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Stark Many-Body Localisation Under Periodic Driving
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We study stability of localisation under periodic driving in many-body Stark systems. We find that
localisation is stable except near special resonant frequencies, where resonances cause delocalisation.
We provide approximate analytical arguments and numerical evidence in support of these results.
This shows that disorder-free broken ergodicity is stable to driving, opening up the way to studying

nonequilibrium driven physics in a novel setting.

I. INTRODUCTION

Generic ergodic quantum systems are expected to ther-
malise according to the predictions of statistical me-
chanics. Such ergodic systems are understood to be in
agreement with the eigenstate thermalisation hypothesis
(ETH) [1-3], which states that the eigenstate expectation
values of any local observable form a smooth function of
energy. It is therefore interesting to study systems that
violate the ETH, thus exhibiting non-ergodic behaviour.
Ergodicity can be broken in various ways including glassi-
ness, prethermalisation [3], or kinetic constraints [4-7].
More recently there has been considerable attention de-
voted to disorder-induced many-body localisation (MBL)
[8-11]. In Anderson’s original work, it was shown that
transport in a tight-binding model for a single particle is
suppressed by inherent disorder [12]. MBL extends this
phenomenon to the case of interacting systems. Simi-
larly, it has been long known that transport can instead
be suppressed by the presence of a tilted potential, lead-
ing to so-called Wannier-Stark localisation [13]. Here,
the single-particle eigenstates become localised in space
and equidistant in energy by a spacing that corresponds
to the gradient of the tilt. Only much more recently was
this shown to also persist in the presence of interactions,
giving what is known as Stark MBL [14-19].

Periodic driving of a noninteracting Wannier-Stark
system has been studied thoroughly. It was found that
driving at a resonant frequency determined by the tilt
angle results in delocalisation for arbitrarily weak driv-
ing [20, 21]. Here, we investigate the analogous situation
in an interacting system using both approximate analyt-
ical and exact numerical methods, finding that delocali-
sation does still occur near certain resonant frequencies,
but only above a finite driving strength. The situation
is therefore analogous to that for disordered MBL sys-
tems [22, 23].
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FIG. 1. Phase diagram of a driven Stark MBL system for
the unkicked (diagonal) period Tp vs kicked (off-diagonal) pe-
riod T7. The metric used is the standard deviation o of the
probability distribution for the EEVs (ng), where ng is the
number operator for a particle on site 6 of a 1D lattice. The
ergodic regime is represented by the purple region o = 0,
corresponding to all EEVs equaling 0.5. The MBL regime
is represented by the orange region ¢ ~ 0.5, corresponding
to all EEVs equaling 0 or 1. The valleys in the MBL re-
gions at integer multiples of 4Ty /27 indicate resonant points,
where driving occurs at a frequency that eliminates energy
separations caused by the tilted potential with gradient ~.
Parameters used are L = 14, J =V = 0.5, v = 5, w = 0.05,
and 14 data points are used for both axes.

II. MODEL AND ANALYTICAL ARGUMENTS
A. Hamiltonian

We will focus on the time-periodic Hamiltonian

H(t) = Hy, 0< mod (t,T) <Ty
| Hy, To< mod (t,T)<T

with period T = Ty + T} and

L L L-1
Hy = —’ijnj + Z hjn; +V Z iNj41
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diagonal in the basis of product (Fock) states, while

L—-1

Hy=—JY (bjbl,, +h.c).
J

Here the b; are hard-core bosonic operators and our sys-
tem lives on a 1D lattice of size L. The parameters J
and V denote the amplitudes of nearest-neighbour hop-
ping and interactions, respectively, while « denotes the
gradient of the tilted potential. The times Ty and T3 cor-
respond to the diagonal Hy and off-diagonal H; respec-
tively, such that T; controls the strength of the driving
and the system is trivially localised in the 77 = 0 limit.

In the limit ~; = 0, the static system Hy+ H; is not lo-
calised [24], suggesting that the Floquet system described
by Eq. 1 will also be delocalised. We therefore add a small
disorder term where the h; are drawn from a zero-mean
normal distribution with variance w. To ensure that the
disorder itself does not cause MBL, we set w < V. This
is enough for the static system to be localised [24].!

Throughout this work, the parameters used will be J =
V=T =05+~=5 w= 005 (See Appendix A for
motivation). Finally, we work at half-filling and with
open boundary conditions.

