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We examine the incorporation of gauge symmetries in the modern effective field the-

ory (EFT) matching paradigm with a particular focus on spontaneously broken symme-

tries. The presence of gauge symmetries entails the introduction of gauge-fixing terms in

matching calculations, which may prevent (partial) cancellation between loops from the

underlying theory and those of the EFT, thereby preventing the establishment of a hard-

region matching formula. While this is not an issue when using the ordinary background

field (BF) gauge for unbroken gauge theories, we find ourselves unable to demonstrate the

cancellation with the ordinary BF gauge in spontaneously broken gauge theories. As a

convenient alternative, we construct a partially fixed BF gauge that, in addition to being

simpler than the ordinary BF gauge, allows us to prove a hard-region matching formula.
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1 Introduction

Gauge theories are the backbone of quantum field theory and an essential ingredient in the

Standard Model (SM), although often the gauge symmetry is hidden rather than explicit.

This spontaneous symmetry breaking (SSB) in gauge theories1 is a core mechanism of the

SM and a frequent scenario in a myriad of models beyond the Standard Model (BSM), where

new, postulated gauge symmetries are broken down to the SM gauge group or new fields

alter the specifics of electroweak symmetry breaking. From the perspective of perturbative

calculations, many of the difficulties of working with gauge theories stem from the necessity

of gauge fixing the action, introducing both new interactions, ghost fields, and in many cases

a proliferation of counterterms. Furthermore, unphysical intermediate results may depend on

the chosen gauge. These complications are further exacerbated in the event that the gauge

symmetry is spontaneously broken.

A common approach to studying the low-energy phenomenology of new BSM models is to

use effective field theories (EFTs) [1], often in the form of the Standard Model Effective Field

Theory (SMEFT) [2, 3]. The idea is to match a BSM model to a suitable EFT, that is, to

determine the action of the EFT such that it accurately reproduces the low-energy processes

of the full model. The fool-proof way to perform such a matching calculation is to compute

a set of S-matrix elements in both the EFT and the UV theory before equating them to fix

the coefficients of the EFT operators. This approach works regardless of the gauge-fixing of

the two theories and avoids all related subtleties. Unfortunately, it also entails computing

physical amplitudes in both theories, which is very arduous.

A new approach based on the method of regions [4, 5] has become popular for EFT

matching [6–8] (see also [9]). It is based on an argument that the loop diagrams in the EFT

are in one-to-one correspondence with the soft region of the loops in the UV theory, from

which it follows that the EFT action can be identified with the hard region of the UV loops.

This observation allows the enterprising EFT matcher to evaluate the EFT action directly,

without computing loop diagrams in the EFT, and instead focus on the simpler hard-region

UV loops. It should come as no surprise that this is the backbone of all (semi) automated

tools for one-loop EFT matching [10–14], incidentally, none of which have been used to match

models with spontaneous symmetry breaking.

The hard-region matching method stands and falls with the one-to-one correspondence of

loop diagrams in the EFT and UV. From the beginning of the program [15], it was claimed

that the use of background field (BF) gauges [16–18] is a suitable way to handle gauge fixing

because it allows for the construction of a manifestly gauge-invariant effective action.2 This,

in turn, is used to extract a gauge-invariant EFT action, the goal of the matching exercise;

however, to our knowledge, no proof has been established of the required cancellation of one-

loop EFT and UV diagrams that accounts for the intricacies of gauge-fixing. Even more so, in

1Strictly speaking gauge symmetries are never broken, as they are mere redundancies of our mathematical
description. We use the common nomenclature of spontaneous symmetry breaking to refer to the development
of a Higgs phase in which (some of) the vector bosons become massive and only a remnant of the original
gauge symmetry is manifest.

2An early formulation [19] relied instead on a background-gauge-invariant Landau gauge-fixing condition.
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theories with SSB, the one-to-one correspondence can seemingly not be directly established

in the ordinary BF gauge.3 An unrelated issue with using the BF gauge for matching in

theories with SBB is the unmanageable mess that is the resulting gauge-fixing action. In an

ideal world, such obstacles would be circumvented.

In light of these challenges, this paper seeks to clarify gauge-fixing for matching cal-

culations based on the method of regions. Our exploration allows us to demonstrate the

soft-region cancellation of UV and EFT loops in BF gauges in models with unbroken gauge

groups. This firmly establishes the validity of the approach that is widely used in the com-

munity. For the case of spontaneously broken gauge symmetries, we propose the use of a

partially fixed gauge [20, 21] for the heavy vectors in conjunction with a BF gauge for the

remaining unbroken group. This factorizing combination leads to simpler and more manage-

able gauge-fixing terms in the action, while also allowing us to establish the much-vaunted

correspondence between UV and EFT loops. By contrast, we will highlight the difficulties of

establishing such a correspondence using the ordinary BF gauges for the full gauge group.

The paper is organized as follows: Section 2 reviews the background field method (BFM)

for gauge fixing and how it can be applied to construct a gauge-invariant effective action. This

subject may be familiar to some readers, but we emphasize a few subtleties that are often

omitted in the literature. The discussion is extended to SSB in Section 3, which lays out the

partial gauge-fixing framework and shows how it may be combined with the BF gauge for the

unbroken remnant group. Finally, Section 4 proves the UV–EFT loop correspondence—so

crucial to matching computations—for the case of BF gauge-fixing in models with unbroken

gauge symmetries and for the case of the partially fixed BF gauge in models with SSB. We

also discuss the challenges to establishing the correspondence in a regular BF gauge for the

broken groups. We have also included several appendices to elaborate on various technical

details of our discussion. The paper pursues a generic formulation of the problem such that

our results may apply to all circumstances. This is particularly useful with an eye toward

applications in the multitude of BSM models with all their unique gauge groups and breaking

patterns. The unfortunate consequence of this choice is an admittedly dense notation, for

which the reader will have to excuse us. We hope it is worth the trade-off.

2 Gauge Fixing with the Background Field Method

We begin our discussion by reviewing generating functionals for gauge theories and the role of

gauge-fixing. This will allow us to establish the BF gauges and give a functional prescription

for the gauge-invariant effective action up to one-loop order. This section will also introduce

much of the notation used later on.

2.1 Gauge theories and notation

We seek to keep our discussion as general as possible, so our starting point will be a theory

described by an action S[η], which is invariant under a gauge group G. The fields are

3Our lack of success in proving the correspondence in the BF gauge is, on the other hand, not a proof that
it cannot be made to work.
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collectively denoted ηI , where I, J, . . . run over all internal degrees of freedom. Obviously,

the gauge fields AA
µ play a special role, so we write ηI = (AA

µ , η
p) with ηp denoting the

matter fields. The indices A,B, . . . are coordinates for the Lie algebra g associated with G,

and p, q, . . . are collective indices for all remaining fields.

The infinitesimal gauge transformation of the fields with gauge parameter α = αATA ∈ g

reads
δαA

A
µ ≡ Dµα

A ≡ ∂µα
A + fABCA

B
µ α

C ,

δαη
p = iαAT p

Aqη
q.

(2.1)

Dµ denotes the ordinary covariant derivative, fABC is the structure constant of g, and T p
Aq a

generator corresponding to the (reducible) representation of the matter fields. We write the

transformation compactly [22] as

δαη
I = DI

C [η]α
C =

(
δAC∂µ + fABCA

B
µ , i T

p
Cqη

q
)
αC , (2.2)

where DI
A[η] is a differential operator, which is a linear function of ηI , not to be confused

with the covariant derivative Dµ = ∂µ − iAµ. Thus, D
I
A,J = δDI

A[η]/δη
J is independent of

the field. The gauge action on the fields implied by the infinitesimal gauge transformation is

compatible with the group structure given that4

DI
A[η](f

A
BCα

BβC) = DI
A,Jβ

ADJ
B [η]α

B −DI
A,Jα

ADJ
B [η]β

B , α, β ∈ g. (2.3)

Gauge invariance of the action, S[η + δαη] = S[η], implies that

S,I [η]D
I
A[η] = 0, S,I [η] ≡

δS

δηI
[η]. (2.4)

The DeWitt summation convention employed here implies summation over the degrees of

freedom in addition to integration over shared spacetime coordinates. We will also use DeWitt

notation for functional derivatives elsewhere when it is unambiguous.

It is convenient to introduce a metric a−1AB on g, incorporating the gauge couplings of the

gauge group, along with an associated inner product. In terms of the basis vectors TA of the

Lie algebra, the inner product is5

〈
TA, TB

〉
= a−1AB . (2.5)

This metric has the cyclic property

〈
TA,

[
TB , TC

]〉
= i a−1ADf

D
BC =

〈
TB ,

[
TC , TA

]〉
, (2.6)

which is very useful. This follows from the coupling matrix being proportional to the identity

matrix for any of the non-Abelian factors, along with the cyclic property of fABC . The

Yang–Mills term of the gauge group is then

LYM = −1

4

〈
Aµν , A

µν
〉
= −1

4
a−1ABA

A
µνA

Bµν , (2.7)

4The condition implies that δαδβη
I
− δβδαη

I = −iδ[α,β]η
I .

5Gauge invariance dictates that fD
CAa

−1
DB + fD

CBa−1
AD = 0.
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where Aµν = i
[
Dµ, Dν

]
is the field strength tensor.

The construction presented here does not make any assumptions about the gauge group.

In general, G =
∏

nGn can have any number of Abelian or simple factors. The diagonal

elements of a−1AB take the value 1/g2n in terms of the coupling constants associated with

the corresponding product groups. Meanwhile, gauge invariance ensures that off-diagonal

elements vanish between non-Abelian factors. Lastly, off-diagonal elements between Abelian

factors account for possible kinetic-mixing terms (see e.g., Ref. [23]). One might also consider

a situation where the metric a−1AB[η] is taken to depend on the fields, such as in geometric

theories. This generalization is briefly discussed in Appendix A.

2.2 Gauge fixing and generating functionals

It is well-known that gauge theories pose challenges to the naive application of perturbation

theory; to avoid contributions from degenerate field configurations in the path integral and

apply standard perturbative methods, the usual procedure is to fix the gauge. We consider

a class of gauges, where the gauge-fixing condition is parametrized by

GA[η, Θ] = FA
I [Θ](ηI −ΘI), (2.8)

for some auxiliary field Θ and a differential gauge-fixing operator FA
I [Θ]. For instance, by

identifying Θ with the vacuum expectation value (VEV) of the fields, this class of gauges

can reproduce the standard Rξ-gauges for models with or without SSB: GA[η, 〈η〉] = ∂µAA
µ −

i ξ aAB〈η∗p〉T p
Bq(η

q − 〈ηq〉).6 The gauge variation of the gauge-fixing condition reads

δαG[η, Θ] = FI [Θ]DI
A[η]α

A. (2.9)

The partition function is gauge-fixed withGA[η, Θ] using the standard methods of Faddeev–

Popov (summarized in Appendix B): The gauge-fixing delta function δ
(
GA[η, Θ] − θA

)
is

smoothed with a Gaussian weight over the θ parameter to obtain a renormalizable gauge-

fixing term for the gauge fields. The fixing also introduces the functional determinant

Det
(
FA

I [Θ]DI
B [η]

)
, which is interpreted as a Gaussian integral over the ghost and anti-ghost

fields, collectively referred to as ω = (ωA, ωA). Furthermore, we introduce a background field

ηI adding it to the quantum field η everywhere but in the source term of the fields. The

result is the vacuum functional7

W[J, η, Θ] = −i log
∫
DηDω exp

[
i

(
S[η + η] + SG

fix[η + η, ω, Θ] +

∫

x
JIη

I

)]
, (2.10)

where the gauge-fixing action for the gauge group G is given by

SG
fix[η, ω, Θ] = −

∫

x

(
1

2ξ

〈
FI [Θ](η −Θ)I , FJ [Θ](η −Θ)J

〉
+ ωAF

A
I [Θ]DI

B [η]ω
B

)
. (2.11)

6For renormalization purposes, it is customary to include separate gauge parameters for each product
group of G. This can be incorporated by replacing ξ → ξAB . We ignore this distraction, as the notation is
plenty complex already.

7The shorthand
∫

x
=

∫

ddx is employed throughout.
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W is the generating functional of all connected Green’s functions of the theory with field

sources JI (in the presence of η and Θ). It can be used to determine the physical S-matrix

with standard methods, the result of which is independent of the background fields [24, 25].

