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A broad class of systems, including ecological, epidemiological, and sociological ones, are char-
acterized by populations of individuals assigned to specific categories, e.g., a chemical species, an
opinion or an epidemic state, that are modeled as compartments. Due to interactions and intrin-
sic dynamics, individuals are allowed to change category, leading to concentrations varying over
time with complex behavior, typical of reaction-diffusion systems. While compartmental modeling
provides a powerful framework for studying the dynamics of such populations and describe the
spatiotemporal evolution of a system, it mostly relies on deterministic mean-field descriptions to
deal with systems with many degrees of freedom. Here, we propose a method to alleviate some of
the limitations of compartmental models by capitalizing on tools originating from quantum physics
to systematically reduce multi-dimensional systems to an effective one-dimensional representation.
Using this reduced system, we are able to not only investigate the mean-field dynamics and their
critical behavior, but we can additionally study stochastic representations that capture fundamen-
tal features of the system. We demonstrate the validity of our formalism by studying the critical
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behavior of models widely adopted to study epidemic, ecological and economic systems.

I. INTRODUCTION

Complex systems consist of a multitude of intercon-
nected and interacting entities that form extensive net-
works, with typical examples ranging from chemical to
ecological and social ones [1-9]. To analyze their com-
plex behavior, often characterized by collective dynamics,
phase transitions and other emergent phenomena, com-
partmental modeling is usually adopted. In this frame-
work, units of the system are categorized or stratified into
distinct species, states or categories, referred to as com-
partments, and the concentration of units in each com-
partment is studied over time while taking into account
the change of species due to either unit-unit interactions
or spontaneous transitions into other compartments.

Compartmentalization facilitates the study of dynamic
behaviors and phase transitions in some order parameters
as a function of control parameters that directly depend
on modeling assumptions and observables. For instance,
in the case of an epidemic outbreak it is possible to study
how the steady-state density of infected individuals de-
pends on the transmission rate of a pathogen by means
of social contacts and the recovery rate from the cor-
responding disease [10-12] (see [13] for an extensive re-
view). One of the most successful frameworks to study
the behavior of such epidemic systems, as well as of the
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ones consisting of multiple interconnected compartments,
is based on the study of the next-generation matrix, an
indispensable tool for analyzing the conditions required
to favor the emergence of active states where epidemics
dynamics is sustained and infection has the potential to
scale at system level [14, 15].

Despite its successes, compartmental modeling comes
with some limitations. For instance, the aforementioned
next-generation matrix formalism, while robust, offers a
limited scope in addressing the multitude of degrees of
freedom present in large-scale interconnected systems. In
fact, the presence of this constraint requires the introduc-
tion of simplifying assumptions and approximations, of-
ten in the form of deterministic mean-field equations, to
deal with the complexity inherent in these systems. Nev-
ertheless, these approximations can be still very powerful:
for example, in the case of complex networks with an het-
erogeneous degree distribution it is possible to consider
classes of a specific degree and then study the dynamics
of the overall system by means of the dynamics of such
classes. This approach leads to heterogeneous mean-field
equations that allows one to model the collective behav-
ior of a system more accurately than simple homogeneous
mean-field equations [16-18].

In fact, this approach shares commonalities with the
study of the broad class of reaction-diffusion processes
to describe chemical reaction networks [19], where units
are chemical species undergoing transitions because of
chemical reactions or spontaneous transformations. This
parallel is striking and it is therefore natural to wonder
if, and under which conditions, it is possible to analyze
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population dynamics of a variety of complex systems by
means of a formalism that overcomes the inherent limi-
tations of the current ones.

Chemical reaction networks (broadly speaking) have
been extensively studied by means of the Doi-Peliti for-
malism [20, 21], offering a rich methodology for analyzing
both stochastic and deterministic dynamics beyond pure
mean-field approaches. However, while chemical reac-
tion networks are subject to strict constraints, such as
the mass balance of chemical elements [22, 23], this is
not always the case for the general systems we are inter-
ested into in this work, where compartments can also be
of heterogeneous nature. Therefore, we anticipate that
it will be necessary to adapt the Doi-Peliti formalism to
deal with the variety of cases of interest for network and
complexity science. Accordingly, in the following, we will
refer in general to chemical reaction networks (CRNs) to
indicate such a broad spectrum of systems, from chemical
to ecological and social ones.

The dynamics of a CRN can be completely described
by a master equation and the Doi-Peliti formalism re-
calls the second quantization used in quantum field the-
ory to apply the methods for studying quantum systems
for the analysis of stochastic classical systems. One of
these methods is the path integral representation [24],
that is particularly useful to go beyond the determinis-
tic mean-field limit of a model, providing insights on its
stochastic behavior. In the last years, attempts to extend
this formalism to systems with many degrees of freedom
have been proposed [24-27], although providing general
results is still a challenging endeavour.

Building upon these works, we develop a framework
that describes multi-compartment systems by reducing
them to a one-dimensional effective model, showing how
to map a CRN to a Hamiltonian problem. This map-
ping allows us to characterize the critical behavior, if
any, of the CRN through an elegant geometrical inter-
pretation. Furthermore, irrespectively of the presence,
or lack thereof, of phase transitions in the stochastic pro-
cess of interest, our formalism provides a way to approx-
imate its steady-state with high accuracy even for sys-
tems where existing approaches cannot be readily used.
The idea of building on methods originating from quan-
tum physics to study complex networks, or viceversa, has
proven successful to stretch the boundaries of statistical
physics [28—-36]. Similarly, we foresee broad applications
of our dimensionality reduction approach to study the
critical behaviour and the population dynamics of multi-
compartment processes.

The article is organized as follows. We first provide
the theoretical basis of our work in Sec. II, where we
introduce the terminology, discuss the Doi-Peliti’s path
integral formalism for the study of CRNs, and lay out the
mapping from CRNs to Hamiltonian systems. In Sec. III,
we present the geometrical interpretation of phase tran-
sitions by means of the analysis of phase portraits, and
detail how to classify them. In Sec. IV, we present the
method for dimensionality reduction to an effective one-

dimensional model for the dynamics. Throughout the
article, we accompany the theoretical results with appli-
cations to stochastic models of different nature and in-
creasing complexity, thus validating our framework and
discussing its limitations. We close the article with our
conclusions in Sec. V.

II. THEORETICAL BACKGROUND
A. Stochastic compartmental models

Many natural, biological and socio-technical phenom-
ena can be modelled by means of stochastic processes.
Through a probabilistic representation, one focuses on
a macroscopic quantity n whose dynamics is probabilis-
tically described by a distribution p(n,t) that depends
on the features of the system. Some examples include
the disease spreading, where n represents the number
of infected individuals, or ecological systems where this
variable describes species abundance. From a mathemat-
ical point of view, n is the output of a discrete random
variable, whereas p(n, t) is the probability of finding that
random variable with value n at time ¢. Generally, we can
take n as a discrete quantity. We will focus on homoge-
neous Markovian systems only, therefore the dynamical
behaviour of the systems is governed by a master equa-
tion

ZHnmp (m,t), (1)
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where the sum is evaluated over all possible states, and
H,,,, elements of a matrix that is defined by the system
interactions. This matrix can be written in terms of the
transition rates w(n|m), that represent the probability
per unit of time of transitioning from the state m to the
state n, that is

H,p,, = w(njm) —

o Ll ), (@

where 0,,,, is the Kronecker delta. This compartmental
representation is very flexible, and the evolution of the
system narrows down to keeping trace of the number of
elements that belong to each state-compartment.

Now let M be the number of compartments neces-
sary to fully characterize a system, which we denote
{L;}i=1,..m. In this case, n = (n1,ng,...,np) is the
(multi-dimensional) variable of interest, and n; is the
population number in the i-th compartment. For a
generic system, M can be arbitrarily large, and the inter-
action network very complex. For the sake of simplicity,
in this work we limit ourselves to the case of well-mixed
reaction networks, given by the set of transitions

M M
i=1 =1



where {A;, B;}i=1,... v represent the stoichiometric coef-
ficients [27]. Note that these are mass-action reactions,
meaning that the rates are proportional to the population
numbers.

Next we will provide methods to study systems fulfill-
ing these transitions. We will show that our proposed
formalism will simplify the analysis of these systems by
focusing only on the effective dynamics of a single com-
partment. Before introducing our formalism, let us first
present the path integral formulation and its relation to
classical Hamiltonian systems.

B. The Doi-Peliti formalism and the path integral
representation

A useful tool to handle CRNs is the Doi-Peliti (DP)
formalism [20, 21]. This formalism describes the dynam-
ics of a population using creation and annihilation oper-
ators, denoted by a' and a respectively. Thus, analogous
with second quantization, an element of the system can
be created or destroyed following the prescriptions of the
ME. This approach has been extensively covered in the
literature (see, e.g., Ref. [24]). While there are several
ways one can introduce the main components of the for-
malism, we adhere to the standard definition and develop
the usual path integral representation [21, 24, 27, 37].

We proceed by mnoting that we wuse Dirac’s
braket notation to describe the state of a system,
ie. |n) = |ni,ng,...,ny). The corresponding bra is
given by the normalization condition

M
(nln') =] ni'dn,n:- (4)
=1

With this normalization condition, the creating and an-
nihilation operators are defined by

al |n) =|n+1;) ai|n) =n;ln—1), (5)
where I; is the canonical vector with the i-th component
equal to 1 and all others zero. Thus, within the context
of compartmental models, aI and a; respectively create
and annihilate an element belonging to compartment I;
respectively, and follow the usual bosonic commutation
relation. To arrive at a path integral representation, let
us introduce the generating function

G) =Y p(n,t)[n), (6)
and, by using Eq. (4), the probability distribution of at-
taining a specific state at time ¢ reads

(n|G)
[T;mit

Thus, |G) fully determines the statistical behaviour of
the system. By employing the ME (Eq. (1)), we obtain

p(nv t) =

a “Schrodinger-like” equation within the Doi-Peliti rep-
resentation, which reads

9 |G) =H|G), (7)

where
1
H = nzr:n W | Hypy (2| (8)

is the Doi-Peliti Hamiltonian (DPH). For a CRN, the
DPH can be written as a polynomial function of the cre-
ation and annihilation operators (Appendix D).

As a basis for the Fock space, we work with

M
m) =[] ©)

where x = (21,...,73) € R™. Hence, using the nor-
malization condition, we have that

-T1G)

Under these bases, the path-integral representation for
the generating function is given by [24]

(10)

=0

t) )
|G>:/ D, q] e SEidlt2;mojlogzo; = (17)
0

where i the imaginary unit, ng is the initial state of the
stochastic process, D[z, ] a suitable measure [24, 37],
and S is the action of the system defined as (Appendix A)

t
Slw,iq] = — / ar |3 g ()0 (r) + H(z(r), ig(r))
0 -
J
(12)
Within the path integral representation, the operators a}
and a; are replaced by two fields z;(7) and ig;(7). They
are linked to the random variable through the formal re-

lation ig;x; = n;, which comes from the definition of the

number operators N; = a;faj (Nj|n) = nj|n)). Note
that handling Eq. (11) is generally difficult, but in the
case of chemical reactions, we will show that we can an
approximation similar to the Wentzel-Kramers-Brillouin
(WKB) in spirit, reducing the study of a stochastic pro-

cess to a Hamiltonian problem.

