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We develop a many-body perturbation theory to account for the emergence of moiré bands in
the continuum model of twisted bilayer graphene. Our framework is build upon treating the moiré
potential as a perturbation that transfers electrons from one layer to another through the exchange
of the three wave vectors that define the moiré Brillouin zone. By working in the two-band basis
of each monolayer, we analyze the one-particle Green’s function and introduce a diagrammatic
representation for the scattering processes. We then identify the moiré-induced self-energy, relate
it to the quasiparticle weight and velocity of the moiré bands, and show how it can be obtained by
summing irreducible diagrams. We also connect the emergence of flat bands to the behavior of the
static self-energy at the magic angle. In particular, we show that a vanishing Dirac velocity is a direct
consequence of the relative orientation of the momentum transfer vectors, suggesting that the origin
of magic angles in twisted bilayer graphene is intrinsically connected to its geometrical properties.
Our approach provides a many-body diagrammatic framework that highlights the physical properties
of the moiré bands.

I. INTRODUCTION

In recent years, moiré heterostructures have emerged
as a promising platform to study strongly correlated
phases of matter [1–5]. The most prominent example is
twisted bilayer graphene (TBG) [6–8], where supercon-
ductivity and metal-insulator transitions have been ex-
perimentally observed around the magic angle (θ ∼ 1◦)
[9, 10]. These correlated effects are thought to be induced
by a sharp increase in the density of states as the low-
est moiré bands become flat at the magic angle [9, 11].
The ability to easily manipulate the parameters of the
system, such as the twist angle or the carrier density,
provides a rich experimental platform to test and under-
stand the nature of the correlated phases [6, 7, 12]. Such
understanding may prove to be not only relevant for the
phenomena observed in moiré heterostructures, but also
for elucidating the mechanisms responsible for unconven-
tional superconductivity in more complex systems, such
as in cuprates [13, 14].

A first step towards modeling the electronic properties
in moiré heterostructures is describing its band structure
within the independent electron approximation, from
which correlations can then be, when possible, treated
perturbatively. There are, in general, two methods to ob-
tain the moiré bands: first principle calculations [15–19],
such as DFT or tight binding computations, and effective
continuum models [9, 11, 20, 21]. First principle calcula-
tions, although naturally more exact, require commensu-
rate superlattice structures, which for twist-induced het-
erostructures it only occur at a discrete set of twist angles
[22, 23]. In addition, the number of atoms within the su-
percells increases as the twist angle decreases. Around
the magic angle the supercell can typically contain up
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to ten thousands atoms [24], thus requiring a high com-
putational capacity and time to perform first-principle
calculation [25, 26]. This has naturally led to the need
of having effective continuum models that can capture
the low-twist angle behavior in the system. One of the
main advantages of the continuum models is that they
can be constructed even if the moiré pattern is incom-
mensurate [11, 27]. With only a few set of parameters,
such as the hopping energies between different sublat-
tices, the continuum models can yield results in excellent
agreement with those obtained by first-principle calcula-
tions [21, 28].

There are different continuum models in the litera-
ture [9, 11, 27, 29–31]. The most sophisticated and
realistic ones take into account lattice relaxation ef-
fects [25, 28, 29, 31, 32], usually through the inclusion
of deformation-induced gauge fields. The rich physical
properties arising from the continuum model, especially
around the magic angles, have further sparked numer-
ous studies on its mathematical properties [33–35]. For
twisted bilayer graphene, all of these continuum mod-
els share the essence of coupling both layers through a
moiré-induced potential, whose strength is modulated by
the twist angle [11]. In momentum space, the leading or-
der Fourier expansion of the moiré potential couples the
Dirac points in each layer through the exchange of three
twist-dependent wave vectors [27], which are related by
a hexagonal symmetry that determines the moiré Bril-
louine zone [11]. This leads to one the main features of
the continuum models, namely that its Hamiltonian has
no inherent momentum cutoff, since any Dirac point can
be always coupled to another one. In practice, a suf-
ficiently high momentum cutoff is determined by when
the resulting moiré bands of interest (usually the low-
energy ones) converge to a steady value. As the twist
angle decreases the strength of the moiré coupling, rela-
tive to the energy difference between the uncopled Dirac
points, increases. Consequently, around the magic angle
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one generally needs a relatively large momentum cutoff
in order to archive a diagonalization convergence for the
low-energy moiré bands, which translates to a continuum
model Hamiltonian of high matrix dimensions. Besides
being less computational appealing, this increase in the
need of a higher matrix dimension hinders the under-
standing of how the flat moiré bands emerge and be-
have. Numerous lower dimension models, which still aim
to capture the continuum model physics, have been con-
sequently developed, such as two-band models [9, 11],
helical network models [36–38], ten-band models [28],
Kondo-lattice models [39, 40], (2 + 2) models [41], and
topological heavy-fermions models [42, 43].

In this work, we propose and develop an alternative
many-body perturbative approach to study the moiré
bands. Our motivation is twofold: on one hand the
perturbative approach provides a natural framework to
study the increasing incidence of the moiré coupling on
the one-particle excitations of the system as the twist an-
gle is decreased; on the other hand, deploying many-body
diagrammatic techniques gives a direct physical picture
of the moiré-induced scattering events taking place, and
how this may lead to flat bands. Our framework is build
upon the usual continuum model, but explicitly working
in the two-band basis of each uncoupled layer. In this
basis the moiré potential acts as a one-body operator
that transfers electrons from one layer to another by the
exchange of the three wave vectors that determine the
moiré Brillouin zone. By treating this potential as a per-
turbation to the uncoupled layers, we obtain the moiré-
induced self-energy that renormalizes the linear massless
dispersions onto the moiré bands, and discuss its physi-
cal interpretation by identifying the contributions of irre-
ducible diagrams. From the self-energy we further obtain
the one-particle spectral density, the quasiparticle weight
and the velocity of the moiré bands. We also relate the
properties of the lowest moiré bands to the behavior of
the static self-energy at the magic angle, and show that
the emergence of flat bands can be directly connected to
the particular geometrical properties of the moiré poten-
tial in twisted bilayer graphene.

The rest of this work is organized as follows: in Sec. II
we give a brief recap of the continuum model of twisted
bilayer graphene, which serves as a basis for the subse-
quent perturbation approach. Next we describe the for-
mulation of the continuum model in the two-band basis
of each layer. In Sec. III we develop the proposed many-
body perturbation approach to the moiré bands. We
introduce the one-particle Green’s function and give its
exact closed form through a matrix inversion of the con-
tinuum model Hamiltonian in the band basis. We iden-
tify the moiré-induced self energy, compute it to leading
order in perturbation, and give its physical interpreta-
tion. We then discuss the one-particle spectral density,
the velocity renormalization of the moiré bands, and the
emergence and origin of flat bands around the magic an-
gle. We end with the conclusions in Sec. IV.

Figure 1. Reciprocal space representation of two twisted hon-
eycomb Brillouin zones, with corresponding reciprocal vec-

tors b
±θ/2
1,2 and Dirac points K±,K

′
± for the top (+) and

bottom (−) layer, each rotated by ±θ/2. The moiré vec-
tors are given by the difference between the rotated recipro-

cal vectors, g1,2 = b
θ/2
1,2 − b

−θ/2
1,2 . In the continuum model,

the twisted Dirac points in different layers are coupled, to
leading order, by the exchange of three momentum trans-
fer vectors q1,q2,q3 that determine the borders of the moiré
Brillouin zone (right). For momenta originating from the K
valley of both layers, the moiré valleys are set by KM = K+

and K′
M = K−, while around the K′ valley KM = K′

− and
K′

M = K′
+. The three momentum transfer vectors relate

equivalent valleys within the moiré Brillouin zone.

II. CONTINUUM MODEL OF TWISTED
BILAYER GRAPHENE

Two honeycomb lattices in a bilayer configuration, rel-
atively rotated by an angle θ, give rise to a moiré pat-
tern of characteristic length L ∼ a/2 sin (θ/2) [6], where
a is the lattice constant of the layers (a ≃ 0.246 nm in
graphene). For arbitrary twist angles the moiré pattern
is in general incommensurate, i.e., it is not technically
a crystal structure [22, 23]. Nevertheless, one can geo-
metrically describe the moiré pattern by defining a set
of two moiré vectors gi (i = 1, 2), constructed by taking
the minimum difference between the rotated reciprocal

vectors in each layer [21, 27], gi = b
θ/2
i − b

−θ/2
i , where

b
±θ/2
i = R (±θ/2)bi with R the rotation matrix and bi

the reciprocal vectors of a honeycomb lattice. In real
space, the moiré vectors so defined connect all the AA
stacking regimes of the moiré pattern. We choose the
primitive lattice vectors of the layers as a1 = a (1, 0) and

a2 = a
(
1/2,

√
3/2
)
, which upon rotation lead to the re-

ciprocal space orientation shown in Fig. 1.
The continuum model captures the low-energy elec-

tronic properties of the moiré pattern, in the regime
where the moiré length is much larger than the atomic
length [9]. While first-principle models require com-
mensurate superlattice structures, the continuum model
holds even if the moiré pattern is incommensurate [11,
27]. There are different formulations of the continuum
model in the literature; they all share, however, the
essence of coupling the Dirac points in each layer through
a moiré-induced potential. In this work we will, in partic-
ular, consider the Bistritzer–MacDonald model [11], for
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momenta relative to the K valley in both layers (see Fig.
1). The corresponding Hamiltonian reads

H =

[
h+ (k) T † (r)
T (r) h− (k)

]
, (1)

where h± (k) = ℏvσ±θ/2·k± are the Dirac Hamiltonian in

the top (+) and bottom (−) layers, with v =
√
3ta/2ℏ the

Fermi velocity in graphene (t being the nearest sublattice
hopping energy), k± the momenta relative to the rotated
K points, and σ±θ/2 =

(
σx,±θ/2, σy,±θ/2

)
the rotated

Pauli matrix vector [44, 45]. The angle dependence in
the Pauli matrices leads to a small energy shift in the
system; in what follow we neglect this and set σ±θ/2 → σ
(this restores the particle-hole symmetry in the system)
[11, 30].