The quantum effective action, the generating functional for one-particle irreducible (1PI)

Green’s functions, is obtained by the usual Legendre transformation of the vacuum functional:

Γ[η̂, η, Θ] = W[J, η, Θ]−
∫

x
JI η̂

I , η̂I =
δW[J, η, Θ]

δJI
, −JI =

δΓ[η̂, η, Θ]

δη̂I
, (2.12)

trading the field source J for the expectation value of the field, η̂ (sometimes called the

classical field), in the presence of the source. This is typically the simplest object to work

with for the purposes of RG calculations, as it contains all the information of the vacuum

functional but with fewer Feynman diagrams. By shifting the integration variable from

η → η + η̂, we arrive at the path integral

Γ[η̂, η, Θ] = −i log
∫
DηDω exp

[
i

(
S[η + η + η̂] + SG

fix[η + η + η̂, ω, Θ] +

∫

x
JIη

I

)]
. (2.13)

In the vanilla formulation of the effective action, there are no background fields and the 1PI

Green’s functions are generated by the functional Γ[η̂, 0, Θ = 0]. However, since the effective

action (2.13) depends on sources only in the combination η + η̂, it is obvious that

Γ[0, η, Θ] = Γ[η̂ = η, 0, Θ]. (2.14)

This allows for evaluating the effective action through the use of the background field alone—

what is known as the background field method (BFM) for the effective action. It contains all

the 1PI diagrams with external η legs. The effective action is, however, not gauge invariant

for generic gauges, and retains only the smaller BRST symmetry. This symmetry reduction

is rather inconvenient for many kinds of calculations; for one, renormalization requires many

new counterterms.

2.3 The gauge-invariant effective action

The background field gauge is not so much a gauge in the conventional sense as it is a

particular variation of the path integral cleverly constructed to produce a gauge-invariant

effective action. A necessary ingredient is to choose a gauge-fixing operator FA
I [Θ] satisfying

(
DJ

B[Θ]αB
)
FA

I,J [Θ]XI + FA
J [Θ](DJ

B,Iα
BXI) = −fABCα

BFC
I [Θ]XI (2.15)

for any XI and α ∈ g, that is, FA
I [Θ] must transform covariantly w.r.t. a transformation of

ΘI → DI
A[Θ]αA and XI → DI

A,Jα
AXJ .8 This property of F is necessary to establish the

required invariance of the result. Next, we choose for our auxiliary field Θ = η, to involve

the background field in the gauge-fixing condition. We retain a generic condition for our

discussion here to maintain generality; the reader may instead think of FA
I [η]η

I = D
µ
AA

µ

8In contrast to Θ, X is taken to transform homogeneously. This reflects the response of η to a background
field gauge transformation, which is introduced shortly.
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as a concrete and commonly used choice for the gauge-fixing operator (Dµ = ∂µ − iAµ is a

covariant derivative but with the background rather than the quantum gauge field).

As mentioned, we proceed to fix the gauge to the background field of the BFM. The

resulting class of gauges is called the background field gauges [16–18]. We, therefore, consider

the vacuum functional

W̃ [J, η] ≡ W[J, η, Θ = η]. (2.16)

The gauge-fixing term takes a particularly simple form in this case:

SG
fix[η + η, ω, η] = −

∫

x

(
1

2ξ

〈
FI [η]η

I , FJ [η]η
J
〉
+ ωAF

A
I [η]D

I
B [η + η]ωB

)
. (2.17)

One can then show that SG
fix[η + η, ω, η] and, therefore, W̃ [J, η] are invariant under the

background gauge transformation defined by

δαη
I = DI

A[η]α
A, δαJI = −JJDJ

A,Iα
A, (2.18)

which may be verified by also shifting the integration variable—the quantum field—by δαη
I =

DI
A,Jη

JαA,9 that is, the quantum fields are taken to transform homogeneously. This relies

on the transformation properties of the gauge-fixing operator (2.15) and the group structure

of the gauge variation (2.3). Invariance the action S[η + η] follows from ordinary gauge

invariance of S[η] along with the observation that δα(η + η)I = DI
A[η + η]αA.

We can express the invariance of the vacuum functional under background gauge trans-

formations with the identity

0 = δαW̃[J, η] =
δW̃ [J, η]

δηI
DI

A[η]α
A − JIα

ADI
A,J

δW̃ [J, η]

δJJ
. (2.19)

We proceed to construct the associated effective action

Γ̃[η̃, η] = W̃ [J, η]−
∫

x
JI η̃

I = Γ[η̃, η, η], η̃I =
δW̃ [J, η]

δJI
, −JI =

δΓ̃[η̃, η]

δη̃I
. (2.20)

Treating η̃ and η as independent variables, Eq. (2.19) results in

0 = δαΓ̃[η̃, η] =
δΓ̃[η̃, η]

δη̃I
DI

A,Jα
Aη̃J +

δΓ̃[η̃, η]

δηI
DI

A[η]α
A. (2.21)

Not surprisingly, we conclude that also Γ̃ is (background) gauge invariant. Unfortunately,

the condition η = 0 is not background gauge invariant, so Γ̃[η̃, 0] cannot be used to build

invariant Green’s functions of η̃ to connect to physical amplitudes in the absence of η.

Inspired by the BFM (2.14), we are lead to define our gauge-invariant effective action

Γ[η] ≡ Γ̃[0, η] = Γ[0, η, Θ = η] (2.22)

9For illustration, this means that the background gauge transformation acts as δαA
A
µ = ∂µα+fA

BCA
B
µ αC

and δαA
A
µ = fA

BCA
B
µα

C for background and quantum gauge fields, respectively.
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as a generating functional of 1PI Green’s functions. It is evident that Γ[η] generates new

vertices compared to the effective action of the conventional gauge Γ[η̂, 0, Θ], namely those

generated by taking Θ derivatives before fixing the auxiliary field; however, Γ still contains

the physics of the theory. Eq. (2.21) clearly implies the gauge invariance of the Γ:

0 = δαΓ[η] = Γ,I [η]D
I
A[η]α

A. (2.23)

Thus, the gauge-invariant effective action satisfies Ward identities associated with the pre-

served background gauge symmetry. This has also been explicitly verified in the case of the

SM and SMEFT [26, 27].

Due to the gauge invariance, the 2-point functions of the background gauge field pro-

duced by Γ are singular (just as for the gauge-invariant classical action); hence, Γ cannot be

directly Legendre-transformed into a generating functional for connected Green’s functions.

A solution is to add an independent gauge-fixing term for the background fields:

ΓBF[η] = Γ[η] + SG
bg.[η], SG

bg.[η] =

∫

x

〈
FI [η]η

I , FJ [η]η
J
〉
, (2.24)

where FI ∈ g is an arbitrary gauge-fixing operator that can be chosen independently of FI .

By a Legendre transformation, we arrive at a generating functional

WBF[J ] = ΓBF[η] +

∫

x
JIη

I , JI = −δΓBF[η]

δηI
, (2.25)

for the connected Green’s functions in the BF gauges. We stress that off-shell WBF does

not exactly reproduce W of a conventional gauge—indeed, the off-shell vacuum functionals

associated with conventional gauges are known to be dependent on the gauge choice. Nev-

ertheless, it has been shown that the physical S-matrix resulting from the Green’s functions

generated by WBF[J ] is identical to that obtained by using a conventional gauge, i.e., from

W[J, Θ] [22, 24, 25, 28, 29].

2.4 One-loop gauge-invariant effective action

Most matching calculations in the BSM context are performed at no higher than one-loop

order. To eventually discuss the matching of gauge theories and show a partial cancellation of

EFT and UV loops, we will need a more explicit expression for the one-loop effective action.

To this end, the functional form of the one-loop effective action has proven very useful for

deriving a compact formula for EFT matching [6, 7]. Let us introduce the notation

Sall[η, ω, Θ] = S[η] + SG
fix[η, ω, Θ] (2.26)

for compactness and denote the solution to the tree-level EOM

δSall

δηI
[η, 0, Θ] = −JI (2.27)

by η (conservation of the ghost number implies that ω = 0).
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The one-loop effective action can be determined with a saddlepoint approximation of the

path integral. Shifting the integration variable η → η + η − η − η̂, the one-loop effective

action (2.13) becomes

Γ[η̂, η, Θ] = Sall[η, 0, Θ] +
i

2
sTr logQall

IJ[η, Θ] + JI(η − η − η̂)I , (2.28)

where the functional supertrace accounts for the mixed statistics of the quantum fields (see,

e.g., Refs. [7, 30]). The supertrace effectively sums over all quantum degrees of freedom

(DOFs), which in a diagrammatic language corresponds to the sum of all one-loop diagrams.

The fluctuation operator is given by

Qall
IJ[η, Θ] =

δ2Sall

δΩIδΩJ
[η, 0, Θ], ΩI = (ηI , ωA, ω

A), (2.29)

where the indices run over all quantum DOFs in Sall, including the ghost fields, at all space-

time points. We have been forced to make a distinction between bold and italicized indices:

there are only so many unique alphabets to use. The quantum EOM for η̂, given in the last

equality of Eq. (2.12), indicates that in the tree-level approximation η = η + η̂, from which

it follows that

Γ[η̂, η, Θ] = Sall[η + η̂, 0, Θ] +
i

2
sTr logQall

IJ[η + η̂, Θ]. (2.30)

Going to the BF gauges, the gauge-invariant effective action takes the particularly simple

form

Γ[η] = S[η] +
i

2
sTr logQall

IJ[η, η] (2.31)

up to one-loop order, as SG
fix[η, 0, η] = 0.

Casting the one-loop effective action as the supertrace of a functional log is a useful way

to probe it from a theory perspective, although it is not immediately clear how it might be

evaluated. In general non-localities of the loop integrals embedded in the trace, prevents the

derivation of a closed-form formula. An expansion parameter is needed in the form of the

number of external fields or powers of the couplings of the theory. For RG calculation, such

as EFT matching or the calculations of β-functions, one can focus on the hard region of the

functional trace, which lends itself especially well to evaluation. For modern methods see,

e.g., Refs. [14, 30].

3 Spontaneous Symmetry Breaking

Having reviewed gauge-fixing and the BF gauges for unbroken gauge theories, we are now

ready to tackle the more complicated task of gauge-fixing spontaneously broken gauge sym-

metries. If one were to use an ordinary BF gauge, it is possible to once again construct an

effective action that is invariant under the full gauge group albeit at the price of hopelessly

complicated gauge-fixing terms (cf. Appendix E). Instead, we seek to construct an effective

action, which is invariant only under transformation from the unbroken remnant group.
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3.1 Gauge theories in the broken phase

We consider the case where among the matter fields there are scalars, collectively referred to

as ϕ′a ⊂ ηp, that develop a VEV va = 〈ϕ′〉a. The result is a breaking of the gauge group to

the remnant group H ⊆ G, which is the largest subgroup that leaves the VEV invariant. We

let10

ϕ′a = va + ϕa and fA
a = −iT a

Abv
b (3.1)

such that fA
a is the matrix of decay constants in the gauge basis (not to be confused with the

structure constants fABC with three indices). T a
Ab denotes the appropriate representation of

the generators of G. Rather than restricting the formulation to the use of real scalar fields,

complex fields can be accommodated in ϕ′a by including both degrees of freedom. In an

example where the theory contains a real and a complex scalar field—ϕ1 and ϕ2, respectively—

we would write ϕa = (ϕ1, ϕ2, ϕ
∗
2). In this construction, a metric hab is needed to construct a

gauge singlet from the scalar field. Thus, for the example at hand ϕahabϕ
b = ϕ2

1 +2ϕ∗
2ϕ2. In

general, we may always choose the hab as a matrix with 1’s on the diagonal except for pairs

of complex fields, which get two off-diagonal 1’s instead. Another viable construction is to

choose ϕ′a purely real,11 in which case we would simply identify hab = δab.

With the scalars in place, we observe that the scalar kinetic term gives rise to the familiar

mass term for the vectors, which reads

Lkin = 1
2Dµϕ

′
aDµϕ

′a ⊃ 1
2A

A
µ (fhf

⊺)ABA
Bµ, ϕ′

a = habϕ
′b. (3.2)

Both here and elsewhere hab is used to lower scalar-type indices. The vectors are brought

into the mass basis with the transformation

AA
µ −→ LA

BA
B
µ =

(
Bα

µ

V i
µ

)
, TA −→ TB(L

−1)BA =

(
tα
xi

)
, L = â1/2U † a−1/2 (3.3)

such that Bα
µ is the collection of massless gauge fields associated with H and V i

µ the multiplet

of massive vectors. Similarly, we may discriminate between the generators tα and xi associated

with the unbroken and broken directions in g, respectively. The gauge index decomposes as

A = {α, i}. Hence, we may write the covariant derivative in the mass basis as

Dµ = ∂µ − iBα
µ tα − iV i

µxi = dµ − iV i
µxi, (3.4)

which introduces dµ as the covariant derivative w.r.t. the unbroken group, H.

