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Using chiral effective field theory, we predict that there must be isovector charmonium-like DD̄∗

hadronic molecules with JPC = 1++ denoted as Wc1. The inputs are the properties of the X(3872),
including its mass and the ratio of its branching fractions of decays into J/ψρ0 and J/ψω. The
predicted states are virtual state poles of the scattering matrix, pointing at a molecular nature of
the X(3872) as well as its spin partners. They should show up as either a mild cusp or dip at the
DD̄∗ thresholds, explaining why they are elusive in experiments. The so far negative observation
also indicates that the X(3872) is either a bound state with non-vanishing binding energy or a
virtual state, only in these cases the X(3872) signal dominates over that from the W 0

c1. The pole
positions are 3865.3+4.2

−7.4 − i0.15+0.04
−0.03 MeV for W 0

c1 and 3866.9+4.6
−7.7 − i(0.07 ± 0.01) MeV for W±

c1.
The findings imply that the peak in the J/ψπ+π− invariant mass distribution is not purely from
the X(3872) but contains contributions from W 0

c1 predicted here. The states should have isovector
heavy quark spin partners with JPC = 0++, 2++ and 1+−, with the last one corresponding to Zc.
We suggest to search for the charged 0++, 1++ and 2++ states in J/ψπ±π0.

Introduction.—One of the prevailing mysteries in the
realm of strong interaction physics is connected to the
internal composition of the XY Z states observed by var-
ious experiments in the heavy quarkonium mass range
(for reviews, see Refs. [1–9]). A profound comprehension
of this matter could illuminate the distribution of energy
excitation within the nonperturbative domain of quan-
tum chromodynamics (QCD). Specifically, it could reveal
what kind of clustering (if any) emerges within multi-
quark states. For example, it could determine whether
the quarks cluster into individual hadrons making the
multiquark state a hadronic molecule, or into diquark
anti-diquark substructures generating compact states.
The X(3872) state, also known as χc1(3872) [10], offers
an ideal laboratory for addressing these questions.

The X(3872) was observed by the Belle Collabora-
tion [11] in e+e− → J/ψπ+π− and confirmed in many
reactions and various final states [12–20]. Its quan-
tum numbers are JPC = 1++ [15]. The most salient
feature of this state is that its mass is very close
to the D0D̄∗0 threshold—the mass measured from a
Flatté analysis by the LHCb Collaboration is MX =
3871.69+0.00+0.05

−0.04−0.13 MeV [21], while the D0D̄∗0 threshold
is at (3871.69 ± 0.07) MeV [10]. Despite the extremely
small phase space, the X(3872) was found to decay into
D0D̄∗0 and D0D̄0π0 with large branching fractions [22–
24]. These features suggest that this state be a hadronic
molecule [25–30] (see Ref. [31] for a review). How-
ever, there are other interpretations. For instance, the

X(3872) was explained as a compact tetraquark state
in Ref. [32]. Because the quark-gluon interactions are
isospin-independent, one distinct prediction in such a
tetraquark model is the existence of an isospin triplet
as flavor partners of the X(3872). The charged partner
of the X(3872) was searched for by Belle in the J/ψπ+π0

invariant mass distributions from B meson decays [33],
but no evidence was found.

In this Letter, based on chiral effective field theory
(EFT) with theX(3872) properties as input, we will show
in a model-independent way that the X(3872) should
have isovector partners also if it is a DD̄∗ hadronic
molecule. They are virtual states of the scattering ma-
trix, and their signals as either a mild cusp or dip at
the DD̄∗ threshold should be weak. It should be noted
that virtual states can only appear for hadronic molecu-
lar states [34]. Thus a confirmation of our claim would
at the same time be a proof for the molecular nature of
the X(3872) as well as its spin partners.

Symmetry analysis.—At energies very close to the
DD̄∗ thresholds, we can focus on S-wave meson-meson
scattering and neglect higher partial waves. Let us first
analyze consequences of heavy quark spin symmetry [35].
In the heavy quark limit, heavy quark spin decouples and
the total angular momentum of the light degrees of free-
dom jℓ becomes a good quantum number. The D and D∗

mesons are organized into doublets with jPℓ = 1/2−, de-
noted as H. In addition they can be grouped into isospin
doublets, e.g. D = (D+, D0)T . Thus, the S-wave states

ar
X

iv
:2

40
4.

11
21

5v
1 

 [
he

p-
ph

] 
 1

7 
A

pr
 2

02
4

https://orcid.org/0000-0001-6072-5378
https://orcid.org/0000-0003-0366-1042
https://orcid.org/0000-0001-6392-7143
https://orcid.org/0000-0002-2919-2064
https://orcid.org/0000-0002-3509-2473
https://orcid.org/0000-0003-1254-442X
https://orcid.org/0000-0002-4288-8672


2

containing HH̄ pairs can be arranged to form a definite
isospin, I, and jℓ. In particular, they can be decomposed
into four families [3, 36], two (I = 0, 1) with jℓ = 0:

0−+
ℓI ⊗ 0−+

cc̄ = 0++
I , 0−+

ℓI ⊗ 1−−
cc̄ = 1+−

I , (1)

and the other two (I = 0, 1) with jℓ = 1:

1−−
ℓI ⊗0−+

cc̄ = 1+−
I , 1−−

ℓI ⊗1−−
cc̄ = 0++

I ⊕1++
I ⊕2++

I . (2)

