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QUANTITAVE MERGING FOR TIME INHOMOGENEOUS
MARKOV CHAINS IN NON-DECREASING ENVIRONMENTS
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Abstract

We study time-inhomogeneous Markov chains to obtain quantitative results on their asymp-
totic behavior. We use Poincaré, Nash, and logarithmic-Sobolev inequalities. We assume that
our Markov chain admits a finite invariant measure at each time and that the sequence of these
invariant measures is non-decreasing. We deduce quantitative bounds on the merging time of
the distributions for the chain started at two arbitrary points and we illustrate these new results
with examples.

1 Introduction

1.1 Motivation and Background

In this article, we are interested in studying quantitatively time-inhomogeneous Markov chains.
The problem of obtaining accurate estimates for the time to reach equilibrium for a Markov chain
within a time-homogeneous context is classical and has been extensively studied in the literature
see [I7]. On the other hand, adapting standard techniques from the time-homogenous to the time-
inhomogenous context turns out to be far from straightforward, and indeed time inhomogeneity
may produce unexpected behaviors as shown in [I5],[14] and [6].

Let us first observe that, unlike a time-homogeneous and aperiodic Markov chain, a time-inhomogenous

Markov chain may not converge in law as time tends to infinity. For time-homogenous Markov
chains, studying mixing properties or the convergence to equilibrium means investigating the rate
of convergence of the laws towards a reference target measure. In the time-inhomogeneous context,
there is generally no time-independent reference measure. However, it still makes sense to ask how
long one should wait until the law at time ¢ does not depend much on the initial state. Following
[15] and [16], this observation leads us to the definition of "merging times".

Let V' be a finite or infinite countable discrete set and (K;);>1 a family of Markov transition
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operators defined on V. Let py be a probability measure on V. We denote with (X[);>o the
V-valued discrete-time Markov chain driven by (K3);>1 with initial law 1o defined by:

L(XH°) = po and Vt > 0,Vz € V,P(X[D) = 2| X[°) = Ki11(X[°, 2) .

Furthermore, we denote
Ks,t = K5+1...Kt and K07t = Kl...Kt .

Let pf® := puoKo s be the law of X/°. When p is the Dirac mass at point x, we use the shorthand
notation u¥ instead of ui”°.

Merging corresponds to the property of forgetting the initial law of the Markov chain. To quantify
this property, we control the distance between the distributions after ¢ steps of two chains driven
by the same Markov transition operators and started at two distinct initial conditions. Therefore,
we aim to find bounds as precise as possible on the following quantities:

dTV(lUJ%Ca ,u%) or S(Mf? :u%)

where dry and s are respectively the classical total variation distance and the separation distance.

Imitating [I3], we define the following quantities:
Definition 1. Let n be in (0;1). Let x,y in V. Define the n-merging time related to x,y by:

Tmer(xyyvn) = inf {t >1: dTV(Mtxvug) < 77}

and the relative-sup n-merging time related to x,y is:

Toer(wyy,m) =inf {t > 11 s(ui, uf) <n} .

Furthermore, one may want to bound the merging uniformly over x,y. Hence, we consider the
following quantities. First let the n-merging time be:

T, = T,
mer(1) W mer(,1/,1)

and the relative-sup n-merging time be:

Trer(n) = (mgl)ng%‘;r(w, y,m) -

Observe that the merging time Too.(n) coincides with the classical mixing time in the time-

homogeneous context up to a constant.

In order to quantify merging, we shall rely on several functional inequalities. We start discussing
Poincaré inequalities. Let us recall some results.
First, when 7 is a finite measure, we denote by 7 the probability measure given by 7 that is to say:




Besides, given a Markov transition operator K with stationary probability 7, we define the following
operators:

« K* is the adjoint operator of K from ¢2 (%) to % (%),
e Q:=K*K from (2 (%) to ¢* (#) the multiplicative symmetrisation.

We recall the definition of the variance linked to 7 and the Dirichlet form linked to @, 7

Varz(f) = Y fA(o)7(2) — (3 f(2)7(2))* and

zeV zeV

Eq#(f, ) Z Z )7 (2)Q(x,y), forall f:V —R.

zeV yeV
The Poincaré constant of ) is defined as follows:

Definition 2. Let v(Q) > 0 be the optimal constant in the inequality:

yVarz(f) < Eq#(f, f), forallf:V =R,

Note that 1 —v(Q) is an eigenvalue of Q.
It is then immediate to estimate the merging of a time-homogeneous Markov chain using this
constant, see Corollary 2.1.5 in [17]:

Theorem 1. Let K be an aperiodic and irreducible Markov transition operator with invariant
probability . Let Q be the multiplicative symmetrisation of K from % (%) to £2 (%) and v be v(Q),
then for all x,y elements of V :

(= + =) (=)

va(z)  Vay)

1
drv (Mf? ,u%l) < §
Therefore, for all n in (0;1):

1

1
Trmer(z,y,m) < [10g( + log( =) ﬁ
’)/

It is important to note that when the Markov transition operators share the same invariant prob-
ability, Theorem [1] still holds, see [I§].

A classical example of application of Theorem [I]is as follows.

Consider a Markov transition operator K on {0,..., N} such that:

o KV(z,y) € [1/4,3/4]if [z —y| < 1,

o K" has an invariant probability measure 7 satisfying:
1/4 < (N +1)7N(z) < 4,Vx € Vy.

Then, a comparison argument with the symmetric nearest neighbor random walk on {0,..., N}
such as in section implies that y((KN)*K™) is of order .

Therefore, for all  in (0;1), an imediate application of Theorem (1] ! gives the following bound on
the p-merging time :

mer

TN (n) < /sz[log(;) + log(N)]



where k is a constant independent of N.

Let us now turn to the time-inhomogeneous context. Let, for each ¢, 7; denote an invariant
probability measure for K; and 7; be the Poincaré constant. Assume that v > 0 is a common lower
bound for all the 7;’s. One might naively expect a similar bound as in Theorem [I] However, R.
Huang provides a counter-example in [6], see the following :

Theorem 2.
Let Viy be {0,...,N}. There exists Qn = (K}¥)i>1 a sequence of nearest-neighbor Markov transi-
tion operators on Vi satisfying:

o Jort>1, KN(x,y) € [1/4,3/4] if [« —y < 1,

o fort>1, KN has an invariant probability measure 7} satisfying:
1/4 < (N 4+ 17N (x) < 4, for all x in Vy.

Then, for allt > 1, the Poincaré constant v((K}N)*K}) is of order w5 but however,

log(TX, (0N, ) _

N inf N

This counterexample illustrates the difficulty in grasping the merging time. Indeed, in this case,
we assume bounds on the spectral gaps, kernels, and invariant probabilities that are uniform both
with respect to time and space. Finally, to each transition operator, one can associate a set of
conductances with values between 1 and 2. However, despite all this and contrary to intuition,
the merging time is not polynomial but exponential in N. In conclusion, the naive extension of
Theorem [I] to the time-inhomogeneous context does not work. It is therefore necessary to impose
hypotheses that exclude this type of case.

One approach is with c-stablity. In a series of papers, L. Saloff-Coste and J. Zuiiga introduce
the notion of c-stability for time-inhomogeneous Markov chains. Under this assumption, one con-
trols the fluctuations of the invariant probabilities. Checking c-stability is a challenging task, as
noted by the authors. Indeed, the c-stability property involves the laws that are unknown and
need to be estimated. Examples of time-inhomogeneous Markov chains for which it was possible
to check c-stability are small perturbations of time-homogeneous Markov chains that furthermore
satisfy some symmetries.

Under the assumption of c-stability, a minor modification of Theorem [I] holds. Its proof relies on
singular values theory.

Effective tools for studying ¢?-merging times and complementary to spectral techniques are ad-
vanced functional inequalities: Nash inequalities and logarithmic Sobolev inequalities. L. Sallof-
Coste and J. Zuniga successfully applied these functional inequalities under the c-stability assump-
tions to estimate the merging time of a time-inhomogeneous chain.

In this article, we work under a different assumption: the existence of a non-decreasing finite
environment.



Definition 3. Let (K;)t>1 be a sequence of Markov transition operators and let (m¢)i>1 be a sequence
of positive measure.

We say that {(Ki, m¢)}e>1 is a non-decreasing environment when the sequence (m¢)i>1 satisfies the
following:

o forallt>1,mK; =m,
o forallt>1,m(V) < +o0,
o forallt>1, for all x in V,m1(x) > m(x).

Note that in Definition [3] the m’s are measures but not necessarily probability measures. Indeed,
if they were all probability measures then they would all be the same.

Moreover, when a non-decreasing finite environment exists, an infinite number of non-decreasing
finite environments exists. Indeed, let (a:);>1 be a non-decreasing sequence of positive real num-
bers, if {(K¢, m¢)}¢>1 is a finite non decreasing environment then, {(Ky, a¢m¢)}¢>1 is also a finite non
decreasing environment.

In the examples, see section[2] we will leverage the availability of multiple choices for invariant mea-
sures and play with these different options to, for instance, facilitate the study of the PoincarA©
constants or to ensure that total masses are not too large.