The coupling between both layers is dictated by the
moiré potential T (r). At small twist angles, its leading
order Fourier expansion is given by [11, 21, 27]

Tαβ (r) = wαβ

3∑
j=1

e−iqj ·rTαβ
j , (2)

where α and β are the sublattice indices in each layer,
wαβ is the corresponding coupling strength, and qj are
the three equal-length wave vectors arising from the
difference between the three equivalent rotated Dirac
points, cf. Fig. 1. The wave vectors qj thus deter-
mine the moiré Brillouin zone (mBZ), and can be can be
obtained from the moiré vectors as q1 = (2g1 + g2) /3,
q2 = R (2π/3)q1 and q3 = R (4π/3)q1. For an initial
AA bilayer configuration, upon rotation the coupling ma-
trices for each wave vector qj read [27]

Tj =

(
w0 w1e

−iϕj

w1e
iϕj w0

)
, (3)

where w0 = wAA and w1 = wAB are the AA and AB hop-
ping energies, and ϕj = (j − 1) 2π/3. Due to relaxation
effects, the ratio w0/w1 tends to decrease at low twist
angles, effectively reducing the energetically costly AA
stacking regimes [28, 46, 47]. In this work, unless oth-
erwise stated, we consider w1 = 0.11 eV, w0 = 0.8w1

and t = 2.8 eV, which gives the first magic angle at
θM ≃ 1.06◦ [11, 48].

The moiré bands are obtained by diagonalizing the
continuum model Hamiltonian in momentum space. As
each Dirac point couples to other three by the exchange
of the wave vectors qj , the continuum model Hamilto-
nian has no bound in momentum space. However, only
the low-energy moiré bands are relevant, for which the
eigenstates effectively converge up to a sufficiently large
momentum cutoff. In this work we adopt the original
Tripod model expansion of the continuum model Hamil-
tonian [11, 30], in which the momentum is measured from
a Dirac point and the cutoffs are set by shells of equidis-
tant Dirac points from the origin, cf. Fig. 2.

The continuum model Hamiltonian around the K ′ val-
ley can be obtained from the one in the K valley by

Figure 2. (a) Tripod model of the TBG Hamiltonian expan-
sion in momentum space, in which the momentum is mea-
sured from the Dirac point in one layer. Empty (filled) circles
correspond to Dirac points in the top (bottom) layer. Cir-
cles indicate the truncation (or cutoffs) at increasing shells,
corresponding to equidistant Dirac points. (b) Schematic rep-
resentation of successive momentum exchanges k−−k+ = qj

between adjacent Dirac points, up to the third shell.

replacing σ → σ∗ = (σx,−σy) and ϕj → −ϕj [21]. The
moiré bands for momenta around the layer valleys K and
K ′ (not to be confused with the moiré valleys KM ) only
differ slightly around the ΓM and MM moiré symme-
try points [21]; their general properties, particularly as a
function of the twist angle, are nevertheless the same. As
intervalley scattering events within each layer are negli-
gible at low energies, throughout this paper we continue
to work with the TBG Hamiltonian for the K valley,
keeping in mind that the results for the K ′ valley can be
trivially obtained by the above correspondence.

A. Band basis

The continuum model Hamiltonian, Eq. (1), is writ-
ten in the sublattice basis for each layer. To make a
connection with perturbation theory, it will prove more
convenient to rather express it in the band basis of each
layer, in which the Dirac Hamiltonian is diagonalized.
The matrix elements of the moiré potential in the band
basis are given by (cf. Appendix A)

⟨k−, s
′| T̂j |k+, s⟩ = Tj,k+,s,s′δk−,k++qj

, (4)

where s, s′ = ±1 are the band indices and

Tj,k,s,s′ = ψ†
k+qj ,s′

Tjψk,s. (5)

Here Tj are the moiré matrices given by Eq. (3) and

ψk,s =
1√
2

(
1

seiθk

)
(6)

are the pseudospinors eigenstates in graphene (account-
ing for the neglected rotation of the Pauli matrices
amounts to replace θk → θk ± θ/2 in ψk,s). The overlap
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of these pseudospinors leads to the momentum depen-
dence of the moiré potential in the band basis. Specifi-
cally, the AA hoppings lead to a contribution of the form

Tj ∼ w0ψ
†
k+qj ,s′

ψk,s, whereas the AB/BA hoppings lead

to a contribution of the form Tj ∼ w1ψ
†
k+qj ,s′

σ · ϕjψk,s,

where ϕj is the versor with an angle ϕj relative to the x
axis. The latter overlap is similar to the one obtained for
the interaction between two chiral states mediated by a
vector potential Aj ∼ w1ϕj .
The use of the band basis provides a natural framework

from which one can deploy perturbation methods into
the problem. To this end, we first second quantize the
continuum model Hamiltonian and separate Ĥ = Ĥ0+T̂ ,
where

Ĥ0 =
∑
k,s

∑
ℓ=±

ϵk,sĉ
†
ℓ,k,sĉℓ,k,s, (7)

T̂ =
∑
k,s,s′

3∑
j=1

Tj,k,s,s′ ĉ†−,k+qj ,s′
ĉ+,k,s + h.c. (8)

Here ℓ = ± runs over the top and bottom layers. The

operators ĉ†ℓ,k,s and ĉℓ,k,s create and annihilate an elec-
tron in the ℓ layer, with momentum k in the s band and
energy ϵk,s = sℏv |k|. We adopt the convention that the
momentum is measured relative to a Dirac point in the
top layer. The moiré potential T̂ can be thought as a one-
body operator that exchanges electrons from one layer to
another by the transfer of a momentum qj , cf. Fig. 3.

Since the potential T̂ is quadratic in the operators, the
total Hamiltonian can be, of course, exactly diagonalized:

Ĥ =
∑

k∈mBZ

∑
ν

Ek,ν â
†
k,ν âk,ν . (9)

Here the operators â†k,ν and âk,ν create and annihilate an
electron in the ν moiré band with momentum k within
the moiré BZ, and energy Ek,ν . Eq. (9) formally solves
the problem, provided that the energies Ek,ν are ob-
tained by diagonalizing the continuum model Hamilto-
nian. However, such matrix diagonalization implicitly
requires a truncation of the TBG Hamiltonian, on which
the number of moiré bands in the sum over ν, as well as
the corresponding expressions for their energies, depend.
The same holds for the moiré operators âk,ν , whose ex-
pansion in terms of the ĉ operators generally depends on
the momentum cutoff. This sort of perturbation depen-
dence in the continuum model is hidden in Eq. (9). The
effectiveness of the truncation, as measured by diagonal-
ization convergence, further depends on the twist angle:
whereas at relatively high angles it may be sufficient to
consider a low momentum cutoff to describe the lowest
moiré bands, at lower twist angles one generally requires
a higher momentum cutoff for convergence. As a result,
a physical understanding of the emergent properties of
the moiré bands becomes increasingly harder to get as
the twist angle decrease, since a larger momentum cutoff
translates to a TBG Hamiltonian of high dimensions.

III. MANY-BODY PERTURBATION
APPROACH TO MOIRÉ BANDS

In this work, rather than reducing the problem to a
matrix diagonalization, we propose and develop a many-
body perturbation approach to study the nature of the
moiré bands. We treat the system as an effective many-
body problem in which the moiré potential T̂ acts as a
perturbation to the Hamiltonian Ĥ0. Our interest will
be the incidence of the perturbation on the one-particle
excitations in each layer. In particular, we consider the
imaginary time one-particle Green’s function [49]

Gγγ′ (τ) = −
〈
Tτ ĉγ (τ) ĉ

†
γ′ (0)

〉
, (10)

where the index γ = (ℓ,k, s) accounts for the layer, mo-
mentum and band indices of the ĉ operators, Tτ is the
time-ordering operator, and ⟨· · · ⟩ is the ensemble aver-
age over the interacting system. By treating the moiré
potential T̂ as a perturbation, the ensemble average ⟨· · · ⟩
can be expanded as an ensemble average over the nonin-
teracting system, cf. Appendix B.
Since the problem is exactly solvable, the Green’s func-

tion can be obtained in closed form. Indeed, in frequency-
momentum space the Green’s function of the system
can be reduced to a matrix inversion [49] G (iωn) =

(iωnI−HB)
−1

, where ωn = (2n+ 1)π/ℏβ are the
fermionic Matsubara frequencies (with n an integer and
β = 1/kBT ), HB is the continuum model Hamiltonian
in the band basis (cf. Appendix A), and I is the iden-
tity matrix of the same dimension as HB . The Green’s
function given by Eq. (10) can then be obtained as

Gγγ′ (iωn) = (iωnI−HB)
−1
γγ′ , (11)

with γ and γ′ being matrix components such that
(HB)γγ = ϵγ and (HB)γ′γ′ = ϵγ′ . The retarded Green’s
function follows by analytical continuation iωn → ω +
i0+.