Here, the light quark-antiquark pair couples to the charm
quark-antiquark pair, jPCℓI ⊗ sPCcc̄ , to form the HH̄ pairs
with quantum numbers JPCI . Furthermore, P and C de-
note the parity and charge parity, respectively, and J
denotes the total angular momentum of HH̄. Therefore,
for the X(3872) being a JPCI = 1++

0 hadronic molecular
state, one can predict the existence of three additional
isoscalar states with 0++

0 , 1+−
0 , and 2++

0 , respectively, in
the strict heavy quark limit [37, 38]. In Eq. (2), the
JPCI = 0++

I and 1+−
I states are mixtures of different

charmed meson pairs [39], namely,

JPCI = 0++
I :

√
3

2
|DD̄⟩I −

1

2

∣∣D∗D̄∗〉
I
,

JPCI = 1+−
I :

1√
2

[∣∣∣(DD̄∗)[C=−]
〉
I
+
∣∣D∗D̄∗〉

I

]
,

(3)

respectively, with
(
DD̄∗)[C=−] the negative C-parity nor-

malized combination of DD̄∗ and D̄D∗. The JPCI = 1++
I

and 2++
I states are purely DD̄∗ and D∗D̄∗, respectively.

In particular, a D∗D̄∗ molecule with 2++
0 is generally ex-

pected [36, 38, 40–42], using as input only the X(3872)
mass.

One more piece of information that can be used to
constrain the HH̄ molecule is the ratio of the branching
fractions of the X(3872) decays into J/ψρ0 and J/ψω,
which is from isospin breaking and thus constrains the
I(jℓ) = 1(1) sector [40, 43–47]. The ratio of branch-
ing fractions can be used to extract the ratio of the de-
cay amplitudes of the X(3872) decays into J/ψρ0 and
J/ψω [48, 49]. The most recent determination by the
LHCb Collaboration is [50]

RX =

∣∣∣∣MX(3872)→J/ψρ0

MX(3872)→J/ψω

∣∣∣∣ = 0.29± 0.04 . (4)

The X(3872) flavor space wave function as a molecular
state is given by

|X⟩ = 1√
2

(∣∣∣(DD̄∗)[C=+]

0

〉
+
∣∣∣(DD̄∗)[C=+]

±

〉)
, (5)

where the first and second term in the paren-
theses are the positive C-parity pairs of the
neutral (D0D̄∗0−D̄0D∗0)/

√
2 and charged

(D+D∗−−D−D∗+)/
√
2 mesons, respectively, Being

a physical observable, the ratio in Eq. (4) is scale-
independent, and is related to the the couplings of the

X(3872) to the charged and neutral DD̄∗ pairs, gX±
and gX0, respectively, as

RX =

∣∣∣∣1−R±/0

1 +R±/0

∣∣∣∣ , R±/0 ≡ gX±

gX0
. (6)

Here, we have factorized the X decay amplitudes into
a long-distance and a short-distance part [51], with the
long-distance part given by the couplings to the charmed
meson pairs,

M[X→J/ψV ] =
1√
2
(gX0 ± gX±)Ms.d.

[DD̄∗→J/ψV ], (7)

where V = ρ0 or ω and the sign is “−” (“+”) for ρ0
(ω). Since the short distance DD̄∗ → J/ψV amplitudes
should be the same up to small flavor SU(3)-breaking
corrections, the short-distance part cancels out for the
two decays. An equivalent relation has been derived in
Refs. [45, 46]. Using Eq. (4), one obtains

R±/0 = 0.55± 0.05, (8)

which is sizably different from the value obtained in
Refs. [37, 42, 44], where the ratio in Eq. (4) was assumed
to be sensitive to the cutoff-dependent wave function of
the X(3872) at the origin. Since the squared couplings
g2X± and g2X0 correspond to the residues of the X(3872)
pole in the elastic scattering amplitudes of the charged
and neutral meson pairs, respectively, the ratio R±/0 and
the X(3872) mass as two inputs can be employed to con-
strain the jℓ = 1 S-wave HH̄ interactions in both the
isoscalar and isovector channels.

Predictions.—Similar to the matured chiral EFT for
nucleon-nucleon interaction [52], one can formulate a chi-
ral EFT for the DD̄∗ systems. The DD̄∗ interactions
can be described as a sum of contact terms and one-
pion exchange (OPE) derived from the D∗Dπ chiral La-
grangian [53].

Because the X(3872) is close to the D0D̄∗0 threshold,
the contact terms can be expanded in powers of a small
parameter Q/Λ, where Λ is a hard scale, and Q is the
momentum scale of the charmed meson, which may be es-
timated as

√
2µ±∆ ≃ 126 MeV, with µ± the D+D∗− re-

duced mass and ∆≡MD±+MD∗±−MD0−MD∗0=(8.23±
0.07) MeV [10].

At leading order (LO), there are two low-energy con-
stants (LECs), C0X and C1X , in the isoscalar and isovec-
tor channels, respectively [40].

Vct =
1

2

C0X+C1X C0X−C1X

C0X−C1X C0X+C1X

 , (9)

where the matrix is in the channel space with the first
and second channels being the neutral and charged DD̄∗

pairs, respectively, specified in Eq. (5).
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FIG. 1. DD̄∗ scattering amplitudes with the full DD̄π three-
body effects.