C. Stationary paths and Hamiltonian systems

The path integral representation is formally exact, but
to obtain explicit results one has to resort to approxima-
tions. Recently, it has been shown that the WKB ap-
proximation for the study of stochastic systems is a good
candidate [26, 38—40]. In Appendix B we prove this ap-
proximation can be applied to CRNs as those in Eq. (3),



thus greatly simplifying the path integral representation.
Using this approximation, the generating function can be
approximated by |G) ~ exp(—S) where S here is the sta-
tionary action. Thus, the principal contributors inside
the integration of Eq. (6) are the solutions (Z,q) of the
Hamilton-Jacobi equations with Hamiltonian —H;;

ox  OH dq OH

ot 0q’ ot o0z’
While this system of equations might seem complicated,
it represents an alternative description to the ME, and,
as we will see, valuable information about the dynamical
properties of the stochastic process can be extracted from
it.

As we work with chemical reactions where the WKB
approximation holds, we will consider only stationary
trajectories denoted with « and q. In Appendix C, we
show that the stationary trajectories can be taken as real
positive functions satisfying the relation x;q; = n;.

Note that the trajectory xz; = 1 is a solution
of Eq. (13). It plays an important role from a statisti-
cal point of view. Indeed, by our definitions, the average
value of n; is given by

(13)

(n) =

where we have used the Hamilton-Jacobi relations. Thus,
in the phase space, the deterministic behaviour (i.e. the
mean-field behavior) of the system is contained on the
mean-field manifold £ = 1. As we will illustrate, this
manifold is key in the analysis of the phase transitions
on the phase portrait of the system.

= qj, (14)

=1

III. PHASE PORTRAITS AND PHASE
TRANSITIONS

So far we have used the Doi-Peliti formalism to map
the dynamics of a CRN to a Hamiltonian system through
two vectors that encode the dynamics of the process x
and iq. To provide a clearer physical interpretation of our
variables, we use the Cole-Hopf (CH) transformation [41]
qj = e, (15)
with n;,60; € R. In doing so, we replace the field (n,iq)
with (n,i0), where now 7); represents the population
number n;. With these variables, the action S becomes

__ ib;
Tj=e"7,

¢
S = / dr Ziej&nj —-H (eie,ne*ie)

to j

+16(to)n(to) — i0(t)n (1),
and the system of Eq. (13) reads

on . 0 i —i

ot = ot ()
00 0 e
5 = an’H (e ,me )
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Note that mean-field manifold & =1 (6 = 0) is always a
solution of both Egs. (13) and (16). Thus, it is a universal
feature of CRNs, as discussed in [42]. A more formal
proof of this property is provided in Appendix D.

As it has been done for (x,iq), in the stationary limit
we replace (n,10) with the (real) solutions of (16). With
this change of coordinates, the mean-field dynamics is
recovered on @ = 0. Thus, the physical interpretation of
0 relates to how much the dynamical behaviour of the
system is close to the deterministic one. In other words,
0 expresses the role of the stochastic fluctuations beyond
the mean-field approximation. Therefore, by studying
the phase portrait of (16), we can investigate the time
evolution through its attractors. Moreover, we are able
to probe the role of fluctuations, which shall be discussed
in Section IITB.

Note that while presented transformation offers a
clearer interpretation of the fields representing the cre-
ation and the annihilation operators, it implies technical
difficulties as well, as shall be ilustrated below. In the fol-
lowing sections, we will alternate between the (x, q) rep-
resentation and the Cole-Hopf (n,0) one, showing that
the former tends to be more suitable for analytic compu-
tations, while the latter is more convenient for graphical
visualizations of the phase portraits.

A. The Doi-Peliti formalism and the
characterization of phase transitions

Following ideas put forward in [25], we build on the
formalism presented so far to develop a mathematical
framework for the analysis of phase transitions. In par-
ticular, our approach overcomes the limitations present
when considering one-compartment models only, thus of-
fering a tool for the analysis of the critical and stochas-
tic behavior of general multidimensional compartmental
model. We consider systems that converge to a steady
state for ¢ — oo. These systems are typically out of
equilibrium, hence they cannot be treated with the tools
of equilibrium statistical mechanics, such as the Landau
theory [43]. The non-equilibrium properties, however,
can be easily addressed by leveraging the Doi-Peliti map-
ping to the Hamiltonian representation.

We will describe our system by means of a non-
equilibrium order parameter p, which denotes the asymp-
totic density of a specific compartment. We focus on
cases in which the initial size of a compartment of a cer-
tain state I is large. That is, ny = N, and hence

p=1— lim ~—*. (17)

Within the context of epidemiology, this means that the
number of susceptible individuals dominates, and the
study of the dynamics consists in observing how the sys-
tem responds by inserting a small amount of infected
individuals.



As we are interested in the large time behaviour,
Eq. (7) hints towards focusing our attention on the zero-
energy sets H = 0. Within the WKB approximation,
we are able to study the topology of these sets to ob-
tain information about the system at large times. Here,
by topology we mean the structure of the trajectories
on the phase portrait related to H. The fixed points
of the Hamiltonian system on the manifold H = 0 play
an important role since they are related to the stable
and the unstable manifold that determine the system’s
evolution [44]. In particular, the dynamics converges at
the hyperbolic fixed point on the stable manifold, and
diverges from it on the unstable one. Therefore, when
modifying the control parameters, such as the coefficients
of transition rates of the web of interactions among com-
partments, the configuration of the fixed points changes.
As a result, the dynamics of the system will vary with
its attractors, suggesting the presence of phase transi-
tions. Moreover, as stated above, x = 1 is the stationary
trajectory for which H = 0, and it represents the mean-
field dynamics. By studying the fixed points on * = 1,
we can recover the mean-field phase transitions, and, by
analysing the topology of the stable and unstable man-
ifold, we are able to characterize these transitions [25].
If new fixed points appear when the control parameters
are modified, then the dynamics of the system radically
change, leading to first-order phase transition. Instead,
if we observe that the number of fixed points does not
vary but their positions change, then the asymptotic con-
figuration continuously varies with respect to the control
parameters and thus a second-order transition is present.

After these considerations, we define the following
strategy for studying possible phase transitions for a
multi-compartment system:

1. find the Doi-Peliti Hamiltonian of the system;

2. look for the fixed points on the zero-energy sets;

3. look for conditions at which the determinant of the
system Jacobian is null;

4. find parameter relations that characterize the phase
transition;

When looking for the zero-energy sets, one must take all
possible constraints into account, such as conservation of
the total number of elements. In doing so, the system
will be reduced to a size 2M — 2m, where m is the num-
ber of constraints (see below). The determinant of the
Jacobian is null when the Jacobian has at least two null
eigenvalues. And finally, by varying the (control) param-
eters near the critical point(s), we can determine whether
there is a first- or second-order phase transition, as we
described above.

Regarding the constraints, we represent these by an
equation of the form C = C(«, q), where C' is now an m-
dimensional vector. Assuming that the implicit function
theorem holds, we carry out a function @ such that, for
m components of q, we have:
Q(gmt1,- - Saa, C). (18)

(qla"'7qm): sAM L1y - -

Furthermore, constraints represent first integrals of the
Hamiltonian system. By substituting Eq. (18) into the
DPH, we obtain a Hamiltonian that is independent of
these variables, therefore the time derivatives of the cor-
responding conjugate coordinates (xi,...,2,,) are all
zero, and thus we can let x; = 1 for all ¢ = 1,... m.
Each constraint reduces the dimension of the system by
2, projecting the DPH onto a new, reduced Hamiltonian
H* that depends on 2M — 2m variables. Under these
premises, the system reads

8%.7-[* =0, quH* =0 (19)
with the constraints
zj =1, det(J) =0, (20)

where J is the Jacobian of H* in terms of « and gq. By
treating the coefficients of the transition rates as vari-
ables, the system of Eq. (19) gives us the critical points
for possible phase transitions. In the same way, we can
build this system by using the Cole-Hopf coordinates.

In the following section we shall use the Cole-Hopf
variables and show how to derive the Langevin dynam-
ics starting from a generic DPH, and the accompanying
Fokker-Planck equation for the corresponding probability
distribution.

B. Fokker-Planck and Langevin representations

The Cole-Hopf variables allow us to represent the fluc-
tuations around the mean-field dynamics by means of 6.
We have seen that, from the first derivative of H* with
respect to @ evaluated at zero, we get the dynamics of
the reduced system. Now, we show that, from its second
derivative, we can infer the behavior of the system due
to fluctuations, as done in [24, 27].

Let us consider, for now, a single-compartment system
and take the reduced Hamiltonian H* in the Cole-Hopf
representation. When the population number n is suf-
ficiently large, it can be approximated by a continuous
variable. In doing so, we can re-write the ME of Eq. (1)
using a Kramers-Moyal expansion [24],

oty =3 S0 (i, 1)

m!  on
m>1
- HKM(”787L)p(nvt)7 (21)
with
Wontn) = [ dyy™aln +yon), (22)
R

and where Hxps the Kramers-Moyal operator. In this
limit, a link between the Doi-Peliti Hamiltonian and
Hx p exists. Using the definition of #H, and considering
Eq. (8), one can prove that for one-dimensional systems
the following holds;

Hicrs (0,0,) = H(n,0) (23)



where H}(M is the adjoint operator of Hyps. Under this
mapping, we have n = n and 0 = 0,,.

The same reasoning can be applied to systems with
more degrees of freedom by using the dimension reduc-
tion presented above. If we consider the average of n; =7
as the order parameter, by expanding H* up to the
second-order of 8 around # = 0, we then obtain a Fokker-
Planck equation [45]

dp(n,t) = =0, [0eMHip(n. )] + 02 [205Hip(n.1)], (24)

where, with some slight abuse of notation, we have
Ok HE = (OFH*)|p=0 and p(n,t) the conditional probabil-
ity distribution constrained by the stationary conditions.
Hence, by expanding the reduced Hamiltonian, we can
write an effective one-dimensional Fokker-Planck equa-
tion for the multi-compartment stochastic process, that
makes further calculations considerably easier. From
the Fokker-Planck equation, we can readily obtain the
Langevin equation of the problem [45]

dn

& = 0gHy +

Ty HHE(t) (25)
with £(¢) Gaussian white noise. Formal steady-state so-
lutions of Eq. (23) are known to be [46]

; — =V(n)
Jim p(n,t) = Ze ; (26)

with the potential
L (ORHE) — 209
= fan PG,

and Z the normalization factor. Here it is clear that that
O2H* is related to the system’s fluctuations and that, by
employing the Doi-Peliti formalism, we can gather to-
gether both the deterministic and the stochastic dynam-
ics.