The Floquet operator for this Hamiltonian, propagat-
ing the system over a period, is then

F — ¢~ iHoTo ,~iH\ Ty (2)

B. Mapping to RZS

One can obtain insight into the behaviour of this sys-
tem by recasting the problem in the so-called Repeated
Zone Scheme (RZS) [25]. To facilitate this, we recast the
Hamiltonian of Eq. 1 as

H(t)=H + §H(t), (3)

where the time-independent part H is the time average
of H(t) over a single period while dH (t) is the rest. We
have

_ T T
H=Hy=2 + H
0T+ 1

— Z [j(bjb;‘—i-l +h.c)+ annj+1 + (’NYJ + }NLJ> nj:|
J

(4)

1 Alternatively, in the limit of 77 = hj =V = 0, conservation of
dipole moment means that all Fock states with the same dipole
moment (centre of mass) will be degenerate. If then 71 > 0, these
states will strongly hybridise, delocalising the system. Adding
weak disorder lifts the degeneracy.

with J = JTy/T,V = VTy/T, 57 = vTy/T, and h; =
tho/T and

(5H2:HT11—H0%, To < mod (t,T)ST

(5)

One can eliminate the time dependence at the price
of working with infinitely many coupled undriven sys-
tems [25]. Expanding in Fourier components, one finds
that our system corresponds to a time-independent sys-
tem on an infinite ladder, the n*™ rung of which hosts
a copy of the static part of the Hamiltonian H shifted
in energy by nw. The rungs are then coupled by the
Fourier components of the driving Hamiltonian, 6H (t)
which cause hopping between the rungs. Denoting by
|a) a basis state of the Hilbert space of H, the time-
independent system can be written in terms of the states
la,n) = |a) @ |n) localised in rung n and the physical
basis state « in the form

5H(t){5H1:H%;—H1%’ mod (taT)STo

<Oé, ’I’L| HF |67 m> = Hé?gm) - wn57b,7rt(5a,,8- (6)

Here, Hc(tp/)g are the matrix elements (o] H®) |3) of the p*"
Fourier component of the physical Hamiltonian, H ®),
Writing H®) = H and H®) = §H® for p # 0 (since
these are the Fourier components of 6H of Eq. 3), Hp
can be represented as follows:

JH =20 6HO [sHO [ 5HO | 6H®D

SHY |H—w|6HD|[sH® | §H®)

Hp = SH® [sHD | H |sHD | 6D
6H® | 6H® [sHO|H +w| 6HD |...
SH® [ 6H® [sH@ | 6HD |H + 2w |- -

(7)
Physically, the hopping between different rungs corre-
sponds to the system gaining or losing energy in integer
multiples of w, and is mediated by the components

SH™ — ;SHl <627rinT1/T _ 1>+§HZ <e27rin _ e27rinT2/T) .
win win
(8)

We note for later reference that the components decay
algebraically with n.

Solutions of the time-dependent Schroedinger equa-
tion (i0; — H(t)) |¢(t)) = 0 can be written as |¢4(t)) =
et 30 o) e, where [pq) = Yoo i) @ |n)
is an eigenstate of the time-independent Hamiltonian (7)
with eigenvalue ,. Here |n) indexes the rung, so that
|p) is the part of the state living in a single rung.
When considering stroboscopic dynamics, |¢q(pT)) =
eitarT Zn|<p,(1")> (for integer p); this implies that all
rungs (all n) are equivalent, and one sums up the eigen-
vectors across all rungs.




What does this picture say about the system of Eqn. 37
In the limit we are working in (h; =V = 0) and 0H (¢),
the |g0((1n)> are localised and independent of n; they are
the eigenstates |a) of H, which are many-body Stark
localised states with eigenvalues ¢, where the ¢, are
integers.?

To delocalise the system the driving must couple \<pf]”>
with different @ in different rungs n, so that the strobo-
scopic dynamics of the resulting state will be delocalised.
Perturbatively in §H, there are two leading-order ways
this can happen.

The first is that two eigenstates |o) and |B) in
neighbouring rungs are coupled by the matrix element
(a| SH™) |B); the energy difference is €, — €3 = m7 with
integer m; since they are on neighbouring rungs, the con-
dition on w for this is €, — €5 = Mm%y = w from which we

find 3 = L
27 m’

Now the matrix element (| SH™) |B) is exponentially
suppressed whenever |a) and |8) differ by moving a par-
ticle by more than one site (because 6H(") has only
nearest-neighbour hopping and the |a) are localised).
Thus m = 1 is dominant and we expect delocalisation
to be clearly visible at 72—7;0 =1.