Theorem 3. Let (K;)i>1 be a sequence of irreducible aperiodic Markov transition operators and
(7¢)e>1 @ sequence of finite measures. Assume {(Ky¢,m¢)}e>1 s a finite non-decreasing environment.
Let v = v(K[} Ky) be the Poincaré constant associated to K} K.

Then, for all x,y elements of V :

m(V), 1 1 L
) Vaw t vae) LV o

N =

drv (pg, pf) <

Therefore, for all n in (0;1):

(V) 1 1 t _
7r1(‘/)(\/7?1(:3) + \/ﬁl(y))EMSH}. (2)

Note that these estimates are very close to the conclusions of Theorem

Besides, when (7¢)¢>1 and (K¢)¢>1 are constant, we retrieve the exact statement of Theorem
To ensure the assumption of a finite non-decreasing environment, the challenge lies in computing
explicit invariant probability measures and our ability to compare them. Roughly speaking, there
is a competition between the ratio of the total masses and the product of eigenvalues to achieve a
reasonably small merging time. When the ratio of the total masses is too large, the right-hand side
of Equation [I] might not tend to 0, see example 2.1.4] In fact, the existence of a non-decreasing
environment does not ensure that merging will occur see Our Estimate [2]is not always sharp,

see example 2] .

1
Toner(,ym) < min{t > 1, 5

When V is a finite set and (K3)¢>1 is a family of irreducible Markov transition operators, then there
always exists a family of finite measures (m¢)¢>1 such that {(K;,m)}¢>1 is a finite non-decreasing
environment. However, the ratio of the total masses can increase very fast and this deteriorates



our estimate.

A class of examples where the hypothesis on the existence of a finite non-decreasing environment is
easy to check is Markov chains on electrical networks, see [9] for further details. Then, the sum of
the conductances at a given vertex provides an explicit invariant measure. Therefore, a sequence
of electrical network with non-decreasing conductances forms a non-decreasing environment.

More precisely, a set of conductances is a function ¢ satisfiying:

e c: VXV iRy,
o for all (z,y) in V,c(x,y) = c(y, x).
To this, we add the following assumption:
Z Z c(z,y) < 4o00. (3)
zeV yeVv
Let us consider the Markov transition operator P defined with:

c(z,y)

Y(z,y) € V2, P(z,y) = o)

Let m be the measure defined by:

Ve eV, n(x) = Z c(z,y) . (4)

yev

By Assumption , 7 is a finite measure. It is straightforward to see that P is reversible with
respect to 7. It implies that 7 is an invariant finite measure for P.

Moreover, when the Markov transition operator P is symmetric from ¢? to ¢? with respect to
some measure then, there exists a set of conductances ¢ so that:

_ cdzy)
> evelz, 2)
Note that multiple choices of conductances can be associated with P. More precisely, if c¢ is a set of

conductances associated with P, then for all A element of R , Acis a set of conductances associated
with P.

V(z,y) € V2, Plx,y) =

A typical example of a time-inhomogeneous Markov process to which we can apply Theorem
is as follows: we fix a reference set of conductances ¢ and a positive constant M. Consider a family
of non-decreasing conductance sets (¢;)¢>1 such that ¢; > ¢ and ¢; < Mec for each t. Let P; be the
associated Markov transition operator with each ¢; for t > 1. At time ¢ — 1, we apply the operator
K, = %(I + P;). We will see that this type of example has several advantages, see example
The first advantage is that the sequence (m)¢>1 given by is a non-decreasing environment. The
second advantage is if the operator associated with c satisfies a Poincaré condition, then K; does
too with the same constants.

One method for generalizing electrical networks is to consider graphs with cycles, see [10] and [7] .
Additionally, note that we may construct examples of sequences of electrical networks where the
m’s are non-decreasing but the conductances themselves are not monotonous see example [2.2]



Now, we present the results obtained using Nash and logarithmic Sobolev inequalities. Let us recall
the expression of the Dirichlet form subordinated to (Qy, 7:):

ViV =R, th 0y f7 Z Z Qt(x y)ﬂ-t( )

mEV yev
We recall that a Nash inequality is defined as follows:

Definition 4. Let T > 1. Q,7 satisfies the N(C,D,T) Nash inequality for C,D > 0 if for
1<t<T, we have:

YFV SR, Y < c<th,ﬁt<f, f)

1/D
11 ) WAIE,

If we assume that, for all ¢, K; K, 7; satisfies the same Nash inequality, then one can control the
merging time of a time-inhomogenous Markov chain.

Theorem 4. Let (K;)i>1 be a sequence of Markov transition operators and (m:)i>1 a sequence of
finite measures.

Assume {(Ky¢,m) bi>1 98 a finite non-decreasing environment.

Assume that it exists T,C, D > 0 such that at each time t, (Q¢, 7t) satisfies the N(C, D, T) Nash
inequality.

Moreover, assume 71 (V) > 1. Let v = v(K; K;) be the PoincarA© constant associated to K; Ky
and let B= B(D,T) = (1+1/T)(1 + [4D]).

Then, fort > r, T > r and for x,y elements of V :

Tt Ty D ¢
drv (i, 1) < (Z)(V)(V) <4CB> lH V1i—7. (5)

r+1 =r+1
Therefore, for all n in (0;1):

Trer(n) <min{t >0 such that3Ir <t ,r <T and
7 (V) (V) (403 bt

o) T+1> ll:[ﬂx/l—wﬁn}-

Moreover, if V is finite, then for t = 2r +u, with r < T

- 4CB\?P
ma(s(.uf)} < am() (27 ) T VI, (6)
z€V r+1 =1

Therefore, for all n in (0; %) :

T (1) <min{u + 2r such that r € [[0;T]], v > 0 and
4CB>2D r+u

—— IT vi—vw<n.

l=r+1

16727 14(V) (



Finally, we state a bound on the merging time in finite non-decreasing environments that satisfy a
logarithmic Sobolev inequality at each time. We recall the expression of the entropy:

Definition 5. Let @ be a probability measure on V. Let f be a function in (*(r) that does not
vanish. The entropy of f with respect to T is defined with:

2 o fQ(‘T)frx
w;/f x) log( (fz))()-

The standard logarithmic Sobolev constant of a transition operator @) is the following:

Definition 6. Let a(Q) > 0 be the optimal constant in the inequality:
gQ,ﬁ‘(f? f)
L(f|7)

Thanks to hypercontractivity, we can control the merging times for finite non-decreasing environ-
ments with the following:

>a, forall f:V =R, f— non constant.

Theorem 5. Let (K;)i>1 be a sequence of irreducible aperiodic Markov transitions operators and
(mt)e>1 a sequence of positive measures. Assume {(Ky, 7¢)}e>1 @S a finite non-decreasing environ-
ment. Let v, = v(K;K,;) be the Poincaré constant associated to K Ky and let ay be the Logarithmic
Sobolev constant a( K} Ky).

For an integer s and z in V, we define the following quantities:

S
gs = 2 H (1+ o) andr, = min{s > 1, log(qs) > log(log(=
u=1 T(O(Z)

Consider x,y elements of V. Let r = r(z,y) = max(ry,ry).
Then,

m(V !
W dpy (i) < e YT TT VT 7)

Therefore, for all n in (0;1):

r+u

. \/ m(V

Ter(,y,m) < 7+ minfu > 1,e— 1/q IT vi—v<n. (8)
0 Tl =r+1

The preceeding result is general. In the case of a finite set and when the logarithmic Sobolev

constants are uniformly bounded from below, we can control the relative-sup merging time and

state a clearer statement:

Theorem 6. Let (K;)i>1 be a sequence of irreducible aperiodic Markov transition operators and
(m¢)e>1 a sequence of positive measures. Assume {(Ky, m¢)}e>1 @s a finite non-decreasing environ-
ment. Assume that V is finite and that (V) > 1. Let vy = v(K;K;) be the PoincarA© constant
associated to K} Ky and let ay be the Logarithmic Sobolev constant a( K[ Ky).

Assume that oy is bounded from below by o > 0.

Moreover, assume that it exists p > 0 such that :

Vt>1 nd T > .
> 1, ggy{ﬂt(w)}_p



log(1/p)

Let r be defined by r = [%] + 1.

Let u be an integer and set t = 2r + u. Then,

r+u
max(s(f. 171)} < &\ | m(V)mru(V) [] 170,
e I=r+1
Therefore, for all n in (0; %)
r+u
T2 .(n) < 2r +min{u > 0,4e?, | 7o 1o (V) 0 (V) H 1—v <n}.
I=r+1

In practice, we will use Theorem [6] rather than the Theorem [} see example

Remark 1. The concept of monotonous invariant measures already appeared in the literature to
deal with issues of recurrence versus transience, see [IJ.

Besides, in [{)], the idea of non-decreasing invariant measure is highlighted. A. Dembo, R. Huang,
and T. Zheng establish two-sided Gaussian estimates for the transition kernel of a time-inhomogeneous
Markov chain on a non-decreasing sequence of electrical networks satisfying a suitable uniform
Poincaré inequality and the volume doubling property.

