth Qf§“-representation ¢ of Wy of dimension 2

"We gave a direct proof when p is odd, this was unnecessary
8When p is odd and charp = 2, there no ¢ such that o(E,€) is induced from a character of Wg: for a
quadratic extension E’/F distinct from E/F.
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f. The order of X5 is smaller or equal to the order of X,. We give now all the cases where
the orders are different.

Theorem 4.24. Assume { # 2.

1) Let & be a lift to Q§° of a two-dimensional irreducible smooth F}¢-representation o of
Wg. The cardinalities of X, and of X5 are different if and only if | X,| = 4,|X5| =2, and
this happens if and only if

p =2, { divides q + 1, 5:ind%§(€oa}3)

where E/F is a quadratic unramified extension, € a smooth Qj°-character of E* such that
(i) the order of £7/€ on 1+ Py is 2 where Gal(E/F) = {1,7}.
(ii) £(b) # 1, £(b)Y =1 for a root of unity b € E* of order ¢+ 1, and s is a positive
integer such that ¢° divides q + 1.

2) Each irreducible smooth F$¢-representation o of Wg of dimension 2 admits a lift & to
9¢ such that | X5| = | X,|.

Proof. 1) Let II be the supercuspidal smooth F¢¢-representation of G and II the integral
supercuspidal smooth Qf°-representation of G lifting II such that ¢ = op,6 = o by
the Langlands correspondence (A24)). We have |Xy| = |X,|, | X7 = | X5 @E27). By
Proposition BI6, | X,| = |X5| or 2|X5|, except may be when p = 2 and II has positive
level. In this exceptional case, ng € X. By Proposition 22, | X, | and | X5| are equal to
1,2 or 4. Therefore, | X,| # | X5| is equivalent to | X,| =4 and |X5| = 2.

When |X,| = 4 and |X;3| = 2, 0 = indwg £, 0 = indwgg for a quadratic unramified
extension E/F, an integral smooth Q}°-character ¢ of E*, of reduction ¢ modulo ¢, with
€/€7 # 1 where 7 is the generator 7 of Gal(E/F), and (£/¢7)? = 1. This implies (£/£7)? = 1
on pZ(1+Pg) because £ # p. We have E* = p%(14Pg)ug where up = {x € E* | 271 = 1}.
We have 7(x) = 27 if z € ug. The group {27! | x € ug} is generated by an arbitrary root
of unity b € E* of order ¢ + 1. So

E/E)P =10’ =1e|X]=4, (/)P#1eb)?#1e|X]=2
In the exceptional case, p = 2 hence £ is odd and £(b)? = 1 implies £(b) = 1 (and conversely),
or equivalently, the order of & (b) is a power of ¢ dividing ¢ + 1. There exists a lift Eof &
such that £(b) # 1 if and only if ¢ divides ¢ + 1.

2) Given a positive integer s, each element x € (F$°)*, x # 1, is the reduction modulo ¢
of an element & € (Z2°)* such that 3¢ # 1. O

Corollary 4.25. 1) The reduction modulo ¢ of a supercuspidal Q}°-representation @ of G’
has length < 2. It has length 2 if and only if

p =2, { divides g+ 1, o = ind%g(éo ag),
where @ € L(I1), E/F is unramified, and € is a smooth Q¢°-character of E* such that

90 extends to a F¢-representation of the Galois group Galp. As Galp is solvable this representation

lifts to a Q7“-representation of Galp that one restricts to Wr to get &
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(i) the order of €7 /€ on 1+ Py is 2 where Gal(E/F) = {1, 7}.
(ii) £(b) # 1, (b)Y =1 for a root of unity b € E* of order ¢+ 1, and (° divides q + 1.
2) Each cuspidal Fj-representation m of G' is the reduction modulo € of an integral
supercuspidal Q§°-representation © of G'.

Proof. When ¢ # 2, the corollary follows from Theorem and the formula (£21]) via
the local Langlands correspondence.

When ¢ = 2 so p is odd, the reduction modulo 2 of any supercuspidal Q5°-representation
of G’ is irreducible (Proposition [.16)), and the corollary holds also. O

Remark 4.26. Assume p # 2. A pair (E,0) where E/F is a quadratic extension of F' and
6 is a smooth R-character of E*, is called admissible ([Bushnell-Henniart06|] §18.2) if

1) 6 does not factorize through Ng/p (equivalently is regular with respect to Gal(E£/F))

2) If 0]14p, does factorize through Ng/p (equivalently is invariant under Gal(E/F)),
then E/F is unramified.

To an admissible pair (F, ) is associated the two-dimensional irreducible R-representation
o(E,0) = indVV[[fg (0 o ap) of Wg, and when R = C an explicitly constructed supercuspidal
representation 7(FE,6) of G (loc.cit. §19). Isomorphism classes of supercuspidal com-
plex representations of GG, are parametrized by isomorphism classes of admissible pairs
(E,0) (loc.cit.§20.2). The Langlands local correspondence sends 7(F, 0) to o(E, ud) where
the explicit “rectifyer” p is a tame character of E* depending only on 60|;,p,. As the
Langlands correspondence is compatible with automorphisms of C preserving /g, the pre-
vious classification in terms of admissible pairs transfers to R-representations where R is
an algebraically closed field of characteristic 0 (given a choice of square root of ¢ in R).
The classification and correspondence for R = Q¢ reduce modulo ¢ # p (the integrality
property for a pair (£, 60) is that 6 takes integral values) to get a similar classification
of supercuspidal Fj°-representations in terms of admissible pairs. The integral admissible
pairs over Q7¢ that do not reduce to admissible pairs over Fj¢, yield under reduction to
cuspidal but not supercuspidal Fj“-representations.

4.5. Principal series. Notations of §l We identify a smooth R-character n of T" with
a R-character of F* and of T by:

(4.29) n(diag(a, d)) = n(diag(a,a™")) = n(a) (a,d € F”).
Proposition describes i%(n). The transfer of the properties (i) to (iv) to

iy (n) = (iG0))le

is easy and gives:

(i) For smooth R-characters 1,1’ of F*, [i%(n)] and [i§ (n')] are disjoint if 5’ # n*?!,

and equal if ' = n*t.

(ii) The smooth dual of i%,(n) is i% (n~).

(iii) (4% (n))v has dimension 2, contains ' and 7 is a quotient.

(iv) dim Wy (i%(n)) = 1 for all Y # 0.
The transfer of the properties (v) and (vi) is harder.
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Proposition 4.27. (i) 1% (n) is reducible if and only if n = ¢, orn # 1 and
2
n°=1.
(ii) When charg # 2, i%(ng) is semi-simple of length 2, when E/F is a quadratic
separable extension, which is ramified if g+ 1 =0 in R.
(iii) When charg = 2, the only reducible principal series is i% (1) = ind%, (1).
(iv) The length of i (¢~ ) and of i (¢"*) = ind%, (1) is

2 ifq+1#0inR
lg(ind$ 1) ={4  ifq+1=0in R and charg # 2.
6 if charg =2

Note that charg = 2 implies ¢+ 1 =0 in R.

Proof. We show (i) (ii) and (iii).

If i%(n) is reducible, then its restriction i, (n) to G’ is reducible. By Proposition ZI2]

G =+ val

i%(n) is reducible if and only if n = ¢

Assume i(n) irreducible, ie. n # ¢ If charp # 2, we have X,g(,) = 2 if and

only n # 1 and n? = 1 by the Langlands correspondence and Remark m229. We have
n # 1,7 = 1 if and only if n = np for a quadratic separable extension E/F, which is
ramified if ¢ + 1 = 0 in R (notation @4)) as n # ¢="¥. If charg = 2, then p is odd, n # 1,
and G, (n) is irreducible. Indeed, the irreducible components of i, (n) are B-conjugate
(§6.21). They give a partition of the set of irreducible components of (i% (1))|z. The
character n appears with multiplicity 1 as n # 1!, but as it is fixed by B, the partition is
trivial, i.e. 1% (n) is irreducible.