The second is that two eigenstates |o) and |8) in
rungs n and n + p, with p > 1, respectively are cou-
pled by (a|6H®) |B). The resonance condition is then
€y — € = MYy = pw leading to % = £ Like before,
m > 1 is exponentially suppressed, while the matrix el-
ement (o SH®) |B) decays linearly with p; since p > 1,
p = 2 dominates and we expect strong signs of delocalisa-
tion at % = 2, with weaker delocalisation for increasing
.

Thus there are resonances at

vTo/2m = p/m 9)

for integer p, m, with p = m = 1 the dominant one, fol-
lowed by p = 2,m = 1, then p = 3,m = 1 and so on.
The ones for m > 1 are strongly suppressed because of
the locality of dH(t) and will not be visible in our nu-
merics. These conclusions are in broad agreement with
the results of Holthaus and Hone on single-particle sys-
tems [20].

Away from the limit h; = V' = 0, this picture is no
longer exact. We therefore use numerics to study to what
extent the conclusions survive away from this limit. To
check whether the system is localised we implement two
numerical probes of localisation, and find that they do
indeed confirm our conclusions.

2 This is because the single-particle states have energies m#% with
m integer, and a many-body state is simply a Slater determinant
of such states thus having an energy that is a sum of these.

III. EIGENSTATE PROPERTIES

A localised system violates the ETH, while delocali-
sation via periodic driving is expected to coincide with
its reestablishment [22, 23]. We therefore probe directly
ETH by checking whether the eigenstate expectation val-
ues (EEVs) form a smooth function of the eigenenergies
or not. Selecting our local observable to be the number
density of a particle on some fixed site j, we calculate the
EEV for each eigenstate |e,) as (n;) = (eq|nil€n), and
plot these versus the quasienergies ¢, = — (In®,) /iT
where O, are the eigenvalues of the propagator F corre-
sponding to |e).

In a maximally localised system half of the EEVs will
equal 1 and the rest 0, while in an infinite-temperature
system, as is expected for a driven, delocalised, ergodic
system [26], they will all be equal to each other and to
the infinite-temperature result tr (n;) = 1/2 [22].

In Figure 2 we plot both the density of states (DOS)
as a function of quasienergy (left column) and the prob-
ability densities of the EEVs (right column) for various
system sizes, both on resonance and off resonance, with
the resonant points as determined earlier.

In the off-resonant plots, the EEVs are evenly dis-
tributed between both (ng) = 0 and (ng) = 1 as an-
ticipated for the localised case. On the other hand, for
resonant driving the EEVs become sharply peaked at
(ng) = 0.5, consistent with Floquet ETH. Crucially, the
standard deviation decreases with system size, indicating
that the system is indeed delocalised in the thermody-
namic limit.

To further assess whether our results are reliable, we
turn to the DOS plots. In the thermodynamic limit, we
expect the DOS to be uniform due to the folding of the
quasienergies and the mixing of the states caused by the
driving. Indeed, in the off-resonant cases the DOS fluc-
tuates around a constant value, with the amplitude of
the fluctuations decreasing with system size. This shows
that our driving protocol is able to mix the bands that
are present in the undriven 77 = 0 (discussed in the Ap-
pendix B).

In the resonant cases, the DOS shows instead strong
quasienergy dependence. Nevertheless, this is not an is-
sue because this would usually suggest that the system is
less localised than appears—but here, the EEVs already
show that the system is delocalised. In any case, the
DOS becomes more evenly distributed with system size
so this is clearly a finite-size effects.

IV. MULTIFRACTALITY

Another signature of broken ergodicity is accessed by
studying the structure of the eigenstates of F. In an
ergodic Floquet system, an eigenstate is simply a uni-
form superposition of all Fock states [26]. Conversely,
in MBL systems the eigenstates are multifractal in Fock
space [27]. This multifractal property can be studied by
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FIG. 2. Left column: Density of states as a function of

quasienergy €. Right column: Probability distributions of
eigenstate expectation values of the particle number density
on site j = 6, (ng) for a periodically driven Stark MBL
system, at various system sizes L and unkicked periods Tp.
The second and fourth rows correspond to resonant driving
at the resonant points n = 1.0 and n = 2.0 respectively,
where the strongly peaked behaviour around (ng) = 0.5 in
figures (d) and (h) indicates a strong lack of energy de-
pendence between the EEVs, which corresponds to the in-
finite temperature ensemble that is associated with systems
exhibiting Floquet ETH. The remaining figures show off-
resonant driving, where the EEVs are strongly peaked around
(ng) = 0 and (ng) = 1.0. This indicates violation of the
ETH and thus the presence of MBL. Parameters used are
J=V =Ty =0.5,v=5, w=0.05.