Egs. (19) and (25) constitute the grounds on which
we will develop a framework adapted for the systematic
study of multi-dimensional systems. Yet, we shall first
show how to combine the results reported so far to han-
dle models with two compartments. In Section IIIC, we
treat a modified SIS model in which we inserted higher
order interactions. We observe how the Doi-Peliti rep-
resentation allows us to gain information on the critical
behavior by unveiling tricritical points. In Sec. III D, we
analyse phase transitions depending on the system ini-
tial configuration. Afterwards, we will then extend this
approach to multi-dimensional problems by presenting a
novel dimensional reduction method (Sec. IV A), which
offer insights even in cases where other methods fail, as
the well-known next-generation matrix [15]. Similarly,
for illustrative purposes, we will showcase the implemen-
tation of this in models with interesting critical behavior:
a modified STRS model (Sec. IV B), two Lotka-Volterra
models (Secs. IV C and IV C2) and an exploiter-resource
model IV D proposed by us. In addition, in Appendix F

we report further examples applied to several other con-
texts, such as tax evasion models. In Table I we sum-
marise all the models treated in this paper with the main
results.

C. Application to epidemiology: A modified SIS
model

Let us now analyse a modified Susceptible-Infected-
Susceptible (SIS) model to illustrate our method. The
SIS model is an epidemiological model that describes the
interactions between elements of a population that are in
either of two compartments; the susceptible S and the
infected I compartments. Upon contact with an infected
individual, a susceptible can can become infected with
rate 8. Infected individuals recover from the disease with
rate 7. The elementary reactions thus read

S—H’LZI
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(28)

This system has been studied extensively and it is
known that there is a continuous phase transition at
B =~ [13]. For 8 > «, in the limit ¢ — oo the dis-
ease prevails in the population, impacting a macroscopic
fraction of individuals, and so p = 1 — (n;)/N > 0. For
B < 7, the disease will eventually disappear, and the
system converges to the inactive (absorbing) phase. In
general, for such epidemiological models, the initial con-
dition is taken ng ~ N, but obviously ng < N.

To showcase the potential of this framework with re-
spect to more traditional approaches, we include an ad-
ditional reaction that underlies richer critical scenarios.
More specifically, we consider an additive elementary re-
action,

S 4or 2N ar, (29)

that corresponds to an additional transition rate,

nSnI(nI — 1)

w(n—HS—I—HI,n):a N2

(30)
This is a three-body-like interaction that may interpreted
as a process that helps the diffusion of the disease, me-
diated by the parameter o.

Taken all the rules together, the Doi-Peliti Hamilto-
nian reads

a
H= ﬁ(a}f (ay — ag) asa?
+ %(a} - ag)a}ajas (31)

+ v (airg — a];) ar,



Model # Compartments

# Constraints

Order Parameter Critical Behavior

Modified SIS -1
Modified SIS - 2

Modified STRS
Lotka-Volterra

[N}

Resource-Exploiters

SEIRS
SEIR with Ey 5

Tax evasion

L W Ut W N W N

Levin

= = = O O =N

1—(ng)/N tricritical point
1—(ng)/N first order
1—(na)/N tricritical point
(nn) second order
1—{(ngr)/kr second order
1—(ng)/N second order
1—(ng)/N second order
1—(nmg)/N tricritical point
1—(na)/N multiple phases

Table I: Models studied with the Doi-Peliti representation, in order of appearance in the article. For each model,
we report the number of compartment and constraints, the compartment related to the order parameter, with its
average taken at the stationary limit ¢ — oo, and the type of phase transaction identified with our approach. The
Modified SIS models are treated in Sec. III C, the Modified STRS model in Sec. IV B, the Lotka-Volterra model in
Sec. IV C and the Resource-Exploiters model in Sec. IV D. In the Appendix, we address the SETRS model in Sec. F 1,
the SEIR model with latent categories F; o in Sec. F'2, the Tax evasion model in Sec. F 3 and the Levin model in

Sec. F 4.

and the corresponding mean-field trajectories read

I(ns) o 2
ot v(nr) — N<n5>< 1)~ ﬁ<ns><nl> ) (32)
o(nr) o B @ 2
5 = —Vinn) + 5 ns)(nn) + 5 (ns) (). (33)
Here, we the total population is conserved,
iie. N = ng + ny. Therefore, by focusing on the
number of susceptible individuals, we define the

constraints C = N and
q1 = Q(gs,vs,v1,N) = N — x1q;. (34)

After applying the Cole-Hopf transformation the reduced
DPH reads

* 0 @ b B e
M= (L= =) (e O =)+ e )
(35)
where 7 = (ng). The zero-energy lines are given by
=0, n =N,
a— N(a+ (36)
O(n, 8,7, a) =log (_77(77 NQEY B”) :

Within the mean-field approximation, we consider only
the fixed points F' = (n,0) with 8 = 0, that is,

F1:(N30)7
2 — 2
Fi:<Noz—|—ﬁ:t\/a + 2ap 4a’y+ﬁ70>.
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By solving the system of Eq. (19) and imposing
«, B, v >0, we find two different critical conditions,

B=v  B=-at+2/oy, (37)

and we thus expect to find two distinct phase transi-
tions. We can distinguish these two critical behaviors, as
shown in Fig. 1, where one transition occurs for a < =y
and another for a > «y. First, we note that the condition
[ = 7 is a critical point for any «. Indeed, as can be seen
in Figs. 1la and 1d, for v > 3, F} is the only attractor of
the systems (provided that (ng) < N). When 8 = ~, the
attractor changes. This can also be observed when con-
sidering a deterministic approach by means of linearizing
the mean-field equations about the fixed point. When
doing so, the dynamics around F} when 6 = 0 reads,

0 = (n = N) (95 9H") |, = (B =1 —N).  (38)

Hence, the asymptotic state varies at 8 = . To fully
characterize the critical behavior, the remaining critical
condition (Eq. (37)) needs to be studied as well. We note
that, at 8 > —a+2, /a7, two new fixed points F'. appear,
suggesting the presence of an abrupt transition. When
B = —a+2,/a7, a non-trivial zero-energy line intersects
tangentially the mean-field manifold § = 0 at F, = F_.
For v > « the tangent point is above the absorbing state
F1, otherwise it stays below it. Fixing o and ~, with
v > «, and varying 3, we observe that F_ = F; at § =y
(Fig. 1b). By further increasing 3, the intersection F_
smoothly moves below the absorbing state becoming the
new asymptotic state (Fig. 1c), resulting in a second-
order phase transition. On the other hand, for v < o we
have F, = F; at the critical condition (Fig. le), and, for
B >, Fy is above the absorbing state (Fig. 1f). In this
case, F_ becomes attractive, so the dynamics jumps to
F_ and the transition is of first-order.

To summarize, our system is characterized by the fol-



lowing critical behavior:

8= critical condition,
B=a=rv tricritcal point,
o>y first-order phase transition,
a <7y second-order phase transition.

This analysis exemplifies how one should approach the
study of critical behavior of CRNs within the context of
the Doi-Peliti formalism.

D. The role of the initial conditions

In general, CRNs can exhibit highly non-trivial phase
diagrams with many different attractors — especially
when the number of compartments grows. Under certain
conditions, this may impact the procedure introduced in
this work. Indeed, this methodology does not provide the
critical point certainly, but indicates conditions in which
variations of the topology of the phase space lead to pos-
sible changes in the asymptotic dynamical behaviour of
the system. Since we are analysing systems that are out
of equilibrium, the steady states can depend on the ini-
tial conditions, and the dynamical evolution of the sys-
tem may be independent of the topological configuration
variations identified by the formalism. In these cases, the
possible phase transitions depend on the initial state and,
in general, it is impossible to identify an analytical con-
dition which provides the critical point and characterizes
the phase transition.

To illustrate this point, let us consider again the modi-
fied S1.S model, but now with 8 = 0. This leaves only the
three-body interaction as the sole infection mechanism.
By repeating the analysis, we find for this configuration
three fixed points along the mean-field line, which are

1 a—4y
F, = (N,0), Fi—<N<2:I: 1o ),O).

After rescaling, i.e. N = 1, and solving Eq. (19), the
critical condition reads

F.=F,=(40), a=4y (39)
At this condition, new fixed points appear (Fig. 2). Ac-
cording to our expectations, there is a possible first-
order transition. However, when assuming ng =~ 1, a
phase transition is not observed when numerically inte-
grating the dynamical system. When varying the rates,
we can determine the attractive or repulsive character of
the fixed points. For a < 4, Fj is the only attractor
(Fig. 2a). For a > 4, if ng(0) is greater than the fixed
value %, the attractor does not vary, and we can con-
clude there is no phase transition. In fact, this occurs
only when there is an overlap between a hyperbolic fixed

point and the initial configuration of the system as shown

in Figs. 2c and 2d. This condition is given by a rate a
that can found by solving Fy = (ng(0),0),
g

s O) = g 0ns(0) “0)

In the case ng(0) ~ 1, we have @ — oo, so the sys-
tem does not display an effective phase transition. On
the other hand, if ng(0) < %, then the variation of the
eigenspace does affect the system and we have an effective
phase transition described by the condition of Eq. (39).
The existence of this phase transition can be verified
by numerical integration for different initial conditions
(Fig. 2e).

The very same arguments can be extended to the case
with several compartments. However, the solution be-
comes more complicated because the inherent difficulty
to systematically identify which eigenspace a generic ini-
tial configuration belongs to. In this case, an alternative
solution might be to employ numerical investigations to
verify whether the phase transition takes place or not.
We, however, provide yet another alternative approach
that is related to reducing the dimensions of the system,
which we shall now expand on.

IV. DIMENSION REDUCTION
A. Theoretical results

Dynamical models with many components are com-
mon and their characterization as Hamiltonian systems
can be complicated. Moreover, only in the case of single-
compartment systems we are able to find a graphical vi-
sualization of the level sets with the tools presented so
far. To find a strategy to extend the Doi-Peliti represen-
tation to multi-compartment models, we start by noting
that the presence of first integrals helps simplify the sys-
tem. We employ this property to build our own dimen-
sion reduction method, which is based on using the deter-
ministic equations as first integrals to freeze the degrees
of freedom that are not inherent in the order parameter.
From this, we are able to obtain an effective Hamiltonian
‘H* that captures the fundamental features of the system.

Let us consider a general DPH for a chemical reaction
process. Take the deterministic trajectories

I(n1) = fr((n1), (n2),...),
di(n2) = f2((n1), (na),...),

(41)

Oy (na) = far((m), (n2), ...),

where f; are functions of occupation numbers obtained by
the solutions of the Hamiltonian problem setting z; = 1
and ¢; = (n;). Since we are assuming that an asymp-
totically steady state is reached when ¢ — oo, this set
of equations admits a solution for 9;(n;) = 0 for all j.
As before, we take I as the starting compartment with
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Fig. 1: Phase portrait for the modified SIS model by using the Cole-Hopf variables. The orange lines represent the
mean-field manifold, while the blue ones are the other non zero-energy lines. The fixed points are F; and F., Red
dots are the attractors of the deterministic dynamics. In Panels 1a,1c and 1b we show a second-order phase transition:
at the critical condition 8 = =, F_ overlaps with F; becoming the new attractor. In the lower Panels 1d,le and 1f,
the first-order transition is reported: at 8 =, Fy = F; and the attractor changes abruptly.