The construction of LA
B in Eq. (3.3) is obtained by first rescaling the gauge couplings away

from the Yang–Mills term,12 then doing a unitary transformation U to canonize the resulting

10The factor −i in f is due to using Hermitian generators for the scalar field following the conventions of
Ref. [31]. Thus, T a

Ab is purely imaginary for real representations.
11Complex scalar fields can be written in terms of real components, so this is always possible.
12The notation a−1/2 a mnemonic. It is simply some matrix satisfying a−1/2a(a−1/2)⊺ = 1, which in

the typical case of a diagonal coupling matrix a can be chosen as the matrix with the inverse square root
of those same couplings on the diagonal. In the event of kinetic mixing, it is often convenient to use a
triangular matrix to remove these off-diagonal terms. The same applies for the notation â1/2, which satisfies
â1/2 diag(1, κ)(â1/2)⊺ = â.
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mass term, before rescaling the massless fields with their couplings through â1/2, such that

the gauge couplings associated with H appear in their kinetic term. Choosing an orthogonal

U would be sufficient to diagonalize the mass term of the massive vectors; however, since

the heavy vectors often include complex representations under H, we allow for embedding

the complex fields in Vµ in a manner similar to how the complex scalar representations are

embedded in ϕ′. To accommodate this situation, U is generically a unitary matrix satisfying

(U⊺U)αβ = δαβ , (U⊺U)ij = κij , (U⊺U)αj = (U⊺U)iβ = 0, (3.5)

where κij = κij is a unitary metric on the algebra of the broken vectors, which consists of 1’s

on the diagonals corresponding to the real fields and pairwise off-diagonal 1’s for the complex

pairs. â is a block diagonal matrix satisfying

âij = κij, âiα = âαi = 0, âαβ = (LaL⊺)αβ . (3.6)

It takes the value κ on the space of the broken vectors, while it is identified with the coupling

matrix of the gauge group H on h ⊆ g, the Lie algebra of H.

With the transformation sketched here, the masses Mi (the mass index is not counted in

the summation convention) of the massive gauge fields appear in the canonized mass matrix

M2
i κij = [L−1⊺fhf⊺L−1]ij = [U⊺a1/2fhf⊺a1/2U ]ij . (3.7)

The metric on the new generators is found to be
〈
tα, tβ

〉
= L−1A

αL−1B
β

〈
TA, TB

〉
= â−1αβ , (3.8)

which defines the inner product on h. Similarly, we have13

〈
xi, tα

〉
= 0, and

〈
xi, xj

〉
= κij . (3.9)

We will at times use κij and its inverse κij = κij to raise and lower the indices in the broken

part of the algebra (similarly to the use of hab). On the other hand, âαβ contains the couplings

of the remnant group and is kept explicit throughout our discussion.

In a slight abuse of notation we retain the use of f , but with Greek indices α, β, . . . and

lowercase Latin indices i, j, . . . for the structure constants transformed with L to the mass

basis:

fα(i)β(j) γ(k) = Lα(i)
Af

A
BC(L−1)Bβ(j)(L

−1)Cγ(k). (3.10)

Thus, fαβγ is the structure constant of H. Due to group closure, the symbols with two Greek

and one Latin index vanish, e.g., fαβi = 0. The rest are expected to be non-zero in most

situations. A similar notation is employed for the decay constant

fα(i)
a = (L−1)Aα(i)fA

a, (3.11)

where fα
A = 0. Additional details regarding the construction of the Lagrangian in the broken

phase are provided in Appendix C along with mass basis expressions for the scalar and gauge

kinetic terms, while Appendix D illustrates how to work out the various quantities in a toy

model.
13The “broken” generators, xi, are to be understood as some gauge coupling times a generator.
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3.2 Partial gauge fixing

In the spontaneously broken gauge theory, it is still necessary to include gauge-fixing to

remove singularities from the kinetic terms of the massive vectors. With the development of

a scalar VEV, we loose explicit invariance of the action under the full gauge group. Here we

wish to fix the gauge in the direction of G/H in such a way as to maintain explicit invariance

w.r.t. H gauge transformations. This partial gauge fixing was proposed by Weinberg [20]

for the purposes of integrating out the heavy vectors and constructing the low-energy EFT.

Unfortunately, his construction relied on fixing the gauge with a delta function without the

Gaussian weight integration used in standard renormalizable gauges, such as the Rξ-gauges.

Ferrari [21] resolved the issue and described in some detail how to reintroduce the Gaussian

weight without losing invariance under H.

We write the gauge-fixing condition for G as LA
BG

B [η] = (Gα[η], Gi[η]), where Gα fixes

the gauge for the gauge fields of H and Gi fixes the massive vectors associated to G/H. The

idea is to choose Gα to be independent of all the massive vectors, which leads to similarly

independent ghost terms, since H closes under group multiplication. The heavy vectors V i
µ

are in a representation of H, which lets us choose a Gi that transforms covariantly under H:

δHα G
i[η] = Gi

,I [η]D
I
α[η]α

α = −f iαjGj [η]αα. (3.12)

This is easily achieved in practice by using derivatives that are covariant w.r.t. the remnant

group and we will provide a concrete choice in Section 3.4.

The covariant transformation of Gi ensures that the integral of the gauge-fixing delta

function over the gauge group (B.3) evaluates to

∫

G
dµ[g] δ

(
GA[ηg]

)
= Det−1


G

α
,I [ηg0 ]D

I
β[ηg0 ] Gα

,I [ηg0 ]D
I
j[ηg0 ]

−f iβkGk[ηg0 ] Gi
,I [ηg0 ]D

I
j [ηg0 ]




= Det−1
(
Gα

,I [ηg0 ]D
I
β [ηg0 ]

)
Det−1

(
Gi

,I [ηg0 ]D
I
j [ηg0 ]

)
,

(3.13)

as Gj [ηg0 ] = 0. Here ηg denotes the action of g ∈ G on the fields η, while g0 denotes the

solution to GA[ηg] = 0. The factorization of the functional determinant carries over to the

ghost determinant in the gauge-fixed partition function (cf. Eq. (B.4)), which can be written

as

Z =

∫
Dη δ

(
Gα[η]

)
Det

(
Gα

,I [η]D
I
β[η]

)
δ
(
Gi[η]

)
Det

(
Gi

,I [η]D
I
j [η]
)
eiS[η]. (3.14)

This observation is due to Weinberg [20], who observed that since Gα can be chosen to be

independent of heavy fields, the factorization is ideally suited for integrating out the heavy

DOFs and obtain the low-energy EFT.

Unfortunately, it is not possible to gauge fix to a constant θ through the replacement

Gi → Gi − θi to allow for the Gaussian weight gauge-fixed partition function (B.7): this is

incompatible with the covariance of Gi under H (3.12). To mitigate the issue, Ferrari [21]

proposed the introduction of a dynamical auxiliary field ρA transforming in the adjoint of G.

It is included in a new term in the action,

S[η] −→ S[η]− 1

2ζ

∫

x

〈
ρ, ρ

〉
, (3.15)
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which leaves the partition function (B.1) unchanged up to an irrelevant normalization factor:

Z =

∫
Dη eiS[η] =

∫
DηDρ exp

[
iS[η] − i

2ζ

∫

x

〈
ρ, ρ

〉]
. (3.16)

This choice introduces ζ as an arbitrary gauge parameter for the G/H fixing. Next, we

introduce the decomposition LA
Bρ

B = (ρα, ρi). The inclusion of the auxiliary field allows

for implementing the H-covariant gauge-fixing condition

Gi −→ Gi[η, ρ] = Gi[η]− ρi, (3.17)

which transforms according to

δHα Gi[η, ρ] = Gi
,I [η]D

I
α[η]α

α + f iαjρ
jαα = −f iαjGj [η, ρ]αα, (3.18)

δG/H
α Gi[η, ρ] = (Gi

,I [η]D
I
j [η] + f ijkρ

k + f ijαρ
α)αj (3.19)

for infinitesimal transformations in H and G/H respectively. The auxiliary field is included

only with the gauge-fixing condition for G/H, not with the one for the unbroken group H.

The ρi integral in the partition function plays the role of the usual Gaussian weight

integration. Meanwhile, the Gaussian ρα integral is performed by completing the square.

The result is that the partition function (3.14) integrated over the auxiliary ρ field evaluates

to

Z =

∫
DηDu δ

(
Gα[η]

)
Det

(
Gα

,I [η]D
I
β[η]

)
exp
[
i
(
S[η] + S

G/H
fix [η, u]

)]
, (3.20)

where u = (ui, ui) are the ghost and antighost fields associated with V i
µ. The partial gauge

fixing term is

S
G/H
fix [η, u] = −

∫

x

(
1

2ζ
Gi[η]G

i[η]+ui
(
Gi

,I [η]D
I
j[η]+f

i
jkG

k[η]
)
uj− ζ

2
âαβf ijαf

k
ℓβuiu

juku
ℓ

)
.

(3.21)

By construction S
G/H
fix is invariant under H transformations, taking also the ghost fields u to

transform in the representation of the massive vectors. The price of this invariance is that

the ghost action contains new quadratic and quartic ghost interactions [21]. Obviously, the

quartic interaction plays a role starting only at two-loop order, as there are no external ghost

fields. We can choose the gauge of the remnant group independent of the partial fixing S
G/H
fix ,

which, as alluded to, turns out to be very convenient in EFT matching computations.

3.3 Partially fixed background field gauge

The closure of the remnant group H ensures that its gauge-fixing can be chosen entirely

independent of the heavy vectors and effectively factorizes from the partial fixing of G/H.

We now combine the partial gauge-fixing of G/H with a BF gauge for H in order to construct

an effective action that is explicitly invariant under H. Thus, we choose (cf. Eq. (2.8))

Gα[η, Θ] = Fα
I [Θ](η −Θ)I , (3.22)

where (
DJ

β[Θ]αβ
)
Fα

I,J [Θ]XI + Fα
J [Θ](DJ

β,Iα
βXI) = −fαβγαβF γ

I [Θ]XI (3.23)
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for any XI and α ∈ h. The BFM vacuum functional of the partially gauge-fixed partition

function (3.20), constructed as in Eq. (2.16), is given by

W̃[J, η] = −i log
∫
DηDcDu exp

[
i

(
S[η + η] + SH

fix[η + η, c, η] + S
G/H
fix [η + η, u] +

∫

x
JIη

I

)]
,

(3.24)

where the gauge-fixing term of the stability group is

SH
fix[η, c, Θ] = −

∫

x

(
1

2ξ

〈
FI [Θ](η − Θ)I , FJ [Θ](η − Θ)J

〉
h
+ cαF

α
I [Θ]DI

β[η] c
β

)
(3.25)

and c = (cα, cα) are the ghost fields associated with the massless Bα
µ fields.

The gauge-fixing of H is similar to that of the BF gauge of an unbroken gauge group.

From the discussion in Section 2.3, it follows that the gauge-fixing term SH
fix[η + η, c, η] is

invariant w.r.t. background gauge transformations of the remnant group, which acts as

δ
H
α η

I = DI
α[η]α

α, δ
H
α η

I = DI
α,Jη

Jαα,

δ
H
α c

α = −fαβγcγαβ , δ
H
α cα = fγβαcγα

β . (3.26)

With the invariance of S and S
G/H
fix under H transformations, this ensures that the vacuum

functional W̃ [J, η] is invariant under background gauge transformations of the remnant group.

The same applies to the gauge-invariant effective action Γ[η] associated with W̃ (defined

as in Eq. (2.22)): in our construction, Γ[η] is also invariant under H background gauge

transformations.

The H invariance of Γ[η] results in the familiar singularities of 2-point functions of B
α
µ,

which prevents the direct construction of the connected Green’s functions. Once again, we

include a gauge-fixing term for the background fields to the effective action:

ΓBF[η] = Γ[η] + SH
bg.[η], SH

bg.[η] =

∫

x

〈
FI [η]η

I , FJ [η]η
J
〉
h
, (3.27)

where Fα
I is a gauge-fixing operator that can be chosen independently of Fα

I and can

be chosen to be independent of η. ΓBF in the partially fixed BF gauge can then be used

to compute the generating functional of the connected Green’s functions WBF[J ], as per

Eq. (2.25).