invoking a metric called generalised inverse participation
ratios (IPRs) [28]. This is defined by

1y = 3 leld) . (10)

At ¢ = 2 this is the usual IPR. This depends on the

Hilbert space dimension D via I, ~ D~7 with 7, =
In I,
InD

the scaling exponent. The 7, are related to the
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FIG. 3. Averaged scaling exponent 7, at finite sizes and in-
finite size for the driven Stark MBL system under periodic
driving. Averaging takes place over all eigenvectors and m
disorder realisations, where m = ceil(10000/D). Figures (a)
and (c) correspond to off-resonant driving, which shows the
expected multifractal behaviour for MBL eigenstates, specifi-
cally that the 7, sit above the thermal prediction at 0 < ¢ < 1
and below it at ¢ > 1. Figures (b) and (d) shows resonant
driving at two different resonant points, which shows agree-
ment with the thermal prediction up to values above ¢ = 1,
indicating that the eigenstates lie in the ETH regime. Param-
eters used are J =V =17 =0.5, v =5, w = 0.05.

Tq
q—1°

multifractal dimension Dy, via Dy, =

In a maximally localised system (in Fock space), D, =
0 for ¢ > 0, which translates to 7, = 0. In a completely
delocalised system, D, = 1, which leads to the random
matrix theory (RMT) prediction 7, = ¢ — 1. The gen-
eral behaviour for disordered interacting systems is in-
termediate [28-30]: close to the transition point between
MBL and ergodic phase, the eigenstates are multifractal
in both regimes.

In Fig. 3 we show the 7, for a given ¢ at several size,
as well as our thermodynamic limit prediction. This was
obtained by plotting two finite size values against 1/1nD
and extrapolating to 1/InD = 0 [28]. In these plots we
average over all eigenvectors, as well as a number m of
disorder realisations; we select m = ceil(10000/D).

On resonance (panels (b) and (d)), our extrapolated re-
sult for the thermodynamic limit agrees with the thermal
prediction up to moments g+ > 1. This indicates that the
system is in the ETH phase, with a residual multifrac-
tality confined to high order moments. Off resonance,
the 7, sit above the thermal prediction in the interval
0 < g < 1, and below it for all ¢ > 1, thus exhibiting
behaviour similar to that observed in MBL systems.



V. CONCLUSIONS

We have showed that Stark-MBL systems may remain
localised under periodic driving. Such systems are clean
and translationally-invariant, in contrast to the usual
disordered-MBL systems, which also have this property.
We expect that phenomena usually studied in disordered
cases should have analogues for Stark systems [31]. There
also remain several open questions: How quickly does de-
localisation set in at resonances, and how does it depend

on the detuning? Similarly, how slow is heating in the
absence of a non-linear component to the potential, when
the static system is known to be delocalised, but corre-
lations spread very slowly [24]?
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Appendix A: Scanning Parameters

One question is how the behaviours seen depend on
other parameters, such as J/V. In particular, we are in-
terested in understanding whether there is an optimum
value of J/V for which the distinction between MBL and
ETH becomes most apparent for a given driving ampli-
tude. One way to explore this is to calculate the stan-
dard deviation of the EEVs both on resonance and off
resonance, and calculate their difference as a function of
J/V. This is demonstrated in Fig. 7(a), with the quan-
tity

Ac = |o(n =2.0) —o(n =0.7)], (A1)
where o is the standard deviation of the EEV proba-
bility distribution P({ng)). Here J is the quantity be-
ing changed, while V' = 0.5. The resulting distribution
demonstrates the interplay between the limits of trivial
localisation J = 0 and delocalisation J >> V,~, where
the peak indicates the point of clearest distinction be-
tween resonant and off-resonant driving.

3.0+
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FIG. 4. (a) Difference in the standard deviation of P((ns))
for resonant (n = 2.0) and off-resonant (n = 0.7) driving as
defined in equation A1, plotted as a function of J/V. Remain-
ing parameters are V = 0.5, v = 5, T1 = 1.0. (b) Maximum
Ao and corresponding J/V, denoted as (Ao)* and J*/V, re-
spectively, plotted as a function of T;.