(n1) = N at t = 0. For large ¢, we rewrite the previous
system as

8t<n1> _f1(<n1>’<n2>"")7 (42)

O <nj> =0,
meaning that f;((n1), (n2),...) =0forall j > 1—i.e. for
all compartments but the first. In doing so, we are impos-
ing constraints on the average values of the occupation
numbers, from which we derive the set of first integrals.
Fixing these constraints is equivalent to seeing how all
degrees of freedom converge at equilibrium points as a
function of a single compartment. We emphasise that
the constraints of Eq. (42) regards only the average val-
ues of the mean-field approximation. Making an analogy
with statistical mechanics, we are setting a constraint
on the expectation value of a quantity, similarly to the
canonical ensemble constraining the average value of the
system energy. Therefore, the physical interpretation of
this dimension reduction is as follows: In the large time
limit, the averages of occupation numbers converge to a
hyperbolic fixed point in an M-dimensional space follow-
ing the constraints imposed by Egs. (42).

Further physical insights can be gained by studying
what occurs near this limit. Let z; and ¢; be the only
variables related to the order parameter, while all the
other degrees of freedom are frozen. From an analytic
point of view, by using Eqgs. (42) we can rewrite g; for all
j > 1 as functions of ¢; and ;. While this is not always
possible, we show that we can add a suitable transition

rate to have the Egs. (42) be solvable without altering the
critical environment (see Appendix E). In other words,
we can define a parametrization A such that

Az, q1) = {351790\1 =1Lq,q1 = Q\l(ﬂﬂhfh)}a (43)

where z\; = 1 denotes that for all j > 1 we have z; =1,
and similar for ¢\; we have ¢; = Q;(71,q1) with Q; as
defined in Eq. (18). Applying this parametrization to the
DPH, we obtain an effective Hamiltonian H* = H o A
that only depends on x; and ¢;. However, note that the
solutions of Eq. (42) can yield different parametrizations.
These may represent different states of the system, where
the corresponding reduced Hamiltonians have different
hyperbolic fixed points. To take the correct H*, we can
investigate the stability of the fixed points of the full
problem, and choose the parametrization such that H*
has the same attractor as the complete system.

To be more specific, we define a domain of A in the
parameter space. The points at which two different
parametrizations provide the same reduced dynamics are
generally critical points (see also Appendix F4). More-
over, for many systems the conservation of the total pop-
ulation number hold, hence reducing the dimension of
the problem by one. So, by applying the reduction proce-
dure, we substitute one mean-field equation by Eq. (34).
As before, we have an extra degree of freedom since we
can derive different A depending on the first integrals
that we are choosing. However, that does not change the
deterministic description. In fact, despite the multiplic-
ity of Hamiltonians H*, if the corresponding A satisfies
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Fig. 2: Characterization of the critical behavior of the
two-compartment system with a three-body interaction
(modified STS model of Sec. III C). From panels (a) to
(d), the orange lines represent the mean-filed manifold,
while the blue one are the other zero-energy lines. Red
dots are the attractors of the deterministic dynamics. Fy
represent the initial condition. In (e), we display the or-
der parameter as a function of the parameter controlling
the strength three-body interaction, obtained from sim-
ulations. For the numerical experiments, we have con-
sidered v = 0.2 and we have normalized the population
setting N = 1. We observe that for ng(0) > 1/2 the
phase transition occurs for a > 4. Here a; = 0.953
and @y = 1.25 as predicted by Eq. (40). Moreover, for
all initial conditions, the active phase is described by the
same curve: this curve is given by the value of F_ as a
function of a.

the condition discussed above, the fixed points and the
asymptotic behaviour of the system do not vary. Other-
wise, from a stochastic point of view, we have different
Langevin equations (see Eq. (25)).

Our approach binds the system by imposing certain de-
grees of freedom fixed in their steady state. This means
that the stochastic information that we get is related to
the conditional probability p(ni|na,..,ny_nr), which we
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are taking as an approximation for p(n;) in the station-
ary limit. Different parametrizations lead to different
constraints, and thus to different conditional probabili-
ties. In this case we can write several Langevin equations
that will be only qualitative estimates of the stochastic
properties of the system, such as the stationary probabil-
ity distribution. In Appendix F 2 we discuss an example
in more detail.

As a final remark on the parametrization A, we note
that it is associated to the (z,q)-coordinates. Indeed,
it is defined from the mean-field trajectories that are
functions of the variables g only. If we were to use the
Cole-Hopf variables of Eq. (D3) instead, we would get
a transformation in terms of 7, which is linked to the
previous coordinates by n; = x;q;. Considering that we
are imposing z; = 1 for j > 1, the two representations
are equivalent only if we substitute (n1) in Eq. (13) with
x1q1 instead of ¢;. This would, however, be incorrect, as
we would go beyond the mean-field approximation and
additionally constrain fluctuations. Therefore, we must
define A by using the (z,g)-coordinates, and only after
doing this we can apply the Cole-Hopf transformation
and obtain a physical interpretation of the fields. We
want to emphasize that, while the reduction holds only
at the large time limit, it remains useful for the study
of the system near the critical condition. Similar to the
work in Ref. [25], our goal is to create an analogy with
Landau theory, which, in equilibrium statistical mechan-
ics, offers a way to analyse the critical behaviour of a
system [47]. Defining the effective Landau free energy L,
one can study the phase transitions by finding the min-
ima of £. By employing the Doi-Peliti formalism, we can
extend this approach for non-equilibrium systems, by in-
troducing £ by H* and, instead of observing the minima
of the former, focusing on the fixed points of the latter
instead.

We would like to note that our formalism does not
pretend to give an exact characterization of the system’s
stochastic behavior. Instead, our approach qualitatively
describes this with an effective Langevin equation that
we obtain within a single framework. Within this frame-
work, we derive both the deterministic limit and inves-
tigate critical points. In the absence of this ambiguity,
our dimension reduction scheme proves to be a useful
way to describe the stochastic behavior of a variety of
models, which will now be applied to study CRNs in the
remainder of this paper.

Before this, we would like to mention that deter-
ministic studies of the critical behaviour, such as the
one we propose in Eq. (19), can additionally be done
with other approaches. For example, by obtaining a
one-dimensional effective mean-field equation using our
method, we can define an effective potential, as is done in
Ref. [48], and investigate the phase transition by studying
its minima. However, our approach offers an alternative
to geometrically attack a broad class of problems. It does
not only allow us to go beyond the mean-field description,
but also allows for using path-integral representations to



complex physics problems.

B. Application to cascading failures: A modified
SIRS model

Let us begin displaying the strength of our proposed
framework by considering a modified version of the
SIRS model, which now, in contrast with the previ-
ously analysed SIS model, contains an additional com-
partment [49]. We assume that the three compartments
correspond to active, A, damaged (failed), F, or inactive,
1, states. The elementary reactions read

B/N

I5%5 A, A+ F 25 2F,
oz/N2 (44)
FLI, A+ 2F 21— 3F,

where o is the recovery rate of failed units, v the tran-
sition rate of failed units to inactive ones, and « and
8 denote the “infection” reaction rates corresponding to
three-body long-range failures related to cascading fail-
ures, and the standard failure belonging to local spread of
failures. Hence, the model differs from a standard STR.S-
model as we include a three-body interaction! with rate
a/N?. This reaction can be interpreted as the effect of a
field mediating the higher-order effect and is the all-to-all
(fully-connected) limit of a model that, when studied in
infrastructural or social interconnected systems, is used
to describe the non-local unfolding of cascading failures.
These cascading effects are observed, for instance, in elec-
trical power grids [50] or in communication networks [51].
We apply on this model the methodological pipeline
defined above. The Doi-Peliti Hamiltonian reads

H= %a}(a} — aL)aFaA
o
+ ﬁ(a}v)2(a} — CLTA)CL%GA (45)

+ 'y(a} — aTF)aF + U(a:r4 — a;)a[,
and the mean-field equations are given by
Buna) =~ (na) np) — o (ma)inr)? +olnr), (46)
1) = 5 (na)uw) + oy (na)uw)? — (), (47)
O(nr) = v({nr) — o(n). (48)

As done before, we set 9;({ng) = 0, and by including also
the conservation of total population N, which we re-scale
to N = 1, we obtain the transformations

1 —x4qa

_1—$AQAU S
— R Tto

qr = Tto
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The Cole-Hopf Hamiltonian related to the reduced prob-
lem is

H =—(v+ 0)2{(7] - 1)679 (ee — 1) ola(n—1)no

-ﬁm7+w+wéw+aﬂ} (49)

and the zero-energy lines are

n=1, 0 =0,

and

6 =0m,05,va0)
~log (_n(ana — a0 — ffy — ﬁa)> '
(v + o)

These curves show the same structure as the ones of the
modified SIS model (see Section IV B), thus we recover
the same topology reported in Fig. 1, and the same phase
portraits shown in Fig. A3. Therefore, we have three
fixed points on § = 0: F; = (1,0) and Fy. We expect
to v = B to be a critical point, whose nature is con-
ditioned by the three-body interaction mediated by a.
For « larger than a certain threshold a, the system will
display a first-order, abrupt transition, while otherwise
a second-order appears. By studying ©, we note that
the sign of the eigenvalues along the mean-field manifold
changes at 8 =~ since ©(n, 5, 8, a,0) = 0. In the range
B > =, the fixed points F1 become the new attractors.
Let us focus now on the attractor withn < 1. Ifat 5 =~
we have F; = F}, then the new attractor in the active
phase is F_, and so there is an abrupt transition. Again,
this happens when « > a. When « < @, at the critical
point we have F_ = Fi, and the new attractor at 8 > ~ is
still F_. In this case, the position of the attractor varies
smoothly, and so there is a second-order phase transition.

Further insights on the critical behavior can be ob-
tained by investigation of ©. Indeed, the tricritical con-
dition, i.e., ¥ = 8 and a = & such that F} = Fy, corre-
sponds to the solution of the following system

0
@(77757%0%(7) = 8777@(7776,’776%0') = 07

n=1

B ="
We find that the tricritical point in the parameter space
is given by

B =1,
a=y(y+oa)/o.

These results are consistent with the deterministic de-
scription of the system. Furthermore, following the strat-
egy discussed in Section III B, we can investigate the be-
havior beyond the mean-field limit. For this purpose,
we analyse the statistical fluctuations of the state of the
system. Using the expression of Eq. (49) for the re-
duced Hamiltonian H*, the reduced Langevin equation
of Eq. (25) reads

(50)
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dt

dy _ [o(N—n) (YN*(v +0) — Nn(ao + B(y + 0)) + aor’)
N3(y+0)?

=

N (a(N—n) (YN?(y+ o) + Nn(ac + B(y + 0)) —aan2)> 3 (51)

We compare between the order parameter for the re-
duced dynamics and for the full dynamics carried out by
the Kramers-Moyal expansion, and illustrate this com-
parison in Fig. 3. We observe that, for ¢ large, the
reduced mean-field dynamics converges to the complete
one, and the fluctuations display similar statistical prop-
erties in both cases. Indeed, in Fig. 3 we give a compari-
son between the stationary probability distribution func-
tion (PDF) of the full system and the one derived from
the reduced dynamics. In the case of reduced dynam-
ics, its PDF is given by Eq. (26). These figures indicate
a good agreement between our approximations and the
real distribution, displaying the efficacy of our approach.