We show (iv) 1 When g+1 # 0 in R, the restriction to G’ of the Steinberg representation
St of GG is irreducible, otherwise it would contain a cuspidal representation as dimg Sty = 1
which is impossible by (£I5). When ¢+ 1 = 0 in R, the cuspidal R-representation I, (see
Proposition .12) is induced from the inflation to ZG Ly(Op) of a cuspidal R-representation
oo of GLy(kp). By [@IS), lg(Ilp|er) = 2 1g(00|sLykp)). The representation og|sp, iy is
irreducible if charg # 2, and has length 2 if charg = 2 (Appendix). OJ

Corollary 4.28. The non-supercuspidal smooth R-representations of G' are:

The trivial character.

If q+1#0 in R, the Steinberg R-representation st = St |q.

The principal series i%,(n) for the smooth R-characters n of F* with n # ¢ and
n # ng for any quadratic separable extension E/F.

If charp # 2, the two irreducible components 75 of i% (ng) for a quadratic separable
extension E/F, which is ramified if g+ 1 =0 in R.

If charg # 2 and ¢+ 1 =0 in R, the two irreducible components of Ily|qr.

If charg = 2, the four irreducible components of Ilg|q.

0qr directly because for a smooth R-character x of F*, the property (i) in Proposition implies
(xodet) ® iG(n) ~if(n) & xn=norn ' x=1orx=nandn®=1.
HSee [Cui20] Example 3.11 Method 2.
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The only isomorphisms between those representations are i$,(n) ~ i (n~") for the irre-
ducible principal series.

We get for non supercuspidal L-packets:

Proposition 4.29. When ¢+ 1 = 0 in R, there is a unique cuspidal non-supercuspidal
2 if charg # 2

if charp =2
When charg = 2, every non-cuspidal L-packet is a singleton.

When charg # 2, the non-cuspidal L-packets are singletons or of size 2. Those of size 2
are in bijection with the isomorphism classes of the quadratic separable extensions of F.

L-packet. Its size is

This proposition and Corollary T imply :
Corollary 4.30. The L-packets of size 4 are cuspidal.

We consider now the reduction modulo a prime number ¢ = p. A non-cuspidal irreducible
ec_representation 7 of G’ is integral except when # ~ % (7)) for a non-integral smooth
9¢-character 7 of F*. When 7 is integral, we deduce from Corollary .28 the length of

the reduction ry(7) modulo ¢ of 7.

Proposition 4.31. 1) The reduction r¢(7) modulo ¢ of 7 irreducible non-cuspidal and
integral is irreducible with the exceptions:

If € = 2, 1g(re(3t)) = 5, 1g(re(735)) = 3, 1g(re(i% (7)) = 6 for 7j of order a finite power
of L.

If £ # 2 and { divides q + 1, lg(r¢(5t)) = 3, 1g(re(i% (7)) = 4 for ij of order a finite
power of {, lg(rg(gg; (7)) = 2 if n = neg, for a ramified quadratic separable extension E/F

and a character & of order a power of (.

2) Each non-cuspidal irreducible F}°-representation of G' is the reduction modulo ¢ of
an integral non-cuspidal irreducible Q°-representation of G'.

5. LOCAL LANGLANDS R-CORRESPONDENCE FOR SLy(F)

5.0.1. If (o,N) is a two-dimensional Deligne R-representation of the Weil group Wg
, a choice of a basis of the space of ¢ gives a Deligne morphism of Wg into GLy(R)
1. In this way equivalence classes of two-dimensional Deligne R-representation of Wi
identify with Deligne morphism of Wy into GLy(R), up to G Ly (R)-conjugacy.

A Deligne morphism of Wr into PG Ly(R) is a pair (o, N) where 0 : Wp — PGLs(R) is
a smooth morphism, semisimple in the sense that if o(WWp) is in a parabolic subgroup P
then it is in a Levi of P, and N is a nilpotent™ element in Lie(PGLy(R)) with the usual
requirement (L23). We say that (o, N) is irreducible if o(Wr) is not contained in a proper
parabolic subgroup (that means that N = 0 and the inverse image of o(Wg) in GLy(R)

12\We use the same notation (o, N) for the Deligne morphism of W into GLa(R)
13 is nilpotent in Lie(PGLy(R)) if the Zariski closure of the PG Ly(R)-orbit of N contains 0
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acts irreducibly on R?). The question arises whether a Deligne morphism (o, N) of Wr
into PG Lo(R) lifts to a two-dimensional Weil-Deligne R-representation.

When (o, N) is reducible, we may assume that o takes value in the diagonal torus of
PGLy(R), and that N is upper triangular. The map z — diag(z, 1) modulo scalars is an
isomorphism from R* to this torus, so ¢ comes from an R-character y of Wg, and o lifts
to the two-dimensional x @ 1. That deals with the case where N = 0. When N # 0, then
(o, N) lifts to (g7 @ 1, N).

The following lemma answers the question, more generally for irreducible Deligne mor-
phisms of Wg into PG L, (R) for integers n > 2 (the definitions in the first alinea for n = 2
generalize to n > 2).

Lemma 5.1. Any irreducible smooth morphism p : Wr — PGL,(R) has finite image
and its natural extension to Galg lifts to an ireducible smooth R-representation of Galg of
dimension n.

Proof. Because the inertia group Ir of Wr is profinite and p is smooth, p(Ir) is finite.
Let ¢ be a Frobenius element in Wg. If the order of p(¢) is finite, then p(Wpg) is finite,
so p extends by continuity to a smooth R-representation p’ of Galp. The proof of Tate’s
theorem ([Serre77] §6.5) applies with R instead of C and that shows that p’ lifts to a
smooth R-representation of Galg. Let us show that p(¢) has finite order. Since p(¢) acts
by conjugation on p(Ir) which is finite, a power p(¢?) for some positive d acts trivially on
p(Ir). But it also acts trivially on p(¢), hence on all of p(Wg). Let A € GL,(R) be a lift
of p(¢?). For B € GL,(R), the commutator (A, B) depends only on the image of B in
PGL,(R), and if B has image p(i) for i € I, then (A, B) is a scalar p(i). If B € GL,(R)
has image p(i') for i’ € I, then A(BB')A™! = ABATYAB'A™!, giving p(ii') = p(i)u(i’),
so conjugation by A induces a morphism p : Ir — R*. Since p(Ir) is finite, a power
A€ for some positive e commutes with the inverse image J in GL,(R) of p(Wg). Let V
be an eigenspace of A°. It is stable under J. If V' # R", that yields a proper parabolic
subgroup P (the image in PGL,(R) of the stabilizer of V') of PGL,(R) which contains
p(Wg), contrary to the hypothesis. So A€ is scalar, which implies that p(¢) has finite order
dividing de. 0

Two 2-dimensional Deligne R-representations of Wr in G Ly(R) are twists of each other
by a smooth R-character of Wg if and only if they give the same Deligne morphism of
W in PG Ly(R) if and only if the two corresponding irreducible smooth R-representations
ILII" of G are twists of each other by a smooth R-character of G (£25) if and only if II
and II" define the same L-packet L(II) = L(II') of irreducible smooth R-representations of

G (@)

5.0.2. From the above the local Langlands correspondence for G induces a bijection be-
tween L-packets of irreducible smooth R-representations of G’ and Deligne morphisms of
Wpg in PGLy(R) up to PGLs(R)-conjugacy. We would like to understand the internal
structure of a given packet in terms of an associated Deligne morphism Wr — PG Lsy(R)
(called its L-parameter).
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Let I be an irreducible smooth R-representation of G. The L-packet L(II) is prin-
cipal homogeneous space of G/Gp. The packet containing the trivial representation of
G’ is a singleton, so the parametrization is trivial. When L(II) is a packet of infinite-
dimensional representations of G’ we take as a base point in L(II) the element with non-
zero Whittaker model with respect to the character ¢ of F' (that is, 6y of U) fixed in
§41). Let Cp denote the centralizer of the image in PGLy(R) of a Deligne morphism
(om1, Ni) of Wg in GLy(R) associated to II, and Sy the component group of Cry. We
shall compute C and Sp, and when charg # 2 we shall construct a canonical isomor-
phism from G/G, onto the R-characters of Sp. In this way we get an enhanced local
Langlands correspondence for SLs(F') in the sense of [Aubert-Baum-Plymen-Solleveld16],
[Aubert-Mendes-Plymen-Solleveld17] if charg # 2 but not if charg = 2. J.-F. Dat tells
us that our results for charg = 2 should still be compatible with the stacky approach
of Fargues and Scholze to the semisimple Langlands correspondence. For example, for a
supercuspidal R-representation IT of G, the two components of 1| should be indexed by
the two irreducible R-representations of the group scheme ps.