The amplitudes with the full DD̄π three-body effects
are solutions of the Lippmann-Schwinger equation (LSE),
as shown in Fig. 1,

T (E; p′, p) =V (E; p′, p)

+

∫
l2dl

2π2
V (E; p′, l)G(E; l)T (E; l, p), (10)

with E ≡ √
s−MD0 −MD∗0 ,

√
s the total energy in the

center-of-mass (c.m.) frame, p(′) the magnitude of the
initial (final) state c.m. three-momentum, G the Green’s
function for the two heavy mesons, and V the scattering
potential including both the contact term and the OPE,

V (E; p′, p) = Vct + Vπ(E; p′, p) . (11)

The D∗ widths are considered in G with both the Dπ
and Dγ contributions included. We treat the pions dy-
namically, approximate the photon loops in Fig. 1 by
imaginary constants determined from the D∗ radiative
decay widths, and neglect the photon exchange potential,
which binds the X atom as a D±D∗∓ Coulombic bound
state [54] but does not affect the formation of hadronic
molecular systems. Explicit expressions for the Green’s
function, the OPE potential, and technicalities regarding
the choice of the integration path [55] can be found in the
Supplemental Material [56].

The LSE is regularized with a momentum cutoff Λ and
solved numerically [55, 57–60]. By requiring the real part
of the X(3872) pole to be E = −BX , where the binding
energy is defined as BX ≡MD0 +MD∗0 −MX(3872), and

R±/0 = lim
E→−BX−iΓX0/2

T21(E)

T11(E)
, (12)

with ΓX0 the open-charm partial width of X(3872) from
the DD̄π and DD̄γ modes through the D∗ and D̄∗ de-
cays, we can determine C0X and C1X . The solution was
found employing an iterative procedure: We use the D∗0

width 55.3 keV [61] as the initial value for ΓX0, then C0X

and C1X are fixed to reproduce both the real part of the
X(3872) pole and the coupling ratio in Eq. (8). From
those LECs ΓX0 is recalculated, and the procedure is re-
peated until convergence is achieved. The resulting ΓX0
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FIG. 2. Left: C0X and C1X at Λ = 0.6 GeV as functions
of BX . Right: open-charm partial width of X(3872) from
the DD̄π and DD̄γ modes through D∗ and D̄∗ decays. The
bands are due to the uncertainty in Eq. (8).

is shown in the right panel of Fig. 2, and the LECs fixed
in this way in the left panel for Λ = 0.6 GeV.

Similar to the case of the pionfull EFT treatment of
the Tcc(3875) in Ref. [59], the smallness of the expansion
parameter Q/Λ ensures that the momentum independent
contact terms can absorb the LO cutoff dependence, with
the remainder a higher order effect relatively suppressed
by O(Q2/Λ2). We have checked that varying the cutoff
from 0.5 to 1.0 GeV, the predicted pole positions for the
spin partner states (relative to the corresponding thresh-
olds) change less than 5%.

Since all the S-wave HH̄ meson interactions for pairs
listed in Eq. (2) depend on the same C1X , we can
predict in a model-independent way the existence of
isovector HH̄ hadronic molecules using the C1X value
given in Fig. 2.1 In particular, we can robustly predict
the JPCI = 1++

1 (Wc1) states as isovector (DD̄∗)[C=+]

hadronic molecules. With the notation in Eq. (5), the
flavor wave function of the neutral Wc1 is

∣∣W 0
c1

〉
=

1√
2

(∣∣∣(DD̄∗)[C=+]

0

〉
−
∣∣∣(DD̄∗)[C=+]

±

〉)
. (13)

Despite that the absolute value of C1X is larger than
that of C0X at Λ = 0.6 GeV, the inclusion of the OPE
leads to a weaker attraction in the isovector channel than
the isoscalar one. Consequently, while the X(3872) is a
bound state pole in the stable D∗ limit, the W 0

c1 is a
virtual state pole of the same coupled-channel T -matrix
in Eq. (10), located on the unphysical Riemann sheet of
the complex E plane. Similarly, the charged W±

c1 is also
a virtual state pole in the stable D∗ limit, but of a single-
channel T -matrix. In Fig. 3, we show the pole positions

1 The predictions in Ref. [47] are cutoff dependent as the cutoff
dependence in the X → J/ψρ and J/ψω amplitudes was not
properly renormalized.
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FIG. 3. Dependence of the predicted Wc1 virtual state pole
position on the input X(3872) binding energy. The bands are
from the uncertainty in Eq. (8). Upper: real part of the pole
position with respect to the D0D̄∗0 (for W 0

c1) or D0D∗− (for
W−

c1) threshold. Lower: twice the magnitude of the imaginary
part of the Wc1 pole position.

of the predicted W 0
c1 and W±

c1 virtual states, which are

W 0
c1 : 3865.3+4.2

−7.4 − i0.15+0.04
−0.03 MeV,

W±
c1 : 3866.9+4.6

−7.7 − i(0.07± 0.01) MeV.
(14)

The Wc1 can decay into J/ψππ without breaking
isospin symmetry, and the neutral one should decay
into J/ψπ+π−, which is the discovery channel of the
X(3872) [11]. Thus, one natural question is why its
signal and the signal of the charged W±

c1 states have
not been observed [33]. To answer this question, we
show the line shapes that emerge from the (DD̄∗)