This example highlights that we can analyse the crit-
ical environment of a system by studying a simple func-
tion ©. This demonstrates one of the advantages of our
approach. Given a multidimensional system of which we
want to characterize some of its critical features, we can
systematically follow the steps of our formalism to reduce
all the complexity to an analysis of some parametric func-
tions. That said, our approach is not limited to providing
insights into the critical properties, but also offers quan-
titative assessments on the properties of the steady state,
such as the value of the order parameter and its distri-
bution. In the next sections, we shall provide a more
detailed explanation of this.

C. Application to ecology: the generalized
Lotka-Volterra model

Let us now turn our attention to ecological systems.
Within this context, one most often considers the gen-
eralized Lotka-Volterra model, which describes the dy-
namics of many interacting species. Recently, this model
has been used to investigate biodiversity, with the aim of
providing an answer to the so-called ‘diversity-stability’-
paradox, as theoretical approaches indicate that diver-
sity should hamper stability [52-54], yet observational
studies find the exact opposite must be true [55]. More
recently, dynamical mean-field theory has been applied
to the generalized Lotka-Volterra model with great suc-
cess [56, 57], and there have been successful attempts at

1 Note that this is similar to the three-body interaction we in-
troduced in the modified S1S-model that was discussed in Sec-
tion IV B.

N2(y+0)?

(

describing the Lotka-Volterra model as a chemical reac-
tion network [27]. Yet, to the best of our knowledge, re-
duced dynamics (stochastic) Lotka-Volterra models have
not been put forward, but yet may provide valuable in-
sights in (critical) behavior of complex ecological models.
To this end, let us study the stochastic Lotka-Volterra
model. This model can be described by the following
elementary reactions for each of the species I,

I, 5 21, I 250,
\ . (52)
®—>Ii, Ii+lj—>lj,

where r;, u; and \; are, respectively, the growth, death
and migration rate of species ¢, and b;; is the interaction
coefficient that captures the effect of species j on species
i (see, e.g., Ref. [27], for more details). The DPH of the
Lotka-Volterra model reads

H= Zriaz(aj —1a; + Z)\i(az -1)

+ Z,ui(l - al)ai + Z bija;r(l - a})aiaj. (53)
i i

1. A simple two-species Lotka-Volterra system

As an example, we consider a simple two-species sys-
tem consisting of native and invasive species, denoted
with N and I, that compete. The elementary reactions
for this example read

NZoN, N&g oN™ N, NyIBT, 50
I 501, 10, o1 %, 02T,

where b; and by are the self-regulation term correspond-
ing to an effective carrying capacity, b is the effect of the
invasive species on the native one, and ) is the migration
rate (invasion rate) of the invasive species. In this case,

the DPH reads
H=r (a}(a} —Dar + a}(a; - 1)a1> + )\(a} -1
(55)

1 —a})a? + byaly (1 — aly)ak
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Fig. 3: Top: Numerical simulation for the modified
SIRS model. We have considered N = 103, 3 = 0.8,
v =0.4, « =0.15 and ¢ = 1. The dashed lines represent
the deterministic dynamics for both the reduced and the
full system. The solid lines are the stochastic trajectories
generated by Eq. (25) applied to H and to H*. Bottom:
Probability distribution function at the stationary limit
of the modified STRS model. The blue histogram rep-
resents the PDF obtained by the long time behaviour of
numerical simulations realized considering the reduced
dynamics. The orange one is the distribution related to
the full system. The solid blue line depicts the analytic
reduced PDF given by Eq. (26). Relevant parameters are
N=10%8=08v=04,a=0.15and o = 1.

In order to proceed, we consider by,br,b < 1 to work
in the range of validity of our theory, i.e., the chemical
reaction follow the scaling rule of Sec. II C. Moreover,
we assume that by > b, that is, the carrying capacity of
the invasive species is not so large to dominate the na-
tive species for any migration rate A > 0. We choose the
asymptotic population of the native species N as the or-
der parameter and derive the reduced Hamiltonian using
Eq. (42). We solve the system using the invasion rate A
as a free parameter, and we obtain a critical value

1. (= p)?(br —b)

A= B2 . (56)
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Fig. 4: Reduced dynamics of the Lotka-Volterra model.
For A < A the attractor is 5 with ny > 0. At the critical
condition we have the superposition of the fixed points
Fy = F5, and the native species goes to the extinction for
larger A. As confirmed by the numerical integration in
Fig. (4d), this is a second order phase transition. We have
considered b = 0.75, b = 0.7, r = 1/2500, r4 = 1/2000
and rz = 1/3000. With these values we have A = 1.563.

The critical points for the reduced model are

Fl = (0a0)7
. b(,/(r—u)2+4b1A—u+r)
Fy = #_ 0
by 2brbn ’

For A > A the native species is driven to extinction by the
invasive one (Panel 4c), and ng — 0 for ¢ — co. When
A < X we find that the two species can coexist (that
is ny > 0) as shown in Panel 4a. For lower effective
growth rates r — u, asymptotic abundances of the native
species reduce, indicating that slow growing species are
more sensitive to invasion. By careful investigation of
the phase portrait (Fig. 4), it becomes clear that at the
critical point A = A the two fixed points overlap and the
native species is driven to extinction (see Fig. 4b). As the
equilibrium state changes smoothly, the extinction phase
transition is of second order. We report a numerical sim-
ulation in Fig. 4d.

2.  The Lotka-Volterra system with 8 species

Consider now a stochastic Lotka-Volterra model with
a larger number of species to illustrate how the dimen-
sion reduction can provide a very good approximation
for the asymptotic distributions. We take an 8-species
I; model governed by the reactions of Eq. (52). We let



r; = A = 1/2 and p; = 0, and specify the interaction
matrix B, with elements b;;, as

1 3
LhioEhos

15 10 17
00%0010(1)
1 fooo0o1000 3

B = 1000 0000%003 (57)

1 0000100
0000000
£ 0000011

While we do not explore possible phase transitions here
(for that, see [54, 56], among others), we will focus here
on an analysis of the reduced Langevin dynamics instead.
The DPH for this system is given by Eq. (53). Without
loss of generality, we will use the first species as the or-
der parameter. A Langevin equation as in Eq. (25) can
then be obtained, for which the stationary distribution of
the focal species can be derived by numerical integration
(Fig. 5). The results of our reduction procedure are in
excellent agreement with numerical integration of the full
system, highlighting again the strength of our proposed
method.

PDF
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0.015 :i7 :7 [7] Full dynamics
0.010 - | :
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Fig. 5: Numerical asymptotic abundance distribution of
the species I; of a system described by the generalized
Lotka-Volterra model with 8 species. Orange bars repre-
sent the normalized probability distribution obtained by
numerical integration of the one-dimensional reduced sys-
tem, while blue bars are results from numerical integra-
tion of the full system. We have considered r = A = 1/2
and B given by Eq. (57).

D. Resource-exploiter model

In this last section we treat an ecological model which
describes the interactions between resources R, exploiters
FE and pollutants X. The rationale behind this model is
that there are resources that can be used and transformed
into something else (e.g., goods, infrastructure, etc.) be-
cause of interactions with a population of exploiters. The
process of transformation of resources comes at some
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cost: it produces pollutants that in part can be re-used
to produce other resources. A typical example of the last
process is the production of COs due to human activi-
ties and the partial re-absorption of this gas by plants to
produce new resources (e.g., oxygen, plant-matter that
feeds herbivores, agricultural uses, etc.).

By denoting with nr, ng and nx the corresponding
occupation numbers, we can model such a system by as-
suming the following transition rates:

w(n +1Igln) = ang,

w(n—I—HE,n) = MUNE,

Q
w(n —Irn) =nx&+ EnR(nR -1),

wn—1gln) =ngd + ﬂnE(nE -1,
ke

wn —1Ig +1Ix|n) = Pngng,

w(n+1Ig —Ix|n) = fongng + Ynxng,

wn+1g —Ix|n) = fyngng.

To reflect the constraints of empirical systems, we are
considering a case with resources limited by the capac-
ity kr. Exploiters consume resources to their advantage
while producing pollutants and this interaction is here
represented by a contact process: accordingly, the rate is
proportional to ngngr. By exploiting the resources R, F
increases, yet their abundance is also limited a carrying
capacity kg. The carrying capacities prevent unbounded
population growth. Exploiters are further subjected to
natural birth and death processes with rates u and §
respectively. Resources grow with rate a (e.g., this gen-
eration can be due to the injection of energy into the
system, such as the one reaching the Earth which is due
to the sun) and can be recovered from X by means of two
contact interactions: Songng, thanks to the exploiters,
and Ynxng. Finally, the pollutants reduce the number
of resources by means of the rate &.

We note that this system is hard to analyse using avail-
able tools, such as the next-generation matrix. The rea-
son is that the pollutants X, which one might interpret
as the “infected” counterpart as in standard epidemiolog-
ical models, can be generated by processes that are in-
dependent of their abundance (see the system definition,
and Eq. (61)). In epidemiological terms, the “disease-
free” equilibrium is not stable, as the infected compart-
ment can grow even when its abundance has reached zero.
This contradicts the main assumptions underlying the
next-generation matrix [15, 58]. By contrast, while our
formalism does not provide an interpretation of epidemic-
related measures, such as the basic reproduction number,
it can be applied to systems where the main assumptions
underlying the next-generation matrix do not hold.

We proceed by deriving DPH for this system, which
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Fig. 6: Phase transition for the resource-exploiter
model. Figs. 6a, 6b and 6b show the phase portraits of
the reduced system, where the orange line is the mean-
field manifold, the blue ones are the zero-energy lines of
H*(A) while the red curves are related to H*(®). Red dots
represent the fixed points on the mean-field manifold. We
observe the superposition of the attractos of H*A) and
H*(B) at § = §. The solid lines represent the effective
phase portrait, while the dashed ones are related to the
alternative parameterization that does not represent the
system. In Panel. 6d we report a numerical simulation
of the model with 8 =9-107%, v =8-1072, ¢ = 0.1,
€e=109,¢% =107 p =01 a=03, kg = 7-10° and
kg = 8.5-10°. The critical point is given by § = 0.604.
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H = oza}13 (a; — 1) aR +‘LL(J,TE (a% — 1) ag
@
teakax ((ah) ™ 1) + 1 aly (1 - af) ok
—l——aTE( a)a +(51—a2)aE
—l—BaE (a} a}%) ARAE
+ﬁaa3 (a%(a}) ! 1) aRaEaE
+1/;aj% (a}r% a}) arax
+7Bal, (al,(al)™! — 1) agal 58
TPar \Gp\lx EQRAR (58)

Using this expression, we obtain the following mean-field
equations:

outnr) = alur) (1 520 )  blag) )

—&(nx) + Bo(nr)(nk) + P{ngr)(nx)

dring) = uing) (1 - “;?) T Bying)ing) — 8(ng)
(60)
(1= 0 — 7)Blnr)(ng) — blnr)inx) (61