Following an approach parallel to the one outlined in Section 2.4, we find that the partially

invariant effective action up to one-loop order is given by

Γ[η] = S[η] + S
G/H
fix [η, u = 0] +

i

2
sTr logQall[η, η]. (3.28)

In this case, the full, gauge-fixed action of the theory is given by

Sall[η, c, u, Θ] = S[η] + SH
fix[η, c, Θ] + S

G/H
fix [η, u], (3.29)

leading to the fluctuation operator

Qall
IJ[η, Θ] =

δ2Sall

δΩIδΩJ
[η, c = 0, u = 0, Θ], ΩI = (ηI , c, u). (3.30)
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The tree-level inclusion of the fixing-term S
G/H
fix [η, u = 0] removes the singularities associated

with the heavy vectors, and no background gauge-fixing term is required for these. The

presence of this term also at tree level ensures that integrating out the heavy vectors at

tree level is done with the selfsame Feynman rules that occur in the UV loops, ensuring the

EFT–UV loop correspondence for hard-region matching.

3.4 Choice of gauge-fixing conditions

Until now, the construction of the partially fixed BF gauge action has been completely generic.

In practical calculation, we can specify a concrete gauge-fixing condition that gives convenient

Feynman rules/fluctuation operators.

3.4.1 Partial gauge-fixing condition for the broken directions

We propose using the original gauge-fixing condition [20] as a practical choice for Gi. It is

given by

Gi[η] = dµV i
µ − ζf iaϕ

a, (3.31)

which mimics the usual Rξ gauge-fixing condition but using covariant derivatives of the unbro-

ken group H. ζ is the arbitrary gauge fixing parameter of the gauge-fixing terms (3.21). With

the embedding of the would-be Goldstone Bosons (GBs) χi in ϕa, presented in Appendix C.2,

the condition is cast as

Gi[η] = dµV i
µ − ζMiχ

i. (3.32)

Thus, the gauge-fixing Lagrangian for the massive vectors is

LG/H
vec. [η] = − 1

2ζ
Gi[η]G

i[η] = − 1

2ζ
(dµV

µ
i )(dνV i

ν ) +Miχid
µV i

µ − ζ

2
M2

i χiχ
i. (3.33)

The kinetic mixing between massive vectors and GBs cancels the mixing terms from the

scalar kinetic term by construction (in analogy to the Rξ-gauges). Clearly, the gauge (3.33)

reproduces the propagators of the usual Rξ-gauges.
14

The fields relevant to the gauge-fixing condition are ηI = (Bα
µ , V

i
µ, ϕ

′a). By performing a

gauge variation in the direction of the broken algebra, we determine that

DI
j[η] =

(
fαkjV

k
µ , δ

i
jdµ + f ikjV

k
µ , ix

a
jbϕ

′b
)
. (3.34)

As ϕ′ = ϕ + v, the gauge transformation mixes the VEV with the quantum field. The

derivative of the gauge-fixing function is given by

Gi
,J [η] =

(
f iβkV

k
µ , δ

i
jdµ, −ζf ib

)
. (3.35)

We can now derive the ghost term corresponding to the gauge-fixing condition:

LG/H
gh. [η,u] = − ui(G

i
,ID

I
j + f ijkG

k)uj +
ζ

2
âαβf ijαf

k
ℓβuiu

juku
ℓ

= − ui(d
2 + ζM2

i )u
i + ui

(
f ijkV

k
µ d

µ + f ikαf
α
ℓjV

kµV ℓ
µ

)
uj

+ ζui
(
if iax

a
jbϕ

b + f ijkMkχ
k
)
uj +

ζ

2
âαβf ijαf

k
ℓβuiu

j uku
ℓ.

(3.36)

14E.g., ζ = 1 corresponds to the Feynman gauge.
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These are all the terms that appear in the gauge-fixing action SG/H [η, u]. In the gauge-

invariant effective action, they appear with a background field, through η → η + η, but this

does not provide any additional complication: the Feynman rules from SG/H are identical for

the quantum and background fields. A practical example of how to derive these gauge-fixing

terms from the broken algebra is shown in Appendix D.

3.4.2 BF Gauge-fixing condition for the unbroken direction

For the BF gauge-fixing condition of the unbroken group, we take the standard choice for an

unbroken gauge group and let

Gα
H [η, Θ] = Fα

H I [Θ](η −Θ)I =
(
δαγ∂

µ + fαβγΘ
βµ
)
(B −Θ)γµ. (3.37)

In the BF gauges with Θ = η, we obtain the familiar

Gα
H [η + η, η] = Fα

H I [η]η
I = d

µ
Bα

µ , (3.38)

which is covariant under the background gauge transformation of the stability group. Here

dµ ≡ ∂µ− iBµ is used for the background field covariant derivative w.r.t. the unbroken group.

The resulting gauge-fixing term for the massless vectors is

LH
vec.[η + η, η] = − 1

2ξ

〈
GH , GH

〉
= − 1

2ξ
â−1αβd

µ
Bα

µ d
ν
Bβ

ν . (3.39)

The ghost term is given by

LH
gh.[η + η, c, η] = −cαFα

H I [η]D
I
β [η + η]cβ = −cαd

µ(
dµc

α + fαβγB
β
µc

γ
)
, (3.40)

where there is a massless quantum gauge field that is not in a covariant derivative, consistent

with the breaking of quantum gauge invariance. This is nothing but an ordinary Rξ-like

gauge-fixing condition for H in the background field gauge.

The two gauge-fixing conditions Eqs. (3.31) and (3.37) both result in propagators for

the quantum vector fields similar to that of the Rξ-gauges. They are expected to result in

a convenient class of gauges for matching computations, as they allow for the calculation

of an effective action that is explicitly gauge invariant w.r.t. the unbroken group H. The

reader may compare the gauge-fixing terms for the partially fixed BF gauge with those of

the ordinary BF gauge in Appendix E to appreciate their relative simplicity. The subsequent

discussion of the matching formula is kept generic and does not rely on these particular

choices for the gauge-fixing conditions.

4 EFT Matching In Gauge Theories

UV theories usually come with one or more mass thresholds, below which heavy fields become

non-dynamical and can be dropped from the description both for simplicity and to use RG

methods to resum the large logarithm common to perturbation theory. Given a UV theory

S[η]15 with a threshold Λ, we decompose the field as ηI = (Φx, φa), where Φ denote the

15We omit the subscript ‘UV’ everywhere to improve legibility
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collection of heavy fields with masses M & Λ and φ is the collection of light (or massless)

fields with masses m ≪ Λ. The role of EFT matching is to determine a local EFT action

SEFT[φ] that provides a valid description of physics for energies below Λ with only light

dynamical fields.

Off-shell matching turns out to be very convenient for practical calculations of SEFT. It

is based on a strong matching condition equating the generating functionals for the UV and

EFT theories, a sufficient but not necessary condition for the EFT to reproduce the physics

of the UV theory. An immediate concern is that the gauges of the two theories should be

chosen to be compatible to have any chance of enforcing the strong matching condition: given

a particular gauge-fixing condition for the UV theory, there will be at most one choice for

the EFT that ensure off-shell equality; however, we are unaware of anything that guarantees

the existence of any EFT gauge that satisfy the condition. Our first objective is to show that

matching with the strong condition is possible (at one-loop order) in unbroken gauge theories

using a BF gauge. Establishing the correspondence of EFT loops and soft-region UV loops

enables the usual one-loop matching formula and the construction of a local EFT action.

In the SSB scenario, it is not possible to choose the same gauge-fixing condition in the

UV theory and the EFT. Clearly, the gauge-invariant effective actions cannot be equated

directly: the EFT effective action satisfies an H ⊆ G background gauge symmetry, while

the UV action is symmetric under the full symmetry G. With fixing of the background

fields this can be resolved, but it is then unclear if it is possible to establish the one-to-one

loop correspondence. The partially fixed BF gauge offers a solution because it reduces the

background gauge invariance of the UV theory to H, which may be gauge-fixed in an identical

manner in the EFT. Thus, we may establish the correspondence in this gauge.

4.1 EFT matching with the BF gauge in unbroken gauge theories

We begin by considering the case of EFT matching in an unbroken gauge theory with gauge

group G. The gauge fields are massless, meaning that AA
µ ⊂ φa. The ghost fields are massless

too, so they appear as dynamical DOFs in both the UV and EFT theories. We indicate the

set of light quantum fields with ψa = (φa, ωA, ωA).

The generating functional for the connected Green’s functions in a BF gauge, WBF[J ],

contains the physics of the theory in that it is sufficient to generate the S-matrix elements.

We enforce the strong matching condition

WEFT
BF [J

φ
] = WBF[J

Φ
= 0, J

φ
] (4.1)

at the level of connected Green’s functions; no heavy fields go on shell at low energies and

accordingly, they remain unsourced. Here J = (J
Φ
, J

φ
) are the BF sources associated with

Φ and φ, respectively. The strong matching condition is sufficient to ensure that the EFT

reproduces the low-energy physics of the UV theory (the S-matrix can be extracted from

WBF), and it is understood at the level of power series in E/Λ and can be truncated as

convenient in practical calculations. From the defining Legendre transformation (2.25), we
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obtain the equivalent matching condition

ΓEFT
BF [φ] = ΓBF

[
Φ[φ], φ

]
, 0 =

δΓBF

δΦ

[
Φ[φ], φ

]
(4.2)

for the BF gauge effective actions. The heavy background fields are not independent degrees

of freedom but are given as the solutions to the quantum field EOMs in the presence of the

light background fields. It is sufficient to use the tree-level solutions for the heavy field EOM

in one-loop matching, and we will use η =
(
Φ[φ], φ

)
as a useful short-hand notation in the

rest of this section.

4.1.1 The EFT effective action

The aim of EFT matching is to determine a gauge-invariant (non-fixed) EFT action SEFT[φ]

that reproduces the low-energy physics of the UV theory. Clearly, the matching condition (4.2)

entails gauge-fixing the EFT at intermediate steps but ideally, we should be able to disentangle

the fixing from SEFT in the end. Given a gauge-fixing operator F ′ and a corresponding gauge-

fixing term SG
fix[φ+ φ, ω, φ; F ′], we can construct the BF effective action of the EFT:

ΓEFT
BF [φ; F ′] = ΓEFT[φ; F

′] + Sbg.[φ; F ′]. (4.3)

In the notation of Section 2.3, the background gauge fields are fixed with the operator F ′.

We have explicitly included the dependence on the gauge-fixing operators for future clarity.

The DOFs relevant to the EFT loops are ψa, so it follows from Eq. (2.31) that the effective

action up to one-loop order is

ΓEFT
BF [φ; F ′] = SEFT[φ] + Sbg.[φ; F ′] +

i

2
sTr logQall

EFT ab[φ, φ; F
′], (4.4)

where the EFT fluctuation operator takes the form

Qall
EFTab

[φ, φ; F ′] = QEFTab[φ] +QG-fix
ab

[φ, φ; F ′]. (4.5)

The first term in the fluctuation operator is due to SEFT and is singular. The addition of

the second term, due to SG
fix, lifts these singularities. As the matching is performed order by

order in the loop expansion, it will be useful to write

SEFT = S
(0)
EFT + S

(1)
EFT + . . . , (4.6)

where S
(ℓ)
EFT denotes the ℓ-loop contribution to SEFT.

4.1.2 The UV effective action

Since all the gauge fields are light, the gauge-fixing of the background fields can be taken to

be independent of the heavy fields. Thus, the BF effective action of the UV theory is

ΓBF[η; F ] = Γ[η; F ] + Sbg.[φ; F ]. (4.7)

Similarly, we choose a gauge-fixing operator for the quantum fields that does not involve any

heavy fields, i.e.,16

SG
fix[η + η, ω, Θ = η; F ] = SG

fix[φ+ φ, ω, φ; F ]. (4.8)
16This is the case for, e.g., the standard choice for the background field gauge GA[η + η, η] = D

µ
AA

µ .
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At this stage, we may think of the gauge-fixing operators of the UV action as independent

from those of the EFT. From Eq. (2.31), it follows that the BF effective action up to one-loop

order is

ΓBF[η; F ] = S[η] + Sbg.[φ; F ] +
i

2
sTr logQall

IJ[η, φ; F ]. (4.9)

In terms of heavy and light components, (Φx, ψa), the fluctuation operator (2.29) decomposes

as

Qall
IJ[η, η; F ] = QIJ[η] +QG

IJ[φ, φ; F ] =


Qxy[η] Qxb[η]

Qay[η] Qab[η] +QG
ab
[φ, φ; F ]


 (4.10)

with contributions from the UV action S and the gauge-fixing action SG
fix, respectively. That

SG
fix only contributes to the light block is key to establishing the matching formula.

For later use, it will prove useful to introduce the matrix17

V I
J[η] =


δ

x
y −Q−1

xzQzb

0 δab


 , (4.11)

which block-diagonalizes the fluctuation operator associated with the unfixed UV action S.