In our paper, in the proofs, we have succeeded in adapting ideas of [§l] such as backward induction
in the Poincaré case. However, unlike in [j], some extra care is needed because we have to center
our test functions with respect to measures that evolve over time.

1.2 Outline of the paper

This article is divided into three parts. Section [I] presents the motivations, background, and
main theorems. Each theorem adapts the results of classical functional inequalities to the non-
decreasing finite environment hypothesis. The first theorem, Theorem [3] assumes a Poincaré con-
dition at each time, in addition to the non-decreasing finite environment hypothesis, and states
control of the merging time in total variation distance. The second theorem, Theorem [4 assumes
a Nash inequality at each instance and states control of the merging time in both total variation
distance and infinity distance when the set V is finite. Finally, Theorem [5| assumes a Logarithmic
Sobolev inequality at each time and similarly states control of the merging time in total variation
distance and infinity distance when the set V' is finite with Theorem [} Theorems and [6] are
new tools for understanding finite Markov chains in the inhomogeneous time context.

Section [2| deals with examples and investigates five instances within the context of electrical net-
works. The first example serves an educational purpose, while the subsequent two illustrate the
application of Theorem [3| The final two examples are within the classical framework for the appli-
cation of Nash inequalities and Logarithmic Sobolev inequalities.

The third section delves into the proofs and is divided into four sub-sections. The first one re-
visits the preliminaries and classical definitions from analysis and probability theory. The second
part focuses on proving Theorem [3] and deals with the Poincaré constants. It includes a crucial



proposition regarding the duality of operators within the inhomogeneous time context. The third
segment contains the proof of Theorem [4] reiterating the definition of a Nash inequality. Finally,
in the fourth subsection, we adopt an entropic approach and prove Theorem [5| and [6]
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2 Examples

In this section, we discuss pedagogical examples and other interesting cases. Each example consists
of a first part where we introduce the model, a second part where we investigate inequalities such
as PoincarA©’s ones or Logarithmic Sobolev ones, and a third part where we compare these results
with the homogeneous case.

2.1 Conductances on a stick

2.1.1 Description

We first start with a basic example. Let Gy := (Viy, En) be the standart Cayley graph of Z/NZ:
o the set Vv is equal to Z/NZ. It is a finite circle.
o the edges Ey are {{z,y}, such that (z,y) € V2 and |z — y| < 1}.

We assume that a family of conductances (c¢):>1 on E is given that satisfies:
o forall ein Ey, forallt > 1,¢/(e) > 1.
o for all e in Ey, the function ¢ — ¢(e) is non decreasing.

For ¢t > 1, let P, be the Markov transition operator on Vy associated to ¢; and its expression is
given by:
Ct (.’E, y)

V(z,y EVQ, P(x,y) = =——————.
( ) N t( ) ZZEVN Ct($7 Z)

Figure 1: Non-decreasing conductances
We study the Markov transition operators (K;):>1 given by:
1
vVt > 1, Ktzi(I+Pt).

We now define the family of finite measure (m;);>1 by:

Vit > 1,Vx € Vi, m(x) = Z ci(e).

zeVN

It is easy to check that P; and K, are reversible with respect to 7.

11



2.1.2 Lower bounds for the spectral gap

In this subsection, we are going to estimate the spectral gap of Q; := K? under the assumption:
Vit > 1,Ye € En,ci(e) < M < +00.

We define P the following Markov transition operator:
1

V(z,y) € VJ\Z, such that |z —y| = 1, then P(x,y) = 5

Define the set of edges E; = {{x,y}, such that |z —y| = 1}. It is easy to check that P is reversible
with respect to u = 1 and P is associated to the set of conductances cg defined by:

Ve € Ef;,co(e) = 1and Ve ¢ EY, co(e) = 0.

Let @ be the uniform probability on Vx and denote with v, the constant «(P). It is well known
see [8] that there exists k > 0 such that:

K Inf {5P,ﬁ(f)} '

= — = n
T N f€2(u), f non-constant Vara(f)

Besides, for each ¢, denote with 7 the constant ~(Q):
’Yt — Inf {thJ?t (f) } .

f€l2(7¢), f non-constant Varfrt (f)

Furthermore, we define for 7 a finite measure:
Varg(f) := m(V)Varz(f), Vf:Vy —R.

Then, note that:

u — I ’ d

R fe2(), f Ir}on-constant {Varu(f) an

VE>1, v = Inf {gQﬂft(f)} )
f€r2(#s), f non-constant | Varg, (f)

We now use a comparison method in order to estimate the spectral gap of ;. We have for the

Dirichlet forms, for all f in £2(7;):
Epulfi 1) = 23 (F() — F(1)?ulz) Pa.y)

2
Ty

-5 X U@ -1

zy{zy}tEE]

< 3 U @)  f) el ) since aufe) > 1
T#Y

< 3 (@)~ f@)Pmla)Pila,)
T#y

- gPt,ﬂt (f7 f)

< 28Qt,7rt (fv f) :
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The last inequality holds because P; and K; are reversible with respect to m;. More precisely, the
following fact is true:

gPt,Wt(fa f) = 28Kt,ﬂ't (fv f) < 28}(,52,755 (f, f) .

Moreover, remark that m < Mwu so comparison of variances gives:
Vf e 2(7,), Varg,(f) < M Var,(f).

We finally find that:

1
vt > 1, ’Yth’Yu-

2.1.3 Bound on the merging time

Let us summarize:

o t— ¢(e) is non-decreasing and for each ¢, 1 < ¢;(e) < M,
o t+— m(x) is non-decreasing,

o VE>1, > gpine

An application of Theorem [3] yields that it exists a constant A independent of N, M such that:

Vi € (0:1), Tier(n) < AMN?[log(N) + log(M) + 1Og(717)].

Let K be a Markov transition operator associated with a set of conductances ¢ satisfying 1 < ¢ < M.
Denote 7 the invariant probability of K and let i be the law of the chain started at  and driven
by K. For n > 0, we recall that the n-mixing time is given by:

Thix(n) :=1inf {t > 1, sup{x € Viy,drv(af,7) <n}} .
Theorem |1f gives the following bound on the mixing time of the chain driven by K:

Wi € (0:1), Tase(n) < 4xMN[log(N) + log(;)] |

Thus, we obtain an estimate of the merging time similar to the mixing time. The only difference
is an extra log(M) .

An argument based on a Nash inequality in the time-homogeneous case allows us to refine this
bound. We will do so for this example in the time-inhomogenous case, see

2.1.4 Unbounded conductances

We keep the same notation as in We still assume that ¢;(e) > 1 but now we consider the
case when:

sup sup {m(z)} = +oo. (9)
t>1lxzeVy

13



For t > 1, let ¢(t) be equal to sup {m(x)}.
eV

N
Imitating the calculations of if ¢ is a solution of the following inequality:
1
t > 4r(t)N?[log(4(t)) +log(N) + 10%(;) + log(2)], (10)

then, we have
t> Tmer('r/) .

We distinguish several regimes.

First, if ¢(t) > ¢ then equation has no solution and in this scenario, merging may not occur.
Indeed, let us consider the case N = 2 and the three edges : {{0;1};{1;1};{0;0}}.

Fix € > 0 and consider the following family of Markov transition operators (P;)¢>1:

1+€ 1

Here, one can consider the set of conductances (ct)¢>1 defined with:
Vt > 1, ¢(0,0) = ¢;(1,1) = '€ and ¢(1,0) = ¢(0,1) = 1.
It is imediate that (c¢;)i>1 is associated to (P;)i>1, then, we define the invariant measure m;’s by:
T (1) = m(0) = 1€ 4 1.
With this choice, {(F;, m)}i>1 is a finite non decreasing environment. Note that for all ¢, 7; does

not depend of ¢, indeed :
1

Vit > 1,7(0) = (1) = 3
For z in {0;1}, denote (Z]);>1 the Markov process {0; 1}-valued driven by (P;)¢>1 with:
Zy =z and Vt > 0,Vz € {0;1},P(Z¥, = 2|Z]) = Ki11(Z4, 2)
Remark that for all = in {0;1}, for all ¢ > 1:

1

log(P(Vs € [[0;t]], Z7 = x| Z5 = x) Zlog PR

e T)

By comparison with a convergent Riemann series, we obtain the following result:
Vo € {0;1}, P(Vs > 0,2 =x|Z5 =x) > 0.
There is no merging.

Second, consider o € (0;1) and ¢(t) = t*. Then, equation becomes:

1
0790 > 4rN?[alog(t) + Log(N) + log () + log(2)].
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Observe that t = (4kN?[(a + 1) log(N) + 2log(%) + log(2)])"/ (1= solves the equation above.
Then, it exists a constant A := A(«) independent of N:

() < AV[(0+ 1) log(N) +log( D)/~
We obtain a polynomial bound on the merging time.

Question: Can one build an example on Vy with non-decreasing conductances where ¢(t) = t¢

and prove that the bound Te:(n) = B(a)N¥ 1) (1 + log(%)) is sharp?

15



2.2 From a simple random walk to another

Consider a finite set V and two sets of edges E; and Fs. Let us assume that the graphs G; := (V, Ey)
and Gy := (V, E») are connected. Let P(1) and P(2) be the Markov transition operators associated
with the simple random walk on G; and Gy respectively.