The WKB approximation is valid when the following
conditions are satisfied: (1) kg, kg > 1, meaning
that we consider relatively large populations and that
we are able to apply a system size expansion, and
(2) B, ¥ < 1, in order to rescale the contact processes
with respect to the size of the system. We consider
p=1-1lim_,(ng(t))/kr as the order parameter. By
letting Oy(ng) = Oi(nx) = 0 we obtain two different
parametrizations, A and B, that read

(59)

8t<nx> =

AA: ($vaE = 17xX = 1aqR,qE:0,qX :0);

AB = (xRa 17 17QR3

%E(QRﬂ’Y* 6+ ), @(QRB’Y*JJF,U)O 7770))

W

By solving Eq. (19), we identify 6 = p+7Bkp as a crit-
ical point. By using A 4, the Cole-Hopf reduced Hamil-
tonian reads

ane™? (6‘9 — 1) (eek:R - 77)

* — 2
HA kR ) (6 )

or, by employing A p instead, we find



e—20 (69 - 1)

ey =
B krue

(ne* ko (ap + By = Vks(d — 1) + B mkrks(e(y +0 = 1) = 1)
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(63)

— e’ (an’ué + Bkrke(né(B(y — 1)yn — 6 + p) + e(y + o — 1)(6 — u))))

By studying the eigenvalues of the deterministic system,
we find that (ng) = kg is the attractor for § > ¢
(Fig. 6a), otherwise the attractor is one of the mean-
field fixed point of H} as reported in Fig. 6¢c. Follow-
ing the discussion of Section IV, H% is well defined for

d > g, while H} represents the system for § < 5. The
energy levels of both reduced Hamiltonians are shown
in Fig. 6. From Figs. 6a to 6¢, we note that the attractors
exchange their position in a continuous manner at the
critical point, which denotes a second-order transition.
This is confirmed by numerical simulations (Fig. 6d).

Since the DPH contains many parameters, it is diffi-
cult to explore all possible ranges. Indeed, the system
exhibits (numerical) instabilities, for example when § is
very small. When Egs. (59) to (61) converge to an equi-
librium point (as is the case in Fig. 6), and thus satisfies
the stability condition necessary for our approach, we see
instead that we are able to fully characterize the critical
behaviour using our method.

V. CONCLUSIONS

In this work we have presented a unifying framework
that shows how to systematically apply the Doi-Peliti for-
malism to a broad class of compartmental models. Sev-
eral studies have proven how path integral approaches
can offer advantages when describing stochastic systems,
characterizing phase transitions and giving information
beyond the deterministic limit. Yet, dealing with sys-
tems with many compartments is generally complicated,
especially regarding the visualization of the geometry of
phase portraits to identify the nature of the phase tran-
sitions. Here we have derived a novel strategy that al-
lows us to unify these descriptions thanks to the intro-
duction of a dimension reduction scheme. In practice,
through our method we gain information about the na-
ture of the phase transitions, and analyze both qualita-
tively and quantitatively the stochastic dynamics. We do
so through a transparent physical interpretation: since
the observable of interest, the order parameter, corre-
sponds to a single compartment, one can freeze all other
degrees of freedom and study only the compartment cor-
responding to the observable.

We have illustrated the usefulness of this methodology
by applying it to several multi-compartmental stochastic
processes of increasing complexity and of different na-
ture, including epidemiological, ecological and sociotech-
nical ones. Starting from the simplest case of two-

(

compartment systems, we have explored the role that
three-body interactions, recently reported to significantly
impact the behavior of many empirical systems [59], play
on the critical aspects of epidemiological-inspired models.
This opens the door to systematically analyze systems
whose interactions are beyond pairwise. For systems with
more than two components, our dimension reduction pro-
posal offers very good approximations for the stationary
probability density function of the order parameter, and
successfully captures their critical properties.

To derive our dimension reduction scheme, we have
used some approximations that do not impact the pre-
dictions of the critical behavior, yet they do have an ef-
fect on the transient dynamics. Indeed, many methods
of dimensionality reduction aim to describe not only the
stationary limit, but also to provide information about
the whole dynamics, which is however often at the ex-
pense of needing more assumptions. Hence, there is a
compromise between the amount of information one can
analytically retrieve and the generality of the model one
can actually study. Our method positions itself in a place
in which it can be generally applied to a range of sys-
tems that is wider than what traditional methods, such
as those based on time scale separation [60, 61], offer, but
it misses the possibility of an accurate prediction of the
transient phase.

Offering insights on the transient dynamics from the
point of view developed here remains as a future re-
search perspective. Additionally, our method is most
useful in scenarios in which only one degree of freedom
is effectively operating in the long-time behaviour, so
it not yet clear how to reduce the dimensionality in a
case with coupled degrees of freedom. Another aspect
that we believe is worth further consideration is related
to the parametrization A and the reduced Hamiltonian,
H* = A o H. More specifically, the difficulties are asso-
ciated with the definition of the validity domain and the
potential degeneration of A. A remaining open question,
which we foresee having a great impact due to the wealth
of potential applications, is the generalization of this di-
mension reduction scheme to structured, networked pop-
ulations [62].

All in all, we have exploited the combination of the
path-integral representation of stochastic processes with
a dimension reduction scheme to better understand the
critical properties and the stationary behavior of cou-
pled compartmental stochastic processes. We hope that
our formalism will provide new perspectives and physical
insights into, and beyond, the characterization of phase



transitions and fluctuation dynamics multi-compartment
complex systems.
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Appendix A: Derivation of the path integral
representation

Here we show the derivation of the path integral rep-
resentation for the generating function |G) by using the
Doi-Peliti formalism as done in [24]. Let us take the sim-
plest one-compartment case |n) = |n) with the basis (9).
We take also H in its normal ordered form. By writ-
ing the time dependency explicitly |G) = |G(t)), and by
splitting ¢ in infinitesimal intervals ¢ = Me with ¢ — 0
and M — 0, we have

G(t)), = ™Mb |G(t - €)), + O(e)
_ / dar 1€M@ 5(x — apy 1) |Gt — ), + (¢2)
R

:/ d$N71dQN716
R2 27T

« e—lav—1(zN-1—-2N) |G(tn—-1))

eH(zn,ign—1)

+ O(é?)

P ES!
€

TN-—1

/ H dxj dq; GZJ o (H(ﬂfj+17iqj')—iqjm
R2N _:

x |G(to)),, + O(€%)
t)
= Dlz, q] e~Slidl |G (t0)) 4,

[to

where in the last equation we have taken the continuous
limit by introducing the measure

and S is the action defined by Eq. (12). For the multidi-
mensional case the derivation is trivially the same.

Appendix B: WKB approximation for CRNs

Here, we follow the reasoning of [26] and demonstrate
that similar arguments can be applied for extend the
WKB to the case of chemical reaction networks (3) as
well. Let us denote by wj the transition rate related
to the reaction between k reagents, and by N the total
population in the system. For illustrative purposes, let
us consider a simple contact process

L+ 51,

The transition rate is proportional to the number of
elements, n;, times the probability of finding another
element in the heterogeneous network, (n; — 1)/N.
Thus, assuming n;, N > 0 and n; < N, we have
wa(n—Tjn) = Bn;(n; —1)/N o< n?/N. Generalizing the
same reasoning for a contact process between k elements,
the transition rate is wy, oc nf /Nk=1. Since the Doi-Peliti
Hamiltonian is a polynomial function of x; and ig; , we
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conclude that the term related to the highest power of ig;
inside H is proportional to (igy)*N~**+1 (= N~ k‘“(‘)k ).
Furthermore, with these rates we can write the DPH and
the action (12) as extensive quantities with respect to NV
as done in [26]. If we define the concentration variables
n; = n;/N, then the transition rate reads

Wi ﬁn;?N
By means of Eq. (2) and Eq. (8), we see that

Hn,m = th,m(n) ) §= NS(U),

with {hpn m }n,m and s being functions of the concentra-
tions only. Using the ansatz |G) = exp(—Ns), we obtain

89’;7, exp(—N's)

Nk—1 = N(=0z

$)" + O(1) = N(—=0,,s)".
Inserting the same ansatz in Eq. (7), the relation
igj = —0,,8S holds for any j and we find the Hamilton-

Jacobi equation
&,S =—-H (.’B, *815) y

with 0,8 = (04,8, 04,S,...). Therefore, for CRNs we
can always take the stationary action defined by the so-
lutions of Eq.(13) and |G) = exp(—3S).

(B1)

Appendix C: A basis for the stationary paths

Now we report the basis for the WKB approxima-
tion presented in [24]. Considering the one-dimensional
case and denoting with Z(¢) and §(t) the solutions of the
Hamilton’s equations (13), we take the following basis

|7 > (Ax+j( ))"e*ti(t)(mﬁi(t))

where Az and iAq are fluctuations of z(t) and ig(t)
around the stationary trajectories. The creation and an-
nihilation operators act according to

(0 + (1)) |)
(x4 &) |7) .

(C1)
(C2)

aln)y =nln—1) =

a'|n) =|n+1) =
With this basis, in the derivation of the path integral
representation we still have to include the contribution
resulting from the time dependency of |i). For the sake
of simplicity, we write Z(t) = & and ¢(t) = ¢, and by
taking the time derivative of |7) we have

B, 7)) = [n@tx(Aa: )

—(Az+ )" (0:G(Ax + 7) + q@tx)} e~ U(Az—7)

= (O a— 0ga’ — G0,) |n)
=: BJii) (C3)



where B is the time evolution operator of the basis.
Within this representation, the ME (1) becomes

0 |Gy =(H+B)|G).

Now, by replacing (z, ig) by (Az, iAq), and by substitut-
ing H with H + B in the steps presented of Appendix A,
we obtain the path integral representation with this new
basis. In detail, the action reads

=Sz + Az, § + iAq]

t
= / dTiAqO-Ax + H(Z + Az, G+ iAq) (C4)

to
+ B(Z + Az, ¢+ iAq)
t
_ / dr [18g0, A + H(F, @) + Arda, H(F, 1)
to

+1AqOaH(Z, §) + AH + §O-& + 1A¢0, &
— Azd.G— F0,G— ani:}
t
- / dr [iAq@TAx +H(F,§) + Azd,G — iAqD: T
to
+AH +iAGD T — Ay — mq}
t
- [ ar [@.)+ 03] - 500) + o

to

t
+ / dr [uanAx + AH}

to
= =8 — &(1)q(t) + Fodo

t
+ / dr [iAanAa: + AH}

to

(C5)

where in the second equality we have expanded
H(z + Az, + iAq) around the stationary trajecto-
ries, and AH includes all the contributions of order
O(Ax?%, Ag?, AzAq). Here S satisfies the Hamilton-
Jacobi equation (B1).