We have

XIJ ≡ V K
IQKLV

L
J =


Qxy 0

0 Qab −QazQ−1
zuQub


 . (4.12)

This diagonalization is possible because the gauge fields are light, and Qxy, therefore, non-

singular. Although the lack of fixing in the gauge kinetic term and the overall absence of

ghost terms in S means that Qab is singular by itself, this is not an issue for the block

diagonalization.

4.1.3 One-loop matching

At tree level, the matching condition (4.2) reduces to

S
(0)
EFT[φ] + Sbg.[φ; F ′] = S

[
Φ[φ], φ

]
+ Sbg.[φ; F ]. (4.13)

As one might expect, it is indeed convenient to choose F ′ = F at this stage; it is presumably

even required in order to obtain a gauge-invariant SEFT[φ]. With this choice, the gauge-fixing

for the background gauge fields drops out and can be ignored completely in the matching

computation. These are the only terms that break background gauge invariance, so the rest

of the computation is explicitly background gauge invariant, which is a great benefit in terms

of simplicity. We find the gauge-invariant EFT action

S
(0)
EFT[φ] = S[ηs] ≡ S

[
Φ
s
[φ], φ

]
, 0 =

δS

δΦx
[ηs], (4.14)

where the superscript “s” denotes the series expansion of the heavy field EOM in 1/Λ. With

no gauge fields among the heavy fields, the solution to the EOM is unique. Thus, we arrive

17To be explicit, by Q
−1
xy we indicate the inverse of Qxy, not the heavy, xy-block of Q−1

IJ
.
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at the expected result that tree-level matching in unbroken gauge theories can be done by

solving the tree-level EOMs of the heavy fields (perturbatively in the 1/Λ expansion) and

plugging it into the UV action; no gauge fixing is required in this case.

We will proceed as in Refs. [6, 7] to demonstrate that all soft-scale loops in the UV theory

cancel against the EFT loops, which will enable us to derive a one-loop matching formula.

First, we must determine the EFT fluctuation operator. By applying a ψa derivative to the

tree-level EOM satisfied by the heavy fields Φ
x
[φ], one finds that

δΦ
x
[φ]

δψa
= −Q−1

xy[Φ[φ], φ]Qya[Φ[φ], φ]. (4.15)

With this result and a bit of algebra, one can then show that the soft-scale fluctuation operator

of the EFT is given by

QEFTab[φ] =
δ2S

(0)
EFT

δψaδψb
[φ] = Xab[η

s], (in soft-scale loops), (4.16)

where Xab is defined as in Eq. (4.12). Strictly speaking, QEFTab is a local differential operator

since (4.14) is a series expansion in 1/Λ. This is in contrast to Xab, which involves the

unexpanded Q−1
xy. The equality (4.16) is therefore valid, only for soft-scale loops, where the

loop momentum is small compared to Λ. This restriction is irrelevant, as all EFT loops are

soft-scale: the hard region EFT loops are scaleless and vanish. Thus, we find that the genuine

loop contribution to the EFT effective action is given by

sTr logQall
EFTab[φ, φ; F

′] = sTr log
(
Xab[η

s] +QG
ab[φ, φ; F

′]
)∣∣∣

soft
. (4.17)

Whereas Xab is singular, the gauge-fixing terms of QG
ab

removes the singularities of ghosts

and vectors.

The loop contributions of the UV effective action are split in a sum of the hard and the

soft regions of the loop integrals with the method of regions [4, 5].18 In the soft region, the

fluctuation operator is block-diagonalized with V I
J, which we are free to do since sDetV I

J =

1. We find that

sTr logQall
IJ[η

s, φ; F ] = sTr logQall
IJ[η

s, φ; F ]
∣∣∣
hard

+ sTr log
(
Xab[η

s] +QG
ab[φ, φ; F ]

)∣∣∣
soft
,

(4.18)

having also utilized that soft loops of Xxy = Qxy are scaleless, which makes them vanish in

dimensional regularization. This central construction of Refs.[6, 7] works because the block

diagonalization works trivially on the gauge-fixing contribution to the fluctuation operator:

V K
IQG

KL
V L

J = QG
IJ
.

18The decomposition relies on a counterintuitive property of dimensionally regulated loop integrals. Any
one-loop integral satisfies

∫

dd
k I(k) =

∫

dd
k I(k)

∣

∣

∣

∣

soft

+

∫

dd
k I(k)

∣

∣

∣

∣

hard

,

where the integrand I(k) is expanded around k ≪ Λ in the soft region and k & Λ in the hard region, but the
integration region is over all of momentum space in both integrals. The identity holds to all orders, and the
regions can be expanded up to any order required for the particular calculation.
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Plugging everything back into matching condition (4.2) yields the one-loop order EFT

action

S
(1)
EFT[φ] =

i

2

[
sTr logQall

IJ[η
s, φ; F ]

∣∣∣
hard

+ sTr log
(
Xab[η

s] +QG
ab[φ, φ; F ]

)∣∣∣
soft

− sTr log
(
Xab[η

s] +QG
ab[φ, φ; F

′]
)∣∣∣

soft

]
. (4.19)

We can ensure that the soft-region loops all cancel by simply choosing F ′ = F , something

that we may freely do to best evaluate SEFT. We obtain a familiar form for the one-loop

matching formula:

S
(1)
EFT[φ; F ] =

i

2
sTr logQall

IJ[η
s, φ; F ]

∣∣∣
hard

, (4.20)

where the hard scale loop is computed in a BF gauge. We note that S
(1)
EFT may depend on F

(and for that matter the gauge parameter). However, SEFT should still reproduce the correct

physics in all cases. A convenient corollary of the matching formula (4.20) is that when using

the BF gauge for matching calculations with unbroken gauge symmetries in the manner

presented here, the ghost loops drop out: the ghosts are massless and result in scaleless loops

in the hard region. The matching formula derived here demonstrates the validity of the

common approach to matching in gauge unbroken gauge theories.

4.2 EFT matching with the partially fixed BF gauge

Spontaneous breaking of the gauge symmetry can complicate the EFT matching calculations;

however, with the partially fixed BF gauge suggested in Section 3.3, many of the complexities

vanish and the matching procedure is reminiscent of that outlined for the unbroken gauge

group. We will assume a generic scenario where the VEV of the scalar fields breaks the gauge

groupG→ H at the scale Λ and the gauge coupling constants areO(1). Thus, the gauge fields

Bµ of the remnant group and their associated ghost fields c are light (massless) compared to

Λ, whereas the massive vectors Vµ and their ghost fields u have masses comparable to Λ (in

Feynman-like gauges). In this situation the light DOFs are ψa = (φa, ca) and the heavy ones

Ψx = (Φx, ux), where, e.g., ca = (cα, cα). In the scenario described here, the gauge group of

the EFT is the unbroken group H.

We will now derive a matching formula for the case of spontaneous breaking of the gauge

group of the UV theory. The starting point is the same strong matching condition (4.2), as

in the case of an unbroken gauge group; however, now we use the partially fixed BF gauge

for the UV effective action ΓBF. The EFT effective action is also produced in the BF gauge,

such that effectively both UV and EFT theories share the BF gauge for unbroken group H.

4.2.1 The EFT effective action

The EFT action in the BF gauge is constructed entirely parallel to Section (4.1.1); we merely

repeat it here to make it explicit in the notation employed in the broken theory. Given a

BF gauge gauge-fixing operator F ′
H for the unbroken gauge group H and a corresponding

gauge-fixing term SH
fix[φ+ φ, c, φ; F ′

H ], the BF effective action of the EFT is

ΓEFT
BF [φ; F ′

H ] = SEFT[φ] + SH
bg.[φ; F ′

H ] +
i

2
sTr logQfull

EFT[φ, φ; F
′
H ]. (4.21)
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F ′
H is the gauge-fixing operator for the background fields. In this case, the fluctuation

operator takes the form

Qall
EFTab[φ, φ; F

′
H ] = QEFTab[φ] +QH

ab[φ, φ; F
′
H ]. (4.22)

The first term in the fluctuation operator is due to SEFT, while the second is due to SH
fix.

4.2.2 The UV effective action

The gauge fields associated with the unbroken group H are massless, and we use gauge-fixing

conditions for the background fields and BF gauge for H that depend only on the light fields.

Following Eqs. (3.27) and (3.28), the partially fixed BF effective action of the UV theory is

then given by

ΓBF[η] = S[η] + S
G/H
fix [η, u = 0; G] + SH

bg.[φ; FH ] +
i

2
sTr logQall[η, φ; FH , G], (4.23)

where Gi is the gauge-fixing condition for the massive vectors associated to G/H. The

fluctuation operator of the UV theory decomposes as

Qall
IJ[η, φ; FH , G] = QIJ[η] +QG/H

IJ
[η; G] +QH

IJ[φ, φ; FH ], (4.24)

with contributions from S, S
G/H
fix , and SH

fix, respectively. The ghost number is conserved

in the gauge-fixing terms, while there are no background ghost fields. Consequently, the

fluctuation operator block-diagonalizes into a part with regular fields and a part with ghost

fields. Schematically, we write

Qall
IJ[η, φ; FH , G] =


Q′

xy Q′
xb

Q′
ay Q′

ab +QH
ab


⊕


QG/H

xy 0

0 QH
ab


 , (4.25)

whereQ′ = Q+QG/H . Note the distinction between sans-serif indices for the ghost DOFs and

italic indices for the regular DOFs. The use of the partially fixed BF gauge has ensured that

the ghost fluctuation operator is already block diagonalized and that the block corresponding

to the light ghost field is determined entirely by the choice of BF gauge condition.

With the partial fixing term for the heavy fields, Q′
xy is non-singular. This lets us intro-

duce the matrix

V I
J[η; G] =


δ

x
y −Q′−1

xz Q′
zb

0 δab


⊕ δIJ (4.26)

to block-diagonalize the partially fixed fluctuation operator. We define

XIJ ≡ V K
IQ′

KLV
L
J =


Q′

xy 0

0 Q′
ab −Q′

azQ′−1
zu Q′

ub


⊕


QG/H

xy 0

0 0


 (4.27)

as the block diagonalized Q′. The same matrix, V , block-diagonalizes the full fluctuation

operator Qall too.
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4.2.3 One-loop matching

Let us now use the matching condition (4.2) to derive a formula for the EFT action. At tree

level, the condition reduces to

S
(0)
EFT[φ] + Sbg.[φ; F ′

H ] = S[η] + S
G/H
fix [η, u = 0; G] + Sbg.[φ; FH ]. (4.28)

Again the choice for the BF gauge-fixing operator falls on F ′
H = FH in order to obtain the

H gauge-invariant EFT action

S
(0)
EFT[φ] = S′[ηs], S′[η] = S[η] + S

G/H
fix [η, 0; G]. (4.29)

The heavy background fields are solutions of their EOMs in the presence of the light fields:

0 =
δS′

δΦx
[ηs] (4.30)

understood to be a power series in 1/Λ and with higher order corrections necessary for

matching beyond one-loop order. As one might anticipate, the gauge-fixing condition for the

heavy vectors is added to the invariant UV action, which ensures a unique solution to the

heavy field EOMs.

In analogy to Eq. (4.16), the tree-level matching condition for the EFT action is used to

determine the fluctuation operator of the EFT:

QEFT ab[φ; G] =
δ2S

(0)
EFT

δφaδφb
[φ] = Xab[η

s; G], (in soft-scale loops), (4.31)

where Xab is defined in Eq. (4.27). The soft-scale correspondence between EFT and UV fluc-

tuation operators is due to the partial-fixing terms of the heavy vectors being the same for the

UV loops and the tree-level matching condition for the UV. We proceed as in Section 4.1.3 to

decompose the UV loops into a hard and a soft part while block-diagonalizing the fluctuation

operator with V I
J. The corresponding version of Eq. (4.19) now takes the form

S
(1)
EFT[φ] =

i

2

[
sTr logQall

IJ[η
s, φ; FH , G]

∣∣∣
hard

+ sTr log
(
Xab[η

s; G] +QH
ab[φ, φ; FH ]

)∣∣∣
soft

− sTr log
(
Xab[η

s; G] +QH
ab[φ, φ; F

′
H ]
)∣∣∣

soft

]
. (4.32)

With the factorization of the gauge-fixing for the heavy and light vectors enabled by the partial

fixing, we can again choose F ′
H = FH , such that the gauge-fixing terms of the unbroken group

H coincide in the UV and EFT actions. The result is the recovery of the familiar matching

formula

S
(1)
EFT[φ; FH , G] =

i

2
sTr logQall

IJ[η
s, φ; FH , G]

∣∣∣
hard

. (4.33)

By explicit construction, we have, thus, been able to show that the partially fixed BF

gauge enables the use of matching strategies based on identifying the one-loop EFT action

with the hard-region UV loops in theories with spontaneously broken gauge symmetries.