Assume that chargp # 2. The group of R-characters of G/Gy is Xy, and Xy = {x o
det | x € Xopngt EZD). We now construct an homomorphism ¢ : X vy — St
Let X € X(oy,ny)- By definition, there exists A € GLy(R) such that ANy = Ny and
Aoy (w)A™! = x(w)ox(w) for w € Wg. The image A of A in PG Ly(R) belongs to Crp and
we shall show that its image ¢(x) in Sy does not depend on the choice of A.

Proposition 5.2. Assume that charg # 2. The map ¢ : X(oyny) — Su @5 a group
isomorphism.

Theorem 5.3. When charg # 2, the map ¢ : X(o,ny) — St 15 a group isomorphism, and
Sn =A{1},Z/27 or Z/27 x 7./ 27.

When charg = 2, Sy = {1} for each I1, but the length of Il|¢ is

1 if I is not cuspidal,

2 if I1 is supercuspidal,

4 if 11 is cuspidal not supercuspidal.

Proof. A) Let II be a supercuspidal R-representation of G. Then oy is irreducible and
Ny = 0 (Proposition [4.19).

When charg # 2, in [Cui-Lanard-Lu24| Proposition 6.4], an isomorphism ¢ : X,, — Cn
is constructed when charp # 2, but the proof does not use this hypothesis. This implies
Cn = Sni. One checks that ¢(x) = ¢(x) for x € X,,,. an isomorphism.

When charg = 2, p is odd, the cardinality of L(II) is 2 or 4 (Propositions 4.8, E.9]),
on = indwg (0) where E/F is a quadratic separable extension and 6 a smooth R-character
of Wg (or equivalently of E*) different from its conjugate 67 by a generator 7 of Gal(E/F').
The character 67 /6 has finite odd order, say m, and op(Wr) C GLo(R) is a dihedral group
g a(_]l of order m and (1] (1)
in GLy(R). So Cpp = {1} and there is no enhanced correspondence.

of order 2m, generated by a matrix modulo conjugation
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B) Let II = i§(n) be an irreducible normalized principal series with the notation of
@E29), with n # ¢*¥2l. The cardinality of L(II) is 2 if n # 1,7 = 1, and L(II) is a
singleton otherwise. We have oy = (n @ 1) o ap, Ny = 0 (Proposition £.19) and we easily
see that Cf is:

PGLy(R) when n =1, so Sy = {1}.

The diagonal torus when 1 # 1,1% # 1, Sp = {1}.

The normalizer of the trivial torus when n # 1,1*> = 1, so charp # 2 and Sy = Z/27Z.
We have Xy = {1, o0det} (Remark FL22) and ¢(n) is not trivial, so ¢ : Xy — Sy is an
isomorphism.

C) Let II be an irreducible subquotient of ind$ 1. The length of II|¢ is (Corollary E28],
Proposition F29):

1 when IT = 1, ¢"* o det or St,

2 when II = Il if charg #2 and ¢+ 1 =0 in R,

4 when II = Il if charg = 2.
We have op = ((¢1/?)"™ @ (¢~ '/?)"*) oap (formula (E24), Proposition @I9). The centralizer
CY; of the image of o (Wp) in PGLy(R) is the image in PGLy(R) of

{A € GLy(R) | Adiag(q,1)A™! € R*diag(q,1)} =

X x x *
{A = (z ?) € GLy(R) | (zg ‘1{) :u(zq th> for some v € R*}.

If x #0or ¢t # 0 then u =1, and if y # 0 then qu = 1. If z # 0 then u = ¢q. So, Cf; is:

PGLy(R)ifq—1=0in R.

The diagonal torus when ¢ — 1 # 0 in R and ¢+ 1# 0 in R.

The centralizer of the diagonal torusif ¢ — 1 #0in Rand ¢+ 1 =0 in R.

We have Nip = 0, hence Cp = CYf;, when:

Il =1 when g+ 1 # 0in R, hence C} = PGLy(R) if g+ 1 # 0,g—1=01in R (so
charg # 2) and (1 is the diagonal torus if g+1 # 0,¢g—1 # 0 in R. In both cases S; = {1}.

IT = Iy cuspidal when ¢ + 1 = 0 in R. Recalling Proposition 429 when chargp # 2,
lg(Ilp|er) = 2 and Cy, is the normalizer of the diagonal torus and Sy = Z/2Z. We have
Xon, = {1, (=1)"'} (Corollary ET4)). As iin B), ((—1)"") is not trivial, so ¢ : Xy — S
is an isomorphism.

But when charg = 2, then ¢ — 1 = 0 in R and Cp, = PGLy(R). As Sy, = {1} and
lg(Ily|er) = 4, there is no enhanced correspondence.

We suppose now Ny # 0. Then (Proposition [IT9) IT = St when ¢+ 1 # 0in R, [T is a
character when ¢+ 1 =0 in R. In both cases Il|¢ is irreducible (Corollary B.28)). We can
suppose that N is a non-trivial upper triangular matrix. A similar analysis gives that Cp
is

the diagonal torus if if g — 1 # 0 in R,

the upper triangular subgroup if ¢ — 1 =0 in R.

In both cases Sy = {1}. O

Remark 5.4. We computed the centralizer Cy; C PG Ly(R):
Cr is finite if and only if II is supercuspidal.
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When Cfy is connected, it is isomorphic to PG Ls(R), the upper triangular subgroup, the
diagonal subgroup, or {1}.

When Cf; has two connected components it is isomorphic to the normalizer of the diag-
onal subgroup or to Z/27Z.

When Cfp has four connected components, it is isomorphic to the Klein group Z/27 x
7)27.

5.0.3. Assume charp = 2. A kind of lifting has been introduced by [Treumann-Venkatesh16]
and generalized in [Feng23]. They consider a (connected) split reductive F-group H,

equipped with an involution ¢ such that the group of fixed points H" is (connected) split

reductive. They set up a correspondence, called linkage, between ¢-invariant irreducible

smooth R-representations Il of H = H(F') and irreducible smooth R-representations of

H' = H'(F). More precisely they show that there is a unique isomorphism ¢ from IT to

its conjugate II* by ¢, which has trivial square. They say that an irreducible smooth R-

representation 7w of H* is linked with II if the Frobenius twist of m occurs as a subquotient

of the representation T'(II) = Ker(1+ )/ Im(1+¢p) of H*. They ask for an interpretation

of linkage in terms of dual groups.

Let us consider the special case where H = G L, and ¢(g) = g/ det(g)[4. Then H* = SL,,
so H = G,H" = G'. Let II be an irreducible smooth R-representation of G of central
character wyy. It is invariant under ¢ if and only if IT ~ IT ® (wyy o det). This implies that
wr has trivial square, so is trivial because chargp = 2. In other words, II is -invariant if
and only if II factors to a representation of PGLy(F). It follows that then ¢y is identity,
and T'(IT) is simply the restriction of II to G’, which we have throroughly investigated. In
particular T'(IT) has finite length, as expected. The dual group of H over R is GLy(R),
that of H' is PGLy(R). They ask for an interpretation of linkage in terms of a natural
homomorphism from PGLs(R) to GLa(R).