Let us now rewrite the generating function in terms of
the basis |n),

G(1)), = "Iy p(n, 1) |7)

Az=0
Thus, the path integral expression is
G(1)), =
s [? It dr (ing0, Awt+an)
e / D[Az, Ag| e’to [ng) Ae(t)—o
[to F(t)=w
If we assume fixed initial condition, then

In), = |iig) e¥0d = enoloe®o  Within the WKB ap-
proximation, the fluctuating part does not contribute
and we have |G) = exp (78) where z and iq are replaced
by the real trajectories & and q.
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Appendix D: Doi-Peliti Hamiltonian for Complex
Reaction Networks

In this section, we present the generic structure of a
DPH in the case of chemical reaction networks, providing
a proof of the relation (23). For the systems treated in
this work, we can distinguish five fundamental processes
and, for each of them, we associate a term of the DPH
by using definitions (5) and (8). These read

h— A aL—l
A—2A ai‘(a:r4 —1)aa
A—=0 (1—a'))aa
A— B (a%—al)aA
A+B—-A+C aQ(aTC—a;)aAaB.

These derivations can easily be generalized by more
complicated interactions such as the ones introduced in
Sec. IV B. For a CRN, generally we can build the DPH
as a summation of the elements presented above.

Knowing the structure of the DPH, we can now prove
Eq. (23). For a two-compartment model, the Kramers-
Moyal expansion of the ME reads

1 u 7 my,m
Wayllaygzw 172 (n)p(n,t),

atp(nat) = Z

miy,m2
mi1+m2>0

where
Wz (n) = /dyl dyz w(n + y1 + yon)y ™.
Taking a two-body interaction
pA+qB % (p+k)A+ (q—1)B,
the transition rate can be written as
w(n +y1 + y2|n) = ynlngo(yr + k)o(y2 +1).  (D1)
Hence

W™ () = nfy k™ ()™,

and we find an expression for H}( M

) (101 k)™ (—i61)™2
H;{M (777 10) = Z ml!mQ! Vngan
m1+1?7n22>0
= ynhn’ (eielk_ig?l — 1) (D2)
On the other hand, the DPH for this reaction is
H =) (a})" ((al)* — (ah)') ahiat
=7 ((@})*(ah) ™ = 1) (@t (@) hafy,  (D3)



By applying the Cole-Hopf transformation, we substitute
ay g = ei?4.5 and asp = e*ieAanA,B into Eq. (D3) ob-
taihing the same expression of the Kramers-Moyal expan-
sion (D2). These arguments can be extended to a more
complex and general interactions

M M
D opili By (pi+ k) I,
i=1 i=1

with M representing the number of
reagents/compartments {I;} and k; can be any integer.
In this case we define the vector k = (ki,ka,...,kn)
and the transition rate is given by

H5

where f a suitable function of the occupation numbers.
Thus

wn+yn) =

‘)‘/m17m27--<7m1\4(

w(n +yln)f(n)

/ dy H Y
n) H ki,
j=1

and the adjoint of the Kramers-Moyal operator is

> HM ()

mi,ma,. JI’LM] 1
> m]>0

M .
= (1L ~1) rom.
=1

HTKM(% i9) =

(D4)

In terms of the Doi-Peliti representation, the correspond-
ing DPH is

(D5)

M
M= ((a)

which can also be written as a function of the Cole-Hopf
variables,

- 1) f(ata),

H(n,i0) =

H 61«9 k; (n)

This is equal to the KM operator (D4). Eq. (D5) shows
that the mean-field manifold ¢ = 0 (6 = O) is always a
zero of H.

By means of the relation (23), we can show the link
with the Langevin equation (25). The procedure for de-
riving Langevin dynamics from H g s has been discusses
in several works (e.g. [24] and [27]) and, for completeness,
we sketch the derivation in the following.
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In the simple one-dimensional case, we can develop a
path-integral representation of the probability distribu-
tion starting from the Kramers-Moyal expansion (21).
Following the same steps reported in Appendix A, we

write
)
pln.1) = /[ D)
0

where the action is defined by

e Skulni05(n (1)),

Sk = / A7 i0(r)0,1(7) — Hiep, (7(7),10(7)).

As discussed in the main text, we know that the deter-
ministic limit is recovered for # — 0. To obtain the
Langevin expression, we expand St around # = 0 up
to the second order and integrate with respect 6(7),

t) _ f,(arn*@g?‘l}(M\e:o)z
p(nt)= [ Dlple ~*  2*cmlo=o  §(n —n(t)),
[0

where D[n)] is the re-normalized measure. The latter ex-
pression is nothing but the Feynman-Kac formula [24]

(0(n —=n(t)))n,

where (-),, is the average over the trajectories defined by

dn(t
% = aGH}(MLg:o + angM}ezo -&(t)

p(”? t) =

where £(t) is the standard white noise. Including the
relation (23), we recover Eq. (25). The generalization to
the multidimensional case is straightforward.

Appendix E: Closure transition rates

Here we discuss some limits of our formalism. In the
main text, we have considered models such as the SIS
or STRS that have a closed diagrammatic structure, and
systems where each compartment is subject to at least
two interactions. Indeed, as we will show, these features
provide the necessary conditions to apply the Doi-Peliti
mapping.

Let us take a chemical reaction model with M com-
partments {I1,Is,..., Iy} and where only spontaneous
transitions and contact interactions occur. We assume
I is connected to other compartments by a single spon-
taneous transition I; RNy | a- Thus, Iy is a termination
of the model diagram. Moreover, we consider to work
with fixed V and, as for the SIS model, we take I; ~ N.
We choose the order parameter p as in Eq. (17). Now, we
focus on I; and Ip; to understand if and when a phase
transition occurs. We rewrite the diagram of the sys-
tem as where we have replaced the M — 2 compartments
Io,...,Ip—1 by an effective one I.g. The effective tran-
sition rates wy, and wr_, are functions of all populations
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Fig. Al: SIR-like diagram for the effective open pro-
cess (a) and STRS-like diagram for the effective closed
process (b).

except nys. Thus, the system is active when I.g becomes
asymptotically populated and we can write

O (i) (t) = F{B} 11, Lenr),

with {8} representing the transition coefficients of the
model, and f is a suitable function depending on the sys-
tem we are considering. The problem is that the mean-
field equations include

(E1)

01nar) = 7(ny), (E2)
from which, at the stationary limit, (n;) = 0. The pres-
ence of null terms like this leads to a degeneration of the
system (19). Thus det(J) = 0 for any fixed point and
we cannot use the strategy presented in the main text to
analyse the critical behaviour. To overcome this problem,
we introduce an effective transition rate that closes the
model diagram connecting I; directly to I3 by means of
a spontaneous transition w(n — I + 17, |n). In doing so
we obtain a STRS-like model, as depicted in Alb.

From now on we will call open a system described by
diagrams like Fig. Ala, and closed a system represented
by diagrams like Fig. Alb. By following a classical treat-
ment [13], one can prove that both the SIR and SIRS
models, have the same critical condition. Indeed, both
of them are active when the number of elements in state
I grows during the early stage of the process. For t =~ 0
we have ng =~ N, and from the mean-field equations it is
easy to find the critical condition

Bulns) = S tnr) (ns) — 3{na) = (8 — ) inr)
Therefore, the epidemic spreads when initially the pop-
ulation of infected individuals manages to grow fast
enough, that is, when 8 > ~. Since Eq. (E3) holds for
both STR and STRS, we have that the critical condition
does not change.

Focusing back on a general process, we can repeat the
same steps to find that

8t<n1eff><t) = f({ﬂ}v I, Ieff)7

(E3)
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where {8} are the transition coefficients of the STR-like
process, and f is a suitable function depending on the
system we are considering. As for the SIR and SIRS
models, by assuming I; =~ N for ¢t = 0, the critical be-
havior is defined by the system

{ 8t<7lleff> = f({ﬂ}vleﬁ) , (E4)

Or(nar) = e(ny)

where we are assuming that I; € I.g is the only com-
partment linked to the termination I; by a spontaneous
transition with per capita rate € > 0. As we will show be-
low, these arguments can be generalized for system with
several terminations. As for the STRS model, by adding
a re-filling reaction w(n — Iy + Iy, ,n) = ol the sys-
tem (E4) becomes

{ 8t<n1eff> = f({ﬁ}a Icf‘f)
OlIn) = eI;) — o{In)

Since the phase transition occurs when the I.g becomes
active, the critical condition is independent of I, and it
is determined by the first equation. Thus, we conclude
that the critical condition for such system is the same
of the corresponding closed diagram. We can generalize
these arguments to more complex systems by imposing
only two conditions

1. each extremity of the open diagram is linked to the
main process by a spontaneous transition;

2. the closed diagram is given by adding spontaneous
transitions from the extremity to the initial empty
state.

The first condition ensures the inner part of the process
is independent of the population numbers of the extremi-
ties 2. The second condition guarantees to have the same
diagrammatic structure of the STRS model.

Appendix F: Further examples of models studied
through the dimension reduction

With the aim of showing the depth and breadth of
our formalism, we discuss in this Appendix section its
application to a variety of models not treated in the main
text.

1. The standard SEIRS model

We start with the usual SEITRS model, where the
spread of a disease is assumed to occur by mean by of 4

2 For example, with pair interactions, f({8}) would depend on the
population of the ends.



compartments. Individuals can be in one of the suscep-
tible .S, incubation E, infected I and recovered R states.
The model is defined by the following transition rates:

s+1 2N 1R,

ENT,

IR,

R5 S
In this case we are considering a system with a fixed total
population N, and we consider ng(0) ~ N. Therefore,

according to the notation introduced above, S = I1. The
Doi-Peliti Hamiltonian for this model is

H= %(aTE — aTS)aSaJ}aI + A(a} — aTE)aE—i—
+7(al, — a})ar + o(al - af)anr,

and the mean-field trajectories are

By(ns) = — 2 (ns) (n1) + o),

N
Oing) = Stns)nr) - Alng),  (F)
d(nr) = Mng) —v(n),

Oi(nr) = v(n1) — o(ng).

By setting the last two equations equal to zero, and by
taking into account the conservation of total (normalized)
population 1 = xgqs+qg +qr +qr, we find the following
parameterization

_ Bo(xsgs —1)gs

rp=xy=xp=1, = ,
B ! R ax Y\ + Ao + Bogs

q _ Nolesgs —1) _ Mlesgs —1)
T ANF Ao+ Bogs T T AN+ Ao + Bogs

By putting these expressions into the DPH, we obtain
the reduced Hamiltonian in the CH representation

(1—n)e " (69 - 1) Ao (’}/69 — ﬂn) .

H* =
YA+0)+ Ao

Three zero-energy lines are found, namely,

0 = O(n) =log (nB/7).

The absorbing phase, where the disease gets extincted,
corresponds to (1,0) on the plane (n,6). By plotting
these lines, we observe in Fig. (A2) the well-known phase
transition for the SEITRS model at f = . Since no
new fixed points appear, we identify it as a second-order

n=1, 6=0,
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transition, as expected. We can choose different ways
to define the parametriazation, that is we have several
possible A with different reduced DPHs. In this particu-
lar case, the zero energy phase portraits of the different
Hamiltoninas are identical. In the next section we will
show an example in which the degeneration of A leads to
to have different phase portraits.

04 04

Fy

(c) B>~

Fig. A2: Identifying phase transitions in the SEIRS
model. Panels A2a, A2b and A2c show the phase por-
trait of the reduced system by varying /. The orange
curves represent the deterministic trajectories, while the
blue ones are the non-trivial energy lines. Black and red
dots represent the fixed points on the mean-field mani-
fold. In particular the red ones are the attractors of the
dynamics. At the critical point, § = -, the attractor
changes smootly and we observe a second-order phase
transition.