From a numerical point of view, Eq. (11) gives a
straightforward method to obtain the Green’s function
of the system. However, as it stands, it does not provide
a direct physical picture of the moiré-induced scatter-
ing processes taking place. To this end, in what follows
we make a connection between Eq. (11) and the usual
many-body diagrammatic techniques. We identify the
self-energy, discuss its diagrammatic expansion, and re-
late it to the spectral density, the quasiparticles velocity,
and the emergence of flat bands around the magic angle.

A. Self-energy

Since the moiré potential, Eq. (8), exchanges elec-
trons from one layer to another, with different momenta
and arbitrary band indices, in general the Green’s func-
tion given by Eq. (11) will depend on the indices γ, γ′.
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Figure 3. (a) Diagrammatic representation for the scatter-
ing between electrons in different layers induced by the moiré
potential. Solid lines represent the free Green’s function
G0
k,s (iω) = 1/ (iωn − ϵk,s) for a Dirac electron with momen-

tum k in the s = ±1 band and energy ϵk,s = sℏv |k|. Empty
(filled) circles represent the moiré potential strength T (T ∗)
for the scattering of an electron in the top (bottom) layer
to the other layer. (b) A curved line connecting one empty
and one filled circle is used to indicate the same exchanged
momentum qj , regardless of possible in-between scattering
events that may modify the initial and final momenta.

Nevertheless, most of the information about the one-
particle excitations spectra can be deduced by analyz-
ing the Green’s functions with γ = γ′. To simplify the
notation we shall write Gγγ ≡ Gγ . The Dyson equation
in momentum-frequency space then leads to the exact
expression [50] (from now on we set ℏ = 1)

Gγ (iωn) =
1

iωn − ϵ̄γ − Σγ (iωn)
, (12)

where ϵ̄γ = ϵγ−µ are the unperturbed energies measured
relative to the chemical potential µ (henceforth we set, for
simplicity, the energy origin at µ = 0, and drop the bar
notation), and Σγ (iωn) is the proper self-energy (hence-
forth just the self-energy). As with the Green’s function,
the self-energy can be directly obtained from the contin-
uum model Hamiltonian through Eq. (11), which implies
that

Σγ (iωn) = iωn − ϵγ − 1

(iωnI−HB)
−1
γγ

, (13)

where the component index γ should be read as the index
at which Hγγ = ϵγ .
The self-energy describes the renormalization of the

uncouple dispersions ϵγ due to the interaction with the
moiré potential. One can thus obtain valuable insights
into the nature of the moiré bands by solely analyz-
ing the properties of the self-energy. One of the main
advantages of the developed approach is that the self-
energy can be obtained diagrammatically by summing
irreducible diagrams. Some examples of those are shown
in Fig. 4. The diagrammatic approach gives not only
a straightforward method to compute the self-energy (in
principle, to any perturbation order), but also a clear
physical picture of the involved moiré-induced scattering
processes. This can be very valuable for understanding

Figure 4. Top: Diagrammatic representation of the moiré-
induced self-energy; double lines indicate the full dressed
Green’s function. Bottom: leading order examples of irre-
ducible diagrams that contribute to the self-energy. First row
is in terms of the Feynman diagrams detailed in Fig. 3. Inter-
nal momentum transfers and band indices are to be summed
over. Diagrams in which at a midpoint the electron returns to
the same initial momentum, as in the second diagram, imply
a change of band. Last row is a hexagonal picture repre-
sentation of the above diagrams, in the same order. Curved
lines indicate the path of an electron by coupling to successive
Dirac points. For simplicity only one possible equivalent path
is shown.

the emergent properties of the moiré bands, particularly
when compared to the numerical diagonalization proce-
dure. The diagrammatic representation also allows one
to deploy well-established many-body perturbation tech-
niques, which may be particularly useful for finding ef-
fective theories for the moiré bands of interest.
It is worth noting that the perturbation description put

forward here does not imply small corrections to the un-
perturbed energies, since those can actually be strongly
renormalized, especially at low twist angles. Indeed,
the diagonalization convergence requires an increasingly
higher perturbation order as the twist angle decreases
(i.e., higher momentum cutoff in the continuum model
Hamiltonian), which naturally leads to a stronger energy
renormalization. As long as the dressed Green’s function
converges (so that Eq. (12) holds), such an increase in
renormalization does not, however, invalidate the pertur-
bation approach.

1. Physical interpretation

The self-energy can be directly computed by summing
irreducible diagrams, cf. Figs. 3 and 4. Due to the
strong coupling of the moiré potential at low twist angles,
and the nonnegligible contribution of interband transi-
tions, one generally needs to consider many irreducible
diagrams in order to achieve a convergence of the self-
energy. A valuable guide to visualize the relevant scat-
tering events can be obtained by giving a diagrammatic
representation to Eq. (13). For conciseness, through-
out this section we will focus on the self-energy for the
top layer, so that γ = (+,k, s). The results are readily
generalized for the bottom layer upon the replacement
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k → k+ q1, qj → −qj and Tj → T ∗
j (see Fig. 1).

We start by considering the lowest TBG Hamiltonian
in the Tripod model, where the momentum is truncated
at the first shell (cf. Fig. 2). This leads to the well
known 8 × 8 truncated TBG Hamiltonian, which in the
band basis takes the form

H
(1)
B =


hBk T †

1,k T †
2,k T †

3,k

T1,k hBk+q1
0 0

T2,k 0 hBk+q2
0

T3,k 0 0 hBk+q3

 , (14)

where hBk = −v |k|σz is the diagonalized Dirac Hamilto-
nian and [cf. Eq. (5)]

Tj,k =

(
Tj,k,−,− Tj,k,+,−
Tj,k,−,+ Tj,k,+,+

)
. (15)

The self-energy given by Eq. (13), for the top layer, can
then be recasted as

Σ
(1)
+,k,s (iωn) = Σintra

k,s (iωn) + Σinter
k,s (iωn) , (16)

where

Σintra
k,s (iωn) =

∑
j,r

|Tj,k,s,r|2

iωn − ϵk+qj ,r
, (17)

Σinter
k,s (iωn) =

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

iωn − ϵk+qj ,r

∑
j,r

Tj,k,−s,rT ∗
j,k,s,r

iωn − ϵk+qj ,r

×

iωn − ϵk,−s −
∑
j,r

|Tj,k,−s,r|2

iωn − ϵk+qj ,r

−1

.

(18)

To give a diagrammatic interpretation of these expres-
sions, we first recall the Feynman rules of the system
shown in Fig. 3. From it one readily sees that the two
irreducible contributions to Σ(1) have a simple physical
interpretation:

• The term Σintra
k,s accounts for intraband transitions

in which an electron in the state |k, s⟩ scatters back
and forth to the opposite layer only once, returning
to the same initial state |k, s⟩.

• The term Σinter
k,s accounts for all interband transi-

tions in which an electron in the state |k, s⟩ transi-
tions to the opposite band state |k,−s⟩ by scatter-
ing back and forth to the opposite layer, before fi-
nally scattering again back to the initial state |k, s⟩.

The corresponding diagrammatic representation is shown
in Fig. 5. The full perturbation calculation that effec-
tively leads to Eq. (16) to leading order can be found in
the Appendix B.

The leading order diagrammatic representation of Eq.
(13) suggest that, in general, the self-energy for a shell
truncation of the continuum model Hamiltonian is given

Figure 5. Diagrammatic representation of the moiré-induced

self-energy Σ
(1)
+,k,s = Σintra

k,s + Σinter
k,s corresponding to the first

shell truncation of the continuum model Hamiltonian. The
first diagram Σintra

k,s gives the intraband contribution, where
an electron scatters back and forth to the opposite layer, re-
turning to the initial state in the same band. The second di-
agram Σinter

k,s gives the interband contribution, where an elec-
tron transitions to the opposite band by scattering back and
forth to the opposite layer, before scattering back again to
the initial state.

by the sum of all irreducible scattering processes with
momentum transfer up to the corresponding cutoff. It is
important to note that the perturbation order in the com-
putation of Σ (cf. Appendix B) does not generally equal
number of shells in the truncated Hamiltonian. This is
due to the incidence of interband scattering events, which
imply higher perturbation orders than intraband ones.

Consider the next truncation of the TBG Hamiltonian
at the second shell. The corresponding self-energy Σ(2)

can be obtained directly from Eq. (13) by inverting the
20×20 truncated Hamiltonian. The resulting expression,
however, is highly cumbersome and hard to work with,
hindering the inference of physical insight from it. In-
stead, one can obtain a relatively simple expression for
Σ(2) by using the diagrammatic approach, taking into ac-
count all the possible irreducible scattering events up to
second order in momentum transfer. The full calculation
is large and left to the Appendix C (see Fig. 11 for the
diagrammatic representation).