Let o : Wr — GLy(R) be the semi-simple L-parameter of II. The map ¢ (o) :
Wr — GLy(R) followed by the quotient map GLs(R) — PGLo(R), is the semi-simple
L-parameter pr : Wr — PGLy(R) of the Frobenius twist of any constituent 7 of II|¢.

The map ¥(g) = ¢(g)/ det(g) for g € GLy(R) and the Frobenius map ¢ : * — 2% of
R, is trivial on scalar matrices, hence factors through an homomorphism ¥ : PGLs(R) —
GLy(R). The homomorphism W is injective of image SLs(R). Now if II is ¢-invariant, the
determinant of oy is trivial so oy = Wo ppy and the conjectures of [Treumann-Venkatesh16)
§6.3] are indeed true in our special case.

6. REPRESENTATIONS OF SLy(F') NEAR THE IDENTITY

6.1. Assume charp = 0 and R = C. Let H be the group of F-points of a connected
reductive group over F. We denote by C°(X;C) the space of smooth complex functions
with compact support on a locally profinite space X. The exponential map exp from
Lie(H) to H induces an H-equivariant bijection between a neighbourhood of 0 in Lie(H)
and a neighbourhood of 1 in H. So a function f € C°(H;C) with support small enough

14L(g) is conjugate to the transpose of the inverse of g
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around 1 gives a smooth function f oexp around 0 in C2°(Lie(H ); C). Also there are only
finitely many nilpotent orbits of H in Lie(H ), for the adjoint action. For each such orbit O,
there is an H-invariant measure on 9, and a function ¢ € C2°(Lie(H); C) can be integrated
along O with respect to that measure, yielding an orbital integral I5(y). Choosing a non-
degenerate invariant bilinear form on Lie(H ), a non-trivial character of Lie(H) and a Haar
measure on Lie(H) yields a Fourier transform ¢ for a function ¢ € C°(Lie(H);C). Fix
also a Haar measure dh on H.

Theorem 6.1. Let Il be a smooth complex representation of H with finite length. Then
there is an open neighbourhood V(I1) of 1 in H and for each nilpotent orbit O a unique
complex number co = co(Il) such that if f € C(H;C) has compact support in V (II) then
the trace trr(f) of the linear endomorphism [y f(h)IL(h) dh is equal to

(6.1) tr(f) = > co(Il) (@) where p = foexp.
0

This was first proved by Roger Howe when H = GL,,(F'), and the general case is due to
Harish-Chandra.

As is usual, we say that a nilpotent orbit £’ is smaller than a nilpotent orbit 9 if O’ is
contained in the closure of O. With the normalizations as in [Varmal4] we have:

Theorem 6.2. Let II be a smooth complex representation of H with finite length. When
O is maximal among the orbits with co(Il) # 0, then co(Il) is equal to the dimension of
generalized Whittaker spaces for 11 attached to 9.

The result when p is odd due to |[Moeglin-Waldspurger87] is extended to p = 2 in
[Varmal4] in general). When O is a regular nilpotent orbit, the generalized Whittaker
model is the usual one, and the result then goes back to Rodier [Rodier74]. Varma actually
proves that with that normalization all coefficients co(IT) are rational [Varmald4].

6.2. Assume R = C. For any F, when H is an open normal subgroup of GL,(D) where
D is a finite dimensional central division F-algebra, Theorem still holds, with the
exponential map replaced by the map X — 1+ X |Lemaire04]. In the special case where
H = GL,(D), Theorem [6.2] also holds, at least for the natural generalized Whittaker space
attached to each nilpotent orbit [Henniart-Vignéras23].

6.2.1. We use the notations and definitions introduced in §4.11 Any irreducible smooth
R-representation 7 of G’ = S Ly(F') extends to an open normal subgroup H of G = GLy(F)
by Theorem B2l The group H contains ZG' and G/H ~ F*/det(H) is a finite power of
2. Only when charp # 2 we can take H = ZG'. Put

(6.2) Vg = F*/det(H), dimg, Vg =d, |G/H|=2"%

Remark 6.3. We have d = 0if and only if H = G, and d = 1 if and only if det H = Ng,p(E*)
for a quadratic separable extension E/F. When p is odd then d < 2 and d = 2 if and only
it H=ZG'. If p=2 and charp = 0, by formula [@J]) d < e + 2 with equality if and only
it H=ZG'. If charp = 2, then d can be any non-negative integer.
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A nilpotent matrix can be conjugated in a lower triangular nilpotent matrix Y by an
element of G'. Two such matrices Y and Y’ are H-conjugate if and only if their bottom
left coefficients differ by multiplication by an element of det(H).

(6.3) The number of H-orbits in the nilpotent matrices in My (F) is 1 + 2¢.

The 0-matrix forms the smallest nilpotent H-orbit (the “trivial” one). The non trivial
nilpotent H-orbits are maximal, and parametrized by Vg via their bottom left coefficient.

With the same arguments as those given for ZG’ in §41] any irreducible smooth R-
representation m of H appears in the restriction to H of an irreducible smooth represen-
tation Il of G, unique modulo torsion by a smooth R-character of G. The irreducible
components 7 of Il|y are G-conjugate (even B-conjugate) and the G-stabilizer of 7w does
not depend on the choice of 7 in II|y, and denoted by Gry,,. The representation II|y is
semi-simple of multiplicity 1 with length

(6.4) lg(|p) = [G/Gny,| dividing 1g(Il|z¢) = |G/Gu| = |L(m)],

hence equal to 1,2 or 4 by Theorem [Tl The representation m|g is semi-simple of multi-
plicity 1 with length lg(7|¢) = 1g(|¢r)/1g(I1|#) = |Gy, /Gl
For a lower triangular matrix Y # 0, we have:

Z dlIIlR Wy(ﬂ') = dlIIlR Wy(H) =1.
nCIH| gy
There is a single irreducible 7 in IT| g with Wy (1) # 0, and dimg Wy (1) # 0 < dimg Wy ()
1. If Wy(m) # 0 then Wy/(mw) # 0 when Y’ and Y are H-conjugate. We consider
dimg Wy (7) as a function m, on Vy. Because m extends to Gy, My is invariant un-
der translations by
WH\H = det(GmH)/det(H)

It follows that m, is the characteristic function of an affine subspace A, of Vi with direction
Wi, each such affine subspace being obtained exactly for one 7 C Il|y. For g € G we
denote 79(x) = n(gzg™') for g € G,z € H, so 79" = (79)" for g,h € G. We have
Ars = det(g)A,. We have a disjoint union (the Whittaker decomposition):

(6.5) Vi = Urcnyy Ax.

If lg(I1|g) = 1, m, is the constant function on Vg with value 1. If 1g(Il]|y) = 2, the two
irreducible components of II| g yield the characteristic functions of two affine hyperplanes
of Vg with the same direction. Finally for 1g(Il|5) = 4, we get the characteristic functions
of four affine subspaces of codimension 2 in Vg with the same direction. In particular
when p is odd and lg(Il|y) = 4, then H = ZG" and m; is a non-zero delta function on
Vi = F*/(F*)%

Let C(Vy;Z) denote the Z-module of functions f : Vg +— Z. For an integer 0 < r < d,
let I, denote the Z-submodule of C'(Vy;Z) generated by the characteristic functions of the
r-dimensional affine subspaces of V. We have Iy = C(Vy; Z).