[C=+]
0 -

(DD̄∗)
[C=+]
± coupled-channel T matrix and the isovec-

tor D+D̄∗0 single-channel scattering amplitude in Fig. 4,
where BX = 180 keV is used as input for the X(3872)
binding energy. Being virtual states, the Wc1 appear
as threshold cusps. In the upper plot, the W 0

c1 signal
is partly hidden under the X(3872) signal which is rep-
resented by the huge narrow peak around the D0D̄∗0

threshold. The height of this peak depends crucially
on the X(3872) binding energy. For BX > 0, the
maximum is located at −BX . In that case, since the
peak is below threshold, the maximal |Tij | values are
larger than the values at the D0D̄∗0 threshold. It is
also more than one order of magnitude larger than the
cusps at the D+D∗− threshold as well as the cusp in
the D+D̄∗0 channel, explaining why so far no signifi-
cant signal around 3880 MeV has been reported. Fur-
thermore, subtracting out the X(3872) contribution sig-
nificantly reduces the peak at the lower threshold and
modifies the structure at the higher. The line shape of
|Tij−gXigXj/(E+BX+ iΓX0/2)|, with gXi the coupling
of X(3872) to channel-i, is shown in the right panel of

0 2 4 6 8 10
E [MeV]

102

103

104

105

|T
ij
(E

)|

|T11(E)|
|T21(E)|
|T22(E)|
−BX

0 2 4 6 8 10
E [MeV]

X(3872) contribution
 substracted

20 15 10 5 0 5 10 15 20
E+ [MeV]

200

400

600

800

1000

1200

|T
+
(E

+
)|

BX = 180 keV

FIG. 4. Upper: Line shapes of the S-wave D0D̄∗0-D+D∗−

scattering T -matrix elements, where the left and right parts
are for the full T -matrix elements and the T -matrix elements
with the X(3872) pole contribution subtracted, respectively.
Lower: Line shape of the single-channel D+D̄∗0 scattering
T -matrix element, with E+ defined relative to the D+D̄∗0

threshold. Here BX is set to 180 keV and the uncertainty is
from Eq. (8).

the upper plot in Fig. 4. It is evident that the remaining
line shapes possess threshold cusps of similar strengths
at both the D0D̄∗0 and D+D∗− thresholds.

The dip in the |T11(E)| line shape at the threshold
of charged charmed meson pair is due to the strong S-
wave attraction of the (DD̄∗)

[C=+]
± pair. It is another

manifestation of the mechanism introduced in Ref. [62],
which also offers a natural explanation [63] of the dip
around the X(3872) mass in e+e− direction production
cross section measured by BESIII [64].

However, if the X(3872) approaches the zero binding
limit, that is BX → 0, the residues of the T -matrix
elements at the X(3872) pole will be significantly re-
duced since they scale as

√
2µ0BX .2 Then removing the

X(3872) pole contribution would hardly change the line
shapes, and the Wc1 signals would be relatively more

2 No such relation exists for virtual states.
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prominent, in conflict with experiment. Therefore, we
conclude from the above analysis that the X(3872) must
be either a bound state with a non-vanishing binding en-
ergy or a very close to threshold virtual state in order to
prevent a strong signal from the isovector Wc1 states.

In the strict heavy quark limit, when D and D∗ are de-
generate, the Wc1 should have isovector heavy quark spin
partners with JPCI = 0++

1 , 2++
1 and 1+−

1 listed in Eq. (2).
As shown in Eq. (3), the first one involves both S-wave
DD̄ and D∗D̄∗, and the third one, which, mixing with
the 1+−

1 state from Eq. (1), form the Zc(3900) [65, 66]
and the Zc(4020) [67, 68] , involves both S-wave DD̄∗

and D∗D̄∗. In addition, the second one can decay into
DD̄ and DD̄∗ in D waves. Hence, a full calculation of all
these cases would involve coupled channels with thresh-
old differences of about 0.14 or 0.28 GeV, which relate
to quite large momentum scales of the order of 0.5 and
0.7 GeV, respectively, requiring the inclusion of higher
terms in the chiral expansion to reach sufficient accuracy.
Moreover, a proper treatment of the then unavoidable D-
wave contributions needs an S–D counterterm promoted
to LO to render the results regulator independent [69, 70].
To fix this counterterm, additional data need to be in-
cluded. Thus, we discuss these sectors more qualitatively
in terms of a pionless theory. The LECs C0X and C1X are
determined similarly as above. We checked that in the
pionless theory the features of the results discussed above
remain (for details, see the Supplemental Material [56]).
For example, a virtual state pole is obtained for Wc1 by
about 10 MeV below threshold. Varying the two-meson
reduced mass between MD/2 and MD∗/2, the virtual en-
ergy changes only by ±3 MeV. Therefore, we anticipate
virtual states in all the 0++

1 (Wc0), 1+−
1 (Zc), and 2++

1

(Wc2) channels. Yet, since a coupling to higher channels
effectively provides an additional attraction, the first two
virtual states could be closer to threshold or even become
bound state(s).

Summary.—In this Letter, we show that the X(3872)
treated as an isoscalar DD̄∗ hadronic molecule, must
have an isovector partner with the same particle con-
tent and JPCI = 1++

1 , based on chiral EFT employ-
ing only X(3872) properties as input. The predicted
states are virtual states in the scattering matrix that
leave an imprint in the data either as a mild cusp or
dip at the DD̄∗ threshold. The pole positions are at
3865.3+4.2

−7.4 − i0.15+0.04
−0.03 MeV for W 0

c1 and 3866.9+4.6
−7.7 −

i(0.07± 0.01) MeV for W±
c1. Moreover, the states should

have isovector heavy quark spin partners with JPCI =
2++
1 (Wc2), 1+−

1 (corresponding to a mixture of Zc(3900)
and Zc(4020)), and 0++

1 (Wc0). All these are expected
to be virtual states, though channel couplings to D∗D̄∗

in some cases may promote a virtual state to a bound
one. While isovector partner states are expected also for
compact tetraquarks [32], only a molecular nature allows
for virtual states [34]. Virtual states leave an imprint
in the data exactly at threshold which is thus a model-

independent prediction from the molecular scenario dis-
cussed in this Letter.