It allows for the same direct calculation of the gauge-invariant SEFT that is so convenient

in the BF gauge for unbroken theories. The matching formula depends on the choices of
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both partial gauge-fixing condition and the BF gauge operator used to fix the unbroken

H. Nevertheless, all choices satisfying the outlined conditions may be used according to

convenience. With the conditions suggested in Section 3.4, calculations can be done with

ordinary Rξ-like propagators and but a few new interactions introduced by the gauge-fixing

term.

4.3 EFT matching with ordinary BF gauges

Having seen how straightforward the adaptation of the matching formula is to the case of

SSB using partially fixed BF gauges, we return to the problems associated with using an

ordinary BF gauge for the UV theory. We examine the generic scenario of the last section

where the massive vectors from the breaking G → H have masses comparable to the heavy

scale Λ. The EFT BF effective action is given by Eq. (4.21) in this case too.

4.3.1 The UV effective action

We evaluate the effective action of the UV theory in the BF gauge, retaining explicit G

invariance for the loop calculations. The effective action (2.31) is

ΓBF[η] = S[η] + SG
bg.[η; FG] +

i

2
sTr logQall[η, η; FG] (4.34)

to one-loop order, where the fluctuation operator decomposes as

Qall
IJ[η, η; FG] = QIJ[η] +QG

IJ[η, η; FG], (4.35)

corresponding to S and SG
fix, respectively. In parallel to previous cases, the fluctuation oper-

ator can be written in block form as

Qall
IJ[η, φ; FG] =


Qall

xy Qall
xb

Qall
ay Qall

ab


⊕


QG

xy QG
xb

QG
ay QG

ab


 . (4.36)

This time around, off-diagonal blocks are mixing the massive and massless ghosts, which

may complicate the soft-region correspondence with the EFT ghost loops. There also exists

an upper triangular matrix V I
J with determinant 1 that block-diagonalizes the fluctuation

operator:

XIJ ≡ V K
IQall

KLV
L
J =


Qall

xy 0

0 Qall
ab −Qall

azQall−1
zu Qall

ub


⊕


QG

xy 0

0 QG
ab −QG

azQG−1
uz QG

zb


 .

(4.37)

4.3.2 One-loop matching

For the last time, we apply matching condition (4.2) at tree level to determine the leading

EFT action:

S
(0)
EFT[φ] = S[ηs] + SG

bg.[η
s; FG]− SH

bg.[φ; FH ]. (4.38)

In contrast to the previous approach, it is not possible to choose identical gauge-fixing condi-

tions for the background fields, such that the terms drop; the two terms fix the G and the H
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groups, respectively. Despite this, we can still choose FG in a manner such that the resulting

EFT action is invariant under H. We merely let

SG
bg.[η; FG] = S

G/H
bg. [η; FG/H ] + SH

bg.[φ; FH ], (4.39)

with the condition that the first term, gauge-fixing the massive vectors, is covariant under

H.19 Without this condition, we would not recover a gauge-invariant EFT action. The

ordinary BF gauge is, thus, suitable for tree-level matching.

According to the matching condition (4.2), we are interested in the effective action, where

the heavy fields are solutions to their EOMs in the presence of light background fields. At

tree level, we have

0 =
δS′

δΦx
[ηs; FG/H ], S′[η; FG/H ] = S[η] + S

G/H
bg. [η; FG/H ]. (4.40)

This is our first indication that something may not work smoothly when using the ordinary

BF gauge at loop level: this time the heavy field EOMs depend on the gauge-fixing condition

for the background fields FG/H whereas their propagation in UV loops is determined by the

quantum gauge-fixing condition FG.

The tree-level matching condition allows for the determination of the EFT fluctuation

operator:

QEFT ab[φ; FG/H ] = Q′
ab −Q′

axQ′−1
xy Q′

yb, (4.41)

where, following the usual convention, Q′[ηs; FG/H ] is the fluctuation operator associated

to S′[η; FG/H ]. Complete cancellation of soft-region EFT and UV loops in the matching

condition, in the manner of Eq. (4.32), now requires that

sTr log
(
Qall

ab −Qall
azQall−1

zu Qall
ub

)∣∣∣
soft

+ sTr log
(
QG

ab −QG
azQG−1

uz QG
zb

)∣∣∣
soft

=

sTr log
(
Q′

ab −Q′
axQ′−1

xy Q′
yb +QH

ab

)∣∣∣
soft

+ sTr logQH
ab

∣∣∣
soft
. (4.42)

Can the various gauge-fixing conditions be chosen such as to ensure that this equality holds?

We have not been able to make significant progress towards showing this. One might expect

that the UV ghost loops should cancel against EFT ghost loops (going by the notion of a

one-to-one correspondence). Then we would clearly have to choose FH in a very particular

manner to reproduce the effects of the integrated-out heavy ghosts in the UV loops. Such a

choice will not prove a practical issue if it is possible to establish the matching condition, as

in that event we would not have to compute EFT loops no matter how complicated the gauge

might be. On the other hand, cancellation of the trace over ordinary fields would seem to

require that FG/H should be chosen in a manner compatible with FG and FH such that the

heavy vectors are integrated out with similar propagators, as dictated by Q′−1
xy and Qall−1

xy ,

respectively. Perhaps then, one is not free to choose FG/H independently of FG. Thus, we find

ourselves without anything more concrete than speculations about whether the soft-region

cancellation (4.42) can be attained in ordinary BF gauges.

19An example of such a background gauge-fixing is S
G/H
bg. [η; FG/H ] = 1

2ζ
(dµV

µ
i − ζMiχi)(d

µ
V

i
µ − ζMiχi).
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5 Conclusion and Outlook

There is an emergent consensus that EFT matching calculations ought to be performed in the

BF gauge with its gauge-invariant effective action. Nevertheless, we have found a conspicuous

lack of a proper theoretical basis despite the maturity of the subject and the drastic increase

in the number of one-loop matching calculations following the introduction of new tools.

Hence, we found it timely to reexamine the subject and put the matching of gauge theories

on a firm theoretical footing.

For unbroken gauge theories, we were able to show the validity of the standard hard-

region matching formula using BF gauges—just as expected. However, to our surprise, we

found ourselves unable to demonstrate the cancellation of soft-region UV loops and EFT

loops in spontaneously broken gauge symmetries using ordinary BF gauges. With the ben-

efit of hindsight, it is clear that there would have to be some complications in equating the

effective actions of the UV theory with the EFT in this case, seeing that the gauge group is

larger for the UV theory. To our knowledge, a version of this setup has been used only once

for practical calculations (including a proper gauge-fixing of the background fields), namely

for the impressive matching of SMEFT to LEFT at one-loop order [32]. As a cross-check

the authors verified that the result was independent of the gauge parameter in the on-shell

basis, suggesting that the approach produced the correct result. Whether the validity of

the approach generalizes beyond dimension-6 matching or to more complicated symmetry-

breaking patterns remains unclear. The lack of a proof of general validity, suggests that

further scrutiny is required before the use of ordinary BF gauges sees wider adoption in the

matching of spontaneously broken gauge theories. It may seem like a disappointing conclu-

sion to the paper that we were unable to prove the matching formula for this arrangement.

Then again, why should we want to use such a complicated gauge? The partially fixed BF

gauges offer much the same benefits as those promised by the ordinary BF gauges but with

a significantly simplified gauge-fixing action to boot.

The partially fixed BF gauge is formulated here as an alternative to the ordinary BF gauge,

maintaining explicit invariance of the effective action under background gauge variations w.r.t.

the unbroken remnant group. Crucially, this gauge exhibits the correspondence between EFT

and UV loops required to establish the hard-region matching formula at one-loop order [6, 7].

Nor do we foresee additional obstacles to extending the matching proof in the partially fixed

BF gauges beyond one-loop order in the manner of Ref. [8]. On a practical level, the partially

fixed BF gauge generically provides simpler gauge-fixing terms compared to the ordinary BF

gauge, making it significantly easier to set up calculations: there is no need to distinguish

between background and quantum fields for the G/H fixing terms; the massless ghosts couple

exclusively to massless vectors; and the fixing terms involve no quartic scalar interactions nor

interactions between four massive vectors. The gauge would, therefore, seem preferable to

the ordinary BF gauge even if the matching formula could be established with the same level

of rigor for the latter.

The results presented in this paper point the way toward EFT matching of broken gauge

theories, which stands as the next frontier in the matching space. The features of the par-
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tially fixed BF gauge also make it ideal for implementation in automated matching codes.

Nevertheless, there are still open questions about the role of gauge-fixing in matching calcu-

lations: not least, if it is possible to derive a hard-region matching formula for ordinary BF

gauges. This paper has been working under the assumption that massive vectors get masses

comparable to the matching scale. It remains an open question of what to do if, e.g., the

gauge couplings are very small, such that the massive vectors remain dynamical in the EFT.

Work is still needed to examine how best to approach such situations. Rξ-like gauges, as

we have used here, are also known to give masses to ghosts and would-be Goldstone bosons

proportional to the gauge parameters. One might therefore presume that they could be made

arbitrarily light, in which case they would not decouple along with the massive vectors. We

would assume the decoupling should be done before taking the limit ξ → 0. Nevertheless, it

would be interesting topic for further investigation.
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A Extension to Curved Metrics

The discussion presented in this paper could have been generalized further, but we are sure the

reader will forgive us for postponing a last generalization to the appendix. Until this point we

have been assuming that the metric of the kinetic terms has been field-independent; however,

this need not be the case for EFTs. Recently there has been much interest in formulating

a geometric framework for EFTs, featured prominently in the GeoSMEFT program [33]. It

was suggested in Ref. [34] that one should account for the presence of higher-order terms in

the SMEFT action to ensure that the gauge-invariant effective action of the BF gauge is also

reparametrization invariant, as required by that framework. A similar idea can be adopted

in the generic discussion of gauge-fixing discussed here.

The first place to include the field-dependence from higher order terms is for the metric

a−1AB on the Lie algebra, which is promoted to a−1AB [η]. It must respect gauge invariance, which

translates to the requirement that

0 = a−1DB [η]f
D
CAα

C + a−1AD[η]f
D
CBα

C + a−1AB,I [η]
(
DI

C [η]α
C
)
, α ∈ g. (A.1)

The gauge kinetic term is then

S ⊃ −1

4
AA

µνa
−1
AB [η]A

Bµν . (A.2)
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The scalar kinetic term is similarly equipped with a field-dependent metric hab[η] (replacing

hab) and reads

S ⊃ (Dµϕ
a)hab[η](D

µϕb). (A.3)

To preserve gauge invariance of the action, the metric should be covariant, satisfying

0 = −itcAaα
Ahcb[η]− itcAbα

Ahac[η] + hab,I [η]
(
DI

A[η]α
A
)
, α ∈ g. (A.4)

Including these quantities consistently should allow for the formulation of (partially fixed)

BF gauges in a geometric framework.

B Faddeev–Popov Procedure

We include a brief review of the Faddeev–Popov approach to removing the gauge redundancy

from the path integral for easy reference. Here we stick with the generic notation used

elsewhere in this paper, but more exhaustive discussions couched in a more familiar setup

can be found in most QFT textbooks. Our starting point is the partition function for a gauge

theory with gauge group G:

Z =

∫
Dη eiS[η], (B.1)

having left out source terms for gauge-invariant operators. The gauge redundancy makes

it impossible to invert the kinetic operator of the gauge field and there is no conjugate

momentum to AA
µ=0, meaning that it is not a dynamical variable.

To proceed, one introduces a gauge-fixing condition in the form of a function G[η] ∈ g,

such that

G[ηg] = 0 for a unique g = g0[η] (B.2)

for all possible η. The notation ηg is used to denote the transformation by a group element

g(x). In the vicinity g ∼ g0 of the unique solution to Eq. (B.2), we may parametrize the

group elements by g = (1 + α)g0 for α ∈ g. Thus, ηIg = ηIg0 +DI
A[ηg0 ]α

A. This allows for

evaluating the integral over the delta function of the gauge-fixing condition as

∫

G
dµ[g] δ

(
G[ηg]

)
=

∫
Dα δ

(
GA

,I [ηg0 ]D
I
B [ηg0 ]α

B
)
= Det−1

(
GA

,I [ηg0 ]D
I
B[ηg0 ]

)
(B.3)

given some η. Here µ[g] denotes the Haar measure.