Our objective is to study the merging time of a time-inhomogeneous Markov chain which interpo-
lates between these two simple random walks.

8 D
| | A@F
F D - b
E B
E

Figure 2: A 6 vertices example

To these Markov transition operators, two sets of conductances ¢(1) and ¢(2) can be respectively
associated by:

Ve € E1NEy c(l)(e) =c(2)(e) =1, Vee EyNES c(l)(e) =1, ¢(2)(e) =0,
and Ve € Ef N E2,¢(1)(e) =0, ¢(2)(e) =0.

Define v(1) and v(2) two finite measures on V' with:

Ve eV, v(l)(z) = Z c(1)(z,y) and v(2)(z) = Z c(2)(z,y) .

yev yev

It is straightforward that P(1) is reversible with respect to v(1) and P(2) is reversible with respect
to v(2).
Assume that P(1) and P(2) satisfy a PoincarA© condition and consider the two following quantities:

~v(1) := Inf {1)()} nd

f€L2(v(1)), f non constant Var,,(1)(f)

7(2) = FeRw(2)), Ifnﬁon constant {Varl,@(%)}
In the sequel, we assume the following:
~v(1) > 0 and v(2) >0, (11)
and we consider the family of conductances (¢;)¢>1 defined with for all ¢ > 1 :

() = re()(e) + (1 - e()(e).

Let (K)i>1 be the family of Markov transition operators associated with (c¢)¢>1 and %-lazy. We
are interested in the time-inhomogeneous Markov chain driven by (K)¢>1.

16



First, note that if G; and Go have constant degrees d; and ds respectively. Then, it is easy to

check that 7(1) = 9(2) = m. In this case, for all t > 1:
1 1.1 1
Ky=-I+-[-P(1 1—-)P(2)].
1= 31+ 5P+ (1- 5)P()
Besides for each t, the K}’s share the same invariant probability: ——-~. Therefore, the Markov

card(V) "
chain driven by (K};)¢>1 is much simpler to study. More precisely, ngix)ing and merging for this
chain coincides and one can apply Theorem |1} In order to apply Theorem |1} one needs to estimate
the Poincaré constant of K/ K;. A way to obtain an estimate on the spectral gaps is to consider
for each t, the measure 7y defined with %u(l) +(1- %)1/(2) and

Inf L
fel2(m), frrllon—constant { Varg, (f)

A straightforward comparison argument such as in [2.1.2] gives :
1

V=

2 = g min(y(1);7(2)).
Then, Theorem [I] gives, for all z in V:
1 1
vt >1, dTV(N?? (1 - ’Y*)t/Q .

card(V)) = card(V)

Here, we performed a convex interpolation of the two graphs and the interpolation does not depend
on the point z or of the edge e.

From now on, we do not assume that G; and Gy have constant degrees but we still perform a
convex interpolation.
Note that

o for all e in Es|F1, c1(e) =0 and t — ¢;(e) is non-decreasing.

o for all e in Eq|Es, c1(e) =1, t+ ¢(e) is non-increasing and
li =0.
Jim o)
One can write m; as:

V> 1,Ve €V, m(z) =} alr,2) = v(2)(@) + S (v(1)(z) = v(2)(2). (12)
zeV

For all z in V', we assume that :
v(2)(@) = v(1)(x). (13)

Then, t — m(z) is non-decreasing and once again a comparison argument gives:
Vi1, v =

An application of Theorem [3] yields the following bound on the merging time:

9 v2)(V)
. r(D(V) v(2)(V) 1
Vi € (0;1), Tmer(n) < . [log(N) + 10;;(7]/(1)(‘/)) + 210g(%)] :

This example is not a non-decreasing conductance one.

17



2.3 A birth and death process on N with extra connections to 0

2.3.1 Description

In this example, we consider the graph G = (V, E) where:

e theset Vis N,

o and the set of edges E is {{x,y}, such that |z —y| <1} UU,>1{0,n}.
Let P be a Markov transition operator on V which satisfies:

o forall (x,y) in V if |z —y| > 1 then P(x,y) =0,

e the chain driven by P is positive recurrent and irreducible on V,

o wu, the unique invariant probability of P, satisfies u(0) = ma‘i({u(x)},
Te

o« y(P)>0.

It is well known that one can consider a set of conductances ¢y such that:

CO(x7y)
= ———andVz € Vu(z) = Y co(z,2).
ZzGV C[)(.T, z) 2V

V(z,y) € V?, P(z,y) =
In the sequel, we are given:
« a sequence of positive integers (z¢)¢>1,

« and a sequence of positive reals (w)i>1 -

Roughly speaking, at each time, we add an edge from 0 to x; with a weight proportional to wy.
We now build, by induction, the family of Markov transition operators (P;);>o that formalizes the
previously described process. More precisely, we build (P;):>0 a set of conductances associated to

(Py)e>0-
We initialize with Py = P and ¢p. Given P; and ¢, we build ¢, with:

cer1(wir1) = co(we) + u(@er1)wirr, c11(0) = ¢ (0) + u(@i1)wir

and if y # 2441,  crp1(y) = cly) -
Then, we find:

ct(0, 241) + co(Tp41) Wi (0, y)
P 0, - ) P 07 - )
t+1( xt-ﬁ-l) it (0) t-‘rl( y) it (0)
0
Pros (2101, 0) = (0, 2441) + co(Tpr1)wisn and Py (zrs1,y) = M
ct+1(Te41) ct+1(Te41)
And, for all y, z elements of V with 2z £ 0,y #£ 0, 2z # x;11 and y # Tyy1:
Ct(ya O) Ct(Z, y)
P, ,0) = and P11(z,y) = .
t+1(y ) Ct(y) t-‘rl( y) Ct(Z)

18



Figure 3: Extra connection with 0

Furthermore, we consider (7¢)¢>o defined with:

Vit > 0,Vx €V, m(x) = Z ez, 2) .
zeV

Note that P, is reversible with respect to m; and ¢ — m; is non-decreasing.

2.3.2 Bounded case

In the first instance, we assume that:

M::Zwt < +00.
t>1

Let M’ be equal to M(+)1 one can remark that by construction:
Vt>0, u<m < Mu.
Define, for each t:

Ex2 7, (f) }
Yt = :

Inf e (£)
fee2(zwy), fr:lon-constant { Varz, (f)

Then, a comparison argument such as in gives that K? satisfies a Poincaré condition with:

Vt >0, 3 > P).

QM,’Y(

Moreover, it is straightforward that:
o forallt >0, m(V)< M,
o and for all t > 0, for all z in V, 7, (z) > u(x).

Let pf be the law of the chain started at z and driven by (K¢)¢>1.
An application of Theorem [3] yields for all z,y in V:

1 1

dTV(:U’t ’Mt) < \/7 \/7 \/7 2M/

A(P))2.

Finally, for all n in (0;1):

M’ 1 1
——) + log(

Tmer "r7y7 S
(7, y,m) o)

1
)+ 2log(g)] .



2.3.3 Unbounded case

In this section, we assume that:

Zwt = +400. (14)

t>1

t
Let M, be equal to %. The same calculations as in [2.3.2] gives:

vroe [[1;t]], v > (P) and m,.(V) < Mj.

1
o))

Fix x and y two elements of V and 7 in (0;1).
If ¢ is a solution of the following inequality:

—ty(P N N
M} exp(=P)y < i) + ). (15)
2 M|
Then, Theorem (3| gives Tier(z,y,n) < t.
If
M/ log(M!
liminf M98 _ (16)
t—4o00 t

then, equation has a solution for any choice of z, y, and 7.

2.3.4 An always merging condition

Let us define the first Dirichlet eigenvalue of P:

4 = inf {W : f(0) =0, f non-constant and f € 62(u)} .
(u)

Assume 4 > 0. Below, see Inequation . We provide an estimate of Ty that holds for any
choice of (x¢)>1 and (w)s>1. This gives an estimate of the merging time even if Condition is
satisfied. This set of examples includes situations when the Markov transition operators (K;)i>1
do not have a limit. However, merging still occurs.

First, use ||f — f(O)H?z(u) > Var,(f) to find:

Vary(f) = Varu(f = £(0)) < |If = £(0)| 72w
< ;sp,uu ), f — £(0) = ;ep7u<f, 5

and
Y(P) > 4.

For each t, consider the first Dirichlet eigenvalue of K?:

& ;
Ay = inf {W : f(0) =0, f non-constant and f € EQ(Wt)} .
£2(7Tt)
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Note that: ) , ,
1 o2y = 1 o2y + > Px)we(,0)

TEA:

> AgPu f f + Z (O))th(xao)

TEA:

2(§ + )€z, (f5 f)

Let v := o ;+ R Then, one finds a uniform lower bound in time on the ~;’s:
ad

Ve =

Finally, Theorem [3] yields that merging occurs and one can bound it. Indeed, for all z,y in V and
for all n in (0;1):

[\

Tmer<m7y7n) < /}/[log<1 + log (\/7 \/17> (17)
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2.4 Nash Inequalities for a box in Z?¢

In this section, we deal with the generalization of example a time-inhomogeneous Markov
chain in (Z/NZ)?. Once again, we consider time-dependent electric networks with non-decreasing
conductances. More precisely, let G& := (V& E4) where:

o the set Vi is (Z/NZ)4.

o the edges E¢ are {{x,y}, such that (z,y) € (V)% and |z — y| < 1}.