As the number of shells increase, the exact diagram-
matic computation of the self-energy get increasingly
harder very rapidly. The situation actually becomes quite
complicated beyond the second shell, since then one has
to take into account multiple connected paths that an
electron can take (see, for instance, the last diagram of
Σ in Fig. 4). This complexity in the computation of the
self-energy, by diagrammatic methods, can be in a way
related to the nonlinear matrix dimension increase of the
continuum model Hamiltonian as the momentum cutoff
increases.
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B. Spectral density

The one-particle spectral density is given by Aγ =
− 1

π ImGR
γ , where GR

γ = Gγ (iωn → ω + i0+) is the re-
tarded Green’s function (cf. Eq. (11); we continue to
consider the case γ′ = γ). The renormalized quasiparti-
cle energies follow from the peaks in the spectral density,
which occur when [51]

ω − ϵγ − Σ′
γ (ω) = 0, (19)

where Σ′ (ω) = Re [Σ (iωn → ω + i0+)] is the real part
of the retarded self-energy. The quasiparticle energies ω
that satisfy the above equation are the same eigenvalues
that diagonalize the continuum model Hamiltonian, i.e.,
the moiré bands. However, each state carries different
quasiparticle weight [51, 52]. To see this, we first note
that since each quasiparticle state diagonalizes the TBG
Hamiltonian, in perturbation terms their lifetime is infi-
nite. Consequently, the imaginary part of the self-energy
vanishes when ω = Ek,ν [this can be proved rigorously
from Eq. (11)]. Thus Aγ = δ

[
ω − ϵγ − Σ′

γ (ω)
]
, and

resolving the delta we obtain

Aγ =
∑
ν

Zν,γδ (ω − Ek,ν) , (20)

where

Z−1
ν,γ = 1−

(
∂Σ′

γ

∂ω

)
ω=Ek,ν

(21)

is the quasiparticle weight of the moiré band with energy
Ek,ν . It can be proved that the normalization condition∑

ν Zν,γ = 1 is satisfied. The quasiparticle weight Zν,γ

measures the amplitude of creating a single-particle state
with energy Ek,ν from the interaction of the bare elec-
trons with the moiré potential:

Zν,γ ∼
∣∣⟨k, ν| ĉ†γ |Ω⟩∣∣2 , (22)

where |Ω⟩ is the total (interacting) ground state and
|k, ν⟩ is the excited single-particle state with energy Ek,ν .
Fig. 6 shows the quasiparticle weight (QW) in the

top and bottom layers, calculated by summing Eq. (21)
over both Dirac bands in each case. The strongest QW
is always on the lowest (in energy) moiré bands, and
around the KM (K ′

M ) for the top (bottom) layer, con-
sistent with Fig. 1. At relatively high twist angles only
low-momentum couplings contribute to the self-energy,
so the QW is almost entirely contained in those lowest
moiré bands. This means that the quasiparticle renor-
malization around the Dirac point in a layer is only in-
fluenced by the coupling to the nearest Dirac points in the
other layer. At lower twist angles the QW disperses to
higher moiré bands, resulting in a significant reduction in
the weight of the lowest moiré bands. Around the magic
angle (θM ∼ 1.06◦) the QW of the lowest moiré bands
are effectively reduced by more than a half, with higher

Figure 6. Quasiparticle weight (QW) of the moiré bands, in
the top and bottom layers, for twist angles θ = 5◦ and θ =
1.06◦ (magic angle). The QWs are calculated with Eq. (21)
summing the contribution of electrons in both Dirac bands.
At low twist angles the QW is mainly on the lowest moiré
bands, while at lower twist angles the QW disperses to remote
moiré bands.

bands having an increasingly higher weight. In addition,
the QW of the lowest moiré bands in both layers becomes
more uniformly distributed in momentum space, reflect-
ing the high hybridization of the Dirac points. Breaking
the layer degeneracy, for instance by an effective mass in
one layer arising from a hBN substrate effect [53], can
thus result in a larger split of the narrow moiré bands as
the twist angle decreases [54].

By differentiating in each layer the QW contribution
of electrons in each Dirac band, one observes that an
interesting band-inversion behavior takes place around
the magic angle [55]. This is seen in Fig. 7, where we
show the QW difference ∆Z = Zν,k,+ − Zν,k,− in the
top layer, for the low-energy moiré bands. For θ > θM
the QW of the top (bottom) lowest moiré band comes
mainly from electrons in the top (bottom) Dirac band.
This behavior is expected for a low moiré coupling, or
when interband transitions are nondominant. However,
as the moiré bands flatten around the magic angle, a
band-inversion behavior takes place, with the QW of the
top lowest moiré band now coming mainly from electrons
in the bottom Dirac band, and vice versa for the other
lowest moiré band. As the twist angle is further de-
creased, one sees a non-uniform, momentum-dependent
QW behavior in the lowest moiré bands, where the weight
of electrons in the top Dirac band may dominate around
the ΓM point, while that of electrons in the bottom Dirac
band may dominate around the KM point (in the par-
ticular case of θ = 0.95◦ in Fig. 7, such behavior arises
because the remote bands touch the lowest bands at the
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Figure 7. Difference between the QW contribution of each
Dirac band in the top layer, for the low-energy moiré bands
around the magic angle. Color red (blue) indicate a QW
coming mainly from electrons in the top (bottom) Dirac band.
An inversion behavior in the lowest moiré bands takes place
around the magic angle θ = 1.06◦.

ΓM point). In general, a band-inversion takes place when
two moiré bands touch at a particular momentum k, or
when at such point the quasiparticle velocity vanish. This
band-inversion behavior has been noted before by pro-
jecting the moiré eigenstates on the eigenstates of the
decoupled layers [55].

The quasiparticle weight in each layer can be experi-
mentally relevant in angle-resolved photoemission spec-
troscopy (ARPES) of moiré heterostructures [56–59],
particularly because then, by design, the topmost layer
typically contributes the most to the signal. Within the
simplest sudden approximation, the resolved photoemis-
sion intensity I can be directly linked to the one-particle
spectral density [52, 60]

I ∼ MAk (ω) f (ω) , (23)

where f (ω) is the Fermi-Dirac distribution and M are
the matrix elements accounting for the signal dependence
on the incident light intensity, polarization and frequency
(see, e.g., Refs. [61, 62] for a detailed account). The
above equation gives a direct intensity dependence on the
spectral density and thus a signal pattern similar to that
in Fig. 6, which is in relatively well agreement with recent
experiments [63–65]. We note that photoemission spec-
troscopy measurements have been previously explained
by a band-unfolding approach [57, 63], which in essence
is similar to what Eq. (22) measures.

C. Renormalized velocity and flat bands

The emergence of flat moiré bands is one of the most re-
markable and intriguing aspects of the continuum model,
prompting many works devoted to study their nature and
origin [30, 32, 48, 66]. Within the perturbation scheme
developed here, the moiré-induced self-energy provides
a direct account for the quasiparticle velocity renormal-
ization and the origin of moiré flat bands. In line with
the previous sections, in what follows we will consider
the perturbation on electrons in the top Dirac band of
the top layer, and for brevity omit those indices in the
self-energy. Thus throughout this section it should be un-
derstood that Σ+,k,s → Σk. The analysis done, however,
is valid for both layers and Dirac bands.
From Eq. (19) it follows that the quasiparticle velocity

v⋆
k,ν = ∇kEk,ν vector of the moiré band ν is given by

v⋆
k,ν = Zk,ν

[
vk̂+ (∇kΣ

′
k)ω=Ek,ν

]
, (24)

where Zk,ν is the quasiparticle weight given by Eq. (21),

and ∇kϵk = vk̂ is the velocity vector in graphene. We
are, in particular, interested in the renormalized velocity
v⋆ of the lowest (in energy) moiré bands at the Dirac
point. To leading order in the perturbation, Eq. (16)

gives Σ′
k=0 (ω = 0) = 0 and ∇kΣ

′
k (k = 0 = ω) ∝ k̂, and

it can be numerically checked from Eq. (13) that the

same holds at higher orders. Consequently, v⋆ = v⋆k̂
with

v⋆

v
=

1 + (∂Σ′
k/∂k)0 /v

1− (∂Σ′
k/∂ω)0

, (25)

where the subindex “0” implies evaluating the deriva-
tives at k = 0 = ω. To leading order, Eq. (16) gives
(∂Σ′

k/∂k)0 = −3vα2
1 and (∂Σ′

k/∂ω)0 = −3
(
α2
0 + α2

1

)
,

where αi = wi/vkθ are the moiré coupling strengths.
Replacing in Eq. (25) then leads to the well-known re-
sult v⋆/v =

(
1− 3α2

1

)
/
(
1 + 3α2

0 + 3α2
1

)
when the TBG

Hamiltonian is truncated at the first shell [11, 30, 48].
The computation of v⋆, using the self-energy, can be car-
ried out at higher perturbation orders, cf. Appendix D.
When v⋆ vanishes the lowest moiré bands actually flat-

ten across the whole moiré BZ [11, 30]. To understand
this overall behavior one needs to go beyond the analy-
sis of the quasiparticle velocity at the Dirac point. The
self-energy again provides a natural framework for this.
Indeed, from Eq. (19) it follows that low-energy (ω ∼ 0)
flat bands emerge when the condition

ϵk +Σk (0) ∼ 0 (26)

is satisfied, which can only occur when the static self-
energy behaves as Σ ∝ −k to leading order in k.
Considering the self-energy given by Eq. (16), expand-

ing in orders of k/kθ (where kθ = |qj |), at ω = 0 one has

Σ
(1)
k (0) ≃ −3vk

[
α2
1 − α2

0 sin (3θk) (k/kθ)

−2α0α1 cos (3θk) (k/kθ)
2
+O (k/kθ)

3
]
. (27)
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Figure 8. (a) Static self-energy at the magic angle θ = 1.06◦

for w0 = 0 (chiral model) and w0 = 0.8w1. (b) Density plots
for the uncoupled dispersion −ϵk/vkθ (top), and the static
self-energy Σk (0) /vkθ at the magic angle (bottom), centered
at the Dirac point KM . Except for small deviations around
the ΓM point, the static self-energy converges to Σk (0) ∼
−vk, leading to zero-energy flat bands.