Lemma 6.4. When 0 < r < d, 21,4 is included in I, and the exponent of Iy/I, is 2".
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Proof. Let W be a r — 1-dimensional vector subspace of Vi and {0,e, f,e + f} a sup-
plementary plane. For an affine subspace A of Vg of direction W, the affine subspaces
A =AUA+e Ay =AUA+ fand B=A+eUA+ f of Vi are r-dimensional, and
taking their charactersitic functions x, we get xa, + xa, — x5 = 2xa. Thus 21, C L.
By induction 2"Iy C I.. The map s, : C(Vy;Z) — Z/2"Z given by the sum of coordinates
is surjective and vanishes on I, but not on I,_;. So the exponent of Iy/1, is 2. O

6.2.2. Let us precise Theorem for an open normal subgroup H of G = GLy(F') as in
§6.2.11

Notation 6.5. On G (hence on H) we put a Haar measure dg, and on LieG = Lie H =
M5 (F) we put the Haar measure dX such that X — 1+ X preserves measures near 0.
The invariant bilinear map (X, X’) — tr(XX’) on Lie(H) is non-degenerate. The Fourier
transform ¢ — ¢ on C°(Lie(H);C). is taken with respect to the non-trivial character
¥ o tr on Lie(H). For each nilpotent H-orbit O in Lie(H), we normalize the nilpotent
orbital integral I5(¢) in the same way as ([Varmald] §3); that normalization is valid even
when chary > 0. By Remark 2 of loc.cit., for large enough i, K; = 1+ M(P}) and a lower
triangular nilpotent matrix ¥, the measure of Ad(K;)(Y) is 0 if Y = 0 and ¢~ otherwise.
In particular Ip(¢) = ¢(0) for the nilpotent trivial orbit 0 € Lie H.

Theorem 6.6. Let m be a smooth complex representation of H with finite length. There is
an open neighbourhood V(1) of 1 in H and for each nilpotent H-orbit O a unique complex
number co = co(m) such that if f € C°(H;C) has compact support in V() then

(6.6) tro(f)=co(m)f(1)+ Z co(m)p(p) where p(X) = f(1+ X) for 14+ X € V().
)

We call ([6.6]) the germ expansion and cy(7) the constant coefficient of the trace of w
around 1. A character twist of m does not change cy(7). For 7 irreducible, c¢o(m) = 0 for
all O # 0 if and only if 7 is degenerate (by Theorem [6.2)) if and only if dim¢c 7 = 1. In this
case co(m) = 1.

We can determine that constant coefficient ¢y(7) for any irreducible smooth representa-
tion m of H from the case of G, because 7 appears in the restriction to H of an irreducible
smooth complex representation II of G. The irreducible components of II|y being G-
conjugate to m have the same constant coefficient, and

(67) C()(H) = lg(H|H) C()(’]T).

We have [Henniart-Vignéras23| :

Co(lg) =1.

When II is parabolically induced, for example when II is tempered and not a discrete series,
Co (H) =0.

When IT is a discrete series representation of formal degree d(1I),

co(I) = —d(IT)/d(St).
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When 1T is a supercuspidal complex smooth representation of G of minimal level fi (the
minimal level of the character twists of 1),

—2¢/1 if fy is an integer
—(q + 1)g/n=12 if f is a half-integer (not an integer)

(6.8) co(Il) = {

When fi1 is a half integer (not an integer), I has positive level (§2:3.2)), IT = ind§ A where
J = E*(14+Q/1*1/%) where E/F is ramified, @ is the Jacobson radical of an Iwahori order
in My(F), and A is trivial on 1 + Q*/n*! [Bushnell-Henniart06, §15]. Let x € X \ {1}.
Then y is ramified [Bushnell-Henniart06, 20.3 Lemma]. The level r, of x is the largest
positive integer r such that x is non-trivial on 1 4 P} when Y is ramified. We have

(6.9) 1 <7< fu

Indeed, if 7, > fi then x o det is non-trivial on 1+ Q*x (as det(1 4+ Q") = 1+ P5*), and
(x odet) ® A would be non trivial on 1+ Q?"x implying that the level of (x odet) ®II is at
least 7, by (loc.cit.(15.8.1)), contrary to the assumption that y € Xp. So fi <ry asr, is
an integer but not fi.

Lemma 6.7. If f = 1/2 then X1y = {1}. If ¢ =2 and fiq = 3/2 then Xy cannot have 4
elements.

Proof. It fiy = 1/2, then Xy is trivial by the formula (6.9). If fi = 3/2, then r, = 1, and
if ¢ = 2 there are only 2 quadratic characters of level 1. That implies that X7; cannot have
4 elements. 0

Proposition 6.8. Let I be an irreducible complex smooth representation of G and m an
irreducible representation of H contained in Il|y. Then

co(m) = —1/2 if p is odd, 11 is cuspidal of minimal level 0 and L(II) has 4 elements.

co(m) is an integer otherwise, and co(m) < 0 if m is cuspidal.

Proof. By formulas (6.4), (6.1), (€8], we have

co(lg) =1, s0 co(1y) = 1.

co(St) = —1 so cy(sty) = —1, since the restriction sty of St to H is irreducible as
st = St | is irreducible.

co(IT) = 0 so ¢o(m) = 0, when II is an irreducible principal series.

co(IT) < 0 so co(m) < 0, when II supercuspidal of level fr (the minimal level). If p is
odd, then ¢y(IT) is an even integer by (6.8]), so that cy(7) is an integer if L(IT) has 1 or 2
elements by (6.7)); if L(IT) has 4 elements, then fi; = 0 by Proposition .9 and ¢y(IT) = —2,
so co(m) = —1/2. If p = 2, then ¢o(II) is a multiple of 4 (so cy(7) is an integer) by (G.8])
except when:

(i) fm = 0, where ¢o(IT) = —2. But L(II) has size 2 by Proposition 8], so ¢y(7) = —1.

(ii) fo = 1/2, where ¢o(II) = —(¢ + 1). But L(II) has size 1 by Lemma [617 so ¢o(7) =
—(¢+1).

15The level is the normalized level of [Bushnell-Henniart06] §12.6 and the depth in the sense of Moy-
Prasad.
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(iii) fr = 3/2 and ¢ = 2, where ¢o(II) = —6. But L(II) has size 1 or 2 by Lemma [6.7], so
co(m) = —6 or —3. O

Theorem 6.9. Let w be a finite length complex representation of H, Y # 0 a lower
triangular matriz in My(F') and O its H-orbit. Then co(m) = dime Wy (7).

Proof. The proof uses the same idea as [Rodier74]. Remarking that the lower triangular

group B~ of G acts transtively on the lower triangular nilpotent matrices Y, and that for

g € B~ we have co(m) = cpo(79), dime(Wy (7)) = dime(Wys(79)), it is enough to consider
00

the case where Y = (1 0). We stick to that Y (so 0y = 6 with the notation E.T]).

For each positive integer i, we define a character y; of the pro-p group K; = 1+ My(P}),
by the formula

Y o X1, X ;
(6.10)  xi(1+X) = otr(pp2Y X) = p(pp¥X1s), X = (X“ X“) € M(Prp).
2,1 2,2

The character y; is trivial on K. Conjugating by the diagonal matrix d; = diag(p%, pz’)

gg; %2 ) such that 92(1 + X) = ¢(X1’2).
F F

The limit of the groups H; as ¢ — oo is the group U. We will prove that the 6; approximate

the character 0y of U in the sense that

(6.11) lim dim¢ Hompg, (0;, 7) = dim¢ Wy (7).

1—»00

On the other hand we will also prove in §6.2.3) following [Varmal4], that

we get a character 0; on H; = d;lKidi =1+ (

(6.12) dim¢ Homg, (x;, ) = co () for large 7.

Since dim¢ Homy, (6;, m) = dime Homg, (x;, ), we shall get the result. O

6.2.3. Let us proceed to the proof of the formulas (611 and (6.12), through a se-
quence of lemmas, rather easy compared to the analogous statements in the more general
cases treated by [Rodier74], [Moeglin-Waldspurger87] and [Varmal4] when charp = 0, in
[Henniart-Vignéras23] for arbitrary charp.