Figure 4: An example in Z?

We assume that a family of conductances (¢;)i>1 on Ej‘(, is given that satisfies:
o forall e in EY, for all t > 1, ¢;(e) > 1.
o for all e in Bt c(e) is non decreasing.

For t > 1 a positive integer, we consider P; the Markov transition operator on Vﬁ, associated with
¢¢. The expression of P; is given by:

Ct(‘rvy)

V(z,y) € (V]%)27 Py(z,y) = m

We consider the family of lazy Markov transition operators (K;);>1 given by:
1
Vt>1, K; = §(I+Pt).

We now define the family of finite measures (m;);>1 by:

Vi > 1,Vz € Vi, m(z) = Z ez, 2) .

ze€Vn

It is easy to check that, for each ¢, P, and K; are reversible with respect to .
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2.4.1 Nash inequality at each time

Now, we fix N and d and we are going to prove that, at each time ¢, K; satisfies a Nash inequality
under the following assumption:
1<¢g<M<+o0o.

Let P be the Markov transition operator on Vﬁ, associated to the simple random walk on Gy, P is
defined by:

1
(@, y) € (V)% P(2,y) = 5 Ljayj=1 -
1

It is easy to check that P is reversible with respect to the uniform probability measure u = 3.
In [5], P. Diaconis and L. Saloff-Coste show that (P, u) satisfies the N'(kT,d/4,T) Nash inequality

VfVN%R\VW““<mTGhAﬂﬂ 1) ) 11 (19

where k is independent of (N, d) and T' = 1.

We divide the conductances (c;);>1 by a factor (N + 1) and we keep the same notation. One
finds that:
VE>1, 1<m(Vd) < (2d+1)M

Note that we can compare 7; and u as follow:
1 - /

where M’ is (2d + 1) M.
Then, one finds for all f : V]{l, — R and for all t > 1:

o 110, < MYAFIE, ),

° ﬁ”f”%(ﬁt) < ”f”?z(u) < M/||f||g2(7~rt)

d gP,u(fv f) < 2M/8Qt,7~rt(f7 f)

We finally use a comparison method to show that (K7, 7;) satisfies the N'(x'T,d/4,T). We get the
following Nash inequality at time t:

1
VSV Rz L IS < R (S 50+ T Pey ) 11,

where ' = x2M/1+4/d)(1+2/d)
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On the other hand, we can obtain a lower bound on the spectral gap of K2. Indeed, let 7; be the
Poincaré constant vy(K; K;). A comparison method gives:

where 7, = v(P?).
It is easy to check that:

a
Then, we conclude with:
a
Vt>1 > —.
- b ’Yt - M/dN2

2.4.2 Bound of merging time

In order to use Theorem [4, we summarize:
o forallt >1, 1 <m(V)< M,
e t+— m is non-decreasing.

Denote by pf the law of the chain started at z and driven by (K3)¢>1.
Therefore, an application of Theorem [ yields :

z Y 1 a t—2T
Vi z 2T, max {s(uf, )} < DML - 3rre)

Finally, we find that it exists B, C' two constants independent of N, d and M such that for all 7 in
(0; 3):

mer

1
T (n) < BAN? + CdM’N2(log(5) + log(M")).

In this example, the Markov transition operator K; convergences to a Markov transition operator
with conductances.

We may compare the previous result with the time-homogeneous situation. Let K be a Markov
transition operator associated with a set of conductances ¢ satisfying 1 < ¢ < M. Denote by 7, the
invariant probability of K, and 17, the law of the chain started at x and driven by Kt
A Nash inequality argument gives the following bound on the mixing time of the chain driven by
K: . .

Vi€ (0:5), Tai(n) < sMNZC +log()].

We conclude that the two estimates on 725, (1) and T5%,.(n) we just obtained are similar. The only

differences are an additional mass term and in the constants.
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2.5 Hypercube with conductances

2.5.1 Description

In this example, we consider the N-dimensional hypercube. More precisely, let GV := (VV, EY)
where

o V¥ isequal to {0,1}.

o x,yelements of VY are neighbors or 2 ~ y if > | |z; — 5| = 1, where x; is the i th coordinate.
We assume that a family of conductances (¢;)i>1 on EV is given and satisfies:

o forallein EN forallt>1,1<c¢(e) <M,

o forall e in EN| t s ¢;(e) is non-decreasing.

For each t > 1 , we consider P; the Markov transition operator on V¥ associated to ¢;. We recall
that its expression is given by:

ce(z,y)

V(z,y) € (VY)?, Pyz,y) = S oo (@ 7)

We consider (K¢)y>1 the family of Markov transition operators given by:
W1, K, = %(Hpt).
We now define the family of finite measures (m;);>1 by:
Vt>1,Vz e VY, my(x) = Z ce(z, 2).

zeV

It is easy to check that, for each t > 1, P, and K; are reversible with respect to m;. By assumption
on (ct)¢>1, m is non-decreasing.

2.5.2 Control of the logarithmic Sobolev constant

In this subsection, we give a lower bound on the logarithmic Sobolev constant through the simple
random walk on G¥.
Recall that the simple random walk on V¥ is driven by the Markov transition operator

ia 1f93”\’y7
P(fc,y)Z{N

0, otherwise.

Let u be the finite measure on VV defined by u = 1. It is easy to check that u is stationary for
P and that @ is constant equal to % It is straightforward that the set of conductances ¢y = 1 is
associated to P.

Let K = (I + P) and define « by:

Eralf) }
a= Inf { S .
f€l2(u), f non-constant E(f\u)
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It is well-known that, see [17] :

dk >0, a=

=2l =

Let :
8K2,771't (f? f)
Qg = Inf et T
f€l2(u), f non-constant E(f|7Tt)

Once again, we use a comparison method to bound «; from below.
Define S} the set of functions defined on V such that L£(f|r;) exists. Let L(f|r;) be equal to
T (V)L(f[7e).

Now, note the following facts, for each ¢ > 1:
o forall fin SN, L(f|m) < ML(fu),
o forall £in SY, Exom(f. ) = Excalf ),
o forall fin S, Exz,(f, ) > 3Ek.7(f, )
The standart logarithmic Sobolev inequality for K implies:

5Kt2,m(f7 f) . 5K§,7*rt(fa f) 1

N
WLV EST Ty T LRy S M

Q.

We conclude with the following:

1
thl, OéthO[

2.5.3 Bound on the merging time

In order to apply Theorem [5, we divide m; by u(VN ) and still note it m;. Let us summarize:
o foreacht>1, 1 <m(V)< M,

- N
o foreacht>1, xlél‘l/f}vﬂt(*f) Z M2N>

e and t — 7 is non-decreasing.
Let s be an integer, we define :

1
qs — 2(1 + ma)s

Note that: \
ds §2H(1+a])
u=1
Then, by choosing s =1 + [% log(log(M2™))], we obtain:
log(gs) > log(log(M2")).

Denote = the Poincaré constants (K] K;) and recall that 7; > 2a4, then, one finds :

K
>1 > —.
Vt_ ”Yt_MN
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Denote with pf the law of the chain started at z and driven by (K;)¢>1.
Therefore, an application of Theorem [f] yields :

x R _op
vt =, (xf"fyl)agﬂ{«?(ut’u?)} <4e*M(1 - m)(t 2.

Finally, there exists a constant A independent of N such that for all n in (0; %)

Ter(n) < AM N [log(log(M)) + log(log(N)) + 103;(717) + log(M)].

In this example too, the Markov transition operators K; have a limit and we find a merging time
similar to the mixing time in the time-homogenous case.
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3 Proof
3.1 Preliminaries

In all the sequels, we consider a set V' at the most countable and discrete set. We will sometimes
need to assume that V' is finite. In this case, we will mention it. Let M4 (V') be the set of finite
measures on V and let P(V') be the subset of M (V') containing the probability measures on
V.
We will be working with several classical distances on P(V'), -the total variation distance is defined
as:

V(w,v), drv(p,v Z |l

;BEV

When V is finite, it is interesting to consider the separation distance:

s(p,v) = max{l — ,u(x)} .

zeV v(x)

Recall that K is said to be a Markov transition operator on V' when K is a map V x V — [0; 1]
satisfying :
o Yye V,K(.,y):V —[0;1] is measurable.

o Yz e V,K(z,.): P(V) — [0;1] is a probability measure.
As usual, one can see K as a right linear operator on F(V,R) := {f : V — R} with:

Vi e F(V,R),( = K(z,y)f( (19)
yeVv

and as an left linear operator which acts on M (V) as follows:

Vi€ Mcioo(V),Vy €V, ( = > = (20)
zeV

For m an element of M« (V), let 7 := =(77 denote the element of P(V) given by .