The findings here imply that the resonant peak in the
J/ψπ+π− distributions around 3872 MeV is not purely
from the X(3872) but also contains contributions from
the W 0

c1 state. The charged W±
c1 state should have a

threshold cusp in the D+D∗− invariant mass distribu-
tion, and can be searched for in high-statistics data
samples of the J/ψπ±π0. The charged W±

c0 and W±
c2,

whose mass predictions are more uncertain, may also be
searched for in the same final state.
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Supplemental Materials

Details of the Lippmann-Schwinger equation

The introduction of a dynamical pion in the interaction between DD̄∗ leads to the emergence of nontrivial cuts in
the DD̄∗ scattering amplitude in two ways [55, 58–60]: first, the on-shellness of the exchanged pion between DD̄∗,
depicted in Fig. 5 (a); and second, the energy-dependent width of D∗, depicted in Fig. 5 (b). These two aspects are
discussed in detail here.

The D∗Dπ coupling can be described by the Lagrangian [53],

LDD∗π = −
√
2g

Fπ

√
mDmD∗

{[
D(∂µP)D∗†

µ +D∗
µ(∂

µP)D†]− [D̄(∂µP)T D̄∗†
µ + D̄∗

µ(∂
µP)T D̄†]} , (15)

where Fπ = 92.1 MeV is the pion decay constant, g = 0.57 is determined by the D∗ → Dπ decay width [10], and

D = (D+, D0), D̄ = (D−, D̄0),

D∗ = (D∗+, D∗0), D̄∗ = (D∗−, D̄∗0),

P =

(
π0/

√
2 π+

π− −π0/
√
2

)
.

(16)

We have used the following phase conventions for charge conjugation,

Ĉ|D⟩ = |D̄⟩, Ĉ|D∗⟩ = −|D̄∗⟩. (17)

OPE

Using the Lagrangian in Eq. (15), the OPE potential of the D0D̄∗0-D+D∗− coupled channels in S-wave can be
expressed as

Vπ(E; p′, p) =
g2

6F 2
π

 1
2V

SS
D0π0D̄0 V SSD0π+D−

V SS
D+π−D̄0

1
2V

SS
D+π0D−

 , (18)

with

V SSαβζ =
1

2

∫ 1

−1

dz
q2

DTOPT
αβζ (E; p′, p, z)

, (19)

and q2 = p′2 + p2 − 2p′pz. The propagator of the exchanged pion reads in time-ordered perturbation theory (TOPT)
as

1

DTOPT
αβζ

=
1

2Eβ(q)

(
1

DR
αβζ

+
1

DA
α∗βζ∗

)
, (20)

with

DR
αβζ =

√
s− Eα(p)− Eβ(q)− Eζ(p

′) + iε, (21)

DA
α∗βζ∗ =

√
s− Eα∗(p′)− Eβ(q)− Eζ∗(p) + iε. (22)

These two terms correspond to the diagrams in Fig. 5 (a) and (c), respectively. Here the energy for particle α with
3-momentum magnitude l is expressed as Eα(l) =

√
l2 +M2

α. The labels α∗ and ζ∗ represent D∗ and D̄∗, respectively,
and their electric charges are given by

Qe(α
∗) = Qe(α) +Qe(β), Qe(ζ

∗) = Qe(β) +Qe(ζ). (23)
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α

β

ζ

α∗

β

ζ∗α′

β ′

ζ ′C1 C2 C3

(a) (b) (c)

c

FIG. 5. Illustration of the 3-body cuts in the (a) retarded propagator, (b) D∗ selfenergy, and (c) advanced propagator. The
D∗, D, and π mesons are represented by the double solid, solid, and dashed lines, respectively. The three particles on the blue
cut C1 or C2 can go on-shell in the physical energy region, while the three particles on the green cut C3 cannot. The labels of
the particles on the cuts are those in Eqs. (20) and (45).
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0.2

0.3

-0.3
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−0.3

−0.2

0.3

−0.3

0.1

−0.3

−0.1

0.3

0.1

−0.1

−1

−0.3

−1

−0.3

Re(𝑧)

Re(𝑧)

Re(𝑧)

Re(𝑧)

Re(𝑧)

Re(𝑧)

Re(𝑧)

Im(𝑧)

Im(𝑧) Im(𝑧)

Im(𝑧) Im(𝑧)

Im(𝑧) Im(𝑧)

(a)

(b.1) (b.2)

(c.1) (c.2)

(c.3) (c.4)

FIG. 6. Possible positions of the singularities z0R and z0π (blue dots) relative to region M (shaded area) and the corresponding
integration paths (in red).