Up to order ∼ (k/kθ), the flat band condition ϵk +

Σ
(1)
k (0) ∼ 0 is then satisfied at the first magic angle

where α2
1 ∼ 1/3 and v⋆ ∼ 0. Since the two leading order

corrections in Eq. (27) scale with ∼ α0, the moiré bands
become more flat as the AA hopping energies decrease.

Eq. (27) only gives a partial picture at the simplest
first shell approximation. At higher perturbation or-
ders (i.e., higher number of shells) one actually sees that
at exactly the magic angle the self-energy converges to
Σk (0) ∼ −vk, only up to small deviations around the
ΓM point, see Fig. 8. As a result, the uncoupled disper-
sion ϵk = vk is renormalized to zero-energy moiré bands
that satisfy the flat band condition ϵk + Σk (0) ∼ 0 over
almost the whole moiré Brillouin zone. In the chiral limit
one has Σk (0) ∼ −vk in all the mBZ, leading to the for-
mation of absolute flat bands [48].

D. Origin of flat bands

We now ask what properties of the moiré potential lead
to those in the self energy that, in particular, allow the
flat band condition (26) to be satisfied. A first point to
note is that the behavior of the moiré potential, as given
by Eq. (5), depends on both the phases ϕj of the moiré
matrices and the momentum transfer vectors qj . In the
continuum model the phases ϕj arise from the underly-
ing hexagonal symmetry of the layers (technically, from
phase factors ∼ eib·δ relating the reciprocal lattice vec-
tors b and the basis vectors δ of a honeycomb lattice
[9, 11, 21]), and are therefore independent of the geomet-
rical properties of the moiré pattern. The momentum
transfer vectors qj , on the other hand, depend on the
orientation and shape of the moiré BZ [67–70], which
are determined by the difference between the reciprocal
lattice vectors in each layer.

Figure 9. Renormalized Dirac velocity at the first magic angle
in the chiral limit, as a function of the orientation φ of the
momentum transfer vectors qj relative to the phases ϕj in the
moiré potential (see inset). The solid line is the converged
numerical result, while the dashed line is the analytical result
at the first shell given by Eq. (30). The velocity only vanishes
in the TBG case φ = 90◦.

To understand how both ϕj and qj may influence the
emergence of flat bands, we consider the leading order
self-energy given by Eq. (16), but keeping now explicitly
its dependence on those parameters. At the origin point
k = 0 = ω one has

Σ
(1)
0 (0) = −6vkθα0α1 cosφ, (28)

where

φ = θqj − ϕj (29)

is the j-independent difference between the angles θqj

of the momentum transfer vectors and the phases ϕj .
Therefore in general Σ0 (0) only vanishes in the TBG
case φ = 90◦ (see Fig. 1), which implies that only then
there is a zero energy solution to Eq. (19) at k = 0;
otherwise the Dirac points are shifted in energy.
The energy shift of the Dirac points modifies the com-

putation of the corresponding quasiparticle velocity v⋆,
since then the derivatives of the self-energy must be eval-
uated at ω such that ω − Σ0 (ω) = 0, which in general
depends on φ. The situation simplifies in the particular
chiral limit α0 = 0, where Eq. (28) gives Σ0 (0) = 0 for
all φ. In that case, the quasiparticle velocity in terms of
φ reads (cf. Appendix E)

v⋆

v
=

√
1 + 6α2

1 cos (2φ) + 9α4
1

1 + 3α2
1

. (30)

Crucially, we see that v⋆ can only vanish in the TBG
case where φ = 90◦. The same behavior is numerically
observed at higher perturbation orders, see Fig. 9.
Eqs. (28) and (30) put the value of φ as a key factor

in the origin of magic angles. This observation can be
tested by studying the behavior of the moiré bands for
different orientations of the momentum transfer vectors
qj in the continuum model. The results for the bottom
lowest moiré band is shown in Fig. 10, for both the chiral
and nonchiral cases. In line with Eq. (30), at the magic
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Figure 10. Bottom lowest moiré band for the magic angle θ =
1.06◦ and different orientations φ of the momentum transfer
vectors in the continuum model, in steps of 10◦ from top to
bottom (see inset in Fig. 9), for the cases (a) w0 = 0 (chiral
model) and (b) w0 = 0.8w1. Flat bands across the mBZ only
occur in the TBG case φ = 90◦.

angle only the TBG case φ = 90◦ leads to the formation
of flat bands across the whole mBZ. This behavior also
occurs in the general nonchiral case, where in addition
the Dirac points are effectively shifted in energy, leading
to a stronger suppression of the flat bands as φ changes.
Fig. 10, and in particular Eq. (30), incidentally give

a simple explanation as to why flat bands in TBG seem
to disappear in the presence of strain [67, 70, 71], whose
effect generally modifies the momentum transfer vectors.
Even in those cases in which the hexagonal symmetry of
the moiré pattern in preserved, as e.g. with a combina-
tion of twist and biaxial strain [70], the rotation of the
wave vectors qj would generally suppress the formation
of flat bands.

IV. CONCLUSIONS

We have developed a many-body perturbation ap-
proach to study the properties of moiré bands in twisted
bilayer graphene. This approach differs from previous
studies on several aspects. First, it is build upon a per-

turbation of the two uncopled Dirac bands in each mono-
layer. This provides a natural framework to deploy per-
turbation methods and gives a direct physical picture
of the moiré-induced scattering processes. Secondly, our
approach treats the perturbation by the moiré potential
within the full framework of a many-body problem. In
this scheme, the moiré potential acts as an effective one-
body potential that transfers electrons from one layer to
another, in all possible Dirac bands, by the exchange of
the three wave vectors that determine the moiré Bril-
louin zone. The strength of this coupling is naturally
accounted by the value of the twist angle; namely, the
decreasing length of the momentum transfer vectors as
the twist angle is lowered translates to an increase in the
coupling between the Dirac points, and therefore in the
perturbation strength.

The developed perturbation approach leads to a direct
diagrammatic representation of the scattering processes
taking place. By a set of simple rules, one can obtain,
describe or approximate, the moiré-induced self-energy
of the electrons, and from it the moiré bands of inter-
est. This not only brings the full power of Feynman di-
agrams into the problem, but also, and perhaps more
importantly, provides a physical picture of the relevant
scattering events. Furthermore, since the perturbation
problem is quadratic in operators, one can naturally ob-
tain, through a straightforward matrix diagonalization,
a closed expression for the Green’s function. As a result,
there is a direct relation between the moiré bands prop-
erties at a given shell cutoff of the continuum model, and
the diagrammatic expansion of the Dyson equation.

The moiré-induced self-energy can be related to dif-
ferent one-particle properties of interest. In particu-
lar, we have obtained the quasiparticle weight of the
moiré bands for electrons in each layer and Dirac band.
The layer distinction can be particularly useful for inter-
preting photoemission spectroscopy experiments in moiré
heterostructures, where usually the topmost layer gives
the larger contribution to the measured signal. In line
with previous studies, the perturbation approach natu-
rally yields an increasingly weight of higher moiré bands
as the twist angle decreases, reflecting the contribution
of multiple high-momentum scatterings events at succes-
sive Dirac points. Around the magic angle, an interesting
band-inversion behavior takes place: the contribution of
electrons in the top and bottom Dirac bands to the quasi-
particle weight of the flat bands is inverted.

The self-energy also gives a natural account for the
emergence of flat bands in twisted bilayer graphene. We
have shown that exactly at the magic angle the static
self-energy practically cancels out the uncoupled linear
dispersion in each layer, except only for small deviations
around the ΓM point in the nonchiral case, leading to
zero-energy flat bands over almost the whole moiré Bril-
louin zone. By analyzing how the moiré potential in-
fluences such behavior in the self-energy, we have further
shown that flat bands can emerge only under a particular
orientation of the momentum transfer vectors, which is
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indeed satisfied in twisted bilayer graphene. For different
orientations of the momentum transfer vectors the Dirac
velocity can never vanish. The geometrical properties of
twisted bilayer graphene thus seem to play a crucial role
in the formation of flat bands.
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methods for twisted moiré layers, Nature Reviews Mate-
rials 5, 748 (2020).

[25] N. Leconte, S. Javvaji, J. An, A. Samudrala, and J. Jung,
Relaxation effects in twisted bilayer graphene: A multi-
scale approach, Physical Review B 106, 115410 (2022).

[26] F. Haddadi, Q. Wu, A. J. Kruchkov, and O. V. Yazyev,
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Appendix A: Continuum model Hamiltonian in the band basis

Here we give details on the construction of the TBG Hamiltonian in the band basis. We adopt the original Tripod
model [11, 30], with the origin set a Dirac point (cf. Fig. 2). Following the convention in the main text, we take the
origin Dirac point belonging to the top layer.

The continuum model Hamiltonian in the band basis, which we shall denote as HB , can be directly obtained from
the usual one in the sublattice basis H, Eq. (1), by the similarity transformation

HB = C−1HC, (A1)

where C is the matrix that diagonalizes the Dirac Hamiltonian H0 (i.e., that without the moiré potential coupling).
In momentum space C is a matrix whose columns are thus given by the eigenstates of H0,

C =


Ψk 0 0 0 · · ·
0 Ψk+q1

0 0 · · ·
0 0 Ψk+q2

0 · · ·
0 0 0 Ψk+q3

· · ·
...

...
...

...
. . .