Moreover, given p in [1;+oo[, we denote conventionally ¢?(7) C F(V,R) the set of functions f
such that :

> m(@)|f (@) < +oo

eV

and we consider the following p-norm:

1 logy = (3 w(@) | F(@)IP)5 .

zeV

In the £%(7) case, we write:

v(f.g) € £*(m) = flz) ()

zeV

and (f,9); = > f(z)g(x)7(x).

zeV
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Classicaly, we define £*°(mw) C F(V,R) the set of bounded functions on V' and:
[ fllgoe y = sup {[ ()]} -
eV

Using the fact that we consider only proper measure is proper, the previous quantity is independent
the measure. It is also independent of the fact that the measure is a probability or not. However,
we will retain the dependency on it in the proofs to help the reader.

An important notation is the following:

Vfel(n), n(f) =) n(@)f(x) and #(f) =) 7(2)f(z).

zeV zeV

Furthermore, we use the notation Var, when 7 is not a probability measure. We define the variance
of a function with respect to a finite measure that is not a probability as follows:

Vf € (m), Varz(f) = Y (f(2) — 7(f))*m(z).

xeV
Note that:
¥f € C(m). Vara () = g 3 3 (@) ~ [ r(@)n(y)
zeV yeV
= 3 P@nt) - n(VF()

Moreover, consider the Markov transition operator A defined with:
VueP(V), nA=rx.
Then, we find another expression of the variance:

Vf € (m), Vare(f) = ((I = A)f, f), -

One of the characteristics of the time-inhomogeneous context is that the invariant measures of the
operators evolve with time. So, we have to consider operator between P spaces with sometimes
different measures in the domain and target spaces and other times the same measures.

More precisely, we will juggle between:

Ky 0P(m) — 09(my)

and
Kt : Zp(ﬂ't) — fq(ﬂ'tfl) .

One of the advantages of the finite non-decreasing context is the following remark:

Remark 2. if t — 7 is non-decreasing then
Vit > 1,Vp € [1;+00], P (meg1) C LP (). (21)

However, (P(myy1) C P(m:) does not imply m dominates m_1.
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Finally, we are going to distinguish the duals of K;. The classical dual of Ky : £?(m;) — £2(m;) is
denoted K; : ¢%(m;) — ¢?(m;) and defined with:

V(f,g) e 62(7“)27 <th7 g>7rt = <f7 Kt*g>7rt *
We recall that:

V(z,y) € V2, K} (z,y) = mi(y) Ki(y,z) = ::Ez; Ki(y,z).

Then, remark that K; is also the dual of K; : £2(7;) — £*(7).

Besides, we denote K;” = K;7y, : 0%(m_1) — £%(m;) the dual of Ky : £2(m) — £2(m_q). It is
given by:

Vf € C2(m),¥g € CP(mi1), (Kif,9), , = (F KT 9)r, -
We find that:

W) € VK7 (o) = "W Koga).

It is important to remark that in general, we can not substitute 7y to m; that is to say if m (V) #
m¢—1(V) then:

V(x,y) € VQ,K?(:E,y) # i1 (y) K(y, z)

e ()
(V) T—1(y)

but K7 (x,y) = (V) F@) Ki(y, x)
and K?(:E,y) = thg‘(/&) K7 (x,y).

where K;7 : (2(7,_1) — £?(7;) is the dual of K : £2(7;) — ¢?(7;_1) in these precise spaces.

3.2 Poincaré case

We recall that we work with the next Dirichlet form subordinated to the measure 7; and the kernel
Qt = Kt*Kt with:

V(f?.g) € 62(7[-?5)27 th,ms(fa g) = <(I - Qt)f7 g>7rt
= 2 )~ F@) o) — o)l ().

zeV yeV

We recall a fundamental concept in spectral analysis:
Definition 7. 1 — )\ is called the spectral gap and if 1 — Xy > 0, Q¢ is said to satisfy a Poincaré
condition.

In sections and@ we use the notation v(Q¢) =1 — X\¢. Then, one can write:

(1= Xe) Varg, (f) < Equm ([, ) - (22)

Now, we recall the variational form of AN(Q¢, ) :

- AQum) = Inf { (23)

fel2(mt), f mon-constant

EQumi [+ f) }
Varz, (f) '
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Remark 3. [t is straightforward that:

1= XNQ¢,m) = Inf {‘W}

fel2(7), f non-constant Varz, (f)

The main result is the following, it is the key to prove Theorem [3] and the proof paves the way to
the logarithmic Sobolev case:

Theorem 7. Let (Ki)i>1 be a sequence of Markov transitions operators and (m¢)i>1 a sequence of
elements of Mcioo(V). Assume {(K¢,m¢)}e>1 s a finite non-decreasing environment. Let Ay be
the second highest eigenvalue of Q.

Then,

m(V) !
— Varz, (f) [T 2s - (24)

s=1

Yt > 0,Yf € (my), Vars, (Ko f) <

And,

~ ﬂ't(V)
HKO,t — 71 (Koat)Hﬁ(frt)—%?(frl) < 7T1(V)

IT - (25)

s=1

Remark 4. The proof of Theorem[7 is not difficult at all. It uses a backward induction and the
well-known following fact:

_ 2
Varz,(F) = Inf{11f = ellfany } (26)
Proof of Theorem[7. First, we impose 7y := 7 and remark implies that:
Yt > 1,Vs € [[1;8]], £2(m) € % (my) .

Fix t > 1 and f element of ¢?(7;). Denote:

Vs € [[05t]], ar(s) = [ Ki—spf — 7~Tt—s(Kt—s,tf)”?2@,3) :
Given s element of [[0;¢ — 1]], one can remark that:
ai(s +1) < M—say(s). (27)
Indeed,

at(S + 1) = ||Kt—sKt—s,tf - 7~Tt—s—1(Kt—sKt—s,tf)H?Q(ﬂ-t_s_l)
<N Ki—sKi—stf — 7~Tzt—s(Kt—ust—s,tf)||?2(7r,5,s,1) minimality

by variance’s

- ) .
< HKt—sKt—s,tf - Wt—s(Kt—sKt—s,tf)HEQ(M_S) using mg—sg > Mp_s—1
< Ai—sa¢(s) by Poincaré Inequality at time t — s.

By iterating equation , a reverse induction argument yields:

t t—1
a¢(t) = Vary, (Ko f) < Varg, (f) H As = a¢(0) H At—s - (28)
5=0

s=1
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It yields inequality .
In order to find inequality , remark that:
1f =7z < 1z, -
O

To apply Theorem [7| to the study of merging-times, we need the operators defined in Proposition
Ik

Proposition 1. In the study of merging times, a family of operators naturally arises, denoted as
057,5.'
Vs > O,Vt > S, Osﬂg = Ks,t- — ﬁs(Ks’t.) : 62(7?15) — 62(77'5) .

We denote their dual in precise spaces:
Vs > 0,Vt > 5,0, : O(7s) = (7).

First, (Os)s<t s a semi-group.
Second,
Vs > 0,Vt > 5,0, = K — K 317()

where 1 is the function constant equal to 1.

Let pf be the law of the chain started at z and driven by (K;)i>1 and denote hi = and im-
pose Ty = 7.

Third,

ME

hi = Kyihi and Kgjl#(hi) = Kol

Remark that K 170(h§) does not depend of z.
Then,
si(h3) = hi — Kgil.

Proof. We first prove that (Os;)s<; is a semi-group.
Indeed,
V(s,r,t) CN,s <1 <t, Os;O0pp = Kg, Kpy. — Tg(Kgp.) Kry.

- Ks,r'frr(Kr,t-) + ﬁs(Ks,r-)frT(K'r,t-)
Use the fact that K, K,; = K,; to find:

Ts(Ksp. ) Krt = Ts(Ksp.) .

) )

Moreover, it is clear that:
— K 7 (Kyp.) + T (K p )T (Kpp.) = =70 (Kpp.) + 7 (KGp) = 0.

Finally, we find:
Os,ror,t = Os,t .

Second, it is straightforward that:
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or = Koy = [7s(Ksp)] ™
Now, we make this operator [7s(Ks¢.)]™ : €2(7s) — ¢?(7:) explicit:
VI € (71), Vg € (7o), (Fs(Konf)l9)z, = (FI[Fs(Ket)) 7 9)z,

- 7~"'s(Kvs,tf)frs(g) .
And
Vf e gz(ﬁt%VQ € 62(7”1-5),7?5(1(”]”)7?5(9) = <K87tf‘1>ﬁ-s 7s(9)
- <f’7~Ts(g)K5_,1>tl>ﬁt :
Finally,

Vf € C(7), 053(f) = Koif — KJAws(f).
Third, it is straightforward that:
- K[‘_)J(Z,ZJ) K(ﬁf(yﬂz) 72z

Vy € V? hf(y) - ﬁ_t(y) = ﬁ_o(z) = O,thO(y) .

Note that:
Vz eV, K@lfro(h(z)) = Ka;l.

Finally, we find:
Oo_ft(hﬁ) = Kgihg — K&;l.