The integrand of Eq. (19) is divergent at the roots z0R and z0π of DR
αβζ(E; p′, p, z) and Eβ(q), respectively. One

should deform the integration path to avoid the singularities being too close to it. We use the strategy in Ref. [55].
That is, we define a neighbourhood M =

{
z ∈ C

∣∣∣ − 1 < Re[z] < 1,−0.3 < Im[z] < 0.3
}

of z ∈ [−1, 1] and choose
the integration path properly according to the relative positions of z0R and z0π to M . Without loosing generality, we
assume Re[zR] ≥ Re[zπ] in the following discussion on the choice of the integration path. There are several cases:
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(a) z0R /∈M & z0π /∈M . Both singularities are not in M . The integration path is just

Ca =
{
z ∈ R

∣∣∣− 1 ≤ z ≤ 1
}
, (24)

like (a) in Fig. 6.

(b)
(
z0R ∈ M & z0π /∈ M

) ∣∣∣∣ (z0R /∈ M & z0π ∈ M
)
. Only one of the singularities is located in M and is denoted

as zM . The path depends on the position of zM in M .

(1) Im[zM ] > 0. The path is chosen as

Cb1 = C
(1)
b1 ∪ C(2)

b1 ∪ C(3)
b1 , (25)

C
(1)
b1 =

{
z(t) ∈ C

∣∣∣z(t) = −1− it/5, 0 ≤ t ≤ 1
}
, (26)

C
(2)
b1 =

{
z(t) ∈ C

∣∣∣z(t) = −1− i/5 + 2t, 0 ≤ t ≤ 1
}
, (27)

C
(3)
b1 =

{
z(t) ∈ C

∣∣∣z(t) = 1− i(1− t)/5, 0 ≤ t ≤ 1
}
, (28)

like (b.1) in Fig. 6.
(2) Im[zM ] < 0. The path is chosen as

Cb2 = C
(1)
b2 ∪ C(2)

b2 ∪ C(3)
b2 , (29)

C
(1)
b2 =

{
z(t) ∈ C

∣∣∣z(t) = −1 + it/5, 0 ≤ t ≤ 1
}
, (30)

C
(2)
b2 =

{
z(t) ∈ C

∣∣∣z(t) = −1 + i/5 + 2t, 0 ≤ t ≤ 1
}
, (31)

C
(3)
b2 =

{
z(t) ∈ C

∣∣∣z(t) = 1 + i(1− t)/5, 0 ≤ t ≤ 1
}
, (32)

like (b.2) in Fig. 6.

(c) z0R ∈M & z0π ∈M . Both singularities are in the region M . The are four cases of the singularity positions.

(1) Im[zR] > 0 & Im[zπ] > 0. Both singularities are on the upper half z plane. The path is chosen as Cc1 = Cb1,
like (c.1) in Fig. 6.

(2) Im[zR] < 0 & Im[zπ] < 0. Both singularities are on the lower half z plane. The path is chosen as Cc2 = Cb2,
like (c.2) in Fig. 6.

(3) Im[zR] > 0 & Im[zπ] < 0. The two singularities are on the opposite side of the real axis on the z plane, the
integration path is chosen as

Cc3 = C
(1)
c3 ∪ C(2)

c3 ∪ C(3)
c3 , (33)

C
(1)
c3 =

{
z(t) ∈ C

∣∣∣z(t) = −1 + (z1 + 1)t, 0 ≤ t ≤ 1
}
, (34)

C
(2)
c3 =

{
z(t) ∈ C

∣∣∣z(t) = z1 + (z2 − z1)t, 0 ≤ t ≤ 1
}
, (35)

C
(3)
c3 =

{
z(t) ∈ C

∣∣∣z(t) = z2 + (1− z2)t, 0 ≤ t ≤ 1
}
, (36)

like (c.3) in Fig. 6, where z1 = Re[z0π] + i/10, z2 = Re[z0R]− i/10.
(4) Im[zR] < 0 & Im[zπ] > 0. The two singularities are on opposite sides of the real axis on the z plane, and

the integration path is chosen as

Cc4 = C
(1)
c4 ∪ C(2)

c4 ∪ C(3)
c4 , (37)

C
(1)
c4 =

{
z(t) ∈ C

∣∣∣z(t) = −1 + (z3 + 1)t, 0 ≤ t ≤ 1
}
, (38)

C
(2)
c4 =

{
z(t) ∈ C

∣∣∣z(t) = z3 + (z4 − z3)t, 0 ≤ t ≤ 1
}
, (39)

C
(3)
c4 =

{
z(t) ∈ C

∣∣∣z(t) = z4 + (1− z4)t, 0 ≤ t ≤ 1
}
, (40)

like (c.4) in Fig. 6, where z3 = Re[z0π]− i/10, z4 = Re[z0R] + i/10.
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D∗ selfenergy

The Green’s function in Eq.(10) is expressed as

G(E; l) =

(
G0(E; l) 0

0 G±(E; l)

)
=

(
1

E−l2/(2µ0)+iΓD
0 (E;l)/2

0

0 1
E−∆−l2/(2µ±)+i2ΓD

±(E;l)/2

)
, (41)

with µ0 =MD0MD∗0/(MD0 +MD∗0) and µ± =MD+MD∗−/(MD+ +MD∗−). The energy-dependent decay widths of
neutral and charged D∗ mesons read

ΓD
0 (E; l) = Γ[D∗0→D0γ] +

g2MD+

12πF 2
πMD∗0

[ΣD+π−D0 (E; l, µ±)− ΣD+π−D0 (0; 0, µ±)]

+
g2MD0

24πF 2
πMD∗0

ΣD0π0D0 (E; l, µ0) , (42)