For X € My(F), put 6;(X) = x; (1 + X) if X € My(P}) and 6;(X) = 0 outside. With
the notation [6.5], the Fourier transform 3, of 9; is

¢ vol(My(OF),dX) if X € pp®Y + My(Pg")
0 otherwise '

(6.13) 5;(X) = {

Lemma 6.10. The Ki-normalizer of x; is (ZU™ N K;)K;.

Proof. For a positive integer j < i, we prove that the Kj-normalizer of the restriction of y;
to Ky is (ZU~ NK;)K; by induction on j. This is clear for j = 1 and the case j = i gives
what we want. Assume that the claim is true for j < ¢ and let us prove it for j + 1. Let
g € Ky normalizing the restriction of x; to Ky_;_;. By induction g € (ZU~ N K;)K; and
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we may assume g € K;. Write g = 14+ X with X € My(P}). Then g 'Yg=Y +YX - XY
modulo M, (PL5™) and the hypothesis on g means that Y X — XY = 0 modulo M,y (Py™),
which gives that p,’ X commutes with ¥ modulo Pr. But the commutant of ¥ modulo
Pr in Ms(kr) is made out of lower triangular matrices with the same diagonal elements.
Consequently g € (ZU™ N K;)K;1; as claimed. O

Lemma 6.11. The K;-orbit of Y is the set of nilpotent matrices in' Y + My(Py)

Proof. Tt is clear that gY ¢! is a nilpotent element in Y + M, (P%) for g € K;. Conversely let
Y +p%Z nilpotent (hence of trace 0) with Z € My(Op). If g = 1+ p% X with X € My(Op),
then g(Y +p%2)g7' =Y + pi(YX — XY + Z) modulo Ma(PE). We choose X, as we
can, so that YX — XY 4+ Z = 0 modulo Pr. So g(Y +p&hZ)g™' € Y + My(Pitt). The
K;-orbit of Y is closed in My(F"). We finish the proof by successive approximations. O

Let m be a smooth representation of H on a complex vector space V, and ¢ : V — Vj
be the quotient map from V to the f-coinvariants Vj of V. For large enough 4 such that
H; C H let V; be the 6#;-isotypic component of V.

Lemma 6.12. For large enough i, ¢(V;) = Vj.

Proof. It is the same as that of Lemma 8.7 in [Henniart-Vignéras23]. O
We have
Hipr = (Hipn VH)(Hipa NU), [Higy s (Higa D H) = [(Hin NU) : (HiNU) =g,

and 0,1 = 60; on H;;1 N H;. Let e; = f;dg where dg is the Haar measure on H giving the
volume 1 to H; and f; is the function on G with support H; and value 6; ' on H;.

Lemma 6.13. We have e;e;16; = ¢~

v — m(eg1)v: Vi — Vigq is injective.

e; when i > 1 and H; C H. In particular, the map

Proof. The lemma is equivalent to m(ese;416;)v = ¢ 'm(e;)v for all v € V and (7, V) as
above. The projector V' — V; is 7(e;) and
m(eeiriei)v =q" > m(eifi1(u) " ue;)v
uE(Hi+1ﬁU)/(HiﬂU)

If w(e;ue;)v # 0 for u € Hipy NU, then u intertwines #;. To interpret that condition we
conjugate 6; back to x;. Then H; is sent to K; and H;,; is sent to dl_lKHldl which, we
remark, is contained in K; ;. By Lemma [6.10, v € H;; 1 N U conjugates to an element in
(ZU-NK,)K;, so that u € H;NU. We deduce that 7(e;e;q1€;)v = ¢ 'm(e;)v as claimed. [

Proof of the formula (61T

Fix a large integer i such that the lemmas apply. The projector 7(e;) : V' — V; can be
obtained by first projecting onto V#"5" and then applying the projector 7(e; ;) where
eiv = filmnudu for the Haar measure on H N U giving the volume 1 to H; NU. As
V; € VH+NB" " we have 7(e;y1) = m(ej1p) on Vi It follows that for v € V; and v, =
m(ei41)v = m(e41,0)v have the same image ¢(v1) = ¢(v) in Vp. Iterating the process we
get for positive integers k, vectors vy = m(€jx)vp—1 = T(€j4k,v)Vk—1 With ¢(vg) = ¢(v). As
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eir1U€i U = €10 we have vy = m(eppp)v. But ¢(v) = 0 is equivalent to m(ejpp)v =0
for large k. As v, = 0 implies vy_; = 0 by Lemma [6.13], we get that ¢ is injective on V.
Since it is also surjective by Lemma [6.12] we deduce that it gives an isomorphism V; ~ Vj.
This ends the proof of (G.IT).

Proof of the formula ([6.12))

Fix an integer ¢ such that K; C H. We have dimc(Homg, x;,m) = trm(e;) where
e, = fldg where dg is the Haar measure on H giving the volume 1 to K; and f/ is the
function on G with support K; and value ;' on K;. We have, f/(1+X) = 6;(X). To prove
(612), it suffices to apply the germ expansion (6.0]) to tr, and to show that for large i,
I5(6;) = 1 whereas Iy (6;) = 0 for any nilpotent orbit O’ # . From the formula (6I3), 4;
is a multiple of the characteristic function of —pp*Y + My(P5") and from Lemma the
nilpotent elements there form the K;-orbit of pp2Y. It follows that I/ (5;) = 0 if O’ # O.

A

That I5(d;) = 1 is proved exactly as in the proof of Lemma 7 in [Varmal4].

6.2.4. For a locally profinite space X, x € X, and a field C, two linear forms f, f’
on C*(V;C) for some open neighbourhood V' of z in X, are called equivalent if their
restrictions to C2°(W; C') for some open neighbourhood W of x contained in V' are equal.
The equivalence class of f is called its germ f at 2. Denote ®,(X) the space of the germs
at x.

For a locally profinite space X', an open subset W in X and an open subset W' in X',
an homeomorphism j : W — W' gives by functoriality an isomorphism C°*(W’;C) —
C*(W; C) and an isomorphism &) (X’) — &,(X) from the space of the germs of X’ at
j(x) to the space of the germs of X at z € W.

The nilpotent orbital integrals Fo : ¢ +— I5(¢) for ¢ € C°(Lie H; C), and the nilpotent
H-orbits O in Lie(H), are linearly independent H-equivariant linear forms on C2°(Lie H; C).
They form a basis of a Z-module Iy with rank 1 + 2 ([6.3]). For each H-equivariant open
neighborhood V' of 0 in Lie H, the Fo remain independent as linear forms on C2°(V;C).
The germs Fo form a basis of the Z-module I of germs of elements of I;. Denote by Iyh
the Z-submodule of Iy of basis Fp for O # 0.

Theorems and say that the germ at 1 of the trace of an irreducible complex
smooth representation 7 of H identifies via the map X — 1+ X with the germ at 0 of a
unique element T, = co(7)Fo + TV" where co(m) € Q, and TWh € I}¥h is determined by
the non-degenerate Whittaker models of 7. Note that TW" = 0 if and only if dim¢ 7 = 1.

Denote by T/W" the Z-submodule of I}¥" generated by respectively the T/WV" for all
irreducible complex smooth representations m of H. Write I}y" T}" for the space of
germs at 0 of Iy Ty,

Theorem 6.14. We have Ty = Iy when d=0,1. . .
The Z-submodule T}/" is a submodule of I}Y" of finite index. The exponent of I)V" /T
is 2972 when d > 2.

Proof. When d = 0, then Iy has Z-rank 2, and the germs of the traces of the trivial
representation 1 and of the Steinberg representation sty form a Z-basis {try, tr,, } of Ig.
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When d = 1, then Iy has Z-rank 3, det H = Np/p(E*) for a quadratic separable
extension E/F (Remark [6.3)), the principal series (i%ng)|y is semi-simple of length 2 and
multiplicity free (Lemma and footnote in the proof of Proposition A.27)), and the germs
of the traces of the trivial representation 1 and of the two components 77, 75 of (i%nz)|n
form a Z-basis {tr;, t~rﬂg, t~r7r;;} of Iy.