In the following, we provide a proof of Theorem [3}

Proof of Theorem[3. Let uf be the law of the chain started at z and driven by (K3;);>1 and let m;
be Kg’%1 and denote % with hj.
The triangle inequality gives:

x 1 xX
V(z,y) € V2, dryv (uf, uf) < B 17 = B |l 2z,

IN

1 1
3 10 = miell ) + 5 I = melle,) -
Then, Proposition [1] gives:

IN

Jos:
01l g2 (700) 02 (7

1h7 = mill ) ) P12 o) -

Then, using duality and Theorem [7] one finds:
2

|os:
EQ(ﬁU)—)EQ(ﬁt

0,t

)= | Kot — ﬁO(KO,t)H?Q(ﬁt)aﬁ(fro)

(V) {-
mo(V) s:HlAS.

<

Finally, remark that [[h§]|s(z,) = ﬁ to conclude that:
7o(z

1 1 (V) +
(\/7?0(90) * \/ﬁo(y)) 11

drv (pg, pf) <

N
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3.3 Nash Inequalities and Poincaré

Some of the best bounds on L? mixing times were shown by the use of Nash inequalities. Diaconis
and Saloff-Coste introduced them in [5] to study mixing. In the time-homogenous case, a Nash
inequality is a tool used to show that when the variance of the density is extremely high then the
walk converges even faster than predicted by the Poincaré constant. In this part, we show how one
can use this tool in the time-inhomogenous case.

We there give a key lemma:
Proposition 2. The finite non-decreasing context allows the following control of the Dirichlet form:
Vr > 1Yg € £(m,),
. 2 - 2
Qi (9:9) < g = T (Dli2(r,) — 1Krg = Tra1 (B g) |2, ) -

Proof. First, write:

Qv (9:9) = 19 = Fr (D B(mry — 1Krg = 7r(Krg) 72,

Then, write:
1 Krg — ﬁr(KTg)sz(m) > || Krg — ﬁr(Krg)HEQ(m_l)

> [ Krg — Foo1 (Koo, ) -

Merge the two equations above to conclude. O

Under Nash inequalities, we control the norm of operators O, ; with the following:

Theorem 8. Let T' > 1, assume 71 (V) > 1 and that there are constants C, D > 0 such that for
1<t <T, we have (Q, 7) satisfies the N(C,D,T) Nash inequality.:

VSRl < CEun(f )
1y ) 11,

Then, for0 <r <t<T,

4C(1+1/T)(1 + [4D1)>D (V)

HKr,t - ﬁT(KTft')HEI(ﬁt)HP(ﬁT) S ( f—r+ 1 7T7»(V),
Moreover, if V' is finite:

4C(14+1/T)(1 + [4D])
t—r+1

)D (V).

Proof. First of all, remark that for 1 < s < T the Nash inequality with respect to 75 gives a Nash
inequality with respect to s with the same constants.

Indeed, 75(V) > 1 implies %

| Kyt — ﬁr(Kr,t-)HEQ(frt)aéo"(frT) <2 (

<1, it gives:
Vf V= R, Hf”?;;r{D < C(th,Wt(fv f)

1 1/D
e ) 11
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For s in [[1,t]], we define the next quantities:

at(S) = HKt—s,tf

In Proof it is proven (as(s))’_, is non-increasing.

Then, fix f element of ¢! (7r) and apply the Nash inequality to the function K; ¢f —

toget forany 0 <s—1<t<T:

ar(s+1 )1+1/(2D) <K sKimsip | — To—s (K- s Ko stf)”gz
< C(Eqr_ms BKistf Kisif) + ai(s)/T) | Ko—si f
< C(ar(s) —ar(s+ 1)+ ar(s)/T) || Ki—spt f —

7Tt S(Kt Stf)HEQ(Trt s) "

7rts

- 7ths( s tf)”

~ 1/D
Fos(Kae Pl

Proposition [2 proves the last inequality with ¢ = K;_s;f and r =t — s.

We prove by induction that the quantities ||K¢—s ¢ f||e1(r,_
Indeed, use successively the dominance of m;_s41 on m—s and the fact that K g

¢ (ms_s) is a contraction to find:

ni(s) = Hths+1ths+1,tfHgl(mﬂ) < ||ths+1ths+l,tf||gl(ﬂ.

Then, for s in [[0;¢]]:

na(s) < m(0) = |l
1/ (lzrt) and merge Equations and

Finally, let C;y := C'[|f|!

2.

5.3

= n4(s) are non-increasing.
W (ms) —

and find:

ay(s+ 1)) < Oy (ar(s) — ar(s + 1) + ai(s)/T)

Corollary 3.1 of [5] then yields that

OB
< (2=
as(r) < (t—r+1

where B = B(D,T) = (1+1/T)(1+ [4D]).
In particular, if 0 <r <t < T:

||Kr,tf — ﬁ's(Ks,tf)Hé?(wr) <
And

(CB)/(t =r+ 1) [ fllar, -

HKr,t - ﬁr(Kr,t')||g1(7~rt)Hg2(7~w) S

Now, we assume that V' is finite. We recall that Os; = K¢ — Tg(Ks¢.).

We want to bound HO
L1 () —£02° (7r¢)
First, by duality for 0 < s <t < T,

H st 02(7g) 0 (7r)

for0<s<t<T.
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(CB)/(t—r+1)”

2D
) , 0<r<t<T,

7Tt(V)
ms(V

~—

(1+1/( 2D))

t75+1) S

ﬁtfs (Ks,tf)



We consider the quantity M (T') defined by

_ o 2D
M(T) =  max | {(t s+ 0% el(ws)%w(m)} ’
Let [ = [%J—i—s,sothat()gsglgtgf We find:
oz <|loz o7
Hler(mgy—eoe () = 117 ler ()= e2(m) 1708 o2 () 000 ()

< |0z (CB)/(t—1+1)".

Hlgr (rg) =02 ()

Note that for all 0 < s <[ <T:
(12

H - 1/2
O (me)—=2(m) — 11 St (g ) =00 ()

oz |
S ()1 (my)

s,l

This follows from the fact that for any function g:

1/2 1/2
92 my < N916Lm,) Nl iy -

Moreover, note that:

o

O (7)1 () = ”Os,l||£°°(7rl)—>£°°(7rs) <2 (30)

<v3(;220) o

t—1+1

So,
1/2

oz Pt

e (mg)—0 ()

CB b
= ﬁ((t—l—l—l)(l—s—i—l)) M)

D

The last inequality follows from the fact that

fosa1 fost1
t—l+1z%and1—s+1z%.

Then M(T) = +oo or M(T) < 2(4CB)?P.
V is finite therefore M (T) < 2(4CB)?P and it follows that for all 0 < s <t < T
2D
H = <9 ( 4CB ) '
e (ms)—€°° () t—s+1
By duality, we find
ACB \*P
10:ili e <2 (7).
Let@z%,pl =1, q1 = g2 = pz = 00 SO 1%921%+1p;29 and qig——+q—2, then an application of

the Riesz-Thorin interpolation Theorem gives

A

4CB \P
‘|Os’t||€2(7rt)—>foo(7"s) <2 <t—8+1) '
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Finally, one finds:
4CB \P
(Onileyrein <2 (725 17) VRV

O

In the following, we provide a proof of Theorem [4 This proof follows the same outline as the proof
of Theorem [3] We will reuse some of its arguments. But first, we need the following fact:

Lemma 1. Let n in (0;3). Fizt > 1, we recall that i = 6" Koy if

pi (2)
——— 1|, <n<1/2
gg%%'{ ﬁ01{0¢(2) =0= / ’
then,
x
max { Hi (2) —1‘} <dn.
z,y,z€V

1f (2)
0,

Proof. If 1 —n < a/b,c/b <1+ n with n € (0,1/2) then,

1-— 1
1 —ap< <@ 2T oy,
149~ c ™ 1-n
O
Proof of Theorem[] For time t = 0, we impose 7y := m; and we let uf be the law of the chain
started at z and driven by (K¢)i>1. The triangular inequality gives:
V(w.y) € V2 dry(uf. i) < 3 10— mellgny + 3 16§ —ml (31)
x,y) e Vi arvipy, b)) < 5 |hi —my 52(ﬁt)+2 t = Mlle2(z,)

ui

where my is equal to K;1 and hf denotes Z-.