ΓD
±(E; l) = Γ[D∗+→D+γ] +

g2MD+

24πF 2
πMD∗+

ΣD+π0D− (E; l, µ±) +
g2MD0

12πF 2
πMD∗+

ΣD0π+D− (E; l, µ±) . (43)

We take the radiative decay widths as constants [10],

Γ[D∗0→D0γ] = 19.5 keV, Γ[D∗+→D+γ] = 1.3 keV, (44)

while the strong decay width depends on the pion momentum cubed in the rest framework of D∗,

Σαβζ(E; l, µ) =

[
2µαβ

(√
s−Mα −Mβ −Mζ −

l2

2µ

)]3/2
, (45)

with µαβ =MαMβ/(Mα +Mβ). The cut of the square root function in Σαβζ(E; l, µ) is defined parallel to the negative
imaginary axis on the complex energy plane to ensure a smooth cut crossing in the pole searching procedure [55, 57,
59, 60].

Charged isospin-1 channel

The charged isospin-1 state of DD̄∗, named as W±
c1, can be expressed in flavor space as

∣∣W+
c1

〉
=

1√
2

(∣∣D+D̄∗0〉− ∣∣D̄0D∗+〉) , ∣∣W−
c1

〉
=

1√
2

(∣∣D0D∗−〉− ∣∣D−D∗0〉) . (46)

The pole positions of W±
c1 are determined in a single-channel treatment by using the isospin averaged masses for the

charmed mesons, MD(∗) = (MD(∗)0 +MD(∗)+) /2. The potential for the charged isospin-1 state of DD̄∗ reads

V+(E+; p
′, p) = C1X − g2

12F 2
π

V SSD+π0D̄0(E+; p
′, p), (47)

with E+ =
√
s −MD −MD∗ . The OPE potential V SS

D+π0D̄0 is defined as in Eq. (19). The Green’s function in this
channel reads

G+(E+; l) =
1

E+ − l2

2µ+
+ i

2Γ
D
+(E+; l)

, (48)

with µ+ = MDMD∗/(MD +MD∗) and the energy-dependent decay width is taken to be the average of those of D∗0

and D∗+,

ΓD
+(E+; l) =

1

2

[
ΓD
0 (E+; l) + ΓD

±(E+; l)
]
. (49)
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Riemann sheets

For each channel, the scattering amplitude is in general a multi-valued function of the energy in the c.m. frame
since it depends on the on-shell momentum, lon, determined by

1

G0(E; lon,0)
= 0,

1

G±(E; lon,±)
= 0, or

1

G+(E+; lon,+)
= 0, (50)

for a given E or E+. lon has a cut from the threshold, which is on the complex plane because of the finite width of
D∗, to infinity. We choose the cut to be a right-hand one.

For the neutral coupled channels, there are two channels and in turn 4 Riemann sheets (RSs), which are labeled
with (sgn[Im lon,0], sgn[Im lon,±]),

RS(+,+), RS(−,+), RS(−,−), RS(+,−). (51)

The X(3872) pole, as a bound state pole, is located on RS(+,+), while the W 0
c1 virtual state pole is located on

RS(−,−). For the charged single channel, there are 2 RSs labeled with sgn[Im lon,+],

RS(+), RS(−), (52)

and the W±
c1 virtual state pole is located on RS(−).

Numerical procedure

With all the singularities in the OPE potential and D∗ selfenergy being treated properly, the numerical solution
of the integral LSE can be carried out. The integration over momentum l in the numerical LSE is regularized by a
sharp cutoff Λ. The momentum integration is performed using the Gauss-Legendre quadrature so that the integral
equation becomes a matrix equation. For each channel, the grid points are chosen such that they are much denser
in the interval l ∈ [0,Λ/10] than in l ∈ [Λ/10,Λ] since the integrand varies more rapidly in the former small interval.
Note that the potential never becomes singular on the real-l axis, when Γ[D∗→Dγ] ̸= 0. The determination of the Wc1

pole positions involves the following sequential steps:

1. Determine the two LECs C0X and C1X by solving the following two equations,

T−1

(
−BX − i

ΓX0

2

)
= 0, (53)

R±/0 = lim
E→−BX−iΓX0/2

T21(E)

T11(E)
, (54)

where ΓX0 is determined by the iterative procedure mentioned in the main text. The resulting LECs and
X(3872) pole position on RS(+,+) are rechecked so that they indeed satisfy the above two equations.

2. The LECs determined from the first step are used as inputs to solve T−1
(
−BW 0

c1
− iΓW 0

c1
/2
)
= 0 to obtain

the pole position of W 0
c1 on RS(−,−) in the neutral coupled channel system, and C1X is also used to solve

T−1
+

(
−BW±

c1
− iΓW±

c1
/2
)
= 0 to obtain the W±

c1 pole position on RS(−) in the charged single channel system.

3. For a given BX in the range of [0, 180] keV, the last two steps are repeated by varying RX from 0.25 to 0.33 to
assess the uncertainties. The outcomes obtained at RX = 0.29 are considered as the central values, while those
at RX = 0.25 and 0.33 are treated as the boundaries.