When d > 2, the theorem follows from Lemma [6.4] O

Theorem can be equally well expressed in terms of the Grothendieck group Grg(H).
This is under this form that the theorem extends to R-representations. For an open
compact subgroup K of H, and 7 a finite length smooth complex representation 7 of H,
7|k is semi-simple wifh finite multiplicities, and is determined by the restriction of the
trace of m to C2°(K, C).

Corollary 6.15. There are 2¢ virtual finite length smooth complex representations m, . . ., Tod
of H with the following property: for any finite length smooth complex representation w

of H, there are unique integers ao(m), ai(m), ..., as(m), such that on some compact open
subgroup K = K () of H,

2d
T ag(m)1 4+ ai(m)m.
i=1

Proof. By Theorem 614, the Z-module T}/ has a basis {7/, ... ,T&h where 71, . .., Tou
are virtual finite length smooth representations of H. By Theorem [6.6], for any finite length
smooth representation m of H there exist a unique rational number ao(7) and unique
integers a; (), ..., ay(m), such that

2d
trr = ao(m) tr1 + Y a;(7) trs,
i=1

on restriction to C°(K(m),C) for some compact open subgroup K (m) of H. As ag(7) =
dime 7K™ — Y2 g,(7) dime 71 (™ we see that ap(m) is an integer. Equivalently, on re-
striction to K (),

2d
T~ ag(m)l + ) a;(m)m.
i=1
U

6.2.5. This has consequences for the representations of G.

An irreducible complex representation of G’ extends to ZG', and we can apply Theorem
to H = ZG' when charp # 2. When p is odd, there is an unique L-packet 11, 72, 73, 74
of G’ with 4 elements (Proposition .23). One can enumerate the 4 non-trivial nilpotent
lifi=j

G'-orbits Oy, ..., 9, such that cp,(7;) = 0ifi 4 j

. Fori=1,...,4 we choose a lower

triangular element Y; € O;.
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Theorem 6.16. (p odd, R = C) Let w be a finite length smooth complex representation of
G'. On restriction to a small enough compact open subgroup K(m) of G', we have

4
(6.14) T~ ap(m)l + chi(ﬁ)ﬁ, co,(m) = dime Wy, (),
i=1

where ag(m) = dime 75™ — 1 ¢y (1) dime 75 The constant term in Theorem ©q)

18
4

co(m) = ao(m) = (3_ co.(7))/2.

The constant term c¢y(7) can be computed using (6.7) and (G.5).

Remark 6.17. When charp = 0,p odd and R = C, the theorem was known ([Assem94] and
the last section of [Nevins23]).

6.2.6. For any p, let m be an irreducible smooth complex representation of G’ and r the
cardinality of the L-packet of .

For any L-packet {7, 7o, 73, 74} of size 4, there exist integers ag, by such that on a small
enough compact open subgroup K of G’ we have

4 4
(6.15) ind% 1 ~ by +> 7, andifr=1, m~aTi+ > 7
i=1 =1
If » = 2, then det(G,) = Ng/p(£*/F) for a quadratic separable extension £//F. Choose
a bi-quadratic separable extension of F' containing E. There exist 71 and 75 in the associated
L-packet of size 4 (Proposition d.23)) and an integer aq such that on a small enough compact
open subgroup K of G’ we have

2
(6.16) T~ agly + ZT,'.
i=1
Therefore, when R = C we have:

Theorem 6.18. Let m be an irreducible smooth R-representation of G'. There are an
integer ag and irreducible smooth R-representations {Ti,Ts, 73,7} of G' forming an L-
packet, such that on a small enough compact open subgroup K of G' we have
4/r
T~ agl + Z Ti,
i=1
where r is the cardinality of the L-packet containing .

6.2.7. Let us prove Theorem for any R.

Put R, = Q% when chargp = 0 and R, = F}° when charp = ¢ > 0.

a) We show first that Theorem for R. extends to R. A cuspidal R-representation
of G’ is the scalar extension m1g = R ®p, ™ to R of a cuspidal R.-representation m of
G’ [Vignéras96] and the L-packets of size 4 are cuspidal. The scalar extension from R,
to R respects irreducibility, identifies the L-packets of size 4 over R, with those over R
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and sends the L-packets of size r over R, to L-packets of size r over R. Theorem [[.§
for R.-representations imply Theorem extends for R-representations which are scalar
extensions of R.-representations:

4/r 4/r
T~ agl + Z 7; implies by scalar extension 7wr ~ agl + Z Ti R-
i=1 i=1

The only irreducible smooth R-representations ot G’ which are not scalar extensions of
R -representations, are principal series 1% (n). But

(6.17) i%(n) ~ ind% (1) on some small open compact subgroup K of G,

and we have (6.15]) for the R .-representation indg: (1). Therefore, for any L-packet {71 r, To.r, T3.r, Ta.R }
of size 4, there is an integer ag such that
4
indg:(l) ~ apl + Z 7,k on some small open compact subgroup K of G'.
i=1
b) Theorem for C extends to Q% because the scalar extension from Q% to C
respects irreducibility, representations in an L-packet of size 4 are cuspidal, and cuspidal
representations complex representations of G’ are defined over Q.
c¢) Via an isomorphism C ~ Q¢¢, Theorem [L.§ for C extends to Q¢°. Theorem for
Qf¢ extends to Fj°-representations. Indeed, from Proposition [£.3]] an irreducible smooth
Fgc-representation 7 of G’ in an L-packet of size r, lifts to an integral irreducible smooth
9¢-representation 7 of G’ in an L-packet of size r (Proposition [LL6]). From Theorem
for Q¢ there is an L-packet {71, 7o, 73, 74} of irreducible smooth Q¢¢-representations of G’
and an integer ag, such that on a small enough compact open subgroup K of G’ we have
4/r 4/r
T~ agl + Zﬂ-. By reduction modulo ¢ 7 ~ agl + ZTZ',
i=1 i=1
where the reduction {7y, 7, 73,74} modulo ¢ of {7y, 7o, 73,74} forms an L-packet of irre-
ducible smooth F§¢-representations of G’. This ends the proof of Theorem [

Remark 6.19. From the proof, the recipes giving (6.15]) and (6.16]) remain valid for R.

6.2.8. Assume p odd and R = C. Let x be a vertex of the Bruhat-Tits building of G’.
In [Nevins23|, are defined admissible complex representations 7, 1,...7, 5 of the maximal
open compact subgroup G, fixing = such that the following is true. Let 7 be an irreducible
smooth complex representation of G’ of depth r, in the sense of Moy-Prasad. Then, there
are integers a1, ..., ar5 such that on restriction to G/

T,
5
T~ Zaw,iTw,i-
i=1

Now allow any R with charp # p and p odd. The representations 7, ; of Nevins transfered
to Qy¢ are integral, defined over Q% and can be transfered to R-representations 7, ; g.
The proof in §6.2.7 applies and shows that the above result is also valid over R with

Tz, 1,Ry -+ - Tx,5,R-
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7. APPENDIX - THE FINITE GROUP SLy(F,)

Let k be a finite field of characteristic p with ¢ elements. In this appendix we classify
irreducible representations of G = G Ly(k) and of G = SLs(k) over an algebraically closed
field R of characteristic 0 or ¢ > 0, ¢ # p. We could use [Bonnaféll] for charp # 2 and
[Kleshchev-Tiep09] for any R, but we prefer using the same methods as in the main text.

Note that the irreducible R-representations of the finite groups G and G’ are defined
over the algebraic closure R, of the prime field, and we can freely pass from R to any other
algebraically closed field of the same characteristic. Thus it is enough to consider the cases
where R = C or R = F§°. We aim also to prove the following theorem.