2. SEIR model with two latent categories

Now we study the epidemiological model discussed
in [15] by means of the next-generation matrix
method [14]. This model is an extension of the SEIR,
where two latent categories F; and F, are considered.
The transition rates are

S, Eva, I, R0,

(NS

S+1 22 By,

V1,2

Eio —>1,

IR,

where p; = p and py = 1 — p. Its DPH reads



’H:bN(aTSfl)er (1fag.)aSJr(lfaTEl)aE1 +(1—a

o, ~alyalones | (ah, ~ayalaros
N P N

+pB

By means of the Hamilton’s equations related to (F2),
the differential equations for the deterministic trajecto-
ries are

outns) = S b gy

(nr)

~

(ns

Or(ng, ,) = 1,20 — (b +ri2)(ng, )

N
O(nr) = — (v +b)(n1) + vi(ng,) + v2(ng,)
o (nr) = v(n1) — b(nr)

By setting the last three equations equal to 0, and tak-
ing into account conservation of number of particles N,
we find the following transformations (renormalized with
respect to N):

b(rsgs — 1) [(v +b)(b+ va) + Bra(p — 1)gs]

I = T )b+ 1) (b + v2) — Bb(p — D)as(vr — va)
s — Bbri(p —1)gs(xsqs — 1)
P (v +0) (b4 )b+ v2) = Bb(p — 1)gs (v — v2)
_ by (b+vo)(zsgs — 1)
I T )b+ 1) (b+v2) — Bb(p — L)as(ir — va)
an = — (b +ve)(zsgs — 1)

(v +0)(b+v1)(b+v2) — Bb(p — 1)gs(v1 — 12)

These equations define the map A from which we derive
the reduced Hamiltonian

H =b 77(6_9—1)+69—1+

Bn (60 — 1) vi(n—1)(b+vs)
Bb(p — D)n(v1 — v2) — (v + b)(b+v1)(b+ 12)

By solving Egs. (19), we see that two different hyper-
bolic points overlap for

(Y +b)(b+v1)(b+12)

= bug + vivg + buip — bugp’

(F3)

which is the same result obtained by the next-generation
matrix [15]. The phase portraits are reported in
Fig. (A3). From Figs. A3a, A3b and A3c, we see that
at the critical condition no new hyperbolic fixed points
appear, therefore the phase transition is of the second-
order as verified by the numerical simulations (Fig. A3d).

As discussed in the main text, since we have the pop-
ulation conservation as first integral, there is an arbi-
trariness in the derivation of A. In this case, in addi-
tion to the parametrization presented before, we have
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J]rfg)aE2 +(1- a})a; +(1- a%)aR]

t

+vi(a) — aJ[El)aE1 + Vg(a} - aTE2)aE2 + ’y(aTR — a})a; (F2)

(d)

Fig. A3: Phase transition for the SETR with two latent
categories. Panels A3a, A3b and A3c show the phase
portrait of the reduced system, where the blue line is the
mean-field manifold and the orange ones are the non-
trivial zero-energy levels. The dashed lines represent the
different parameterizations. Black and red dots repre-
sent the fixed points on the mean-field manifold. In par-
ticular, the red ones are the attractors of the dynamics.
Panel A3d shows the dependence of the order parame-
ter as a function of 5, from numerical simulation. We
have considered: b = 0.2, v = 0.3, p = 0.9, 11 = 04
and vp = 0.1. Therefore, the phase transition occurs at
B = 0.7895.

studied two others Ay and Az. Choosing as fist integrals
the conservation of N, the second, the fourth and the
fifth deterministic equations we obtain Ao, while by tak-
ing the N conservation with the second, the third and
the fifth equations we have As. The phase portrait of
the corresponding reduced Hamiltonians is represented
in Fig. (A3). We have analyzed the long-time behav-
ior of the different Langevin dynamics (25). For each
equation, we have performed a simulation in the active
phase and compared the stationary distribution for ng.
The results are shown in Fig. (A4). Distributions show
differences as expected, however they have the identi-
cal average and provide a qualitative description of the
stochastic environment of the system. Further studies
are needed to research a criterion for selecting only one
parameterization over the others.
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Fig. A4: Numerical asymptotic distribution of the sus-
ceptible individuals for the SETR model with two latent
categories. The different colors represent the three differ-
ent parametrizations: A, Ay and A3, We have considered
N =10% 8=111,b=02, v; =04, v5 = 0.1, p= 0.9
and v = 0.3. In this case, the critical point is § = 0.7895.

3. Tax evasion model

We analyse with our formalism a simple model for tax
evasion that undergoes first-order phase transitions [63].
The models includes 3 compartments: honest individuals
H |, susceptible ones S and evaders E. The dynamics are
described by the following elementary reactions,

E+HXY Eqs,
S5 E,
S+ H N om

5/N
HT E—— 2H,

ES H
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The DPH is given by

€ 0

H=—ab(al, — al)apgas + —al,(al; — al)agap+
N N

A t

NCLE(GE« — ajq)aHaE +alap — ag)as + ﬂ(a}l - aTE)aE,

and the mean-field equations read

Oulnir) = {nm)ns) + Blng) + < (nir) ()

A

- oy {na){ns)

0iins) = ~alns) — ~{nir)ns) + (i) )

9iins) = alns)  Bing) — 3-{n) ).

In this model, N is fixed and we consider
p = 1 — limy,(nyg)/N as the order parameter.
After re-scaling the system size to N = 1, we take

as first integrals the last mean-field equation and the
population conservation, obtaining the parametrization

_ (a+gse)(1 —zuqn)

Agu(zmgn —1) =
’ B a+qg(e+ )

a+qu(A+e)

gs =

The corresponding reduced Hamiltonian is:
(n—1)e"? (ea -1)
ae? +n(\+e¢)
ne? (—aX + Be + dne + nhe) — 772)\6).

H* = — (ae29(ﬁ +dn)+

The zero-energy curves intersecting the mean-field line
are

V(=X + Be + dne + nhe)? + dade(B + 0n) + aX — Be — dne — n)e

n=1, 9=@(n)=10g<n

We denote by F_ and F the intersection of © with the
mean-field line, where np_ < np,, and Fy = (1,0) is the
usual absorbing state (see Fig. A5). By considering A as
control parameter, we find that ©(1) = 0 for A equal to
~ )
PCRLICRL)Y (F4)
@
For A < A, as reported in Figs. A5a and A5d, the sys-
tem converges to F} and there are no phase transition.
Moreover, at the critical point, for € equal to

of
5 )
© is tangent to the mean-field line and Fy = F_ = (1,0),

€:=

2a(fB + 0m) ) '

(

so we find a tricritical point. In particular, for € < €, at
the critical point we find F_ = (1,0) (Panel A5b). By
studying the eigenvalues, we observe that F_ becomes
the attractor (Panel A5c) and a second-order phase tran-
sition occurs. Otherwise, if € > € at A = 5\~We have
F, = (1,0) as shown in Fig. ASe and for A > X the dy-
namics jumps to the new attractor F_ (Fig. A5f). There-
fore, there is an abrupt changing of the asymptotic be-
havior, that is a first-order transition. A picture of this
behaviour is reported in Fig. A5 and in Fig. A6 we show
a numerical simulation for both the first- and second- or-
der phase transition. We point out that, while the criti-
cal value (F4) corresponds to the result predicted in [63],
with our method we find a continuous critical behaviour



from low e that had not been investigated before.

4. Levin’s model

Let us now study another model of ecological interest
widely treated in the literature: the Levin’s model. This
model is characterized by two types of processes, namely,
one of population proliferation in an empty patch, and
one of extinction. We focus on systems containing two

J

1= L (ai; — ag)) aaap — QGL [(ag)™

N ‘A N

T T

L

and the mean-field equations are
c
Orna) = 57(na) ({ng) — D) — e(na)

D{ni) = 23 (na) () ((na) ~ D) — elnp)

d(ng) = —0(na) — 0i(np)
We choose (n4)/N as the order parameter and D as the

control variable. The solution of (19) yields two critical
points

(na) _ o () _ o (mg) _ . =~ _ €
A) =0, SZ—0, - Dl_N(l—C),
B) (na) _ 57 (np) -0, (ng) —(1-¢ 7
N 3 N N B
c €
Dy=N{1l-—-—-
’ < 5 )
Thus Dy > D,, and we expect to observe two

phase transitions. By solving Eq. (18) with the
second mean-field equation and the population con-
servation as constraints, we obtain two parametriza-
tions A(xza,q4) = (xa,xB,%p,q4,98,490), as in Ap-
pendix IV D. They are

AA) —

N2
<xA,1,1,qA,NDqAxA = E,D+6> :
qap qap

A(B) = (an 1, 17qA707N - quA) !

‘13(%)_1 - 1} ayap
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species A and B whose dynamics are defined by the rates

c
wn+1Is —Ip,n) = NnA(n@ — D)

(F5)

wn+1Ig —1Ij,n) nang(ng — D)

= m
w(n —1Iap+1Ip,n)=nape

where ny represents the number of non-occupied patches.
Moreover, we are including D patches that have been
damaged and can no longer be occupied. The population
A has an independent growth, while the dynamics of B
depends on A. From these rates, we see that N > nyg > D
to have a well defined dynamics.

The Doi-Peliti Hamiltonian reads

_ 1] ap+ ﬁ (aTB — a%) a:rqa}rgaAaBa@

N

T T T T

apap + € (a@ —aA) ap+ € (am —aB) ap,

(

We denote by H*(4) and H*B) respectively the reduced
Hamiltonians for A and A®), that read

e f (ea — 1) € (0620 — Bn)
g
—e7f (69 —1)n (cee(d +n—1)+¢),

H*(A) —

H*(B) —

where we have re-normalized the population with respect
to N and we have introduced d = D/N. By analysing
their zero-energy lines with the attractors of the dynam-
ics, we note that the system is described by H*B) for
D < Dy, and by H*Y) otherwise. A sketch of the phase
portraits is shown in panels A7a, A7b and A7c.

A numerical simulation for the system is reported in
panel A7d. There, we can observe 3 regimes, separated
by the two phase transitions found above. The first
regime, for D < Dy, is characterize by the coexistence of
both populations. In the second one, for D; < D < Dy,
only population A survives. For D > Dy, the fragmen-
tation is too strong and there is complete extinction of
all species. In both cases we have a second-order phase
transition.
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Fig. A5: Phase portrait for the taxes evasion model. The orange lines represent the mean-field manifold, while the
blue ones are the other non zero-energy lines. F} and Fy are the system fixed points. Red dots are the attractors
of the deterministic dynamics. In the upper Panels A5a, A5b and Abc, we report the second-order phase transition
behavior: with € < €, we see that the intersection F; overlaps with F} and becomes the new attractor. The asymptotic
state changes smoothly and we have a continuous phase transitions. Otherwise, in the lower Panels A5d, Abe and
A5f, when A = A, we have F} = F; and the dynamics varies in a discontinuous way converging in F_. So we assist

to a first-order phase transitions.
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