We can recast the partition function (B.1) as

Z =

∫
DηDet

(
GA

,I [ηg0 ]D
I
B[ηg0 ]

)∫

G
dµ[g] δ

(
G[ηg]

)
eiS[η]

=

∫

G
dµ[g]

∫
Dη δ

(
G[η]

)
Det

(
GA

,I [η]D
I
B[η]

)
eiS[η].

(B.4)

We utilized that the delta function picks out the group element such that ηg0 = ηg while the

measure is invariant under Dη = Dηg. It also holds that S[ηg] = S[η] from the invariance
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of the action. Following standard arguments, the functional determinant is cast as a path

integral over ghost fields:

Det
(
GA

,I [η]D
I
B[η]

)
=

∫
Dω exp

[
−i
∫

x
ωAG

A
,I [A]D

I
B [η]ω

B

]
. (B.5)

Accordingly, we arrive at the partition function

Z =

∫
DηDω δ

(
G[η]

)
exp

[
i

(
S[η]−

∫

x
ωAG

A
,I [A]D

I
B[η]ω

B

)]
, (B.6)

by dropping the volume factor from the integration over G. The drawback of this direct

gauge-fixing with a delta function in the path integral is that it is non-renormalizable [21].

This is usually avoided by shifting G[η] → G[η] − θ for some variable θ ∈ g. The partition

function is independent of θ or for that matter the choice of gauge-fixing condition. A final

Gaussian integration
∫
Dθ e−

i
2ξ

∫
x
〈θ, θ〉

leaves the partition function

Z =

∫
DηDω exp

[
i

(
S[η]−

∫

x
ωAG

A
,I [A]D

I
B[η]ω

B − 1

2ξ

∫

x

〈
G[η], G[η]

〉)]
, (B.7)

ignoring an irrelevant overall normalization. The last two terms in the exponential constitute

the gauge fixing terms for the action.

C Mass Basis of a Spontaneously Broken Gauge Theory

Here we give a few additional details that are helpful for going to the mass basis in a broken

gauge theory. The expectation is that this will prove useful for the practitioner wishing to

implement the partially fixed BF gauge in a concrete model.

C.1 Yang–Mills action

The algebra of the gauge group in the broken phase has been discussed in, e.g., Ref. [15], and

we adapt their discussion here. In the mass basis, the structure constant reads

0 = fα
a = −i taαbvb, 0 6= f i

a = −i xaibvb, (C.1)

where f i
a are linearly independent for different i (otherwise some of the heavy vectors would,

in fact, be massless). By multiplying fα
a with an unbroken generator tβ, it becomes clear

that the algebra of the unbroken generators, tα, closes:

[
tα, tβ

]
= i tγf

γ
αβ . (C.2)

We identify it with the Lie algebra h of the unbroken group H ⊆ G.

From the cyclic property of the metric on g and closure of h, it follows that

〈
tβ,
[
tα, xi

]〉
=
〈
xi,
[
tβ, tα

]〉
= 0, (C.3)

which in turn indicates that [
tα, xi

]
= ixjf

j
αi. (C.4)
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Thus, we can verify that the heavy vectors transform in some faithful representation of the

unbroken group H under the group action:

δHα Vµ = iαα
[
tα, Vµ

]
= −xiααf iαjV

j
µ . (C.5)

The covariant derivative decomposes as in Eq. (3.4). This implies, that the covariant deriva-

tive of the unbroken group acts on Vµ as

dµVν =
[
dµ, Vν

]
= xi(∂µV

i
ν + f iαjB

α
µV

j
ν ). (C.6)

The field-strength tensor decomposes as

Aµν = i
[
dµ − iVµ, dν − iVν

]
= Bµν + Vµν − i

[
Vµ, Vν

]
, (C.7)

where

Bµν = i[dµ, dν ], Vµν = dµVν − dνVµ (C.8)

are the field strength tensors of the Bµ and Vµ fields, respectively. With this notation, the

Yang-Mills action reads

LYM = −1

4

〈
Bµν , B

µν
〉
− 1

4
V i
µνV

µν
i − 1

2

(
Bαµν â−1αβfβij + V µν

k fkij
)
V i
µV

j
ν

− 1

4
V i
µV

j
ν V

µkV νℓ
(
fαij â

−1
αβf

β
kℓ + fmijfmkℓ

)
(C.9)

in the broken phase.

As mentioned some care has to be taken in the case where some of the massive vectors

arrange themselves into complex fields. One could deal with this issue in the manner of the

complex scalars and separate the real and imaginary components, however, a more compelling

option emerges. We may count both the field and its complex conjugate among the degrees

of freedom at the same level. Let us consider the familiar example of electroweak symmetry

breaking: We arrange the massive vectors as V i
µ ⊃

(
Zµ, W

+
µ , W

−
µ

)
. In this example, the

mass matrix can be written as

κijM
2
j =




m2
Z

m2
W

m2
W


 , κij =




1

1

1


 , (C.10)

and we merely have to include the metric κ as we have done in this paper to accommodate

the complex W±
µ fields. The masses are always such that

Miκij = κijMj , (C.11)

as the off-diagonal masses in the mass matrix come from pairs of complex fields.

– 31 –



C.2 Goldstone bosons and scalar sector

The would-be Goldstone bosons—henceforth referred to as GBs for brevity—of the broken

theory correspond to the flat directions around the minimum of the potential. We can,

therefore, embed them into the scalar multiplet along the independent xaibv
b directions. We

decompose20

ϕa = ϕa
h + ϕa

χ, ϕh af i
a = 0 ∀i, (C.12)

choosing the Higgs fields to be orthogonal to the Goldstone directions. We parametrize the

GBs by

ϕa
χ = −iχ̃ixaibv

b = χ̃if i
a (C.13)

and, thus, ϕh aϕ
a
χ = 0. The transformation of the GBs under the remnant group H follows

from

taαbϕ
b
χ = −iχ̃i

[
tα, xi

]
a
bv

b = χ̃jf iαjx
a
ibv

b = (if iαjχ̃
j)f i

a, (C.14)

which demonstrates that χ̃i transforms in the same representation as V i
µ in Eq. (C.5). It is

easy to demonstrate that taαbϕ
h
b is orthogonal to ϕa

χ, and we conclude that also ϕh
a constitute

a representation of H.

Recall that the mass matrix (3.7) of the heavy fields is given by

M2
i κij =M2

ij = fiaf j
a. (C.15)

This leads us to identify the canonically normalized GBs as

χi = χ̃iMi =⇒ ϕχ
aϕ

χ
a = χiχ

i. (C.16)

We observe that the decay constant satisfies

fiaϕ
a = fiaϕ

a
χ =Miχi. (C.17)

It also holds that

ϕa(hf⊺afh)abϕ
b =M2

i χiχ
i, (C.18)

which will come in handy for the gauge-fixing terms.

The scalar kinetic term

Lkin = 1
2Dµϕ

′
aDµϕ

′a (C.19)

is gauge invariant, which is ensured by the covariance of scalar metric hab, which satisfy

0 = T c
Aahcb + hacT

c
Ab. (C.20)

In the broken phase, the G-covariant derivative of the scalar field decomposes as

Dµϕ
′a = dµϕ

a − iV i
µx

a
ibϕ

b + V i
µf i

a. (C.21)

20Recall that the scalar metric hab is used to lower indices where appropriate.
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Thus, the scalar kinetic term reads

Lkin = 1
2dµϕ

a
hhabd

µϕb
h +

1
2dµχid

µχi + 1
2M

2
i V

µ
i V

i
µ + dµχiMiV

i
µ

+ 1
2 iV

i
µ(ϕax

a
ib

↔

dµϕb) + 1
2V

i
µV

jµϕa(xixjϕ)
a − iV i

µV
jµfiax

a
jbϕ

b,
(C.22)

where ϕa

↔
dµϕb = ϕa(dµϕ

b) − (dµϕa)ϕ
b. All quadratic terms involving scalar fields neatly

separate into Higgs and GB components, allowing for the identification of kinetic terms for

the scalar mass eigenstates, the mass terms for the massive vector fields, and the kinetic

mixing of those vectors with the GBs. On the other hand, interactions in the second line

will have to be expanded out in each specific model, as no obvious general simplifications are

possible.

D Broken Phase of a SU(3)→ SU(2) Toy Model

This appendix spells out the broken phase of a toy model to elucidate our notation and

showcase the formalism for practitioners. In a compromise between complexity and triviality,

we have chosen to focus on the breaking G = SU(3) → H = SU(2) by a scalar Σ′ in the

fundamental (triplet) representation of G. In contrast to the breaking in the more familiar

electroweak SM, this example includes a non-Abelian remnant group, which is found in many

BSMmodels and introduces added complexity. We can also demonstrate the slightly nebulous

inclusion of complex DOFs in our real multiplets through the use of non-identity metrics. This

might seem a slight overkill for the scalars in this example given that there is only a single

complex field in this example; the benefits come from being able to simultaneously treat

mixed real and complex fields.

The Lagrangian of the toy model is given by

L = − 1

4g2
AA

µνA
Aµν +DµΣ

′†DµΣ′ − V (Σ′†Σ′), (D.1)

where V is the scalar potential. To make connection with the notation introduced in Sec. 3.1,

we may identify

a−1AB = g−2δAB , ϕ′a = (Σ′, Σ
′∗), hab =


 1

1


 , (D.2)

where the metric on the Lie algebra is proportional to the identity matrix, since G is a

simple group, and g is the gauge coupling constant associated with G. The specifics of the

scalar potential are largely irrelevant, but we assume that it is such that Σ′ develops a VEV

〈Σ′〉 = (0, 0, v), which acts as an order parameter breaking G to H.

D.1 Algebra of the broken group

The adjoint representation of G decomposes as 8 → 3⊕2⊕2⊕1 under the unbroken group,

where we use 2 to denote the conjugate doublet representation for bookkeeping purposes

even though it is isomorphic to the fundamental representation 2. In terms of the gauge
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fields AA
µ , the triplet representation will correspond to the massless field Bα

µ = (Wα
µ ) of H.

The remaining representations are associated with heavy vectors, which, in a slight abuse of

index notation, read V i
µ = (Xi

µ, X
∗
iµ, Zµ); that is, the two doublets form a single complex

field. Since we are working from a simple group G, the gauge coupling of the remnant group

is identified with that of G, so we can immediately determine that the metrics of the broken

phase are given by (the form of κij follows from the prescription)

â−1αβ = g−2δαβ , κij =




0 δij

δi
j 0

1


 . (D.3)

If we turn to the splitting of generators into those associated with Bα
µ and V i

µ, the present

model is so simple that there is no mixing between multiple instances of the same irreducible

representations of H. Thus, we may simply guess their form from the requirement of H-

invariance without any need to construct the transformation matrix LA
B : The fundamental

representation of G decomposes according to 3 → 2 ⊕ 1 into a doublet and a singlet of H.

Hence, we can decompose the generators of the fundamental representation of G according

to

TA →


τ

p
αq

0


⊕ 1√

2


0 δpi

0


⊕ 1√

2


 0

δiq 0


⊕ 1√

12


δ

p
q

−2


 (D.4)

where τa = 1
2σa, σa being the Pauli matrices, and the indices p, q are doublet indices. The

normalization of each term follows from normalizing Tr[TATB] =
1
2δAB . Recalling the pre-

scription that the gauge couplings are absorbed into the generators associated with V i
µ, we

identify

tα =


τ

p
αq

0


 , xi =

g√
2


0 δi

p

0


⊕ g√

2


 0

δiq 0


⊕ g√

12


δ

p
q

−2


 (D.5)

We will see later that this identification does, in fact, lead to diagonal masses as it should. It

is worth pointing out, that LA
B by necessity involves a unitary but not orthogonal rotation

to organize the doublets into a single complex field. For this reason xi is not Hermitian even

though TA is.

Without an explicit construction of LA
B , it may seem daunting to recover the decom-

position of the structure constants of G; however, we may use the commutation rules for

the generators along with their deconstruction. The broken phase structure constants are

determined through relations such as21

Tr[xixj ]f
j
βk = −iTr

[
[xi, tβ]xk

]
, (D.6)

which follow from applying LA
B to the commutation relation

Tr[TATD]f
D
BC = −iTr

[
[TA, TB ]TC

]
. (D.7)

21The diagonalization of the gauge fields ensure that Tr[tαxi] = 0.
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Thus, we find that the 1× 3× 3 tensor

fαjk = iâαβ







0 −τkβj
τ jβk 0

0





 , (D.8)

whereas the 3× 3× 1 tensor

f ijγ = −f iγj = i







τ iγj

0

0


 ,




0

−τ jγi
0


 ,




0

0

0





 . (D.9)

Observe here that fαjk includes a g2 from âαβ whereas, f ijγ are purely numbers. Lastly, the

structure constant with three indices from the broken algebra is 3× 3× 3 tensor

f ijk =
i
√
3

2
g







0 δij

0

−δik 0


 ,




0

0 −δj i
δki 0


 ,




0 −δkj
δjk 0

0





 . (D.10)

We can now proceed to the scalar sector.