 , (A2)

where [cf. Eq. (6)]

Ψk =
(
ψk,− ψk,+

)
=

1√
2

(
1 1

−eiθk eiθk

)
. (A3)

Note that C−1 = C†. The similarity transformation (A1) leads to the moiré matrices in the band basis:〈
k−

∣∣∣T̂j∣∣∣k+

〉
B
= Ψ†

k−
TjΨk+

δk−,k++qj
(A4)

where Tj is given by Eq. (3). The matrix components in the above equation lead to Eq. (5) in the main text. The
above result can be also obtained by making a direct basis change of the moiré matrix elements, using the relation
|k, s⟩ =

(
|A⟩+ seiθk |B⟩

)
/
√
2 between the band basis and the sublattice basis.

The computation of the Green’s function through Eq. (11) is done by a matrix inversion of the continuum model
Hamiltonian in the band basis. Given the relation (A1), this inversion can be also directly obtained from the original
TBG Hamiltonian H, Eq. (1) (in momentum space), and a basis change:

G (iωn) = C† (iωnI−H)
−1 C, (A5)

In particular, for the two cases γ = γ′ = (+,k, s = ±), the matrix components of (iωnI−H)
−1
γγ , given our convention,

are γγ = (1, 1) and γγ = (2, 2) for the bottom (s = −1) and top (s = 1) Dirac band, respectively. Defining

H̃ (iωn) = iωnI−H, (A6)
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we thus have

G+,k,− (iωn) = C†
1µH̃

−1
µν (iωn) Cν1, (A7)

G+,k,+ (iωn) = C†
2µH̃

−1
µν (iωn) Cν2, (A8)

where repeated indices are to be summed over. Here it should be understand that H̃−1
µν (iωn) are the (µ, ν) components

of H̃−1 (iωn). From Eqs. (A2) and (A3) it follows that

G+,k,± (iωn) =
1

2

(
H̃−1

11 + H̃−1
22 ± H̃−1

12 e
iθk ± H̃−1

21 e
−iθk

)
. (A9)

This provides direct way to obtain the Green’s function by working entirely in the sublattice basis. From it we readily
see that

G+,k,+ (iωn) + G+,k,− (iωn) = H̃−1
11 + H̃−1

22 , (A10)

G+,k,+ (iωn)− G+,k,− (iωn) = H̃−1
12 e

iθk + H̃−1
21 e

−iθk . (A11)

It should be noted that dependence of G on the moiré potential Tj,k,s,s′ in the band basis, when computed using Eq.
(A9), would not be explicit; it would rather be implicitly contained in the couplings between the Hamiltonian ∼ σ ·k
of different Dirac points. From a diagrammatic point of view, and physical interpretation, it is thus more convenient
to compute G by directly working in the band representation.

Appendix B: Perturbation expansion of the moiré potential

By treating the moiré potential T̂ , Eq. (8), as a perturbation, the Green’s function given by Eq. (10) can be
expanded as [49–51] (we set ℏ = 1)

Gγγ′ (τ) = −
〈
Tτ ĉγ (τ) ĉ

†
γ′ (0) Û (β, 0)

〉
0,c
, (B1)

where β = 1/kBT and ⟨· · · ⟩0,c is the ensemble average over the noninteracting system, taking into account only the
contribution of connected diagrams. The evolution operator reads

Û (τ, τ ′) =

∞∑
l=0

1

l!
(−1)

l
∫ τ

τ ′
dτ1 . . .

∫ τ

τ ′
dτlTτ

[
T̂ (τ1) . . . T̂ (τl)

]
. (B2)

The perturbation expansion of the evolution operators naturally accounts for the shell truncation of the continuum
model Hamiltonian. Following Sec. III, we are interested in the case γ = γ′ in Eq. (B1); we note Gγγ (τ) = Gγ (τ).

In that situation, since the moiré potential T̂ always exchanges one electron from one layer to another, only even
orders in l contribute to the expansion of the evolution operator. For conciseness we shall consider the particular case
γ = (+,k, s). The leading order correction to the Green’s function (second order in l) reads

G(2)
+,k,s (τ) = − 1

2!
(−1)

2
∫ β

0

dτ1

∫ β

0

dτ2

〈
Tτ ĉ+,k,s (τ) c

†
+,k,s (0) T̂ (τ1) T̂ (τ2)

〉
0,c
. (B3)

Replacing Eq. (8) leads to the following four kinds of ensemble averages:

C1 =
〈
Tτ ĉ+,k,s (τ) ĉ

†
+,k,s (0) ĉ

†
−,k1+qj1 ,s

′
1
(τ1) ĉ+,k1,s1 (τ1) ĉ

†
−,k2+qj2 ,s

′
2
(τ2) ĉ+,k2,s2 (τ2)

〉
0,c
, (B4)

C2 =
〈
Tτ ĉ+,k,s (τ) ĉ

†
+,k,s (0) ĉ

†
−,k1+qj1

,s′1
(τ1) ĉ+,k1,s1 (τ1) ĉ

†
+,k2,s2

(τ2) ĉ−,k2+qj2
,s′2

(τ2)
〉
0,c
, (B5)

C3 =
〈
Tτ ĉ+,k,s (τ) ĉ

†
+,k,s (0) ĉ

†
+,k1,s1

(τ1) ĉ−,k1+qj1
,s′1

(τ1) ĉ
†
−,k2+qj2

,s′2
(τ2) ĉ+,k2,s2 (τ2)

〉
0,c
, (B6)

C4 =
〈
Tτ ĉ+,k,s (τ) ĉ

†
+,k,s (0) ĉ

†
+,k1,s1

(τ1) ĉ−,k1+qj1
,s′1

(τ1) ĉ
†
+,k2,s2

(τ2) ĉ−,k2+qj2
,s′2

(τ2)
〉
0,c
. (B7)
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Applying Wick’s theorem, considering the anticommutation relation
{
ĉℓ,k,s, ĉ

†
ℓ′,k′,s′

}
= δℓ,ℓ′δk,k′δs,s′ (all others an-

ticommutators vanish), and taking into account only those contractions that represent connected diagrams, yields
C1 = 0 = C4 and

C2 = −G0
k,s (τ − τ2) δk,k2

δs,s2G0
k,s (τ1) δk,k1

δs,s1G0
k+qj1

,s′1
(τ2 − τ1) δk2+qj2 ,k1+qj1

δs′2,s′1 , (B8)

C3 = −G0
k,s (τ − τ1) δk,k1δs,s1G0

k,s (τ2) δk,k2δs,s2G0
k+qj2 ,s

′
2
(τ1 − τ2) δk2+qj2

,k1+qj1
δs′2,s′1 , (B9)

where 〈
Tτ ĉℓ,k,s (τ) ĉ

†
ℓ′,k′,s′ (τ

′)
〉
0
= −δℓ,ℓ′δk,k′δs,s′G0

k,s (τ − τ ′) (B10)

is the noninteracting Green’s function. Both C2 and C3 give topologically equivalent diagrams. Thus

G(2)
+,k,s (τ) =

∑
j,s′

|Tj,k,s,s′ |2
∫ β

0

dτ1

∫ β

0

dτ2G0
k,s (τ − τ2)G0

k,s (τ1)G0
k+qj ,s′ (τ2 − τ1) . (B11)

Using the Fourier transform

G0
k,s (τ) =

1

β

∑
n

G0
k,s (iωn) e

−iωnτ , ωn = (2n+ 1)π/β, (B12)

and the relation ∫ β

0

dτ exp
[
i
(
ωnj

− ωnj′

)
τ
]
= βδωnj

,ωn
j′
, (B13)

we get

G(2)
+,k,s (iωn) = G0

k,s (iωn)G0
k,s (iωn)

∑
j,s′

|Tj,k,s,s′ |2 G0
k+qj ,s′ (iωn) , (B14)

where

G0
k,s (iωn) =

1

iωn − ϵk,s
. (B15)

Since the perturbation is quadratic in the operators, there is no dependence on the statistic of the particles. One
readily sees that Eq. (B14) represents the correction to the Green’s function coming from the intraband contribution
to the leading order self-energy, cf. Eq. (17) (the other interband contribution comes from higher orders in the
perturbation expansion).