Then, Theorem [§] gives:

VzeVVt>s>0and s <T,

z — — z
|hi — mt”ﬁ(frt) < HOs,t 2 (7= 2 (1) ‘Oo,s (L(0) €2 () ”houzl(fro)
7 (V)ms(V) <4CB )D i
< vV
B WO“/) s+1 wll&

where B = B(D,T) = (1+1/T)(1+ [4D]).
Finally,

N m(V)ms(V) (4CB\P
drv () <\ [T <s+1) IRes

In a second step, we assume V is finite. Note that

= max
z,yeVv

i (y)

07 Kot (y)
70Ko,(y)

1 -
70Ko,(y)

—1

5@?\5{ } = 1O0tller )0 o) -
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Then, write ¢ = 2r + u with 7" > r, an application of Theorem [7] and Theorem [§] give:

. —
||007t||£1(ﬁ_t)_>€oo(ﬁ-o) S HOOﬂ" Zl(ﬁ—o)—)ZQ(ﬁ'r) X H r,r+u 62(ﬁr)—>e2(ﬁr+u)
—
X H0r+u,2r+u 02 (Fpgn) €2 (F2r4u)
4CB 2D r+u
< Am (V) () II v
r+1 s=r+1

Merge the inequalities above to conclude that:

1 (y) (4CB>2D g
A Y <an v [ —= As -
CC,H;%}‘(/ { 7o Ko,t(y) } < 4m(V) r+1 3:11—1 Vs

Let n in (0; %) Finally, use Lemma (1| to find if

(V) (403)21) ﬁ Vs <.

r+ 1 s=r+1
then,
x
max { ,ul;(z) — 1’} <Adn,
zy.z€V | i (2)

and one finds a bound on T5%,(n).

mer
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3.4 Logarithmic Sobolev Case

In line with the results obtained with functional inequalities for mixing estimates, hypercontractivity
is one of the most powerful. These results adapt in a non-decreasing environment to estimate
merging for time-inhomogeneous Markov chains.

3.4.1 Hypercontractivity

First, we recall that we work with the following entropy of f with respect to 7 element of P(V):

2 X
LR = Y 72 tog( D)

eV 7~T(f2)

)7 (). (32)

Besides, we denote S; the subset of ¢?(m;) which contains the functions such that £(f|#;) is defined.
The analog of Remark [2] in the logarithmic Sobolev case is the following:

Remark 5. if t — m; is non-decreasing then
Vi>1,5C S_1. (33)
Let us recall classical facts:

Lemma 2. For any Markov transition operator Q the logarithmic Sobolev constant a(Q) and the
Poincaré constant v(Q) satisfy

2a(Q) <~(Q).

Proposition 3. Let K be an irreducible aperiodic Markov transition operator on V and 7 its
invariant probability. Set o := a(K*K) the logarithmic Sobolev constant of K*K where K* is the
standard dual of K in 0*(%).

For all ¢ > 2, set ¢* = (14 «)q. Then,

Vp < ¢ Vf € L9(T), 1K Sl < Iflleagzy - (34)

Inequality is called a hypercontractivity inequality. For more details, consult [II]. Hyper-
contractivity adapts to a non-decreasing environment. It takes on a new form. The equivalent of
Proposition [3] is the following;:

Theorem 9. Let (K;)i>1 be a sequence of aperiodic and irreducible Markov transitions operators
and (m¢)e>1 a sequence of elements of Mcioo(V). Assume {(K¢,m¢)}>1 is a finite non-decreasing
environment.

Let oy be the logarithmic Sobolev constants a(Qy, ) and assume w1 (V) > 1.
Forallq>2andt>1, set ¢ = q[1:_,(1 4+ ).

Then,

i (V)V4

Vp < q,Vt 2 LYf € 04me), [ Koif lloiz,y < 1oz, (V)

Proof of Theorem[9. Set my := m and fix ¢t > 1. Define for s in [[0;¢]]:

ni(s) = [ Ki—s .t flyrs (mt—s)
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where 75 = g1\ —i_oy1(1+ au).
Then, an application of Proposition (3| and the dominance of m;_s on m_s_1 give:

nt(s + 1) = Hthsths,tngrsﬂ(m,s,l)
S K- s Kos i fll garar—oms
< HKt—s,tfHWS(ﬂ't_s)

=mny(s).

Wtfs)

It is then straightforward that:

m(t) = 1Ko llse gy < 1 llpagmy = 76(0)

Renormalize to conclude:
Wt(V)l/q
mo(V)Yar -

Finally, the announced result is a consequence of the following fact:

||K0,tf||£11t(7”r0) < ”f“gq(ﬁ-t)

Vp < qt,V9: V = R, l9lln(ze) < N9llgar 70) -
]

In the following, we provide a proof of Theorem [5] and [l This proof follows the same outline as
the proof of Theorem [3] and we will reuse some of its arguments.

Proof of Theorem [ . For time t = 0, we impose 7y := 7 and we let uf be the law of the chain
started at z and driven by (K;)i>1.
For ¢ > 2, we denote ¢’ as the Holder conjugate of q. Let ms; be equal to K s¢1 and let hj denote

z
K
Tt

. An application of proposition (1| gives :

s

Wt > s > 0,¥2 €V, [|hf — matllp, = HO?,thz

02(7e)

0,s

< HOjt

‘ —

52(7?5)—%2(7?,:) Zq/(ﬁ'o)_)£2(ﬁ's) ||h0||gq/(7~r0) .

Remark that mg; is equal to my.
Moreover, for z element of V', we denote t, the following quantity:

t

t, = min{t > 1, Z log(1 + ay) > log(log(7o(2) 1))} . (36)
u=1
Using the fact that [|A§|l ¢ z,) = 7o(2)~1/4, one finds that if s > ¢, then ”thfqé(fro) <e.

Finally, for z,y elements of V, let s be equal to max{t,,t,}. One finds using the previous inequality
and Theorems [7] and

Vt > s, drv(pi,pf) < 5 I = msillozy + 5 18] = mistll 2z,
(V) 1
_ Ay -
<y 1Ly
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In the second step, we prove Theorem [6] but first, we need the following result:
Lemma 3. One can control the following norm of operators:

Vu > 1,Va € [1;00],Vb € [1; ],
2 Nlga < [l e

(Tu—1)—£0(7y,) () =20 (y,) -

Proof. Denote a’ and b’ the Hoolder conjugate exponents of a and b and use the dominance of 7,
Oon Ty —1:

” Hfa(ﬂ'u 1)*}31) ﬂ'u HK Hébl 7ru —>€a (7ru 1)
< Bl ()0 () = 1Kl go ()0 ) -
O
Proof of Theorem[f] . Assume that V is finite and:
VE> 1,7 >pand Vt > 1,00 > a.
Choose t in the form 2r +u (and s =7 + u).
Write, for ¢t > 1:
1 () _ .
fé%’é{ iy | T Ko (F) 52 (71) -
And,
1Kos = 1Kol ryy e ien) = 007 01 (1) (1)
< — —
= HOSvt 02 (75) =2 (71) % H mSlle2(7,)—02(7s)
ﬁ.
x HKOv’“ O (7)) =02 (7))
Recall that Theorem [7] gives
(V) T
o <. =3 Ay -
H Slle2(zp)—2(7s) — \J (V) u=1:[+1 '
It remains to bound HO and HK& } .
62(7rs)—>€°°(7rt) O (71) =02 (7o)
First, using Theorem [9] one finds:
Vq 2 2’ (7)) —02(Fy) — H‘KvoT”f2 V—ba (7 ”IHZ‘I 1) (71)

\/7'(7« 1

fe
7T1(V)q 7

The last inequality holds by the following fact:

B 1
V€2, [ fllee(m) = =1 1flear)

41



On the other hand, use the minimality of the variance and Theorem [9] to find:

Vq =2,

s,t

C(Fe)st(70) 1Ostllerzpseriry = suP_ UOstfllz}

H ”51(7'%):

< sup {HKstfllpm)}—HK
”fHel(ﬁ—t)

7 )—02(7s)

s,t

02(75)—09(7y) 1 lea ) e (z2)
1

Tyl

frf‘?

%
tle2(z)—e0i(my)

IN

To bound HKS_;

one finds:

. _ < . )
P(ra) () apply Lemma\mth as+1 = 2 and ay, < ay4q for win [[s + 1;¢ + 1]],

¥ < K37 | g ()t
H t EQ(T('S)—)fli(ﬂ—t) — u:1;[+1 || ||£ u 71'“ _)é u+1 (71-“ 1)

t
S H ||K;||€au(ﬂ—u)_>£”'u+1 (7ru) .
u=s+1

Remark that by hypothesis, we find that K is hyper contractive:
vu Z 17vq Z 27vp S q(1 + Oéu), HK:HZQ(WM)‘)ZP(WH) S 1.

So, we choose a,, by induction with asyo = as4+1(1 + asy1) and so on.
One can choose ¢ = 2[[}_, 111+ ay. However, using that oy is bounded below by «, we choose
4G =2(1+a)"* and we get:
|5 eyl
02(75)—09(7t) WS(V)E

Finally, recall that ¢, = 2[]j_;(1 + o) and choose r such that:

—_

qr 2 IOg(f)

A

Then, using the hypothesis on the lower bound of ﬁf and m (V) > 1, we find:

1
vt > 1, ti — <e.
Merge the inequalities above to control || Kq; — ﬁ-lKOthZl(frt)ﬁfoo(frl) and find:
_ 1 r+u
S(N’tmap“?l) < 62 T T 7Tt 7r7-+u H )\
T (V) Ty (V) ar l=r+1

By taking the maximum over z and y and using 71(V') > 1, we obtain the following result:

r+u
max{s(ui, ')} < e? Tt (V) pu(V H Al
zeV l r+1
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Let n in (0;3). Using Lemma |1} one finds if

r+u
62\l (V) mr (V) H A<,
I=r+1
then,

M < A4p.
a{gg{swt,ut)}_ n

And, one finds a bound on T2 (7).

mer
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