D.2 Scalar sector

The index a of ϕ′a runs over a fundamental and an anti-fundamental representation of G. In

the broken phase, each of these decomposes into a doublet and a singlet representation, so

the scalar metric becomes

hab =




δq
p

1

δpq

1



, (D.11)

where again p, q are doublet indices. The generators acting on the (reducible) representation

of ϕ′a then reads

taαb =




τpαq

0

−τ qαp
0




(D.12)

and

xaib =
g√
2




0 δi
p

0

0

−δqi 0




⊕ g√
2




0

δiq 0

0 −δpi

0




⊕ g√
12




δpq

−2
−δpq

2



. (D.13)
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The VEV of the scalar field reads

va =
(
0, v, 0, v

)
(D.14)

and between that and the broken generators, the decay constant matrix (3.1) reads

f i
a =

i v g√
6




−
√
3δi

p 0 0 0

0 0
√
3δip

0
√
2 0 −

√
2


 , fα

a = 0. (D.15)

We can now verify that the mass matrix is properly diagonalized in that

f i
ahabf j

b =M2
i κij , Mi =

g v√
6

(√
3,

√
3, 2

)
, (D.16)

from which the masses of the massive vectors are determined. Next, we introduce the would-

be GBs associated with V i
µ, letting χi =

(
χi
X , χ

∗
Xi, χZ

)
. The GB bosons along with the

singlet “Higss” field are embedded into ϕa according to

ϕa
χ =

i√
2

(
−
√
2χi

X , χZ ,
√
2χ∗

Xi, −χZ

)
, ϕa

h =
1√
2

(
0, h, 0, h

)
, (D.17)

as per Eqs. (C.12, C.13). The embedding of the GBs along with orthogonality and canonical

normalization uniquely fixes h in ϕa
h.

D.3 Partial gauge-fixing terms

We now have all the building blocks needed to write down the gauge-fixing terms for the toy

model. Here we refer the result only in the partial fixed BF gauge, as this is the simpler

gauge. The gauge-fixing Lagrangian for the massive vectors (3.33) is

LG/H
vec. = −1

ζ
dµX

∗µ
i dνXi

ν −
1

2ζ

(
∂µZ

µ
)2

+MX

(
χ∗
Xid

µXi
µ + H.c.

)

+MZχZ∂
µZµ − ζM2

Xχ
∗
Xiχ

i
X − ζ

2
M2

Zχ
2
Z . (D.18)

The partial fixing also introduces ghost terms for ghost fields associated with the massive

vectors. We denote the ghosts by ui =
(
uiX , u

∗
Xi, uZ

)
and the anti-ghost fields by ui =(

uXi, u
∗i
X , uZ

)
. Expanding out Eq. (3.36) then yields the ghost terms

LG/H
gh. = −uXi(d

2 + ζM2
X)uiX − u∗iX(d2 + ζM2

X)u∗Xi − uZ(∂
2 + ζM2

Z)uZ

+ g

√
3

2

(
iZµuXid

µuiX − iXi
µuZd

µu∗Xi + iX∗
iµu

∗i
X∂

µuZ + H.c.
)

+
g2

4

(
X∗

iµX
∗µ
j u∗iXu

j
X +Xi

µX
∗µ
j uXiu

j
X −Xi

µX
∗µ
i uXju

j
X + H.c.

)

− ζ
g2v

2

(
h− i χZ√

2
uXiu

i
X − i√

6
χi
XuZu

∗
Xi − i

√
2

3
χ∗
Xiu

∗i
XuZ + H.c.

)

− ζ

√
2g2v

3
huZuZ + ζ

g2

4

(
2u∗iXu

∗
Xj uXiu

j
X − u∗iXu

∗
Xi uXju

j
X

)
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− ζ
g2

8

(
2uXiu

j
X uXju

i
X − uXiu

i
X uXju

j
X + H.c.

)
. (D.19)

The quartic ghost terms of the last two lines can be safely ignored for the purposes of one-loop

calculations. Neither the massive ghost nor vector gauge-fixing terms discriminate between

background and quantum fields, drastically reducing the number of terms. The gauge-fixing

terms for the massless vectors and ghost fields of the remnant group H are entirely standard

and can be read off from Eqs. (3.39, 3.40) using the appropriate group factors.

E The BF Rξ-Gauge Lagrangian in the Broken Phase

We have referenced the complexity of using BF gauges in theories with SSB several times

in this paper. To illustrate this point, we will refer the usual background field Rξ-gauge [35]

in the broken phase of a generic theory in this appendix. Comparing the resulting formulas

with the gauge-fixing terms of Section 3.4 easily demonstrates the point. This gauge has

been employed for the SM in, e.g., Refs. [34, 36, 37]; however, we have not found the generic

expression referred anywhere. The reader might find them useful for other purposes too.

E.1 Gauge-fixing condition for the BF Rξ-gauge

The gauge group is spontaneously broken by the VEVs of scalar fields ϕa as described in

Section 3.1. The background fields are introduced by the shift ηI → ηI + ηI as per usual,

with the one subtlety that the VEV of the scalar fields is put in the background fields:

ϕ′a −→ ϕa + ϕ′a, ϕ′a = ϕa + va. (E.1)

For convenience, we define fA
a = −iT a

Abϕ
′b, which contains the decay constants fA

a. The

quantum and background gauge transformations are given by

δαϕ
a = iαAT a

Ab(ϕ
b + ϕ′b), δαϕ

′a = 0, δαA
A
µ = D̃µα

A, δαA
A
µ = 0, (E.2)

δαϕ
a = iαAT a

Abϕ
b, δαϕ

′a = iαAT a
Abϕ

′b, δαA
A
µ = −fABCα

BAC
µ , δαA

A
µ = Dµα

A,

respectively. The combined covariant derivative is denoted D̃µ = ∂µ − iAµ − iAµ while

Dµ = ∂µ − iAµ is the usual background covariant derivative.

In theories with breaking of the gauge group, the BF Rξ gauge-fixing condition reads

GA[η + η, η] = FA
I [η]η

I = D
µ
AA

µ − ξaABfBaϕ
a. (E.3)

The gauge-fixing Lagrangian for the vectors (2.17) resulting from this condition is then

LG
vec. = − 1

2ξ
a−1ABD

µ
AA

µ D
ν
AB

ν + (D
µ
AA

µ )fAaϕ
a − ξ

2
ϕa(hf

⊺
a fh)abϕ

b. (E.4)

Using the quantum gauge transformation rules (E.2), we find that the corresponding ghost

Lagrangian is

LG
gh. = −ωAD

µ
(Dµω

A + fABCA
B
µ ω

C) + iξ ωAa
ABfBaT

a
Cb(ϕ+ ϕ′)bωC . (E.5)
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LG
gh. contains a mass term for the ghosts proportional to f f⊺ responsible for separating the

ghosts into massive and massless DOFs mirroring the gauge bosons. The full gauge-fixing

Lagrangian of the BF Rξ-gauge is given by LG
fix = LG

vec. + LG
gh.. So far, so good; the real

complexity arises when we go to the mass basis.

E.2 Gauge-fixing terms in the mass basis

The BF gauge-fixing condition (E.3) is brought to the mass basis with transformation (3.3).

It reads

LA
BG

B [η + η, η] =
[
d
µ
Bα

µ + fαjkV
j
µV

kµ − ξâαβ
(
χif

i
βjχ

j − iϕh at
a
βbϕ

b
h

)]

⊕
[
d
µ
V i
µ + f ijαV

j
µB

αµ + f ijkV
j
µV

kµ − ξMiχ
i + iξκijϕax

a
jbϕ

b
]
. (E.6)

The gauge-fixing Lagrangian for the vectors (E.4) then becomes

LG
vec. = − 1

2ξ
â−1αβd

µ
Bα

µd
ν
Bβ

ν − 1

2ξ
d
µ
V i
µdνV

ν
i +Miχid

µ
V i
µ − ξ

2
M2

i χiχ
i − 1

ξ
d
µ
Bα

µ â
−1
αβf

β
jkV

j
νV

kν

− 1

2ξ
â−1αβfαijV

i
µV

jµfβkℓV
k
νV

ℓν +
(
d
µ
Bα

µ + fαijV
i
µV

jµ
)(
χkf

k
αℓχ

ℓ − iϕh at
a
αbϕ

b
h

)

− ξ

2
âαβ
(
χif

i
αjχ

j − iϕh at
a
αbϕ

b
h

)(
χkf

k
βℓχ

ℓ − iϕh ct
a
βdϕ

d
h

)
− 1

ξ
d
µ
V i
µV

j
ν

(
fijαB

αν + fijkV
kν
)

− 1

2ξ
V

j
µV

ℓ
ν

(
fijαB

αµ + fijkV
kµ
)(
f iℓβB

βν + f iℓmV
mν
)
+
ξ

2
(ϕax

a
ibϕ

b)κij(ϕcx
c
jdϕ

d)

+
(
Miχi − iϕax

a
ibϕ

b
)
V

j
µ

(
f ijαB

αµ + f ijkV
kµ
)
− id

µ
V i
µϕax

a
ibϕ

b + iξMiχ
iϕax

a
ibϕ

b. (E.7)

Of course, all the terms involve exactly two quantum fields and must all be included when

computing one-loop amplitudes. The scalars have only been decomposed into Higgs and

GB modes where mixing terms vanish. Otherwise, the clutter would increase even more.

In practice, we suspect that it is just as convenient to evaluate the remaining terms by

determining the embedding of all scalars in ϕ and expanding the terms in the specific model.

Ghost and anti-ghost fields decompose in mass states as determined by the vector bosons:

LA
Bω

B =

(
cα

ui

)
, ωB(L−1)BA =

(
c̄α

ūi

)
. (E.8)

The transformation of ω is indicative of the anti-ghost being in the dual space to the Lie

algebra. It is not the conjugate of the ghost ω. In the mass basis, the background gauge

ghost term (E.5) reads

LG
gh. = − cαd

2
cα − uid

2
ui + d

µ
cαf

α
βγB

β
µc

γ + d
µ
uif

i
αjB

α
µu

j + d
µ
cαf

α
ij(V

i
µ + V i

µ)u
j

+ d
µ
ui(V

j
µ + V j

µ )(f
i
jαc

α + f ijku
k)− cαf

α
ijV

i
µd

µ
uj − uiV

j
µ(f

i
jαd

µ
cα + f ijkd

µ
uk)

− cαf
α
ijf

j
αkV

i
µB

αµuk − uiV
j
µB

βµ(f ijαf
α
βγc

γ + f ijkf
k
βℓu

ℓ)

− V
kµ
(V

ℓ
µ + V ℓ

µ)
[
cαf

α
kmf

m
ℓβc

β + cαf
α
kmf

m
ℓju

j + uif
i
kmf

m
ℓβc

β

+ ui(f
i
kαf

α
ℓj + f ikmf

m
ℓj)u

j
]
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+ ξcαâ
αβ
[
χif

i
βjf

j
γk(χ+ χ)k − ϕha(tαtβ)

a
b(ϕh + ϕh)

b
]
cγ

+ ξcαâ
αβ
[
Mjχjf

j
αi − ϕa(tαxi)

a
b(ϕ+ ϕ)b

]
ui

− ξui
[
f iαjMj(χ+ χ)j + ϕa(x

itα)
a
b(ϕ+ ϕ)b

]
cα

− ξui
[
δijM

2
j − if iax

a
jb(ϕ+ ϕ)b − ifjaκ

ikxakbϕ
b + ϕa(x

ixj)
a
b(ϕ+ ϕ)b

]
uj (E.9)

Some of these terms involve three quantum fields (including ghosts) and can safely be ignored

at one-loop order. Observe that c remains massless as expected, while on the other hand, u

gets a mass term, which in the Feynman gauge (ξ = 1) coincides with that of the massive

vector fields, Vµ. Between the ghost and vector terms of the BF gauge fixing terms, the reader

will no doubt agree with our assessment that the partially fixed BF gauge leads to significantly

simpler gauge-fixing terms: imagine what the analog to the gauge-fixing terms (D.18, D.19)

would look like in the ordinary BF gauge.
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