Theorem 7.1. Any irreducible F}¢ representation o of GLy(k) is the reduction modulo ¢
of a Qj°-representation & of GLy(k) such that &|sr,mw) and o|sp,x) have the same length.
Any irreducible F¢-representation of S Ly (k) is the reduction modulo £ of a Q}°-representation

Write Z for the centre of G, B for the upper triangular subgroup of G, and U for its
unipotent radical. Let us first recall the known classification of the R-representations of G
([Bushnell-Henniart02] for R = C and [Vignéras8§| for R = F§°).

The parabolically induced representation indg(l) realised by the space of constant func-
tions on B\G, contains the trivial character. It also has the trivial character as a quotient,
given by the functional A which sums the values of functions on B\G. The map from
the trivial subrepresentation to the trivial quotient is multiplication by ¢ + 1, so is an
isomorphism if ¢ does not divide ¢ 4+ 1, and is 0 otherwise. In the first case the quo-
tient St = ind%(1)/1 is irreducible, in the second case Ker()\)/1 is a cuspidal but not
supercuspidal representation oq of G.

The irreducible (classes of) R-representations o of G are :

1) The characters y o det where x is an R-character of k*.

2) When g+ 1 # 0 in R, the twists (y o det) ® St of St by the R-characters y o det of G.

2’) When ¢+ 1 =0 in R, the twists (x odet) ® og of gy by the R-characters x odet of G.

3) The irreducible principal series indg(xl ® X2), where x; and xo are two distinct
R-characters of k*.

4) The supercuspidal representations o (6), where 6 is an R-character of k3, § # 07, where
ko /k is a quadratic extension.

The only isomorphisms between those representations are given by exchanging y; and
X2 in 3), € and 67 in 4).

Twisting by an R-character y o det of GG has the obvious effect, for example sending 6 to
(x o N)0 where N(z) = 27! for z € k} in 4).

Any irreducible R-representation 7 of G’ is contained in the restriction o|g to G’ of an
irreducible R-representation o of G. The representation o|g is semi-simple of multiplicity
1 and its irreducible components are G-conjugate. The stabilizer of 7 contains ZG’ and
G/Z@G'" is isomorphic to k*/(k*)2. We have |k*/(k*)?| = 1 when p = 2 and |k*/(k*)?| = 2
when p is odd. Therefore o|¢ is irreducible when p = 2 and | has length 1 or 2 when p
is odd.
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When charg # 2, the length lg(o|g) of o|g is the number of R-characters y of k* such

that (xy odet) ® 0 ~ g, so
2 in case 3) if (x1/x2)? = 1 and in case 4) if (77 1)2 =1

71 gl = SERa) =

1 otherwise
The restrictions 01|, 02|cr of two irreducible representations oy, oy of G are isomorphic if
and only 01,09 are twists of each other by an R-character of G. Otherwise o|qr, 03| are
disjoint. So, we have a classification of the (isomorphism classes of) irreducible represen-
tations of G’ when charg # 2.

Remark 7.2. The restriction to B of a cuspidal representation of GG is the Kirillov represen-
tation k of B (the irreducible R-representation of B induced by any non-trivial R-character
of U). The restriction of x to U is the direct sum of all non-trivial R-characters of U. The
group B acts transitively on such characters, whereas B’ = B N G’ acts with two orbits.
It follows that the restriction of x to B’ has two inequivalent irreductible components.
Consequently a cuspidal representation of G restricts to G’ with length 1 or 2.

Let ¢ be an odd prime number different from p. Let us consider the reduction modulo ¢
of the previous irreducibles o over Qf° (since G is finite they are integral). For an integral
Q¢c-character x (with values in Z$¢) let ¥ denote its reduction modulo ¢. Reduction modulo
¢ is compatible with twisting by a Qf“-character y o det in the sense that the reduction of
(x o det) ® o is the twist by X o det of the reduction of o.

1) The trivial Q}°-character of G reduces to the trivial F¢°-character.

2) When ¢ does not divide g+1, the Steinberg Q}“-representation reduces to the Steinberg
Fj“-representation.

2’) When /¢ divides g+ 1, the Steinberg Q¢°-representation reduces to a length 2 represen-
tation with subrepresentation oy and trivial quotient (for the natural integral structure).

3) The irreducible principal series indf(x1 ® x2) reduces to the irreducible principal
series ind% (Y, ® X,) when X, # X,, and to (¥, o det) ® ind%(1) (of length 2 when ¢ does
not divide ¢+ 1, and length 3 otherwise) when Y; = X, (for the natural integral structure).

4) The supercuspidal Qf°-representation o (6), reduces to the supercuspidal F}¢-representation
o(0)if @ # ()7 = 04, and otherwise (which can happen only if £ divides g+1) to (nodet)®ay
where 7 is the Fj°-character of F; such that no N = 0.

A given Fj°-character of k* or k3 has a unique lift to a Zj°-character of the same order,
and from the above it is clear that any irreducible Fj“representation o of G' lifts to a Q3°-
representation. Moreover, one can choose a lift of & with the same length on restriction to
G', thus proving the theorem when /¢ is odd.

Let us finally assume charg = 2. Then p is odd and ¢+1 = 0 in R. Write g—1 = 2°m with
a positive integer s and an odd integer m. The number of irreducible R-representations of
G (resp. ZG') is the number of conjugacy classes in G (resp. ZG') of elements of odd order.
Let g € G of odd order. Then det(g) € k* has odd order so det(g) € (k*)*> and g € ZG'.
The G-conjugacy class of g is equal to its ZG'-conjugacy class unless the G-centralizer of
g is entirely in ZG'. In that exceptional case, the G-equivalence class of g is the union of
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two ZG'-equivalence classes. This happens only when g = zu where z € Z (of odd order)
and v # 1 is unipotent. That shows that m is the number of ZG’-conjugacy classes of
elements of odd order minus the number of G-conjugacy of such elements. Consequently
m is the number of irreducible R-representations of ZG' minus the number of irreducible
R-representations of G.

Consider first o(6) for a Q4°-character 6 of kj of order 2571, Certainly @ is trivial so that
the reduction of o(f) modulo 2 is gg. But ¢(c(0)|s/) = 2 by (1)), from which it follows
that £(og|er) > 2. We have seen however that ¢(og|er) < 2 (Remark [T2), so {(oo|er) = 2,
and each irreducible component of og|¢ lifts to an irreducible component of o(#)|g. The
F4¢-characters y of k* have an odd order, their number is m, and the representations
(x o det) ® g are not equivalent (the order of y is odd). We deduce:

Lemma 7.3. All irreducible F§¢-representations of G restrict irreducibly to G' except the
twists of oo by characters.
The reduction modulo 2 of any supercuspidal Q3°-representation of G' is irreducible.

We deduce the classification of irreducible R-representations of G/ when charg = 2 and
Theorem [7.I] when ¢ = 2.

Remark 7.4. For use in the main text we summarize:

a) When ¢ +1 = 0 in R, then o¢|sz,@) is irreducible if charp # 2, and has length 2 if
charp = 2.

b) In 4) let b € ky be an element of order ¢ + 1. We have 6 # 07 < 0(b) # 1 and
0(0)|sLyk) is irreducible if 6(b) # 1, and has length 2 if §%(b) = 1.

When charg = 2, or when p = 2 hence (2,q+ 1) = 1, we have 0(b) # 1 < 0(b?) # 1
hence 0(6)|sr,k) is irreducible for all  # 6.

When charp # 2 and p is odd, there exists 6 such that 6(b) # 1,0(b)> = 1, unique
modulo the twist by a character y such that y(b) = 1. The corresponding representations
o(0) of G are twists of each other by a character of G. Their restrictions to SLy(k) are
isomorphic and reducible of length 2.
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