Next, we obtain the quantities (Ac)* and J*/V, which
are defined as the maximum value of Ao and the value
of J/V at which this exists, respectively. These quanti-
ties are then scanned against 77, as shown in Fig. 4(b).
J*/V can be roughly seen to decrease with T7. This is
unsurprising, as both 77 and J delocalise the system,
meaning that at larger 77, lower J is needed in order
for MBL to persist off resonance. Importantly, we can
see that (Ac)* is independent of Ty, suggesting that for
any amplitude of driving, we will see a similar distinc-
tion provided J/V = J*/V. Finally, we note that the
values J = V = 0.5 correspond approximately to J*/V
at 77 = 0.5, which are the parameters used in Fig. 2, sug-
gesting that the distinction demonstrated is optimum.
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FIG. 5. Scatter plot of the EEVs (ng) corresponding to the
probability distributions shown in the right column of figure 2.
The left column shows cases of off-resonant driving, while the
right columns correspond to resonant driving. Violation of the
ETH is clearly demonstrated off resonance, with the strong
fluctuation of EEVs. Meanwhile, the resonant plots showcase
agreement with the ETH, except at specific regions within the
quasienergy spectrum, where the EEVs are significantly more
scattered.

Appendix B: Quasienergy Structure

In the left column in Fig. 2, we can see that the density
of states exhibits a weak dependence on the quasienergy
while off resonance, and a strong dependence while on
resonance. One question of interest is whether this band-
structure will have a significant impact on the structure
of the EEVs.

In Fig. 5, it can be seen that during resonant driving,
the EEVs obey the eigenstate thermalisation hypothesis
except at specific regions within the quasienergy spec-
trum. We propose that this effect is due to massive de-
generacies induced by resonant driving in the 73 = w =0
limit, creating a clear bandstructure in the quasienergies
of the Floquet operator F = e~ 070 Let us look at the
case of the second resonant point, n = 2.0. Initially, if
we also set V = 0, the eigenvalues of Hy will have the
form E = kv, where k is an integer. The corresponding
Floquet eigenvalues are then € = e~4"*=1. Introducing
nearest-neighbour interactions, we have £ = kv + aV/,
with a € {0,L/2 — 1} denoting the total number of in-
teractions for a given Fock state. The Floquet eigen-
values are now e = e 4mik+taV/v) — —4miaV/y  Here
the eigenvalues split into 5 different degeneracies (given
L > 12). The size of each of these degeneracies is de-
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FIG. 6. (a) Distribution of eigenvalues of the Floquet operator
JF around the unit circle in the 77 = w = 0 limit, at the second
resonant point n = 2.0. (b) Probability distribution P(e) of
the corresponding quasienergies. Other parameters used are
V =0.5,~v=5.

termined by how many Fock states possess a given to-
tal nearest-neighbour interaction. For a total interaction
number a, this is determined by the product of binomial

coeflicients
m(a) = (L/2+11> (L/2 — 1).
a+ a

The distribution of the Floquet eigenvalues around the
complex unit circle is shown in Fig. 6(b), along with the
probability distribution of the corresponding quasiener-
gies in (a). Next, if we re-introduce small disorder w,
these degeneracies will split into bands. In Fig. 7 we plot
P(e) by calculating the eigenvalues analytically, which
reveals how the dips in the distributions correspond to
the scattering in the EEVs shown in Fig. 5(d) (in partic-
ular, the dips are shown to shift right with increasing L,
which can be seen to match the shift of the EEVs).)

This behaviour can now be understood as follows: res-
onant driving eliminates energy differences introduced by
the tilted potential term in the eigenvalues of F, resulting
in a bandstructure that is governed by the distribution of
nearest-neighbour interactions in Hy. This creates spe-
cific regions within the quasienergy spectrum that are
sparsely populated, ensuring that when driving is intro-
duced the eigenstates in this region are subject to less
mixing with the rest of the eigenstates. As a result,
the eigenstates outside of these regions become similar
to each other in accordance with Floquet ETH, while the
eigenstates inside the region remain relatively unchanged.

The question of physical interest now is whether this
behaviour persists in the thermodynamic limit, or if it is
a finite-size effect. We can see from Fig. 7 that P(e) be-
comes more evenly distributed with increasing size, sug-
gesting that the weakly mixed regions vanish at infinite
size. This is also implied by the reduction in scattering
with increasing size seen in the EEVs in Fig. 5.
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FIG. 7. (a) Probability distribution of quasienergies of F
in the 77 = 0 limit, at the second resonant point n = 2.0.
Parameters used are V' = 0.5, v = 5, w = 0.05.
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