From the above derivation one can easily infer the Feynman rules for the system, see Fig. 3. As an example of
applying the Feynman rules, the contribution to the self-energy of the five diagrams in Fig. 4 (in the same order as
shown) read

Σ
(l=2)
k,s (iωn) =

∑
j

∑
r

Tj,k,s,rT ∗
j,k,s,rG0

k+qj ,r (iωn) , (B16)

Σ
(l=4,a)
k,s (iωn) =

∑
j

∑
j′

∑
r1,r2

Tj,k,s,r1T ∗
j,k,−s,r1Tj′,k,−s,r2T ∗

j′,k,s,r2G
0
k+qj ,r1 (iωn)G0

k,−s (iωn)G0
k+qj′ ,r2

(iωn) , (B17)

Σ
(l=4,b)
k,s (iωn) =

∑
j

∑
j′ ̸=j

∑
r1,r2

∑
s1

Tj,k,s,r1T ∗
j′,k+qj−qj′ ,s1,r1

Tj′,k+qj−qj′ ,s1,r2T
∗
j,k,s,r2

× G0
k+qj ,r1 (iωn)G0

k+qj−qj′ ,s1
(iωn)G0

k+qj ,r2 (iωn) , (B18)

Σ
(l=6,a)
k,s (iωn) =

∑
j

∑
j′ ̸=j

∑
j′′ ̸=j′

∑
r1,r2,r3

∑
s1,s2

Tj,k,s,r1T ∗
j′,k+qj−qj′ ,s1,r1

Tj′′,k+qj−qj′ ,s1,r2

× T ∗
j′′,k+qj−qj′ ,s2,r2

Tj′,k+qj−qj′ ,s2,r3T
∗
j,k,s,r3

× G0
k+qj ,r1 (iωn)G0

k+qj−qj′ ,s1
(iωn)G0

k+qj−qj′+qj′′ ,r2
(iωn)G0

k+qj−qj′ ,s2
(iωn)G0

k+qj ,r3 (iωn) , (B19)

Σ
(l=6,b)
k,s (iωn) =

∑
j

∑
j′ ̸=j

∑
j′′ ̸=j,j′

∑
r1,r2,r3

∑
s1,s2

Tj,k,s,r1T ∗
j′,k+qj−qj′ ,s1,r1

Tj′′,k+qj−qj′ ,s1,r2

× T ∗
j,k−qj′+qj′′ ,s2,r2

Tj′,k−qj′+qj′′ ,s2,r3T
∗
j′′,k,s,r3

× G0
k+qj ,r1 (iωn)G0

k+qj−qj′ ,s1
(iωn)G0

k+qj−qj′+qj′′ ,r2
(iωn)G0

k−qj′+qj′′ ,s2
(iωn)G0

k+qj′′ ,r3
(iωn) . (B20)
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Figure 11. Left: Diagrammatic representation of the moiré-induced self-energy in the top layer, up to a momentum truncation
at the second shell (cf. Fig. 2). Dot-dashed Green’s functions represent the dressed propagator for an electron in the bottom
layer, with momentum k+ qj , by the coupling to an electron in the top layer with momentum k+ qj − qj′ , where qj′ ̸= qj′ .
Right: schematic hexagonal picture of all the scattering processes up to a second shell truncation (top panel), and the dressed
dot-dashed Green’s function (bottom panel).

Appendix C: Diagrammatic computation of the self-energy at second shell

As noted in the main text, the self-energy for a momentum truncation at the second shell (see Fig. 2) can be
directly computed by inverting the corresponding 20× 20 TBG Hamiltonian, but this leads to a highly cumbersome
expression, which is hard to work with and gives little physical insight. For this reason, here we rather compute the
self-energy by means of only diagrammatic methods. This approach highlights the involved scattering processes and
provides a workable analytical expression from which one can further study different properties of the moiré bands,
such as the quasiparticle velocity renormalization (Appendix D).

We consider, as in the main text, the self-energy for the top layer. The diagrammatic representation that accounts
for all scattering processes with momentum exchange up to ∆k ∼ |q1 − q2| (second shell in Fig. 2) is shown in Fig.
11. Applying the Feynman rules we get

Σ
(2)
+,k,s (iωn) =

∑
j,r1,r2

Tj,k,s,r1T ∗
j,k,−s,r2 G̃k+qj ,r1,r2 (iωn)

∑
j,r1,r2

Tj,k,−s,r2T ∗
j,k,s,r1 G̃k+qj ,r1,r2 (iωn)

×

iωn − ϵk,−s −
∑

j,r1,r2

Tj,k,−s,r1T ∗
j,k,−s,r2 G̃k+qj ,r1,r2 (iωn)

−1

+
∑

j,r1,r2

Tj,k,s,r1T ∗
j,k,s,r2 G̃k+qj ,r1,r2 (iωn) . (C1)

Here we defined G̃k+qj ,r1,r2 (iωn) as the Green’s function for the propagation of |−,k+ qj , r1⟩ to |−,k+ qj , r2⟩,
taking into account only the interactions with the other layer with qj′ ̸= qj . It can be obtained diagrammatically by
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differentiating the cases r1 = r2 and r1 = −r2 (cf. Fig. 11), with the result

G̃k+qj ,r,r (iωn) =
1

iωn − ϵk+qj ,r − Σ′′
k+qj ,r,r

(iωn)
, (C2)

G̃k+qj ,r,−r (iωn) =
1

iωn − ϵk+qj ,−r − Σ′′
k+qj ,−r,−r (iωn)

Σ′′
k+qj ,r,−r (iωn)

iωn − ϵk+qj ,r
. (C3)

where

Σ′′
k+qj ,r1,r2 (iωn) =

∑
j′ ̸=j,r′

T ∗
j′,k+qj−qj′ ,r

′,r1
Tj′,k+qj−qj′ ,r

′,−r2

iωn − ϵk+qj−qj′ ,r
′

∑
j′ ̸=j,r′

T ∗
j′,k+qj−qj′ ,r

′,−r2
Tj′,k+qj−qj′ ,r

′,r2

iωn − ϵk+qj−qj′ ,r
′

×

iωn − ϵk+qj ,−r2 −
∑

j′ ̸=j,r′

∣∣∣Tj′,k+qj−qj′ ,r
′,−r2

∣∣∣2
iωn − ϵk+qj−qj′ ,r

′


−1

+
∑

j′ ̸=j,r′

T ∗
j′,k+qj−qj′ ,r

′,r1
Tj′,k+qj−qj′ ,r

′,r2

iωn − ϵk+qj−qj′ ,r
′

.

(C4)

It is important to note that j′ ̸= j in the summation over j′, in order to not overcount scattering processes. We have
checked numerically that the self-energy given by Eq. (C1) agrees with the one obtained from the general expression
given by Eq. (13), for a momenta cutoff at the second shell.

Note that Eq. (C1) reduces to Eq. (16) when the momentum is truncated at the first shell and therefore one does
not consider the dressing of the propagator with momentum k+qj by the interaction with higher order Dirac points,

i.e., when G̃k+qj ,r1,r2 → G0
k+qj ,r1

δr1,r2 .

Appendix D: Dirac velocity renormalization

The renormalized velocity v⋆ of the lowest moiré bands at the Dirac point can be directly computed from the
self-energy (Sec. III C). Here we give, for completeness and reference, details of the analytical calculation of v⋆ up
to the second shell momentum cutoff, using Eqs. (16) and (C1). Of course, this approach complements and yields
the same results as usually obtained by traditional perturbation methods applied to a truncated TBG Hamiltonian
[11, 30, 48]. As we are interested in the k and ω derivatives, around the zero point k = 0 = ω, of the real part of the
retarded self-energy, we shall directly replace iωn → ω when doing the analytical continuation.

Following Sec. III C in the main text, we consider the self-energy for the top layer, but keeping here in general both
bands s. The generalization of Eq. (25) for both bands is

v⋆

v
=

1 + s
(
∂Σ′

k,s/∂k
)
0
/v

1−
(
∂Σ′

k,s/∂ω
)
0

. (D1)

To condense the notation we will note Σ′
k,s = Σ.

1. First shell

The self-energy when the momentum is truncated at the first shell is given by Eq. (16). From Eq. (5) one has

|Tj,k,s,r|2 = w2
0

1 + sr cos
(
θk − θk+qj

)
2

+ w2
1

1 + sr cos
(
θk + θk+qj − 2ϕj

)
2

+ sw0w1

[
cos (θk − ϕj) + sr cos

(
θk+qj

− ϕj
)]
, (D2)

Tj,k,s,rT ∗
j,k,−s,r = iw2

0

sr sin
(
θk − θk+qj

)
2

+ iw2
1

sr sin
(
θk + θk+qj − 2ϕj

)
2

+ isw0w1 sin (θk − ϕj) . (D3)

It follows that∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

=

 ∂

∂k

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

=

 ∂

∂ω

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

= 0, (D4)
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where the subindex “0” implies evaluation at k = 0 = ω. Consequently the interband term given by Eq. (18) makes no
contribution to the first order derivatives (∂Σ/∂k)0 and (∂Σ/∂ω)0. We thus continue considering only the intraband
contribution given by Eq. (17), which yields(

∂Σ

∂k

)
0

= −
3∑

j=1

∑
r=±1

(
∂ |Tj,k,s,r|2

∂k

)
0

1

rvkθ
+

3∑
j=1

∑
r=±1

|Tj,0,s,r|2

(vkθ)
2

(
∂ϵk+qj ,r

∂k

)
0

. (D5)

where Tj,0,s,r = Tj,k=0,s,r and we replaced ϵqj
= vkθ, which is independent of j (|qj | = kθ being the moiré BZ length).

We get

3∑
j=1

∑
r=±1

(
∂ |Tj,k,s,r|2

∂k

)
0

1

rvkθ
=

3

2
sv
(
α2
0 + α2

1

)
, (D6)

3∑
j=1

∑
r=±1

|Tj,0,s,r|2

(vkθ)
2

(
∂ϵk+qj ,r

∂k

)
0

=
3

2
sv
(
α2
0 − α2

1

)
, (D7)

where αi = wi/vkθ. Thus, (
∂Σ

∂k

)
0

= −3svα2
1. (D8)

For the ω-derivative we get (
∂Σ

∂ω

)
0

= −
3∑

j=1

∑
r=±1

|Tj,0,s,r|2

(vkθ)
2 = −3

(
α2
0 + α2

1

)
. (D9)

Replacing in Eq. (D1) leads to the well-known leading order renormalization

v⋆

v
=

1− 3α2
1

1 + 3α2
0 + 3α2

1

. (D10)

The case w0 = w1 gives the original result first obtained in Ref. [11].