4. The cutoff dependence of the Wc1 pole positions is checked numerically by varying Λ from 0.5 to 1 GeV, and
the pole positions in E exhibit a minor change of less than 5%, which is indeed of O(Q2/Λ2).
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Results in the pionless theory

In the pionless theory, the LSE for the (DD̄∗)
[C=+]
0 -(DD̄∗)

[C=+]
± coupled channels in Eq. (10) is reduced to

T (E) = Vct + VctJ(E)T (E) =
1

V −1
ct − J(E)

(55)

where

J(E) =

(
−µ0Λ

π2 − iµ0

2π k0 0

0 −µ±Λ
π2 − iµ±

2π k±

)
≡
(
dΛ0 − iµ0

2π k0 0

0 dΛ± − iµ±
2π k±

)
, (56)

with

k0 =
√
2µ0E + iµ0ΓD∗0 , k± =

√
2µ±(E −∆) + iµ±ΓD∗+ , (57)

the on-shell c.m. momenta in D0D̄∗0 and D+D∗− channels, respectively. Here, ΓD∗0 = 55.3 keV [61] and ΓD∗+ =
83.4 keV [10] are taken to be constants.

The cutoff dependence can be fully absorbed by Vct when isospin breaking is neglected in the short-distance
contributions, dΛ0 = dΛ± ≡ dΛ, and hence

T−1(E) = V −1
ct − J(E) = (V Rct )

−1 − JR(E), (58)

with

V Rct =
1

2

CR0X + CR1X CR0X − CR1X

CR0X − CR1X CR0X + CR1X

 , and JR(E) =

(
− iµ0

2π k0 0

0 − iµ±
2π k±

)
. (59)

The bare and renormalized LECs are related by

C−1
0X =

1 + (CR0X + CR1X)dΛ + CR0XC
R
1X(dΛ)2

CR0X + CR0XC
R
1Xd

Λ
, C−1

1X =
1 + (CR0X + CR1X)dΛ + CR0XC

R
1X(dΛ)2

CR1X + CR0XC
R
1Xd

Λ
. (60)

Using the X(3872) binding energy and the decay ratio RX as inputs, CR0X and CR1X can be solved as

CR0X =
[1 +R±/0][J

R
1 −R±/0J

R
2 ]

(JR1 )2 −R2
±/0(J

R
2 )2

|E=−BX
, CR1X =

[1−R±/0][J
R
1 +R±/0J

R
2 ]

(JR1 )2 −R2
±/0(J

R
2 )2

|E=−BX
, (61)

and as functions of BX , shown in the left panel of Fig. 7.
For the charged isospin-1 single channel, the LSE reads

T+(E) =
1

C−1
1X − J+(E)

=
1

(CR1X)−1 − JR+ (E)
, (62)

where

J+ = −µ+Λ

π2
− iµ+

2π
k+ ≡ dΛ+ − iµ+

2π
k+, JR+ = − iµ+

2π
k+, (63)

with k+ =
√

2µ+E+ + iµ+ΓD∗ , and ΓD∗ = (ΓD∗0 + ΓD∗+)/2, and again short-distance isospin breaking is neglected
such that dΛ+ = dΛ.

Using the determined CR0X and CR1X , we predict the W 0
c1 and W±

c1 pole positions as functions of BX , shown in the
right panel of Fig. 7. Comparing them with the results with fully dynamical pions in Fig. 3, one sees that the real
parts are similar while the imaginary parts differ significantly. This is expected as the imaginary parts are dominated
by the DD̄π cuts.

Setting BX = 180 keV, the predicted lineshape of the (DD̄∗)
[C=+]
0 -(DD̄∗)

[C=+]
± coupled-channel T matrix and the

isovector D+D̄∗0 single-channel scattering T -matrix elements are illustrated in Fig. 8. The contact term for the
JPCI = 2++

1 D∗D̄∗ system is also C1X . Using the determined values of CR1X in Fig. 7, the Wc2 mass is predicted to
be 4010.4+2.2

−3.5 MeV from the pole position of the D∗D̄∗ single channel T matrix, where the isospin-averaged mass of
D∗ is taken.



14

0 20 40 60 80 100 120 140 160 180
BX [keV]

4

2

0

2

4

6

8
C
R IX

[f
m

2
]

CR
0X

CR
1X

0

5

10

15

20

B W
c1

[M
eV

]

W 0
c1

W±
c1

0 25 50 75 100 125 150 175
BX [keV]

60

65

70

Γ
W

c1
[k

eV
]

FIG. 7. Left: Renormalized CR
0X and CR

1X as functions of BX . Right: Dependence of the predicted Wc1 virtual state pole
position on the input X(3872) binding energy in the pionless theory. The bands are from the uncertainty in Eq. (8). Upper:
real part of the pole position with respect to the D0D̄∗0 (for W 0

c1) or D0D∗− (for W−
c1) threshold. Lower: twice the magnitude

of the imaginary part of the Wc1 pole position. The bands are due to the uncertainty in Eq. (8).
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FIG. 8. Left: Line shapes of the S-wave D0D̄∗0-D+D∗− scattering T -matrix elements in the pionless theory, where the left
and right parts are for the full T -matrix elements and the T -matrix elements with the X(3872) pole contribution subtracted,
respectively. Right: Line shape of the single-channel D+D̄∗0 scattering T -matrix element, with E+ defined relative to the
D+D̄∗0 threshold. Here BX is set to 180 keV and the uncertainty is from Eq. (8).


	 Predicting isovector charmonium-like states from X(3872) properties 
	Abstract
	Acknowledgments
	References
	Supplemental Materials
	Details of the Lippmann-Schwinger equation
	OPE
	D* selfenergy
	Charged isospin-1 channel
	Riemann sheets
	Numerical procedure

	Results in the pionless theory