2. Second shell

Truncating the momentum at the second shell yields the self-energy obtained in Appendix C. The moiré potentials
in Eq. (C4) are given by Eqs. (D2) and (D3), upon the replacement j → j′, s→ r′ and k → k+ qj − qj′ . From Eq.
(C4) it follows that, at k = 0 = ω,

Σ′′
qj ,r,r (0) = −rvkθα2

0, (D11)

Σ′′
qj ,r,−r (0) = 0, (D12)

and therefore, at the same point, Eqs. (C2) and (C3) reduce to

G̃qj ,r,r (0) = − r

vkθ

1

1− α2
0

, (D13)

G̃qj ,r,−r (0) = 0. (D14)

Moreover, one has ∑
j,r

Tj,0,s,rT ∗
j,0,−s,rG̃qj ,r,r (0) = 0. (D15)

Given these relations, from Eq. (C1) we have(
∂Σ

∂k

)
0

=
∑
j,r

(
∂ |Tj,k,s,r|2

∂k

)
0

G̃qj ,r,r (0) +
∑

j,r1,r2

Tj,0,s,r1T ∗
j,0,s,r2

(
∂G̃k+qj ,r1,r2

∂k

)
0

. (D16)
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The first term is the same as the one appearing in the first shell case, Eq. (D6), but with the inclusion of the factor

∼
(
1− α2

0

)−1
in Eq. (D13), so

∑
j,r

(
∂ |Tj,k,s,r|2

∂k

)
0

G̃qj ,r,r (0) = −3

2
sv
α2
0 + α2

1

1− α2
0

. (D17)

For the second term in Eq. (D16), using Eqs. (C2) and (C3) we get

∑
j,r1,r2

Tj,0,s,r1T ∗
j,0,s,r2

(
∂G̃k+qj ,r1,r2

∂k

)
0

=
1

(1− α2
0)

2

∑
j,r

|Tj,0,s,r|2

(vkθ)
2

[(
∂ϵk+qj ,r

∂k

)
0

+

(
∂Σ′′

k+qj ,r,r

∂k

)
0

]

− 1

1− α2
0

∑
j,r

Tj,0,s,rT ∗
j,0,s,−r

(vkθ)
2

(
∂Σ′′

k+qj ,r,−r

∂k

)
0

. (D18)

The first summation with the term proportional to
(
∂ϵk+qj ,r/∂k

)
0
is given by Eq. (D7). For the other terms, a long

but straightforward calculation using Eq. (C4) yields

∑
j,r

|Tj,0,s,r|2

(vkθ)
2

(
∂Σ′′

k+qj ,r,r

∂k

)
0

=
1

2
sv
[(
α2
0 − α2

1

)2
+ 8α2

0α
2
1

]
, (D19)

∑
j,r

Tj,0,s,rT ∗
j,0,s,−r

(vkθ)
2

(
∂Σ′′

k+qj ,r,−r

∂k

)
0

= −1

2
sv

(
α2
1 − 2α2

0

) (
α2
0 + α2

1

)
1− α2

0

. (D20)

Combining the previous results and simplifying, for the k-derivative we have(
∂Σ

∂k

)
0

= −sv 3α
2
1 − α4

0 − α4
1 − 4α2

0α
2
1

(1− α2
0)

2 . (D21)

For the other derivative over ω, proceeding as with the momentum derivatives we get(
∂Σ

∂ω

)
0

= −
3
(
α2
0 + α2

1

)
+ 2

(
α4
0 + α4

1 + 4α2
1α

2
0

)
(1− α2

0)
2 . (D22)

Finally, replacing in Eq. (D1) yields

v⋆

v
=

(
1− α2

0

)2 − 3α2
1 + α4

0 + α4
1 + 4α2

0α
2
1

(1− α2
0)

2
+ 3 (α2

0 + α2
1) + 2 (α4

0 + α4
1 + 4α2

0α
2
1)
. (D23)

In the chiral case α0 = 0, the above reduces to v⋆/v =
(
1− 3α2

1 + α4
1

)
/
(
1 + 3α2

1 + 2α4
1

)
, in agreement with Ref. [48]

up to ∼ α4
1.

Appendix E: First-shell velocity v⋆ as function of ϕj and qj

Here we give details of the calculation of v⋆ at the first shell using Eq. (16), but keeping explicitly the dependence
on the phases ϕj and momentum transfer vectors qj as they enter in the moiré potential given by Eq. (5); cf. Sec.

IIID. As before, we focus on the perturbation on the top layer, and for simplicity note throughout Σ
(1)
+,k,s → Σk,s.

We will, in particular, consider the chiral limit α0 = 0, which simplifies the calculation because then the Dirac points
are never shifted in energy [cf. Eq. (28)], and thus v⋆ can be obtained, as before, by simply evaluating the derivatives
of the self-energy at k = ω = 0.
The calculation of v⋆ can be done by following the same procedure as in the particular TBG case in which θqj

−ϕj =
90◦, where θqj

is the angle of the momentum transfer vectors qj (see Fig. 1). However, since for θqj
− ϕj ̸= 90◦ the

derivatives of the interband contribution to the self-energy do not vanish, one must be careful with the divergences of
the last term in Eq. (18) when evaluated at k = 0 = ω. One way to circumvent that is to rather start from Eq. (19),

ω − ϵk,s −
(
Σ+

k,s +Σ−
k,s

)
= 0, (E1)
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where we have explicitly separated the intraband and interband contributions to the self-energy, Eqs. (17) and (18),
and to simplify the notation we have noted

Σ+
k,s = Σintra

k,s , Σ−
k,s = Σinter

k,s . (E2)

Now we multiply Eq. (E1) by the last factor in Eq. (18), so that[
ω − ϵk,s −

(
Σ+

k,s +Σ−
k,s

)](
ω − ϵk,−s − Σ+

k,−s

)
= 0. (E3)

Using ϵk,−s = −ϵk,s we get

ω2 − ϵ2k,s − (ω − ϵk,s) Σ
+
k,−s − (ω + ϵk,s) Σ

+
k,s +Σ+

k,sΣ
+
k,−s − Σ−

k,s

(
ω + ϵk,s − Σ+

k,−s

)
= 0. (E4)

The last factor Σ−
k,s

(
ω + ϵk,s − Σ+

k,−s

)
gets effectively rid of the divergences of Σ−

k,s at k = 0 = ω. It is convenient

to define

Σ̃k,s =
∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r
, (E5)

so that Σ−
k,s

(
ω + ϵk,s − Σ+

k,−s

)
= Σ̃k,sΣ̃

∗
k,s, cf. Eq. (18). To obtain the quasiparticle velocity v⋆ = (∂ω/∂k)0 at the

Dirac point, we now derive Eq. (E4) twice in momentum, evaluate all at k = 0 = ω, and use the chiral limit results∑
j,r

|Tj,k,s,r|2

ω − ϵk+qj ,r


0

=

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

= 0, (E6)

 ∂

∂k

∑
j,r

|Tj,k,s,r|2

ω − ϵk+qj ,r


0

= 3svα2
1 cos (2φ) ,

 ∂

∂k

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

= i3svα2
1 sin (2φ) , (E7)

 ∂

∂ω

∑
j,r

|Tj,k,s,r|2

ω − ϵk+qj ,r


0

= −3α2
1,

 ∂

∂ω

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

= 0, (E8)

 ∂2

∂k2

∑
j,r

|Tj,k,s,r|2

ω − ϵk+qj ,r


0

=

 ∂2

∂ω2

∑
j,r

|Tj,k,s,r|2

ω − ϵk+qj ,r


0

=

 ∂2

∂k∂ω

∑
j,r

|Tj,k,s,r|2

ω − ϵk+qj ,r


0

= 0, (E9)

 ∂2

∂k2

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

=

 ∂2

∂ω2

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

=

 ∂2

∂k∂ω

∑
j,r

Tj,k,s,rT ∗
j,k,−s,r

ω − ϵk+qj ,r


0

= 0, (E10)

where φ = θqj
−ϕj (which is j-independent). The last two rows imply, by Eq. (E1), that also

(
∂2ω/∂k2

)
0
= 0. Then

we get

0 = (v⋆)
2
(
1− ∂0ωΣ

+
k,s − ∂0ωΣ

+
k,−s + ∂0ωΣ

+
k,s∂

0
ωΣ

+
k,−s

)
− v⋆

(
∂0kΣ

+
k,s + ∂0kΣ

+
k,−s + v∂0ωΣ

+
k,s − v∂0ωΣ

+
k,−s − ∂0kΣ

+
k,s∂

0
ωΣ

+
k,−s − ∂0kΣ

+
k,−s∂

0
ωΣ

+
k,s

)
− v2 − v

(
∂0kΣ

+
k,s − ∂0kΣ

+
k,−s

)
+ ∂0kΣ

+
k,s∂

0
kΣ

+
k,−s − ∂0kΣ̃k,s∂

0
kΣ̃

∗
k,s, (E11)

where, to condense the notation, we have noted ∂0k → (∂/∂k)0 and ∂0ω → (∂/∂ω)0. Replacing the derivatives yields

0 = (v⋆)
2 (

1 + 6α2
1 + 9α4

1

)
− v2 − sv

[
6svα2

1 cos (2φ)
]
−
[
3vα2

1 cos (2φ)
]2 − [3vα2

1 sin (2φ)
]2
, (E12)

which leads to Eq. (30) in the main text. Note that the interband contribution comes only from the last term in Eq.
(E11), which vanishes when φ = 90◦. This means that moiré-induced interband scatterings, within each layer, do not
contribute to v⋆ only for the specific orientation of the momentum transfer vectors in TBG; otherwise they influence
v⋆ and can actually prevent it for vanishing.
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